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A NUMERICAL ANALYSIS FOCUSED COMPARISON OF SEVERAL
FINITE VOLUME SCHEMES FOR AN UNIPOLAR DEGENERATED
DRIFT-DIFFUSION MODEL

CLEMENT CANCES, CLAIRE CHAINAIS-HILLAIRET, JURGEN FUHRMANN,
AND BENOIT GAUDEUL

ABSTRACT. In this paper, we consider an unipolar degenerated drift-diffusion system
where the relation between the concentration of the charged species ¢ and the chemical
potential h is h(c) = log %. We design four different finite volume schemes based on
four different formulations of the fluxes. We provide a stability analysis and existence
results for the four schemes. The convergence proof with respect to the discretization
parameters is established for two of them. Numerical experiments illustrate the behaviour

of the different schemes.

1. INTRODUCTION

1.1. Motivation. Unipolar drift-diffusion models describe the transport of a charged
species in the presence of a fixed or moving countercharge. They consist of the coupling
of a drift-diffusion equation on the density of the charged species ¢ with a Poisson equation
on the electric potential ®. They can be written under a general form as

Oe+div(J)=0, J=-n(c)V(h(c)+ P),
— N2AP = ¢+ P,

where h is the chemical potential, 7 the mobility coefficient, A the scaled Debye length
coming from the nondimensionalization of the physical model and ¢® describes the doping
profile of the media.

Such models occur in a number of interesting application cases. Charge carriers in most
classical semiconductors exhibit a relationship ¢ = F(h), where F is the Fermi integral
of index % which can be approximated in the range —oco < h g 1.3 by the function
F(h) = m with v = 0.27 [6]. For v = 1, this relationship corresponds to the Fermi
integral of index -1 and implies h = log t=. Tt is the limit for vanishing disorder of the
Gauss-Fermi integral |37, 39] which is used to describe organic semiconductors [15]. A
similar relationship is valid for the oxygen ion concentration in a solid oxide electrolyte
[43] and in a simple model of an ionic liquid [28|.

While the relationship between chemical potential and concentration is sufficient to
describe the thermodynamic equilibrium, the description of charge transport driven by the
sum of the gradients of the chemical potential and the electrostatic potential ® needs an
additional specification of the mobility coefficient 7. Setting this coefficient proportional
to the concentration ¢ is common in the case of semiconductors [42]. A similar ansatz
describes the limit of large lattice mass density in solid oxide electrolytes. It also follows
from a formal reduction of an generalized Nernst-Planck model [19, 18| to the case of a
mixture of two charged species including an infinitely mobile and charged solvent — ionic
liquids — as performed in [28]. We hint that more general and fully consistent models for
both solid oxide electrolytes and ionic liquids consider mobility coefficients of the type
c(1—c) [43, 8, 33].
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2 C. CANCES, C. CHAINAIS-HILLAIRET, J. FUHRMANN, AND B. GAUDEUL

In this paper, we consider that the mobility coefficient is 7(¢) = ¢ and the chemical po-
tential h(c) = log 1% (corresponding to F(h) = m) Strong degeneration described
by a bounded dependency of the concentration ¢ on the chemical potential h leads to a
number of structural mathematical challenges in the corresponding drift-diffusion mod-
els. These need to be addressed properly in numerical schemes. The consideration of this
simplified model is a starting point for the study of generalized Nernst-Planck models for
multiple ionic species in electroneutral solvents [19, 18, 27, 28|. Moreover, the design of
discretization methods for the case where n(c) = ¢(1 — ¢) is also possible topic of further

investigation following the present paper.

1.2. A simplified unipolar degenerate drift-diffusion model. Let us now define
the framework of the study. We consider the evolution of a the concentration ¢ of a
charged species in a connected bounded open domain 2 of R? (d < 3) with polyhedral
and Lipschitz continuous boundary 02 during a finite but arbitrary time 7" > 0. After
nondimensionalization with appropriate scaling, we regard the following system of partial
differential equations (PDEs). The concentration c¢ satisfies the conservation law

Oe+div(J)=0 1in (0,7) x Q. (1.1)

The flux J is negatively proportional to the gradient of the electrochemical potential as
expressed by the expression

J=—cV (h(c)+®) in(0,T) x Q, (1.2)

where h(c) = log (1ch) is the chemical potential. In what follows, we consider that the
electrostatic potential ® is related to space charge density thanks to the Poisson equation

—A® =c+c™ in (0,7T) x Q, (1.3)

which means that the Debye length is set to 1. Extension to general Debye length is
straightforward. The doping profile ¢% is assumed to be constant w.r.t. time and to be
bounded, i.e., ¢ € L>®(Q).

One interpretation of ¢ is the concentration of majority carriers (holes) in a p-type
organic semiconductor with constant in time doping. Another interpretation of ¢ is the
cation concentration in an ionic liquid following the formal approach introduced in [28].

The system is supplemented with the prescription of the initial concentration

o= €L®Q) with 0< <1 and 0O<c= % dAdx < 1, (1.4)
Q
and of boundary conditions. The choice of the boundary conditions may depend on the
targeted application: organic semiconductor or ionic liquid. For the analysis purpose, we
consider boundary conditions which are well adapted to the ionic liquid model. Other
boundary conditions will also be considered in the numerical simulations in Section 5.
There are no-flux boundary conditions for the concentration:

J-n=0 on(0,7) x 09. (1.5)

And concerning the Poisson equation (1.3), it is supplemented with inhomogeneous Dirich-
let boundary conditions on a part I'p of 02, and by homogeneous Neumann boundary
condition on the remaining part I'y = 9Q \ I'p of the boundary:

d=0" on(0,7)xIp, V®-m=0 on(0,7)xTIy. (1.6)

Throughout the paper, we assume that ®% is defined on the whole domain 2 and does
not depend on time, with ®2 € H'(Q) N L>(Q).

The goal of this paper is to study and compare several different Finite Volume schemes

for the system (1.1)—(1.6). They are based on various reformulations of the flux J. Indeed,

{eq:cons_1

{cances f1l

I
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FINITE VOLUME SCHEMES FOR IONIC LIQUID 3

we may introduce either the so-called excess chemical potential v(c) = h(c) — log(c) =
—log(1 — ¢), or the activity and the inverse activity coefficient respectively defined by

a(c) = M9 = == ‘and B(c) = a5 = 1—¢, or the diffusion enhancement r(c) = —log(l—c)
satisfying 7'(c) = ch/(c¢). Then the flux J, initially defined by (1.2), rewrites

J=-Ve—-cV(P+r()), (1.7)

= —f(c)(Va(c) + a(c)VD), (1.8)

= —1'(¢)Ve — ¢V, (1.9)

These formulations (1.2), (1.7), (1.8) and (1.9) lead to different schemes that we aim to
compare from a numerical analysis point of view. We may notice that the flux J also
rewrites

J=-Vr(c)—cVo. (1.10)

This last formulation will be used to define the weak solution to (1.1)—(1.6).
Before going to the discretization of the problem, let us highlight the entropy structure
of system (1.1)—(1.6), which plays a central role in what follows.

1.3. Entropy structure and weak solutions. The goal of this section is to shortly
depict the gradient flow structure of the system (1.1)—(1.6). We stay here at a formal
level, and remain sloppy about regularity issues. The solutions (¢, ®) to (1.1)—(1.6) are
supposed to be regular enough so that the following calculations are justified. Define the
mixing entropy density

H(c) = clog(c) + (1 — ¢)log(1 — ¢),

which is an antiderivative of h, then the electrochemical energy is given by

E(c,@):/Q{H(c)—i—%W(I)]Q}da:—/F PPV - ndy. (1.11)

The next proposition shows that the electrochemical energy is a Lyapunov functional.
Moreover, the dissipation rate for the energy is explicitly given.

Proposition 1.1. Let (¢, ®) be a smooth solution to (1.1)—(1.6), with ¢ bounded away
from 0 and 1, then

%E(c, d) + /Qc IV (h(c) + @)]* dz = 0.

Proof. We notice first that, since ®” does not depend on time,

d
—FE(c,®) = /(h(c)@tc +Vo.-9,VO)dx — / LY,V - ndy.
dt 0 I'p

Then we apply the Gauss theorem and we use the Poisson equation (1.3) with a constant
doping profile, in order to get

d

&E(C,CD) = /Q(h(c) + P)0,c.

Multiplying the conservation law (1.1) by h(c) + ® and integrating over the domain €
yields

/th(h(c) +®) = —/ c|V(h(c) + @) de,
Q Q

thanks to the no-flux boundary condition (1.5). It concludes the proof of Proposition 1.1.
0

{Sedan flu
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Let ¢ € L*>(£2;]0,1]), we denote by ®[c] the unique solution to (1.3). One can easily
check that the energy functional ¢ — E(c, ®[c]) is bounded on L>°(£; 0, 1]). Indeed, H
takes values in [—log2,0] and the bounds on the electrical energy can be obtained by
multiplying the Poisson equation by ® — ®” and ® and integrating over Q. Therefore,
E(c(t), ®(t)) is finite for all ¢ > 0, whence a L>((0,T); H*(2)) estimate on ®. We also
deduce from Proposition 1.1 that the total energy dissipation is bounded, i.e.

/T/c|V(h(c)+<I>)]2dwdt§C (1.12)

for some C' uniform with respect to the final time horizon T'. Using again that 0 < ¢ < 1,
we deduce from (1.12) that

/OT/QWr(c)dedtg /OT/QC|Vh(c)|2dmdt§ C. (1.13)

The aforementioned L>((0,7T"); H'(£2)) estimate on the potential ® and Estimate (1.13)
on r(c) suggest a notion of weak solution which is based on the expression (1.10) of the
flux J. In what follows, we denote the vector space Hrp = {f € H'(Q), fi,, = 0} and
QT = (07 T) x (2.

Definition 1. A couple (¢, ®) is a weak solution of (1.1)—(1.6) if

o c€ L>((0,7);[0,1]) withr(c) € L*((0,T); H'(R)), and @—&P € L>((0,T), Hro);
e For all p € C([0,T) x ), there holds

// cOypdxdt + /Qcogo((], dx — // (r(c) + V) - Vodadt = 0; (1.14)

e For all ¢ € H and almost all t € (0,T), there holds

/QV(I)(t, x) - Vi(x)de = /Q(c(t, x) + % (x))y(x)d. (1.15)

The goal of this paper is to compare from a numerical analysis point of view several dif-
ferent numerical schemes to approximate the solutions to (1.1)—(1.6). We pay a particular
attention to the preservation at the discrete level of the key properties of the continuous
model, in particular concerning the preservation of the physical bounds 0 < ¢ < 1 and
the energy/energy dissipation relation highlighted in Proposition 1.1. The definition of
the Finite Volume approximation is detailed in the next section.

