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Abstract

The system leading to phase segregation in two-component Bose-Einstein
condensates can be generalized to hyperfine spin states with a Rabi term cou-
pling. This leads to domain wall solutions having a monotone structure for
a non-cooperative system. We use the moving plane method to prove mono-
tonicity and one-dimensionality of the phase transition solutions. This relies
on totally new estimates for a type of system for which no Maximum Principle
a priori holds. We also derive that one dimensional solutions are unique up to
translations. When the Rabi coefficient is large, we prove that no non-constant
solutions can exist.

1 Introduction

We study the monotonicity and uniqueness of a non-cooperative system coming from
the physics of two-component Bose-Einstein condensates which displays partial phase
transition. We are able to use the moving plane device in a case where a priori bounds
do not come from standard techniques. The particularity of this system with respect
to classical two-component segregated Bose-Einstein condensates is to couple both
linearly and nonlinearly the two equations due to spin coupling of the hyperfine states
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added to the intercomponent coupling. Our system for the functions u and v is the
following:
{Au = —u(l —u?*—v?) —v(w— auwv) =: P(u,v) in RY, (11)

Av = —v(1 —u? —v?) —u(w — auww) =: Q(u,v) in RY,

where u and v are the wave functions for each component, « is a positive parameter
such that 1+ « is the intercomponent coupling, and w is a positive parameter, which
is the Rabi frequency of the one body coupling between the two internal states.
We would like to study the phase transition solutions, so we will impose boundary
conditions at infinity in one direction, namely:

u(z',xy) = b, v, zn)— a, as xy — +00, (12)
u(r',zn) — a, v, zy) =0, as Ty — —00, '
the limit being uniform in 2/ € RY~!, where (a,b) is the solution to
2rbr=1 ab=2, 0<a<b (1.3)
a

The existence of such solutions requires, in addition to the positivity of o and w, the

condition

w 1
- < —. 1.4
- <3 (1.4)

The study of domain wall solutions in coupled Gross-Pitaevskii equations or segre-
gation patterns has been the subject of many papers concerning existence, uniqueness,
monotonicity of asymptotic behaviour [2, 4, 19, 31]. It corresponds to the case w =0
and a > 0.

Here, we would like to address a different physical background, that of a two-
component Bose-Einstein condensates representing two different hyperfine states, and
coupled by their spin, to take into account a one body coherent Rabi coupling, which
corresponds to w > 0. In this case, segregation is not complete and this leads to
what is called Rabi oscillations which have been experimentally observed in [28]. The
ground states and excited states have been studied in [I], 15, 27, 29} [32]. The system
(LI)-(T2) for N = 1 has been analyzed in [3] where the existence and asymptotic
properties of one dimensional domain wall solutions are derived in the case w/a of
order 1 and « large and small. The properties and structures found in [3] have led
us to investigate the monotonicity and uniqueness of solutions. Let us point out that
this system has a heteroclinic structure and derives from the minimization of the
Gross-Pitaevskii energy. Understanding the solutions of (LI))-(L2) is a first step in
a future mathematical analysis of the specific vortex patterns appearing in the Rabi



coupled condensates called multidimer bound states [11 [I3], 26]: this is a state where a
pair of vortices of different components binds together as a molecule. These molecules
then interact in a nontrivial manner with other molecules, with the result that a rich
hierarchy of patterns, such as honeycombed, triangular, and square, is formed. It is
the possibility to have non segregation at infinity with these positive limits which is
at the origin of this specific pattern.

Here is our main result:

Theorem 1.1. Assume o > 0, w > 0, and ({1.4]) holds. Then all positive solutions to
(L1)-(1.2) depend only on zy, satisfy Oyu > 0 and Oxv < 0 and are translations of
one another along the xy direction.

The proof relies on the moving plane device of [5, [7, 211 22}, 30] to prove monotonic-
ity and one-dimensionality of the phase transition solutions and the sliding method
[6l, @ 10] to prove uniqueness. We point out that it is not clear a priori that these
methods can be applied as our system does not satisfy the usual monotonicity known
for cooperative systems. Therefore, as a first step, we need to prove key estimates that
will allow us to perform these methods and provide a structure to the system. These
estimates also hold for solutions of the system without any conditions at infinity:

Proposition 1.2. Assume oo > 0, w > 0, and (1.4)) holds. Let (u,v) be a positive
regular solution of (L1), then

w2+ 02 <1 and uv > ﬂ. (1.5)
o

Moreover, either (u,v) = (a,b) or (u,v) = (b,a) or
a<u,v<b. (1.6)

The bounds (ILH) provide a special structure to the problem and come at various
stages in our proof. In the case w = 0, the bound is only u? 4+ v? < 1 and is obtained
by Kato’s inequality. Indeed, the lower bound is reduced to wv > 0. In this paper, it
becomes uv > w/a, and the upper and lower bounds have to be proved together in a
way which is similar to an attractor set. It is not a simple application of comparison
principles or Maximum Principle. Proving these bounds requires some non-trivial
extra-work, to which we devote the most part of Section 2.

In order to start the moving plane method, we need a sign for the difference
between the solution and its reflection with respect to a hyperplane close to infinity
in one direction. Since for our non-cooperative system, we do not have asymptotic
estimates of solutions at infinity, we show that the moving plane procedure can be
started by obtaining decrease estimates of the L? norm of the gradients of these



differences on large balls. This is inspired by [19] and relies on a Lemma in [18]. In
our case, we need in a crucial way a lower bound on uv and the proof is not a mere
adaptation of previous works since the estimates are more involved.

To continue the moving plane procedure, or to apply the sliding method, we need
to be able to apply the strong Maximum Principle and the Hopf lemma. This relies
again on our lower bound for uv and the special structure it provides to the system.
Let us point out that once the bounds (L) are known, the equations lead to (L6]),
but without a strict sign. Therefore, this provides signs to the right hand side of the
system (LI]), namely the system gets a structure of the type

—Au = ufi(u,v) +vfo(u,v) in RV (L)
—Av =vfi(v,u) +ufo(v,u) in RY, '

with fi positive, symmetric, decreasing in both variables and f; negative, symmetric,
decreasing in both variables. This structure of the system allows to apply the Strong
Maximum Principle and the Hopf Lemma. One has to point out that this structure
is not assumed from the beginning but is a consequences of our bounds. What our
analysis emphasizes is that in order to obtain Maximum Principle or moving planes for
non-cooperative systems, it requires both bounds from above for u? +v? or — f;(u, v)
and below for uv or — fo(u,v).

The uniqueness proof for one dimensional solutions is based on the sliding method
[6, O [10] and first requires an asymptotic behaviour for the ode’s. Then the strong
Maximum Principle relying on our lower bounds allows to apply the device and get
uniqueness. We also refer to [23] 24] 25] where some related discussions on uniqueness
of 1D solutions are made for a related system arising in the Landau-de Gennes theory
for nematic liquid crystals.

We note that the existence of solutions to (LI)-(T.2) can be obtained by approx-
imation by solutions on finite intervals as proved in Proposition [4.1]

In the case w = 0, then the solution to (L3)) is given by @ = 0 and b = 1, and
therefore domain wall solutions stay between 0 and 1. In the one-dimensional case
the existence of a monotone solution has been derived in [4] while uniqueness has
been derived in [2], based on a continuation argument and estimates of the linearized
operator, under the assumption that either v’ > 0 or v < 0. Asymptotic estimates
in the large « limit, still in one dimension, have been also obtained in [2], and rely
on properties for a simpler outer system studied by many authors and for instance
by [8 I, 17, 20]. The other limit, that of weak segregation where « tends to 0
has been analyzed in [31]. The proof that N-dimensional solutions are in fact one-
dimensional and monotone is made in [19] and relies on the moving plane device. The
combination of the results of [19] and [2] then leads to the uniqueness of the solution,
up to translations.



