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NULL-CONTROLLABILITY OF
LINEAR PARABOLIC-TRANSPORT SYSTEMS

BY KarNE BEavcnarp, Armanp Koentc & Kivin Le Banc'nr

Asstract. — Over the past two decades, the controllability of several examples of parabolic-
hyperbolic systems has been investigated. The present article is the beginning of an attempt
to find a unified framework that encompasses and generalizes the previous results. We consider
constant coefficients parabolic-transport systems with coupling of order zero and one, with a
locally distributed control in the source term, posed on the one-dimensional torus. We prove
the null-controllability, in optimal time (the one expected because of the transport component)
when there is as many controls as equations. When the control acts only on the transport
(resp. parabolic) component, we prove an algebraic necessary and sufficient condition, on the
coupling term, for the null-controllability. The whole study relies on a careful spectral analysis,
based on perturbation theory. For high frequencies, the spectrum splits into a parabolic part
and a hyperbolic part. The negative controllability result in small time is proved on solutions
localized on high hyperbolic frequencies, that solve a pure transport equation up to a compact
term. The positive controllability result in large time is proved by projecting the dynamics
onto three eigenspaces associated to hyperbolic, parabolic and low frequencies, that defines
three weakly coupled systems.

Résumit (Controlabilité a zéro des systémes paraboliques-transport linéaires couplés)

Depuis une vingtaine d’années, la controlabilité de plusieurs exemples de systemes
paraboliques-hyperboliques couplés a été étudiée. Nous initions dans cet article une recherche
d’un cadre qui contient et généralise les résultats déja existants. Nous considérons des systemes
paraboliques-transport, a coefficients constants, couplés par des termes d’ordre 0 et 1, posés
sur le tore de dimension 1, et avec contrdle interne localisé sur un ouvert du tore. Nous
démontrons la controlabilité a zéro de ces systémes en temps optimal (celui attendu en raison
des composantes de transport) lorsqu’on controle toutes les équations. Lorsque le contréle
agit uniquement sur les composantes hyperboliques (resp. paraboliques), nous démontrons une
condition nécessaire et suffisante pour la controlabilité a zéro, cette condition étant de type
Kalman et portant sur le terme de couplage. Cette étude repose sur une analyse spectrale,
elle-méme basée sur la théorie perturbative : en hautes fréquences, le spectre se sépare en une
branche hyperbolique et une branche parabolique. Le résultat de non-controlabilité en temps
petit est démontré en construisant des solutions de transport approchées, localisées en hautes
fréquences. Le résultat de controle en temps grand est démontré en projetant la dynamique
sur trois espaces stables, associés respectivement aux hautes fréquences hyperboliques, hautes
fréquences paraboliques et basses fréquences, ce qui définit trois systémes faiblement couplés.

2010 MATHEMATICS SUBJECT CLASSIFICATION. 93B05, 93B07, 93C20, 35M30.
Keyworps. — Parabolic-transport systems, null-controllability, observability.
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1 . IV\'I‘ROI)LCTIO\J

1.1. PARABOLIC-TRANSPORT SYSTEMS. We consider the linear control system
(559) {atf—Baf,f—kAé)szrKf:Mulw in (0,7) x T,

f(0,) = fo inT,
where

- T>0,T=R/(27Z), w is a nonempty open subset of T, d € N*, m € {1,...,d},

A,

B,K € R¥*d )M ¢ Réxm,

— the state is f: [0,7] x T — R%,

— the control is u: [0,T] x T — R™.

We assume
(H.1) d=d; +dy with1<d; <d, 1<dy <d,
(H.2) B = (0 0), with D € R92%d2,
0D
(H.3) R(Sp(D)) C (0, c0).

Introducing the analogue block decomposition for the d x d matrices A and K, the

d x m matrix M and the function f,

we

_ (A A (K1 K2 (M [ ft )
A_(A21A22), K_(K21K22), M_<M2), f(t,x)—<f2(t7x)>7

see that the system (Sys) couples a transport equation on f; with a parabolic

equation on fy:()

(1)

(815 + A’@m + Kll)fl + (Algaz —+ K12)f2 = Mlulw in (O,T) X T,
(0r — DO2 + A0, + Ka2) fo + (A210, + Ko1) f1 = Maul,, in (0,T) x T,
(f1, f2)(0,-) = (fo1, fo2) in T.

(D As we will see, the submatrix A’ of A is of considerable importance. We denote it by A’ (instead

of A11) to underline the special role it plays.
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We make the following hypothesis on the matrix A’

(H.4) A’ is diagonalizable with Sp(A4’) C R.

We will prove later, with vector valued Fourier series and a careful spectral analysis,
that for every fo € L%*(T,C%) and u € L2((0,T) x T,C™), there exists a unique

solution f € C°([0,T), L*(T)¢) of (Sys) (see Section 2.2.3). In this article, we are
interested in the null-controllability of (Sys).

Derintrion 1. The system (Sys) is null-controllable on w in time 7T if for every
fo € L*(T;CY), there exists a control u € L?((0,T) x T,C™) supported on [0,T] x w
such that the solution f of (Sys) satisfies f(7,-) = 0.

For a given w, it might happen that the system (Sys) is null-controllable for some
T1 > 0 but not for some other 75 > 0 (and we will see that it usually happens).
We call the minimal time of null-controllability (on w) the infimum of the T' > 0
such that the system (Sys) is null-controllable on w in time 7. If we note Ty, this
minimal time of null-controllability, that may a priori take any value in [0, 4+o0c], the
system (Sys) is null-controllable on w if T' > Ti, and it is not null-controllable on w
if T < Tiin. We aim at

— identifying the minimal time for null-controllability, depending on the matrices
A, B, K and the domain w,

— controlling the system with a small number of controls m < d,

— understanding the influence of the algebraic structure (4, B, K, M) on the above
properties.

1.2. STATEMENT OF THE RESULTS
1.2.1. Control on any component, minimal time. Our first result identifies the mini-

mal time, when the control acts on each of the d equations.

TaEOREM 2. We assume that w is a strict open subset of T. We also assume (H.1)-
(H.4) and that the control matriz is M = I; (and so m = d). We define®®

(2) L(w) :=sup{|I|; I connected component of T \ w},

px = min{|ul; p € Sp(A")},

and

(3) T {Z(W)/u* if p >0,
Then

(i) the system (Sys) is not null-controllable on w in time T < T*,
(ii) the system (Sys) is null-controllable on w in any time T > T*.

@rrrcris measurable, we note |I| its Lebesgue measure.

JE.P.— M., 2020, tome 7



746 K. Beavcnarp, A. Koenic & K. Le Barc'n

In particular, when w is an interval of T and p, > 0, then the minimal time for
null-controllability is T* = (27 — |w|)/ .

Actually, the controls may be more regular than in Definition 1: we construct
controls of the form u= (uy, uy) where uy € L2((0,T) xw)® and uy € C°((0,T) xw)?=.

The proof of Theorem 2 relies on a spectral decomposition: for high frequencies,
the spectrum splits into a parabolic part and a hyperbolic part.

The negative result in time T < T™ is expected, because of the transport component
of the system, but its proof does require some care. Indeed, because of the coupling
with a parabolic component, in general, there does not exist pure transport solutions
to the system (Sys) that are concentrated outside (0,7T) X w (see the appendix for
more precision).

The proof of the positive result, in time T > T relies on an adaptation, to systems
with arbitrary size, of the strategy introduced by Lebeau and Zuazua [22] to control
the system of linear thermoelasticity, that couples a scalar heat equation and a scalar
wave equation. By projecting the dynamics onto appropriate eigenspaces, the system is
decomposed into three weakly coupled systems. The first one behaves like a transport
system, its controllability is handled by hyperbolic methods from [1]. The second
one behaves like a parabolic system, its controllability is handled by the Lebeau-
Robbiano method. The third one, associated to low frequencies, has finite dimension;
its controllability is handled by a compactness/uniqueness argument.

The null-controllability of the system (Sys) in time 7' = T* is an open problem.

1.2.2. Control on the hyperbolic component. — Our second result concerns controls
acting on the whole transport component, M; = I;,, but not on the parabolic com-
ponent, My = 0. To get an aesthetic necessary and sufficient algebraic condition for
null-controllability, we also assume that the diffusion is given by D = I,, the coupling
is realized exclusively by the transport term A9, f1, i.e., K21 = 0 and there is no
zero order term in the parabolic dynamics, i.e., K95 = 0, which corresponds to the
system

0 (Or + A0y + K1) f1 + (A120; + Ki2) fo = uily, in (0,T) x T,

(8t — 85 + A2281.)f2 + A2181-f1 =0 in (O,T) x T.
By integrating with respect to the space variable the second equation of (4), we see
that, for being steered to zero, an initial condition fo = (fo1, foa) € L?(T)% x L?(T)42

has to satisfy

(5) /T fo2(2) da = 0.

For any vector subspace E of L'(T) we denote by E,, the vector subspace made of
functions f € E with zero mean value, i.e., fT f(x)dx = 0.

Tueorem 3. — We assume (H.1)-(HA4), D = Iy, m=dy, My =14, Mo =0, K21 =0
and Koo = 0. Let T* be defined by (3). The following statements are equivalent:

JE.P.— M., 2020, tome 7
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~ For every T > T* and fo = (fo1, fo2) € L?>(T)% x L2 (T)%, there exists u; €
L2((0,T) x w) such that the solution of (4) satisfies f(T) = 0.
— The pair of matrices (Aaz, A21) satisfies the Kalman rank condition:

(6) Span{AJ, Ay X1; X; € C1,0<j < dy — 1} = C%.

With the same proof, similar statements can be proved for the following systems:

o {(at + A0, + K1) f1 + (A28, + K1) f2 =wil, in (0,7) x T,

(8,5 — 6% + Kgg)fg + Kglfl =0 in (O,T) x T,

with arbitrary initial conditions fo € L?(T)? and Kalman rank condition on (Kas, Ko1)
(see Section 5),

(8) {(@ + A0y + K11) f1 + (A120, + K12) fo = w11, in (0,T) x T,

(&5 — 83 + AQQag;)fQ + Ko1f1 =0 in (O,T) x T,

with arbitrary initial conditions fo € L?(T)? and Kalman rank condition on (Aag, Ka1),

9) {(at + A0, + K11) f1 + (A120; + Ki2) fa = w11, in (0,7) x T,

(8 — 02 + Ka2) fo + A210:f1 = 0 in (0,7) x T,

with initial conditions fy € L?(T)? satisfying (5) and Kalman rank condition on
(K22, A21).

If T < T*, there exists fo = (fo1, foz) € L*(T)% x L2 (T)%, such that, for any
up € L2((0,T) x w)¥ the solution of (4) satisfies f(T) # 0. This result is not a con-
sequence of Theorem 2 because this statement does not ensure that the counter-
example fy has zero mean value on the second component. However, it can be proved
by the same strategy as the negative result in time 7' < T* in Theorem 2, see Re-
mark 17 for details.

The proof of the controllability of (4) uses two ingredients. The first ingredient
is a strengthened version of Theorem 2 with smoother controls, more precisely, the
associated observability inequality with observation of negative Sobolev norms of the
parabolic component. The second ingredient is a cascade structure (or Brunovski
form) of the system (4) ensured by the Kalman condition, to eliminate the observation
of the parabolic component.

Proving an algebraic necessary and sufficient condition for null-controllability of
(Sys), involving both matrices D, A and K is an open problem. In the context of
parabolic systems, this difficulty already appeared, see [4] and [5].

1.2.3. Control on the parabolic component. Our third result concerns controls acting
on the whole parabolic component, M2 = I4,, but not on the hyperbolic component
of the system, M; = 0. To get an aesthetic necessary and sufficient condition for
null-controllability, we also assume that the coupling is realized exclusively by the
transport term A120, f2, i.e., K12 = 0, and there is no zero order term in the hyperbolic

JE.P.— M., 2020, tome 7



748 K. Beavcnarp, A. Koenic & K. Le Barc'n

dynamics, i.e., K17 = 0. This corresponds to the system

(O + A'0,) 1+ Aradafo = 0 in (0,T) x T,
(10) (0r — DO2 + Ag20, + Ka2) fo + (A2105 + Ko1) f1 = u2ly, in (0,7T) x T,
(f1, £2)(0,°) = (fo1, fo2) in T.

By integrating with respect to the space variable the first equation of (10), we see
that, for being steered to zero, an initial condition fo = (fo1, fo2) € L?(T)% x L?(T)4z
has to satisfy

(11) Af01($) dx =0

i.e., fo = (fo1, foz) € L2 (T)% x L?(T)%.

We need to adapt the notion of null-controllability, because null-controllable initial
conditions necessarily have a regular hyperbolic component. Indeed, in (10), the source
term A120; f2 entering the hyperbolic equation on f; — that has to serve as an indirect
control for f; — is smooth, because of the parabolic smoothing on f>. Such a smooth
source term cannot steer to zero non-smooth initial conditions.

Tueorem 4. Let w be an open interval of T. We assume (H.1)-(H.4), m = ds,
M, =0, My = 1,, K11 =0 and K12 = 0. Let T* be defined by (3). The following
statements are equivalent.

~ For every T > T* and fo = (fo1, fo2) € HBHL(T)h x HUH(T)92 there exists
uy € L2((0,T) x w)? such that the solution of (10) satisfies f(T) = 0.

— The pair of matrices (A', A12) satisfies the Kalman rank condition:

(12) Span{(A)7 A12X2; X5 € C*,0 < j < dy — 1} = C*=.

In Theorem 4, we assume that the open set of control w is an interval because the
proof uses [1, Lem. 2.6] (see Lemma 49 below). The generalization of this result to a
general open set w of T is not known.

A similar statement can be obtained with the same proof, when K1, =0, A;5 =0
under Kalman rank condition on (A’ K12).

The proof of Theorem 4 follows essentially the same strategy as that of Theorem 3:
a strengthened version of Theorem 2 and a cascade structure ensured by Kalman con-
dition. The regularity assumption on the hyperbolic component allows the elimination
of the observation of the hyperbolic component.

In time T' < T™*, we conjecture the existence of

fo = (for, fo2) € Hng(T)dl X Hd1+1(T)d2

such that, for any us € L2((0,7) x w)? the solution of (10) satisfies f(T) # 0.
This fact is not a consequence of Theorem 2 because the functional spaces for fy are
different, nor a byproduct of the strategy developed in Section 3. It seems this could
be proved with holomorphic function technique similar to those used in [19], or with
some propagation of singularities, but this is well outside the scope of the article.

JE.P.— M., 2020, tome 7
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After Theorem 4, two problems are still open:

— the characterization of null-controllable initial conditions: it may be a larger
space than HATH(T)% x HU+1(T)%  see Section 7,

— the algebraic necessary and sufficient condition for null-controllability, involving
both matrices A and K. In the context of parabolic systems, this difficulty already
appeared, see [4] and [5].

1.3. ORGANIZATION OF THE ARTICLE. — Section 2 is dedicated to preliminary results
concerning the spectral analysis of —Bd? + A9, + K on T, the well-posedness of (Sys)
and the Hilbert uniqueness method.

In Section 3, we prove the negative null-controllability result in time T° < T*
of Theorem 2. In Section 4, we prove the positive null-controllability result in time
T > T* of Theorem 2. In Section 5, we explain how to adapt this proof to get the null-
controllability in time T > T* of system (7). The interest of this section is to introduce
the proof strategy of Theorem 3 and Theorem 4, in a less technical framework. Then,
in Section 6, we prove Theorem 3 and in Section 7, we prove Theorem 4.

1.4. BIBLIOGRAPHICAL COMMENTS

1.4.1. Wave equation with structural damping. — We consider the 1D wave equation
with structural damping and control A
(13) Oty — Oty — 003y + b0y = h(t, x),

where b € R. This equation can be split in a system of the form (Sys) by considering
2= 0w — 2y + (b— 1)y,

14 {atz+z+(1 — by = h(t,z),

Oy — 02y — 2+ (b—1)y =0,
ie, (Sys) withd=2,dy =do =1, m=1,

(15) f=<;)7 B:(ﬁ?), AZ(SS)’ KZ(—IU:I;)’ M:G))'

Rosier and Rouchon [26] studied the equation (13) on a 1D-interval, z € (0, 1), with
a boundary control at = 1 and h = 0. This is essentially equivalent to take (13)
with = € (0,1), Dirichlet boundary conditions at = 0 and = = 1, and a source term
of the form h(t,z) = u(t)p(x), where p is a fixed profile and u is a scalar control. The
authors prove that this equation is not controllable.

By Theorem 2, we extend this negative result to general controls h (i.e., without
separate variables) for periodic boundary conditions. Here, A’ = 0, u, = 0, T* = 400,
the system (14) is not controllable even with an additional control in the second
equation.

In [26], the authors prove that this system is not even spectrally controllable,
because of an accumulation point in the spectrum. Indeed, by the moment method, a
control that would steer the system from an eigenstate to another one would have a
Fourier transform vanishing on a set with an accumulation point, which is not possible
for an holomorphic function.