2. FINITE VOLUME APPROXIMATIONS

This section is organized as follows. First in Section 2.1, we state the requirements on
the mesh and fix some notations. Then in Section 2.2, we describe the common basis
to the different schemes to be studied in this paper. All the methods presented in this
paper rely on so-called two-point flux approximations, but four different schemes are
introduced in Section 2.3 based on the formulations (1.2) to (1.9) of the flux J. Then in
Section 2.4, we state our two main results. The first one, namely Theorem 2.1, focuses on
the case of a fixed mesh. We are interested in the existence of a solution to the nonlinear
system corresponding to the schemes, and to the dissipation of the energy at the discrete
level. More precisely, one establishes that the all the studied schemes satisfy a discrete
counterpart to Proposition 1.1. Our second main result, namely Theorem 2.2, is devoted
to the convergence of the scheme as the time step and the mesh size tend to 0.

{eq:dissip

{eq:L2H1 r

{eq:weak_c

{eq:weak_P
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2.1. Discretization of (0,7) x €. In this paper, we perform a parallel study of four
numerical schemes based on two-point flux approximation (TPFA) finite volume schemes.
As explained in [20, 24|, this approach appears to be very efficient as soon as the continuous
problem to be solved numerically are isotropic and one has the freedom to choose a suitable
mesh fulfilling the so-called orthogonality condition [36, 25]. We recall here the definition
of such a mesh, which is illustrated by Figure 1.

Definition 2. An admissible mesh of Q is a triplet (T, &, (k) geq) such that the follow-
ing conditions are fulfilled.

(i) Each control volume (or cell) K € T is non-empty, open, polyhedral and convex. We
assume that

KNL=0 ifK,LeTwithK #L, while | ] K =Q.
KeT

(ii) Each face o € € is closed and is contained in a hyperplane of R, with positive (d—1)-
dimensional Hausdorff (or Lebesque) measure denoted by m, = H¥ (o) > 0. We
assume that H Y (oNo') = 0 for 0,0’ € € unless o’ = o. For all K € T, we assume
that there exists a subset Ex of € such that 0K = ersK o. Moreover, we suppose
that \Jger Ex = €. Given two distinct control volumes K, L € T, the intersection
KNL either reduces to a single face o € £ denoted by K|L, or its (d—1)-dimensional
Hausdorff measure is 0.

(i1i) The cell-centers (i) ket are pairwise distinct with xx € K, and are such that, if
K,L €T share a face K|L, then the vector xj, — xk is orthogonal to K|L.

(iv) For the boundary faces o C 02, we assume that either o C I'p or 0 C I'y. For
o C 0Q with o € Ex for some K € T, we assume additionally that there exists
x, € o such that x, — xx 1s orthogonal to o.

FIGURE 1. Tllustration of an admissible mesh as in Definition 2.

We denote by mg the d-dimensional Lebesgue measure of the control volume K. The
set of the faces is partitioned into two subsets: the set &, of the interior faces defined
by Ent = {0 €& |0 =K|Lforsome K,L € T}, and the set E of the exterior faces
defined by £ = {0 € £ | o C 0Q}, which can also be partitioned into EP = {0 C I'p}
and £V = {0 C Ty}. For a given control volume K € T, we also define Ex in; the set of
its faces which belong to &y For such a face 0 € Ek int, we may write o0 = K|L, meaning
that c = KNL .
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Given o € £, we denote by

Mg

d — |$K—33L| ifO':K|L€ginta and by =2
7 e — x,| if o€ E, 7 d,

We finally introduce the size hy and the regularity (7 (which is assumed to be positive)
of a discretization (7, &, (xx)ker) of Q by setting

d(l’K U)
hy = diam (K = min min ————.
S A &
Concerning the time discretization of (0,7"), we consider an increasing finite family of
times 0 =ty <t <...,<in=T. We denote by At, =t, —t,_1 for 1 <n < N, by
At = (At”)1§n§N7 and by At = max;<,<y At,.

2.2. A common basis for the Finite Volume schemes. All the numerical schemes
studied in this paper are based on TPFA Finite Volumes. The initial data ¢y is discretized
into (%) ger € R7 by setting

1
A = —/ A (z)dz, VK €T, (2.1)
mkg Jk
while the doping profile ¢® is discretized into <Cf§’> . € R7 by
Ke
1
P = —/ ¢ (x)de, VK eT. (2.2)
mi Jk

Assume that ¢"~! = (c}‘{l) Kot 18 given for some n > 0, then we have to define how to
compute (c", ®") = (¢, Pk) et

First, we introduce some notations. For all K € T and all o € £k, we define the mirror
values %, and @ of ¢} and @} respectively across o by setting

={ P if o € EN 2.3
it € Eng, Ko K na ’ (2:3)

o if o = K|L € &,
" {C?J if o = K|L € &, " L ne | ¢
CKo =

op =L [ ®Pdy ifo e &P

Given u = (uk)per € R7, we define the oriented and absolute jumps of w across any
edge by
Dgou = ug, —ug, D,u=|Dg,ul, VK € T, Vo € &g.

We consider a backward Euler scheme in time and a TPFA finite volume scheme in
space. It is written as follows:

— Z Toe Do ®" = my (c}l( + cff) , VK € T. (2.4a)
oEEK
e S =G N Fp, =0, VKeT (2.4D)
At, - 7 ’ ’
el

where F}_ should be a conservative and consistent approximation of A+ tt"_l LI -1k,
(nk, denotes the normal to o outward K). The explicit formulas relating the numerical
fluxes F7¢, to the primary unknowns are now the only remaining degree of freedom. Four

possible choice are given in the next section.

{eq: cK0}

{eq:cKdp}

{eq:mirror

{eq:scheme
{eq:scheme
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2.3. Numerical fluxes for the conservation of the chemical species. In order to
close the system (2.4a)—(2.4b), it remains to define the numerical fluxes F}, .
Due to the no-flux boundary condition (1.5), we impose, in all the cases,

Fg,=0, VK cT,Voe&kN&Eex. (2.5)
The inner fluxes are defined with a function F of the primary unknowns (¢, ¢}, ®%, ®7):
Fg, =1.F(ck,cl, Pk, ®}), VK € T,Vo=K]|L. (2.6)

We discuss now four strategies that are based on the four expressions (1.2), (1.7), (1.8),
and (1.9). They lead to different formulas for 7. Three of the discrete fluxes are extensions
of the Scharfetter-Gummel scheme [41] and let the Bernoulli function B(u) = =%+, with
B(0) = 1, appear in their definition.

All the functions F defined below verify

Flew,cr, @, @) = —F(cr, ek, Pr, Pr)  V(cw,cr, Pr, @) € (0,1) X (0,1) x R x R,
so that the numerical fluxes are locally conservative, which means
Fp,+F, =0 Yo=K|L¢€ &y. (2.7)

2.3.1. The centered flux. The so-called centered flux is derived from formula (1.2), which
suggests the following definition of F:

Cx + Cr,
2

JT"(CK,CL,@K,(DL) = — DKO’ (h(c)—i—(I)) (28)
The associate flux can be seen as a particular case in the TPFA context of the fluxes
introduced in [12, 10, 9, 13| in various multipoint flux approximations (MPFA) or finite
element contexts. In opposition to the three next schemes, the centered scheme is not
based on the Scharfetter-Gummel scheme. We can notice that, even if the relation (1.10)
between the flux and the concentration would be linear (i.e., if h(c) = log(c) so that
r(c) = ¢), F is nonlinear with respect to cx and ¢y, and also singular near 0.

2.3.2. The Sedan flux. The second flux we introduce is named Sedan after the eponymous
code SEDAN III [44]. Formula (1.7) for the flux J suggests to use a classical Scharfetter-
Gummel scheme, but for a modified potential ® + v(c) instead of only ®, leading to the
following definition of F:

Fleg,cr, O, &) = {B (Do (® + (c))) cic — B (—Dyo(® + v(c))) cL}. (2.9)

Remark 2.1. We notice that the Sedan flux defined by (2.9) satisfies
]:(CKa CL, (I)a q)) = T(CK> - T(CL)’ V<CK7 CL) S (07 1) X (O’ 1)7 Vo e R.
It means that, when J = —Vr(c), we recover the classical two-point flux approximation:

EFp, =1,(r(ck) —r(c})), VK € T,Vo=K]|L.

{eq:noflux
[feq:fluxin

{eq:fluxin

{eq:cons_F

{eq:center

{eq:SEDAN_



c:activity

c:Marianne

ssec:main

8 C. CANCES, C. CHAINAIS-HILLAIRET, J. FUHRMANN, AND B. GAUDEUL

2.3.3. The activity based flux. The activity based flux we discuss now is a restriction to
our simplified model of the flux introduced in |27, 31]. It relies on the expression (1.8) of
the flux J. Assume that a(c) and §(c) are independent one from another (even though
this is of course not true), then the flux J is linear w.r.t. a(c), while §(c) is a multiplicative
factor. This suggests to choose a particular average for 5(c) —here the arithmetic mean—
and to apply the Scharfetter-Gummel scheme in order to approximate Va(c) 4+ a(c)V .
This yields

Blek) + Bler)
2
2.3.4. The Bessemoulin-Chatard flux. The last numerical flux we consider here is named
Bessemoulin-Chatard flux after the author’s name of [3]. Formula (1.9) for the flux J
suggests that, up to the introduction of a variable diffusion coefficient approximating the
quantity 7’'(c) per face, one can use the Scharfetter-Gummel scheme. Following [3], the
approximation dr(ck,cr) of r'(c) is defined as
h(ck) — h(cL)
dr(ck,cr) = { log(ck) — log(cyr)
' (ck) if cxy = cy.
This leads to the following definition of F:

Dy, P Dy, P
DOy, ;) =d B|——— -B|—rr—— . (2.11
]'_(CK,CL, K L) T(CK7CL) { (dr(cK,CL)> CK ( dr(cK,cL)> CL} ( )

Fleg,cr, b, dp) = {B(DKC,@)G(CK) . B(—DKO@)@(CL)}. (2.10)

if CK # Cr,

2.4. Main results and organisation of the paper. We have introduced four schemes
defined by (2.1)—(2.6), supplemented with one of the four definitions of F: (2.8), (2.9),
(2.10), or (2.11). Besides numerical comparisons between the different approaches —this
will be the purpose of Section 5—, we aim at proposing shared pieces of numerical analysis
for all the schemes.