We also get interesting results using similar estimates in the case where ([4))
does not hold. We prove that solutions to (ILI)) are constant without any boundary
condition at infinity.

Theorem 1.3. Assume o > 0, and

(1.8)

o1&
DO =

>

holds. Let (u,v) be a positive reqular solution of (Z1). Then (u,v) is identically equal

to (¢, c) with ¢ = ,/;I—:.
The paper is organized as follows: firstly, we prove our key a priori bounds, rough
upper and lower bounds as well as the refined bounds of Proposition [I.2. Then we
make the moving plane device work to get monotonicity and the one dimensional
property. Lastly, we study the properties of the one-dimensional solutions: existence,
uniqueness up to translations and exponential decay to constant at infinity.

2 A priori bounds. Proofs of Proposition [1.2] and
Theorem 1.3

The proofs of Proposition [.2] and Theorem [L.3] follow from the same treatment. Note
that the conclusion that u = v = ¢ in Theorem [L.3] is equivalent to the pair of
inequalities that u? + v? < 2¢? and uv > ¢, which resembles (L3]).

The rough idea of the proof is to bound the supremum of u? + v? in terms of the
infimum of uv and vice versa in such a way that the bounds self-bootstrap to the
desired bounds.

2.1 A non-degeneracy estimate

We start with a result which gives positive lower and upper bounds for u + v for
positive solutions to (L.

Lemma 2.1. Let (u,v) be a positive reqular solution of (ILIl). Then
l+w 712 :

max (=<

14w }1/2
4

min (32 1)

In particular u,v € L>®(RY).



Proof. Let w = u + v. Then
Aw = w(u® +v° + auv — 1 — w). (2.1)

Thus, by the strong maximum principle, we have w > 0 in R¥.
In view of (21]), we have

2+« 2+« 9

,Dw(w? —+7) (2.2)

Aw Zw(min( ,1)w2—1—w) = min(

14w
min(%fTo‘,l)

By Kato’s inequality, this implies that

1/2
where v = [ }

Afw —); = min(>E 1) (w - )2

which further implies (w — ), = 0 (see [12, Lemma 2)), i.e.

w < v in RY. (2.3)
Returning to (Z.1]), we see that
2+«

Aw < w(max( Duw?—1— w). (2.4)

and thus the rescaled function w(z) = max(%, D1+ w) Y2w((1 + w)"22) is

a positive supersolution of the Allen-Cahn equation, i.e., it satisfies

~Ad > 71](1 - 71;2) in RY. (2.5)
To proceed, we need the following lemma.

Lemma 2.2. There exists Ry > 0 such that, for R > Ry, the functional
1 2, 1 212
Ip] = [§|Vs0| +7(1 =99 ] dx
Br
admits a non-trivial minimizer ¢ in H}(Bg). Furthermore, 1 is a smooth function

in Bg satisfying 0 < ¢ < 1 in Bp.

Let us assume the above lemma for the moment and continue with the proof of
Lemma 2Tl Let Rg be the constant in Lemma and m := ming—w > 0 then, for

every ¢ € (0, min{m, 1}), the function 1. := 1 satisfies
—Atp < (1—92) in RY,

€

6



and
Y. <w in Bg,, Y. =0 on OBg,.

The sliding method (see [6, Lemma 3.1]), then gives that @ > ¢ in RY and so w > §
in RV, for some § > 0.
Now, from (2.4]) we get

2+« + «

D(0? = w?) (2.6)

—Aw2w<1+w—max( ,1)w2) 26max(2

1/2
where 1 = [ﬁ} . Hence, by Kato’s inequality we have
4 K

24+«

AW — w)y > dmax(—2 1)[(0 — w),]? (2.7)

which implies (¥ —w); = 0 (see [12, Lemma 2]), i.e.

1+w }1/2

max (2t 1)

wZ[
4

in RY. (2.8)

O

Proof of Lemma[23. We have that I[0] = X|Bg|. Suppose that R > 1 and consider
the function

() = min(R — |z|,1) for € Bg.
We have

1 1 3
14 =/ Lvep+ 1= 2] de < 218\ Beal.
Br\Br-1 [2 4 ] 4

Clearly, for R sufficiently large, I[p] < I[0] and so I posseses a non-trivial minimizer v
in H}(Bg). Replacing v by min{|¢|, 1}, if necessary, we may assume that 0 < ¢ <1
in Br. Therefore 1 is a weak solution of the Allen-Cahn equation in By and the
remaining part of the claim follows by standard elliptic regularity and by the strong

maximum principle. O

2.2 Proof of Proposition
Proof. We have u,v > 0, and, by Lemma [2.1], there is some p > 1 such that

1
u+v>—. (2.9)
p



Let A =u?+v? B = —In(uv) and

m=supA, m,=max(m,1), n=supB, and n,=max(n,—In f)_ (2.10)
a

1. We prove that

1
m < 5(1 + v/1 — 8s,) where s, = inin (at? — wt). (2.11)
t>e"mx
In particular, as s, > _4—22, we have
1 2w?
m§§<1—|— 1+ﬁ><oo. (2.12)
a

We have

AA > 2uP(u,v) + 20Q(u,v) = 2u* + 2v* + 4(a + 1)u*v® — 2u® — 20° — dwuw
=247 — 2A + dae™?P — dwe P

Note that ae 28 —we 8 > s, and, as n, > — In2, s, <0. It follows that
AA> 24 24445, =2(A - %(1 £ VT8 (4~ %(1 —VTTE),
and so, by Kato’s inequality,
A(A - %(1 + m))+ > 242 — 2A + 4s, = 2<A— %(1 + m))

Estimate (2.I1) follows from [12 Lemma 2].
2. We prove that

2
+

w

<-ln——. 2.13
=Ty +2— nf (2.13)
Equivalently,
w
> 2.14
w2 o ,,i (2.14)
We have
1 1 2 2
AB > 2P o) = 200 v) = —(a + 2) (2 +v?) + 2+ L)
u v uv
= —(a+2)A+2+whe® =2(1— A)+(a+2— 2 JA(— B 1),
My m, a4+ 2— ml



Using Kato’s inequality, the inequality e” — 1 > 22 for # > 0 and recalling (29), we
get

at+2- = a+2— 2 at+2-2

ato— 2
We deduce that (B — In #)Jr = 0, again thanks to [12, Lemma 2]. This proves
2.13).
3. We prove that m, =1 or n, = —In <.

(7
Assume by contradiction that the above does not hold. Then m = m, > 1 and
n=mn,>—1In g

Let
1
mit) =5 (1 V1 —Saf? ¢ Swt), (2.15)
wt
ho(t) = ————. 2.16
2(1) (a+2)t —2 (2.16)
We claim that
Case (i): a > 2. From ([2.I3)), we have n < —1In ;%5 < —In 3. It follows that
s, = min (at® — wt) = ae™ " — we™".
t>e "

Plugging this into (2.11]) yields

1
m < §(1 + V1 —8ae=2" + 8we=) = hy(e™").

