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Null-controllability of linear parabolic-transport systems

Karine Beauchard? Armand Koenig! Kévin Le Balc’h?
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Abstract

Over the past two decades, the controllability of several examples of parabolic-hyperbolic
systems has been investigated. The present article is the beginning of an attempt to find a
unified framework that encompasses and generalizes the previous results.

We consider constant coefficients heat-transport systems with coupling of order zero and
one, with a locally distributed control in the source term, posed on the one dimensional torus.

We prove the null-controllability, in optimal time (the one expected because of the transport
component) when there is as much controls as equations. When the control acts only on the
transport (resp. parabolic) component, we prove an algebraic necessary and sufficient condition,
on the coupling term, for the null controllability.

The whole study relies on a careful spectral analysis, based on perturbation theory. The
proof of the negative result in small time uses holomorphic functions technics. The proof of
the positive result in large time relies on a spectral decomposition into low, and asymptotically
parabolic or hyperbolic frequencies.
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MSC 2010: 93B05, 93B07, 93C20, 35M30.
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1

Introduction

1.1 Parabolic-transport systems

We consider the linear control system

Of — BO2f+ Ad,f + Kf = Mul, in (0,T) x T, g
£0,) = fo inT, (Sys)
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where

e T'>0,T =R/(27Z), w is a nonempty open subset of T, d € N*, m € {1,...,d}, A,B,K €
RdXd, M e RdX"L7

e the state is f : [0,7] x T — R,
e the control is u : [0,7] x T — R™.

We assume
d=di+dy with1<d; <d, 1<dy<d, (Hl)
0 0 .
B= <0 D), with D € R¥%2*%2 (H.2)
R(Sp(D)) C (0, 00). (H.3)

Introducing the analogue block decomposition for the d x d matrices A and K, the d x m matrix
M and the function f,

_ (A A _ (K Kie _ (M  (fit, )
A(A21 A22)’ K(Km K22)’ M<M2)’ f(t’m)(fg(t,x)>’

we see that the system (Sys) couples a transport equation on f; with a parabolic equation on fo

(0 + A0y + K11) f1 + (A120, + Ki2) fo = Myuly, in (0,7) x T,
(3t - D@% + Ag00, + K22)f2 + (Aglax + Kgl)fl = Msul, in (O,T) x T, (1)
(f1, £2)(0,) = (for, fo2) in T.
We make the following hypothesis on the matrix A’
A’ is diagonalizable with Sp(A4’) C R. (H.4)

We will prove later, with vector valued Fourier series and a careful spectral analysis, that for every
fo € L3(T,C%) and u € L2((0,T) x T,C™), there exists a unique solution f € C°([0,T], L?(T)%) of
(Sys) (see Section 2.2.3). In this article, we are interested in the null controllability of (Sys).

Definition 1. The system (Sys) is null-controllable on w in time 7T if for every f, € L?(T;C?),
there exists a control u € L2((0,T) x T,C™) supported on [0,T] x w such that the solution f of
(Sys) satisfies f(T,-) = 0.

We aim at

e identifying the minimal time for null controllability,
e controlling the system with a small number of controls m < d,

e understanding the influence of the algebraic structure (A, B, K, M) on the above properties.

1.2 Statement of the results
1.2.1 Control on any component, minimal time
Our first result identifies the minimal time, when the control acts on each of the d equations.

Theorem 2. We assume that w is a strict open subset of T. We also assume (H.1)—-(H.4) and that
the control matriz is M = I (and so m = d). We define*

U(w) :=sup{|I|; I connected component of T \ w}, (2)
fts = min{|ul; p € Sp(A)},
and
[ o 5
+o0o  if e = 0.
Then

LIf I C R is measurable, we note |I| its Lebesgue measure.



i) the system (Sys) is not null-controllable on w in time T < T*,
ii) the system (Sys) is null-controllable on w in any time T > T*.

In particular, when w is an interval of T and p, > 0, then the minimal time for null controllability
s T* = 2m—lwl

Actuali;, the controls may be more regular than in Definition 1: we construct controls of the
form u = (u1,us) where uy € L2((0,T) x w)? and ug € C°((0,T) x w)?z.

The proof of Theorem 2 relies on a spectral decomposition: for high frequencies, the spectrum
splits into a parabolic part and a hyperbolic part.

The negative result in time 7' < T™ is expected, because of the transport component of the
system, but its proof is not obvious. Indeed, because of the coupling with a parabolic component,
in general, there does not exist pure transport solutions to the system (Sys), concentrated outside
(0,T) x w (see Section 3.1 for more precision). Our proof consists in disproving the equivalent
observability inequality on solutions of the adjoint system, built on non trivial finite sums of
hyperbolic eigenfunctions. Their existence is proved by holomorphic functions technics developed
by the second author [17].

The proof of the positive result, in time T > T™* relies on an adaptation, to systems with
arbitrary size, of the strategy introduced by Lebeau and Zuazua [20] to control the system of linear
thermoelasticity, that couples a scalar heat equation and a scalar wave equation. By projecting the
dynamics onto appropriate eigenspaces, the system is decomposed into 3 weakly coupled systems.
The first one behaves like a transport system, its controllability is handled by hyperbolic methods
from [1]. The second one behaves like a parabolic system, its controllability is handled by the
Lebeau-Robbiano method. The third one, associated to low frequencies, has finite dimension; its
controllability is handled by a compactness/uniqueness argument.

The null controllability of the system (Sys) in time 7" = T™ is an open problem.

1.2.2 Control on the hyperbolic component

Our second result concerns controls acting on the whole transport component, M; = I4,, but
not on the parabolic component, Ms = 0. To get an aesthetic necessary and sufficient algebraic
condition for null controllability, we also assume that the diffusion is given by D = I,, the coupling
is realized exclusively by the transport term Asq0, f1, i.e. K21 = 0 and there is no zero order term
in the parabolic dynamics, i.e. K22 = 0, which corresponds to the system

(O + A0y + K11) f1 + (A120, + K12) f2 = w11, in (0,T) x T, (4)
(8t — 8% + Aggaz)fz + Aglawfl =0 in (0, T) x T.

By integrating with respect to the space variable the second equation of (4), we see that, for being
steered to zero, an initial condition fo = (fo1, foz) € L%(T)% x L?(T)% has to satisfy

T
For any vector subspace E of L!(T) we denote by E,, the vector subspace made of functions f € E

with zero mean value, i.e. [ f(z)dx = 0.

Theorem 3. We assume (H.1)-(H.4), D = I, m =dy, My = I4,, My =0, K91 =0 and Koy = 0.
Let T* be defined by (3). The following statements are equivalent:

e For every T > T* and fo = (fo1, fo2) € L2(T)% x L2 (T)?, there exists u; € L2((0,T) x w)®
such that the solution of (4) satisfies f(T) = 0.

e The couple of matrices (Aaga, Aa1) satisfies the Kalman rank condition:

Span{AéQAlel;Xl S (Cdl,O <j< do — ].} = (Cd2. (6)



With the same proof, similar statements can be proved for the following systems:

(O + A0y + K11) f1 + (A120, + K12) fo = w11, in (0,T) x T, (7)
(0r — 07 + Koa) f2 + K1 f1 = 0 in (0,7) x T,

with arbitrary initial conditions fo € L?(T)¢ and Kalman rank condition on (Ka2, Ka1) (see Section
5),
(Or + A0y + K11) f1 + (A120: + K12) fa = u1l, in (0,7) x T, ®)
(0r — 02 + A220:) f2 + Ko f1 =0 in (0,7) x T,

with arbitrary initial conditions fo € L?(T)? and Kalman rank condition on (Ags, Ka1),

(O + A0y + K11) f1 + (A120, + K12) f2 = u1l, in (0,7) x T, 9)
(0r — 02 + Ka2) fo + A210: f1 = 0 in (0,7) x T,

with initial conditions fo € L?(T)? satisfying (5) and Kalman rank condition on (Kao, Agy).

The proof of the controllability of (4) uses 2 ingredients. The first ingredient is a strengthened
version of Theorem 2 with smoother controls, more precisely, the associated observability inequality
with observation of negative Sobolev norms of the parabolic component. The second ingredient is
a cascade structure (or Brunovski form) of the system (4) ensured by the Kalman condition, to
eliminate the observation of the parabolic component.

Proving an algebraic necessary and sufficient condition for null controllability of (Sys), involving
both matrices D, A and K is an open problem. In the context of parabolic systems, this difficulty
already appeared, see [3] and [11].

1.2.3 Control on the parabolic component

Our third result concerns controls acting on the whole parabolic component, My = Ig,, but not
on the hyperbolic component of the system, M; = 0. To get an aesthetic necessary and sufficient
condition for null controllability, we also assume that the coupling is realized exclusively by the
transport term A120; fs, i.e. K15 = 0, and there is no zero order term in the hyperbolic dynamics,
i.e. K11 = 0. This corresponds to the system

(Or + A'02) f1 + A1205f2 =0 in (0,7) x T
(6t — D@% + Aggam + ng)fz + (Aglax + K21)f1 = ’U,Qlw in (0, T) X T, (10)
(f1, f2)(0,-) = (fo1, fo2) in T.

By integrating with respect to the space variable the first equation of (10), we see that, for being
steered to zero, an initial condition fo = (fo1, foz) € L*(T)% x L?(T)% has to satisfy

/Tfm(m) dr =0 (11)

ie. fo= (fo, foz) € L3, (T)™ x L*(T)%.

We need to adapt the notion of null controllability, because null controllable initial conditions
necessarily have a regular hyperbolic component. Indeed, in (10), the source term A150, f> entering
the hyperbolic equation on f; — that has to serve as an indirect control for f; — is smooth, because
of the parabolic smoothing on f;. Such a smooth source term cannot steer to zero non-smooth
initial conditions.

Theorem 4. Let w be an open interval of T. We assume (H.1)-(H.4), m = da, My =0, My = I,,
K11 =0 and K12 =0. Let T* be defined by (3). The following statements are equivalent.

o ForeveryT > T* and fo = (fo1, foo) € HLFTH(T)% x HA+(T)?% there ewists up € L((0,T) x
w) such that the solution of (10) satisfies f(T) = 0.

e The couple of matrices (A, A12) satisfies the Kalman rank condition:

Span{(A’)7 A15Xp; Xo € C2, 0 < j < dy — 1} = C%, (12)



In Theorem 4, we assume that the open set of control w is an interval because the proof uses [1,
Lemma 2.6] (see Lemma 55 below). The generalisation of this result to a general open set w of T is
not known.

A similar statement can be obtained with the same proof, when K17, = 0, A1 = 0 under Kalman
rank condition on (A’, K13).

The proof of Theorem 4 follows essentially the same strategy as the one of Theorem 3: a
strengthend version of Theorem 2 and a cascade structure ensured by Kalman condition. The
regularity assumption on the hyerbolic component allows the elimination of the observation of the
hyperbolic component.

After Theorem 4, two problems are still open:

e the characterization of null controllable initial conditions: it may be a larger space than
H&HL(T)D x HA+L(T)% | see Section 7,

e the algebraic necessary and sufficient condition for null controllability, involving both matrices
A and K. In the context of parabolic systems, this difficulty already appeared, see [3] and [11].

1.3 Organization of the article

Section 2 is dedicated to preliminary results conerning the spectral analysis of —Bd2 + Ad, + K on
T, the well posedness of (Sys) and the Hilbert uniqueness method.

In Section 3, we prove the negative null controllability result in time 7' < T™ of Theorem 2.

In Section 4, we prove the positive null controllability result in time 7' > T* of Theorem 2.

In Section 5, we explain how to adapt this proof to get the null controllability in time 7" > T
of system (7). The interest of this section is to introduce the proof strategy of Theorem 3 and
Theorem 4, in a less technical framework.

Then, in Section 6, we prove Theorem 3 and in Section 7, we prove Theorem 4.

In Appendix A, we prove a technical result about operators on holomorphic functions, used in
Section 3.

1.4 Bibliographical comments
1.4.1 Wave equation with structural damping

We consider the 1D wave equation with structural damping and control h
Oy — 02y — 0102y + bOyy = h(t,x), (13)

where b € R. This equation can be splitted in a system of the form (Sys) by considering z :=
Oy — 03y + (b— 1)y,
Oz + 24+ (1 = b)y = h(t, ), (14)
Oy —0fy — 2+ (b—1)y =0,

ie. (Sys) withd=2,dy =do =1, m=1,

O R U = O

Rosier and Rouchon [25] studied the equation (13) on a 1D-interval, x € (0,1), with a boundary
control at x = 1 and h = 0. This is essentially equivalent to take (13) with « € (0, 1), Dirichlet
boundary conditions at x = 0 and x = 1, and a source term of the form h(t, z) = u(t)p(x), where p
is a fixed profile and u is a scalar control. The authors prove that this equation is not controllable.

By Theorem 2, we extend this negative result to general controls h (i.e. without separate
variables) for periodic boundary conditions. Here, A’ =0, u, = 0, T* = 400, the system (14) is
not controllable even with an additional control in the second equation.

In [25], the authors prove that this system is not even spectrally controllable, because of an
accumulation point in the spectrum. Indeed, by the moment method, a control that would steer
the system from an eigenstate to another one would have a Fourier transform vanishing on a set
with an accumulation point, which is not possible for an holomorphic function.



Martin, Rosier and Rouchon [22], studied the null-controllability of the equation (13) on the
1D torus, « € T, with moving controls, i.e. h(t,x) = u(t,z)1ly et with ¢ € R*. By the change of
variable x <+ (x — ct), this is equivalent to study the null controllability of the system

{ Oz —cOpz+ 2+ (1—-b)y = u(t,x)lw(m), (16)

Oy —cOpy — 2y —2+(b—1)y=0

which has the form (Sys) with the same matrices f, B, K as in (15) and

A= (—OC _OC).

In [22, Theorem 1.2], for ¢ = 1, the authors prove that any initial data (yo,y1) € H*™2 x H*(T)
with s > 15/2 can be steered to 0 in time 7' > 27 by mean of a control u € L?((0,T) X w).

By Theorem 3, we recover this positive null controllability result with a smaller minimal
time T > ¢(w)/|c| and a weaker regularity assumption on the initial data (y, 9:y)(0) = (yo,y1) €
H? x L*(T) for (13). This corresponds to an initial data (y,z)(0) € L*(T)? for (16) because
2(0) = y1 — 8%yo + (b — 1)yo. Actually, Theorem 3 can be applied for b = 1 in (16) but an easy
adaptation of Theorem 3 gives the same result for every b € R. We also prove the negative result in
time T' < ¢(w)/|c|. Here, p. = |c|, A1 =0 and Ko = —1.

The limitations in [22, Theorem 1.2] (regularity and time) are due to the use of controls with
separate variables u(t, x) = uq (t)uz(x). The proof relies on the moment method and the construction
of a biorthogonal family. A key point in both [22] and the present article is a splitting of the
spectrum in one parabolic-type part, and one hyperbolic-type part.

Finally, Chaves-Silva, Rosier and Zuazua [9] study the multi-dimensional case of equation (13),
x € Q, with Dirichlet boundary conditions and locally distributed moving controls h(t,z) =
u(t, )1, (7). The control region w(t) is assumed to be driven by the flow of an ODE that covers
all the domain 2 within the alloted time T'. Then, the authors prove the null controllability of any
initial data (yo,y1) € H> N HE(Q) x L*(Q2) with a L2-control.

In the particular case Q = T with a motion with constant velocity, Theorem 3 gives the same
minimal time for the null controllability and also the negative result in smaller time.

The proof strategy in [9] consists in proving Carleman estimates for the parabolic equation and
the ODE in (14) with the same singular weight, adapted to the geometry of the moving support of
the control.

As explained in [9, Section 5.2], the same construction cannot be used with periodic boundary
conditions.

In the very recent preprint [14], the authors propose another construction of a weight, to get
Carleman estimates for parabolic and transport equations in the torus T? (with the same weight).
In the present article, we develop another strategy.

1.4.2 Wave-parabolic systems
Albano and Tataru [2] consider 2 x 2 parabolic-wave systems with boundary control, where
e the coupling term in the wave equation is given by a second order operator with respect to z,

e the coupling term in the parabolic equation is given by a first order operator with respect to
(t, ).

This large class contains the linear system of thermoelasticity

02w — Aw + aAfd =0, (t,x) € (0,T) x Q,

00 — vAO + BOyw = 0, (t,z) € (0,T) x Q, (17)
w(t, z) = un (b, ), () € (0.T) x 0%,

0(t, z) = ua(t, ), (t,z) € (0,T) x 09,

where «, 5, > 0.
The authors of [2] prove the null controllability in large time of these systems, precisely in any
time T > 2sup{|z|;x € Q} for the system (17). The proof relies on Carleman estimates for the



heat and the wave equation with the same singular weight. This strategy inspired Chaves-Silva,
Rosier and Zuazua [9].

Lebeau and Zuazua [20] prove the null-controllability of the linear system of thermoelasticity (17)
with a locally distributed control in the source term of the wave equation, under the geometric control
condition on (©,w,T). The method is based on a spectral decomposition. For high frequencies,
the spectrum splits into a parabolic part and a hyperbolic part. Projecting the dynamics onto
the parabolic/hyperbolic subspaces, the system is decomposed into 2 weakly coupled systems, the
first one behaving like a wave equation, the second one like a heat equation. The wave equation is
handled by using the microlocal techniques developped for the wave equation [5]. The parabolic
equation is treated by using Lebeau and Robbiano’s method [19]. The low frequency part is treated
by a compactness argument relying on a unique continuation property.