All the four schemes proposed above yield a nonlinear system to be solved at each
time step. The first theorem proven is this paper concerns the existence of discrete
solutions for a given mesh, and the preservation of the physical bounds: boundedness of
the concentration between 0 and 1, decay of the energy. The discrete energy functional
E7 is the discrete counterpart of the continuous energy functional £, namely

(e ®") =Y myH(ck) ZTUD(I’TL =Y D n0lDE,® . (212)

KeT 065 KeT ceePnEyk

As stated in Theorem 2.1 below, the nonlinear systems corresponding to all the four
schemes admit solutions which preserve the physical bounds on the concentrations and
the decay of the energy. The proof of Theorem 2.1 will be the purpose of Section 3.

Theorem 2.1. Let (T, &, (xk)xor) be an admissible mesh and let ¢® be defined by (2.1).
Then, for all 1 < n < N, the nonlinear system of equations (2.3)—(2.6), supplemented
either with (2.8), (2.9), (2.10), or (2.11), has a solution (c*, ®") € [0,1]” xR”. Moreover,
the solution to the scheme satisfies, for all1 <n < N,

Er(c™, ®") < BEr(c" ', ®" Y and0<ch <1, VKcT.

Knowing a discrete solution to the scheme, (¢", ") <,<n, we can define an approximate
solution (cr at, P7.a¢). It is the piecewise constant function defined almost everywhere
by

cratt,x) =ck, Prac(t,x) =% if (t,x) € (th-1,tn] X K.

{eq:activi

{eq:Marian

{eq:E_T}
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This definition will be developed in Section 4 and supplemented by other reconstruction
operators.
Let (T, Ems (Tx)KeTn )m>1 Pe a sequence of admissible meshes in the sense of Def-

inition 2 such that hy , At, — 0 while the mesh regularity remains bounded, i.e.,

mM— 00
(7, > ¢* for some ¢* > 0 not depending on m, a natural question is the convergence of

the associated sequence of approximate solution (c7,, at,,, 7, At )m>1 towards a weak
solution to the continuous problem. The convergence result is stated in Theorem 2.2, only
for the centered scheme and the Sedan scheme.

Theorem 2.2. For the centered scheme (inner fluzes defined by (2.6) and (2.8)) and
the Sedan scheme (inner fluxes defined by (2.6) and (2.9)), a sequence of approximate
solutions (¢, At s P, At )m>1 Satisfies, up to a subsequence,

CTAt, — C a.e. inQr, D7 At, — D in L*(Qr) (2.13)
m—0o0 m—00
where (¢, ®) is a weak solution in the sense of Definition 1.

The above theorem deserves some comments. First, the convergence proof carried out in
what follows does not encompass the activity based scheme and the Bessemoulin-Chatard
scheme for reasons that will appear clearly in the proof later on. This does of course not
mean that these schemes do not converge, but only that our analysis does not cover them.
Second, the topologies for which the convergence is claimed in (2.13) is suboptimal when
compared to the results we prove in Section 4. However, we choose to keep the statement
as simple as possible. The interested reader can refer to Section 4 to get finer results,
including the convergence of approximate gradients to be defined later on.

Section 5 is then devoted to the comparison of the numerical results produced by the
different schemes.

3. NUMERICAL ANALYSIS FOR FIXED MESHES

In this section, one aims to show that each scheme admits at least one solution and that
the physical bounds are preserved by the schemes. Our approach is based on a topological
degree argument [38, 17| to be detailed in Section 3.3. It relies on a priori estimates to
be stated in Section 3.2. But let us start by some preliminary properties of the different
functions F, defined either by (2.8), (2.9), (2.10), or (2.11), and some consequences for
the inner numerical fluxes FJ .

3.1. Face concentration and face dissipation. For each scheme, one can naturally

define a face concentration functional C : (0,1) x (0,1) x R x R — R by
f(CK7 Cr, q)K7 ®L)

h(CK) + (I)K — h(CL> — (I)L.

It clearly satisfies C (¢, cp, Px, Pr) = C(cp,cx, Pr, Pk ). It means that we can define

one unique face concentration by internal face and by choice of flux

Cl = C (DL DY) Vo € En,o = K|L (3.2)

[

C: (CK,CL,@K,(pL) — (31)

and that each flux £} can be rewritten as
Fp, = —1,ClDk,(h(c")+ ®"), VK € T,Vo=K]|L. (3.3)

We also introduce a face dissipation functional D : (0,1) x (0,1) x R x R — R, defined
by
D(CK, Cr, (I)K, q)L) = C (CK, Cr, (I)K, (I)L> |h(CK) — h(CL) + CI)K — (I)L|2 . (34)

{eq:conv}

{eq:EC}

{eq:Csig}

A

{eq:FKsig_

{eq:Dj}
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and we set, for each scheme,
D! =D(ck,c, P, P}), Vo € En,0=K|L. (3.5)

For 6 € (0,1) and M € R, we finally define two functions associated to D, Ws 5 : (0,1) —
R and Y4 :(0,1) = R, by

\Ijé,M(CL) = inf{D(CK,CL,(I)K,(DL);CK € [(5, 1), ((I)K,q)L) € [—]\47 M]Q}
T57M(CL) = inf{D(cK,cL,q)K, (I)L);CK S (0, 1-— (5], ((I)K,(I)L> S [—M, M]Q}

Note that 0 — Ws(cr) and § — Ws(cr) are nondecreasing for all M € R and all
Ccr, € (O, 1)
Our first lemma in this section focuses on the face concentration, which for three scheme
over four can be shown to be an average value of the surrounding cell concentrations.

Lemma 3.1. The face concentration functional defined by (3.1) and either (2.8), (2.9)
or (2.11) werifies, for all (ck,cr, Pr, Pr) € (0,1) x (0,1) x R x R,

min(cg, cr) < Clek, cr, P, Pr) < max(ck,cr). (3.7)

(3.6)

Property (3.7) does not hold in general in the case where F is defined by (2.10) (activity

based fluz), but one still has, for all (cx,cp, P, Pr) € (0,1) x (0,1) x R x R,

min(cK, CL)
2

Proof. We first remark that Property (3.7) trivially holds for the centered flux (2.8) since,
in this case,

C(CK,CL,CI)K,CI)L) > > 0. (38)

Clex,cr, Pr, Pr) = X ;_ &3
The proof is more intricate for the Sedan flux (2.9) and the Bessemoulin-Chatard flux
(2.11). It relies on elementary properties of the Bernoulli function.

Let us start with the Bessemoulin-Chatard flux (2.11), for which

e (B ((DLd_ q)K) P (q)Kd_ @L) )
To T
C(CK,CL,CI)K,(I)L) == (39)

h(CK) + CI)K — h(CL) — (I)L ’

where we have set

dry = dr(ck,cr). (3.10)
Let us now recall the elementary property of the Bernoulli function:
B(log(a) —log(b))a — B(log(b) — log(a))b = 0, V(a,b) € (0,1)*. (3.11)

Introducing the quantities z = log(ck/cr) and y = (& — P )/dr,, elementary calcula-
tions show that the relation (3.9) rewrites
B(y) — B(x B(—z) — B(—
C(CK7CL7®K7®L) - (y) ( )CK + ( ) ( y) Cr,. (312)
r—y r—y
But, the Bernoulli function is decreasing and satisfies B(x) — B(—x) = —x for all z € R,
which implies

B(y) — B(z) | B(==) - B(-y)
r—=Yy r—y
Thus C(ck, cr, Px, Pr) is a convex combination of cx and cp, so that (3.7) holds for the
Bessemoulin-Chatard flux.
The case of the Sedan flux (2.9) can be treated similarly because (3.12) is still satisfied,
but with = = log(cx/cr) and y = @1 +v(cr) — Pk +v(ck). Here again, C(ck, cr, Px, 1)
is a convex combination of ¢x and ¢p, so that (3.7) holds for the Sedan flux.

= 1.

:

{eq:defPsi

{eq:avg}

{eq:avgA}

{eq:bchD}

eq:dr_sig

o

{eq:1logBer

{eq:B_avg}
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The fact that (3.7) does not hold for the activity based flux (2.10) is depicted on
Figure 2. Nevertheless, one can express the corresponding face concentration under the
form

C(CK7 Cr, (bK7 ®L) =

P 4 8te)  ((B) =B
2

D)= D)),
r—Yy r—Yy

with x = log(a(ck)) — log(a(cr)) and y = &, — ®g. Therefore, C(ck, cp, P, Pr) is the
product of the arithmetic mean of the positive quantities f(cx) and B(cr) with a convex
combination of the positive quantities a(cx) and a(cr). As a is increasing, this convex
combination is bounded by below by a(min(cg, cr)). Using the identity S(c)a(c) = ¢, we

get (3.8). O
T
1L . | |===C centered
,a"‘" . .

o P C activity based
o A --=-C Bessemoulin-Chatard
2 08} & 1= = C Sedan
S & —CKk, Cy,
+~ 7
= S e
S 0.6} LA e :
g .i * .-"“-
S SRR 0 Nt
) o~
Q ¥
< 04 [ -“’_:,‘,, |
m :-:-' - a-“‘"”

0.2 ! ! ! L

—10 -5 0 5 10
¢ — Pk

FIGURE 2. Evolution of the face concentration C(ck,cp, Pk, Pr) as a
function of the jump of the potential ®;, — &, for the choice cx = 0.3 and
Cr, = 0.7.

As a by-product of Lemma 3.1, we obtain that the face dissipation D is a nonnegative
function as the product of nonnegative quantities. The second lemma of this section is
about the coercivity of the face dissipation functional. As its proof is technical, it is given
in Appendix B.

Lemma 3.2. The face dissipation functional defined by (3.4) and either (2.8), (2.9),
(2.10) or (2.11) satisfies the following dissipation property: given § € (0,1) and M € R,
there holds, for U and Y as defined in (3.6):

lim W5 (cr) = 400,

cr,—0

clngl T57M<CL) = +o00.
3.2. Uniform a priori estimates. In all this section, we assume that (¢”, ®")1<,<n is
a solution to the scheme (2.3)—(2.6) with a numerical flux defined among (2.8)—(2.11).
We also assume that this solution verifies: 0 < ¢y < 1forall K € T andall1 <n < N.
Then the goal of this section is to derive enough a priori estimates on (€, ®")1<,<n in
order to show the existence of a weak solution to the nonlinear system induced by the
scheme.

The first lemma is the discrete counterpart of the global conservation of mass.
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Lemma 3.3. One has
Z MyCr = Z ch’}{l = / Adz, V1<n<N.
KeT KeT Q

Proof. The first equality is obtained by summing (2.4b) over K € T and by using the
no-flux boundary conditions (2.5) and the local conservativity of the scheme (2.7). A
straightforward induction ensures the second equality thanks to (2.1) . O]

The second a priori estimate is related to energy dissipation and can be seen as a
discrete counterpart of Proposition 1.1.