Since h; is decreasing in [5%, 00), this together with (2.13) implies (2.17).
Case (ii): a < 2. As a <2, w < 2 < 2% and so, by (212),

<1<1+\/1+—2°"2)<1<1+ P ) 2
m < — = = .
— 2 a 2 (2—a)? 2 —«

Inserting this into (2.13) yields n < —1In3%. We can now repeat the proof of Case (i)

to reach (2.17).




We now compute

d Y Vi 2(2ahs(t) — w) 2w
arhalt)) = (ha(0)ha(t) = V1 = 8ahy(t)? + 8why(t) [(o + 2)t — 2J2
1 4w?(at — 2t + 2) (2.18)

- \/1 — 8ahy(t)2 + Swhy(t) (at +2t —2)3 :

Note that hs is decreasing in (2%1, 00) and so hy(t) < ¢ for ¢ > 1. Hence, for t > 1,

we have /1 — 8ahy(t)2 + 8why(t) > 1, at — 2t +2 < at + 2t — 2 and 4w? < o? <
(at 4 2t — 2)? and so

d
Ehl(hg(t)) < 1forallt>1.

As hq(ho(1)) = 1, this implies that the inequality equation t < hj(hs(t)) has no
solution in (1,00). Therefore, (Z.I7) implies that m = 1. This finishes Step 3.
4. We prove (L.3). By Step 3, we have m, =1 or n, = —In 2.

If m, = 1, then, in view of ZI3), n < —In%, andso A < 1and B > —In%,

which give (5.
On the other hand, if n, = —In %, then, by (2.I1), m < 1. Again we obtain A <1
and B > —1In ¥, which also give (LLT) as desired.

5. Finally, we prove the trichotomy that either (u,v) = (a,b) or (u,v) = (b,a) or

(L6) holds.
Suppose that (u,v) # (a,b) and (u,v) # (b, a). From (LH)), we have

a<u,v<b. (2.19)
We note that

&1
P(b,v) = b(b* +v* — 1) + v(abv —w) > b(b? 4 a® — 1) +v(aba — w) = 0.
Hence the constant function b satisfies
Ab=0< P(b,v).

Since u < b, and Au = P(u,v), the strong maximum principle implies either u < b
or u = b. If the latter case holds, the second equation of (1) implies that v = a,
which contradicts our assumption that (u,v) # (b,a). We thus have u < b.

The remaining inequalites in ([[L6]) are shown similarly using

1

P(a,v) = a(a* +v* — 1) +v(aav —w) < a(a* +b* — 1) +v(aab — w) =0,
@19

Q(u,a) = a(u® +a* — 1) +u(aua — w) < a(b*+a3 —1)+ulaba — w) =0,

@19
Q(u,b) = b(u?* +b* — 1) +u(aub — w) > bla®+ a2 — 1)+ u(aab — w) = 0.

10



We omit the details. O

2.3 Proof of Theorem [1.3

Proof. We adapt the proof of Proposition [[.2, as the conclusion is equivalent to the
following pair of inequalities:

T 24« “2+a
By Lemma 2] (Z.9) holds. Let A = u? +v?, B = —In(uv) and

2(14+w)

2+a )7

1+w
24+«

m=supA, m,=max(m,

n=supB, and n,=max(n,—In ).
(Note the difference between the definition of m, and 7, and that of m, and n, in
the proof of Proposition [[.2])

1. We prove that

1
mgimin<1+\/1—831,1+w+\/(1+w)2—8a32), (2.20)

= 2
where s; = min;s - (at? — wt) <0 and sy = e 2 < (1;:)

As n, > —ln;i—: > —In¥ (due to w > %a), 51 < 0. Also sy < E;:; < (1;';")2.
The proof of the inequality m < 1(1 4 /T —8s;) follows from the differential

2
inequality

AA > 24% — 24 + 4ou*v? — dwuw,

exactly as in the proof of (ZI1)). To obtain m < (1 +w + /(1 + w)? — 8asy), we
use the inequality vivy < %A in the above differential inequality:

AA>2A% —2(1 + w)A +dae P > 24% — 2(1 + w)A + 4as,

— (4~ %(1 ot /T F WP —8as)) (4~ %(1 ro— /T w)f— Bas)).

By Kato’s inequality, this leads to

A(A- 0 sw s VTToP —Fam) >2(4- 20wt JTTar - Bam)’

11



and so, by [12 Lemma 2],

1
A< —(14+w+ V(1 +w)?—8asy).

[\]

We have thus proved (2.20).
2. As in the proof of Proposition [[.2] we have

w

3. We show that m, = 2(21:5) or n, = —Inj 1+“’ Assume by contradiction that this
does not hold, so that m = m, > 2(21;;" and n=mn,>—In ;i:
Case (a): ;i—i‘l’ > = (i.e. eithera >2o0r 0 <a <2andw < 22_—°‘a)

In this case, the argument in Step 3 of the proof of Proposition gives

where h; and hy are defined in (2.15)-
Now note that hl(h2(2(21;’:))) = 2(21:2’). Thus in order to obtain a contradiction,
it suffices to show that

d 2(1 + w)
— 1 for all _—. 2.2
dthl(hg(t)) < 1forall t > o (2.23)
To see this, recall formula (ZI8) for the derivative of hy o ho:
d 1 4oo?(at — 2t + 2
L a(ha(t) = e
dt V1= 8ahy(t)? + 8why(t) [(a+2)t — 2]
Now if t > 2(21:“ then as hy is decreasing in (zi ,00), we have 52— = hy(c0) <

ha(t) < h2(2(21:a“)) = 5% < ¢ (thanks to @ < 2w), and so

1 — 8ahy(t)? + Swhy(t) > 1.
Also, for t > (lrw) > 1, we have at — 2t + 2 < at + 2t — 2 and 4w? < (at + 2t — 2)2.
(M{I) hence follows. ThlS concludes Case (a).
Case (b): ;i—: < £ (ie. 0<a<2andw> 22
We start by showing that .
m < hy(ha(m)), (2.24)

12



where hy is defined in (ZI6) and h, is defined by

P (t) = %(1 +wt /I Tw) —8a).

Indeed, By (2.2I)), n < —1Inhy(m). Plugging this into ([2.20), we get m < hy(e ™) <
hi(ha(m)), as hy is decreasing in (0, 0o).

Next, a direct computation gives h; (ha( 21::))) = 2(21::). Thus, as in Case (a), it
suffices to show that

d -~ 2(1+w)
Ehl(im( )) <1 forall ¢t > S ta (2.25)
We compute
d - Cin dachy(t) 2w
g1h2(D) = (ha (D)1 () = V(L +w)? = 8ahy(t)? [(o + 2)t — 2]
1 8awhs(t)

VI +w)2=8ahy(t)? [(a +2)t — 2]
Now for t > Q(HW) , we have 32— < hy(t) < ;iw as in the previous case thanks to the
monotonicity of hg It follows that

d 1 Sawit¥ 2 2(1
ol (ha()) < o _ 20 g 20EY)

J e —sallel 4t (2-a 2da

This proves (2.27]), and so finishes Case (b). Step 3 is concluded.

4. Finally, we show that u =v = ;I—:

By Step 3, we have m, = 2(21:_r:) or n, = —In ;iz

If m, = 2(211; , then, in view of 2I3), n < —In éiw, and so A < 2(211“ and
B>—-In ;iw, which give u = v = ;i—:

On the other hand, if n, = —In ;iw, then, by (2.11]), m < 2(1+“ . Again we obtain
A< 2(1:: and B > —1In ;Iw, which then give u = v = ;I—: We conclude the
proof. O

3 Moving plane device

13



3.1 Monotonicity with respect to xy

We are going to show that if (u,v) is a solution to (L.I)-(L.2)), then it is monotone
with respect to x. This relies strongly on the estimates (I.5)- (L6l

Proposition 3.1. Under the assumptions of Theorem [, since (I.3)-({1.8) hold, we
have

Ovu >0 and Oyv <0 in RN, (3.1)

The proof is based on the moving planes method, in a version developed by [19].
Nevertheless our system requires some major adjustments which rely on new bounds,
and in particular the bounds from below for the product uv, as we will point out.