JE.P.— M., 2020, tome 7
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Martin, Rosier and Rouchon [23], studied the null-controllability of the equa-
tion (13) on the 1D torus, z € T, with moving controls, i.e., h(t,z) = u(t, )Lyt
with ¢ € R*. By the change of variable 2 <~ (2 — ct), this is equivalent to study the
null-controllability of the system

Oz — cOpz + 2+ (1 = b)y = u(t, z)1,(x),
Oy —cOpy — 2y —2+(b—1)y=0
which has the form (Sys) with the same matrices f, B, K as in (15) and

A= (_C 0 )
0 —c
In [23, Th. 1.2], for c=1, the authors prove that any initial data (yo,y1) € H*72 x H*(T)
with s > 15/2 can be steered to 0 in time T > 27 by means of a control
u€ L2((0,T) x w).

By Theorem 3, we recover this positive null-controllability result with a smaller
minimal time T > ¢(w)/|c| and a weaker regularity assumption on the initial data
(y,0:)(0) = (yo,41) € H? x L*(T) for (13). This corresponds to an initial data
(y,2)(0) € L*(T)? for (16) because 2(0) = y1 — 82yo + (b — 1)yo. Actually, Theorem 3
can be applied for b =1 in (16) but an easy adaptation of Theorem 3 gives the same
result for every b € R. We also prove the negative result in time T < ¢(w)/|c|. Here,
e = ||, Ayg =0 and Ky = —1.

The limitations in [23, Th. 1.2] (regularity and time) are due to the use of controls

(16)

with separate variables u(t, z) = wuy(t)us(x). The proof relies on the moment method
and the construction of a biorthogonal family. A key point in both [23] and the present
article is a splitting of the spectrum in one parabolic-type part, and one hyperbolic-
type part.

Finally, Chaves-Silva, Rosier and Zuazua [9] study the multi-dimensional case of
Equation (13), € Q, with Dirichlet boundary conditions and locally distributed
moving controls h(t,z) = u(t,r)1ly)(z). The control region w(t) is assumed to be
driven by the flow of an ODE that covers all the domain 2 within the allotted
time 7. Then, the authors prove the null-controllability of any initial data (yo,y1) €
H? N HYQ) x L*(Q) with a L2-control.

In the particular case 2 = T with a motion with constant velocity, Theorem 3
gives the same minimal time for the null-controllability and also the negative result
in smaller time.

The proof strategy in [9] consists in proving Carleman estimates for the parabolic
equation and the ODE in (14) with the same singular weight, adapted to the geometry
of the moving support of the control.

As explained in [9, §5.2], the same construction cannot be used with periodic
boundary conditions.

In the very recent preprint [16], the authors propose another construction of
a weight, to get Carleman estimates for parabolic and transport equations in the
torus T? (with the same weight). In the present article, we develop another strategy.

JE.P.— M., 2020, tome 7
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1.4.2. Wave-parabolic systems. Albano and Tataru [2] consider 2x 2 parabolic-wave
systems with boundary control, where

— the coupling term in the wave equation is given by a second order operator with
respect to z,

— the coupling term in the parabolic equation is given by a first order operator
with respect to (¢, x).

This large class contains the linear system of thermoelasticity

02w — Aw + aAfd =0, (t,z) € (0,T) x Q,
(17) 040 — VAl + BOw = 0, (t,z) € (0,T) x Q,

w(t,z) =ui(t,x), (t,x) € (0,T) x 092,

0(t, z) = ua(t, ), (t,z) € (0,T) x 09,

where «a, 8, v > 0.

The authors of [2] prove the null-controllability in large time of these systems,
precisely in any time T > 2sup{|z|;z € Q} for the system (17). The proof relies
on Carleman estimates for the heat and the wave equation with the same singular
weight. This strategy inspired Chaves-Silva, Rosier and Zuazua [9].

Lebeau and Zuazua [22] prove the null-controllability of the linear system of ther-
moelasticity (17) with a locally distributed control in the source term of the wave
equation, under the geometric control condition on (2, w,T). The method is based on
a spectral decomposition. For high frequencies, the spectrum splits into a parabolic
part and a hyperbolic part. Projecting the dynamics onto the parabolic/hyperbolic
subspaces, the system is decomposed into two weakly coupled systems, the first one
behaving like a wave equation, the second one like a heat equation. The wave equation
is handled by using the microlocal techniques developed for the wave equation [6]. The
parabolic equation is treated by using Lebeau and Robbiano’s method [21]. The low
frequency part is treated by a compactness argument relying on a unique continuation
property.

The proof of the positive controllability results in the present article is an adapta-
tion, to coupled transport-parabolic systems of any size, of this approach, introduced
for a 2 x 2 wave-parabolic system. The transport equation is handled by using the
results of Alabau-Boussouira, Coron and Olive [1].

The framework of systems (Sys) does not cover the system (17) because the order
of the coupling terms is too high.

1.4.3. Heat equation with memory. — Ivanov and Pandolfi [17] and after them Guer-
rero and Imanuvilov [15] consider the heat equation with memory

t

oy — Ay — / Ay(r)dr = ul,, (t,z) € (0,T) x Q,
0

y(t,x) =0, (t,z) € (0,T) x 0.

(18)
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|
<t
)

In 1D, this equation can be split into a system of the form (Sys) by considering
v(t,z) = — fot Yo (7) dT:

0w + 0y = 0,
(19) Oy — 02y + Ozv = hl,,

y(t,0) =y(t,1) =0,

= () m= (%) 4= () x- (o)

In [17], the authors prove that the heat equation with memory term is not “null-
controllable to the rest”. In [15], the authors prove that the scalar equation (18) is
not null-controllable (whatever T' > 0). Thus the system (19) is not null-controllable.

Theorem 2 proves that, when Dirichlet boundary conditions are replaced by pe-
riodic boundary conditions, then system (19) is not null-controllable, even with an

i.e.,

additional control in the first equation.

1.4.4. 1D-Linearized compressible Navier-Stokes equations

The compressible Navier-Stokes equation on the 1D torus writes

Orp + 0 (pv) = us (t, x) 1y, in (0,7) x T
p[Owv + vOv] + Dz (ap?) — pd2v = ua(t,z)1,(x) in (0,7) x T

where a, v, > 0, p,v are the density and velocity of the fluid. The state is (p,v) and
the control is (u1,uz). We consider a constant stationary state (p,7) € R x R*. The
linearized system around the trajectory ((p,v) = (p,7), (u1,u2) = (0,0)) is

(20) Otp 4+ TOzp + POz = uy (t, )1y, in (0,7) xT
O + 00,0 + ap’ 20pp — EO7v = ua(t, x)ly(2),  in (0,7) x T.
This system is in the form (Sys) with

() n ) () 56

and satisfies (H.1)—(H.4).

By Theorem 2, the system (20) with two controls (ug,us) is null-controllable in
time T > ¢(w)/|v] and is not null-controllable in time T < ¢(w)/|7].

By Theorem 3, the system (20) with one control u; in the first line (i.e., uz = 0)
is null-controllable in time 7' > ¢(w)/|].

By Theorem 4, with one control us in the second equation (i.e., u; = 0), any initial
condition (pg,vo) € H2(T) x H?(T) can be steered to zero in time T > £(w)/|v] by a
control us € L2((0,T) x w).

In [14], Ervedoza, Glass, Guerrero and Puel consider the (nonlinear) compressible
Navier-Stokes equations on a bounded interval = € (0, L), without source term (i.e.,
u; = uz = 0), but with a boundary control on both p and v at the two boundaries
x = 0 and x = L. They prove the local controllability of this nonlinear system, around
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the trajectory (p,v) = (p,7), in appropriate functional spaces. A key ingredient is the
controllability of the linearized system, which is proved to hold in time 7' > L/|7|.
Theorem 2 of the present article enables us to recover the same result with interior
control instead of boundary control, and also proves the negative result in small time.

In [11, Th.1.4], Chowdhury, Mitra, Ramaswamy and Renardy prove the null-
controllability of (20) with two controls (ui,us) in time T' > 2x/|7]|, with spectral
methods. Thus, Theorem 2 of the present article enables us to recover the same result
but with a better minimal time ¢(w)/|v| and also proves the negative result in time
T < L(w)/|7].

In [10, Th.1.3], Chowdhury and Mitra prove with moment methods that any ini-
tial condition (pg,ve) € HSFY(T) x H*(T) with s > 6.5 can be steered to zero in
time T' > 27/7 by a control acting only on the second equation us € L%((0,7) x w)
(i.e., uy = 0). In [11, Th. 1.2], Chowdhury, Mitra, Ramaswamy and Renardy prove
the same result for any initial conditions (pg,vo) € HL(T) x L?(T). Thus, Theo-
rem 4 of the present article provides a smaller minimal time ¢(w)/[7], for smoother
initial conditions (pg,vo) € HZ2(T) x H?(T). It also proves the negative result in time
T < L(w)/|D].

Acknowledgments. — The second author would like to thank his Ph.D. adviser, Gilles
Lebeau, for numerous discussions and in particular for pointing us [22]. He also thanks
Emmanuel Trélat for helping us with some duality arguments.

2. PRELI MINARY RESULTS

We want to understand the operator
(21) &= —-B02+ A0, + K
with domain
(22) D(Z)={f e L*(T)%; —Boif + A0, f + K f € L*(T)"}

where the derivatives are considered in the distributional sense 2’(T). Throughout
the article, we will note e,, the function z — e™*. We remark that applying .Z to Xe,,
where X € C?, we get

i 1
(23) L(Xen) = n? (B + %A +— K)Xen.

Thus, if we define the following perturbation E(z) of B
(24) Vz€C, E(z) =B+ 24— 2°K,

then £ acts on the Fourier side as multiplication by n?E(i/n).

In Section 2.1, we apply perturbation theory to the matrices E(z) near z = 0: the
spectrum of F(z) splits into two parts: one close to zero that defines the hyperbolic
component, one close to the spectrum of D that defines the parabolic component. In
Section 2.2, we deduce the dissipation of the parabolic component and the bound-
edness of the hyperbolic component. Thanks to these estimates, we prove the well-
posedness of the system (Sys). Finally, in Section 2.3, we recall the Hilbert Uniqueness
Method.
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2.1. PERTURBATION THEORY. If we want to understand the semigroup e*<, we need
to know the spectrum and the eigenvectors of E(z). Here, we relate the spectral
properties of F(z) to those of A and B, in the limit z — 0. This is instrumental in all
the article. Our proofs are essentially self-contained, but the reader unfamiliar with
analytic perturbation theory in finite dimension may read [18, Ch.II, §1 & §2].

For r > 0 and m € N*, we define 07"*™ as the set of holomorphic functions in the
complex disk D(0, ) with values in C"™*™. Our first result is the following one.

Prorosition 5. — There exist v > 0 and a matriz-valued holomorphic function P €
034 such that

(i) PP(0) = (" 5),
(ii) for all |z| <7, P(2) is a projection that commutes with E(z),

(iii) in the limit z — 0, E(2)P"(z) = O(z).

Proof. — The spectrum of E(z) is continuous in z (see [18, Ch.II, §1.2]). Let us
consider the “0-group” of eigenvalues, i.e., the set of eigenvalues that tend to 0 as
z — 0. Then we note P"(z) the sum of the projections onto the eigenspace® of
E(z) associated with eigenvalues in the 0-group along the other eigenspaces. Another
way to define P"(z) is to choose R = 1 minycgy(p)|A| and 7 small enough so that
for |z| < r, there is no eigenvalues of E(z) on the circle 9D(0, R). Then, we define
(see [18, Ch.II, Eq. (1.16)])

(25) Pr)= - [ (B -l

1T JoD(0,R)

In the terminology of Kato, P"(z) is the “total projection for the 0-group”. Then,
according to [18, Ch.II, §1.4], P"(z) is the projection onto the sum of eigenspaces
associated to eigenvalues of E(z) lying inside D(0, R) along the other eigenspaces.
It is holomorphic in |z| < 7. For z = 0, the formula (25) that defines P®(0) becomes

PM0) = L (B —(Ig) " dC.
2im Jap(o,Rr)
Then, P"(0) is the projection onto the eigenspace of B associated to the eigenvalue 0
along the other eigenspaces (see [18, Ch.II, §1.4]). So, according to the hypothe-
ses (H.2)—(H.3) on the blocks of B, P*(0) = (181 8). This proves (i).

According to the definition (25), P?(z) commutes with E(z). This proves (ii). Then

we have
P™(0)E(0) = E(0)P"(0) = BP"(0) = 0,
which, along with the holomorphy of P", proves (iii). |

We say that P" is the “projection on the hyperbolic branches”. We define PP(z) =
I; — P"(2), which we call the “projection on the parabolic branches”, and satisfies
properties analog to PP:

(3)We stress that when we talk about “eigenspace”, we mean “generalized eigenspace” (or, in the
terminology of Kato, algebraic eigenspace), i.e., the space of generalized eigenvectors.
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Prorosrtion 6. The matriz-valued function PP is in 0% and
(i) PP(0) = (01, )
(i) for all |z| < r, PP(z) is a projection that commutes with FE(z),
(iii) in the limit z — 0, E(z)PP(z) = B + O(z).

We will need to split the hyperbolic branches further. Let us recall that A’ is the
matrix multiplying the derivative of the hyperbolic components in the system (Sys)

(see Equation (1)), i.e., we have A = (}gl flii)

Prorosition 7. — There exist r > 0 and a family of matriz-valued holomorphic func-
tions (P}))uesp(ar) € (@4 d)Sp(A) satisfying

(i) for all u € Sp(A’) and |z| < r, P}(z) is a non-zero projection that commutes
with E(z),

(ii) for all |z| <r, Ph(z) = 2 eSp(AN) PY(z) and for all u # 1/, Pfj(z)P/l}(z) =0,

(iii) for every pu € Sp(A’), there exists R}, € OF*? such that

Yz <, E(z)Plil(z) = uszf(z) + zQRE(z).

Remark 8. — For p € Sp(A’), the projection PE is holomorphic and thus continuous
in D(0, 7). Therefore, the rank of P}(z), which is its trace, does not depend on |z| <
(the P}(z) even are similar, see [18, Ch.1, §4.6, Lem.4.10]). In the same vein, the
ranks of P"(z) and PP(z) do not depend on z.

Proof. The proof is essentially the “reduction process” of Kato [18, Ch.II, §2.3].
According to Proposition 5, P! is holomorphic and P"(2)E(z) = O(z). Then we
define

EW(2) = 27 E(2)P(2) = 27 PR(2) E(2),

which is holomorphic in |z| < 7. Note that we have according to Kato [18, Ch.II,
Eq. (2.38)]
A0
EW(0) = P*(0)E'(0)P"(0) = (0 o)'

Let us assume for the moment that 0 is not an eigenvalue of A’. Then, for u €
Sp(A’), we define P!}(z) the total projection on the p-group of eigenvalues of EM(2).
Said otherwise, and according to the definition of EM(z), P}j(z) is the total pro-
jection on the pz-group of eigenvalues of E(z). The projection Pfj(z) is defined and
holomorphic for z small enough according to [18, Ch.II, §1.4].

Since for z small enough, P}j(z) is the projection on some eigenspaces of E()(z)
associated with non-zero eigenvalues,

Im(P}}(2)) € Im(EM(2)) € Im(P"(2)),

with the last inclusion coming from the definition of F)(z). Thus P(z) is a subpro-
jection of P"(z). Moreover, P!(z) commutes with EM(2), so it commutes with E(z).
This proves Item (i) in the case 0 ¢ Sp(A4’).
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For pn # v, P!(z) and P}(z) are the projections on some sums of eigenspaces
associated with different eigenvalues, so P})(z)P,E‘(z) = 0. Let us denote for conve-
nience Q" (z) = 2 peSp(An) P:j(z) Then, for z small, Q"(z) is the projection on all the
eigenspaces of E(1)(z) associated with non-zero eigenvalues. According to the defini-
tion of E(M(z), this proves that Q"(z) is a subprojection of P®(z). Let us check that
Q"(z) and P"(z) have the same rank. This will prove that for all z small enough,
Q"(z) = P"(2). The rank of Q"(z), which is its trace, does not depend on z. The
same is true for P"(z). For z = 0, we have E(M(0) = (4'9), so by using the fact that
0 ¢ Sp(A'),

00

This proves that for all z small enough, Q"(z) = P"(2), and in turn finishes the proof
of Item (ii) in the case where 0 ¢ Sp(A’).

If 0 € Sp(A’), then we add azl to E(z) for some o € C. This amounts to adding
aP"(z) to EM(z). This only shifts the eigenvalues of the restriction of E()(2) to
Im(P"(2)) (but not of its restriction to Im(ly — P"(z))) by «, while leaving the
eigenprojections unchanged. Thus, choosing « so that 0 ¢ a+Sp(A’), we get Items (i)
and (ii) in the case 0 € Sp(A’).