The proof of the positive controllability results in the present article is an adaptation, to coupled
transport-parabolic systems of any size, of this approach, introduced for a 2 x 2 wave-parabolic
system. The transport equation is handled by using the results from Alabau-Boussouira, Coron
and Olive [1].

The framework of systems (Sys) does not cover the system (17) because the order of the coupling
terms is too high.

1.4.3 Heat equation with memory

Ivanov and Pandolfi [15] and after them Guerrero and Imanuvilov [13] consider the heat equation
with memory
{ Oy — Ay — fot Ay(r)dr = uly,, (t,z) € (0,T) x Q, (18)
y(t,x) =0, (t,x) € (0,T) x 0N

In 1D, this equation can be splitted into a system of the form (Sys) by considering v(t,z) =
t
— Jo Ya(T)dT:

3,511 + aly = 07

Oy — 3%3/ + v, = hl,, (19)

y(t,0) =y(t, 1) =v(t,0) =0,
ie.

v 00 0 1 0 0
=) =@ ) a=000) <= 03)
In [15], the authors prove that the heat equation with memory term is not “null-controllable to

the rest”. In [13], the authors prove that the scalar equation (18) is not null controllable (whatever

T > 0). Thus the system (19) is not null controllable.

Theorem 2 proves that, when Dirichlet boundary conditions are replaced by periodic boundary
conditions, then system (19) is not null controllable, even with an additional control in the first
equation.

2 Preliminary results

We want to understand the operator
L:=-Bo2+ A0, + K (20)

with domain
D(L)={f e L*(T):;—Bo2f + A0, f + Kf € L*(T)"} (21)

where the derivatives are considered in the distributional sense D’(T). Throughout the article, we
will note e,, the function z — €. We remark that applying £ to Xe,,, where X € C¢, we get

i 1
L(Xen) =n? (B + %A + nQK) Xen. (22)

Thus, if we define E(z) the following perturbation of B
Vz € C, E(z) = B+ 24 - 2°K, (23)



then £ acts on the Fourier side as a multiplication by n?E(i/n).

In Section 2.1, we apply the perturbation theory to the matrices E(z) near z = 0: the spectrum
of E(z) splits into 2 parts: one close to zero that defines the hyperbolic component, one close to
the spectrum of D that defines the parabolic component. In Section 2.2, we deduce the dissipation
of the parabolic component and the boundedness of the hyperbolic component. Thanks to these
estimates, we prove the well-posedness of System (Sys). Finally, in Section 2.3, we recall the Hilbert
Uniqueness Method.

2.1 Perturbation theory

If we want to understand the semigroup e**, we need to know the spectrum and the eigenvectors of
E(z). Here, we relate the spectral properties of F(z) to those of A and B, in the limit z — 0. This
is instrumental in all the article. Our proofs are essentially self-contained, but the reader unfamiliar
with the analytic perturbation theory in finite dimension may read [16, Ch. II §1 and §2].

For r > 0 and m € N*, we define O]"*" as the set of holomorphic functions in the complex
disk D(0,r) with values in C™*™. Our first result is the following one.

Proposition 5. There exist 1 > 0 and a matriz-valued holomorphic function P* € O™*™ such
that

i) PM0) = (" 5).

ii) for all |z| < r, PP(2) is a projection that commutes with F(z),
i) in the limit z — 0, E(2)P"(2) = O(z).

Proof. The spectrum of E(z) is continuous in z (see [16, Ch. II §1.1]). Let us consider the “0-group”
of eigenvalues, i.e. the set of eigenvalues that tend to 0 as z — 0. Then we note P"(z) the sum
of the projections onto the eigenspace” of F(z) associated with eigenvalues in the 0-group along
the other eigenspaces. Another way to define P(z) is to choose R = %minAesp(D) |A] and 7 small
enough so that for |z| < r, there is no eigenvalues of E(z) on the circle dD(0, R). Then, we define
(see [16, Ch. II, Eq. (1.16)])

Ph(z) = — = (B(z) — L)~ dc. (24)
2im Jap(o,R)

In the terminology of Kato, P"(z) is the “total projection for the 0-group”. Then, according
to [16, Ch. II §1.4], P"(2) is the projection onto the sum of eigenspaces associated to eigenvalues of
E(z) lying inside D(0, R) along the other eigenspaces. It is holomorphic in |z| < r. For z = 0, the
formula (24) that defines P"(0) becomes

1 _
ph(o):_f (B —(ly)~tdC.
1T JoD(0,R)

Then, P"(0) is the projection onto the eigenspace of B associated to the eigenvalue 0 along the
other eigenspaces (see [16, Ch. IT §1.4]). So, according to the hypotheses (H.2-H.3) on the blocks

of B, Ph(0) = (181 8) This proves 7).

According to the definition (24), P"(z) commutes with F(z). This proves ). Then we have
P2(0)E(0) = E(0)P"(0) = BP"(0) = 0,
which, along with the holomorphy of P", proves i ). O]

We say that P" is the “projection on the hyperbolic branches”. We note PP(z) = I — P"(z),
which we call the “projection on the parabolic branches”, and satisfies properties analog to P":

Proposition 6. The matriz-valued function PP is in O"*™ and

2We stress that when we talk about “eigenspace”, we mean “generalized eigenspace” (or, in the terminology of
Kato, algebraic eigenspace), i.e. the space of generalized eigenvectors.



i) PP(0) = (013, )

ii) for all |z| < r, PP(z) is a projection that commutes with E(z),
iit) in the limit z — 0, E(2)PP(z) = B + O(z2).

We will need to split the hyperbolic branches further.

Proposition 7. There exist r > 0 and a family of matriz-valued holomorphic functions (P,}f)ueSp(A') €
(Oxd)Sp(A) satisfying

i) for all p € Sp(A’) and |z| < r, P?(z) is a non-zero projection that commutes with E(z),

i) for all |z <r, P"(z)= Y P!z) and for all p # //,PE(Z)P}} () =0,
HESP(A)

iii) for every p € Sp(A’), there exists Rf, € O2*4 such that

V|z| <, E(z)P/il(z) = ,uzP/lL‘(z) + ZZRE(Z).

Remark 8. For u € Sp(A4’), the projection Pllj is holomorphic and thus continuous in D(0, 7).
Therefore, the rank of Pl}j (%), which is its trace, does not depend on |z| < r (the Pfj(z) even are
similar, see [16, Ch. I, §4.6, Lem. 4.10]). In the same vein, the ranks of P"(z) and PP(z) do not
depend on z.

Proof. The proof is essentially the “reduction process” of Kato [16, Ch. IT §2.3]. According to
Prop. 5, P is holomorphic and P®(z)E(z) = O(z). Then we define

EW(2) = 27 E(2)P"(2) = 27 ' PP(2) E(2),

which is holomorphic in |z| < r. Note that we have according to Kato [16, Ch. II Eq. (2.38)]

EM(0) = PP(0)E(0)P™(0) = (‘g 8)

Let us assume for the moment that 0 is not an eigenvalue of A’. Then, for ;1 € Sp(A’), we define
Pf}(z) the total projection on the p-group of eigenvalues of E(M)(z). Said otherwise, and according
to the definition of E(M(z), P (z) is the total projection on the pz-group of eigenvalues of E(z).
The projection Pﬁ(z) is defined and holomorphic for z small enough according to [16, Ch. II, §1.4].

Since for z small enough, P/i‘(z) is the projection on some eigenspaces of E(Y)(z) associated with
non-zero eigenvalues,

Im(P}(2)) € Im(EW (2)) € Im(P"(2)),

with the last inclusion coming from the definition of E™)(z). Thus P}}(z) is a subprojection of
P"(z). Moreover, Pi‘(z) commutes with E(1)(z), so it commutes with E(z). This proves Item i) in
the case 0 ¢ Sp(A’).

For p # v, P!(z) and P})(z) are the projections on some sums of eigenspaces associated with
different eigenvalues, so P}}(z)P}(z) = 0. Let us note for convenience Q"(z) = D peSp(An PR(z).
Then, for z small, Q"(z) is the projection on all the eigenspaces of E(1)(2) associated with non-zero
eigenvalues. According to the definition of E(V)(z), this proves that Q"(z) is a subprojection of
P"(2). Let us check that Q"(z) and P"(z) have the same rank. This will prove that for all z small
enough, Q"(z) = P"(z). The rank of Q"(z), which is its trace, does not depend on z. The same is
true for P(z). For z = 0, we have E(M)(0) = (4" 0), so by using the fact that 0 ¢ Sp(A’),

e =" ))-ro.

This proves that for all z small enough, Q®(z) = P"(z), and in turn finishes the proof of Item i) in
the case where 0 ¢ Sp(4’).



If 0 € Sp(A’), then we add azl to E(z) for some a € C. This amounts to adding aP"(z) to
EM(2). This only shifts the eigenvalues of the restriction of EM)(z) to Im(P?(z)) (but not of its
restriction to Im(I; — P®(z))) by a, while leaving the eigenprojections unchanged. Thus, choosing
a so that 0 ¢ a4+ Sp(A’), we get the Items 7) and ) in the case 0 € Sp(A4’).

We still need to prove the asymptotics of Item 7ii). Since A’ is diagonalizable, so is E(M)(0) =
(‘%’ 9). So, there is no nilpotent part in the spectral decomposition of E(l)(O). That is to say, for
all p € Sp(A’),

EM(0)P2(0) = pP(0).

Since z E(l)(z)Pi(z) is holomorphic, we have
EW ()Pl (z) = pPl(2) + O(2).
Finally, we multiply by z to come back to E(z), which gives us
E(2)Ph(2) = p=Ph(2) + O(22). 0

2.2 Estimates on Fourier components and well-posedness
2.2.1 Dissipation of the parabolic component

The goal of this section is the proof of the following result.

Proposition 9. There exist r, Ky, ¢p > 0 such that for every |z| <r, 7 >0 and X € Im(PP(z)),
leEOTX| < Kpe 7| X]|.

Proof. By using Proposition 6, for |z| < r, we denote by EP(z) the restriction of E(z) to the vector
subspace Im[PP(z)], which is an endomorphism of Im[PP(z)].

By assumption (H.3), there exists ¢ > 0 such that £(Sp(D)) C (¢,00). There exists an open
disk € in the complex plane such that Sp(D) C Q and min{R(z); z € Q} > c. Then, by continuity
of the spectrum, for r small enough, we have, for every |z| < r, Sp(EP(z)) C Q.

Step 1: Cauchy formula. We prove the following equality between endomorphisms of Im[PP(z)]
1 _
Vgl <1, TER, e T = */ (¢l — BP(2)) 7" dg, (25)
2mi o0

where T is the identity on Im[PP(2)]. The right hand side is well defined because 9QNSp(EP(z)) = 0.
Let us denote it by ¢(7). Then
o) = o [ e - B ) g
27 o0
=5 | eTTH(E - BP(2)) + BP(2)(€] — BP(2) " d.

2mi a0
By the Cauchy formula, [, e~ d¢ = 0 thus ¢/(7) = —EP(2)¢(). Moreover ¢(0) = I because all
the eigenvalues of EP(z) are inside Q (see [16, Ch. I, Problem 5.9]). Thus ¢(7) = e 7F"(2).

Step 2: Estimate. We deduce from (25) the following equality between endomorphisms of C¢

Vjz| <r, T eR, e FETPP(z) = Qim / e (el — B(z)) T PP(2) de. (26)
oN

Note that, if r is small enough, then the eigenvalues of F(z) are either inside 2 (parabolic branch)
or close to 0 (hyperbolic branch), for instance in {f(§) < ¢/2}. Thus (£I; — E(z)) is invertible on
C? for every ¢ € 9Q and the above right hand side is well defined.

We deduce from (26) that

‘efE(z)‘er(z

1 _, “1pp
)| < %/me W)](gfde(z)) PP(2)|de.

The map (£,2) € 9Q x D(0,7)

bounded. Thus there exists a positive constant K such that, for every |z|] < r and 7 > 0,
le~EG)PR(2)| < Ke—e. 0

(&g — E(z))flPP(z)’ is continuous on a compact set thus

10



2.2.2 Boundedness of the transport component
The goal of this section is to prove the following result.

Proposition 10. There exists r, Ky,cn, > 0 such that for every x € [—r,r] \ {0}, t € R and
X € Im(P"(ix)),

t
exp (1:2E(1x)> X‘ < Kpealtl| X

Proof. Let r be as in Proposition 7, z € [-r,7]\ {0}, t € R, u € Sp(A’) and Y € Im[P} (iz)].
Taking into account that Im[P} (iz)] is stable by E(iz), we get

exp (;E(m)) Y = exp <;E(ix)P§(ix)> Y = exp (; (ipa Pl (i) — xQRg(ix))> Y.

Note that P} (iz) and R} (iz) commute because P! (iz) and E(iz) commute and E(iz)P}(iz) =
piz P} (iz) — 2? R}, (iz). Thus, by using that iu/z € iR, we obtain

exp(xtQE(ia:))Y‘ _

eltt/e exp(—tRE(i:c))Y‘ < ety

where ¢, = max{|R!(z2)|; z € D(0,r)}. We conclude for X € Im[P"(iz)] that

exp(a;E(ix))X’ < >

exp<;2E(ix)>gﬁl(ix)X'

HESP(A’)
< > elPi i) X| < Kel|X|
pnESP(A’)
with ¢ = max{c,; p € Sp(A’)} and K = max{zuesp(A,ﬂP;‘(z)\; z € 5(0,7‘)}. O

2.2.3 Well-posedness

By gathering the results of the previous two subsubsections, we can prove that the heat-transport
system (Sys) is well-posed. We define the Fourier coefficients of f € L?(T)¢ by

Vn e Z, f(n)= % / f(t)e ™t dt e C.
T

We consider the operator £ defined by (20) and (21). By Bessel-Parseval identity and the fact that

L(Xen) = n2E(i/n)Xen,
nQE(:L) i

The goal of this section is to prove the following result.

D) = {re L%y

nezZ

< oo}. (27)

Proposition 11. —£ generates a C° semi-group of bounded operators on L*(T?).
This result will ensure well posedness of (Sys) in the following sense.

Definition 12. Let T > 0, fo € L*(T)? and u € L*(Qr)%. The solution of (Sys) is the function
f € C°([0,7T]; L*(T)?) defined for t € [0,T] by

¢
flt)y=e"fo+ / e "MEy(r) dr.
0
Moreover, f(t) satisfies the estimate

Vo<t < T, [[f(®)llz2cry < C(Ilfollzzcry + l1ull 2 o,71%w)) (28)
where C' depends on T but not on fy and u. We will also note S(¢, fo,u) := f(¢) this solution.

11



Proof. We deduce from Proposition 9 and Proposition 10 that for every a € [—r, 7]\ {0}, ¢ > 0 and
X e C4,

4 4
exp (—xQE(im)>X‘ < |exp (—E(lm)ng) Pp(ix)X’ +
< Kye ™ " |PP(iz) X| 4 Kpe!
< Ke™'| X|

exp <—;E(ix)> Ph(ix)X’

P"(iz) X | (29)

where K = max{ K, |PP(iz)| + Ku|P"(iz)|; 2 € [-r,r]}.
For f € L?(T)% and t € [0, 00) we define

Sty =Y e EE) fn)en.
nez

By Bessel Parseval equality and (29) with z = 1/n, S(t) is a bounded operator on L?(T)9, because
the number of n € Z such that L ¢ [—r,r] is finite. The semi-group properties S(0) = I and
S(t+s) = S(t)S(s) are clearly satisfied. For f € D(L), we have, by Bessel Parseval equality

(S0t (e ()

L2 nez
In the right hand side, each term of the series converges to zero when [t — 0] and, thanks to (29),
is dominated for every ¢ € [0,1] and n > 1/r by
2E( ) fn)
n

‘ (/01 e 0 B () dg — Id) n’E (;) F(n)

which can be summed over n € Z because f € D(L), see (27). By the dominated convergence
theorem, the sum of the series converges to zero. O

2 2

2
< (Ke™ 4 1)?

2

)

tL

Remark 13. We can see from this proof that the semi-group e™"* is strongly continuous on any

H*(T)? for any s > 0, i.e. we have

e~ foll s mye < Ke™ || foll e (mya-

2.3 Adjoint system and observability

The null-controllability of a linear system is equivalent to a dual notion called “observability”. We
have the following general, abstract result (see [10, Lemma 2.48]).

Lemma 14. Let Hy, Hy and H3z be three Hilbert spaces. Let ®o: Ho — Hy and ®3: Hz — H; be
continuous linear maps. Then
Im(<I>2) C Im(‘bg)

if and only if there exists C > 0 such that
Vhi € Hy, [ @301y, < C|[P5h1]| g, -
From Lemma 14, see [10, Theorem 2.44], we deduce the following result.