For A € R, we set

ur(',zy) = u(@ 2\ —zy), un(a', xn) = 0(@, 2 —zy) and Xy = {axy > A}
We want to prove that
un(z) <u(z) and wvy(x) >wv(z) VeeX,, VAeR. (3.2)

This and the strong Maximum Principle will yield Proposition 311
In order to prove that (3.2) holds, we will show that

A={ eR:u, <wandwv, >vin 3, for every up > A} =R. (3.3)
In order to start the moving plane device, we will start by proving that A # 0:
Lemma 3.2. There ezists A € R sufficiently large such that
u>uy and v < vy m 2y
for any X\ > . In other words, A D [\, 00).
The pair (uy,vy) solves

—Auy = g(uy,vy) + va(w — Quyvy)
—Avy = g(vy, up) + up(w — quyvy) (Py)
a<uy,vy<b

where g(u,v) = u(1 — u? — v?) and where we have used (L.G)).

Let pg be a standard C' cut-off function on R such that pr =1 in Bg, pr =0
outside Bop and |Veg| < 2/R on RY. We subtract the equations for uy and u, and
multiply by the test function

(ur —u) "y 1s,.
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We find

/ IV (uy —u)tp% = —2/ or(uy —u)" V(uy —u)t - Vor+ L + L, (3.4)
Za

where
h= [ (gtnon) = gl 0) (o = 1) (35
I, = /2 (va(w — aupvy) — v(w — auw)) (uy — u) Tk (3.6)

Let us point out that, in the above expressions, the term w — auv is non-negative by
our lower bound on uv. We will soon see that this sign of w — auv plays an essential
role in our argument.
We proceed similarly by subtracting the equations for v and v, and multiplying
by
(v =03 1s,

and get
/ V(v —v\) Pk = _2/ pr(v =) V(=) Vor+ L+ 1L (3.7
2/\ Z:/\

where

= [ (o) = gt ) 0 = 00" (38)
L= /E A (u(w — ouv) — ux(w — arxy)) (v — v3) k. (3.9)
Let
i) = [ (9= 9= ),
BB = [ [l =0+ (0= o))k
We deduce from (3.4)-([31) that for any 9 € (0,1),
L AR+ L+ L+ I+ I (3.10)

TR

We want to estimate Iy, I3, I3, I; in terms of J,(R).
Estimate of I and I,: We deduce from (B.6]) that

I = / [0 = o) (uv + 03) = @) = w)* = ad (0] ek @11

LA(R) < ILA\(2R)
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We recall from Proposition that cuv —w > 0, which is a crucial estimate. So that
in the first term in the square bracket on the right hand side of (BI1), we can keep
only (v —vy)" in the upper bound and find

Igg/z [(auv—w)(v—v,\)Jr(u,\—u)++auv,\(v—v,\)+(u,\—u)+—avi((u,\—u)ﬂz}cp%.

(3.12)
A similar computation for I yields

I4§/E [(auxm\—w)(v—v,\)+(u,\—u)++auv,\(v—v,\)+(ux—u)+—au2((v—v,\)Jr)z}cp%.

(3.13)
Because of (L2), for A large enough, in X, u tends to b, v tends to a and uv tends
to ab = w/a. Moreover in the support of (v —wvy)", v > v\ > a, so vy also tends to a,
and in the support of (uy —u)*, b > uy > u, so uy tends to b. This implies that for
A large enough, in Xy, uyv, also tends to ab = w/a. Therefore, for some small £ > 0
which will be fixed later, there exists A large enough, so that for A > A, in ¥, NS,
where S is the intersection of the supports of (uy — )™ and (v — wvy)™,

|(qupvy —w) + (@uv — w) + 2(quvy —w)| < e. (3.14)

Moreover, for A large enough, and for A > X\, in ¥y, aju? — b?| < £/2. We sum the
two estimates (B.12) and (3.13)), use this, ([3.14) and the fact that vy > a, to find

I+ 1y < 2eJ5(R) —a/

g [a2((uA — u)+)2 +0*((v— v,\)+)2 —2ab(v —vy) " (uy —u)*|.

(3.15)
FEstimate of I; and I3: By the mean value theorem, there exist & () € (u(x), ux(x))
and &(x) € (va(x),v(x)) such that

glan ) = g0, 0) = 961, 03) (i — ) + 52 (0, E9)(n — )

Since g(u, v) = u(l — u? — v?), we have 2(u, &) < 0. Hence

(9(ux, va)—g(u,v)) (uy—u)* < %(fla o) ((ur—u)*)*+| %(% &)|(v—vx)* (ux—u)™.

Moreover,
99

9y
%(&’UA) =1-3¢ -3, %(%52) = —2uéy.
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Next, note that, as A\ — oo, u and wuy tend to b in ¥\ N {uy > u} and v and v, tend
to a in X, N S. Hence, we have

in ¥y N {uy > u}, limsup @(fl,v,\) < —2b%,
A—00 au

: . 0Og

in ¥, NS, /\h_)rgo %(u,fg) = —2ab.
Therefore, in view of (3.5) and by enlarging \ if necessary we have for A > X that

I, < / [(—262 + &) ((ur — u)+)2 + (2ab + ) (v — vy) " (uy — u)+] 0% (3.16)
DN

We argue similarly to I; for I3 and find

[b?((uA —u)t)’ 4 a2 (v — va) ")’ = 2ab(v — va)F (uy — u)+] .
(3.17)

11+13g§jA<R>—2/

PN

Combining the estimates, we get
oe
I+ I+ I3+ Iy < EJA(R)
— / [(oza2 + 26%) ((un — u)+)2 + (ab® + 2a°) ((v — v,\)+)2
DI
—2(2+ a)ab(v — vy) " (uy — u)ﬂ :

Note that the matrix

Mo aa® +20°  —(2+ a)ab
T A\-2+a)ab  ab®+ 2ad?

has determinant 2a(a? — b%*)? which is positive as soon as (L4) holds. Hence M has
positive eigenvalues p; > po > 0. In the sequel, we assume that pus > 3¢. Inserting
BI5) and B.I7) into B.I0), for £ > 0, there exists A > 0, such that we for A > A
and large R that
LA(R) < ILA(2R) + (—p2 + 3e) TA(R). (3.18)
We fix ¢ := 2N+ and some & > 0 such that gy — 3¢ > 0. Then for A > X\ and
large R,
L\(R) <YL\(2R). (3.19)
The conclusion will follow from a lemma proved and used in [I8] which allows to show
that £,(R) is identically zero.
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Lemma 3.3 ([I8, Lemma 2.1]). Let ¥ > 0 and v > 0 such that 9 < 277. Moreover
let Ry >0, C' >0 and
L:(Ry,+0) =R

be a non-negative and non-decreasing function such that

L(R) <VL(2R) + G(R) VR> Ry,
L(R) < CRY VR > Ry,

where G : (R, +00) — RT is such that

lim G(R) = 0.

R—+o00

Then
L(R)=0 VR > R,.