We still need to prove the asymptotics of Item (iii). Since A’ is diagonalizable, so
is EM(0) = (4'9). So, there is no nilpotent part in the spectral decomposition of
EM(0). That is to say, for all u € Sp(A’),

EM(0)PE(0) = pP(0).

Q"(0) = (Idl 0) — P"(0).

Since z — E()(z)P!(z) is holomorphic, we have
EW(2)P}(2) = uPy(z) + O(2).
Finally, we multiply by z to come back to E(z), which gives us
E(z)PS(z) = uzPi’(z) +0(2). a

2.2. EstimaTes oON FOURIER COMPONENTS AND WELL-POSEDNESS

2.2.1. Dissipation of the parabolic component. — The goal of this section is the proof
of the following result.

Prorosition 9. — There exist v, Kp,cp, > 0 such that for every |z| < r, 7 > 0 and
X € Im(PP(z)),
le"EETX| < Kpe™ 7| X].

Proof. — By using Proposition 6, for |z| < r, we denote by EP(z) the restriction of
E(z) to the vector subspace Im[PP(z)], which is an endomorphism of Im[PP(z)].

By assumption (H.3), there exists ¢ > 0 such that ®(Sp(D)) C (¢, 00). There exists
an open disk © in the complex plane such that Sp(D) C Q and min{R(z); z € Q} > c.
Then, by continuity of the spectrum, for  small enough, we have, for every |z| < r,
Sp(EP(z)) C Q.
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Step 1: Cauchy formula. We prove the following equality between endomorphisms
of Im[PP(z)]
p 1 _
(26) Viz|<r, TeR, e FGT = —/ eTTE(ET — EP(2)) 71 de,
2mi Fle)

where I is the identity on Im[PP(z)]. The right-hand side is well-defined because
00N Sp(EP(z)) = @. Let us denote it by ¢(7). Then

00 = g [ eeler— B ae
= [ (e - B ) + B E) e - B e
1 Joq

By the Cauchy formula, [, e d¢ = 0 thus ¢/(7) = —EP(2)¢(7). Moreover ¢(0) = I
because all the eigenvalues of EP(z) are inside Q (see [18, Ch.I, Prob.5.9]). Thus
o(r) = 0B,

Step 2: I'stimate. — We deduce from (26) the following equality between endomor-
phisms of C?
1 _
27) V] <r TER, e FETPP(z) = — / e T8¢l — B(2)) 7 PP(2) d¢.
2mi o0

Note that, if r is small enough, then the eigenvalues of E(z) are either inside Q
(parabolic branch) or close to 0 (hyperbolic branch), for instance in {(§) < ¢/2}.
Thus (£1; — E(2)) is invertible on C for every ¢ € 9 and the above right-hand side
is well-defined.

We deduce from (27) that

1 —
e FOTPR(z)| < o /@Q e O (Ely — B(2) " PP(2)] de.

The map (&, 2) € 02 x D(0,r) — |(£1q — E(z))_le(z)‘ is continuous on a compact
set thus bounded. Thus there exists a positive constant K such that, for every |z| < r
and 7 > 0, ‘e*E(Z)TPp(zH < Ke™ . O

2.2.2. Boundedness of the transport component. — The goal of this section is to prove
the following result.

Provosirion 10. — There exist v, Ky, ey > 0 such that for every x € [—r,r] ~\ {0},
t €R and X € Im(P"(ix)),

¢
’exp(ﬁE(ix))X‘ < Kneall|x).

Proof. — Let r be as in Proposition 7, z € [—r,r] ~ {0}, t € R, p € Sp(4’) and
Y € Im[P(iz)]. Taking into account that Im[P} (iz)] is stable by E(ix), we get

exp( 3 B(i2) )Y = exp( 5 Ba) L) )Y = exp( 5 (inaBl(iz) — 2 R()) ) -
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|

Note that P@(iz) and R} (iz) commute because P} (iz) and E(iz) commute and
E(ix)P’]f(ix) = MixP’]f(ia:) - szE(ix). Thus, by using that iu/x € iR, we obtain

t .
‘exp(ﬁE(im))Y’ = |elnt/= exp(ftRZ(ix))Y‘ < ecultly),

where ¢, = max{|R}}(2)|; z € D(0,7)}. We conclude for X € Im[P"(iz)] that

’exp(%E(ix))X‘é Z ‘exp(%E(ix))P}f(ix)X‘

HESP(A’)

< > P i) X| < Kel|X|
HESP(A’)

with ¢ = max{c,; p € Sp(A’)} and K = max{}_ PY(2)]; z € D(0,r)}. O

HESP(A ‘
2.2.3. Well-posedness. — By gathering the results of Sections 2.2.1 and 2.2.2, we can
prove that the heat-transport system (Sys) is well-posed. We define the Fourier coef-
ficients of f € L?(T)¢ by
Vnez fn /f e "t dt € CY.
271'

We consider the operator . defined by (21) and (22). By Bessel-Parseval identity
and the fact that .2 (Xe,) = n?E(i/n)Xe,,

(28) D) = {f e A" T,ealn*BG/mFn)|" < oo}

The goal of this section is to prove the following result.
Prorosition 11. — —Z generates a C° semi-group of bounded operators on L?(T?).
This result will ensure well-posedness of (Sys) in the following sense.

Dernirtion 12— Let T > 0, fo € L?(T)? and u € L?(Qr)?. The solution of (Sys)
is the function f € C°([0, T); L*(T)?) defined for ¢ € [0, 7] by

¢
ft)y=e"fo+ / e~ LM u(r) dr.
0
Moreover, f(t) satisfies the estimate

(29) VO<St<T, |F®ll2ry < Cllfollzery + lullz2o,r7xw) )

where C' depends on T but not on fy and u. We will also note S(¢, fo,u) := f(t) this
solution.

JE.P.— M., 2020, tome 7



NULL-CONTROLLABILITY OF LINEAR PARABOLIC-TRANSPORT SYSTEMS 75()

Proof. — We deduce from Propositions 9 and 10 that for every x € [—r,r] \ {0},
t>0and X € CY,

o Lyt .
’exp(—ﬁE(lx))X‘ < ‘exp(—E(lm);)PP(lx)X’
t : hy:
(30) + ‘exp(—;E(lx))P (1x)X‘
< Kpe @ | PP(iz) X| + Ky, o™ PP (iz) X |
< K e X|,
where K = max{K,|PP(iz)| + Ky, |P"(iz)|;z € [-r, 7] }.
For f € L?(T)? and ¢ € [0, 00) we define
8() =D e ™ EU/M fln)en.
neL

By Bessel Parseval equality and (30) with z = 1/n, S(t) is a bounded operator on
L?(T)?, because the number of n € Z such that 1/n ¢ [—r,r] is finite. The semi-group
properties S(0) = I and S(t + s) = S(t)S(s) are clearly satisfied. For f € D(%¥), we
have, by Bessel Parseval equality

(5 +2)s

e—tn2E(i/n) — I

T > |(————n?EBl/m)) fn)

In the right-hand side, each term of the series converges to zero when [t — 0] and,
thanks to (30), is dominated for every ¢ € [0,1] and n > 1/r by

‘ (/1 e~ tn*B(i/n) 49 Id> nZE(l/n)f(n)
0

which can be summed over n € Z because f € D(.Z), see (28). By the dominated
convergence theorem, the sum of the series converges to zero. O

‘ 2

< (Keo + 12 [n?E(i/n) f(n)[’,

Revark 13. — We can see from this proof that the semi-group e *%

continuous on any H*(T)? for any s > 0, i.e., we have

||e_t‘$f0||Hs('J1‘)d < Kecht”fOHHs(T)d'

is strongly

2.3. ADJOINT SYSTEM AND OBSERVABILITY. — The null-controllability of a linear system
is equivalent to a dual notion called “observability”. We have the following general,
abstract result (see [12, Lem. 2.48]).

Lemma 14. — Let Hy, Hy and Hj3 be three Hilbert spaces. Let ®o: Hy — Hi and
®3: H3 — Hi be continuous linear maps. Then

if and only if there exists C > 0 such that
Vhi € Hi, ||@30] 5, < ClP3hi| 4,
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From Lemma 14, see [12, Th. 2.44], we deduce the following result.

Provosirion 15. — Given T > 0, the system (Sys) is null-controllable on w in time T
if and only if there exists C > 0 such that for every go € L?(T;C%), the solution g to
the equation(4)

31) 0yg — B 029 — A%0,9+ K¥g =0 in (0,T) x T,

9(0,-) = g0 in T.
satisfies

) T
(32) 9T Misren <€ [ [ 100t dra.
Note that the solutions of the adjoint system (31) are of the form(®
(33) glt,x) =Y e P Gy (n)elm.
nez

Moreover, we have a spectral theory for the adjoint system that is similar to Propo-
sitions 5-7. We just have to take the adjoint of each formulas of these Propositions.

Remark 16. As for the semi-group e~ (see Remark 13), the dual semi-group

e %" is strongly continuous on any H*(T)? for any s > 0, i.e., we have

||e_t$*90||HS(T)d < K'ef t”gOHHS(T)d'

3. OBSTRUCTION TO THE NULL-CONTROLLABILITY IN SMALL TIME

The goal of this section is to prove the first point of Theorem 2, by disproving the
observability inequality (32) on an appropriate solution of the adjoint system (31).
Intuitively, the lack of null-controllability in small time should come from the trans-
port components. So, the idea is to construct approximate transport solutions. Note
that in general, there are no non-trivial exact transport solutions that are supported
on a strict subset of [0,7] X T (see the appendix).

Proof of the lack of null-controllability in time T < T*

Step 1: Construction of approximate transport solutions. — Let p € Sp(A’) with mini-
mum absolute value (i.e., [u| = p*). Let x € C*°(T) \ {0} be such that the solution
n(t,x) = x(x + put) of the transport equation (9; — pd,)n(t,z) =0 on [0,T] x T, with
initial condition 7(0,-) = x, has its support supp(n) disjoint from [0,7] x w. Such a
solution exists because T" < T*.

To exploit the spectral asymptotics of the previous section, that are valid in the
high-frequency limit, we want a high-frequency version of x. To that end, we con-
sider for N € N* the polynomial Py(X) = Hj.vsz(X —j) and xy = Pn(—i02)x.

()We denote the transpose of M € R4X? by Mt
(®)When we write E(z)*, it is to be understood as (E(z))*. We will use the same notation for
Pb(z)* etc.
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Since yn is the image of x by a differential operator, we have supp(XN) C supp(x)
If we note x(z) = 3, c7 ane™ and xn(z) = Y, .5 ab €™, we have a) = Py(n)a,
In particular, for |n| < N, aly = 0.

In summary, yy satisfies the following properties:

— XN is non-zero,
— xn has no components along frequencies less than N,
— the support of xn is a subset of the support of x.

In particular, the last property implies that the solution ny of (0; — ud.)nn (¢, ) = 0,
with initial condition nx (0, ) = xn is such that supp(ny) is disjoint from [0, 7] X w.
We adopt the notations of Proposition 7. Let ¢ € Im(P}}(0)*) ~ {0}. We define

h by *
(34) Z ale in(@put) +t1,,(0)" wo = xn(x+ ut)etR“(O) ©o,
nez
in(z b /n)* . *
(35) = ay TR G/ PR G ) g,
nez

By Proposition 7, E(z)* acts as uz + z°R}}(z)* on the range of P}(2)*. So the
definition of gx can be written alternatively as

s 213 * . *
gn(t,z) = Z al ene =t BG/mTph(i in)pq.
neZ

So, according to the representation of the solutions of the adjoint system (33),
gn solves the parabolic-transport system (31). On the other hand, gn solves the
transport equation (9 — pdy — Rh( )*)gn = 0. We will prove that in the limit
N — 400, gn is an approximation of gy.

Step 2: Approximation of the exact solution by the transport solution. — According to
Parseval’s identity, we have for every t > 0

h (0)* 2
lgn (8, ) = G (1 ey = 2 3 fad |2 | (0O — B0/ PR Gi/m) ) ool
nez
Then, according to the holomorphy of z — Rz(z) and z — Pf}(z), and the fact that
P! (0)* 0 = @o, we have uniformly with respect to ¢ € [0,T]
lgn (¢, ) = G (. ) Zamy = 27 Y lay PO(L/n?).
nez

Now, reminding that for |n| < N, a) = 0, we deduce that

lgn (8,-) = gn (t: )2y = O(L/N?) D la .
nez

Thanks to Parseval’s identity we rewrite it as

(36) lgn (t,) = gn (t, )2y = O/N)lIxnllL2m
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Step 3: Conclusion. By the triangle inequality, we have for 0 < ¢t < T

HgN(t7 ')”Lz(w) < ”gN(t’ ')”Lz(w) + ||gN(t7 ) - §N<ta ')||L2(w)-

Then, since the support of gy does not intersect [0,7] X w, the first term of the
right-hand side is zero, and according to the inequality (36), we have uniformly in
0<tgT

lgn (£ ) Zewy = O(1/N?)Ixnll72r)-
Integrating this estimate for 0 < ¢t < T, we get the following upper bound on
lgn L2 (0,77 xw):

(37) lgn 172 (o, 71%w) = O(L/N?) XN 22 (r)-

To disprove the observability inequality, we also need a lower bound of ||gn (T, -)|| 2 (T)-
According to Parseval’s identity, we have

ho s * . *
lgn (T, )2z = 27 > a2 |20/ Pli/n)
nez

2

Since g is in the range of P:Ll(O), for n large enough, we have |eTR2(i/")* Plil (i/n) ¢o| =
¢ > 0. Then, since ay = 0 for |n| < N, as soon as N is large enough,
(38) lgn (T, ) |72 ¢my = 27¢* Y lap'[* = 27 xw |72 ()-

nez

Comparing the lower bound (38) and the upper bound (37), we see that the ob-
servability inequality (32) (with M = identity matrix of size d) cannot hold. O

Remark 17. — The previous candidate gy (0, .) belongs to L2(T)% x L2 (T)% because
it is supported on high frequencies |n| > N. Moreover, with the notation gy =
(gn1,gn2), We have
lgnillzzqo,ryxw) _ 9N IlL2(0,77xw)
lgn (T) |l 2(m)
By duality, this proves the existence of fo = (fo1, foz) € L*(T)% x L2 (T)%, such
that, for any u; € L2((0,T) x w)® the solution of (4) satisfies f(T) # 0.

— 0.
lgn (D)l z2(my N—oo

4. LLARGE TIME NULL-CONTROLLABILITY

The goal of this section is to prove the point (i) of Theorem 2. An adapted decom-
position of L2(T)? is introduced in Section 4.1. The control strategy is presented in
Section 4.2. Projecting the dynamics onto the parabolic/hyperbolic subspaces, the
system is decomposed into two weakly coupled systems, the first one behaving like
a transport equation, the second one like a heat equation. The transport equation is
handled in Section 4.3 by using the methods developed in [1]. The parabolic equation
is treated in Section 4.4 by adapting the Lebeau-Robbiano method [21] to systems
with arbitrary size. The low frequency part is treated by a compactness argument
and a unique continuation property in Section 4.5.
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In the whole Section 4, the parameter r» > 0 is assumed to be small enough so that
Propositions 5, 6, 7, 9 and 10 hold.

4.1. AN apaPTED DECOMPOSITION oF L?(T)?

Provosirion 18. — Let ng € N* be such that 1/ng < r. We have the following decom-
position

(39) LX(T)?=F°@ FP @ F",
where
(40) FO:= @ Cle,,

In|<no
(41) FP ;:‘ |€E Im(PP(i/n))en,
(42) Fh ::‘ Ie]>9 Im(P"(i/n))en.

Moreover the projections TI°, TIP, TI® and II defined by
LA(T)*= F' @ F* @ F"
N=Tpo+ 0 + 0
"= 0 +1Ipe+ O
"= 0 + 0 +1Im
0= 0 +Ips+Ipn =T° + 11"

are bounded operators on L*(T)?.

Proof. — The function z € D(0,7) — PP(z) is continuous thus there exists C' > 0
such that, for every z € D(0,1/ng), |PP(2)| < C. Let f € L*(T)%. We deduce from

N YT =
(43) Do PPA/m )| <C? DY F )P < Pl
[n[>n0 [n|>no
and Bessel-Parseval identity that the series 3. PP(i/n)f(n)e, converges in L2(T)<.
Using I; = PP(z) + P%(z), we get the decomposition

=3 Fmen= 3" fmen+ Y PP(i/n)f(n)en+ Y Pi/n)f(n)en
ne”Z In|<no |n|>no In|>no
with convergent series in L2(T)?. This proves L?(T)? = F° 4 F? + F". The sum is
direct because (e, )nez is orthogonal and Im(PP(z)) NIm(P"(z)) = {0} when |z| < 7.
The linear mappings II° and II are orthogonal projections, thus bounded operators
on L?(T)?. We deduce from Bessel-Parseval identity and (43) that IIP is a bounded
operator on L?(T)? and so is II" = IT — IIP. O

The operator . defined in (21) maps D(&) N FY = F° into F° thus we can
define an operator £ on F? by D(Z°) = D(Z)N F° and £° = #|po. More-
over, —%° generates a C°-semi-group of bounded operators on F° and e *< ° =
e ' |po. For the same reasons, we can define an operator .#? on FP by D(ZP) =

D(ZL)NFP, LP = &L|pp, —LP generates a C'-semi-group of bounded operators on
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FP: e 1" = ¢~ |y, Finally, we can define an operator Z® on F® by D(Z") =

D(ZL)NFY £% = 2| pn, — " generates a C%-semi-group of bounded operators on
Fh et2" = et | pn.