Proposition 15. Given T > 0, the system (Sys) is null-controllable on w in time T if and only if
there exists C > 0 such that for every go € L?(T;C%), the solution g to the equation

Oyg — B 029 — A%0,9+ K%g =0 in (0,T) x T, (30)
9(0,-) = g0 in T.
satisfies
2 T 2
19T, )2 grcay < C / [ gt aas. (31)

12



Note that the solutions of the adjoint system (30) are of the form?

gt,2) = 3 e EG) Gy (m)en. (32)

nez

Moreover, we have a spectral theory for the adjoint system that is similar to Prop. 5-7. We just
have to take the adjoint of each formulas of these Propositions.

tL*

Remark 16. As for the semi-group e~ ** (see Remark 13), the dual semi-group e~ **" is strongly

continuous on any H*(T)? for any s > 0, i.e. we have

e goll e (mya < K'e | goll s (me-

3 Obstruction to the null-controllability in small time

3.1 Motivation and strategy

The goal of this section is to prove the first point of Theorem 2, by disproving the observability
inequality (31) on an appropriate solution of (30)

The first idea is to build a solution of (30) on an eigenfunction go of the operator £*, but these
eigenfunctions are of the form Xe,,, with X € C? and do not concentrate, thus they do not disprove
the observability inequality.

The second idea is to use the same kind of solution as for disproving the observability of the
transport equation (9; + A'0;) f1(t, ) = 0 in time T < T* = éi—f). Namely functions of the form
fi(t,z) = Xp(x — p.t) where X € C% satisfies A’X = uX and p is a compactly supported fonction
such that Uscpo,71(supp(p) + p«t) does not intersect w. But unless there exists an eigenvector
of A* in the kernel of B*, such concentrated pure transport solutions of (30) do not exist (see
Proposition 17 below).

Yet another possible approach would be to show some propagation of singularities. But we
expect the coupling between the parabolic equation and the transport equation to significantly
complicate the matter, compared to the strategy used for the wave equation by Burq and Gérard [3].

Because of this, we adopt another strategy: we adapt the method used by the second author for
the Grushin equation [17]. It provides a proof which is elementary to anyone knowing the basics of
holomorphic functions (Cauchy integral formula and its consequences) and Runge’s theorem (that we
recall). It provides the existence of solutions of the (full) adjoint system (30) that are perturbations,
in some sense, of the solutions of the uncoupled transport equation (9 + A'9;) f1(¢, z) = 0.

Proposition 17. Let us assume that the d x d* matriz
(BlAB|-- | AT7'B )

has rank = d, or, equivalently, that there is no eigenvector of A* in the kernel of B* (see for
instance [0, Lemma 1]). Let p € R and T > 0. There exists C = C(u,T) > 0% such that every
solution of the adjoint system (30) of the form g(t,z) = go(x — ut) satisfies ||g(T,-)||p2(m)e <
C||gHL2([0,T]><w)d'

This statement shows that, for a dense set of matrices (A4, B) pure transport solutions of the

adjoint system (30) cannot be used to disprove the observability inequality (31), and thus the null
controllability of (Sys).

Proof. Let us note Sol,, the set of solutions of the adjoint system (30) of the form go(z — ut).
Remark that according to the expression (32) of the solutions of the adjoint system, the relation
go € Sol,, is equivalent to

Vn # 0, nE(Til)*go(n) = iugo(n). (33)

3When we write E(2)*, it is to be understood as (E(z))*. We will use the same notation for P:L‘(z)* etc.
4With the help of Proposition 7, we could even prove that C(u, T') can be chosen indepentantly of .
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Figure 1 — In yellow, an example of the domain U.
The black circle arc is wr (once we identify T with
the complex unit circle). The null-controllability of
the parabolic-transport system implies that we can
Co estimate the L2(D(0, 1)) norm of complex polynomi-
als by their L°°(U) norm.
But if T < T™*, then wrp is not the whole unit circle,
and we can choose U such that D(0,1) ¢ U. Then,
we can find a sequence of polynomials that converges
to ¢ = (¢ — o)~ ! away from the blue line.

wr

We claim that Sol,, is finite dimensional. Indeed, if it is infinite dimensional, then, according to
the relation (33), there is infinitely many n such that iy is an eigenvalue of nE(i/n). Let (X, k>0
be an associated sequence of eigenvectors, chosen such that | X, | = 1. Since the unit sphere of C¢
is compact, we may assume that (X,, ) converges to some X with |X| = 1. Then we have

1 N
ne B X, — A" Xn, + —K*Xp, =B — ) Xn, = inXy, —— ipX.
ng ) ng ) "~ k—+oo

And since —iA4*X,,, + (ng) 1 K*X,, —> —1A*X, we must have B*X =0 and A*X = —uX.

But this is in contradiction with the hypotheslb of the Proposition. Therefore Sol, is finite
dimensional.

So, according to the description (33) of Sol,,, there exists N > 0 such that every solution of the
adjoint system (30) of the form go(x — pt) has no frequencies higher than N: Sol,, C Span{e,, |n| <
N}. But finite linear combination of exponentials have the unique continuation property’ So the
expressions ||go(- — uT)||z2(rya and [|go(x — pt) || £2(j0,7)xw)s both define a norm on Sol,,. Since Sol,,
is finite dimensional, these two norms are equivalent. This proves the claimed inequality. O

3.2 Construction of a counterexample to the observability inequality

First, note that it is sufficient to work with an open interval w. Indeed, otherwise, w is contained in
an open interval w of T such that ¢(w) = ¢(w) and the negative result for the large control support
w implies the negative result for the small control support w. Thus, in the whole section, w is an
open interval of T and T € (0,T*) is fixed.

Let p € Sp(A’) with minimum absolute value. First, we prove the following estimate.

Proposition 18. Let U be a open domain, star-shaped with respect to 0, that contains wr =
Uo<i<r (@ — pt) (where @ — put is to be understood as the rotation of @ by an angle of —ut, see

figure 1).
There exist an integer N and a constant C' > 0 such that if the system (Sys) is null-controllable

on w in time T, then for all polynomials p(z) = Zn>N anz™ with a zero of order at least N at 0,
we have

pllz2(p0,1)) < Cllpllne - (34)

Proof. According to Proposition 7, there exist » > 0, a projection-valued function P:L‘ and a
matrix-valued function Rl}} that are holomorphic on D(0,r) such that for every |z| < r,

P};(z)E(z) = E(Z)Pﬁ‘(z) = uzP/il(z) + Z2R2(z). (35)

5For instance because they are entire functions, and entire functions have the unique continuation property.
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Let ¢¢ # 0 in the range of PE(O)*. To disprove the observability inequality (31), we look at solu-
tions g(t, x) of the system (30) with initial conditions of the form g(0,2) = 37, ., -1 ane™ PR (i/n)*@q.
To avoid irrelevant summability issues, we will assume that all sums are finite. Since on the range
of P}f(z), E(z) acts as pz + zQRE(z) (see Eq. (35)), we have

g(t,x) = Z ane™e” " E(i)*Ph(n> ©o

n>r—1

. VAR 1\ *
= Z anem(””“t)emit(?) P};(%) ©0-

n>r—1

So, if we define for 0 <t < T and n > r~!,
h(i)* 1 *
) =BG P (L)' (30)

we rewrite g(¢,x) as

Z ane™ "y, (n) g

n>r—1

If the term v;(n) was equal to one, then g(t,z) would just be the solution to an uncoupled
transport equation, therefore it would be easy to disprove (31). To treat this term, we will use the
following lemma, that we prove in Section 3.3.

Lemma 19. Let U be as in Proposition 18. There exist an integer N > 0 and a constant C > 0
such that for every polynomial function ( € C+ Y anC™ € C with a zero of order N at 0, for
every 0 <7 < T,

n>N

|5 et <0l S,
n>N n>N

From now on, we assume that a,, = 0 for n < N. For (t,z) € [0,T] X w, we note ((t, z) = e!(@+x1t)
which belongs to wp. Then

o (37)

g(t,x) = Z an(t, )" ve(n)po.

n>N

Let (¢t,2) € [0,T] X w. By applying Lemma 19 with 7 = ¢, we have

gt, ) €| 3 anc”
n>N

L=U)

So the right-hand side of the observability inequality (31) satisfies

||9||L2 ([0,T)xw) = 27TTHgHL"C([O T)xw) S QWTCQH Z anC"

38
. (38)

We now lower bound the left hand-side of the observability inequality (31). Thanks to Parseval’s
identity, we have

lo(, >\|Lz<m—HZael"(WTwT( Yool 2x 3 lonf (el ()

LQ(T)

The map z — Rj};(z)* is holomorphic in D(0,r). In particular, Cy := sup|, <, |R};(2)*] is finite.
So, we have for n > 2r—1,

(e TR GH)T) T = [eTRIR)T] < €T (40)

Moreover, ¢q is in the range of PE(O)* and P}j is holomorphic in D(0, ), so there exists ' > 0

sufficiently small such that for |z| < 7/,

1P (2)" ol > lpol/2 =1 c. (41)
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By gathering (40) and (41), we have for n > N’ := [max(2r—!, 7/~ 1)| + 1,

re(nol = o TG B (D) | 2 e e =i
n

So, assuming a, = 0 for n < N’, we have by plugging the previous lower bound into Parseval’s
identity (39)

H Z anC"
n>N

Thus, thanks to the lower bound (42) and the upper bound (38), the observability inequality (31)
implies

2 > . > 9l | m)eol? < (T, 2 (42)
=7 — = s n ) )

L2(D(0,1)) n+1 = ¢ n+1 Jr{n)eol” = 20 9L )Lz (T

n>N n>N

2

H Z anC"
n>N

which concludes the proof of Proposition 18. O

< Cllg(T, ) Ear) < C'lgl320,m10) < || D anC”
n>N

2
L2(D(0,1)) L)’

Let us check that the inequality of Proposition 18 does not hold. We will use Runge’s theorem
(see for instance Rudin’s textbook [26, Thm. 13.9]) to construct a counterexample.

Proposition 20 (Runge’s theorem). Let U be a connected, simply connected open subset of C
and f be a holomorphic function on U. Then, there exists a sequence (py)k>0 of polynomials that
converges uniformly on every compact subset of U to f.

Proof of Theorem 2.i). Let w be an open interval of T and T € (0,7*). Let wr be as in Proposi-
tion 18. By definition of T™, wy is not the whole unit circle, thus we can find an open bounded
domain U that is star-shaped with respect to 0 and that does not contain D(0,1) (see Fig. 1).
With such a choice of U, there exists a complex number (o € D(0,1) which is non-adherent
to U. Then, according to Runge’s theorem, there exists a sequence of polynomials (py) that
converges uniformly on every compact subset of C \ ((o[1,+00)) to ¢ = (¢ — (o)L Let us define
pr(¢) = ¢(N*15L(¢). Then, the sequence (pg) is a counterexample to the inequality on complex
polynomials (34). Indeed, since (NFT1(¢ — (p)~! is bounded on U, (py) is uniformly bounded
on U, thus, the right-hand side of the inequality (34) is bounded. But since ¢y is in D(0,1),
¢NF(¢ = ()" has infinite L2-norm in D(0,1), and thanks to Fatou’s Lemma, |pk|r2(p(0,1)) tends
to 400 as k — +o0. O

3.3 Estimate on some operators on polynomial functions

Here, we prove Lemma 19. In essence, we have to estimate quantities of the form > ~v,a,(™ in
function of > a, (™, in some appropriate norm. This is stated in Theorem 23, which is a variant of
a theorem that the second author proved when studying Grushin’s equation (see [17, Thm. 18]).

Definition 21. Let E be a Banach space. Let R > 0 and A := {2z € C,R(z) > R}. We define
Sgr(E) as the set of functions v from Ag to E that are holomorphic with subexponential growth,
i.e. such that for all € > 0,
p=(7) = sup |y(z)[e”* < 400 (43)
zEAR

We endow Sg(F) with the topology of the seminorms p. for € > 0.

If E is the space C4*? of linear maps of C%, we will note S§*? := Sg(£(C%)). We will sometimes
call elements of S%Xd symbols.

Remark 22. If n < R, i.e. if n is not in the domain of definition of v € Sr(E), we will set for
convenience y(n) = 0.

We introduce O(C) the space of entire functions f: C — C, endowed with its usual topology,
i.e. the topology of the uniform convergence on compact subsets.
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Theorem 23. Let R >0 and v € S}%Xd. Let H, be the operator on vector-valued entire functions
defined by
H,: Z an¢" € O(C)4 — Z v(n)a, (™ € O(C)% (44)

n>R n>R

Then, the operator H., is continuous on O(C)?. Moreover, the map v € S&** — H, € L(O(C)%)
satisfies the following continuity-like estimate: for each compact subset K of C and each neighborhood
V of K that is star-shaped with respect to 0, there exist a constant C > 0 and a seminorm p. of
S%Xd such that for every entire function f:

HHA (D)l e ) < CP F Lo v)- (45)

A variant of this Theorem was proved in the case d = 1 by the second author [17, Thm. 18].
The proof follows the same lines in the general case. We provide it in Appendix A.
Now, we turn to the proof of Lemma 19 which is basically an application of Theorem 23.

Proof of Lemma 19. Let us define 4,(z) = etRh(i/g)*Pf}(i/é)*, so that v.(n) = -(n) (see the
definition of v, Eq. (36)), and thus for every (a,) € CN,

> v mangol” = H, (D an"0)- (46)

n>N n>N

Let us check that (9;)o<r<7 is a bounded family of S%Xd for some R > 0. Since R and P! are
holomorphic on D(0,7), 4, is holomorphic on {|z| > r~!}, and in particular in {R(z) > r=1}. So,
for |z| > 2r~t and 0 < 7 < T, we have

97 (2)] < eTSPrsi<r2 RGN sup | P2(2)] < 4o0.
|z]<r/2

Thus, with R = 2r~!, ~, is in S%Xd, and since the previous bound is uniform in 0 < 7 < T, the
family (vr)o<-<7 is bounded in S%Xd.

Let us also remind that U is star-shaped with respect to 0, and that wp C U. All the conditions
of Theorem 23 are satisfied, so we can apply the estimate (45) with K =wp and V = U:

|5, ( Z “"@Ocn>HLw(wT) < Z “"SOOCnHLw(U) = Z a”CnHLw(U)’ (47)

n>N n>N n>N

where C that depends neither on the polynomial )" a,,¢", neither on 0 < 7 < T because the family
(A-)o<r<r is bounded. This, combined with (46), proves the inequality (37) and concludes the
proof of Lemma 19. O

4 Large time null-controllability

The goal of this section is to prove the point (i) of Theorem 2. An adapted decomposition of
L?(T)? is introduced in Section 4.1. The control strategy is presented in Section 4.2. Projecting the
dynamics onto the parabolic/hyperbolic subspaces, the system is decomposed into 2 weakly coupled
systems, the first one behaving like a transport equation, the second one like a heat equation.
The transport equation is handled in Section 4.3 by using the methods developped in [1]. The
parabolic equation is treated in Section 4.4 by adapting the Lebeau-Robbiano method [19] to
systems with arbitrary size. The low frequency part is treated by a compactness argument and a
unique continuation property in Section 4.5.

In the whole Section 4, the parameter r > 0 is assumed to be small enough so that Propositions
5, 6, 7,9 and 10 hold.
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4.1 An adapted decomposition of L*(T)?

Proposition 24. Let ng € N be such that % < r. We have the following decomposition
LA(T)!=F'® FP @ F", (48)
where

FY .= @ Cle,, (49)

In|<no
FP o= ln@m Im (PP(;))en, (50)
P ln@o Im(PhCl))en. (51)

Moreover the projections 110, TIP, TI™ and II defined by

L3(T)¢ = F* @ F?» @ F"
=T+ 0 4+ 0
IIP = O +IFP+ 0
"= 0 + 0 +Ipn
O= 0 +Ipe+Ipn=TFP+ 1"

are bounded operators on L*(T)<.

Proof. The function 2z € D(0,7) — PP(2) is continuous thus there exists C' > 0 such that, for every
z € D(0,1/ng), |PP(2)| < C. Let f € L?(T)% We deduce from

> (3 ) o

[n|>no
and Bessel-Parseval identity that the series ZPP(%)f(n)en converges in L%(T)¢. Using I; =
PP(z) + P"(2), we get the decomposition

=S fmen = 5 fent X (2 fwe+ X P (1) e

nez In|<ng [n[>no In|>ng

2
<C* Y7 Fm)? < ClIfIZe e (52)

[n|>no

with convergent series in L?(T)?. This proves L?(T)¢ = F* + FP + F®. The sum is direct because
(€n)nez is orthogonal and Im(PP(z)) NIm(P%(2)) = {0} when |z| < r. The linear mappings I1° and
IT are orthogonal projections, thus bounded operators on L?(T)?¢. We deduce from Bessel-Parseval
identity and (52) that TIP is a bounded operator on L?(T)¢ and so is IT" = IT — IIP. O

The operator £ defined in (20) maps D(£) N F? = FY into F thus we can define an operator
L% on FO by D(£%) = D(£) N FY and £° = L|zo. Moreover, —£° generates a C°-semi-group of
bounded operators on F° and et = et |po. For the same reasons, we can define an operator £P
on FP by D(LP) = D(L)NFP and LP = L|p», that generates a C’-semi-group of bounded operators
on FP: e t£" = e7*£|py. Finally, we can define an operator £ on F® by D(£") = D(£) N F® and

—tLh

LP = L|pn, that generates a C%-semi-group of bounded operators on F": e = e | pn.

_tLO)teR of bounded operators on FO.

The operator —L" generates a C° group (e*wh)teR of bounded operators on F™

Proposition 25. The operator —L° generates a C° group (e

Proof. We just need to check that e ** defines a bounded operator of F® and F® when t < 0.
It is clear for F° because it has finite dimension. For F® one may proceed as in the proof of
Proposition 11, noticing that the estimate of Proposition 10 is valid for any ¢t € R. O
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For the duality method, we will need the dual decomposition of (48), i.e.