We have that £,(R) < CRY since |Vul, |Vv| € L>(RY) by elliptic estimates and
the L> bound of Lemma 2.1l Lemma [3.3] then yields that

Ly(R) =0 for all A > \ and large R.

Recalling that u = uy and v = vy on 0%y, we reach the conclusion of Lemma [3.2]
We now have to prove that A := inf A (with A defined in (3.3))) is —oco to complete
the proof of Proposition B.Ik

Lemma 3.4. We have A\ = —oo.

Proof. Assume by contradiction that X is finite. Then, A = [\, 400), and there exist
sequences ()\;) with \; € (=00, \) and (z°) with 2° € 3, such that \; — X\ as i — oo,
and at least one of the two holds:

uy, (z') > u(az")  for every i, or (3.20a)

vy, (z') < wv(z') for every i. (3.20b)

Assume that (3:20al) holds; the other case can be treated similarly. We claim that
the sequence (z%) C R is bounded. If not, as z%; > \; and ); is bounded, up to a

subsequence r, — 400 as i — oo. It follows that 2)\; — 2%y — —oo, and in light of
assumption (L.2) we obtain

lim uy,(2°) = lim u((2"),2)\; —2%) =a and lim u(2’) = b,
17— 00 11— 00 1—00

in contradiction with (3:20al) for 7 sufficiently large. Hence the claim is proved and,
up to a subsequence, z'y, — Ty as i — oo.
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Let us set
u'(x) = u((z') + 2" 2y) and v'(x) = v((@) + 2, 1N).

Since (u, v) is bounded (in view of (I5])), by standard elliptic estimates |V*ul, |[V*v| €
L®(RY), for k = 1,2,... Thus, after extracting a subsequence if necessary, (u‘,v?)
converges in C (R") to a limit (a, ), still solution of (LI).

We wish to show that Zy = A. From equation (8.20al), we obtain

a5 (0, Zx) = a(0, 2\ — Zy) = lim u((2"), 2); — 2y)
. S . (3.21)
= lim uy,(z") > lim u(z") = (0, Zy).

1—>00 1— 00
On the other hand, we observe that ((z')' + 2/, zy) € X5 whenever (2/,zy) € X5, and
by definition u; < u in X;. Consequently, by the convergence of u’ to @ we deduce
that

us (2, xn) = le)rgou (2! 2N — zy) = Zli)rglou(( ) 42,2\ — zy)

< lim u((z') + 2/, on) = lim u'(2/, 2y) = u(2, zn)
1— 00 1—00
for every (2/,zy) € ¥5. Analogously, as v5 > v in X5, we have 05 > 0 in X5.
Now

—A(u —u3) +c(x)(u—1u;) = (v5 —0)(aud —w + a5 + U5 (U5 + 0))
u—u; > 0 in Z;\
u—u; =0 on 0¥3,
(3.22)

with ¢ € C°(X5) defined by
o(z) = av(2)v5 () + 0 (x) + @ () 4 atiz(z) + 65 (x) — 1.

Because of ([LH), the right hand side on the first line of (3.22]) is nonnegative, hence,
the strong Maximum Principle implies that necessarily u — u5 > 0 in 35, and a
comparison with (3.21]) reveals that Zy = A, as desired.

At this point we are ready to reach a contradiction. On the one hand, by the

absurd assumption (3.20al)
0 < uy,(2") —u(z") = u'(0, 20 — 2y) — u' (0, 2n) = 20nu' (0, € (N — 2y) Vi,

for some & € (2\; — oy, 2’y). As \; < zy for every i this implies Oyu’(z/, 4) < 0 for
every 4, and passing to the limit we infer that

Ona(0',\) <0, (3.23)
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where we used the fact that \; < & < %, with \;, 2%y — .
On the other hand, thanks to (8:22)) and the fact that @ — a5 > 0 in 35, the Hopf

Lemma implies that
—205a(0', X) = O_e (@(0, X) — w5 (0, X)) < 0,

in contradiction with (3.23)).

The above argument establishes that (3.20al) cannot occur. With minor changes,
we can show that also (3.20b]) cannot be verified, and in conclusion A cannot be
finite. O

Proof of Proposition[31. By ([B.3), we directly deduce that dyu > 0 and dyv < 0 in
RY. Since

—A(Onu) + (Bu? + (a + 1)v? — 1)oyu = (w — 2(a + Duv)dyv >0 in RY
—A(Oyv) + (302 + (a+ Du? — 1)dyv = (w — 2(a + Duw)dyu <0 in RY,

the strict inequality follows by the strong Maximum Principle. O

3.2 One-dimensional symmetry

We extend the monotonicity in xy to all the directions of the open upper hemisphere
SEt:={veS¥': (ven) > 0}. We follow the structure of proof in [19], introduced
in [I6] and in [20], though the specificity of our system requires new estimates.

Proposition 3.5. For every v € SY ™', we have
du>0 and 0,0<0 in RN,

In particular, u and v depend only on xy.
We divide the proof into several steps.

Lemma 3.6. Let 0 > 0 be arbitrarily chosen. There exists an open neighborhood O,
of ex in SV such that

ou ov —
5(:6) >0 and 5(@ <0 Vzels, Ve,

where S, :=RN"! x (—0,0).
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Proof. Let o > 0 be arbitrarily chosen. Firstly, we claim that there exists ¢ = (o) > 0
such that B
Oyu(z) > e and Jyv(zr) < —e Ve S,. (3.24)

By contradiction, assume that there exists a sequence (z'), with z* € S,, such that
at least one of the two following equalities holds :

lim Oyu(z') =0 (3.25a)
1——+00

or lim dyv(x') = 0. (3.25b)
1——+00

We define . . ' .

u'(z) :=u(r+2') and v'(z):=v(z+2x").
The sequence {(u’,v")} is uniformly bounded in W*°(R"), and hence by elliptic
regularity (u’,v") — (@,0) in C}.(RY) up to a subsequence, where (u,v) is still a
solution to (ILI))-(L2), which also satisfies Oy > 0 and dyv < 0 on RY. The strong

maximum principle and the condition at infinity (.2]) then imply that dyu > 0 and
Onv < 0 on RY, and this contradicts (3.25a) or (3.:250)). This completes the proof of

claim (3.24)).
Now we claim that
The map v + (0,u,d,v) is in C** <SN_1, (CO(RN))Q). (3.26)

This is a simple consequence of the globlal Lipschitz continuity of (u,v), which implies

that
ou ou

af‘%@‘
for every » € RY.
Combining (3.24)) and (3:26]), the conclusion follows. O

Lemma 3.7. The function u is strictly increasing and v is strictly decreasing with
respect to all unit vectors in an open neighborhood of ex in SV1.

ov ov

) - < _
o x) 05 ()| <2C|v — vy

Proof. Firstly, we write down the equations satisfied by the directional derivatives
u, = d,u and v, = 0, v:
{—Auu +u,(3u? + (a+ 1)v? — 1)+ v,(2(a + Nuv —w) =0

) ) ~ - imRY. (327)
—Av, + 0,30 + (a+ 1Du* — 1) + u,(2(a + 1uv —w) =0

Fix some o > 0 for the moment and let O, be the neighborhood of ey given by
Lemmal[3.6l We will show that u, > 0 and v, < 0 for all v € O, by applying Lemma
3.3 to the quantity

Im:/[W%F+Wﬁﬂ,
Cr
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where Cr := ¥, N Bg and ¥, := {xy > o}. The conclusion then follows from the
strong maximum principle.