Prorosition 19. — The operator —£° generates a C° group (e_t‘go)teﬂ{ of bounded
operators on F°. The operator — %" generates a C° group (e*tgh)telg of bounded
operators on F"

Proof. — We just need to check that e *% defines a bounded operator of F© and F™®
when t < 0. It is clear for F° because it has finite dimension. For F®, one may proceed
as in the proof of Proposition 11, noticing that the estimate of Proposition 10 is valid
for any t € R. O

For the duality method, we will need the dual decomposition of (39), i.e.,
(44)  IAM?=F' o FP o Fh,  where FP :=TIm ((II*)*), F" := Tm((T1")*).

By using the definitions of F? and F" in (41) and (42) and the fact that (e,)nez is
a Hilbert basis of L2(T), we get

(45) FP= @ Tm(PP(i/n)")en,
[n|>ng
(46) Fh= @ Im(P"(i/n)")e,.
|n|>ng
Moreover,
(47) (™) =eT ¥ f =3 e fne,
nez

and the spaces F©, FP and F! are stable by et

4.2. ConTrOL STRATEGY. — Let T be as in (3) and T, T’ be such that

(48) T <T <T.

In this section, we consider controls u of the form

(49) w = (up, up)™ € CH x C%,

where

(50) supp(un) C [0,7"] X @, supp(up) C [T, T] x @,
up € L2((0,7") x )%, up € L2((T',T) x T).

The control uy, is intended to control the hyperbolic component of the system and
the control u,, the parabolic component.

The control strategy for system (Sys) consists in

— first proving the null-controllability in time 7" in a subspace of L?(T)? with finite
codimension,

— then using a unique continuation argument, to get the full null-controllability.

The first step of this strategy is given by the following statement.
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Prorosrrion 20. There exist a closed subspace 4 of L?(T)? with finite codimension
and a continuous operator

U: 4G — L*((0,T) x w)h x CX((T',T) x w)
fO — (uhaup);
that associates with each fo € 4 a pair of controls % fo = (un,up) such that
(51) Vfo e, US(T; fo, % fo) = 0.
By “continuous operator”, we mean that, for every s € N, the map Z: ¥4 —

L2((0,T") x w)® x HS((T",T) x w)? is continuous: there exists Cy > 0 such that

Vo €Y, llunllrz(or)xwya + upllms (0 1yxwyiz < CsllfollLz(rya-
The proof strategy of Proposition 20 consists in splitting the problem in two parts:

— for any initial data fy and parabolic control u,, steer the hyperbolic high fre-
quencies to zero at time T (Proposition 21),

— for any initial data fy and hyperbolic control uy, steer the parabolic high fre-
quencies to zero at time 7' (Proposition 22).

Prorosition 21. — If ng (in (40)—(41)) is large enough, there exists a continuous
operator

" LA(T) x LA((T',T) x w)® — L*((0,T") x w)®
(fo,up) — un,
such that for every (fo,up) € L2(T)4 x L2((T',T) x w)®,
S(T; fo, (%" (fo, up), up)) = 0.
Prorosition 22. If ng is large enough, there exists a continuous operator
wP: LH(T)Y x L2((0,T') x w)h — C(T",T) x w)®
(fo, un) ¥ up,
such that for every (fo,un) € L*(T)% x L2((0,T) x w)®,
I°S(T; fo, (un, Z*(fo,un)) = 0.
Admitting that Propositions 21 and 22 hold, we can now prove Proposition 20.

Proof. — We observe that the relation ILS(T% fo, (un, up)) = 0 holds if the two fol-
lowing equations are simultaneously satisfied
(52) un = U"(fo, up) = U (fo) + Uy (up),

up = UP(fo,un) = %P (fo) + % (un).

If we set
C:=UP +UPw" : L*(T) — C®((T',T) x T)%,
then solving system (52) is equivalent to

(53) find u, € C°((T',T) x T)*2, such that Cfy = (I — UL U uy.
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The operator %%, is compact on L2((T',T) x T)% because it takes values in
C=((T'",T) x T)%. Thus, by Fredhlom’s alternative (see [8, Th.6.6]), there exist
N € N and /;,...,¢y continuous linear forms on L?((T’,T) x T)% such that the
equation (53) has a solution u, € L2((T",T) x T)% if and only if
(54) Vje{l,....,N}, £(C(fo)) = 0.
Under these conditions (54), the equation (53) has a solution u, = L(fo) given by a
continuous map L: 4 — L?((T",T) x T)% defined on the closed vector subspace of
L?(T)? defined by
(55) 9= {fo€ L*(T)"; £;(Cfo) =0, 1 <j <N}
Then L(fo) = up = Uy Us'up,+C fo belongs to C2°((T", T) xw). We get the conclusion
with
Vfo €9, U (fo) = (%" (fo, L(f0)), L(fo)). 0
Proposition 21 is proved in Section 4.3. Proposition 22 is proved in Section 4.4.

The unique continuation argument to control the low frequencies is presented in Sec-
tion 4.5.

4.3. CONTROL OF THE HYPERBOLIC HIGH FREQUENCIES. — The goal of this subsection
is to prove Proposition 21. We remind that 7" > 7’ > T* and that the control
u = (un, up) satisfies (50).

4.3.1. Reduction to an exact controllability problem. — The goal of this paragraph is to
transform the null-controllability problem of Proposition 21 into an exact controllabil-
ity problem associated with a hyperbolic system. Precisely, we will get Proposition 21
as a corollary of the following result.

Prorosrrion 23. If ng (in (40)—(41)) is large enough, then, for every T' > T*,
there exists a continuous operator

US, FY — L2((0,T") x w)h
fT’ = Un,

such that for every fr € F",
HhS<T/; 07 (@h/(fT/), 0)) = fT/.

Proposition 23 will be proved in Section 4.3.2. Now, we prove Proposition 21 thanks
to Proposition 23.

Proof of Proposition 21. — Let (fo,up) € L*(T)? x L2((T', T) x w)®. We have to find
up € L2((0,T") x w)® such that

HhS(T7 an (Uh, up)) = Oa
or, equivalently,

(56) HhS(T,O, (uhao)) = _HhS(Tv f07 (Ovup))
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According to the well-posedness of the system (Sys) and the continuity of the projec-
tion IT" (Definition 12 and Proposition 18), the linear map

(57) (fo, up) > —TI"S(T fo, (0,up)),

is continuous from L2(T)%x L2((T", T) xw)2 into F®, equipped with the L?(T)%-norm.
Since uy, is supported in (0,7”) X w by (50), we have

(58) L"S(T50, (up,0)) = =TT 1M S(17;0, (us, 0)).

As pointed out in Proposition 19, e~ % " is well-defined for all t € R. Therefore, by
using (57) and (58), (56) is equivalent to

(59) "S(T";0, (uy, 0)) = —e T~ TIL T S(T; o, (0, up)) € F™.
We get the conclusion with

U (fo,up) = Uk (—eTTILTNS(T; fo, (0,up))). O

4.3.2. Exact controllability of the hyperbolic part. — The goal of this section is to prove
Proposition 23. By the Hilbert Uniqueness Method, Proposition 23 is equivalent to
the following observability inequality (it is an adaptation of [12, Th. 2.42]).

PR(,)P(,)SITI()N/\?4. If ng is large enough, there exists a constant C' > 0 such that for
every go € FM, the solution g of (31) satisfies

T/
(60) ool <€ [ [ lan(t. )P dta,
0 w

where g1 denotes the first dy components of g.

Proof. — Let go € Fh, By using the definition (46) of ﬁ, and Proposition 7,
go decomposes as follows(®)

(61) o= > > Pl/n)Gnen.

HESP(A’) In|>ng

Then, the solution g of (31) is

(62) g(t) = Z Gu(t), where G,(t)= Z e tm E(i/”)*Pﬁ(i/n)*ﬁo(n)en.
neSp(A’) In[>n0

Let p € Sp(A4”).

(6)Let us recall that A’ is the matrix multiplying the derivative of the hyperbolic components in
the system (Sys) (see (1)).
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Step 1. We prove the existence of C; = C1(T”) > 0, independent of gp, such that

(63) 1GL(0, ) z2(rye < Cr(IGullr2(gpya + lgollm-1(mya).
where ¢ = (0,7") x w and

G(n o\ 1/2
(69 ol = (3 BEE)

[n|>no
By using (i) and (iii) of Proposition 7, we have
eI B G/ Pl ) = ot (ni/ et (/m P RLG/ )" Ph (/) = et HRL G/ Pl )

which leads to

(65) Gy — 10,G, — Ry (0)*Gy =S, in (0,7) x T,

where

(66) Sut)= " (Ri(i/n)" - Rﬁ(@)*)ewin%ﬂ(i/n)*p);(i/n)*ao (n)en.
In|>ng

By regularity of z — Rl}}(z)7 Bessel-Parseval identity and (64) there exists C' =
C(T") > 0, independent of gg, such that

(67) HS;L||Loo((o,T/),L2(qI)d) < Cllgollz-1(rye-
By (65), the function éu defined by

(68) Gu(t,x) =BG (¢, 2)
solves

(69) {atéu — 10, G, = e 078, in (0,77) x T,

G,(0,-) = G,(0,") in T.

We introduce the solution GZ of

70) {ath — §d,G%, =0 in (0,T') x T,

G (0,) =Gu(0,) inT.
Using the Duhamel formula for the system (69) and the estimate (67), we obtain

~ h *
(71) |Gy = Gl (o.r), 22 )2y < Cllew @7 Syl 1oy, 22 (myay < Cllgollr=1(myas

where C' = C(T") > 0 is independent of gy. The time T}, := ¢(w)/|p| is the minimal
time for the observability of the system (70) on w (see for instance [1, Th. 2.2]). Indeed,
for any 7" > T,

T C {x— ut; (t,z) € [0,T"] x w}.
Since T > T}, there exists C = C(T",w) > 0, independent of go, such that
G u(0, )| L2(mye < CIG

qrr)?-
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By the triangular inequality, (68) and (71), we deduce that

G .(0, M z2rya < CIG llz2(gpya + 1Gy — G "2 gp)
< C(||GHHL2(qT/)d + ”gO”H*l(’JI‘)d)»
which ends the first step.

Step 2. — We prove the existence of Co=C5(T",w) >0, independent of go, such that
(72) ”GH(Oa ')HL2(’H‘)d < CQ(HP;]T(O)*QHLZ(qT/)d + HQOHH*l(’H‘)d)-

Taking into account that the projection PP(z) commutes with E(z) we deduce
from (62) that for any A € Sp(A’),

Ga(t)= Y Pli/n) e ™ G/ Ph(i/n) Go(n)ey,

[n|>no

thus,
(73)  Gu(t) — Pi(0)"g(t)
= Y (Pi/n)* — PP(0)*)e " BG/MT Ph(i /) Gy (n)ey,

[n|>ng

- > BRO) (PR(/n)* — PR(0))e ™ /M PR(ifn) Go(n)en

AESp(A")~{u} In|>no

because, for A # p, P:j(O)*P/{‘(O)* = 0. By using the regularity of z — PP(z), Bessel-
Parseval identity and (64), we obtain the existence of C' = C(T”) > 0 independent
of gg such that

HGu —Ph( )" g||L°° ((0,T7),L2(T)4 < Cllgoll - 1(T)e-
We deduce from Step 1, the triangular mequahty and the previous estimate that

1GL(0, M z2(mys < C(1GullL2(gpn) + llgoll -1 (m)2)

< C(IP0) gl 2 + 1IGu — PR(0) gl L2(gpr) + g0l -1 (7y2)

< C(IBL0) gl L2 + lgoll mr-1(mya).
which ends Step 2.

Step 3: Conclusion. — For every p € Sp(A’), we have P(0)* = P(0)*P"(0)* thus

152(0) gl 2 (gp) < 1PLO)* 1P (0)* gll 22(g7) < Cllgnll 2 gz
Using (62), the triangular inequality, Step 2 and the previous inequality, we obtain
(74) lgollzzmye < D IGO0, )zzye < C(Igrllz2(grya + ol (mya)-
HESP(A’)

From this estimate and the compact embedding L?*(T) — H~!(T), a classical
compactness-uniqueness argument gives the observability inequality (60) (see for
instance [13, Lem. 2.1 and Rem. 2.2]).
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Indeed, by Peetre’s lemma (see [24, Lem. 3]), we deduce from (74) that
Nr:={go € ﬁ‘; g1 =01in (0,7") x w},

has finite-dimension. Moreover, from [24, Lem. 4], to prove (60), we only need to show
that N7 is reduced to zero.

First, by definition, we remark that Ny decreases as T” increases. So, the map 7" —
dim(N7) is decreasing and takes integer values. As a consequence the discontinuities
on (T*,4+00) are isolated. If 77 is not such a discontinuity point, then there exists
0 > 0 such that dim(Ng/) = dim(Ny) for every [T — T'| < §. In case T” is such a
discontinuity point, one may replace 7" by a smaller value, still such that 77 > T*,
for which this holds.

By a small perturbation of 7”7, we may therefore assume that N = Np for T — g’
small, in which case N is stable by e~ 2" where .#*" is the restriction of .Z* to Fh.
Then, if N7 is not reduced to zero, it contains an eigenfunction of .Z *I i e., a function
of the form Xe,, where X € C¢, |n| > ng and X = P"(i/n)X. By definition of Ny,
the first components of that eigenfunction vanish on w i.e., X7 = 0, or equivalently
P"(0)X = 0. Thus

1X] = | (P"(i/n) — P"(0)) X| < |f:| 1],
where C' > 0 does not depend on n. For a large enough choice of ng, this is impossible.
O

4.4. CONTROL OF THE PARABOLIC HIGH FREQUENCIES. — The goal of this subsection is
to prove Proposition 22. We recall that T and T are chosen such that T* < T < T
and the control v is such that (49) and (50) hold.

The strategy is the following one: identify the equation satisfied by the last ds
components of the parabolic equation (31) with the help of the asymptotics of Propo-
sition 7, then construct smooth controls by adapting Lebeau-Robbiano’s method to
systems.

In this section, for every vector ¢ € C?, we will denote ¢ its first d; components
and (o its last dy components.

4.4.1. Reduction to a null-controllability problem. The goal of this paragraph is to
transform the null-controllability problem of Proposition 22 into a null-controllability
problem associated to a parabolic system. Precisely, we will prove that Proposition 22
is a consequence of the following result.

Prorosition 25. — If ng is large enough, then for every T > 0, there exists a contin-
uous operator

UL FP — C°((0,T) x w)®
fo — Up,

such that for every fy € FP,
IIPS(T5 fo, (0, %7 (fo))) = 0.

JE.P.— M., 2020, tome 7



NULL-CONTROLLABILITY OF LINEAR PARABOLIC-TRANSPORT SYSTEMS

~
~]
=

Proposition 25 will be proved thanks to an adaptation of Lebeau-Robbiano’s
method in Section 4.4.4, after two sections of preliminary results. We now prove
Proposition 22 thanks to Proposition 25.

Proof of Proposition 22. — Let (fo,un) € L*(T)? x L%((0,T") x w)%. We have to find
u, € CX((T',T) x w)® such that

(75) IPS(T; fo, (un, up)) = 0,
or equivalently,
(76) HPS(T,O, (Ovup)) = _HPS(Tv f07 (Uh,o))

In view of the support of the controls (Equation (50)), the equality (76) is equivalent
to

(77)  TPS(T = T%0,(0,up(- + 1)) = =~ TV I S(T; £y, (un, 0)),
or
(78) I°S(T — T'; TP S(T'; fo, (un,0)), (0,up(- +17))) = 0.

By using Definition 12 and Proposition 18, we see that the mapping (fo,un) —
P S(T'; fo, (un,0)) is continuous from L2(T)? x L2((0,T") x w)® into FP. Thus we
get the conclusion with

vVt e (T,7T)a %p(fo,’LLh)( ) %I()T T) (HpS(T/;an(uhao)))(t_T/)' U
4.4.2. Equation satisfied by the parabolic components of the free system. — We begin by

proving that if g is in FP then we can compute the first d; components of g from the
last dy. This will allow us to write an uncoupled equation for these components.

Prorosition 26. If z is small enough, there exists a matriz G(z) such that for
every ¢ € CY,

¢ €Im(PP(2)") <= ¢1=G(2)p2.
Moreover, G is holomorphic in z and G(0) = 0.

)
)

if and only if

Proof. — We write
PP(2)" = <p11(z

p21(z

Since PP(z)* is a projection, ¢ is in Im(PP(2)
p11(2)e1 + pi2(2)p2 = @1

P21(2) 1 + p22(2)p2 = @o.

