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Why tensor fields?

1. Generalize matrix models to higher dimensions
• w.r.t. their symmetry properties,
• provide a theory of random spaces.

2. Define a canonical way of summing over spaces

3. Implement a geometrogenesis scenario
• spacetime from scratch,
• background independent.



Invariant actions
Symmetry

Consider T ,T : ZD → C, complex rank D tensors with no symmetry.

• Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

Tn1n2···nD −→
∑

m
U (1)

n1m1
U (2)

n2m2
· · ·U (D)

nDmD
Tm1m2···mD

• Invariants as D-coloured graphs
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Invariant actions
Feynman graphs

• Action of a tensor model

S(T ,T ) = T · T +
∑
B∈I

gB TrB[T ,T ],

I ⊂ {D-coloured graphs of order > 4} interaction vertices

• Feynman graphs

= (D + 1)-coloured graphs = D-Triang. spaces
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Constructive field theory
A functional integral point of view

• Aim: get some control on connected quantities via the derivation of
tractable formulas for the logarithm of correlation functions (say).

• How? By finding an expansion which interpolates between the
functional integral and the perturbative series.

• Tools: With cluster and Mayer expansions

which are both a clever
application of the forest formula.

• But classical constructive techniques are unsuited to matrices.
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The BKAR forest formula

• Fix an integer n > 2.
• f a function of n(n−1)

2 variables x`, sufficiently differentiable.
• Kn, complete graph on {1, 2, . . . , n}. #E(Kn) = n(n−1)

2

Then,

f (1, 1, . . . , 1) =
∑
F

∫
dwF ∂F f (XF (wF ))

where
• the sum is over spanning forests of Kn,
• ∫ dwF :=

∏
`∈E(F)

∫ 1
0 dw`,

• ∂F :=
∏
`∈E(F)

∂
∂x`

,
• XF = (xF` )`∈E(Kn) – evaluation point of ∂F f .



The forest formula
An example

f (1, 1, 1) =
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∫ 1
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∂x1 f (w1, 0, 0) dw1 +

∫ 1
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∂x3 f (0, 0,w3) dw3 +

∫∫
∂2

x1,x3
f (w1,min{w1,w3},w3) +∫∫

∂2
x2,x3

f (min{w2,w3},w2,w3) +
∫∫

∂2
x1,x2

f (w1,w2,min{w1,w2}).
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• Originally designed for random matrices. [Rivasseau 2007]
• Initial goals:

1. Constructive φ∗4
4 ,

2. Simplify Bosonic constructive theory.

2. Bosonic perturbative series cannot be resumed as easily as Fermionic
ones.
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Loop Vertex Expansion
Analyticity of the free energy of φ4

0

Z (g) =
∫
R
e−

g
2φ

4
dµ(φ), dµ(φ) = dφ√

2π e
− 1

2φ
2

Theorem
logZ is analytic in the cardioid domain

{
g ∈ C : |g | < 1

2 cos2( 1
2 arg g)

}
.

Proof. LVE is made of 2 ingredients:
1. Intermediate field representation,
2. Forest formula.
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Loop Vertex Expansion
Analyticity of the free energy of φ4

0

1. Intermediate field representation: e− g
2 φ

4
=
∫
R eıλσφ2 dµ(σ), λ := √g

Z (g) =
∫
R
e−

g
2φ

4
dµ(φ)

=
∫
R
eV (σ) dµ(σ), V (σ) = − 1

2 log(1− ıλσ).

3
2 . Replication of fields:

Z (g) =
∑
n>0

1
n!

∫
R
V (σ)n dµ(σ) =

∑
n>0

1
n!

∫
Rn

( n∏
i=1

V (σi)
)
dµ1n (~σ).

2. Forest formula:

Z =
∑
n>0

1
n!
∑
F⊂Kn

∫
dwF

∫ [ ∏
`∈E(F)

∂

∂σi(`)

∂

∂σj(`)

n∏
i=1

V (σi)
]
dµCF (w)(~σ)

logZ =
∑
n>1

1
n!
∑
T ⊂Kn

∫
dwT

∫ [ ∏
`∈E(T )

∂

∂σi(`)

∂

∂σj(`)

n∏
i=1

V (σi)
]
dµCT (w)(~σ).
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Analyticity of the free energy of φ4
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logZ =
∑
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1
n!
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∫
dwT

∫ [ ∏
`∈E(T )

∂

∂σi(`)

∂

∂σj(`)

n∏
i=1

V (σi)
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= 1
2
∑
n>1

(−g/2)n−1

n!
∑
T ⊂Kn

∫
dwT

∫ [ n∏
i=1

(di − 1)!
(1− ıλσi)di

]
dµCT (w)(~σ).

Using |1− ıλσ| > cos( 1
2 arg g), we get

| logZ | 6 1
2

∞∑
n=1

1
n!

( |g |
2 cos2( 1

2 arg g)

)n−1 ∑
T ⊂Kn

n∏
i=1

(di − 1)!

6 2
∞∑

n=1

( 2|g |
cos2( 1

2 arg g)

)n−1

which is convergent for all g ∈ C such that |g | < 1
2 cos2( 1

2 arg g). �
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The T 4
4 field theory

• Tensors:

T : Z4 → C, Tn,T n with n,n ∈ Z4.

• Free action:

Cn,n = δn,n
(16jmax)nn

n2 + 1 , n2 := n2
1 + n2

2 + n2
3 + n2

4.

• Interactions:

V (T ,T ) = g
2

4∑
c=1

Vc(T ,T ), Vc(T ,T ) = c

T T

TT

Lemma
T 4

4 is (super-)renormalizable to all orders of perturbation with a
power-counting similar to φ4

3.



The T 4
4 field theory

Analyticity

Theorem (Rivasseau, V.-T. 2017)
There exists ρ > 0 such that limjmax→∞ logZjmax(g) is analytic in the
cardioid domain defined by |arg g | < π and |g | < ρ cos2( 1

2 arg g).

Remarks
• Intermediate field is a matrix,
• Renormalization needed,
• Multiscale analysis required,
• Forests turn into jungles,
• Non-perturbative bounds necessary.
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Conclusion and perspectives

• Regarding T 4
4 , one could also prove Borel summability of the

connected correlation functions.
• LVE makes Bosons as convergent as Fermions (in dimension 0).

• T 4
5 (just renormalisable, asymptotically free)

• New Loop Vertex Representation [Rivasseau 2017]
• Inductive approach to LVE [Fang-Jie Zhao 2019]
• Simplify Bosonic constructive theory?



Thank you for your attention
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