LA(T)* = F° & Fr & Fh,

where FP :=Im ((P)*), Fh = Im ((I1")). (53)

By using the definitions of FP and F™ in (50) and (51) and the fact that (e, )nez is an Hilbert basis

of L?(T), we get .
= P Im(Pp(;)*)en, (54)

In|>ng
=@ Im(Ph(:l)*)en. (55)
In|>ng
Moreover, N
(e—tﬂ)*f _ e—t/:*f _ Z e—trﬂE(%) J?(n)en (56)
neZ

and the spaces F©, FP and F! are stable by et£”.

4.2 Control strategy
Let T* be as in (3) and T, T” be such that
T <T <T. (57)
In this section, we consider controls u of the form
u = (up,up)" € CH x C, (58)

where
supp(up) C [0,77] x @, supp(up) C [T7,T] x @, (59)

up € L2((0,7") x )™, w, € L2((T',T) x T)%.

The control uy is intended to control the hyperbolic component of the system and the control u,
the parabolic component.
The control strategy for system (Sys) consists in

e first proving the null controllability in time 7" in a subspace of L?(T)¢ with finite codimension,
e then using a unique continuation argument, to get the full null controllability.
The first step of this strategy is given by the following statement.

Proposition 26. There erists a closed subspace G of L*(T)? with finite codimension and a
continuous operator
U: G— L2((0,T") x w)h x CX((T",T) x w)?2
Jor= (un, up),
that associates with each fo € G a pair of controls U fo = (un,up) such that
Vfo € g7 HS(T, fQJ/{fo) =0. (60)

By “continuous operator”, we mean that, for every s € N, the map U: G + L2((0,T") x w)® x
HE((T',T) x w)® is continuous: there exists C; > 0 such that

Vfo €G, lunll2(o,ryxwyn + lupll sz myxwysz < Csll foll2(rya-

The proof strategy of Proposition 26 consists in splitting the problem in two parts:
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o for any initial data fy and parabolic control u,, steer the hyperbolic high frequences to zero
at time T (Proposition 27),

e for any initial data fy and hyperbolic control uy, steer the parabolic high frequences to zero
at time T (Proposition 28).

Proposition 27. If ng (in Eq. (49-50)) is large enough, there exists a continuous operator

U L2(T)4 x L2((T",T) x w)®— L2((0,T") x w)®
(fo, up) > U,

such that for every (fo,up) € L*(T)4 x L2((T',T) x w)®,
MS(T; fo, U (fos up), up)) = 0.
Proposition 28. If ng is large enough, there exists a continuous operator

UP: L2(T)? x L2((0,T") x w)h— CX((T",T) x w)d2
(f()auh) — Up,

such that for every (fo,un) € L*(T)? x L2((0,T") x w)®,
HPS(T7 fOu (’U,}“up(f()’ Uh)) =0.
Admitting that Proposition 27 and Proposition 28 hold, we can now prove Proposition 26.

Proof. We observe that the relation ILS(T’; fo, (un,up)) = 0 holds if the two following equations are
simultaneously satisfied

up = U (fo,up) = UL (fo) + Us (uy),

p = UP(foy ) = UP (o) + UE (). oy
If we set
C:=UP +USUY - L*(T)? — C°((T',T) x T)%,
then solving system (61) is equivalent to
find u, € C°((T',T) x T)?2, such that Cfo = (I — USU)uy. (62)

The operator USUL is compact on L2((T”,T) x T)9 because it takes values in C°((T",T) x T)%z.
Thus, by Fredhlom’s alternative (see [7, Thm. 6.6]), there exist N € N and [y, ...,Ix continuous
linear forms on L2((T”,T) x T)%2 such that the equation (62) has a solution u, € L*((T",T) x T)%
if and only if

Vi€ {l,....N}, L;(C(fo)) =0. (63)

Under these conditions (63), the equation (62) has a solution u, = L(fy) given by a continuous
map L: G — L?((T',T) x T)? defined on the closed vector subspace of L?(T)? defined by

G:={foe L*(M?; ;(Cfo) =0, 1 <j < N} (64)
Then L(fo) = up = USUSu, + C fo belongs to C°((T",T) x w). We get the conclusion with
Vfo € G, U(fo) == U"(fo. L(fo), L(fo))- O

Proposition 27 is proved in Section 4.3. Proposition 28 is proved in Section 4.4. The unique
continuation argument to control the low frequencies is presented in Section 4.5.

4.3 Control of the hyperbolic high frequencies

The goal of this subsection is to prove Proposition 27. We remind that 7" > 7" > T* and that the
control v = (un, up) satisfies (59).
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4.3.1 Reduction to an exact controllability problem

The goal of this paragraph is to transform the null-controllability problem of Proposition 27 into
an exact controllability problem associated with an hyperbolic system. Precisely, we will get
Proposition 27 as a corollary of the following result.

Proposition 29. If ng (in Eq. (49-50)) is large enough, then, for every T' > T*, there exists a
continuous operator
Ub, . F*— L2((0,T") x w)™
fT"_> Uh,

such that for every fr € F",
HhS<T/; 0, (gg—v/(f’]’/)7 0)) = fT/.

Proposition 29 will be proved in Section 4.3.2. Now, we prove Proposition 27 thanks to
Proposition 29.

Proof of Proposition 27. Let (fo,up) € L3(T)¢x L2((T', T)xw)92. We have to find u, € L((0,7")x
w)? such that
HhS(T7 an (uh7 up)) = 07

or, equivalently,
"S(T; 0, (un, 0)) = —TI"S(T; fo, (0, up)). (65)

According to the well-posedness of the system (Sys) and the continuity of the projection IT"
(Definition 12 and Proposition 24), the linear map

(fo,up) = —TI"S(T; fo, (0, up)), (66)

is continuous from L2(T)¢ x L2((T',T) x w)® into F", equipped with the L?(T)%-norm. Since uy,
is supported in (0,7") x w by (59), we have

I"S(T; 0, (up, 0)) = e~ T=TIL TINS(T; 0, (up, 0)). (67)

As pointed out in Proposition 25, et£" is well-defined for all t € R. Therefore, by using (66) and
(67), (65) is equivalent to

"S(T7;0, (up, 0)) = —eT=TIE" I S(T; fo, (0, up)) € F". (68)
We get the conclusion with
U (fo, up) = U, (—e<T—T’>£*‘nh5(T; fo, (0, up))). O

4.3.2 Exact controllability of the hyperbolic part

The goal of this section is to prove Proposition 29. By the Hilbert Uniqueness Method, Proposition 29
is equivalent to the following observability inequality (it is an adaptation of [10, Thm. 2.42]).

Proposition 30. If ng is large enough, there exists a constant C' > 0 such that for every go € ﬁl,
the solution g of (30) satisfies

T/
loollss <€ [ [ It ara, (09
0 w

where g1 denotes the first dy components of g.
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Proof. Let go € Fh. By using the definition (55) of }T{”‘, go decomposes as follows
gOZZ ZP(>90)
neSp(A’) [n|>no
Then, the solution g of (30) is

g9(t)= Y Gult) where = 3 B B () Gomen.

HESP(A’) [n]>ng

Let p € Sp(A’).

Step 1: We prove the existence of C1 = C1(T") > 0, independent of go, such that

G0, ) L2erys < Cr(IGull2(gp)e + 9ol r-1(rye)
where g7 = (0,7') x w and

1/2

?0(”)2
loollrorry = | 3 @I

n2
[n|>no

By using ¢) and i) of Proposition 7, we have

e—t"ZE(%)*ph<i)* — ot (et () Rlﬁ(%))*ph<i)* _ etuin+tRh(%)*Ph(i>*
B \n n #\n

which leads to
0Gy — 19,G, — Rp(0)*Gy =S, in (0,7) x T,

Sut) = D (Rh(n) ~ R(0)° ) w5 P (1) G (e

[n|>no

where

)

(71)

(72)

(74)

(75)

By regularity of z RE(Z), Bessel-Parseval identity and (73) there exists C = C(T") > 0,

independent of gy, such that
HSM||L0<>((07TI),L2(T)OZ) < C||90||H*1(11‘)d~
y (74), the function éu defined by
Gu(t,x) = RO G (¢, 2)

solves B N .
01Gy — p0, G, = 075, in (0,77) x T,
G,(0,) = Gu(0, ) in T.

We introduce the solution Gz of

G, — pd:G, =0 in (0,7') x T,
Gb( )= G,t(()) in T.

Using the Duhamel formula for system (78) and the estimate (76), we obtain

Gy = Gl oo 0,77y, 22(myay < Cle™e LR 0)° Sullzro,m),22(my2y < Cllgoll -

(76)

(80)

where C'= C(T") > 0 is independent of go. The time 7, := ¢(w)/|p| is the minimal time for the
observability of the system (79) on w (see for instance [I, Theorem 2.2]). Indeed, for any 7" > T,

T C {x— ut; (t,z) € [0,T"] x w}.
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Since T > T),, there exists C' = C(T",w) > 0, independent of go, such that

1Gu(0, ) p2emye < CIG | L2

qrr)?-

By the triangular inequality, (77) and (80), we deduce that

G0, ) z2(ye < C<||GMHL2(qT/)d + G, — GZ||L2(qT/)d) < C(IGullz2gpys + llgoll -1 (m)2)

which ends the first step.
Step 2: We prove the existence of Co = Co(T’,w) > 0, independent of go, such that

1G (0, ) 2wy < Co(lIPL(0) gl 2(gpya + lIgoller—1(ya)- (81)
Taking into account that the projection PP (z) commutes wih E(z) we deduce from (71) that for
any A € Sp(4"), .

_ n( 1\ —tn?E(1) puf 1)~
Gi(t) = Z Py (ﬁ) e (+) Py (5) Jdo(n)en

[n|>no

thus,
Gu(t) = P (0)"g(t)
A CORLEY R EOL TS

[n|>no

- Y S Ao (R() - Ao e m O R e,

AeSp(A)\{u} In|>no

(82)

because, for A # p, PS(O)*P{‘(O)* = 0. By using the regularity of z — Pl(2), Bessel-Parseval
identity and (73), we obtain C = C(T") > 0 independent of gy such that

1Gy = P2 0)*gll o 0,77y, £2(my2) < Cligoll -1 (mye-

We deduce from Step 1, the triangular inequality and the previous estimate that

1Gu(0, ) 2mye < C(IGullz2(ap) + 90l -1 (7))

< C(IPR0) gl (ap) + Gy = POVl 2(qr) + g0l (mye)
< C(IIP2(0) gl L2(qpry + 9ol r-1mye)-

which ends Step 2.

Step 3: Conclusion. For every u € Sp(A’), we have P}(0)* = P!(0)*P"(0)* thus

12, (0)*gll 22 gy < [P0 [1P(0)*9ll 2401 < Cllgllz2ap)-

Using (71), the triangular inequality, Step 2 and the previous inequality, we obtain

lgollzzemye < D> 1Gu0,Mzzrys < C(lgrllz2(gpa + Igollzr-1(mya)- (83)
HESP(A)

From this estimate and the compact embedding L?*(T) — H~(T), a classical compactness-

uniqueness argument gives the observability inequality (69) (see for instance [12, Lemma 2.1 and
Remark 2.2]).
Indeed, by Peetre’s lemma (see [23, Lemma 3]), we have from (83) that

Nr:={go € ﬁl; g1 =01in (0,7") x w},

has finite-dimension. Moreover, from [23, Lemma 4], to prove (69), we only need to show that Nz
is reduced to zero. First, by definition, we remark that N7, decreases as T’ increases. By a small
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perturbation of 7', we may therefore assume that Np = Ny for T — T’ small, in which case Ny

is stable by et£"" where £*" is the restriction of £* to Fh. Then, if N7 is not reduced to zero,

it contains an eigenfunction of £*") i.e. a function of the form Xe, where X € C?, |n| > ng and
X = Ph(i)X. By definition of Ny, the first components of that eigenfunction vanishes on w i.e.
X, =0, or equivalently P"(0)X = 0. Thus

i C
= [((2) o)<
n n|
where C' > 0 does not depend on n. For a large enough choice of ng, this is impossible. O

4.4 Control of the parabolic high frequencies

The goal of this subsection is to prove Proposition 28. We recall that T and T” are chosen such
that T* < T < T and the control u is such that (58) and (59) hold.

The strategy is the following one: identify the equation satisfied by the last do components
of the parabolic equation (30) with the help of the asymptotics of Proposition 7, then construct
smooth controls by adapting the Lebeau-Robbiano’s method to systems.

In this section, for every vector ¢ € C%, we will note ¢, its first d; components and ¢y its last
dy components.

4.4.1 Reduction to a null-controllability problem

The goal of this paragraph is to transform the null-controllability problem of Proposition 28 into
a null-controllability problem associated to a parabolic system. Precisely, we will prove that
Proposition 28 is a consequence of the following result.

Proposition 31. If ng is large enough, then for every T > 0, there exists a continuous operator
Uh: FP— C((0,T) x w)d
fO — Up,

such that for every foy € FP,
II°S(T; fo, (0,U5(fo))) = 0.

Proposition 31 will be proved thanks to an adaptation of Lebeau-Robbiano’s method in Sec-
tion 4.4.4, after two sections of preliminary results. Now we prove Proposition 28 thanks to
Proposition 31.

Proof of Proposition 28. Let (fo,un) € L*(T)¢x L2((0, T")xw)%. We have to find u,, € C°((T", T x
w)? such that
HPS(T7 an(uhaup)) = Oa (84)

or equivalently,
P S(T;0,(0,up)) = —IIPS(T; fo, (un, 0)). (85)

In view of the support of the controls (Eq. (59)), the equality (85) is equivalent to
PS(T = T';0,(0,up(- + T"))) = —e~ TV IPS(T7; fo, (up, 0)), (86)

HPS(T — T TIPS(T7; fo, (un, 0)), (0, up (- + T’))) —0. (87)

By using Definition 12 and Proposition 24, we see that the mapping (fo, un) — II*S(T”; fo, (un,0))
is continuous from L?(T)? x L2((0,7") x w)? into FP . Thus we get the conclusion with

vt € (T, T), UP(forun)(8) = Uy (TPS(Ts fo, (w, 0)) ) (= 1), 0
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4.4.2 Equation satisfied by the parabolic components of the free system

We begin by proving that if g is in FP then we can compute the first d; components of g from the
last dy. This will allow us to write an uncoupled equation for these components.

Proposition 32. If z is small enough, there exists a matriz G(z) such that for every ¢ € C4,
p € Im(PP(2)") <= p1 = G(2)po.
Moreover, G is holomorphic in z and G(0) = 0.

Proof. We write
o e (P11(2) p12(2)
PP = p21(2) P22(Z)>'

Since PP(z)* is a projection, ¢ is in Im(PP(z)*) if and only if

p11(2)e1 + p12(2)p2 = @1
P21(2)p1 + p22(2) 2 = @o.

In particular, if ¢ € Im(PP(2)*), then (I4, — p11(2))p1 = p12(2)p2. And since PP(0)* = (8 182 )
(see Proposition 6), p11(0) = 0, and so, if z is small enough, |p11(2)| < 1 and Iy, — p11(z) is
invertible.

In that case, o1 = (I, — p11(2)) " 1p12(2)p2. This proves that the map

@ € Im(PP(2)*) = oy € C®

is one-to-one. But the rank of PP(z)* does not depend on z (Remark 8), and so it is always d3. So
the previous map is bijective. We note G(z) the first d; component of its inverse. Note that we
have G(z) = (I4, — p11(2)) " 'p12(2). Then, if ¢ € Im(PP(2)*), we have

o = (p1,92) = (G(2)p2, p2)-

To prove the converse, note that the inverse of ¢ € Im(PP(2)*) = o is o € C% = (G(2)p2, p2).
O

Increasing ng if necessary, we may assume that for |n| > ng, G(i/n) is well-defined. Then, we
define the (bounded) operator G from L?(T,C%) to L?(T,C%) by

G (Z wn,zen> = > G (TIL) Pn,26n. (88)

neZ [n|>mng

Then, according to the definition of I:'V‘P, we have the following corollary that allows us to compute
the first d; components from the last ds.

Corollary 33. For every g € (F°)* (the space of functions with no components along frequencies
less than ng ), we have the equivalence g € FP < g1 = Gga.

The Corollary 33 makes it easy to write an equation on the last dy components of the adjoint
system (30) if the initial condition is in FP.

Proposition 34. We define the operator © by
D(®) = H*(T)®?, D =D"0 + A0, — K3 + A}0,G — K{5G. (89)

Let gg € F? and g(t) = e £ go. Then, for allt >0, g1(t) = Ggo(t) and g satisfies the following
equation
Orga(t,x) — Dga(t,z) =0 in (0,7) x T. (90)
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Proof. The function g satisfies the system
(0 — B9 — A"0, + K™)g(t,2) =0 in (0,7) x T.
If we take the last da components of this system, we get, in (0,7) x T,
(90— D02 — A0, + K8)ga(t,2) — (A0, — K{)gu(t.2) = 0. (1)

But for all t € [0,T7], g(t,-) € FP, so, according to Corollary 33, g1 (t) = Gga(t). Substituting this
inside the equation (91) gives the stated equation (90). O
4.4.3 Smooth control of a finite number of parabolic vectorial components

For N > ng we introduce

b= @ 1m<PP(;)>en, (92)

no<|n|<N

Fy:= @ Im (PP(;)>en.