~— —

*

In particular, if ¢ € Im(PP(2)*), then (Iz, — p11(2))p1 = p12(2)p2. And since
PP(0)* = (8 182) (see Proposition 6), p11(0) = 0, and so, if z is small enough,
|p11(2)| < 1 and 14, — p11(2) is invertible.

In that case, @1 = (I4, — p11(2)) " 'p12(2)p2. This proves that the map

w € Im(PP(2)*) — g € Cde
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N

is one-to-one. But the rank of PP(z)* does not depend on z (Remark 8), and so
it is always da. So the previous map is bijective. We denote by G(z) the first dy
component of its inverse. Note that we have G(z) = (I4, — p11(2)) " *p12(2). Then, if
© € Im(PP(2)*), we have

© = (p1,92) = (G(2)p2, p2)-

To prove the converse, note that the inverse of ¢ € Im(PP(2)*) — @2 is 2 €
C®= = (G(2)¢2,92). O

Increasing ng if necessary, we may assume that for |n| > ng, G(i/n) is well-defined.
Then, we define the (bounded) operator G from L?(T,C%) to L*(T,C%) by

(79) G(Z son,zen) = > G(i/n)pnzen

nez In|>no

According to the definition of FA';’, we have the following corollary that enables us to
compute the first d; components from the last ds.

Cororrary 27. — For every g € (F°)* (the space of functions with no components
along frequencies less than ng), we have the equivalence g € FP < g1 = Gga.

Corollary 27 makes it easy to write an equation on the last do components of the
adjoint system (31) if the initial condition is in FP.

Prorosition 28. —  We define the operator © by
(80)  D(®)=H*(T)™, D =D"02+ A%0, — K% + A0,G — K1G.

Let go € FP and g(t) = %" go. Then, for all t > 0, g1(t) = Gga(t) and g satisfies
the following equation

(81) Oga(t,x) — Dga(t,x) =0 in (0,7) x T.
Proof. — The function g satisfies the system
(0 — B™9? — A™0, + K™)g(t,2) =0  in (0,T) x T.
If we take the last dy components of this system, we get, in (0,7) x T,
(82) (0r = D07 — A0, + K35) ga(t,x) — (A8, — K15)1(t,x) = 0.

But for all t € [0,T7], g(t,-) € ﬁ, so, according to Corollary 27, ¢1(t) = Gga(t).
Substituting this inside Equation (82) gives the stated equation (81). O
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4.4.3. Smooth control of a finite number of parabolic vector components

For N > ng we introduce

(83) Fy= @ Im(PP(i/n))en, F2y:= @ Im(PP(i/n))e,.
no<|n|<N In[>N

and the projection IT}; defined by
LX(MY=F'@ Fy @ F2\ & F"
Iy =0 +Ipp+ 0 + 0
N

which is a bounded operator on L?(T)? (composition of the bounded operator ITP with
an orthogonal projection). The goal of this section is to prove the following result.

Prorosition 29. — There exists € > 0 such that, for every T € (0,1] and N > ny,
there exists a linear map'™

Jrn: FP — C5°((0,T) x w)
such that, for every fo € FP and s € N
H?VS(T, an (07 %T,N(f()))) = Oa

G s
||‘%/T»N(fO)HHg((O,T)><T) < ot N2 e%N”fO”L?(T)d-
Proof. — Let fo € FP. Throughout this proof, we will denote by Es(n) the dy x dy
matrices defined by
T i r 1 r i I 1 r M
Vin| > o, Ba(n) i= D' — ~ A+ — Kb — (Al — — K1) Gli/n).

Step 1. — We prove that us € C§°((0,T) x w) satisfies IR, S(T'; fo, (0,u2)) = 0 if and
only if uy solves the following moments problem in C%

T
(84) Vno <|[n| <N, / / efﬂQ(T*t)E“”)*uQ(t,z)e*i""” dzdt = F,
0 w

where F,, = _e ' TE(n)” (G(i/n)*ﬁn(n) + %2(”))

and Fa(n)* = Ea(n)'r.
We first recall that, if P is a projection operator on R% and x € Im(P), then
(r=0) < (Vze€Im(P*),(z,z) =0)
because |z|? = (z,x) = (Pz,x) = (z, P*z).
As a consequence, the relation IIN S(T’; fo, (0,u2)) = 0 is equivalent to

(85) Vgr € Fy, (S(T; fo, (0,u2)), 97) = 0,
where (-, -) is the scalar product of L?(T,C?) and
FP = @ Im(PP(i/n))en.
no<|n|<N

() The space C§°((0,T') X w) consists of functions supported on [0, T] x K, where K is a compact
subset of w, and all of whose derivatives vanish on w at time t =0 and ¢t =T
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]
~
ESN

For gr € FN7 we denote by g(t) = e~ (T~ gr the solution of the adjoint sys-

tem (31). Then, by Proposition 28, g = (gl,gg where g1 = G(g2) and

(S(T; fo, (0,u2)), g7) = {for g / /ugtx ), oot 2)) i di,

where the first two scalar products are in L?(T)¢ and the last one is in C%2. By Corol-
lary 27, the assertion (85) is equivalent to

(86) Vgi € Span{Xe,, X € C% ny < |n|< N},

/0 / (ua(t,2), ga(t, 2)) da dt = —( fo, (G(63). 63))-

where go(t) = e 2T =gT and ¢ = ¢2(0). By considering g3 = Xe,, with X € C?
and ng < |n| < N, we obtain

g2(t) =e™ HT-DE:(n) X and G(g9) = G(i/n)e*"2TE2(")Xen.

The previous property is equivalent to
T
Wno < |n| < N, ¥ X € C%, / /<U2(t,x),e—n2<T—t>E2<n>X>e—im dedt
0 w

—(fo1, G(i/n)efn%Ez(n)Xen) — (foz, 67"2TE2(R)X€n>

or, equivalently,
T 2 * .

Vng < |n| <N, VX € C%, </ /e_" (T=DE2(0) 4 (¢, 2)e ™" da dt,X>
0 w

= _<e—n2TE2(n)*G(i/n)*ﬁn(n) _|_e_”2TE2(")*]?02(n),X>7
which proves (84).

Step 2: Solving the moment problem. — We look for a solution up € C§°((0,7T") x w) of
the moment problem (84) of the form

(87) us(t,x) = p(t, x)va(t, x),
where vy € C®((0,T) x T)% and p € C5*((0,T) x w) is a scalar function with an
appropriate support. More precisely, let

— @ be an open subset such that & € w and p2 € C°(w,R4) such that py =1
on &,

— p1 € C*(]0,1],Ry) such that p;(0) = p1(1) = 0 and

1
1
(88) 3Cy >0, ¥y >0, / (P dr > O,
0 0

1/7

For instance, we may consider p; such that p1(7) = p1(1 —7) = e /7 for 7 €

(0,1/4). Indeed, for every v > 0, the change of variable s = /v 7 gives

/1 () LY e
plre*”d7'>—/ e VTP ds,
0 Vv Jo
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~1
~1

where ¢(s) = s+ 1/s. The function ¢ takes its minimal value at s, = 1 and ¢" (1) =
2 > 0 thus, by Laplace’s method (see [25, Ch.9, Th. VI.1]),

2
/ VIS gy~ VT o2E
0 Yoo /Y
which proves (88) for a large enough constant Cp.
Then we choose p(t,x) = p1((T' —t)/T)p2(x). We also look for vy of the form

(89) vo(t, ) = Z e F(T-DE:(R)Y k7 where Vj, € C%.
no<|k|<N

The construction of vy will use the following algebraic result.

Lemva 30. There exists € > 0 such that, for every N > ng and T € (0,1] the
matriz A in CEWN—10)d2)x(2(N=n0)d2) " defined by blocks A = (Ank)no<inj<n by
n0<‘]€|<N

T
An,k _ / / ean(Tft)Eg(n)*eka(Tft)Eg(k)ei(kfn)zp(t’l,) dedt € Cngd27
0 w

is invertible and &
VF e C?WN—modz - 471R| ?e%N|F|,

where | - | is the hermitian norm on C>(N—m0)dz

Remark 31. — For instance, when N = ng + 2, then A is given by

A—ng—Q,—ng—Q A—no—Z,—no—l A—n0—27n0+1 A—no—Q,n0+2
A= A—ng—l,—ng—Q A—no—l,—no—l A—n0—17n0+1 A—no—l,n0+2

An0+1,7n072 An0+1,7n071 Ano+1,n0+1 An0+1,’n0+2
An0+2,7n072 A’I’Lo+2,f’n071 An0+2,n0+1 A’I’L0+2,n0+2

For X € C*2 with block decomposition

X*TL()*2

anofl

X’ng-‘rl

Xn0+2

X =

where X, € C% for every ng < |k| < ng + 2, we have

an<|k|<no+2 A7n072’ka

AX = Zno<|k|<no+2 A*nofl,k}Xk:

D no< |kl <no+2 Ano+1,kXk
Zn0<|k\<ng+2 Ano+2,ka
Thus (X, AX) = Zn0<|n\,\k\<n0+2 X Ap k Xk
Proof of Lemma 30. — The proof relies on the following spectral inequality, due to

Lebeau and Robbiano (see [21] and also [20, Th. 5.4]):

+N +N 2
(90) 3C1, >0, VN €N, V(ap)nez € CZ, Z|an|2 < CleclN/ Z ane™| dz.
n=—N © n=—N

JE.P.— M., 2020, tome 7



776 K. Beavcnarp, A. Koenic & K. LLE BaLc'n

By summing the components, the same inequality holds when a,, is a vector, a,, € C%2,
and | - | denotes the hermitian norm on C9.

Let N > ng and X € C2(W-m0)d2 written by blocks X = (Xj)no<|kj<y With
X}, € C%. Then, by using the definition of A, p, the properties of py and the above
spectral inequality in vector form, we obtain

(AX,X)= > X;Au. X
no<|n|,|k|<N
T 2
:// Z e—kz(T—t)Eg(k)Xkeilm p(t, z) dz dt
0 Jaly <kl<v
T 2
2/ / S e HE0BM Xk (T —1)/T) dadt
0 Jolno<lkl<N
e” N T k2 (T=1)Es(k) v |2
> =7 D e Xel pr(T = )/T) dt.
LoJo RN

There exists ¢ > 0 such that, for every |k| > ng, |E2(k)| < c. Then,
VIk|>ng, 7>0, Y eC®, |eP2Ty] ey
By considering 7 = k*(T — t) and Y = exp(—k*(T — t)E2(k)) X), we obtain
VIk| > no, t € (0,T), [eFT=DFM0) x| > o=ck*(T=0)| x,|.

Therefore, by using the change of variable T = (T' — t)/T and (88), we get

Te_CIN 2 T —2ck?TT
(AX, X) > —a > Xk e p1(7)dr
no<|k|<N 0
Te 1N
> X, |2~ Cokv2eT
C1Cy 2 1l

T /5T
> e—(CH—CO QCT)N X 2.
= ClCO | |
The above relation, valid for any X € C2(N—70)d2 proves that any eigenvalue of A

is positive, thus A is invertible. Moreover, for any F € C2(N="0)42 \ {0}, the vector
X = A~ F satisfies

T Yoyt
——— e (OFCVENIN| X2 < (AX, X) = (F, X) < |F||X].
C1Cy
Thus
‘X| < C}CO e(cl+C°V2€T)N|F|.
This gives the conclusion with ¢ = max{C,Co; C; + Cov2c}. O
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Now, let us come back to the proof of Proposition 29. For such a control of the
form given by Equations (87) and (89), the moment problem (84) writes

Vng < |n| < N, Z An Vi = F,
no<|k|<N

or equivalently AV = F' with the notation of Lemma 30. Thus, it is sufficient to take
V = A7'F. By the definition of F in (84), and Bessel-Parseval identity there exists
C3 > 0 independent of (T, N) such that

1/2
F=( X IRE) < Calhllae

no<|n|<N

Therefore, by Lemma 30

V2 o
(1) V=( ) |vk|2) < OF o ol oy

T
no<|k|<N

Step 3: Fstimates on ua. — Let s € N*. By (87) and the definition of p, there exists
C = C(p,s) > 0 such that

(92) ozl 0,776 < 7 Ioallsorywmy
For any s1,s2 € N such that s; 4+ so < s we have,
0 0zus(ta) = Y KR Ey(k)Ste M TRy, (k)2 elke,
no<|k|<N
By Bessel-Parseval identity, we have

T 2
||8516;2U2||2L2((0,T)><’J1‘) = / Z ‘k251+82E2(k)s1efk2(T7t)E2(k)Vk‘ dt
0 no<|kl<N

T
gc/ Z K4S
0

no<|k|<N

2
A

By working as in the proof of Proposition 9, we obtain, for ng large enough, positive
constants Ky, ¢, > 0 such that

T
||8518;2”2H%2((0,T)x1r) <C Z k4sK§/ 672cpk2(T—t) dt|Vk|2
no<|k|<N 0
CK? CK?
< P Z k4s—2|Vk|2 < pN4S—1‘V‘2.
Pono<|k|IKN ‘p

By (91),

o1 Aso |C o179 C2F
10503 U2||L2((O,T)><T) < ;KPNQS 1z T e%NHfOHLz(T)d'
P

JE.P.— M., 2020, tome



778 K. Beavcnarp, A. Koenic & K. LLE BaLc'n

This provides a constant C' > 0 independent of (T, N) such that
C \2s—1/2 €N
vzl gra0,myxmy < 7V 2N | foll L2 (rye
and (92) gives the expected estimate on u in H®. O

4.4.4. Lebeau-Robbiano’s method. The goal of this section is to prove Proposi-
tion 25. Let T > 0. We fix § € (0,7/2) and p € (0,1). For £ € N*, we set N, = 2,
Ty, = A27° where A > 0 is such that 25,2, To =T —26. Let fo € FP. We define

fl = eiégpf()a
ge = 1I°S(Ty; fe, ue) where up = (0, K, N, (f2)),

T, LP
¢ ge,

ferr=e"
where K7, n, is the control operator introduced in Proposition 29. By construction

HE’VZ ge = 0 and therefore, by Proposition 9,

— —n? i -~ 2
||fé+1||iz(1r)d =le T,zgpgeH%2(T)d = Z ‘e n E(l/n)Tegf(n)
[n|>N,
2 Y _ 2
< D Kpe el g(n)]* < Kpe 2N g oy
[n|>N,

By the semi-group property proved in Proposition 11, there exist positive constants K
and c such that

VEeLX(T), t>0, |le ™ fllraemya < Ke||fll2(m)a-

Then, according to the triangle inequality and Cauchy-Schwarz inequality,

Te
lgell L2(mya < NS(Te; fes uo)ll < Ke || fell L2 (rya +/ Ke“TeD g (t)|| g2 r) dt
0

< KT (|| fell 2 mya + Ve [|uell L2 ((0,10) %) )
and by Proposition 29

4
(93) el 22((0,10) xw) < E€%N1||fe||w(1r)d-
Thus

4
—= G%N’”]> | fell L2 (Tya-

VT,

lgell2(mya < Ke™ (1 +
By setting

2 4
my = Kye »NeTe fgecTe <1 + — e%)Nf>,
P T

we get

| ferallpoemye < mull fell o emye-
It is easy to see that there exist C7,Cs > 0 such that m, < C’le_cﬂ(%p)z. Thus
| fellL2(r)« — 0 and more precisely there exist positive constants C3, Cy > 0 such that

| fell L2 mye < Cexp(—Ca2@72)| foll p2mya.
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Moreover, from (93),

> eC N

(94) Z luellZ 20,7 xw) < € Z

We set ag =0, ag = 6+2T1, ..., ap = ap—1 +2Tp. We have ap — (T —0) as £ — oo.
For any fy € FP, we define the control

T,C5 exp(—Ca2 %P foll 2wy < oo

K, n,(fo)(t —ag—1) for ap—1 <t < ap—y + 1,
U (fo)(t,z) =40 for ap—1 +Tp <t < ap—q1 + 2T = ay,
0 forT—0<t<T.

Then, Z5.(fo) € C5°((6, T—6) xw)92 because all its derivatives vanish at times t = ay.
Thus Z5.(fo) € C((0,T) x w)?z.

By (94), Z5(fo) € L*((0,T) x w)?, thus S(T — &; fo, Z5(fo)) is the limit,
in L?(T)¢, as ¢ — oo, of the sequence S(as; fo, Z%(fo)). As a consequence,
IPS(T — 6; fo, Z5-(fo)) is the limit in L?(T) of the sequence IIPS(as; fo, 5 (fo)) =
fex1. Finally,

P S(T; fo, %7 (fo)) =TIPS(T = 6 fo, 7 (fo)) =

By Proposition 29, for any s € N*,

%) & -
||%g“<f0)||Hs((0’T)Xw) < Z T;-l‘l N23 (KNZCB eXp(—C42(2 I))K) ||f0||L2(T)d
=1

<oo

This concludes the proof of Proposition 25. O

4.5. CONTROL OF THE LOW FREQUENCIES. — The goal of this subsection is to prove
Theorem 2. Let T > T* where T* is defined in (3). Then, there exists 7" > 0 such
that (48) holds. Let 4 and % be as in Proposition 20.