Proposition 3.1. There holds
ET(Cn, (I)n> - ET(Cn_l, (I)n_l)
At,
with DY defined by (3.5), and E defined by (2.12).
Proof. Due to the convexity of H and of x — x?/2, we have :

Er(c",®") — Br(c",®" ) < > mg(ck — i)+
KeT

> D@ "Dy (" =@ ) = Y Y 7,8 Dy (P — @Y.

oc€e€ KeT ceEPNEx

<- ) 7Dy<0, Vi<n<N,

Uegint

A discrete integration by parts permits to rewrite the sum of the two last terms, which,
combined to the scheme (2.4a), leads to

Er(c", @") — Er(c",®" ") < Y mx(ci — i) (h(ck) + ). (3.13)
KeT
Multiplying the equation (2.4b) by h(c} )+ ®% and summing over K € T, we obtain that

1

N i K () + ) = — S (k) + ¥) Y

KeT KeT celk
==Y 7CD, (h(c") +®")° (3.14)
0€Eint
Combining (3.13) and (3.14) provides the desired estimate. O

The third statement of this section is devoted to a uniform L> estimate of (®");<p<n.
It is a straightforward consequence of the slightly more general Proposition A.1 stated in
appendix, together with the a priori bounds 0 < ¢ < 1 and —[|¢%||o < ¢ < ||c%]|oc.

em:LinfPhi| Lemma 3.4. There exists Mg depending only on ®P, ¢ and Q such that

0% < My, VK eT,V1<n<N.

Next lemma concerns the discrete L>°((0,T); H*(€2)) estimate on the electric potential.

:LinfH1Phi| Lemma 3.5. There exists C depending only on ®P, ¢, Q and (r such that

S D, P<C, VI<n<N

el

and | Y 700Dk, ®"|<C,  VI<n<N.

KeT oc€PnEg

{E:stepl}

{E:step2}
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Proof. As ®P € L>* N H'(Q), it is discretized into ®” € R” by setting

1 1
PL = —/ ®Pdx, VK €T, and &Y = — / ®Pdy, Voe&P.
mg Ji m o

g

It satisfies |®L| < [|®P|| for all K € T. Multiplying (2.4a) by ®% — ®L and summing
over K € T provides

> TeDio® " Dico (" — ) = > " myc(ch + ) (D — R). (3.15)
oe€ KeT

a?—
2

1 1
Do ®" Dy (®" — ®P) > = (D, ®")? — = (D, ®")2.
;TK Kol >_2;T< )2;;( )

Using the boundedness of ¢}, ¢/, ®2 and of ®% (cf. Lemma 3.4), we obtain that the
right-hand side is bounded:

Z m(ch + ) (@1 — dR) < C.
KeT

Using the elementary inequality a(a — b) > b we get that

Following [25, Lemma 13.4|, there exists C' depending only on (7 such that
> 7(Ds®”)? < C9° |3 ), (3.16)
ocef

which allows to conclude the proof of the first inequality of Lemma 3.5. Multiplying now
the scheme (2.4a) by ®% and summing over K € T leads to the second inequality by
following the same kind of computations. O

Remark 3.1. Using Proposition 3.1, we notice that Lemma 3.5 implies the existence of C
depending only on ¢, ®P  Q and {7 such that:

N
Y A, Y 7wDr<C,  VYNEN
n=1

0€Eint

As a last step before establishing the existence of a solution to the scheme, we show that
the approximate concentrations ¢” are bounded away from 0 and 1. Note that contrary
to Lemmas 3.3 and 3.4 and to Proposition 3.1, the estimate of the following Lemma is
not uniform with respect to mesh size and time step.

Lemma 3.6. There exists € > 0 depending on T, At, ®P, ¢, ¢ and ) such that
€< <1l—e, VK eT,Vl<n<N.

Proof. The proof follows the idea of [11, Lemma 3.10] (see also [12, Lemma 3.7]). Let us
establish the lower bound, since the outline of the proof of the upper bound is similar.
Here again, we drop the superscript j for the ease of reading.

Because of assumption (1.4) on the initial data and of the choice (2.1) for its discretiza-
tion, one knows that

1 0
mgcp =c¢ € (0,1).
p_ > mck (0,1)
Lemma 3.3 ensures the conservation of mass, so that

1
—Zch’}(:EG(O,l), Vn > 1.
M et

This implies that there exists Ky € T such that Cg, = € > 0. We set dp = C.

{eq:AB}

{eq:H1PhiD
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Denote by ®[c"] the unique solution to the linear system (2.4a). Lemma 3.5 ensures
that the functional " — Er(c", ®[c"]) is bounded on (0,1)7. Therefore, it follows from
Proposition 3.1 that there exists Cp depending (among others) on At,, such that

Dy= Y 7,Dr<Cp, VI<n<N. (3.17)

O'egint

In particular, for all face o0 € £k, , one gets that 7,D < Cp. Therefore, the concentration
Cf, in any neighboring cell K of Kj is bounded away from 0 by

g, > inf {CL €(0,1); \IICTIL{O,M(I)(CL) < CD/TO'}

> inf{cL € (0, 1) ; \11507M®(CL) < CD/ rgén Tg} =:0; >0
o int

thanks to the monotonicity of § — Ws y/(c). Owing to Lemma 3.2, the above right-hand
side is bounded away from 0 by some quantity that might also depends on 7T because
of the presence of 7,. This lower bound can be set to §; and we can then iterate the
procedure to the neighboring cells of K, and so on and so forth. Since the mesh is finite,
only a finite number of iterations I7 is needed to cover all the cells, whence a uniform
lower bound on cj: € = miny<;<r, 9;, where

0ir1 = inf {CL €(0,1) ; Wy, a,(cr) < Cp/ min Tg} >0, dp==¢C

0€Eint

0

3.3. Existence of a solution to the schemes. Based on the estimates derived in the
previous section, we can establish the existence of at least one solution to each scheme.
This completes the proof of Theorem 2.1.

Proposition 3.2. Let ¢® be defined by (2.1). Then, for all 1 < n < N, the nonlinear
system of equations (2.3)—(2.6), supplemented either with (2.8), (2.9), (2.10), or (2.11),
has a solution (c", ®") € R7 x R,

Proof. The proof is a proof by induction; it relies on a topological degree argument [38, 17]
at each time step. The idea is to transform in a continuous way our complex nonlinear
system into a linear system while guaranteeing that a priori estimates controlling the
solution remain valid all along the homotopy. We sketch the main ideas of the proof,
making the homotopy (parametrized by A € [0, 3]) explicit.

We denote by ¢* = "1 € (0,1)7 the discrete concentration at the previous time step.
We are interested in the existence of zeros for a functional

5, {103 % (0,17 x RT > RT x R”
(A e, ®) = H() ¢, ®)

that boils down to the scheme (2.4) when A = 3. For sake of simplicity, instead of giving
the definition of H for the different values of \, we give a sense to the fact that ¢, ™
is solution to H(\, ¢, &™) = 0.

We start with A € [0,1]: ¢™ is defined as the solution to the nonlinear system of
equation

(M)

{eq:D_T2}

mKCKA; o (1=2) Z To(cg) - 69)) + A Z To <r(0§?)) - 'r’(c%”)) =0, (3.18) I@

UegK,int UGSK,int
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while ®* = 0. Let us remark that for A = 0, it boils down to an invertible linear system
of equations. Moreover, adapting the proof of Proposition 3.1 and using the property

(r(a) —r(b))(h(a) — k(b)) > (a — b)(h(a) — k(b)) for all (a,b) € (0,1)%, we get:
Br(e™,0) = Br(e",0) < =Aty 3 7o = ) () = (e ).

0E€Eint

As the associated dissipation function defined by D(ck, cr) = (cx — cr)(h(ck) — h(cr)) is
clearly coercive in the sense of Lemma 3.2, we can deduce as in Lemma 3.6 the existence
of €; > 0 such that ¢ < c&?) <1—¢ forall K € T and for all X € [0, 1].

For A € [1,2], one lets our system evolve from the monotone scheme corresponding to
A =1 (which, due to Remark 2.1 corresponds to the Sedan scheme for the case without
electrical potential) to the scheme with the expected numerical fluxes Fy,. But the
electrical potential is still blocked to &N =0, ie.,

N _ o«
e KK (2-X) Z Ty (r(c(lg\)) - T(C(L’\))> +(A=1) Z FI((AU) =0,
Atn 0€EK int 0€EK int (319>
F](g\g = Tg]:(c%\)7 CS-:\), 0,0).

with F defined either by (2.8), (2.9), (2.10), or (2.11). Thanks to Lemma 3.6, there exists
€5 > 0 such that e < cﬁg\) < 1—e¢ forall K € T and for all A € [1,2].

During the last step, A € [2, 3], we reactivate progressively the electrical potential while
keeping equation (2.4b). Defining

PPN = (X = 2)pP, Vo € &P,

(™, ®W) is defined, for all A € [2,3] as the solution to the nonlinear system: for all
KeT,
) — e A A PYINC) A A
mKKTK + 3 FR =0, with Fg) = 7, F (i), ¢V, (A = 2)0%), (A — 2)2()),
" O'Eg}’{,int
~ 3 1 Dre® = (A~ 2l + ).

o€EK

Thanks to Proposition A.1l, one has ’Cbg‘)‘ < Mg for all K € T and for all A € [2,3].

Moreover, as in Lemma 3.6, we can establish the existence of e3 > 0 such that e3 < c&?) <

1 — ¢ for all K € T and for all A € [2,3].
Finally, all along the homotopy parametrized by A € [0, 3], the solution (c()‘), <I>()‘)>

remains inside the compact subset [e,1—¢]7 x [~ Mg — 1, My +1]7 with ¢ = min(ey, €9, €3).
Thus the topological degree corresponding to H(\, ¢, ®) = 0 and to the set [¢,1 — ¢]7 x
[—~Mg — 1, My + 1]7 is equal to one all along the homotopy and in particular for A = 3.
This ensures the existence of (at least) one solution to the scheme (2.4). O

4. ABOUT THE CONVERGENCE TOWARDS A WEAK SOLUTION

The goal of this section is to prove Theorem 2.2, which states the convergence of the
centered scheme (2.4), (2.8), and the Sedan scheme (2.4), (2.9), towards a weak solution to
the continuous problem in the sense of Definition 1. Unfortunately, the proof we propose
here neither applies to the activity base scheme (2.4), (2.10), nor to the Bessemoulin-
Chatard scheme (2.4), (2.11). This does not mean that these schemes do not converge.
Indeed, numerical evidences provided in Section 5 seem to show that all the four schemes
converge.

{eq:lambda
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We_consider here a sequence (T, Em, (Tx) KGTm)le of admissible discretization with

hr.. , At,, tending to 0 as m tends to +oco, while the regularity (7 remains uniformly

bounded from below by a positive constant (*. Theorem 2.1 provides the existence of

a family of discrete solutions (¢, ®,,),, = ((C%)KeTm,lgnst , ((I)?()KeTm,lgngNm) To

prove Theorem 2.2, we first establish in Section 4.2 some compactness properties on the
family of piecewise constant approximate solutions (c7;, at,,, 7, at,,) satisfied by the
centered scheme and the Sedan scheme. Then we identify the limit as a weak solution in
Section 4.3.