We test the first equation in ([B27) with u, ¢% where ¢p is chosen exactly as in
Lemma Using the bounds (IL3]) and the fact that u, > 0 on {zxy = o} (due to
Lemma [3.6]), we obtain

Yy < 2 / RV - Vir
CR C2R

- / (36 + (o + 1)0? — 1)(uy or)? + / P20+ Vv — whuy v}

CQR C2R

4
<o [ P [ e (g s - a0 )
Car Car VR

pIPS
+ / 05 (2(a + Duv — w)u, v,
Car

where 0 < ¥ < 27V, In a similar way, we find for v;f

4
Vor? <9 / Vi + / (v o) (— sup(—30% — (a4 1?4 1>)

Cr Car Car UR? Yo
+ / 05 (2(a+ Duv — w)u, vy

Car
We notice that if ¢ > 0 is sufficiently large, since u tends to b and v tends to a for
xy large, then, in >,

2(a + Duv —w — 2(a+ 1)ab — w, 3u* + (o + 1)v* — 1 = 2b* 4 ad?,
and 3v° + (a + )u® — 1 — 2a* + ab®.

Thus, for any small 6 > 0, we can choose ¢ and R sufficiently large so that

Tr < VITop — / [(262 + aa® — 8)(u,) )? + (2a* + ab® — §)(v))?

Car

—2(2(a+ 1)ab — w + 8)|u, |[v} || R (3.28)
We point out that
(26°+-aa®—6) (uy, )?+(2a*+-ab*=8) (v} )? > 24/(202 + aa? — 6)(2a% + ab? — §)|u; ||v}].
and that, by (L3) and (L4),
(20> + aa®)(2a* + ab®) — (2(a + 1)ab — w)?

4 2
= 2a(a* + b*)* — 3a(a + 4)a*h® + dw(a + 1)ab — w* = 204(1 — a&) > 0.
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Hence, by choosing first small § and then large o from the start, we have for all
sufficiently large R that the integral on the right hand side of (3:28) is non-negative.
As a consequence, we infer that

Tr < 91,y for all R sufficiently large. (3.29)

We can now apply Lemma to find that Zr = 0 for all large R. It follows that
u, > 0and v, <0in X, = {zx > o}. Arguing exactly in the same way, we can show
that the same conditions are satisfied in {xy < —c}. By Lemma 3.6, we deduce that
u, > 0 and v, < 0 in RY for every v € O,,,, with both u, # 0 and v, # 0. In view
of (LX) and [B21), the conclusion follows from the strong maximum principle. [

Proof of Proposition[3.5. Here we can essentially apply the same argument used in
step 4 of Proposition 6.1 in [20]. We report the details for completeness. Let €2 be the
set of the directions v € Sﬂ\: ~! for which there exists an open neighborhood O, C Sf -1
of v such that

du>0 and <0 inRY VueO,.

The set € is open by definition, and contains ey by Lemma B.7l Since S§ ! is arc-
connected, if we can show that 02 N Sﬂf 1 = (), then we conclude that Q = Sf -1
as desired. Thus, let us suppose by contradiction that v € 9Q N Sﬂ\:_l (notice in
particular that (ey,7) > 0). By definition, there exists (v,,) C € such that v,, — .
As

d,,u>0 and 0,v<0 inR"Y, Vn,

by continuity
dou>0 and Oyv <0 inRY.

By the strong maximum principle, recalling that (uz, v;) solves (B.21), either u; = 0 or
uy > 0in RY, and analogously either v; = 0 or v; < 0 in RY. The alternatives u; = 0
and v; = 0 are in contradiction with assumption (L.2]), since v is not orthogonal to
en, and hence

du>0 and Jw<0  inR"Y. (3.30)

Having established ([3.30), it is possible to adapt the same proof of Lemmas and
3.7 with 7 instead of ey, to deduce that u, > 0 and v, < 0 in R in all the directions
of an open neighborhood O; of 7 in Sf_l. Thus, we have that v € Q N 99, in
contradiction with the openness of (2. This shows that Q2 N SY~" = () which, as
already observed, implies = SY~'.

Finally, the fact that Q = Sf ~! implies that both 0,u = 0 and 9,v = 0 for every
7 € SV¥~! orthogonal to ey, which proves the last assertion. O
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4 Existence and uniqueness of positive 1D solu-
tions when 2w < a. Proof of Theorem [1.1.

In this section, we assume that 0 < w < %a unless otherwise stated. By Proposition
3.5, positive solutions to (LI)-(L2) depend only on =y and are monotone. To con-
clude the proof of Theorem [I.T] it remains to prove the uniqueness up to translations
of such one-dimensional solutions.

We are led to consider on R the system

subject to
(u,v) = (a,b) at —oo and (u,v) — (b,a) at oo. (4.2)

The main result of this section is:

Proposition 4.1. Suppose that 0 < w < %a. Then there exist positive solutions to
(@1)-([42), and these solutions are translations of one another, i.e. if (u,v) and (u,?)
both satisfy ([AI)-(A2)), then there is a constant T such that

u(z) =u(zr+T) and v(z) =v(z+T).
Furthermore, v' > 0 and v' < 0 in R,

Proof of Theorem[I.1. The result is a consequence of Propositions and 4.1 O

The proof of the ‘uniqueness’ part in Proposition [L.1] uses the sliding method (cf.
[6, @, 10]) with the help of the bounds (LH) as well as the following lemma on the
asymptotic behavior of solutions.

Let

Ay = \/%((oz+2):l:\/(a—2)2+32:2>, (4.3)

[i= 2wla+2) >0, (4.4)

a((a—?)\/ —%ﬂ/(a_z)u%)

which are related to the eigenvalues and eigenvectors of the linearized operator as-
sociated with (ZI]) near the critical point (a,b). We refer to Appendix [Al for a brief
discussion on the origin of these constants.
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Lemma 4.2. Suppose that 0 < w < zov. Let (u,v) be a positive solution of (E1)-(E2)
and A_ and p be defined by [A3)-(E4). Then the limits

(1 = lim (b — u(x))e™" and 0y :== lim (v(z) — a)e" exist, (4.5)
and satisfy
62 = ufl > 0. (46)

It should be noted that the asymptotic behavior of solutions changes somewhat
when w = 0. See Lemma in the appendix.

An easy variational argument gives existence of the positive solutions to (4.1]) on
finite intervals. The sliding method can be adapted to this case yielding:

Lemma 4.3. Suppose that 0 < w < %a. For every R € (0,00), there exists a unique
positive solution to (A1) in (—R, R) satisfying

(u(=R),v(—R)) = (a,b) and (u(R),v(R)) = (b,a). (4.7)

Furthermore, v’ > 0 and v' < 0 in (=R, R).

4.1 Proof of Proposition 4.1]

Let us assume Lemmas and for the moment and proceed with the proof of
Proposition 1.1l Lemma [4.3] will be proved in the next subsection. Lemma 4.2 follows
from a routine asymptotic analysis near a hyperbolic critical point for ODEs. Its proof
is postponed to Appendix [Al

Proof. 1. We prove the existence of a solution to (£I])-([@2) by sending R — oo in
Lemma [4.3], where some care is needed to show that the solutions on finite intervals
do not flatten to the constant solutions (a,a) or (b, b).

Forn =1,2,..., let (uy,,v,) be the positive solution to (4.1]) obtained in Lemma
A3 with R = n. Fix z, € (—n,n) such that u,(z,) = 3(a+b). Define I, = —n — z,,
r, =N — T,, and

(Un (), 0p (7)) = (un(x + x), V(2 + x,)) for x € [I,,, 7).