[n|>N

and the projection IT}; defined by

LXT)¢=Fe F}, @ F2y ® F"
M =0 +Ip+ 0 + 0

which is a bounded operator on L?(T)? (compostion of the bounded operator ITP with an orthogonal
projection). The goal of this section is to prove the following result.

Proposition 35. There exists C > 0 such that, for every T € (0,1] and N > ng, there exists a

linear map®
K:T’NZ FP — Cgo((O,T) X w)

such that, for every fo € FP and s € N

%S (T fo. (0. K (f0))) = 0,

1z, n (o)l 25 0.7y m) < % N2 | ol
Proof. Let fo € FP. Throughout this proof, we will note F5(n) the da x dy matrices defined by
er 1 tr 1 Iy 1 i
Y|n| > ng, Ea(n):= D — EAQQ + EKQQ - (nA12 - 712K12>G<n)'
Step 1: We prove that us € C§°((0,T) x w) satisfies IIR,S(T'; fo, (0,u2)) = 0 if and only if us solves

the following moments problem in C%

T
Vng <|[n| <N, / /67"2(T7t)E2(")*uQ(t,x)e’i”“’ dedt = F,
0 w

i
n

where F,, = —e " TE2(n)" (G( > J?()l(n) + ]?02(”)> (93)

—tr

and Ea(n)* = Ea(n)
We first recall that, if P is a projection operator on R% and x € Im(P), then

(x=0) < (Vz € Im(P"), (z,2) =0)

6The space C§°((0,T) x w) means that the function is supported on [0, 7] x K where K is a compact subset of w,
and all the derivatives vanish on w at time t =0 and t =T
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because |z|? = (z,2) = (Px,z) = (z, P*x).
As a consequence, the relation IR S(T'; fo, (0,u2)) = 0 is equivalent to

vgT € F][\’h <S(T, va (Oa U2)),QT> =0 (94)
where (-, -) is the scalar product of L?(T,C?) and
b . p( 1Y
Fh= @ Im<P (n) )en.
no<|n|<N

For gr € ﬁ‘;f\’,, we denote by g(t) = e £ (T~ gp the solution of the adjoint system (30). Then,

by Proposition 34, g = (g1, g2), where g3 = G(g2) and

(S(T: fo, (0,u2)), 97) = (for 9(0)) + /0 / (us(t, ), gat, 2)) da .

where the first 2 scalar products are in L2(T)¢ and the last one is in C%. By Corollary 33, the
assertion (94) is equivalent to

T
Vg; € L*(T,C%), /0 /<U2(t,x),gz(t>fc>>dwdt=—<fo,(G(93),98)>,

where go(t) = e 2T NI and ¢ = ¢2(0). By considering g7 = Xe, with X € C% and
no < |n| < N, we obtain

g2(t) = e (T=0E(n) X and G(g9) = G(1>e"2TE2(”)Xen.
n
The previous property is equivalent to

T
Vo < n| < N, VX € C%, / / (us(t, &), e~ (T=DE2(m) Xy =inw 4z
0 w
= —(for, G(i/n)e " TE2M X e} — (fo,e " TE2(M) X¢, )

or, equivalently,
T 2 * .
Vng < |n| < N, VX € C%, / /e*" (T=t)Ex(n) ug(t, x)e ™ da dt, X
0 w

_ _<e—n2TE2(n)*G(i/n)*ﬁ)l(n) + e—nzTEa(n)*ﬁ)z(n)’X>

which proves (93).

Step 2: Solving the moment problem. We look for a solution uy € C5°((0,T) X w) of the moment
problem (93) of the form
us(t,x) = p(t, x)va(t, x) (95)

where vy € C®((0,7) x T)® and p € C$°((0,T) x w) is a scalar function with an appropriate
support. More precisely, let

e & be an open subset such that & CC w and ps € C°(w, Ry ) such that p2 =1 on &,

e p; € C*([0,1],R4) such that p1(0) = p1(1) = 0 and

1
1

3Cy > 0,V > 0, / p1(m)e 7" dr > Fe*CUﬁ. (96)
0 0
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For instance, we may consider p; such that py(7) = p1(1 —7) = e~ 7 for 7 € (0,1/4). Indeed,
for every v > 0, the change of variable s = \/y7 gives

1 vV /4
1
/ pi(t)e 7Tdr > 7/ e V790 ds
0 V7 Jo

where ¢(s) = £ + s. The function ¢ takes its minimal value at s, = 1 and ¢ (1) =2 > 0 thus, by
Laplace’s method (see [24, Chapitre 9, Théoréeme VI.1]),

2
/e—ﬁ¢(s)d5 L VT 2s
0 y=oo /Yy

which proves (96) for a large enough constant Cj.
Then we choose p(t,z) = p1((T —t)/T)p2(x). We also look for v of the form

vg(t, x) = Z e W (T-DE(b) Y oike where V, € Cl. (97)
’I’LD<“€‘SN

The construction of vy will use the following algebraic result.

Lemma 36. There exists C > 0 such that, for every N > ng and T € (0,1] the matriz A in
CR(N=n0)d2)x(2(N=n0)d2) " defined by blocks A = (An k)no<inj<n by
n0<|k\§N

T
Ay = / / o= (T=0Ba(n)” (=K (=) Ba(k) gi(k=m)a oy 0t € Ol 02,
0 w

is invertible and c
VF € CXVTmort ATIR| < eV | P,

where | - | is the hermitian norm on C2N—m0)d>

Remark 37. For instance, when N = ng + 2, then A is given by

A7n072,7n072 Afnof2,fn071 A*’ﬂo*?,’ﬂo*%l A*TL()*Q}’I’LUJ,*Q

o A—no—l,—n0—2 A—no—l,—no—l A—Tbo—l,no-‘rl A—no—l,n0+2
A=124 A A A

no+1,—no—2 no+1l,—no—1 no+1,n0+1 no+1,n0+2

Ano-i—l—”o—2 Ano-‘r?,—no—l Ano+27no+1 Ano+27"0+2

For X € C*¥ with block decomposition

X—n0—2
X—no—l
Xn,g—i—l
Xng+2

X =

where X, € C% for every ng < |k| < ng + 2, we have

> A_no—2.6Xk
no<|k|<no+2

> A_po—1, 16Xk
AX — no<|k|<no+2

> Ang+1,5Xk
no<|k|<no+2

> Ang+2,5Xk
no<|k|<ng+2

Thus <X, AX> = Z X;Akak.

no<|n|,|k|<no+2
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Proof of Lemma 36. The proof relies on the following spectral inequality, due to Lebeau and
Robbiano (see [19] and also [18, Thm. 5.4]):

+N 2

30, >0, VN €N, V(an)nez € CZ, Z lan|? < cleclN/ dz. (98)

I~

n=—N w

+N
§ /‘ anemw
n=—N

By summing the components, the same inequality holds when a,, is a vector, a,, € C%, and | - |
denotes the hermitian norm on C%.

Let N > ng and X € C2(V=m0)42 written by blocks X = (Xj)p, <5<y With Xy € C%. Then,
by using the definition of A, p, the properties of ps and the above spectral inequality in vectorial
form, we obtain

(AX, X) = Z Xy An kX

no<|n|,|k|<N

T 2
/ / } Z e (T=DEx(k) x, oike p(t,x)da dt
0 w

no<|k|<N

4 E2(T—t)Es(k ik 2 Tr—t
2/ /A‘ Y TR X ke p1<T) ded
0 w

no<|k|<N

—onN T 2 (Tt
> e - /0 Z ‘efkﬂ(Tft)Eg(k?)Xk o (T> dt.

no<|k|<N

There exists ¢ > 0 such that, for every |k| > ng, |E2(k)| < c. Then,
V|k| > ng, 7>0, Y e Cl, [eP2FTy| <eoT|Y].
Then, by considering 7 = k?(T — t) and Y = exp(—k*(T — t)E2(k)) Xj, we obtain
VIE| > ng, t € (0,T), e ¥ T=0Ek) x; | > =k (T-0)| x|
Therefore, by using the change of variable 7 = % and (96), we get
(AX,X) > Te;,ﬂ S /0 ' e 2K TT ) (7) dr

no<|k|<N

§ : |Xk|2e—Cok\/2cT
no<|k|<N

Te~ 1N
>
- C1Cy

2 T e—(cl-‘rCo\/QCT)N'X'Q.
C1Cy

The above relation, valid for any X € C2(V—"m0)42 proves that any eigenvalue of A is positive, thus
A is invertible. Moreover, for any F € C2(N="0)d2\ [0}, the vector X = A~!F satisfies

T~ (@rOETIN X2 < (AX, X) = (F.X) < |F||X].
C1Cy
Thus
X] < SRV
This gives the conclusion with C = maX{ClCO; C1 + CO\/%}. O

Now, let us come back to the proof of Proposition 35. For such a control of the form given by
equations (95) and (97), the moment problem (93) writes

Vg <|n| <N, Y AuVi=F,
YLO<|/§‘SN
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or equivalently AV = F with the notations of Lemma 36. Thus, it is sufficient to take V = A7 F.
By the definition of F' in (93), and Bessel-Parseval identity there exists C3 > 0 independent of
(T, N) such that

F=( X I5P)" < Callallzcne.

no<|n|<N
Thus, by Lemma 36
/2 (CsC
Vi=( > P < e folla. (99)

Step 3: Estimates on us. Let s € N*. By (95) and the definition of p, there exists C' = C(p,s) > 0
such that

C
w2l &5 0,7y xw) < ﬁHvzlle((o,T)xTry (100)
For any s1,s2 € N such that s; 4+ s < s we have,
o orva(tr) = Y |25 By (k)oK (T-0E2(R) Y, (i) 2 ik
TLO<|I€‘SN
By Bessel-Parseval identity, we have

T 2
||af16;202”2L2((0,T)><T) = / Z ‘k251+s2E2(k.)meflg?(Tft)Ez(k)Vk‘ dt
0 no<|k|<N

T
gc/ Z Kts
0

no<|k|<N

2
e—k2(T—t)E2(k)Vk’ dt

By working as in the proof of Proposition 9, we obtain, for ny large enough, positive constants
K, cp > 0 such that

T
S S S —4C ,2 —1
”81&16;021}2”%2((0,T)><T) <C Z k! Kﬁ/ e 2k (1=0) dt Vi [?
no<|k|<N 0

CK? CK?
< p k4572 Vi 2 < p N4871 174 2
D M i el

P ono<|k|<N

By (99),
S S C s— CQC C
\|8t18x2v2\|L2((01T)XT) S \/;K;DNZ 1/27T e N||f0HL2(’]I‘)d~

This provides a constant C' > 0 independant of (7, N) such that

C . as_
”UQHHS((O,T)xT) < f]\ﬂ 1/2@CN||foHL2(1r)d

and (100) gives the expected estimate on w in H*. O

4.4.4 Lebeau-Robbiano’s method

The goal of this section is to prove Proposition 31. Let T'> 0. We fix § € (0,7/2) and p € (0, 1).
For ¢ € N*, we set Ny = 2¢, Ty = A2—°¢ where A > 0 is such that 222’21 Ty =T —26. Let fy € FP.
We define

fr=e"fo,

ge = P S(Ty; fe, ue) where uy = (0, K1, n, (fe)),

—T,LP

fer1=c¢ ge,
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where K7, n, is the control operator introduced in Proposition 35. By construction II} ~,9¢ =0 and
therefore, by Proposition 9

2
2 B ~
_T2£pgl||%2('lr)d - Z ‘e—n E(l/n)ngé(n)
[n|>Ng
2 N _ 2
< Y Kpe P eTg(n)]” < Kpe 2Nt gy Fa
[n|>N,

I FesrllZaemye = lle

By the semi-group property proved in Proposition 11, there exists positive constants K and c¢ such
that
VEe LTt >0 |le ™ fllr2emya < Ke|| fllr2(r)e

Then, according to the triangle inequality and Cauchy-Schwarz inequality,

T
lgellL2(mrya < IS (Tes fo,ue) | < Ke || foll p2erya + KT |y ()| p2ry dt
0
< KT (| full oy + VTeluell 20,00 )

and by Proposition 35

[well L2 ((0,17) xw) < %GCM|\fz|\L2(T)d~ (101)
Thus
ooy < Ke™ (14 2o ) il
By setting
my = er_cl’N@zT‘KeCTl (1 + \/%eCNf)
we get

I fes1llzzemye < mull fell L2 erye-

It is easy to see that there exists C7,Cy > 0 such that m, < Cle*022(2_w. Thus || fell L2(rye — 0
and more precisely there exists positive constants Cs, Cy > 0 such that

| fell2(rye < C3 eXP(—C42(27p)Z) | foll L2 (rya-

Moreover, from (101),

Z ||W||L2 ((0.To)xw) = CZ

We set ag =6, az =6+ 274, ..., ag = ag—1 + 2T;. We have ay — (T — §) as £ — co. Then, for
any fo € FP, we define the control

E=21 foll L2 (mya < oo. (102)

K, n, (ff)(t - aeq) forap_1 <t <ap_1+ Ty,
UL (fo)(t,z) =< 0 for ap_1 + Ty <t < ag_1 + 2Ty = ay,
0 for T—5<t<T.

Then, U5 (fo) € C°((6,T — §) x w)? because all its derivatives vanish at times t = a,. Thus
U (fo) € C2((0,T) x w).

By (102), U (fo) € L*((0,T) x w)? thus S(T — &; fo,U%(fo)) is the limit, in L2(T)%, as £ — oo,
of the sequence S(ag; fo,Ur(fo)). As a consequence, IIPS(T' — &; fo,U%(fo)) is the limit in L?(T)
of the sequence II*S(as; fo,U}(fo)) = fet1. Finally,

IIPS(Ts fo, Uy (fo)) =TIPS(T — 63 fo, U (fo)) =
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By Proposition 35, for any s € N*,

o0

C s _
17 (F) s (0.7 xo SZﬁNZZ N Cy exp(—Ca2@77%) || foll L2 (mya-
((0,T)xw) T
=1 "¢
<oo
This concludes the proof of Proposition 31. O

4.5 Control of the low frequencies

The goal of this subsection is to prove Theorem 2. Let T' > T™* where T™* is defined in (3). Then,
there exists 77 > 0 such that (57) holds. Let G and U be as in Proposition 26.

Without loss of generality, we may assume that Fy C G by the following procedure. Let W be
a complement of G N F° in F°. Then W is a complement of G in” G + F°, and we extend U to
G & W by setting U(fp) = 0 for every fo € W.

Implicitly, G is equipped with the topology of the L?(T)?%-norm. The operator S is defined in
Definition 12.

We introduce the vector subspace of L?(T)¢ defined by

Fr={foe L*(T)% Ju e L*((0,T") x w)™ x C=((T",T) x w)®/S(T; fo,u) = 0}.

Step 1: We prove that Fr is a closed subspace of L*(T)? with finite codimension.
For fy € G, the function S(T’; fo,U fo) belongs to F, thus

K(fo) == —eTE"S(T; fo,Ufo) (103)

is well defined in F° by Proposition 25. Then, K is a compact operator on G because it has finite
rank. By the Fredholm alternative, (I + K)(G) is a closed subspace of G and there exists a closed
subspace G’ of G, with finite codimension in G, such that (I + K) is a bijection from G’ to (I +K)(G).
Note that G’ is also a closed subspace with finite codimension in L?(T)<.

For any fo € G, by using that K(fo) € F° and (103), we obtain
S(T,K(fo),0) = e K (fo) = e T K(fo) = =S(T, fo,Ufo)

thus
S(T, fo+ K(fo),Ufo) = S(T, fo,Ufo) + S(T,K(fo),0) = 0.

This proves that Fr contains (I + K)(G’), which is a closed subspace with finite codimension
in L?(T)?. Therefore, there exists a finite dimensional subspace Fy of L*(T)? such that Fr =
(I +K)(G") @ Fy. This gives the conclusion of Step 1.

Step 2: We prove that, up to a possibly smaller choice of T > T*, there exists 6 > 0 such that
Fr = Fr for every T' € [T, T + §]. When 0 < T’ < T”, by extending controls defined on (0,7T")
by zero on (T",T"), we see that Fp» C Fr». Thus, the map T” — codim(Fy) is decreasing and
takes integer values. As a consequence the discontinuities on (T*,T + 1] are isolated. If T is not
such a discontinuity point, then there exists § > 0 such that codim(Fr/) = codim(Fr) for every
T € [T, T +4]. In case T is such a discontinuity point, one may replace T by a smaller value, still
such that T' > T*, for which this holds.

Step 3: We prove that (e_w*}%)L C Fr for every t € (0,0). Let t € (0,0) and go € L?(T)?
be such that (go,e™**" fo) = 0 for every fo € F4. Then (e~ *“gq, fo) = 0 for every fy € Ff, ie.
e gy € (F#)*. By Step 1, Fr is a closed subspace of L?(T)¢ thus (Ff#)+ = Fr. Therefore
e~ * gy € Fr. By definition of Fr, this implies that go € Fr,;. By Step 2, we get go € Fr, which
ends the proof of Step 3.

If f € G+ FY, we write it as f¢ + fr,, and in turn we decompose fr, along the sum Fyp = GN Fy @ W:
fro = fonry +fw € G+W. So f = (fg + fonr,) + fw. This proves that G+ Fo = G+ W. Moreover, if f € GNW,
since W C Fp, we have f € G N Fop N W, which is {0}. So the sum G + W is direct.
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Step 4: We prove that Fi is left invariant by et e Fi = e_tﬁ*]—% for every t > 0. The
* * L
subspace e '£" F# is closed in L?(T)? because it has finite dimension. Thus ((e*m ]—'%)l> =

e 2" Fi and we deduce from Step 3 that, for every ¢ € (0,4), F¢ C e~ *¢" Fi. Taking into account
that dim(e™**" Ff) < dim(Fz), we obtain Fi = e~ 4" F for every t € (0,8). By the semi-group
property, this equality holds for every ¢ > 0.