In order to enlighten the notations, we remove the subscript m as soon as it is not
necessary for understanding.

econstruct

4.1. Reconstruction operators. In order to carry out the analysis of convergence, we
introduce some reconstruction operators following the methodology proposed in [22].
The operators 77 : R7T — L>®(Q) and 77 : R7Y — L=((0,T) x Q) are defined
respectively by
mru(x) =ux ifx € K, Vu = (Ur) ker s
and
mracw(t,x) =uf if (t,x) € (t,1,t,] X K, Yu = (u}L{)KET,ISnSN‘

These operators allow to pass from the discrete solution (¢”, ®"), ., -y to the approximate
solution since S
CT.At = TT At (Cn)n7 (I)T,At = TT,At (‘I’n)n

But in order to carry out the analysis, we further need to introduce approximate gra-
dient reconstruction. Since the boundary conditions play a crucial role in the definition
of the gradient, we need to enrich the discrete solution by face values (¢3), s, 1<p<ny and
(P5)getn.1<n<n defined by cp = c, and &} = @ . With a slight abuse of notations, we
still denote by ¢" = ((¢%)keT, ()oee..,) and ®" = (%) ger, (P7)see..,) the elements
of (0,1)7 =t and R7 +éxt containing both the cell values and the exterior faces values of
the concentration and the potential respectively.

For 0 = K|L € &, we denote by A, the diamond cell corresponding to o, that is the
interior of the convex hull of {0, @k, x;}. For 0 € £, the diamond cell A, is defined
as the interior of the convex hull of {0,z }. The approximate gradient V : R7 Tt —
L*(Q)? we use in the analysis is merely weakly consistent (unless d = 1) and takes its
source in [14, 23]. It is piecewise constant on the diamond cells A,, and it is defined as

follows:
Dk, :
V5iu(x) = —d g unKU ifxeA,, Vau € R Hext
We also define Vi oy : RTTeaxt)*XN 5 12(Q7)? by setting
Vrawu(t,) =Vyu" ifte (t,—1,t,), Vu = (u"),c,cn € R(T+ext) XN

Let us recall now some key properties to be used in the analysis. First, for all u,v €
R7+&x there holds

1
ZTUDKUuDKUU - ;l / VT'U: . VT’UdJ}
Q

el

This implies in particular that

1
ZTU]Dau‘Q =3 /Q |Vrul2de, Vu € R7 Hext, (4.1) |{eq:norm_L

el
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ec:compact

Il 4.2. Compactness properties for the approximate concentration. The goal here
is to take advantage of the a priori estimates established in Section 3.2 to recover enough
compactness for the sequences of approximate solutions.

em:L2H1_xi| Lemma 4.1. Let (¢, ®,,) be the family of discrete solutions defined either by the centered
scheme or by the Sedan scheme. There exists C' depending only on ®°, Q, ¢*, ¢, ¢ and
T, such that

// \VTm,Atmr(cm)IZ + (ﬂTm,Atmr(cm))z dedt < C.

Proof. We get rid of the subscript m for the ease of reading. We will split the proof in
two parts, first we focus on the proof of:

// |V r.aer(e)Pdedt < C. (4.2) |{eq:normL2
Qr

Thanks to (4.1), we have

/ /Q Vrar@F =d3 Aty 37 7 Du(r(e),

Uegint
N ~\2
=dY At Y 7 (C2) IDs(h(e)]
n=1 €&t
where we have defined the mean face concentrations <5Z}> by setting
0€Eint,1<n<N

1 Do’ " . 7 .
Cl = #E;)) if i # ¢} and CJ = ¢ otherwise, Vo = K|L. (4.3) |{eq:wtCsig

As noticed in Appendix C, 5;‘ is a mean value of ¢} and c}; so that 5;‘ € (0,1) for all
0 € Eni. Moreover Lemma C.1 proved in Appendix C ensures that there exists G > 0
such that -
C’ﬂ
C_ZL <G, Vo € En, Yn e {1,...,N}. (4.4) |{eq:alacon

Then, thanks to Young inequality, we obtain

// IV aer(c)]? < 2dGZAt > 7.CHD,(h(c") + @)
Qr

o€€int
N
+2d) Aty > 7,| D2 .
n=1

Uegint

Therefore, Remark 3.1 and Lemma 3.5 yield the desired bound (4.2).
We now focus on the proof of:

// (WT,AtT(C))2 dedt < C. (4.5) |{eq:normL2
Qr

= 1tc o

Noticing that for c* 5

r(e) < (r(e) = ()™ +r(e"),

we have, using (a + b)? < 2(a* + b?):

//TWM” |dmdt<2//T wraer(e) — r(c*)) " Pdadt + 2r(¢)*m(Q)T.  (4.6) |{eq:decomp
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Let t € [0,7] and u = (7r.a¢r(e) — r(c*))T (). We intend to show that we have a L?
bound on u following ideas of [1, Appendix A.1|. As u is nonnegative, we have:

/ lu —al* = / T +/ lu — a* > m({u = 0})a?, (4.7)
Q u=0 Q\{u=0}

where @ = ¢, u. Using Poincaré-Wirtinger inequality (see [4, Theorem 5] or [34, Theorem
2.1]), we have:

/Q|u —af < Cg > 7a(Dou)”. (4.8)

Oegint

If we had a lower bound on m({u = 0}), the equations (4.8) and (4.7) would yield an
upper bound on u. By definition of © and monotonicity of r, w is zero if and only if ¢ is
smaller than ¢*. Using the monotonicity of integration and Lemma 3.3, we have:

()~ m({u=0p) = | K | 7r et = miy

Hence, as ¢* = (14 ¢)/2,

Finally, we have:

Using the definition of u, we have:
> (Do < [ [Fra(eo)l
Uegint Q

Hence, integrating in time, and using 4.6:

// |7TTAtT | dadt < C// |V7’AtT )|2 +C.

We then deduce (4.5) from (4.2). It concludes the proof of Lemma 4.1. O

Proposition 4.1. Let (¢, ®,,) be the family of discrete solutions defined either by the
centered scheme or by the Sedan scheme. In both cases, there exists ¢ € L®(Qr;[0,1])
with r(c) € L*((0,T); H()) such that, up to a subsequence,

T At Cm —> € a.€. in Qr, (4.9)
m—r0o0
Vr,.at.r(Cn) — Vr(e) weakly in L*(Qr). (4.10)
m—r0o0

Remark 4.1. The limit ¢ obtained in Proposition 4.1 could a priori depend on the choosen
subsequence or be different for the centered scheme and the Sedan scheme. In Section
4.3, we will identify each limit as a weak solution to the initial problem.

Proof. Since 0 < 77, at,,Cm < 1 for all m > 1, there exists ¢ € L>(Qr; [0, 1]) such that
T, At,, Cm tends to ¢ in the L®(Qr) weak-x sense. We still have to establish the almost
everywhere convergence as well as the fact that r(c) belongs to L?((0,T); H'(Q)). To
this end, we make use of the blackbox [2, Theorem 3.9] which provides both the almost
everywhere convergence and the identification of the limit of w7, at, 7(cm) as r(c). We
already have Lemma 4.1 at hand and ¢ is bounded in L, so that, owing to [2], it

{eq:firstb
|{eq:Poinca

{eq:Poinca

{eq:conv_a

{eq:conv_g

HH
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is sufficient to prove that there exists some C' not depending on m such that, for all
Pm = (9K, @a)KU € R(TergCXt*m)XAtm, there holds

ZAt Z mK

KeTm

—1
k| S ClIVT, At PmllL=@r): (4.11) |{eq:ACM1T7}

for having, among other things, the desired convergence (4.9). Using (2.4b) and the
writing (3.3) of the fluxes, we obtain that

ZAt Z mK

KET"L

ZAt > 7CrDko(h(c") + ®")Diotp

Uegint

1/2
(Z Aty > 7,Cl [Do(h(c") + <1>N)|2>

U'Egint

1/2
x (Z Aty > TU|Dg¢n|2>

o€€int

thanks to the boundedness of the dissipation in Remark 3.1 which is a consequence of
Proposition 3.1.

Since V7., at, 7(cn) is bounded in L*(Qr)?, it converges weakly in L?(Qr)? towards
some U. Let us show that U = Vr(c). Let V € C(Qr;R?) be a smooth compactly
supported vector field, we set

1
VZ:m—/V(tn,'y)d'y, Voe& Yne{l,...,N}.

It permits to define a piecewise constant function on the diamond cells and the time
intervals:

V&At(t,.’lj) = VZ if (t,a:) c (tn 1, ] X A
It is clear that V¢, at,, converges uniformly towards V' as m — oo thanks to the regularity
of V.. Then

// Vi, at.r(c) - Ve, ag, dedt — U - Vdadt.

m—oQ
Qr

But, using the geometric relation dma, = d,m, and the definition of V', one has

/ Vrawr(c) Ve ardedt = Z At, Z dma, r(Cko) — 7“<CK)nK0 v
Qr

O’

oe&
= —ZAt r(c) Z /V Y, tn) - Mgedy = ZAtnr e / div(V (z, t,))dx.
o€fK
We deduce from the convergence of 77, a¢,,7(c) towards r(c) that
/ V7. at,r(€) Ve, ap, dedt — // c)div(V)dedt = // Vr(c) - Vdadt,
QT m—0o0 T
so that U = Vr(c). O

We have two kind of face values at hand : <CQ> and (5;}) defined
0E€Ent,1<n<N 0€Ent,1<n<N

respectively by (3.2) and (4.3). Based on this, we can reconstruct two approximate
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concentration profiles cg o+ and cg a; that are piecewise constant on the diamond cells by
setting

"ot (t tn_1,tn Ay, int
e aelt @) = CZ i (t, @) € (tn-1,tn] x 0 € En (4.12)
o fxel, o0€&xnf&k,
and _
~ Cy if(t,x) € (th1,tn] X Ay, 0 € Ein,
te)=14 ¢ 4.13
Ce.aelt, @) {c% ifex e, 0€CEuNEk. ( )
Lemma 4.2. For the centered scheme and the Sedan scheme, there holds
ce,.at, — ¢ inLP(Qr) for allp € [1,00), (4.14)
m—00
Ce,at, — ¢ in LP(Qr) for all p € [1,00), (4.15)
m—00

where ¢ 1s as in Proposition 4.1.