By Lemma 4.3 a < u,, v, < b. Using elliptic estimates on unit closed subintervals
of [ln, ], we have

P +6W) < C in [l r, for k=0,1,2,3, (4.8)

where C'is a positive constant independent of n and k. Then, passing to a subsequence
if necessary, we may assume that [, — [, € [—00,0], r, = 7, € [0, 00] (where [, and
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r, cannot be simultaneously finite), (@, 0,) converges in CZ (I, 7.) to some (u,,v,)
satisfying ([@T)), u., > 0, v, < 01in (I4, 7).
Note that for each n, the Hamiltonian

1 1
o i= S TP+ [8) = (= = 82)” = S (@ — =)

is constant in [l,,r,]. As (@(R),0(R)) = (b,a), it follows that h, > 0 and so

(uv, — E)2 > 0.

1 1
e i= 5 (P o) = (01— = 02)? - 2y >

N[ Q

As said above, one has that [, = —oc or r, = oo (or both). We will only treat
the case that r, = oo; the other case can be dealt with similarly. In this case we
have u.(z) > 1(a+b) for every z > 0, since x > 0 > [, implies @, (z) > @,(0) = 2
for large n. Then, by the monotonicity of w, and v,, as z — 00, (u.(z),v.(z))
has a limit, say (b, @), which satisfies Ha+1b) < b<band a < a < b By @),
(u”(z),v"(x)) tends to (P(b,a), Q(b,a)) as x — co. Applying the mean value theorem
t0 U|[p,nt1/2, We can find &, € (n,n+1/2) such that u)(&,) — 0. Likewise, there exist
D € (&ny Ensr) such that u”(n,) — 0. Tt follows that P(b,a) = 0. This then implies
that supy, o, 49 ui — 0, and so u,(z) — 0 as x — oo. Similarly, Q(b,a) = 0 and
vi(x) = 0as z — oo.

Now, note that the equation P(x,y) = Q(z,y) = 0 has three solutions in the

positive quadrant, namely (a,b), (b,a) and (c,c) where ¢ = ,/%i—: € (a,b). Also, as

(vl (x),v.(z)) — 0 as x — o0,

1 ~ o~ w
<h o= ——(1—0— 22— Y(ha— Yy
0<h 4( b* — a”) 2(ba a)
and 50 h, = 0, b*4+a* = 1 and ba = ©. As 3(atb) < b < b, we thus have (b, @) = (b, a),
e, (us(x),vi(x)) = (b,a) as x — 0.
Now if [, is finite, (48] yields
i)+ 5P| <C in (L,r) for k=0,1,2, (4.9)

where C' is a positive constant independent of %, and so u, extends to a C' function
in [l., 7). Now, since for every = € (L., 7.), we have x € [l,,, ,] for large n, from (4.8))
we also get that

lus(z) — al = lim |a,(x) —a| = lm |G,(x) — G,(1,)]
n—oo n—o0

<limsupClz — l,,| = Clx — 1|

n—oo
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which leads to u.(l,) = a. A similar argument gives v,(l.) = b. Now, by the strong
maximum principle and the Hopf lemma (see the argument in Step 5 of the proof of
Proposition [[.2)), we have u/(x) > 0 and v, (x) < 0 for every x € [l,,r.), and using
those properties with x = [, we get h, > 0, which contradicts the previous conclusion
that h, = 0. Hence [, = —oo. As above, this implies that (u.(x),v.(z)) — (a,b) as
r — —OQ.

We have thus shown that (u.,v,) is a positive and strictly monotone solution to

(@) (E2), as desired.

2. We use the sliding method to show that positive solutions to (A1))-(£2) are trans-
lations of one another.

Let (u,v) and (u,v) be two positive solutions to (4.1)-(@2). By Lemma [£2] the
limits

(F = lim (b — u(z))e 7, 07 = lim (b — a(z))e 7,
T—r00 T—00

0 = xh_)rgo(v(x) —a)e 7, Iy = xh_)rglo(z? —a)e 7,

(7 = lim (u(z) —a)e?, (7 = lim (a(z) — a)e*7,
T——00 T——00

l; = lim (b—v(x))e", ly == lim (b—10)e "
T——00 T——00

exist and are positive. Thus, in view of ([I.6]), there is some large T such that
u(z —Tp) < u(x) <u(z+Tp) and v(z — Tp) > v(x) > v(x + 1) for all z € R.
Let
= inf{t € [Ty, Tp| : u(x) < u(z+ d o(z) > v(z+s) forall t < s < Ty, x € R}.

Set u(x) = u(z+7T) and 0(x) = u(z
follow once we show that @« = @ and
not hold.

a. We show that

s) an
(x+T). Then @ > w and ¥ < v. The result will
¥ = v. Assume by contradiction that this does

u>uand v <. (4.10)

Note that @ > u, v < v, and (@, D) is also a solution to (4.1]) satisfying (4.7)). Also,
we have

P(a,0) — P(4,0) = (0—0)[(1+a)a(d+7)—w]
< (0-0)[(1+ @)av — w]
ERN G| (R
< 0,
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and

So we have

" < P(u,v), " = P(u,
" > Q(a,0), 7" = Q(a,

Assertion (A.I0) thus follows from the strong maximum principle.
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b. We proceed to deduce a contradiction.

Define
0 = lim (b — a(z))e -, 05 = lim (5(z) — a)e ™2,
T—r00 T—00
(7 = lim (a(z) —a)e* ", (5 = lim (b—o(x))e* 7.
T——00 T——00

Recall that, by Lemma B2 ¢5 = plf, ¢; = pl; and similar relations hold for the
counterparts with bar and tilde on top. By the minimality of 7" and (4.1I0), we have
that .

5 =15, (4.11)

or

l; =1{5, (4.12)
or both. Because of the unique correspondence of linearized solutions and nonlinear
solutions near a hyperbolic critical point of ODEs [14, Chapter 13, Theorem 4.5] (with
p = 1) — see the argument leading to (A.I0) — we then deduce that (@,?) = (@, ),
which contradicts (£.I0). We conclude the proof. O

4.2 Proof of Lemma

The existence in Lemma follows from an easy variational argument. As far as we
are concerned with the application of Lemma [£.3] to the proof of Proposition [4.1] it is
enough to show that v and v are monotone. This can be done as in Subsection [3.11
Here we provide an alternative proof which yields also uniqueness, which echoes the
argument in Step 2 of the proof of Proposition E1]

We start with an adaptation of Proposition for finite domains.
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Lemma 4.4. Suppose that 0 < w < %oz and R € (0,00), and let (u,v) be a positive

solution of (A1) in (—R, R) satisfying (£1). Then (L3) and (L) hold in [-R, R].

Proof. The proof is similar to though easier than that of Proposition [.2] thanks to
the boundary condition (7). We will only give a sketch.

Let A = u? +v?, B = —In(uv) and define m = maxA and n = max B[] 1f
m is attained at the endpoints, we have m < 1. Otherwise, m = A(xg) for some
xo € (—R, R). We then have

02 A"(z0) = 2u(wo) P(u(wo), v(wo)) + 2v(20)Q(u(x0), v(0))
> 2A%(wg) — 2A(z0) + 45, where s, 1= min (at? — wt).

t>e "m

In either case, we obtain

1
m < 51+ VI =8s.). (4.13)
Likewise, we have
<-In——. 4.14
=Ty +2 - % (4.14)

We can now follows exactly the arguments in Steps 3 and 4 of the proof of Proposition
to reach the conclusion. We omit the details. O

Proof of Lemma[{.3 Note that (4.I]) is the Euler-Lagrange equation for the func-
tional

Bl 1
Iu,v] = /R [§(|u'|2 + V') + Z(l —u? —v?)? + %(uv — §)2 dw.