Step 5: We prove the existence of N € N such that any fo € F; can be written

fo= Z e with ¢ € C2. (104)
k<N
Let S(t)* be the restriction of the semigroup e'*" to Fz, i.e. S(t)* = e £’ F4- Then S(t)* = etM

where M is a matrix such that L*fo = Mfy for every fy € Fi. But then ker(M — )7 =
ker(L* — X\)? N F7. The Kernel decomposition theorem applied to M, and the structure of the
generalized eigenspaces of L* gives the conclusion of Step 4.

Step 6: We prove that any element of L*(T)? can be steered to Fr in an arbitrary short time,
i.e. for every ¢ > 0 and fy € L?(T)4, there exists u € L2((0,7") x w)® x C=((T",T) x w)® such
that S(g; fo,u) € Fr. By the Hilbert Uniqueness Method, it is sufficient to prove an observability
inequality for S(t)*. By using the finite-dimensionality of 3, it is equivalent to prove that the
following unique continuation property holds: if f(t,-) = e!™ fo with f = 01in (0,¢) x w, then fo = 0.
By using the spectral inequality of Lebeau-Robbiano, i.e. (98) and (104), we readily get the result.

Step 7: Conclusion. Step 5 implies the controllability of the system in any time 7 > T. As T is an
arbitrary time such that 7" > T, this concludes the null-controllability in any time 7" > T7%. O

By a duality argument, we obtain the following result, that will be used in the next sections.

Corollary 38. For every T > T* and s € N, there exists Cr s > 0 such that, for every go € L? (T)4
the solution g(t) = e **" gy = (g1,92)(t) of the adjoint system (30) satisfies

l9(D)z2(mye < Crs(lgrllcz(gryn + g2l (gr)e2 )
where qp = (0,T) X w.

We will use the following standard lemma that gives a canonical isometry between H () and
Hg(Q).

Lemma 39. Let Q be an open subset of R or a compact manifold (possibly with boundary). Let
s> 0 and 1s: HS(Q) — L*(Q) be the inclusion map® The map v%: L*() — H§ () extends to a
bijective isometry from HE(Q) to H*(Q).

Proof. The map ¢ is defined on L?(Q2) by
Vfe LX), Yo e Hy(Q), (if,v)ms = (fiv)re. (105)
Thus, for evey f € L?(Q),

|L:f|Hé = Ssup <L:f7v>H§ = Ssup <va>L2 = |f|H_Sa

[vlmg =1 [ol g =1

where we used the definition of H~*(2) as the dual of H§(Q) with respect to the pivot space L?(Q)
(see for instance [27, Sec. 2.9]). Since L?(€2) is dense in H~*(Q)%, this proves that ¥ extends by
continuity to H~°(Q).

This extension is an isometry from H ~*(Q2) onto its range. As such it is injective and its range
is closed. To prove it is bijective, we check that its range is dense, i.e. that its orthogonal is zero.

If go € H§(R) is orthogonal to Im(¢), then, according to the definition of ¢* (Eq. (105)) go is
orthogonal in L?(2) to HZ(Q). But HZ(Q) is dense in L?(Q2), so g = 0. Thus Im(¢¥)+ = {0}. O

8We recall that H§ () is the closure of C2°(Q2) for the H°-norm, and that H~*(Q2) is the dual of H§(Q2) with
respect to the pivot space L2(f).
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Proof of Corollary 38. We apply the duality Lemma 14 with
®y: fo € LA(T)" = f(T,-) € LX(T)",
where f is the solution to the system (Sys) with initial data fy and control v = 0, and
®y: u = (ur,u2) € L2(qr)™ x Hy(qr)® — f(T,-) € L*(T),

where f is the solution to the system (Sys) with initial data fo = 0 and control u. The null-
controllability result proved above is equivalent to the inclusion Im(®3) C Im(®3), thus to the
existence of C' > 0 such that for every gr € L?(T)?,

192(97) | 22 ()2 < ClIP3(97) || L2 (qr )1 x5 (gr) - (106)

We compute the adjoint operators of @5 and ®3 thanks to the duality relation between the
solution f of (Sys) and the solution ¢(-) = g(T" — -) of the adjoint system (30):

T
(T, o(T)) L2yt = (F(0), 0(0)) p2rye + / / (ult, 2), o(t, 2)) dt de (107)

—(£(0), 9(0)) L2yt + / / (ur(t, ), o1 (t,2)) + (ua(t, 2), ot 2)) dtde. (108)

First, we have ®5(gr) = (e~ 7%)*gr = e~ £ gr. To compute &3, we introduce the input-output
operator Fr: u € L%(qr)? — f(T,.) € L*(T)%, where f is the solution of (Sys) with initial condition
fo = 0 and right-hand side u. By (107), Fi(gr) is the restriction of e*=7)%" gr to [0,T] x w. We
have ®3 = Fr o (I,ts), where (I, ) stands for the inclusion map L?(qr)® x Hg(qr)% — L*(qr)?.
Thus, according to Lemma 39, the right-hand side of the inequality (106) is

1(1,¢5) © Fr(9r) | 22 (gr )t x Hz (qr)te = IFT(IT) L2 (gr)tn x5 ()2 »

which gives the conclusion. O

5 Hyperbolic control: coupling of order zero

The goal of this section is to prove the following result on the system

{ (O + A0y + K11) f1 + (A120; + K12) fo = w1l, in (0,7) x T, (109)

(8t — 85 + Kgg)fz + Kglfl =0 in (O,T) x T.

Theorem 40. We assume (H.1)-(H.4), D = I, m =dy, My = I4,, Ma =0, Ay; =0 and Ay = 0.
Let T* be defined by (3). The following statements are equivalent.

o The system (109) is null controllable in any time T > T*.

e The couple of matrices (Kaa, Ko1) satisfies the Kalman rank condition:

Span{KJ, K51 X1; X1 € C",0<j <dy — 1} =C%. (110)

The interest of this theorem is that its proof is essentially the same as the one of Theorems 3
and 4 (that will be done in the next sections) but it is less technical.

In Section 5.1, we prove that the Kalman condition (110) is necessary for the null controllability
of System (109). In Section 5.2, we prove that the Kalman condition (110) is sufficient for the null
controllability of System (109), first in the case dqy = 1 (i.e. with one hyperbolic line in the system)
where the cascade structure (or Brunovski form) is easy to handle, then in the general case d; > 1
which is more delicate to write.
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5.1 The Kalman condition is necessary

If the null controllability property for (109) holds, then, by considering the Fourier components of
the solution and the control, we obtain the null controllability, for every n € Z \ {0}, of the system

Xl(t)/ + (inA’ + KH)Xl(t) =+ (inA12 + K12)X1 (t) = U1(t),
Xé(t) + (712Id2 + KQQ)XQ(t) + K21X1(t) = 0,

with state X () = (X1, X2)(t) € C¥* x C% and control v; € L*(0,T)%. This requires the null
controllability of the control system

Xé(t) + (n2Id2 + KQQ)XQ(t) + Kngl(t) = 0,

with state X5(¢) € C% and control X; € L2(0,T)%, i.e. the Kalman rank condition (see for instance
[10, Thm. 1.16])

Span{(n®Iy, + Ka2) Kojv1;01 € C, j € {0,...,ds — 1}} = C*®,

that can equivalently be written in the form (110).

5.2 The Kalman condition is sufficient

In this section, we explain how to complete the proof of Theorem 2 to prove that the Kalman rank
condition (110) implies the null controllability of (109) in time 7" > T, in Theorem 40.

First, we treat the case d; = 1 then we generalize to the case d; > 1.

From now and until end of this subsection, C' will denote positive constants which will vary from
line to line. For 1 <i <2 and 1 < j < d;, we denote by vf the j-th component of a vector v; € Cdi.
5.2.1 The case of one hyperbolic component: d; =1

By using the Hamilton-Cayley’s theorem, we know that there exist co,...,cq4,—1 € R such that
K33 =coly, + 1 Koo + -+ ca1 KB (111)

By using the Kalman condition (110), the matrix P defined as follows

P = (Ka1, Ko Ko1, ..., K& ' Koy), (112)
is invertible. We set
0 0 Co
- 1 0 : c1 - (1)
Ky = | ¢y | and Kop:=| .| (113)
P 0
0 ... 0 1 ecgp1

From (111), (112), (113), we check that we have the following relations
KQQP = PI/(Q\Q and Kgl = P[/(;, i.e. [/(2\2 = P_1K22P and I?Ql = P_lKgl.
The function w = (wy,ws) = (f1, P71 f3) solves

(8,5 + A’@x + Kn)wl + (Algpax + K12P)’LU2 =wu1l, in (O,T) x T,

(at — 92+ I?Q\g)wz + Kpjwy =0 in (0,T) x T, (114)
(w1, w2)(0,-) = (wor, wo2) in T.

The system (114) is a “cascade system”. Indeed, roughly speaking the control w; directly controls
the component w1, the component w; indirectly controls the component w3 in the second equation
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through the coupling term wj, the component w3 indirectly controls the component w3 in the
third equation through the coupling term w3, ... the component w;’rl indirectly controls the
component wéi? in the last equation through the coupling term wngl.

The adjoint system of (114) is

(0 — a0, + K )1 + Kor g2=0 in (0,T) x T,

—tr
(815 — 92 + Ky )gg + (—(AlgP)“am + (Klgp)tr)gl =0 in (0,7)x T, (115)
(91, 92)(0,-) = (go1, go2) inT.

From Corollary 38, we know that for every go € L?(T)?, the solution g of (115) satisfies
19(T, ) lz2(ry < Cllgrllz2(ar) + 192l m-2a2+1g))- (116)

By using the fact that I?QQ is a companion matrix, see (113), we have that for every i € {2,...,da},
the i-th equation of (115) is

Ogy = 0295 + g5 + bim100g1 + ai—1g1 = 0, with (a;—1,bi—1) € R?
Then we deduce 4 ‘
19511222041 (gr) < Cllg5 lzr-26-1+1(g0) + 9111 22(ar))- (117)
Here, we have used in particular that
18 — 82)g5 M lsr-25+1ary < Cllgh™ 2061151

and
16i-10:91 + ai—191 (| m-2+1(4r) < CllgrllL2(gr)-

Then, we deduce from (116) and (117) that
(T, Ml z2cry < Cllgnllee(ary + lg2llzr-1(ar))- (118)

By using the fact that 1?21 is the first vector of the canonical basis of R, see (113), the first
equation of (115) is
091 — A'dz91 + K1191 + 93 = 0.

Then, we obtain that
921171 (ar) < Cllgrllz2gr)- (119)

So, we deduce from (118) and (119) the observability inequality

T
M@JﬁMVSCA(/mm@Pm&,
in the case d; = 1. This concludes the proof of Theorem 40 in the case d; = 1 by duality.

5.2.2 The case of several hyperbolic components: d; > 1

In this section, we deal with the general problem of null-controllability of (109). To this aim, we
introduce K, € R% the i-th column of the matrix Ky, (1 <1i <dy), i.e.

Koy = (KhIK3] . K8,

From the Kalman rank condition (110), we construct an adapted basis of C%2.
Lemma 41. There exist r € {1,...,d2} and sequences (I;)1<j<r C {1,2,...,d1} and (s;)1<j<r C
{1,2,...,do} with 377, sj = da, such that

B=J{Kh Knks, ... K3 KG )
j=1
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is a basis of C¥. Moreover, for every j, with 1 < j < r, there exist a}lﬁvsj eR (1<i <y,
1 <k <s;j) such that
K33hgh = Y (ab o, Kb + by KooKl + o+ ol K37 K ). (120)
i=1
For a proof of this lemma, see [3, Lemma 3.1].
Let B the basis of C% provided by Lemma 41 and P be the matrix whose columns are the
elements of B, i.e.

P i (Kd | Kaa K3 | (K537 K RS K K ).

Let us observe that the basis BB has been constructed in such a way that (120) is satisfied.
Let the matrices Cy; € R**% and C;; € R***%, 1 <4 < j <r, be defined by

0 0 O oﬂi’si _
10 0 .. ab, 0 ... 0 ai,
c,=10 1 0 s [and Cyj = .. o |- (121)
s < : 0 0 o
00 ... 1 aii)si
We set
Cll 012 P ClT
o 0 022 027- —
K22 = . . . and K21 = P_lKgl. (122)
0 0 . Crr

From (120), (122) and (121), by denoting P, := (Kgil\KmK;ﬂ . |K§5—1K§il), we have

KooPs = (Koo K3y KB K5 | [K33 K5 )

i
l; 2 l; k Ik k L k sp—1 I
K22K21‘K22K21 cee ’ E (O‘LsiKm + a2,siK22K21 +eee ask,siKZQ K21>>
k=1

i—1

k Ly k l k sp—1 11

O’ o ‘O’ Z(alvsiKle + 042781_K22K2k1 toee Tt askvsiKQ’i Kle))
k=1

(Koo K5 | K5 K5 | (0o K + 0o KooKl + -+ ol K357 K )
= PCri+ P2Cy + - + PCy;.

/N N

Then, we obtain -
KgoP = PKyy and Peg, = Ky, 1 <i<r, (123)

where eg, is the S;-element of the canonical basis of R™ with S; =1 + Z;;ll sj. In the following,

we will also use the notation S,11 :=ds + 1.
We argue as in the previous subsection. We perform the same change of variable w = (wq,ws) =

(f1, P~ f2), we consider the solution g of the adjoint system

(@ — A", + K{g)gl 4 Ko g2 =0 in (0,T) x T,
(8,5 — 82 -+ I/{\Qgtr)gg + (7(A12P)tram -+ (KlgP)tr)gl = O in (O,T) X T, (124)
(91,92)(0,-) = (go1, go2) in T.
From Corollary 38, we recall that the solution g of (124) satisfies
19T, Y22ty < Ol ar) + g2l ir-2ms14ry) . with m = max s; (125)
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Then, we use the coupling terms in the system (124) in order to get rid of the term ||gg||§{,2m+1(qT)
in the right hand side of the inequality (125).

From the cascade form of the matrix I/{Q\Q, see (122), more precisely from the cascade form of
the block matrix Cj; and the form of the matrices Cy4,...,Ci_1,, see (121), the equations of the
adjoint system (124) are

Vi € {1,...,’)"}, VjG{Si,...,SinQ},

dy
) . i
3t9§ - 859% + 9§+ =+ Z bf,j@wg’f + aﬁjgf =0, (aﬁjv bf,j) €R” (126)
k=1

To simplify, we will denote by H*, k € Z~, the space H*(qr).
We deduce successively from (126) with j = S;41 —2,5i41—3,...,Si41 —2—(s; —2) = S, the
following estimates

Siy1—1 Siy1—2
ng "H7251+1(qT) < C( 9o HH*Z(Sifl)Jrl(qT) + ||91||L2(qT))

S, -3
C( 9a i H

IN

H*2(Si*2)+1(qT) + ||g1 ||L2((IT)

IN

IN

Si+1—2—(8i—2)
C( 92 HH_l(QT) + ”gllle(QT))'

So, we have for every i € {1,...,r} and j € {S; +1,...,S;41 — 1},

o] < (|l

H72m,+1(qT) -

iy Flalizen ) (127)

= )
Then, by using (122) and (123), we have Koy = P~'K%, = eg,. Consequently, the /;-th equation
of the adjoint system (124) is

di

Orgy + Y an, k0ngt + b kgt + 95" =0, (ar, ki, 1) € RZ.
k=1

Then, we obtain

Si
|95 < Cllgrllzagery (128)

H=Y(qr

By gathering (127) and (128), we obtain

ViE{L...,T}, VjE{SZ-,...,SZ—H—l},

o4 (129)

< Cllar e

H—2m+1(gp

By using that {S1,...,82—1,5,...,83—1,...,5,, ..., 841 — 1} ={1,...,d2}, we finally deduce
from (129) and (125) the observability inequality

T
19T e <€ [ [ It Pz,

This concludes the proof of Theorem 40 in the case d; > 1 by duality.

6 Hyperbolic control: coupling of order one

The goal of this section is to prove Theorem 3. The requirement of the Kalman rank condition
(6) for null-controllability is an adaptation of the proof given in Section 5.1. Now, we explain
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how to complete the proof of Theorem 2 to prove that the Kalman condition is sufficient for null
controllability. We set

Fy:=L*(T)" x L2 (T)% = {fo = (for, fo2) € L*(T)¢ ; /f02(95)d95 = 0}- (130)
T

We only give the proof in the case d; = 1. The case d; > 1 is an easy adaptation of the case
d; = 1 and the arguments already presented for coupling terms of order zero in Section 5.2.2.

6.1 A special observability inequality
The goal of this section is to prove the following observability inequality.

Proposition 42. There exists C > 0 such that for every go € Fa, the solution of the adjoint
system (30) satisfies

19(T, )I72(ry < C(||91||2L2(qT) + ||5g292||§172d2+1(qﬂ)' (131)

In order to prove Proposition 42, by a duality argument, it is sufficient to establish the following
null-controllability result.