Proof. We only prove (4.14) since the proof of (4.15) is similar. Here again, we get rid of
m for clarity. Since ¢ a¢ converges almost everywhere to ¢ and remains bounded between
0 and 1, it converges in LP(Qr). ce at is also uniformly bounded, hence it suffices to show
that |ce at — c7 atllL1(0r) tends to 0. Denoting by Ag, the half-diamond cell which is
defined as the interior of the convex hull of {xk,o} for K € T and ¢ € £k, one has

N
lce.at — e atlligr) < Z Aty Z Z may,|cx — Cyl

n=1 KeT oelk
b N
-
IS a5 S k-
n=1 KeT oelk
where we have used the geometric relation m(Ag,) = émadist(w K, 0) < %ﬂma. For the
internal faces, Lemma 3.1 (use (C.1) instead for C) implies that
ek —Col +lcp = C3| = |ck —ci|, Vo =K]|L.

Therefore, we obtain that

N
hr "
lce.at — cratll @) Sj Z At, Z meDyc
n=1

Uegint

N /2 , N 1/2
< (Z A, S mgd(,) (Z A, S TU|DJcn,2) |
n=1 n=1

0€Em¢ 0E€Eing
Since |r(a) — r(b)| > |a — b| for all a,b € (0,1), we deduce from Lemma 4.1 that

lce.at — cratllrr@rn) < Chr.
OJ
4.3. Convergence towards a weak solution.

Proposition 4.2. Let ¢ be as in Proposition 4.1 and let ® € L=(Q7)NL>((0,T); H*(Q))
be the solution to the Poisson equation (1.3) with boundary conditions (1.6). Then, for
the centered scheme and the Sedan scheme, there holds

{eq:c_Ee}

{

®

2
s
o
o
o

{eq:conv_c

{eq:conv_w

i

T, At P — ® in the L (Qr) weak-* sense, (4.16) |{eq:convPh

and

. 00 .72 d _ .
V7., at, Pm — V& in the L=((0,T); L*(Q)) weak-x sense. (4.17) |{eq:convPh
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Proof. The existence of some ® € L*(Qr) such that (4.16) holds is a straightforward
consequence of Lemma 3.4, whereas the existence of some U € L*°((0,T); L*(£2)?) such
that V7, at,, ® tends to U as m tends to oo follows from Lemma 3.5 together with (4.1).
The proof of U = V& is similar to the proof of Proposition 4.1.

We show now that & satisfies the Poisson equation (1.3). Let ¢ € C°([0,7] x
{QUTIY}), then define ¥ = (xk,t,) and Y = Y(x,,t,) for 1 <n < N, K € T
and 0 € €. Following [21] (see [16] for a practical example), one can reconstruct a
second approximate gradient operator VT R7 — L>(Q)¢ such that

/ Vru - VT'vd:v = ZTUDKU’U,DKU'U Yu,v € R7,

oe€

and which is strongly consistent, i.e.,

V" — V(- t,) uniformly in Q, Vn e {1,...,N}, (4.18)
T
thanks to the smoothness of 1. The scheme (2.4a) then reduces to
/ V" Vyy'de = / mr(c + cP)yrrptde, Vn e {1,...,N}, Vap € RT o)<V
Q Q

Integrating with respect to time over (0,7") and passing to the limit hs, At — 0 thanks
to Proposition 4.1, (4.17) and (4.18) then yields

/ V@-V¢dwdt:// (c + c™P)ypdadt, Vi € C°([0,T] x QuUT™).
Qr T

In particular, (1.15) holds for almost every ¢ € (0, 7).
The last point to be checked is the boundary condition for ®, i.e., that ® = ®” on
(0,T) x T'P. This can be proved for instance following the lines of |7, Section 4. O

Remark 4.2 (Enhanced convergence properties). The convergence described in Proposi-
tion 4.2 is not optimal. One can rather easily show that the convergence of 77, at,, ®m
towards @ for the strong topology of L*(Qr) due to the strong convergence of 7., at,,Cm
to ¢ established in Proposition 4.1. Moreover, one can establish the strong convergence
of VTm at,, ®m towards VO, where the gradient reconstruction operator VTm,Atm is the
extension to the time-space domain ()7 of the operator @Tm used in the proof of Propo-
sition 4.2. We refer to [21] for details on these enhanced convergence properties.

Proposition 4.3. Let ¢ be as in Proposition 4.1, then ¢ satisfies the weak formula-
tion (1.14).

Proof. Let ¢ € C>([0,
K € T. Multiplying (2.
and using expression (3.:

T) x ), then deﬁne o = p(xg,t,) for all n € {0,..., N} and
4b) by At,¢% !, then summing over K € T and n € {1, .., N}
3) for the fluxes leads to

Ti+To+Ts =0, (4.19)

{eq:ov_gra
q g

{eq:T123%}
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where we have set

Z Z mic(ck — e ek

n=1 KcT

Ty = ZAt > 7.ClDioh(c") Dio™ ™,

ock
Ts = Z Aty > 7eClDio® " Dicop™ ™
n=1 o€

The term 77 can be rewritten as

ZAt Z MK CRe QDK — Z MK R

n=1 KeT KeT

so that it follows from the convergence of 77 asc towards ¢ and of 77 towards ¢ together
with the regularity of ¢ that

T — —// c@tcpdwdt—/cogo(o,-)dm. (4.20)
m—0o0 T [¢)

On the other hand, the term T3 can be rewritten as
13 = // ce.atVT,atP - V7 arpdzdt,
T

where 677 At is the strongly consistent gradient reconstruction operator introduced in the
proof of Proposition 4.2 and in Remark 4.2. In particular, due to the smoothness of

©, V. arp converges uniformly towards V. Therefore, it follows from Lemma 4.2 and
Proposition 4.2 that

T3 — // cVO - Vpdadt. (4.21)
m—00
T
Define the term

Z At Z TO'CnDKO' )DKO-LPn_l - // V'T,AtT(C) . §T7At(‘0d.’lfdt7

o€l T

then it follows from Proposition 4.1 that

Ty — Vr(c) - Vdadt.

m—0o0
Qr

Therefore, it only remains to show that |7y — T3| tends to 0 to conclude the proof of
Proposition 4.3. Thanks to the triangle and Cauchy-Schwarz inequalities, one has

N
T, — TQ‘ < ZAthTa cr — 5(7; Dgh(cn)DUc‘On—l
n=1 o€ b ~ .
< (ZAt ZTUC”|D h(c")| > (ZAt ZTG |Dggo |2> ‘
o€l o€l U

The first term in the right-hand side is uniformly bounded thanks to Remark 3.1, to
0 <C» <1 and to Lemma 3.5 (we can adapt a part of the proof of (4.2)) . Thus our

{eq:T1}

{eq: T3}
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problem amounts to show that

R = ZAt ng |Dggo" 12 — 0. (4.22)

m—0o0
oce€

q

Let us reformulate R as

R = ZAt > mlcr —C

ce€

571
|Dye™ 2.

O'

Thanks to (4.4), the quantity ’1 — _g‘ is uniformly bounded, whereas the regularity of ¢

n

implies that D," ! < |[V¢||sd,. Putting this in the above expression of R, we obtain
that
R < Clleg,at — CeatllLi@rn — 0,
m—0o0

thanks to Lemma 4.2. O

5. NUMERICAL COMPARISON OF THE SCHEMES

The numerical examples [29] have been implemented in the Julia language [5] based on
the package VoronoiFVM. j1 [30] which realizes the implicit Euler Voronoi finite volume
method for nonlinear diffusion-convection-reaction equations on simplicial grids. The
resulting nonlinear systems of equations are solved using Newton’s method with pa-
rameter embedding. An advantage of the implementation in Julia is the availability of
ForwardDiff.jl [40], an automatic differentiation package. This package allows the as-
sembly of analytical Jacobians based on a generic implementation of nonlinear parameter
functions without the need to write source code for derivatives.

®: min=0.0000 max=10. 0000 c: m|n 6 693e-03 max=1-6.693e-03

104
1.0
3 8 3
10 10 0.9 10°
6
102 4 102 0.8 10-2
0.7
10t 10t 4
2 0.6 10
= 100 0 = 100 0.5 10-6
10! -2 107 0.4 .
-4 0.3
2 2
10 6 10 0.2 10-10 4
—e— Centered
1073 _g 1073 0.1 ¢ Activity
0.0 10?4 4 Bess-Ch
1074 — M _10 104 ’ —— Sedan
0 20 40 T T T T
-3 -1 1 3
M M 10 10 10 10

FIGURE 3. Left: time evolution of solution on domain @ = (0,50) from
constant initial value ¢ = 1 with Dirichlet boundary conditions ®(0) = 10,
®(50) = 0, ¢ = —% and homogeneous Neumann boundary conditions for

c. Right: Evolution of the relative free energy according to (1.11).

5.1. 1D time evolution and convergence test. The first group of examples consid-
ers the problem as described by (1.1)-(1.3) in a one-dimensional domain with Dirichlet
boundary conditions for ® and homogeneous Neumann boundary conditions for ¢. We
regard the time evolution from a zero potential ® and constant concentrations cy. In all
examples we assume a constant doping concentration c¢% = —%. Calculations have been
performed with subdivision of the domain @ = (0, L) into 100 control volumes. Time
steps have been chosen in a geometric progression t; = t; x4 with § = 1.15 and ¢; = 1074

{eq:Rto0}
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®: min=-62.5000 max=-0.0000 c¢: min=3.490e-12 max=4.997e-01
104 T T 65 104

1.0
10% ] 52 103 0.9 10*
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| H 26 0.7
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= 10041 £ 0 = 10° 0.5 107% 4
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E 10-11 4 —e— Centered
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FIGURE 4. Left: time evolution of solution on domain 2 = (0,50) from
constant initial value ¢ = 0.3 with Dirichlet boundary conditions ®(0) = 0,
H(50) = 0, ¢ = —% and homogeneous Neumann boundary conditions for
c. Right: Evolution of the relative free energy according to (1.11).

®: min=0.0000 max=62.5000 c: min=5.003e-01 max=1-3.490e-12
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FIGURE 5. Left: time evolution of solution on domain © = (0,50) from
constant initial value ¢ = 0.7 with Dirichlet boundary conditions ®(0) = 0,
®(50) = 0, ¢ = —% and homogeneous Neumann boundary conditions for
c. Right: Evolution of the relative free energy according to (1.11).

In the first example (Fig. 3), ¢o = 0.5, and the initial amount of charge carriers exactly
matches the amount of doping. With the start of time evolution, at x = 0 a potential
of 10 is applied leading to a redistribution of the charge carrier concentration which for
large ¢t approaches a steady state with two space charge regions at the boundaris with
opposite charge and an electroneutral region with ¢ = 0.5 in the center of the domain. We
remark, that the ¢ stays in the range (0,1), and that the energy (1.11) decreases during
time evolution for all four schemes discussed in this paper. We also remark that for zero
applied potential, the constant values ® = 0 and ¢ = 0.5 would comprise a solution for
all t > 0.