Without loss of generality, we may assume that Fy C ¢ by the following procedure.
Let W be a complement of N F° in F°. Then W is a complement of ¢ in(® & + F©,
and we extend % to 4 ® W by setting % (fo) = 0 for every fo € W.

Implicitly, ¢ is equipped with the topology of the L?(T)%norm. The operator S is
defined in Definition 12.

We introduce the vector subspace of L?(T)¢ defined by

Fr ={fo€ L*(T)% Jue L*((0,T") x w)™ x C((T",T) x w)®/S(T; fo,u) = 0}.

(8)1¢ f € 9+ FO, we write it as fog + fr,, and in turn we decompose fr, along the sum
Fo=9NFh®W: fr, = fonr, + fw €9+ W. So f = (fg¢ + fenr,) + fw. This proves that
4G + Fy =9 + W. Moreover, if f € 4 NW, since W C Fy, we have f € 4 N Fyp N W, which is {0}.
So the sum ¢4 + W is direct.
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Step 1. We prove that Zr is a closed subspace of L?(T)? with finite codimension.
For fo € ¢, the function S(T’; fo, Z fo) belongs to F°, thus

0
(95) H (fo) = =" S(T; fo, % fo)

is well-defined in F° by Proposition 19. Then, ¢ is a compact operator on ¢ because
it has finite rank. By the Fredholm alternative, (I +.¢)(¥) is a closed subspace of ¢
and there exists a closed subspace 4’ of ¢, with finite codimension in ¢, such that
(I +.¢) is a bijection from ¢’ to (I + ¢ )(¥). Note that ¢’ is also a closed subspace
with finite codimension in L2(T)%.

For any fo € ¢’, by using that ¢ (fy) € F° and (95), we obtain

S(T, A (f0),0) = e~ "7 A (fo) = ™" A (fo) = =S(T, fo, % fo),
thus
S(T, fo+ 2 (fo), % fo) = S(T, fo, % fo) + S(T, % (fo),0) = 0.
This proves that .Zr contains (I + ¢)(¥’), which is a closed subspace with finite

codimension in L?(T)%. Therefore, there exists a finite dimensional subspace Fj of
L*(T)? such that Fr = (I + #)(4") & Fy. This gives the conclusion of Step 1.

Step 2. We prove that, up to a possibly smaller choice of T' > T, there exists
§ > 0 such that Fr, = Fr for every TV € [T, T +65]. When 0 < T < T, by extending
controls defined on (0,7") by zero on (I”,T"), we see that Fpr C Fp». Thus, the
map T — codim(.%r) is decreasing and takes integer values. As a consequence the
discontinuities on (T*,T + 1] are isolated. If T' is not such a discontinuity point, then
there exists & > 0 such that codim(.#r/) = codim(Zr) for every T7 € [T,T + ¢]. In
case T' is such a discontinuity point, one may replace T by a smaller value, still such
that 7" > T™*, for which this holds.

Step 3. — We prove that (e_t‘g*ﬁ%)L C Zr for every t € (0,9). Let ¢ € (0,6) and
go € L*(T)? be such that (go,e " fo) = 0 for every fo € F4. Then (e=*“ go, fo) =0
for every fo € Ff, ie., e *Zgy € (F#+)1. By Step 1, Fr is a closed subspace
of L2(T)¢ thus (#4)+ = Fr. Therefore e % gy € Fr. By definition of .Fr, this
implies that go € Fry.. By Step 2, we get go € %, which ends the proof of Step 3.

Step 4. — We prove that F3 is left invariant by e 4" ie., FF = e % Ff for
every t > 0. The subspace e %" .Z; is closed in L?(T)? because it has finite dimen-
sion. Thus ((e_t‘g*ﬁ%)l)J— = e " 74 and we deduce from Step 3 that, for every

€ (0,9), FF C e ¥ F4. Taking into account that dim(e™*¢".Z4) < dim(F4),
we obtain Fi = et Fi for every t € (0,6). By the semi-group property, this
equality holds for every t > 0.

Step 5. — We prove the existence of N € N such that any fy € 7 can be written

(96) fo= Z prer  with ¢ € c.

k<N
Let S(t)* be the restriction of the semigroup e %" to .Z;, i.e., S(t)* = e %" Fi-
Then S(t)* = ™, where M is a matrix such that £~ fo = M fy for every fy € Fi.
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But then ker(M — )7 = ker(£* — \)J N .Z4. The Kernel decomposition theorem ap-
plied to M, and the structure of the generalized eigenspaces of .£* gives the conclusion
of Step 4.

Step 6. We prove that any element of L?(T)? can be steered to .Zr in an arbitrary
short time, i.e., for every ¢ > 0 and fy € L?(T)?, there exists

uwe L2(0,T') x w)h x CX((T',T) x w)
such that S(e; fo,u) € Fr. By the Hilbert Uniqueness Method, it is sufficient to prove
an observability inequality for S(t)*. By using the finite-dimensionality of %4, it is
equivalent to prove that the following unique continuation property holds: if f(¢,-) =
e!Mfy with f = 0 in (0,e) x w, then fo = 0. By using the spectral inequality of
Lebeau-Robbiano, i.e., (90) and (96), we readily get the result.

Step 7: Conclusion. — Step 5 implies the controllability of the system in any time
7>T. As T is an arbitrary time such that 7" > T*, this concludes the null-
controllability in any time T > T™*. O

By a duality argument, we obtain the following result, that will be used in the next
sections.

CoroLLARY 32. For every T'> T* and s € N, there exists Cr s > 0 such that, for
every go € L*(T)? the solution g(t) = e+ go = (g1, g2)(t) of the adjoint system (31)
satisfies
lg(D)I 2y < Crs (1911l p2gryn + g2l mr—< gy )
where gr = (0,T) X w.
We will use the following standard lemma that gives a canonical isometry between
H=*(Q) and H{(?).

Lemmva 33, — Let Q be an open subset of R? or a compact manifold (possibly with
boundary). Let s > 0 and vs: H{(Q) — L*(Q) be the inclusion map.”) The map
L5 L%(Q) — HE(Q) extends to a bijective isometry from H*(Q) to H ().

Proof. — The map ¢} is defined on L?(2) by

(97) VfeLXQ), Vve H§(Q), (f,v)ms = (fv)re.

Thus, for every f € L?(f),

s flmg = sup (5f,0)ug = sup (f,v)r2 = [fla--,

[vlg=1 lvlmg=1

where we used the definition of H*(Q2) as the dual of H§(2) with respect to the
pivot space L%(Q) (see for instance [27, §2.9]). Since L?(Q) is dense in H~*(f2), this
proves that ¢* extends by continuity to H ().

(9)We recall that H§(82) is the closure of C2°(2) for the H®-norm, and that H~°(Q) is the dual
of H§ () with respect to the pivot space L?(£2).
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This extension is an isometry from H~*(£2) onto its range. As such it is injective
and its range is closed. To prove it is bijective, we check that its range is dense, i.e.,
that its orthogonal is zero.

If go € H§(Y) is orthogonal to Im(¢%), then, according to the definition of %
(Equation (97)) go is orthogonal in L?(2) to H§ (). But Hg () is dense in L?(), so
go = 0. Thus Im(:3)*+ = {0}. O
Proofof Corollary 32. — We apply the duality lemma 14 with

®2: fo € L*(T)" — f(T") € LX(T)",
where f is the solution to the system (Sys) with initial data fy and control u = 0,
and
By:u = (u1,u5) € L2(qr)™ x Hilqr)®™ — f(T,") € LX(T)",

where f is the solution to the system (Sys) with initial data fo = 0 and control .
The null-controllability result proved above is equivalent to the inclusion Im(®s) C
Im(®3), thus to the existence of C' > 0 such that for every g7 € L*(T)4,
(98) 195 (97) | L2 ()2 < ClP3(97) | L2 (47 )t1 x 15 ()2 -

We compute the adjoint operators of ®5 and ®3 thanks to the duality relation

between the solution f of (Sys) and the solution ¢(-) = ¢g(T — -) of the adjoint
system (31):

T
(99) (F(T), o(T)) szmra = {F(0), 9(0)) p2grys + / / (ult, 2), olt, 2)) dt dz

— (1(0), (0)) 1 crys + / / (ur(t, @), 01 (t, 2)) + {us(t, 2), a(t, 2) dt do.

First, we have ®5(gr) = (e 7% )*gr = e~ 7" gr. To compute &}, we introduce the
input-output operator Zr: u € L?(qr)? + f(T,.) € L?(T)?, where f is the solution
of (Sys) with initial condition f; = 0 and right-hand side uw. By (99), %7 (gr) is the
restriction of e*=1)<" g1 to [0, T] x w. We have &3 = Fro (I, 1), where (I,1,) stands
for the inclusion map L%(qr)% x H§(gr)® — L?(qr)?¢. Thus, according to Lemma 33,
the right-hand side of the inequality (98) is

[(Z,e5) 0 rgzqt(gT)HL%qT)dl xHE(gr)d2 = ||9§:(9T)||L2(qT)d1 X H=5(qr)%2>

which gives the conclusion. O

5. HYPERBOLIC CONTROL: COUPLING OF ORDER ZERO

The goal of this section is to prove the following result on the system
{(at + A9, + Kin)fi + (A120, + Kio) fa = wi 1, in (0,7) x T,

(0 — 02 + Kaa) fo + K1 f1 = 0 in (0,7) x T.
Turorem 34. — We assume (H.1)-(H.4), D=1, m=dy, M1=14,, Ms=0, As; =0
and Asg = 0. Let T* be defined by (3). The following statements are equivalent.

— The system (100) is null-controllable in any time T > T*.

(100)
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— The pair of matrices (Kaa, Ko1) satisfies the Kalman rank condition:
(101) Span{KJ, K5 X1; X; € C,0 < j <dy — 1} = C%.

The interest of this theorem is that its proof is essentially the same as that of
Theorems 3 and 4 (that will be done in the next sections) but it is less technical.

In Section 5.1, we prove that the Kalman condition (101) is necessary for the
null-controllability of the system (100). In Section 5.2, we prove that the Kalman
condition (101) is sufficient for the null-controllability of the system (100), first in the
case d; =1 (i.e., with one hyperbolic line in the system) where the cascade structure
(or Brunovski form) is easy to handle, then in the general case d; > 1 which is more
delicate to write.

5.1. Tue KALMAN cONDITION 1S NECESSARY. — If the null-controllability property for
(100) holds, then, by considering the Fourier components of the solution and the
control, we obtain the null-controllability, for every n € Z . {0}, of the system

Xl (t)/ —+ (mA' + Kll)Xl (t) -+ (inA12 —+ Klg)Xl (t) = V1 (t),
{Xé(t) + (7’L2Id2 + KQQ)XQ(t) -+ Kngl(t) = 0,

with state X (¢) = (X1, X2)(t) € C% x C% and control v; € L?(0,T)% . This requires
the null-controllability of the control system

X5(t) + (n*Ig, + Ka2) Xo(t) + K21.X:1(t) = 0,

with state Xo(t) € C% and control X; € L2(0,7)%, i.e., the Kalman rank condition
(see for instance [12, Th. 1.16])

Span{(n?Iy, + Ka) Kojvi;v € CU, §€{0,...,dy —1}} = C%,
that can equivalently be written in the form (101).
5.2. Tue KALMAN cONDITION 18 SUFFICIENT. — In this section, we explain how to com-
plete the proof of Theorem 2 to prove that the Kalman rank condition (101) implies
the null-controllability of (100) in time T > T™*, in Theorem 34.
First, we treat the case d; = 1, then we generalize to the case d; > 1. From now
and until end of this subsection, C' will denote positive constants which will vary from

line to line. For 1 <4 < 2 and 1 < j < d;, we denote by v{ the j-th component of a
vector v; € C%,

5.2.1. The case of one hyperbolic component: dy = 1. By using Hamilton-Cayley’s
theorem, we know that there exist co, ..., cq,—1 € R such that

(102) K3 = coly, + c1Kog + -+ + cap_1 K53 .
By using the Kalman condition (101), the matrix P defined as follows
(103) P = (K217K22K217...7K512271K21),
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is invertible. We set

0 0 Co
. 1
- 1 0 AN . C1 - 0
(104) Kgg = 0 Co and K21 =
: . -0 : 0
0 ... 0 1 cg

From (102), (103), (104), we check that we have the following relations
K22P = PI/(Q\Q and K21 = P[/(Q\l, i.e., I/(Q\Q = P71K22P and [?21 = P71K21.
The function w = (wy,ws) = (f1, P~1f2) solves

(8t + A’@z + K11>’LU1 + (AlgP(“)x + Klgp)wg =ul, in (0, T) x T,

(105) (00— 02 + Kon s + Konun =0 in (0,T) x T,
(w1, w2)(0,-) = (wo1, woz2) in T.

The system (105) is a “cascade system”. Indeed, roughly speaking the control uq
directly controls the component wy, the component w; indirectly controls the com-
ponent w3 in the second equation through the coupling term w;, the component w3
indirectly controls the component w2 in the third equation through the coupling
term w3, ... the component wgrl indirectly controls the component wgz in the last
equation through the coupling term wgrl.
The adjoint system of (105) is

(9 — A0, + K1) g1 + Ko1"gs = 0 in (0,T) x T,
(106) (8t — 83 + I/(Q\Qtr)gg —|— (—(AlgP)“@w —|— (K12P)tr)gl = 0 in (O,T) X T,
(91,92)(0,-) = (go1, 902) in T.

From Corollary 32, we know that for every go € L?(T)¢, the solution g of (106)
satisfies

(107) l9(T, ) zzcry < Cllgrllcaiar) + 1920l 2024141 )-

By using the fact that Koy isa companion matrix, see (104), for every i € {2,...,ds},
the i-th equation of (106) is

gyt — 9295 4+ gh + bi—10501 +ai—191 =0,  with (a;_q,b;—1) € R?
Then we deduce
(108) 19311 21 (qry < Cllgs Nm-20-141(g0) + 1911122(ar))-
Here, we have used in particular that
10 = 82)95™ Ml zr-241(qr) < Cllgs " lrr-20-1+1(41)

and
16i-10291 + ai—191 || H-2i+1(gr) < Cllg1llL2(gr)-
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We deduce from (107) and (108) that

(109) (T, M z2ry < Cllgnllee(ary + lg2llzr-1(ar))-

By using the fact that IA(gl is the first vector of the canonical basis of R%, see (104),
the first equation of (106) is

g1 — A'0pg1 + K191 + g3 = 0.
‘We obtain

(110) 92l -1(ar) < CllgrllL2(gr)-

So, we deduce from (109) and (110) the observability inequality

T
HQ(T»')H%%T)d < C/o /|g1(t7m)\2d:rdt7

in the case d; = 1. This concludes the proof of Theorem 34 in the case d; = 1 by
duality.

5.2.2. The case of several hyperbolic components: d; > 1. — In this section, we deal
with the general problem of null-controllability of (100). To this end, we introduce
Kj, € R% the i-th column of the matrix Ko (1 <i < dy), i.e.,

Ko = (K211|K221| e \Kgf)7

From the Kalman rank condition (101), we construct an adapted basis of C9z.

Lemma 35. — There exist r € {1,...,d2} and sequences (j)1<j<r C {1,2,...,d1}
and (sj)1<j<r C{1,2,...,da} with 375_, s; = da, such that

T 0 0. 10
B = _Ul{Kgfl,KggKﬁ,...,K;; Ky}
]:
is a basis of C%. Moreover, for every j, with 1 < j < r, there exist O‘};,sj eR
(1<i<j,1<k<s;) such that
. J
Sj j 3 £; 3 £ 3 i—1 14

(111) Ky Ky = Z(all,stm + 0/2)8],[(22[(21 +-t aihstSg K21)~

i=1

For a proof of this lemma, see [3, Lem.3.1]. Let % the basis of C% provided by
Lemma 35 and P be the matrix whose columns are the elements of 4, i.e.,

¢ Y s1—1 70 £,
P = (K21|K22K21|~-~|K2§ 1K21‘-~-|K21

sr—1 14,
| KS Kzl).