Proposition 43. For every fo € Fa, there exists u € L?*(gr)®™ x (Ha% Y (qr))® such that
S(Ta f07 (U’h?agzup)) =0.

Proof of the equivalence between Proposition /2 and Proposition 43. We apply Lemma 14 with
®2: fo e Fas f(T,:) € Fa,
where f is the solution to the system (Sys) with initial data fy and control v = 0, and
Dy:u = (uy,ug) € L2(qp)™ x HE>"gr)¥ — f(T,-) € Fq,

where f is the solution to the system (Sys) with initial data fy = 0 and control (u1, 9% us). Note
that by integrating the second equation of the system (1), we see that a control of the form
(u1, 8%2 ug) cannot change the mean of the parabolic component. This justifies that ®5 and ®3 do
indeed take values in F5.

The null-controllability result of Proposition 43 is equivalent to the existence of C' > 0 such
that for every gr € L?(T)?,

19302 19 < CIBS@T) 2 gy 202 gy (132)

We have ®5(gr) = (e"74)* g7 = e T gr. We claim that the right-hand side of the inequal-
ity (132) satisfies

||(D§(9T) ||L2(LIT)d1 XHgdz—l(qT)dQ = || (917 (_1)d28;l292)||L2(qT)d1 x H—2d2+1(gp)d2, (133)

T=t)L" 4. This will prove that the inequality (132) is exactly the observability

where g = e~ (
inequality (131).
We write ®3 as

(1)3 = ‘FT o (178;;12) o (Iv L2d2—1)7

where Fr: L%(T)¢ — L2(T)? is the input-output operator introduced in the proof of Corollary 38,
022 is seen as an unbounded operator on L?(T)9 with domain H% (T)% and 194, _1: H?%~1(T)% —
L?(T)% is the inclusion map (see Lemma 39). Note that while ®3 written this way looks like an
unbounded operator (because 9% is), we have Im(t24,—1) C D(9%), so that the composition of
operators above is indeed a continuous operator. So, we have

®5 = (1, 63a,-1) © (1, (952)") 0 Fp = (I, 434, 1) © (I, (=1)"052) 0 F7.

Since 5,,_; is an isometry between H3% ™' and H~2%%1 (see Lemma 39), this proves the rela-
tion (133). O
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First, we show that the null-controllability result of Proposition 43 is true at the high-frequency
level, i.e. we prove the following adaptation of Proposition 26.

Proposition 44. There exists a closed subspace G* of L*(T)? with finite codimension and a
continuous operator

U*: G L2((0,7") x w)™ x C2(T',T) x w)®
fO'_> (uhvup)a

that associates with each fo € G* a pair of controls U* fo = (un,u,) such that
Vfo € G*, TS(T; fo, (un, 0% uy)) = 0. (134)

In order to prove Proposition 44, it is enough to prove Proposition 28 with parabolic control of
the form d%2u,. Thus, by using Section 4.4.1, it is sufficient to show the following adaptation of
Proposition 31.

Proposition 45. If ng is large enough, then for every T > 0, there exists a continuous operator

U Fr— C2((0,T) x w)
fO = Up,

that associates with each fo € FP a control Q%‘ 0 = up such that
P S(T; fo, (0,0%2u,)) = 0.

Proof. Let fo € FP and fo’ be such that 922 fo’ = fo. Note that fo’ is well-defined because
Jr fo(@)dz = 0. We know from Proposition 31 that there exists u, € C°((0,T) x w)? such that

the solution f* of (Sys) with initial data f& and control (0,u,) satisfies
P f4(T,.) = 0.

Then, by setting f := 9% f* and by applying 922 to the system (Sys) satisfied by f*¢, we deduce
that f is the solution of (Sys) with initial data fo and control (0,0%2u,) and satisfies

P f(T, ) = 0,

because 942 and TIP commute.
We get the conclusion of the proof of Proposition 45 with the continuous operator Q{%’( fo) =
Uy (fo’) where UY. is the operator defined in Proposition 31. O

Secondly, we have to show that the null-controllability result of Proposition 43 is true at the low
frequency-level, as we have already shown for Theorem 2 in Section 4.5. All the steps of Section 4.5
remain unchanged except the Step 6. Indeed, the unique continuation argument transforms into:
if f(t,-) = ™M fy with (f1,0% f;) = (0,0) in (0,€) x w then (fo1,0% fo2) = (0,0) thanks to the
spectral inequality of Lebeau-Robbiano (98), that is to say, fo = 0 because [} foz2(z) dz = 0.

This concludes the proof of Proposition 43 thus the proof of Proposition 42. O
6.2 The case of one hyperbolic component: d; =1

By the Hamilton-Cayley’s theorem, there exist cg,...,cq,—1 € R such that
AP = colg, + c1Agp + -+ cap1 AT
By using the Kalman condition (6), the matrix P defined as follows

P = (Agy, ApoAsy, ..., AZ "  Ay),
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is invertible. By setting

0 0 Co

N 1 0 ... @ @« - (1)

App:=1¢g - - ¢ and Ay = e (135)
: . -0 : 0
0 ... 0 1 cgp—1

we check that we have the following relations
AgoP = PAgy and Ay = PAgy, ie. Agg = P~ Ay P and Ay, = P~ Ay,.
Then, by setting w = (wy,ws) = (f1, P~1f2), we have
0y + A0y + Ky1)wy + (A12P0; + K12 P)wy = ugl, in (0,7) x T,
(at — 92+ Z;am)wg + A1 9ywy =0 in (0,T) x T, (136)
(w1, w2)(0, ) = (wo1, wo2) in T.

The system (136) is a “cascade system” with coupling terms of order one in the spatial variable.
The adjoint system of (136) is

(81& - A/trax + Klltr)gl - ZQ\ltraa’:QQ =0 in (O7T) X T;
2 —tr tr tr _ . (137)
(00— 92— 420, ) g + (—(412P)"00 + (K12P)" )1 =0 in (0,T) x T,
(91,92)(0,-) = (go1, go2) in T.
We know from Proposition 42 that the solution g of (137) satisfies
19(T, ) 22y < C(llg1llL2(gr) + 1052921l 1120211 (g1 )- (138)

By using the fact that Zg\g is a companion matrix, see (113), for every i € {2,...,ds}, the i-th
equation of (137) is

Btg;_l — Bigé_l + 83;‘9; + bi_laxgl + a;—191 = 0, (ai_l, bz’—l) € RQ. (139)
Then, by applying 95! to (139) with i € {2,...,da}, we get that there exists C' > 0 such that
105951l 1r—2+1.gr) < C (10 = 02)05 " 95 li-2i1(gr) + 1(0im185 + aima 8y g1l -2041(qr))
therefore we have
105951l 1r—2+1.(gr) < C (105 95 | r-26-041(gr) + 1911 22(ar)) - (140)
Then, we deduce from (138) and (140) that

19(T, )2y < C(ll91ll22(ar) + 1022 g2l zr-2a2+1 ()

da
< C<||gl||L2(qT) + Z |8;g§||H2i+l(QT)>

i=1
< C(llg1llr2(gr) + 102920 -1(ar))- (141)
By using the fact that ;1; is the first vector of the canonical basis of R%, see (135), the first

equation of (137) is
Ogr — A'Opgr + K111 + 9295 = 0.

Then, we obtain that
1029211722 (gr) < CllgnllLe(gr)- (142)
So, we deduce from (141) and (142) the observability inequality

l9(T, ) lz2(ry < CligallL2(ar),

which concludes the proof of Theorem 3 in the case d; = 1. O
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7 Parabolic control

The goal of this section is to prove Theorem 4 and to illustrate the necessity of a regularity
assumption on the initial condition.

7.1 A regularity assumption is necessary

We consider for A € R* the system

{ Oufr + NSy + 0o fo =0, in (0,T) x T, (143)

Oifa — 02f2 + Mo fo = v(t,x), in(0,T)xT,

ieew=T,d=2, m=1,

SN )

that satisfies (H.3),(H.4) and the Kalman condition (12) because A1 = 1. By Theorem 4, any initial
condition fo = (fo1, fo2) € H2 x H?(T) is null controllable. The following statement illustrates
that

e a regularity assumption on fy; is necessary for the null controllability

e the one given by Theorem 4 is sufficient but may not be necessary.

Proposition 46. An initial condition fo = (fo1, foz) € L% (T) x L?(T) is null controllable with
v € L2((0,T) x T) if and only if for € H'(T).

Remark 47. Similar problems of regularity between initial data and control have already been
noticed in the context of transport systems, see [1, Remark 5].

Proof. In the proof, we use the notation Qr = (0,7) x Q.
The change of variable

fitx) = fi(t,x—Xt),  w(t,z) = u(t,z — At)

leads to
6tf1 — 8wf2 = 07 in (O,T) X T, (144)
8tf2_6§f2:u(tax)7 in (O7T) x T

The null controllability of (fl, f;) with control v € L?(Qr) is equivalent to the null controllability
of (f1, f2) with control u € L?(Qr). On Fourier components, equation (144) gives the ordinary
differential equations

Fat,n) = —nfa(t,n) +A(t,n).
Let fo = (fo1, fo2) € L?(T) x L?(T). The solution writes

{ §hitm) =info(t,m). (145)
dt

o~ o~

, t
fa(t,n) = fog(n)efnzt +/ (37"2('577)ﬂ(7'7 n)dr,
0

t
fit,n) = fio(n) + in/ fa(mym)dr
0

: t _ a—ni(t—7)

1 2T 1—e
:fol(n)—kﬁ(l—e ) foz(n )+1n/0 a(r, n)7n2 dr.
thus the relation f(7') = 0 is equivalent to the moment problem

[r e*”2(T’T)17(T n)dr = —Jfoa(n)e™' T, Vnez,

Jo d(r,n)dr = infor(n) — foz2(n), vn € Z\ {0}. (146)
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Note that the assumption [ fo1 = 0 implies [;. f1(t) = 0 for every ¢ > 0 thus the null controllability
of this component does not require any condition on the control wu.

Necessary condition: We assume fo = (fo1, fo2) null controllable with a control v € L*(Qr) and we
prove that fo; € H'(T). By the Bessel-Parseval equality and Cauchy-Schwarz inequality,

|u||L2(QT)fZ/ a(t,n)>dt

nez
/ (t,n)dt

>> 7
. N 2 1 2
> Z T’mfm(n) - f02(n)‘ = f”a@’fm = foallz2m)

nEZ
nez

2

thus fo1 € Hl(T)

Sufficient condition: We assume fo = (fo1, fo2) € H}, x L?*(T) and we construct a control u €
L?((0,T) x T) that steers this initial condition to 0.
Let G, be the Grammian matrix, in L?(0,T), of the family (w ,,ws2,) where wy ,: 7

ne=""(T=7) and wap T = 1, de (Gr)ij = fOT W; n(T)wjpn(7)dr for every 1 <i¢,j < 2. Then G,
is invertible for every n € Z \ {0} (because it is the Grammian matrix of a linearly independent

family) and, when |n| — oo,
1/2 1/n
G~ ( 1/n T >

thus there exists C' > 0 such that, for every n € Z\ {0}, ||G;;}|| < C. We take
1~ ina
u(r, ) = -7 fo2(0)+ D (nwrin(r) + Bawan(r))e™

neZ\{0}

an \ _ o1 —nfoa(n)e T
(5 )=e <mf01( ) = Fonln )) 0

Then, by Bessel-Parseval equality, we have for various positive constants C' depending on T,

where

luli3a(@r) = FlToa (O + / ST ot n(t) + fuws n(0) Pt

n€Z\{0}
1 ~
< LFn@P +C T (ol +18)
nezN {0}
1 > -~ ~
< PO +C 52 (ot o) o)

< O(Iorllzn e + 1 foalfaim) ) < oc.
Thus u € L?(Qr). Note that the moment problem (146) can equivalently be written

foi a(r,n) dr = —fo2(0),

Jo, win(r)i(r,n) dr = —nfoa(n)e "7, vn e 2\ {0}, (148)
0 w2,n(7)a( ’n) dr = infOl(n) - fOQ(n)’ Vn € Z \ {O}
Thus, by (147), u solves (146). O
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7.2 Proof of Theorem 4

The Kalman rank condition (12) is a necessary condition for null-controllability of (10) by the same
arguments as in Section 5.1. Thus we only explain how to complete the proof of Theorem 2 to
prove that it is a sufficient condition for null-controllability of (10). We introduce the space

Fp = HRTYT)D x ghti(T)dz, (149)
equipped with the scalar product of H4+1(T)? and the space

]FAE::L2

m

(T)% x L?(T)4, (150)

equipped with the scalar product of LQ(']T)d.

The null-controllability of the system (10) in Fy with control of the form (0,us) € {0}% x
L?(qr)? is equivalent to the following observability inequality: for every T > T*, there exists
C > 0 such that, for every gg € ﬁ, the solution of the adjoint system (30) satisfies

T
9T - <€ [ [ it azar. (151)
w

where go(t,x) € C% is made of the last dy components of g(t,z).

Proof of the equivalence between the null-controllability in F1 and the observability inequality (151).
We apply the duality Lemma 14 with

®y: fo€Fy —e Thfy e Fy,

®5: uy € L2(qr)® — S(T;0,(0,us)) € Fy.

Note that the mean value of the d; first components is indeed zero. The null-controllability result
in F; is equivalent to the inclusion Im(®s) C Im(®3), thus to the existence of a constant C' > 0

such that for every gr € Fq

12397 ) | rar+1(mya < ClIP5(97)]I L2 gy - (152)
We compute the adjoint operators of ®, and ®3 thanks to the duality relation between the solution

f of (Sys) and the solution ¢(-) = g(T" — -) of the adjoint system (30):

T
(f(T),o(T)) 2(mye = (£(0),(0)) L2(T)a +/0 /(ug(t,x),<p2(t,x)> dtdz. (153)

First, ®3(gr) is the restriction of the do-last components of e*=7)%" gr to [0,T] x w. Then, by
(153) and Lemma 39 (working as in the proof of Corollary 38), the left-hand side of (152) is

195 (97 [l a1 (mye = lle™ ™ gzl r-car 0 (gya-
Thus the inequality (152) is indeed the observability inequality (151). O

By using the strategy developed in Section 6, we claim that, in the case dy = 1, it is sufficient
to prove the following result in order to prove the observability inequality (151).

Proposition 48. For every T > T*, there exists C > 0 such that for every go € ﬁ, the solution
g of the adjoint system (30) satisfies

WL, carsrmga < C(102 91120 gy + 192032y )- (154)
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The observability inequality (154) has to be compared to the observability inequality (131) in
Section 6. Roughly speaking, the term ||0%1 g, | 77 (a141) (g7) comes from the fact that we will perform
(d1 — 1) steps of elimination, each of them “costs” one derivative (instead of two in Section 6.2)
because we will use transport equations which are of order one in time and space (instead of
parabolic equations which are of order two in space variable). The last step of elimination “costs”
two derivatives because we will use a heat equation which is of order one in time and two in
space. This explains the number (d; — 1) + 2 = d; + 1 derivatives. By adapting the arguments of
Section 5.2.2, we can also treat the case do > 1.

In order to prove Proposition 48, by duality (a simple adaptation of the proof that Proposition 42
and Proposition 43 are equivalent), it is sufficient to establish the following null-controllability
result.

Proposition 49. For every fo € Fy, there exists u = (un,up) € (Ha™ ™ (gr))% x L (qr)® such
that S(T, fo, (0% up, uy)) = 0.

The proof of this result is an adaptation of the proof of Theorem 2:

e we prove that parabolic high frequencies are null-controllable,

e we prove that hyperbolic high frequencies are null-controllable,

e we combine these two propositions to prove that high frequencies are null-controllable,
e we finally deal with low frequencies.

For the first point, we just need a special case of the corresponding result that was used in the
proof of Theorem 2, i.e. Proposition 28.

Proposition 50. If ng is large enough, there exists a continuous operator

UPH: Fy x H2M (0, T) x w)b — C2 (T, T) x w)®
(f07uh) = Up,

that associates with any (fo,un) € F1 x HZ (0, T") x w)® a control u, = UP*H( fo, un) such that
P S(T; fo, (95 un, up)) = 0.

Proof. Proposition 50 is a consequence of Proposition 28 because F; x Hgdlﬂ((T', T) x w)¥ is
continuously embedded in L?(T)¢ x L*((T",T) x w)® and 0%u, € L2((0,T") x w)® for every
up € H3MTH((0,T7) x w)®. O

For the second point, we will prove the following adaptation of Proposition 27.

Proposition 51. If ng is large enough, there exists a continuous operator

UM Fy x HZ (T, T) x w)®2— Ha"PH((0,T7) x w)®
(.anup) = Up,

that associates with any (fo,up) € F1 x Ha " P ((T',T) x w)® a control u, = U™¥(fo,up) such that
" S(T; fo, (0% U, uyp)) = 0. (155)

While the ideas of the proof are the same as for Proposition 27, the proof of this Proposition is
technically more delicate, as we have to build regular controls, and, on the observability side, deal
with the (slightly impractical) H§ and H ~® norms. We postpone the proof to the next subsection.
For now, let us assume Proposition 51 holds true, and finish the proof of Theorem 4.