Fig. 4 considers the case ¢y = 0.3. The available amount of charge carriers is not able
to compensate the amount of doping. At the end of the time evolution, the charge carriers
are concentrated in the center of the domain, establishing an electroneutral region. At
both boundaries, depletion boundary layers create equally charged space charge regions
due to the lack of charge carriers able to compensate the doping.

fig:evolii

fig:evolii
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FIGURE 6. Convergence behavior of the different schemes for the case de-
picted in Fig. 3: comparison of solutions at ¢t = 10. Left: L2-error, right:
H! error. Correspondence to the equation in the paper: “Centered™ (2.8),
“Sedan” (2.9), “Activity”: (2.10), “Bess-Ch™ (2.11).

Fig. 5 considers the case ¢y = 0.7 which in sense is symmetric to the previous one.
There is again an electroneutral region in the center, and this time, “superfluous” charge
carriers are forced to enrichment boundary layers.

Fig. 6 provides a comparison of the convergence behavior for the test case discussed in
Fig. 3. We compare the solutions at a moment of time where we observe a rather large
descent of the relative free energy based on a reference solution obtained on a fine grid
of 40960 nodes. We observe first order convergence in the H' norm and second order
convergence in the L? norm. No significant difference between the results for the various
schemes.

— C

107

T T T T T T
0 10 20 30 40 50

FIGURE 7. Stationary solution with Dirichlet boundary conditions for ¢ and ®.

5.2. 1D stationary convergence test. In order to reveal the behavior of the various
schemes under more extreme conditions, this convergence test outside of thermodynamic
equilibrium includes regions of the solution with concentrations extremely close to 0 and
1, respectively, enforced by inhomogeneous Dirichlet boundary conditions for the con-
centration, thus leaving the realm of the analysis in this paper. Once again, we assume
Q = (0,L) with L = 50, ¢ = —1. We set boundary values ®(0) = ®(L) = 0 for the

fig:scheme

fig:refsol
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FIGURE 8. Convergence behavior of the different schemes. Left: L2-error,
right: H' error. Correspondence to the equation in the paper: “Centered”:
(2.8), “Sedan™ (2.9), “Activity™ (2.10), “Bess-Ch”: (2.11).
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FIGURE 9. Discretization grid of refinement level n,.; = 1 (left) and corre-
sponding I-V curves for different discretization schemes (right).

electrostatic potential, and ¢(0) = 1072, ¢(L) = 1—1073. We calculate a reference solution
using the scheme (2.9) on a fine grid of 40960 nodes with grid spacing h ~ 1.22 - 1073,
see Fig. 7. We use this solution as a surrogate for an analytical solution in a numerical
investigation of the convergence rates of the different schemes. The result is shown in
Fig. 8. We observe, that both in the H' and the L? norms, the schemes based on the
modification of the Scharfetter-Gummel idea behave significantly better than the centered
scheme. This is probably due to the Dirichlet boundary condition close to 0 where the
function ¢ — h(c) appearing explicitly in the centered scheme is singular. Judging from
the L? error plot in Fig. 8 (left), the scheme (2.9) converges better than all the others.
Asymptotically, all schemes show the same standard behavior: we observe second order
convergence in the L? norm and first order convergence in the H!-norm.

5.3. 2D Unipolar Field Effect Transistor. As a second example, we consider an
unipolar field effect transistor. The domain is Q = (0, L) x (0, H) with L = 1072, H =

fig:scheme

fig:gridiv
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FIGURE 10. Electrostatic potential (left) and concentration (right) for

closed gate (Ugate = 50). fig:closed

®: min=-10.0000 max=10.0000 c: min=8.221e-02 max=1-2.827e-03
0.010 25

1.0

20 0.9

0.008 15 0.8
10 0.7
0.006 5 0.6
> 0 0.5
0.004 -5 0.4
-10 0.3
0.002 -15 0.2
“20 00

0.000 -25 ’

0.00 0.02 0.04 0.06 0.08 0.10
x x

FIGURE 11. Electrostatic potential (left) and concentration (right) for
e = 0)
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FIGURE 12. Electrostatic potential (left) and concentration (right) for open
gate (Uyate = —50), with concentration in the channel reaching the satura-

tion value 1.
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FIGURE 13. Convergence of the I-V curves calculated using the different

discretization schemes.
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1073, We let ¢ = —%, and set the following boundary conditions at the contacts:

) at Dyouree = (0,02 L) x H

)<
((f) B @ at Trap — (0.8 L. L) x H
)=

) at Tygre = (0.3-L,0.7- L) x H

<v']q) nn> = (8) at aQ \ (Fgate U Fsource U Fdrain)-

Here, ® 44 € (—50,50) is the gate voltage, and d = 0.1 - H is the gate thickness. We
introduce a slightly anisotropic rectangular grid n, x n, grid with n, = 10 x 2"/ and
n, = 5 x 2" where n,.s is the refinement level. Each cell in the rectangular grid is
subdivided into two triangles, see Fig. 9 (left). From the resulting triangle mesh, the
Voronoi tesselation is obtained.

With fixed source and drain voltages, we vary the gate voltage Ugyqe from 50 to -50.
At Ugqte = 50, the positive applied potential pushes away the positively charged carriers
from the channel — the region under the gate contact, see Fig. 10. The resulting lack
of charge carriers results in a near zero current. With decreasing gate voltage, more and
more charge carriers are allowed into the channel, leading to an increase in the current.
When the gate voltage decreases further, charge carriers are attracted to the gate contact
and fill up the channel. Due to the degeneration, their concentration cannot exceed 1.
As a result, we observe a saturation of the current close to some maximum value for gate
voltages approaching -50, see Fig. 10.

All schemes under consideration with the exception of (2.10) represent this saturation
behaviour quite well already at rather coarse grids, see Fig. 9 (right). This appears to
be in line with earlier investigations of the scheme based on activity averaging [26] which
hint that its asymptotic behavior for large electric fields is not satisfactory.

In order get an idea about the convergence in this case, we produce a reference solution
on a grid with 821121 nodes using the scheme (2.9) and compare the calculated I-V curves.
The behavior of the error in the I-V curves is shown in Fig. 13. While all four schemes
exhibit convergence of order at least O(h), the activity based scheme (2.10) converges
with a constant approximately one order of magnitude larger than the others.
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APPENDIX A. L® BOUND ON THE TPFA FV APPROXIMATE POISSON EQUATION

It is well know that the solution to the Poisson equation
—Au=f inQ,
u = uP on I'P, (A.1)
Vu-n=0 onI¥,

is bounded in L>(Q) provided f € L>®°() and u? € L>(92). The goal of this appendix
is to get a discrete counterpart of this estimate for TPFA finite volume approximations
of (A.1). The data u” and f are discretized into

1 1
u?z—/uD('y)dfy, fK:—/fd:c, ccEP KeT.
mo— o mK K
and the classical TPFA finite volume scheme writes:
— Z T, Dot = meK: VK € T.

c€EK

The associate linear system of equations can be written as
Lu = b, (A.2)

with w = (uk,Us)geToecer (let us note that we keep the Dirichlet nodes in the set
of unknowns), b = (fK,U(?)KeT yeep and L € R(THEV)X(THEP) g the sparse symmetric

definite positive matrix defined by
Lyo =1, Lo, = 0if £ # o, oe&P,

LK,KO':__7 }LKJ(:L Z To, KET
Mk o€k
In the above definition of L, ¢ denotes an arbitrary index in 7 NEP, whereas Ko denotes
the mirror index of K w.r.t. the faces 0 € &k, i.e., Ko = Lif 0 = K|L € Ex N &y and
Ko=cifoe&gNEPL.

The goal of this section is to derive an ¢>*° bound on the solution w to the linear
system (A.2) which is uniform w.r.t. the mesh. This is the purpose of the following
proposition.

Proposition A.1. There exists C' depending only on ) such that
|UK| S CmaX{HuDHLoo(aQ),||f||Loo(Q)}, VKG T

Proof. The proof we propose here is an extension to the context of TPFA Finite Volumes of
the proof of Hackbusch [35] for Finite Differences. An alternative proof of Proposition A.1
based on Stampacchia’s truncation estimates is sketched in [32].

The definitions of u? and fx ensure that

1blle < max {[Ju” ||z a0, | Il }
so that
lelloe < L7 loclBlloe < LT loo max { [l 2= an). 1 £l () } -
Therefore, it only remains to check that ||L7!||,, < C for some C not depending on 7.
The matrix L is a M-matrix (see [35, Definition 4.8]). Therefore, owing to [35, Theorem
4.24], if we can exhibit some vector w € R7+€” such that Lw > 1, then |[|[L7 o0 < [|[w]|oc.
Define the function w :  — R by

1 _
w(x) =1+ pi <sug |y|2 — ]a:|2> >1, x € (),
ye

{eq:Poisso

{eq:Lu=b}
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and the vector w = (wg,w,) by wxg = w(xg), K € T, and w, = w(z,), o € EP.
The estimate on the Dirichlet nodes is straightforward:

(Lw), = w, > 1, Vo € &P,

Now, let us focus on the inner nodes K € 7. Since ) .1 en Lk = >
one has

oCEK LK,KU = 07

1 1
(Lw) ¢ ~d Z Li kol Txo|* = dme Z To (|5'3K|2 - |€17Ka’2)

oelk o€lK

1 2
=— 1T — Tko 2 - (g — Txo
deZT(|K Kol + 2%k - (TK K))
o€€K
G 3 Mot o Y @k — )
= Mmels LK * To\TK — LKg)-
dTTI,K de K K K
c€EK o€k
Because of the geometric relation m,d, = dma,, and since K C UUE £ A, there holds
1 1
- Z Meldy = —— ma, > 1
de o€€K K o€k
On the other hand, the second term vanishes since
Z To(Tx — Tgy) = — Z MmNk, = 0.
o€k o€l
Therefore, (Lw), > 1 for all K € 7. As a consequence,
diam()?