Let us observe that the basis % has been constructed in such a way that (111) is
satisfied.
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Let the matrices Cy; € R***%* and C;; € R**%, 1 <4 < j < r, be defined by

00 0 ... aisi
10 0 ... of, 0 ... 0 ag
101 0 ... ok, TS B : i
(112) Cii = . 3s and Ciy=1|: - ab..,
: 0 ... 0 o,
00 1 .
We set
Cii Ci2 ... Cyp
_ 0 Co ... Co _
(113) K22 = . . and Kgl I:P_lKgl.
0 0 ... Cp

From (111), (113) and (112), by denoting P; := (K§;|K22K§3\...|K;5—1K§§), we
obtain
Koy Py = (Ko K33 | K5, K31 ... | K3, K33)

_ L 2 gl 4 k Ly k Ly k sp—1 7Ly
= (K22K21’K22K21 }Zk:l (of o Kof +af Koo Kob 4 -+ af, Kb K21))

i—1 Ly 4 Sk — 4
= (0] [0 STih (o o Ikt + 0 Koo BCES + -+, K35 KCE))
+ (Koo Kgi [ K5, K31 | [ (0, Kot + by KooKy + - + ol K55 Ka1))
= P1Cy; + PoCy; + -+ + POy

Therefore,
114 KgoP = PKyy and Pes = K%, 1<i<r,
i 21

where eg, is the S;-element of the canonical basis of C%2 with S; = 1 +Z;;11 s;. In the
following, we will also use the notation S, := ds + 1.

We argue as in the previous subsection. We perform the same change of variable
w = (wy,ws) = (f1, P~ f2), we consider the solution g of the adjoint system

(0, — A0, + K g1 + Ka1'Tgo = 0 in (0,7) x T,
(115) (8= 02 + K" ) g2 + (—(A12P)0, + (K12P)™)g =0 in (0,7) x T,
(91,92)(0,) = (go1, go2) in T.

We recall from Corollary 32 that the solution g of (115) satisfies

(116)  lg(T, Mzzcry < Clg1llL2ar) + 92l m-2m01qp)), With m = max s;.

We use the coupling terms in the system (115) in order to get rid of the term
||gg||%1,2m+l(qT) in the right-hand side of the inequality (116).

From the cascade form of the matrix I/(g\g, see (113), more precisely from the cascade
form of the block matrix C;; and the form of the matrices Cy ,...,Ci—1,, see (112),
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the equations of the adjoint system (115) are

(117) ViG{l,...,’f’}, V]G{SZ, Si+1—2}
Ol — 02g% + ]“Jer” L9t +akgb =0, (af;,bF;) € R®

We deduce successively from (117) w1th
J=8i4+1—2,841-3,...,84+1—2— (5 —2) = S,

the following estimates

Si+172

HH‘QSz“H(qT) <C(llg
C(||92Si+173||H—2(s71—2)+1(qT) + ||91||L2(qT))

Hgégﬁlil ||H—2(Si_1)+1(qT) + ||gl||L2(qT))

NN

N

Sip1—2—(si—2)
C(HQQ * ’ HH*l(qT) + Hgl||L2(qT)).
So, we have for every i € {1,...,r} and j € {S; +1,...,S;41 — 1},

(118) H=1(qr) T ”ngLZ(qT))'

Hg;HH*W’Wl(qT) <C(

—; )
Then, by using (113) and (114), we have Ky, = P~'K} = eg,. Consequently, the
£;-th equation of the adjoint system (115) is

dy
atgl + Za[ k@mgl + b[ kgl +92 — U, (aéq‘,7k7b£i7k) € Rz'
k=1
Then, we obtain
(119) Hg2 ||H Lgp) X C’”ngL2 (qr)"

By gathering (118) and (119), we obtain
(1200 Vie{l,....rh Vi€ {Si- o, Sivr = 1} [|93]l gosmsr gy < Cllorllzzgqr)-

By using that {S1,...,52—1,53,...,83—1,...,5, ..., 841 — 1} ={1,...,d2}, we
finally deduce from (120) and (116) the observability inequality

T
HQ(T,')H%%T)d < C/o /|g1(t,x)\2dxdt.
w

This concludes the proof of Theorem 34 in the case d; > 1 by duality. g

6. HYI’ERB()LIC CONTROL: COUPLING OF ORDER ONE

The goal of this section is to prove Theorem 3. The requirement of the Kalman rank
condition (6) for null-controllability is an adaptation of the proof given in Section 5.1.
Now, we explain how to complete the proof of Theorem 2 to prove that the Kalman
condition is sufficient for null-controllability. We set

(121) Fs = LQ(T)dl X L;(T)dz = {fo = (f017f02 S L /foQ dl‘ = 0}
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We only give the proof in the case d; = 1. The case d; > 1 is an easy adaptation
of the case d; = 1 and the arguments already presented for coupling terms of order
zero in Section 5.2.2.

6.1. A SPECIAL OBSERVABILITY INEQUALITY. The goal of this section is to prove the
following observability inequality.

Prorosition 36. There exists C > 0 such that for every go € Fa, the solution of
the adjoint system (31) satisfies

(122) (T, M2 ry < C(lg1llZo(qry + 1022 921120041 (4))-

In order to prove Proposition 36, by a duality argument, it is sufficient to establish
the following null-controllability result.

Prorosition 37. — For every fo € Fa, there exists u € L?*(qr)® x (Hgdrl(QT))d2
such that S(T, fo, (un, 8521‘1))) =0.

Proof of the equivalence between Propositions 36 and 37. — We apply Lemma 14 with
®y: fo € Fa— f(T,-) € Fa,

where f is the solution to the system (Sys) with initial data fy, and control v = 0,
and
Og: u = (u1,us) € L*(gr)™ x Hy™*(qr)® +— f(T,-) € Fy,

where f is the solution to the system (Sys) with initial data fo = 0 and control
(u1,0%usy). Note that by integrating the second equation of the system (1), we see that
a control of the form (u1, 9%2uy) cannot change the mean of the parabolic component.
This justifies that ®5 and ®3 do indeed take values in Fs.

The null-controllability result of Proposition 37 is equivalent to the existence of
C > 0 such that for every gr € L?(T)<,

(123) 185(0r) s < CHDSG7) 2yt iz o

We have ®5(g7) = (e~ T%)*gr = e 7% gr. We claim that the right-hand side of
the inequality (123) satisfies

(124) ||(I>§(gT)||L2(qT)d1 ><Hgd2_1(qT)d2 = H(glv (_1)d2ag2g2)”L2(qT)d1 x H—2d2+1 (qp)%2

where g = e~ (T=9<" g, This will prove that the inequality (123) is exactly the
observability inequality (122).
We write ®3 as
3 = Fro(1,02)0(I,124y-1),

where Zr: L?(qr)? — L?(T)? is the input-output operator introduced in the proof
of Corollary 32, 3% is seen as an unbounded operator on L?(T)% with domain
H%(T)% and 14, 1: H?*¥* 1 (qr)% — L%(qr)? is the inclusion map (see Lemma 33).
Note that while ®3 written this way looks like an unbounded operator (because 9% is),
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we have Im(94,—1) C D(@gz), so that the composition of operators above is indeed a
continuous operator. So, we have
* * do \ * * * do qd *
o3 = (I, L2d2—1) o (1,(05%)") 0 Fp = (I’L2d271) o(l,(=1)"0;?) o Fyp.
Since 134, is an isometry between Hgdrl and H~2%2%1 (see Lemma 33), this proves
the relation (124). O

First, we show that the null-controllability result of Proposition 37 is true at the
high-frequency level, i.e., we prove the following adaptation of Proposition 20.

Prorosition 38. — There exist a closed subspace 4* of L*(T)¢ with finite codimen-
ston and a continuous operator

UG — L2((0,T') x w)™ x C®((T",T) x w)®
Jo > (un, up),
that associates with each fo € 9% a pair of controls % * fo = (un,up) such that

(125) Y fo € 9%, TIS(T; fo, (un, 0%2u,)) = 0.

In order to prove Proposition 38, it is enough to prove Proposition 22 with parabolic
control of the form d%2u,. Thus, by using Section 4.4.1, it is sufficient to show the
following adaptation of Proposition 25.

Prorosition 39. If ng is large enough, then for every T > 0, there exists a contin-
uous operator

wE*: FP — C((0,T) x w)®
fo— up,
that associates with each fo € FP a control %%:* fo = u, such that
P S(T; fo, (0, 042up)) = 0.

Proof. — Let fo € FP and f? be such that 9% f3 = f,. Note that f¢ is well-
defined because fT fo(x)dz = 0. We know from Proposition 25 that there exists
u, € C((0,T) x w)? such that the solution f* of (Sys) with initial data f$ and
control (0,up) satisfies

P f*(T,-) = 0.
Then, by setting f := 992 f* and by applying 992 to the system (Sys) satisfied by f*,
we deduce that f is the solution of (Sys) with initial data fo and control (0,9%2u,,)
and satisfies

pr(T7 ) =0,
because 992 and TP commute.

We get the conclusion of the proof of Proposition 39 with the continuous operator
U5t (fo) = %5(f$) where Y. is the operator defined in Proposition 25. O
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Secondly, we have to show that the null-controllability result of Proposition 37 is
true at the low frequency-level, as we have already shown for Theorem 2 in Section 4.5.
All the steps of Section 4.5 remain unchanged except Step 6. Indeed, the unique
continuation argument transforms into: if f(¢,-) = et™ fo with (f1,0%f2) = (0,0)
in (0,¢) x w then (fo1,0% fo2) = (0,0) thanks to the spectral inequality of Lebeau-
Robbiano (90), that is to say, fo = 0 because fT foa(z)dz =0.

This concludes the proof of Proposition 37, thus the proof of Proposition 36. O

6.2. THE CASE OF ONE HYPERBOLIC COMPONENT: di = 1. Let us now give the proof of
Theorem 3.
By Hamilton-Cayley’s theorem, there exist co,...,cq4,—1 € R such that

A = cola, + 1Az + -+ cap1AJ
By using the Kalman condition (6), the matrix P defined as follows
= (Aa1, Ay Apy, ... AR Ayy),

is invertible. By setting

0 0 Co
. 1
- 1 0 . C1 - 0
(126) A22 = 0 cy and A21 = o E
SRR | 0
0 ... 0 1 ¢gp 1

we check that we have the following relations
AgyP = PAgy and Ay = PAyy, ie., Agy = P Ay P and Ay = P~ Ay,
Then, by setting w = (wy,ws) = (f1, P~1f2), we have

(8t + A’@w + Kll)wl + (Algpaw + Klgp)wg = Ullw in (0, T) X T,
(127) (00 = 02 + 4520, Yz + Ay = 0 in (0,T) x T,
(wl, ’U}Q)( ) (w01; wog) in T.
The system (127) is a “cascade system” with coupling terms of order one in the spatial
variable.
The adjoint system of (127) is

(9, — A", + K1) g1 — A1 8pg2 = 0 in (0,7) x T,
(128) (9 — 82 — A0, ) g2 + (—(A12P)" 8, + (K12P)*)g1 =0 in (0,T) x T,
(91,92)(0,-) = (go1, goz) in T.

We know from Proposition 36 that the solution g of (128) satisfies

(129) 19(T, ) ez < C(llgall2(gr) + ||3§292||H—2d2+1(qT))-
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By using the fact that Zg\g is a companion matrix, see (104), for every i € {2,...,ds2},
the i-th equation of (128) is

(130) gyt — 0295 + 0494 + bi—10291 + a;_191 = 0, (ai—1,bi—1) € R%
By applying 97! to (130) with i € {2,...,ds}, we get that there exists C' > 0 such
that
”6;9%”H*21+1(q7~)
< C(100 = 0205 g5 241 (qry + 1 (bi10% + ai 10 ) gall m-2i+1(gr))
therefore we have
(131) 10295 | tr-2i+1 g7y < C 10505l -20-141 (gpy + 19111 L2(ar)) -
We deduce from (129) and (131) that

1907, Ylzscry < C gl zatan) + 102 gall sr—ssm1car))
do
(132) (PSS T Py
1=1

< C(llg1llL2r) + 102951l -1(ar) ) -

By using the fact that Z; is the first vector of the canonical basis of R%, see (126),
the first equation of (128) is

dg1 — A'0pgr + K111 + 0295 = 0.
We obtain
(133) 1029211 -1 (gr) < Cllgnll Lz (gr)-
So, we deduce from (132) and (133) the observability inequality
19(T; )2y < Cligrllz2gr)s

which concludes the proof of Theorem 3 in the case d; = 1. ]

7. PARABOLIC CONTROL

The goal of this section is to prove Theorem 4 and to illustrate the necessity of a
regularity assumption on the initial condition.

7.1. A REGULARITY ASSUMPTION IS NECESSARY. We consider for A € R* the system
(134 Ouf1 + Ao f1 + O fo = 0, in (0,7) x T,
atf"; - a%},; + )‘8&?2 = U(tvx)a in (OaT) X Ta

ie,w=T,d=2, m=1,

=G weon o= w-()

J.IEP. — M., 2020, tome 7
’ /



792 K. Beavcnarp, A. Koenic & K. LLE BaLc'n

that satisfies (H.3), (H.4) and the Kalman condition (12) because A5 = 1. By The-
orem 4, any initial condition fo = (fo1, fo2) € HZ x H?*(T) is null-controllable. The
following statement illustrates that

— a regularity assumption on fy; is necessary for the null-controllability,

— that given by Theorem 4 is sufficient but may not be necessary.

Provosition 40. —  An initial condition fo = (fo1, foz) € L2(T) x L*(T) is null-
controllable with v € L*((0,T) x T) if and only if for € H*(T).

Remark 41. — Similar problems of regularity between initial data and control have
already been noticed in the context of transport systems, see [1, Rem. 5].

Proof. In the proof, we use the notation Q7 = (0,T) x . The change of variable
fj(t,x) = fi(t,z — \t), v(t,x) = u(t,z — At)

leads to

(135) .
atfg — 8%]62 = u(t,x), m (O,T) x T.

{atfl —0uf2 =0, in (0,7) x T,

The null-controllability of (]?1, ]72) with control v € L?(Qr) is equivalent to the null-
controllability of (f1, f2) with control v € L?(Qr). On Fourier components, Equation
(135) gives the ordinary differential equations

- Stn) = infa(tm),

%fg(t, n) = —ang(t,n) +a(t,n).

Let fo = (fo1, foz) € L%(T) x L*(T). The solution writes

. t

Fat,n) = foa(n)e ™t + / e g7, n) dr,
0

~

filt,n) = flo(n) + in/o fg(r, n)dr
1— e—nQ(t—T)

= Jorln)+/n(1 =) foo(n) +in [ ).

n2
thus the relation f(7') = 0 is equivalent to the moment problem
T
/ e_”z(T_T)ﬁ(T, n)dr = —fog(n)e_”zT7 Vne€Z,
(137) 0 T
/ u(r,n)dr =info1(n) — fo2(n), Vn € Z~{0}.
0

Note that the assumption [1 for = 0 implies [, fi(t) = 0 for every ¢ > 0 thus the
null-controllability of this component does not require any condition on the control u.
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Necessary condition. We assume fy = (fo1, foz) null-controllable with a control
u € L?(Q7) and we prove that fo; € H'(T). By the Bessel-Parseval equality and

Cauchy-Schwarz inequality,
T
/ u(t,n)dt
0

||U||L2(QT) - Z/ a(t,n)>dt > Z
. ~ 1
> 3" lindor () — Foom)” = 102 for — oo o

nez nGZ
nez

2

thus fo1 € H(T).

Sufficient condition. — We assume fo = (fo1, foz) € HL x L*(T) and we construct a
control u € L2((0,T) x T) that steers this initial condition to 0.

Let G, be the Gramian matrix, in L?(0,T), of the family (w1 n,ws2,) where
Wip: T ne=""(T=7) and wo, 1 T = 1, de, (Gn)i; = fOT Wi (T)w; (1) d7 for
every 1 < i,j < 2. Then G, is invertible for every n € Z ~ {0} (because it is the
Gramian matrix of a linearly independent family) and, when |n| — oo,

(2

thus there exists C' > 0 such that, for every n € Z ~ {0}, ||G;;}|| < C. We take

u(r, ) = f02( )+ Z (nwin(7T) + 5nw2,n(7—))einw

ne€Z~{0}

where

_ N —n?T
(138) (47) =6t p e ).
B infor(n) — foa(n)
By Bessel-Parseval equality, we have for various positive constants C' depending on T',

ilisian = o+ [ 3 fonnt) + a0t

n€Z~{0}
1 -
< FlfoOP +C Y0 (lonf* +184f%)
neZ~{0}
1 o L~ ~
<f|f02 > +C Z (Infoz(n)e™™ T2 + [infor (n) — for(n)[?)
neZ~{0}

C (I forllFrczy + N fo2llZ2(r)) < oo
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Thus u € L?(Qr). Note that the moment problem (137) can equivalently be written
T
/ a(T, 0) dr = *fog (0) 5
0
T ~ 2
(139) / w1 (T)(1,n) dT = —nfoe(n)e™™ T, V¥n e Z~ {0},
0

T
/ wan (T)0(T,n)d7 = info1(n) — fo2(n), VneZ\ {0}.
0
Therefore, by (138), u solves (137). O

7.2. Proor or Turorem 4. — The Kalman rank condition (12) is a necessary condi-
tion for null-controllability of (10) by the same arguments as in Section 5.1. Thus we
only explain how to complete the proof of Theorem 2 to prove that it is a sufficient
condition for null-controllability of (10). We introduce the space

(140) Fy := HOTH(T)% x HA+H(T)z,
equipped with the scalar product of H%*+1(T)¢ and the space
(141) Fy1 = L2 (T)% x L3(T)%,
equipped with the scalar product of L?(T).
The null-controllability of the system (10) in Fy with control of the form (0, uz) €
{0} x L2%(gr)® is equivalent to the following observability inequality: for every

T > T*, there exists C > 0 such that, for every gy € F1, the solution of the adjoint
system (31) satisfies

T
(142) 9T oy <€ [ [ it arar.

where go(t, ) € C% is made of the last dy components of g(t, z).