The existence of a positive solution to (AI]) satisfying (7)) follows from a simple
variational argument.

The uniqueness follows from the sliding method as we have seen earlier. Suppose
that (u,v) and (u, v) are positive solutions of (A1) in (—R, R) satisfying (4.7)). Extend
(u,v) to the whole of R by defining (u,v) = (a,b) on (—oco, —R) and (u,v) = (b,a)
on (R,00). Let

T =inf{t € [0,2R] : u(x) < u(z + s)
and v(x) > v(x + s) for all z € [-R, R],t < s < 2R}.

T is well-defined thanks to Lemma 4.4l To conclude it suffices to show that 7' = 0.
Note that in the notation of ([ZI0), we have m = m, and n = n, thanks to ({7).
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Set 4(x) = u(x+7T) and v(z) = u(x+T). Note that @ > u, v < v, (4, 0) is also a
solution to (A.J) in the interval (—R, R —T'), and, in view of (IL3]), we have as before
that

" < P(u,v), " = P(u,
" > Q(u,v), " =Q(,0).

In particular, if T" was positive, it would follow from the strong maximum principle
and the Hopf lemma that there would exist some small € > 0 such that

S S
~

u(r) <u(x+s)and v(x) >v(x+s) forall z € [-R,R|, T —e < s<T,

which would contradict the definition of 7. We hence have T = 0, as desired. O

A Appendix: proof of Lemma (4.2

We now prove of the exponential decay of solutions (u,v) to ([@I)-(@2) to constants.
This was needed in the proof of Proposition [I.Jl We perform a standard asymptotic
analysis near a hyperbolic critical point of ODEs.

We write u = b — 4 and v = a + 0. The system (4.1)) becomes

i = —P(b—t,a+10) = P(a,?), (A1)
0" = Q(b—1,a+0) = Q(ai, ). (A.2)

The functions P and Q are polynomials and a direct computation gives

~

o
(

A 2 2 _ w(2ta)
’C?) (O> 0) = 2 wj(;fa? T
,0) —=== 20" +ab

>

In particular, we have, for large x, that

2
" = (26> + aa®)i — @@ +O(|al* + 9%, (A.3)
2
V" = —@fﬁ (2a® + ab®)0 + O(|a)* + |0]?). (A4)

The matrix A has two positive eigenvalues A% (see ([3))). For w > 0, an A-
eigenbasis of R? can be chosen as (1, ) and (—u, 1) (which correspond to the eigen-
values A2 and A%, respectively) where p is defined in (E4). Note that

0 ifa>2,
limo,u: oo ifa<?2,
“ 1 ifa=2.
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This signifies some difference in the asymptotic behavior of (u,?) for w = 0 and for
w > 0.

Proof of Lemma[{.3. 1. We prove (L3]) and the relation o = pf;.

As a(x),0(x) = 0 as x — oo, we have from ([AI)-(A.2)) that @"(x),?"(x) — 0 as
x — o0. By interpolation, this implies @'(z),?'(z) — 0 as * — oo. We now write
U3 =10, =0, V = (4,0, 03,04) and recast [(AT])-([A2) as a first order system

V=MV +£(9) (A.5)
where
0 0 1 0
0 0 01
M = 2b% + ava’® —@ 00|’
—2E) 942 L ab? 0 0

and f is a polynomial satisfying f'(O) =0 and Df'(()) = 0. Note that, as 0 < £ < %, M
has real and nonzero eigenvalues \j = = AL < Ay = -A_ <0< A3 =) < \y = A4,
Hence the origin is a hyperbolic critical point of ([A.5). As v(z) — 0asx — 0, we thus
have that, for all large z, v(z) belongs to the stable manifold of ([A.5]) at the origin.
By the Stable Manifold Theorem (see e.g. [14, Chapter 13, Theorem 4.3]), we then
have that ¥(z) converges exponentially to 0 as x — oo and the rate of convergence is
O(e=®) for any 0 < X < |Xo| = A_.

Set
X =10+ pv, (A.6)
We have
X" = P(a,0) + pQ(a,9) = X2 X + O(|af* + [0]*), (A.8)
Y" = —pP(4,0) + Q(u,0) = )&Y + O(\a\2 + |@\2) (A.9)

Applying [14, Chapter 13, Theorem 4.5], we can find a constant k& and some 6 > 0
such that
X = ke "4+ 0(e” P97y and Y = O(e~A-+07), (A.10)

Assertion (4.3]) and the relation 5 = pf; are readily seen.
2. We next show that ¢; and ¢y are positive.

Suppose by contradiction the assertion does not hold. As ¢, = ufy, one has
{1 = 5 = 0. Returning to (A.I0) we have that

[X|+ Y] = O(e”?-+0)
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which implies
In(|X Y
lim sup In(lX] + [¥)) < —(A_+9).
T—00 T

Appealing again to [14, Chapter 13, Theorem 4.3], we thus have
In(|X| + V) _

lim sup < =
T—00 €
This leads to
lim (b — u(z))e™ = lim (v(x) —a)e™ =0 forall 0 < X < A, (A.11)
T—00 T—00

As as by/2 < A, this gives a contradiction to Lemma [ATl below and so concludes the
proof. O

Lemma A.1. Suppose that 0 < w < 3a and let (u,v) be a positive solution of (EI)-
([@2). There is some C > 0 such that
1
b—u(zr) > Ee_b‘/ix for large x. (A.12)

Proof. We note from (4.1]) and (L5]) that

ED),@D) T3
o’ > ur vt —1) > u(u? - ). (A.13)

Now, take some R > 0 such that u(R) > % in (R,00). Select xg such that

btanh(%(R — 29)) = u(R). To prove ([A.12)), it suffices to show that

b
u(z) <b tanh(ﬁ

To this end, we note that the function w; . = btanh(

(x — xp)) in (R, 00).

(x — 1))+ c satisfies for ¢ > 0,

/,

b
v
wl/,c = wl,O(wio - bz) < wLC(wl c — b

) in (R, 00), (A.14)

where we have used wy o(x) > w1 o(R) = u(R) > %

Clearly there is some large ¢ > 0 such that wy . > v in [R, 00). Let
c=inf{c¢>0:w.>wuin [R,00)}.

If ¢ > 0, then we have w; , > uw in [R, 00), wy (R) > w(R), lim, o (w1 . —u) > 0, and
there is some z; € (R, o00) such that wy (1) = w(x;), which gives a contradiction
to the strong maximum principle, in view of (AI3)) and (A.14]). We thus have that
¢ =0, which implies that w; o > u in [R, 00), which gives (A.12). O
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The asymptotic behavior changes somewhat in the case w = 0, which we record
here for comparison. (This is not used in the paper.)

Lemma A.2. Suppose a > 0 and w = 0. Then, a =0 and b = 1. Let (u,v) be a
positive solution of (AI))-[@2). Then the following statements hold.

(i) 5 = 1lim,_,o(v(2) — a)eV®® exists and is positive.
(it) If o > 3, then 0 = limg o0 (b — u(z))eV?* exists and is positive.

(a+1)3

(iii) If o < 5, then 07 = limy_, o0 (b — u(x))eV® exists and is equal to TR

() If a =1, then 0 = limy o0 (b — u(z))e\fx exists and is equal to ji\%.
Proof. The proof is similar to that of Lemma and is omitted. O
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