1
L Yo < |[w]joo =1+ =sup|y|* <1+
L] |w]| dyeglyl 1d

The last estimate comes from the fact that one can choose the origin for y arbitrarily. [

— APPENDIX B. PROOF OF LEMMA 3.2
app:dissip
Step 1. Let § € (0,1) and M € R. We start with the proof of

Clngl Ysam(cr) = +oo (B.1) |{1im_Upsil

where
Ysa(er) = inf {D(ck, cr, Pr, Pr);cx € (0,1 — 0], (Pre, Pr) € [-M, M]*}.
We recall that
D(c,cr, P, @) = Cle, cr, Prc, @) |h(ck) + Pre — hler) — P,
= ]:(CK, Cr, (I)K, CDL)(h(cK) + @K — h(CL) — (I)L)
and we notice that the diffusion force blows up:
lim inf {‘h(CK) ~h(er) + B — By lex € (0,1 — 3], (D, Br) € [~ M, M]?} = +oo.
cr,—
(B.2) |{eq:diff-f
Therefore, we can get (B.1) by proving that either C(ck, cr,, P, Pr) or F(ck, cr, P, Pr)
stays bounded away from 0, uniformly in cx € (0,1 — 4], (Pg,®r) € [—M, M]?, for
Cr, 2 1/2
For the centered flux, we have that, for all (cx, @, ®r) € (0,1 — §] x [-M, M)?,

Clek,cr, i, ®p) = (cx +¢)/2 > ¢p /2. This yields (B.1). For the three other schemes,
we remark that, for any « € (0,1 — §), we can rewrite

Ysar(cr) = min(Y5y,(cr), Yon(er)),
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where
Yo (er) = inf {D(ck, cr, Pic, @1)icx € (0,0), (P, Dp) € [-M, M]*}
You(er) = inf {D(ck, cr, Pic, @r)icx € [, 1= 8], (P, p) € [~ M, M]*}
But Lemma 3.1 ensures that, independently of the choice of the numerical flux, we
have at least C(ck,cr, Pr, Pr) > min(cg,cr)/2, so that C(ck,cr, Px, Pr) > /2 for
all (cx,cr,Pr,®r) € [a,1 — 6] x [1/2,1) x [-M, M]? if a€ (0,1 — §).Therefore, for all
a€ (0,1 —9), we have
. a,2
clngll Tsar(cr) = +o0.
It remains to prove that for a given a€ (0,1 — ¢§) we also have
. a,l
clngl1 Tsa(cr) = +oo0. (B.3)
Because of the monotonicity of § — Ysar(cr), we can restrict our attention to the case
§ < 1/2, so that we can seek for a € (0,1/2].
For the Bessemoulin-Chatard flux, we have
O — Dy Oy — O,
F O, &r) =d B|— -B|——— ,
(ck,cr, Pk, Pr) T(CK>CL){ (dr(cK,cL)) CK <dr(cK,cL)> CL}

with dr(ck,cr) > 1. Using the monotonicity of the Bernoulli function and the bounds on
®y and &, we get:

¢, — D
B(2M) < B[ +——=—X ) < B(—2M)
dr(ck,cr)
Hence, for a = %:
1 B(2M
Flex,cn, P, Pr) < dr(ck,cr) {B(—2M)a — B(2M)§} < — <4 )
Then, thanks to (B.2), we deduce (B.3) for o = —45((24]\)4) and therefore (B.1).

For the Sedan flux, we use similarly the monotonicity of the function B and v, so that

Fleg,cp, ®x,®,) < B (—2M + u(%) - y<a)) a—B <2M - y(%) + V(a)) %

1
Vex € (0,a), ¢ € (5, 1), (®g, @) € [-M, M]>.

But the right-hand-side of the last inequality has a negative limit when « tends to 0,
which means that for a given « small enough it remains bounded away from 0, so that
we deduce (B.3) and therefore (B.1).

For the activity based flux, we also use the monotonicity of a and /3, which yields

Flex,cn, B, ®1) < (B(—QM)a(a) - B(2M)a(%)>

1
Ve € (0,0é),CL € (57 1)7 (q)Ka(I)L) € [_Ma M}Z

The right-hand-side has a negative limit when « tends to 0. Thus it remains bounded
away from 0 for a given o < 1/2 and we deduce (B.3) and therefore (B.1).
Step 2. We now focus on the proof of
lim Ws(cr) = 400 (B.4)

cr,—0

{lim_Upsil

{1lim_Psi}
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where
Usar(er) = inf {D(ck, cr, Pr, P ); ek € [0,1), (Px, Pr) € [—M, M]*}.

We use similar arguments than in Step 1. First, the diffusion force still blows up :

lim inf {’h(cK) — h(er) + O — Dpliex € 6,1), (B, &) € [ M, M]Q} = 400, (B.5) [{eq:diff-f

cr,—0

For the centered flux, we have : C(ck, cr, Px, Pr) = (cx + ¢1)/2 > 0/2 hence (B.4). For
the other fluxes, we rewrite again

Wy (cp) = min(Wy, (cr), Uiy (cr)),

where
Uy (cr) = inf {D(ck, cr, Pk, ®r)i cx € [6,0], (P, r) € [-M, M]*};
U (cr) = inf {D(ck, cr, P, Pr)i cx € (a, 1), (Pi, @) € [-M, M)}
Using the symmetry of the flux F(ck,cr, P, ®r) = —F(cr, ek, P, Px) and following
the proof of (B.3), we get that for a = 1/2,

Clng W (er) = +o00

We now have to prove that, for a = 1/2,

CIL@ \IféM(cL) +0o0 (B.6) |{lim_Psi_a

To this end, we will show bounds on the flux. The set [§, a] x [—M, M]? is compact, and
the flux functions are continuous. It is sufficient to show a positive lower bound for the
limit at any (c*, ®*, ®,) € [, a] x [-M, M]*:

Ir = lim F CI(%))C[m@K’(pL) > 0.

(CK Cr,, <I>K @L)H(C 0
For the Sedan scheme, we have:
I"=B(®, —@* —v(c")))c" > 0B(2M).

For the Bessemoulin-Chatard scheme, we have: lim dr(ck,cr) =1, hence:
(crser)—(c*,0)

I*=B(®, — d")c* > IB(2M).
For the activity based scheme we have:
Blc*)+1
2

2
As these limits are bounded away from zero we have (B.6) hence (B.4). It concludes the
proof of Lemma 3.2.

I = B(@, — a"a(c) > D poan.

APPENDIX C. COMPARISON OF FACE CONCENTRATION FUNCTIONALS
app:alacon

For each scheme, we have defined a face concentration functional C : (0,1) x (0,1) x
R xR — R. We introduce a second face concentration functional C : (0,1) x (0,1) - R ,

defined by
5 r(ckx) —r(ern) . ,
C = ———if d th :
(ck,cr) h(er) = hier) if ¢ # ¢, and ci otherwise
As 7'(c) = ch'(c), it is clear that
min(cx, cr) < Clek, ep) < max(ck, cr) for all (cx,cr) € (0,1) x (0,1). (C.1) |{eq:wt_avg

Lemma C.1 states a comparison between C and C for the centered and the Sedan schemes.
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em:cctilde| Lemma C.1. For the centered scheme and the Sedan scheme, there exists G > 0, depend-
ing only on M, such that for all (ck,cr, Px,®r) € (0,1) x (0,1) x [-M, M| x [-M, M],

C(CK7 CL)
Clenco P, B0~ (C.2) [{esticeril

Proof. The case of the centered scheme defined by (2.8) is the easiest one, since

Cx +cp, > 1
2 -2
so that (C.2) holds with G = 2 thanks to (C.1).

Let us now focus on the Sedan scheme defined by (2.9). We can introduce the function

G:(0,1) x (0,1) x R x R — R defined by

C(CK7 Cr, ®K7 (PL) =

max(ck, cr),

C(CK, CL)
C<CK7 cr, CDKa (I)L) '

g(CK, cr, (I)Ka (I)L) =

It is a continuous function which satisfies the symmetry property G(cg,cr, Pg, Pr) =
Gcp,cx, @, Pk) and the consistency G(ck, ¢k, Pr, Pr) = 1. Bearing in mind the ex-
pression (3.12) of C, with = = log(ckx) — log(cr), y = @1 + v(cr) — Px — v(ck) and
r—1y=h(ck)+ Px — h(cy) — Py, one can rewrite

(h(ck) + Px — hlcr) — r)(r(cx) —r(cr))
(B(y)ex — B(—y)cr) (h(ck) — h(cr))

Because of the symmetry and the consistency properties, we can assume without loss of
generality that cx > ¢, . Using the average properties (3.7) and (C.1), one obtains that

1
G(ck,cr, P, @) < K < —, (C.3) |{eq:angle}

Cr L

g(CK, Cr, ¢K7 q)L> -

so that we only have to check that G(ck,cr, P, ®r) remains uniformly bounded as ¢y,
tends to 0 in order to prove (C.2). Therefore, considering that (®x, 1) is given, we study
the limit of G when (ck, cr) tends to (1,0), (0,0) and (¢*,0) with ¢* € (0,1).

We first consider the limit (cx,cp) — (1,0). We have the following equivalences when
(CK, CL) — (1, 0)

h(ck) — h(cr) ~ —log(l — cx) — log(cr)
h(CK) + q)K — h(CL) — (I)L ~ — 10g<1 — CK) — IOg(CL)
r(cx) —r(cr) ~ —log(l — ck)
B(y)ex — B(—y)er ~ —cx log(l — ck)
This yields:
lim g(CK, cr, (I)K, (I)L) =1 V((I)K, (I)L) € RxR. (C4) {lim1}

(CK,CL)—>(1,0)

With similar arguments, we compute the limit (ck, cr) — (¢*,0) with ¢* € (0,1). We get:

: r(c*)
1 Qp,PL) = V(®g,dr) eR xR C.5) [{lim2
(cK’cLl)ILl(C*VO)g(CK’CL’ K L) B(y*)c* ( K, L) X N, ( ) {1im2}

with y* = & — O + log(1 — ¢*).
In the neighborhood of (0, 0), the behaviour is more complex, as the limit of log(cx /cr)
is not defined and G does not have a limit. However, thanks to C.3, G(ck, cr, P, Pr)
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stays bounded if cx /¢, stays bounded while (ck,cr) — (0,0). It remains to consider the
case where (cx,cr) — (0,0) while c¢x/cr, — oco. In this case,
(h(cx) + Px — hlcr) — @)
h(cx) = hlcr)
r(ck) —r(en) ~ —cp + ¢k
B(y)ex — B(—y)er ~ B(®r — Px)ex — B(Px — ey,

— 1,

and

1
lim cx.c, P, ®p) = —————.
(cK,cL)%(O,O)g( 1< 0 i, ) B(®, — k)

cx /e —00
We conclude that G(ck, ¢, Pk, Pr) stays bounded when (ck, cr) is in the neighborhood
of (0,0) for all (®x,®;) € R% Combined with (C.3), (C.4) and (C.5), it concludes the
proof of Lemma C.1. O

Remark C.1. For the Bessemoulin-Chatard scheme, the bound (C.2) does not hold. Let us

l—CL

consider that &, = &, = &, then with the notations « = log(ck/cr), and y = log(m),
we have:

Clck,cr) xy

Clex,cr, @) (ex —cr)(z+y)
For (¢k,cr) — (1,0), x and y tends to +oo, hence the blow up of the ratio.
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