Proof of the equivalence between the null-controllability in ¥1 and the observability in-
equality (142)
We apply the duality lemma 14 with

by: fo e Fy— e_T‘ffo € ﬁ,
®3: uy € L2(qr)® — S(T;0,(0,us)) € Fy.
Note that the mean value of the d; first components is indeed zero. The null-

controllability result in F; is equivalent to the inclusion Im(®s) C Im(®Pj), thus to

the existence of a constant C' > 0 such that for every gr € F;

(143) 195 (97) | rras+1.(mya < Cll®3(97) | L2 (g2 -

We compute the adjoint operators of ®5 and ®3 thanks to the duality relation between
the solution f of (Sys) and the solution ¢(-) = g(T — -) of the adjoint system (31):

T
(144)  (F(T), o(T)) 1ogrys = (F(0), 9(0)) ooy + / / (us(t, 2), pa(t, 2)) dt de.
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First, ®%(gr) is the restriction of the da-last components of e*~T)%" gr to [0, T] x w.

Then, by (144) and Lemma 33 (working as in the proof of Corollary 32), the left-hand
side of (143) is

195 (g2) [l s +1(mya = le™™ grll pg—caren (ya-
Thus the inequality (143) is indeed the observability inequality (142). O

By using the strategy developed in Section 6, we claim that, in the case dy = 1,
it is sufficient to prove the following result in order to prove the observability inequal-
ity (142).

Prorosition 42. — For every T > T*, there exists C > 0 such that for every go € ﬁvl,
the solution g of the adjoint system (31) satisfies

(145) (T, o carin e < CUIOT 911 car > gy + 11920122 (g)) -

The observability inequality (145) has to be compared to the observability inequal-
ity (122) in Section 6. Roughly speaking, the term \|5‘glgl||H_(d1+1)(qT) comes from
the fact that we will perform (d; — 1) steps of elimination, each of them “costs” one
derivative (instead of two in Section 6.2) because we will use transport equations
which are of order one in time and space (instead of parabolic equations which are
of order two in space variable). The last step of elimination “costs” two derivatives
because we will use a heat equation which is of order one in time and two in space.
This explains the number (d; —1)4+2 = d; +1 derivatives. By adapting the arguments
of Section 5.2.2, we can also treat the case do > 1.

In order to prove Proposition 42, by duality (a simple adaptation of the proof
that Proposition 36 and Proposition 37 are equivalent), it is sufficient to establish the
following null-controllability result.

ProrosriTion 43. For every fo € F1, there exists
u = (un,up) € (H3"(qr))™ x L?(gr)®
such that S(T, fo, (0% un, up)) = 0.

The proof of this result is an adaptation of the proof of Theorem 2:

— we prove that parabolic high frequencies are null-controllable,

— we prove that hyperbolic high frequencies are null-controllable,

— we combine these two propositions to prove that high frequencies are null-
controllable,

— we finally deal with low frequencies.

For the first point, we just need a special case of the corresponding result that was
used in the proof of Theorem 2, i.e., Proposition 22.

Prorosition 44. If ng is large enough, there exists a continuous operator
UPE:Fy x HEMTH(0,T) x w)b — C((T,T) x w)®

(fo, un) — up,
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that associates with any (fo,un) € F1 x HZUTH(0,T") x w)™ a control u, =
UPH(fo,un) such that
TP S(T5 fo, (95" un, up)) = 0.

Proof. — Proposition 44 is a consequence of Proposition 22 because
Fy x HZ" (T, T) x w)®
is continuously embedded in L?(T)? x L2((T", T') x w)?2 and % uy, € L2((0,T") x w)®
for every uy, € HZ" (0, T) x w)®h. O
For the second point, we will prove the following adaptation of Proposition 21.

Prorosition 45. — If ng is large enough, there exists a continuous operator
UM Ty x HIM (T, T) x w)® — HZDH((0,T7) x w)™
(f07 up) > Up,

that associates with any (fo,up) € Fi x HI"TH((T',T) x w)® a control wy, =
U (fo,up) such that

(146) "S(T; fo, (95 un, up)) = 0.

While the ideas of the proof are the same as for Proposition 21, the proof of this
Proposition is technically more delicate, as we have to build regular controls, and,
on the observability side, deal with the (slightly impractical) Hi and H~° norms.
We postpone the proof to the next subsection. For now, let us assume Proposition 45
holds true, and finish the proof of Theorem 4.

We now combine Propositions 44 and 45 with the Fredholm alternative, as in the
proof of Proposition 20, to prove that high frequencies are null-controllable. That is
to say, we get the following adaptation of Proposition 20.

Prorosition 46. — There exist a closed subspace 4% of F with finite codimension
and a continuous operator

%]j: g]ﬁ N Hgd1+1(qT)d1 % Hgd1+1(qT)d2
fO — (uhvup)a
that associates with each fo € 9% a pair of controls %% fo = (un,up) such that
(147) Y fo € 9%, TLS(T; fo, (09 un, up)) = 0.

The last step consists in showing that the null-controllability result of Proposi-
tion 43 is true at the low frequency-level, as we have already shown for Theorem 2
in Section 4.5. All the steps of Section 4.5 remain unchanged except Step 6. In-
deed, the unique continuation argument transforms into: if f(¢,-) = e'™ f; with
(0% f1, f2) = (0,0) in (0,€) x w then (8% fo1, fo2) = (0,0) thanks to the spectral
inequality of Lebeau-Robbiano (90), that is to say, fo = 0 because [ fo1(x)dz = 0.

This concludes the proof of Proposition 43 thus the proof of Proposition 42. O
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7.3. Proor or Prorosirion 45. The proof of Proposition 45 is an adaptation of
that of Proposition 21, with the following changes:

— we deal with the fact that we want a control of the form (9%!uy,0),

— we adapt the duality argument to take into account the regularity of the controls
that we want (it involves some H~* norms),

— we adapt all the inequalities to replace the relevant L? norms by H ~° norms,

— to build regular controls of the simple transport equation 0;f + ud.f = 0, we
use [1].

Step 1: reduction to an exact controllability problem. — We claim that in order to prove
Proposition 45, we only have to prove the following exact controllability result.

Prorosition 47. If ng is large enough, then for every T' > T*, there exists a
continuous operator

wyF PP AT — HyB T (g )™
fT’ —— Unp,
that associates with any frr € F* 0 H24 (T4, o control Z%H(fr/) = uy such that
HhS(T/v 07 (uha 0)) = fT/'

Indeed, by the choice of support in time of the controls, and by the reversibility of
e~t" (see Section 4.3.1 for the details), the relation (146) is equivalent to

" (S(T";0, (081 up, 0))) = —eT=TIL IS (T fo, (0,up)).

Note that functions in F® have zero mean (see the definition (42) of F™). Thus, od
is invertible on F®, and its inverse 0, 41 is, on the Fourier side, the multiplication
by (in)~%. Moreover, the operator 9, commute with II" and the semi-group e~*<.

So the relation (146) is equivalent to
(148)  TO(S(T30, (un,0))) = —0; elT=TIL TIS(T fo, (0, uy)) = K (fo, up).
So, if Proposition 47 holds, we may choose (assuming it makes sense)
un = Ly (K (fo. up)).
Thus, to end this first step, we just have to check that the right-hand side K (fo, up)
of (148) is indeed in F® N H2h+1(T)d,

The projection IT" has range F®, and et?" sends FP to itself, as do 9;%. So
K(fo,uyp) belongs to F!.

The group e4" sends every H $(T)? into itself (see Remark 13). Since II" is just
the multiplication on the Fourier side by P"(i/n), the operator IT" also sends every
H*(T)? into itself. Thus, we just have to check that S(T, fo,(0,up)) = e 1< fo +
S(T,0,(0,up)) € H1TH(T)? because 9,4 sends HHFH(T)? into H241+1(T)4,

— The function fy belongs to H4*1(T) by hypothesis, so e~ 7 f, also belongs to
H%4HL(T) (see Remark 13).

JE.P.— M., 2020, tome 7



798 K. Beavcnarp, A. Koenic & K. LLE BaLc'n

— The parabolic control u,, belongs to Hgd1+1((T’,T) x w)9 by hypothesis, thus
for almost every t € (0,7), (0,up)(t,) belongs to H21+1(T) and thus

T
S(T:0,(0,up)) = / e~ (T=DZ (0, )(8) dt € HH+1(T)e.
0

This concludes this first step.

Step 2: Observability inequality associated to the controllability problem of Proposi-
tion 47. — Let

By :=T1" 0 194, 41: H*PTH(T)? — L2(T)?
be the restriction of IT* to H2%+1(T)4 and
g = 11" 0 Fps 0 (124,41,0): Hy™ (g )™ — L*(T)",

where (194,41,0) stands for the map u, € HZ* ™ (gr )% — (up,0) € L?(gr)?. Note
that ®5 and ®3 are continuous.

The controllability problem of Proposition 47 is equivalent to the inclusion
Im(®2) C Im(®3). Therefore, according to the duality lemma 14, it is equivalent
to the following inequality: there exists C' > 0 such that for every go € L?(T)?,
19390 g2as+1(mya < C||(I>§go||Hgd1+1(qT,)d. Since II"" is a projection on I::}/l, since

Fr.go is the restriction of the first di components of e~ T'=DZ" g0 to qrv, and

(10) this inequality reads: there ex-

since ¢} is an isometry between Hg and H ™7,
t2" 4o of the adjoint

ists C > 0 such that for every gy € F", the solution g = e~
system (31) satisfies

(149) 190ll zr—202-1(mya < Cllgallr-201-1(g7)1 5

where g; are the first d; components of g.

Let go € F™. For the remaining of this proof, we use the notation of Section 4.3.2,
and in particular we introduce the decompositions (61) and (62). In the following
arguments, the constants C' do not depend on gjg.

Step 3. — We prove the observability inequality (149) assuming that, for every p €
Sp(A’), there exists C' > 0 such that the solution GZ of (70) satisfies

(150) G0, )l gr-arsn ) = IGO0, Ml gr-carin(my < CUGLl-ca o (gr)-

We will prove (150) in Step 4.

We proceed as in the proof given in Section 4.3.2. By the explicit expression (66)
of S,, and Bessel-Parseval identity, there exists C' = C(1”) independent of gy such
that

(151) HSM||Loo((o7Tf),H—(2d1+1>(T)d) < C’||g(07 ) ||H7(2d1+2>(11‘)d'

(10)See Lemma 33, and also recall that because T has no boundary H§(T) = H*(T).
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Using the Duhamel formula, we obtain that the function G . defined by (68) satisfies

(152) ||GH - GZ||Lw((O’T/),H—(2d1+1)(T)d)
h *
< C|le"u®) Sullro,rr),m-arr (myay < Cllgoll gr-car+2 (pya-

By (150), the triangular inequality, (68) and (152), we deduce that

(153) 1G (0, )| -2+ (pya < CUIGull -y (gpya + G = Gl - (g )a)
S C(IGull a1 (gpye + 190l fr-ar+2) (1ya) -

Using Bessel-Parseval identity and the decomposition (73), we obtain
(154) Gy = P0)* gl poo 0,77y, 11— s+ (myay < Cligoll pr-2ar+2) (pya-
We deduce from (153), the triangular inequality and (154)) that
1G (0, ) - carenmya < C(IBR0)* gl ir-caren gpya + 190/l -ea m)a)-
Taking into account that P};(O)* = P,EI(O)*Ph(O)*7 we get(1D)

12 (0)* gl gr-car+0 gy < PR O) I PH0)*gll 11 2r 0 (gya < Cllgallzr-canen gy -
Using (62), the triangular inequality and the previous two estimates, we obtain
g0l sr-earn(mys < Y NGu(0, )| -y pya
(155) HESP(A”)
< O(llgrll -t (g yar + 190l gr—car+2)(pya)-
Proceeding as in the end of the proof given in Section 4.3.2, the inequality (155),

together with a compactness-uniqueness argument, end Step 2.

Step 4: We prove that the solution GZ of (70) satisfies (150). By duality, it is actually
enough to prove the following exact-controllability result.

Prorosition 48. — Let w = (a,b) and T' > (27 — (b — a))/|p|. For every (fo, f1) €

(H?HY(T)N)2, there exists u € HZ (qr)? such that the solution f of
(156) 8tf + Naxf =ul, in QT’a
70, = fo in,

satisfies f(T',-) = fr.

To prove Proposition 48, we will use the following lemma, which is an easy adap-
tation of [1, Lem. 2.6].

(1D)Remark that if K is a matrix and f € (H%)4, then |Kf|lg-= < |K||fllzg—=- Indeed,
denoting by (-, -) the duality between H§ and H~*, we have for every g € H§, (K f,g) = (f, K*g) <
£l < g0llgg < 171« 1< [l 5. and taking the supremum over [lglsz5 = 1, we do have

IE fllpr—s < K f 11—

JE.P.— M., 2020, tome 7



8oo K. Beavcnarp, A. Koenic & K. LLE BaLc'n

Lemma 49. Let w = (a,b) and T > (27 — (b—a))/|p|. Then, there exist 6 > 0
small enough and a cut-off function n € C([0,1"] x [0, 27]) with

(157) n=0in[0,T] x [0,27] ~ (6, T' — 8) x (a + 6,b — 4)),

such that, for every x € [0, 2n],

T/
(158) Q= / n(s,x + ps)ds # 0.
0

Remark 50. We assumed that the function 7 is extended by 27-periodicity in the
spatial variable.

Now, we give the proof of Proposition 48 thanks to Lemma 49.
Proof of Proposition 48. — We take the control

(159) wlt, ) = 1t D)Q; L (fro(w + BT — ) — folw — pt)).

We easily check that the control u belongs to H}(qr) by using the support of n (157),
and the regularity of the three functions 7, fr- and fy. Let f be the solution of (156)
with initial data fy and control w defined in (159). We just have to check that f
satisfies f(T”,-) = fr. We write the solution along the characteristic, that is to say

S ) = ult, 2+ 6) = 0t + )@ (o4 AT~ fola).

By integrating in time between 0 and 7" and by using the definition of @, (158),
we obtain

T+ uT') = £(0,) = fro (- + pT") — fol),
then f(T',-) = fr- which concludes the proof of Proposition 48. O

This ends the proof of Proposition 47. O

APPENDIX. P(fRE TRANSPORT SOLUTIONS ARE NOT ENOUGH TO DISPROVE
THE OBSERVABILITY INEQUALITY

Prorosrrion 51. Let us assume that the d x d* matriz
(B|AB|...|AY'B)

has rank = d, or, equivalently, that there is no eigenvector of A* in the kernel of B*
(see for instance [7, Lem.1]). Let u € R and T > 0. There exists C = C(u, T) > 0112
such that every solution of the adjoint system (31) of the form g(t,x) = go(x — pt)
satisfies ||g(T, )|l L2(rye < CllgllL2(jo, 1) xw)d -

This statement shows that, for a dense set of matrices (A, B), pure transport
solutions of the adjoint system (31) cannot be used to disprove the observability
inequality (32), and thus the null-controllability of (Sys).

(12)With the help of Proposition 7, we could even prove that C'(u, T') can be chosen independently
of w.
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Proof. — Let us note Sol,, the set of solutions of the adjoint system (31) of the form
go(x—put). Remark that according to the expression (33) of the solutions of the adjoint
system, the relation go € Sol, is equivalent to

(160) Wi # 0, nB(i/n)"Go(n) = ingo(n)-

We claim that Sol,, is finite dimensional. Indeed, if it is infinite dimensional, then,
according to the relation (160), there is infinitely many n such that iy is an eigenvalue
of nE(i/n). Let (X,,)r>0 be an associated sequence of eigenvectors, chosen such
that |X,,, | = 1. Since the unit sphere of C¢ is compact, we may assume that (X, )
converges to some X with |X| = 1. Then we have

1 * . .

And since —iA*X,, + (nx) 'K*X,, —— —iA*X, we must have B*X = 0 and

k——+oo

A*X = —pX. But this is in contradiction with the hypothesis of the proposition.
Therefore, Sol, is finite dimensional.

So, according to the description (160) of Sol,, there exists N > 0 such that every
solution of the adjoint system (31) of the form go(z — pt) has no frequencies higher
than N: Sol, C Span{e,, |n|] < N}. But finite linear combination of exponentials
have the unique continuation property.(**) So the expressions || go(- — uT)|| r2(my¢ and
lgo(z — 1t)|| L2 (0,77 xw)+ Doth define a norm on Sol,,. Since Sol,, is finite dimensional,

these two norms are equivalent. This proves the claimed inequality. O
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