We now combine Propositions 50 and 51 with the Fredholm alternative, as in the proof of
Proposition 26, to prove that high frequencies are null-controllable. That is to say, we get the
following adaptation of Proposition 26.
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Proposition 52. There exists a closed subspace G* of F1 with finite codimension and a continuous
operator
uﬁ: gﬁ - Hglerl(qT)dl X Hgd1+1(QT)d2
Jo (uhvup)a

that associates with each fo € G* a pair of controls U* fo = (un,up) such that
Yfo € G*, TIS(T; fo, (0% un, up)) = 0. (156)

The last step consists in showing that the null-controllability result of Proposition 49 is true
at the low frequency-level, as we have already shown for Theorem 2 in Section 4.5. All the steps
of Section 4.5 remain unchanged except the Step 6. Indeed, the unique continuation argument
transforms into: if f(t,-) = ™ fo with (0% f1, f2) = (0,0) in (0,¢) x w then (% for1, fo2) =
(0,0) thanks to the spectral inequality of Lebeau-Robbiano (98), that is to say, fo = 0 because
f'[F fOl (.’13) dr =0.

This concludes the proof of Proposition 49 thus the proof of Proposition 48. O
7.3 Proof of Proposition 51

The proof of Proposition 51 is an adaptation of the one of Proposition 27, with the following
changes:

e we deal with the fact that we want a control of the form (9%'uy,0),

e we adapt the duality argument to take into account the regularity of the controls that we
want (it involves some H~° norms),

e we adapt all the inequalities to replace the relevant L2 norms by H —° norms,

e to build regular controls of the simple transport equation 0 f + pd, f = 0, we use [1].

Step 1: reduction to an exact controllability problem. We claim that in order to prove Proposition 51,
we only have to prove the following exact controllability result.

Proposition 53. If ng is large enough, then for every T' > T*, there exists a continuous operator

gl%/ﬁ: rh ﬂHleJrl(T)d N Hgd1+l(lIT/)d1
fT/ = Up,

that associates with any fr, € F'" N H?*1W+Y(T), 4 control Q?J,ﬁ(fT/) = uy such that
MRS(T7;0, (un, 0)) = frv.

Indeed, by the choice of support in time of the controls, and by the reversibility of e—te" (

Section 4.3.1 for the details), the relation (155) is equivalent to

see

" (S(T"; 0, (0% uy, 0))) = —eT=TIE TINS(T fo, (0, up)).

Note that functions in F" have zero mean (see the definition of F* Eq. (51)). Thus, 92! is invertible
on F" and its inverse 8;d1 is, on the Fourier side, the multiplication by (in)_dl. Moreover, the
operator 9, commute with II" and the semi-group e~**. So the relation (155) is equivalent to

" (S(T7;0, (up, 0))) = —0; “eT=TVIE TING(T; £y, (0, up)) = K (fo,up). (157)
So, if Proposition 53 holds, we may choose (assuming it makes sense)
un = U (K (fo, up))-

Thus, to end this first step, we just have to check that the right-hand side K(fo,up) of (157) is
indeed in F" N H24+1(T)d,
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The projection IT" has range F®, and et£" sends FP to itself, as do 9;%. So K (fo,up) belongs
to Fh.

The group et£" sends every H*(T)? into itself (see Remark 13). Since IT" is just the multiplication
on the Fourier side by P"(i/n), the operator II" also sends every H*(T)? into itself. Thus, we just
have to check that S(T, fo, (0,up)) = e~ T£ fo + S(T,0,(0,up)) € HLTH(T)? because 9,4 sends
HATYT)4 into H2A+1(T)4.

e The function fy belongs to H+1(T) by hypothesis, so e~ f; also belongs to H%+1(T) (see
Remark 13).

e The parabolic control u, belongs to Hgd1+1((T’,T) x w)% by hypothesis, thus for almost
every t € (0,T), (0,up)(t,-) belongs to H?*41+1(T) and thus

T
S(T50,(0,u,)) = / e~ (T=DL(0,u,)(t) dt € H*MHI(T)".
0

This concludes this first step.
Step 2: Observability inequality associated to the controllability problem of Proposition 53. Let

By :=T1" 0 194, 41 : H*PHH(T)Y — L3(T)?
be the restriction of IT" to H2?4+1(T)4 and
3 := 11" o Frv 0 (12a,+1,0): Hy™ (g )™ — L*(T),

where (124, 11,0) stands for the map uy, € HZ" ™ (gr)% — (uy,0) € L?(gr/)?®. Note that &, and
$3 are continuous.

The controllability problem of Proposition 53 is equivalent to the inclusion Im(®3) C Im(P3).
Therefore, according to the duality Lemma 14, it is equivalent to the following inequality: there
exists C' > 0 such that for every go € L%(T)4, 19390l fr2es+1(mya < CH<I>§gOHH§d1+1( ya- Since 11"

qr
is a projection on F™, since F7. go is the restriction of the first d; components of e_(T/_t)Ugo to

qr, and since ¢} is an isometry between H§ and H~*.% this inequality reads: there exists C' > 0

t

such that for every gg € F b the solution g = e *£" gy of the adjoint system (30) satisfies

90/l 7 —2a1-1(1ya < Cllg1ll r-2a1-1(qp )1 5 (158)

where g; are the first d; components of g.

Let go € F™. For the remaining of this proof, we use the notations of Section 4.3.2, and in
particular we introduce the decompositions (70) and (71). In the following arguments, the constants
C' do not depend on gg.

Step 3: We prove the observability inequality (158) assuming that, for every u € Sp(A’), there exists
C > 0 such that the solution GZ of (79) satisfies

1G (0 r-car e (ry = G0, )| -aren () < OG-+ (g (159)
We will prove (159) in Step 3.

We proceed as in the proof given in Section 4.3.2. By the explicit expression (75) of S, and
Bessel-Parseval identity, there exists C' = C'(T") independent of gy such that

e, [ (D | Py, (160)
Using the Duhamel formula, we obtain that the function éu defined by (77) satisfies

~ b
Gy — Gl e 0,77y, H-Car+1 ()0

h o) *
< C”etR“(O) SM||L1((07T/)7H—(2d1+1)(’]I‘)d) < OHgOHH—(2d1+2)(’H‘)d. (161)

9See Lemma 39, and also recall that because T has no boundary H(T) = H*(T).
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By (159), the triangular inequality, (77) and (161), we deduce that

IGO0 Mr-caren e < C(IGull oo gy s + 1Gn = Goll-corsn g0

(162)
< CIGul r-coren gy + 90l - oo 2y ).
Using Bessel-Parseval identity and the decomposition (82), we obtain
G = PR0)*gll oo (0,77, 11 20 (1yay < Cligoll gr-caas+2) rya- (163)
We deduce from (162), the triangular inequality and (163) that
1G 0V aye < C(IPEO) glz-caor o1 (gpy + oll - aorear oy )
Taking into account that P(0)* = P}(0)*P"(0)*, we get'”
1B20)" gl 1r-catr 400 qp010 < [PEO) TP 0 gll - sis o gpye < Ol ll-coas gy
Using (71), the triangular inequality and the previous two estimates, we obtain
||90||H—<2d1+1>(1r)d
< > 1Gu0Ma-cosnmp < C(lgtlla-cosm gpyn + 9ol g-carnma).  (164)

neSp(A”)

Proceeding as in the end of the proof given in Section 4.3.2, the inequality (164), together with a
compactness-uniqueness argument, end Step 2.
Step 4: We prove that the solution GZ of (79) satisfies (159). By duality, it is actually enough to
prove the following exact-controllability result.

Proposition 54. Let w = (a,b) and T' > 2==2 " For every (fo, fr/) € (H2H1(T)4)2, there

1l
exists u € Hgd1+1(qT)d such that the solution f of
Of + poef =uly, in Qr,
. 165
{705 inT, (165)

satisfies f(T',-) = frs.
To prove Proposition 54, we will use the following lemma, which is an easy adaptation of [1,
Lemma 2.6].

Lemma 55. Let w = (a,b) and T' > %bl—a)'

cut-off function n € C*°([0,T"] x [0,2x]) with

Then, there exists > 0 small enough and a

n=0in [0,T"] x [0,27] \ (6, T" — ) x (a +6,b—§)), (166)
such that, for every z € [0, 27],
TI
Q= / n(s,x + us)ds # 0. (167)
0

Remark 56. We assumed that the function 7 is extended by 27-periodicity in the spatial variable.

Now, we give the proof of Proposition 54 thanks to Lemma 55.

10Remark that if K is a matrix and f € (H~*)4, then || K f| g-s < |K]||f|lzr—s- Indeed, noting (-, -) the duality
between Hg and H™*, we have for every g € Hg, (Kf,g) = {f, K*g) < [|fllg-s K" gollas < flg—s K" lllgollrg

and taking the supremum over ||QHH§ =1, we do have | K f||g-s < |K*|||fllg-s-
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Proof of Proposition 54. We take the control
ult, ) = 1t 2)Qz2 e (frr () — folx — ut)). (168)

We easily check that the control u belongs to H¥(qr) by using the support of n (166), and the
regularity of the three functions n, f7v and fo. Let f be the solution of (165) with initial data f
and control u defined in (168). We just have to check that f satisfies f(7T", ) = fr. We write the
solution along the characteristic, that is to say

Sttty = ult 4 1) = e,z + )@ (oo 4 ) — fol))
By integrating in space between 0 and 7" and by using the defintion of @, (167), we obtain
T+ pT') = £(0,7) = fr (- + uT") = fol),
then f(T',-) = fr- which concludes the proof of Proposition 54. O

This ends the proof of Proposition 53.

Appendix A Proof of the estimate on some operators on
polynomials

Proof. To prove Theorem 23, it is enough to prove the estimate (45). Let K and V be as in
Theorem 23.

Let us fix R’ > 0 large enough so that V C D(0, R’). Let f be any entire function that we write
f(2) =3 faz". According to Cauchy’s integral formula, we have f, = 51— faD(o,R') ¢mLE(C) dC.

Then,
z) = Z’Y(ﬂ)f z
f(©) n
B Z 217r jéD 0.R") Cn+1 d¢
1 z
- l{w(om zmgKv@f(o dc, (169

)= (). (170)

According to the subexponential growth of v(n), the Taylor series in (170) converges for |z| < 1.
We will prove that it can be analytically extended to C \ [1, +00).

with

Proposition 57. Lety € S}%Xd. Then, K., can be extended to a holomorphic function on C\[1, 4+00).
Moreover, v € S&*% — K., € O(C\ [1,+00))? is continuous, i.e. for every compact subset K of
C\ [1,4+00), there exist C > 0 and a seminorm p. of S%Xd such that for every v € SﬁXd,

1K || Lo (k) < Cpe()- (171)

Let us finish the proof of Theorem 23 before proving Proposition 57. Let us remind that V'

is a neighborhood of K that is star-shaped with respect to 0. So, we can choose V' a smooth,

open, star-shaped with respect to 0 neighborhood of K such that V' C V. Let ¢ = 9V’ with

clockwise orientation. Since V' is star-shaped with respect to 0, for z € V/ and ¢ € ¢, we never

have z/( € [1,+00), so K(z/¢) is well-defined. This justifies the change of integration path in the
expression of H as a kernel operator (169) from 9D (0, R') to c¢. Therefore, we have

= 5| 50 (2) 000
& () o

| H (

1 th(c
SMSUMP sup
27 Cec zeK, Cec
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According to the estimation (171) on the kernel K, applying with the compact K + K’ :=
{z/C; (2,¢) € K x c}, there exists C' > 0 and € > 0 independent of 7 such that

K, (z) ‘ < Cp:(7).

sup
z€K,(Ec
So,
[H (f)(2)] < CpN fllee) < C PN fll e (v)-
This is the inequality (45) we wanted to prove. O

Proposition 57 was essentially already proved by Lindel6f [21, Ch. V], and then slightly generalized
by Arakelyan in [1] and rediscovered by the second author in [17]. We will use here Lindel6f’s
method, based on the Residue theorem, instead of the method based on the Poisson summation
formula in [17].

Proof of Prop. 57. Let U be a bounded open subset of C\ [1,4+00). We note K the closure of U.
We want to extend K, to a holomorphic function on U and prove the estimate (171).

First, since the Taylor series ) y(n)z™ defining K, (z) converges for |z| < 1, it is enough to do
so for every bounded subset U of C \ R;.

The idea is to chose the right path I' so that thanks to the Residue Theorem, K, (z) is equal to

<
Z v(n)z" = ! )zt d¢. (172)

21 Jp e2in — 1
n>R

and then prove that the right hand side of (172) is defined for z € C\ R,.

Step 1: the estimate on the integrand. As a technical preparation, we prove an elementary estimate
on g,(¢) := 2¢(e?™ — 1)~1. We claim that for every § > 0, there exists Cs > 0 such that if for
every ( such that distance(¢,Z) > § > 0 and z € C\ Ry,

19:(0)] < 5™ lzl=IS(O) ars() iFS3(2) > 0,

192(C)] < CseROMIzI=ISOICm—are(2) it §(z) < 0, (173)

where we chose arg(z) € (0,2m).
If distance((,Z) > §, we have

le?i™¢ — 1|71 < Cs if 3(¢) > 0,
le2imC — 1|71 < 05O if $(¢) < 0.

Then since z¢ = e$1"(2) | we have

‘ZC| — R(CIn(2)) — (R(Q) In|z[-3(¢) arg(z)

By gathering these two upper-bounds, we deduce (173).

The choice of the path T'. We see from the estimate (173) that for the integral to converge, we need
to minimize £(¢) along the integration path. We choose R’ between R and |R] + 1 (so that R’ is
not an integer) and we choose the path I' to be {R' —it,t € R}.

Step 2: the Residue theorem. We first prove that the integral representation (172) of K., holds for
|z| <1, 2 ¢10,1).

For k € N*| let I'y, be the positively oriented boundary of the half-disk {|¢ — R'| < k,®({) > R’}
(see Fig. 2).

Note that (e?™¢ — 1)~ has residues 1 at every ¢ € Z. Then, according to the Residue theorem,
we have for every k € N*, and z € C,

n_ L RICOEAN
2ir Jp, e2mC — 1

v(n)z ¢. (174)

R'<n<R'+k
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Figure 2 — In red, the domain of definition
of «v. In blue, the integration path for
the Residue theorem in (174). By taking
k (the radius of the half-circle) going to
400, we prove that the integral on the
“half-circle” part of I'y, tends to 0. So the
integral on I'j tends to the integral on the
vertical line I' = {R(¢) = R’} in black in
the right figure.

For |z| < 1, 2 ¢ [0,1), we want to take the limit k¥ — +o00. To that end, we prove the integral
on the “half-circle” part of 7, tends to 0 as k — +00. Note that all paths 'y stay at distance § > 0
from Z, so we can apply the estimate (173). Note also that for such z, we have

¢z := min(—In|z|, — arg(z), arg(z) — 2m) > 0.
So, for every € > 0 and R(¢) > 0, we have the estimate on the integrand

17(€)g-(¢)] < Cé|7(C)|e_cZ(m(<)+|%(C)l) < Céps(,y)e—(cz—sﬂd’

where we used that |¢| < |R(¢)| +|S(¢)| and the definition of the seminorms of S&*¢ for the second
inequality.
We take € = ¢ /2. So, if ¢ = R’ + ke'? is in the “half-circle” part of ;, we have

(Q)g:(Q)] < CreR o=/ 2p, (y)e(e/Dk.

So we have the following upper-bound, valid for every k € N* and ¢ > 0:

| ey 1(©09:(0) 46 < Copelaymbe /2
R(O)>R

We see that this integral decays exponentially as k — +oo.
Coming back to the residue theorem of (174), the left-hand side has a limit for ¥ — +o00. So,
the right-hand side also has a limit for £ — 400, and since the integral on the half-disk tends to 0,

we do have © ¢
n_ 1 ()=
Z ’)’(’I’I,)Z - 217_‘_ T e2i7"< 1 dCa

which is what we wanted.

Step 3: the integral representation defines a holomorphic function for z ¢ R.. We again use the
upper bound (173) on g,. Let z ¢ Ry and ¢ = R’ — it in the integration path. We also define
¢, = min(arg(z), 2mr — arg(z)) > 0. We have according to the upper-bound (173)

7(€)g=(C)] < Csp=(7)|¢|T e~ (=7, (175)

So, the integrand in (172) is indeed integrable with respect to ¢. Moreover, this upper-bound is
uniform in o < arg(z) < 27 — o for every o > 0. So, the integral in (172) is holomorphic in C \ R
by the theorem of holomorphy under the integral sign.
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Step 4: continuity with respect to . We want to prove that for every compact set X of C\ [1, +00),
there exists C' > 0 and € > 0 such that for every v € S%Xd,

1K || (x) < Cpe(7)- (176)

As we saw in the previous steps, the case z € [0,1) cannot be handled with the integral
representation. This is a minor inconvenience. To circumvent it, we write X as a union X; U X5 of a
compact subset X; of D(0,1) and of a compact subset X of C\ R, and we estimate || K| po(x,)
and || K, ||z (x,) separately.

We start with || K[|z (x,). There exists ¢ > 0 such that X, C {0 < arg(z) < 27 —o}. Then,
with the notation of the previous step, for every z € X5, we have

¢, = min(arg(z), 2m — arg(z)) > o.
Then, according to the upper bound (175) of the previous step, we have for every ¢ < ¢ and z € Xs:

2C5spe (v
1y ()] < 2P,

Estimating || K[| (x,) is done by bounding termwise the series defining K, (2): if [z]| < e, we
have

nen |2 LRI
[K5 ()] < pe() Z |2["e ZPE(V)W-
n>R
This proves that v +— K is continuous, and concludes the proof of Prop. 57. O
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