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DIFFERENT TYPES OF CONNECTED
SPACES

M. Sattanathan™ and Jomon K. Sebastign**

ABSTRACT

This paper deals with the various forms of open sets and their relations. The relafion is
represented by o diagram. The refation is same for the closed sefs also. The main part
defines different fypes of connectedness ond their relations. It is notable that openness and
connectedness are in opposite order. Some results on Q-sefs are alsa included here,

Introduction

Let X be atopological space and let A be a subset of X. cl(A) and int{A) denote the
closure and interior of A in X respectively. Here R denotes the set of all real numbers.
We recall the following definitions from [1] and [2].

Definition 1.1:

Asubset A of a space (X, *) is called a semi-open set if Accl(ini{A)) and a semi-
closed set if int{cl{A))cA.
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Definition 1.2:;

A subset A of space {X,*} is called o pre-open set if A ¢ int{cl{A)) and a
pre-closed set if cl{int{A)) < A.

Definition 1.3:

A subset A of space (X,*} is called an a-open set if A < int{cl{int(A))) and an
o-closed set if cl{intlcl{A))) = A.

Definition 1.4:

A subset A of a space {X,*} is called a b-open set {semi-pre open set) if A <
cllint{cl{A}}} and a b-closed set {semi-pre closed set) if int{cl{int{A))) < A.

Theorem 1.5:
The complement of a semi-open set is a semi-closed set .
Proof:
Let A be a semi-open set.
~A < cllintA))
= [c{int{A)l'c A
= int{int A)F < A
= int{c] A9 ¢ A¢
Hence At is a semi-closed set.
Remark 1.6:

Similar to theorem 1.5, the complement of a pre-open(resp. B-open, e.-open} set is
a pre-closed {resp.b-closed, a-closed)set.

Remark 1.7:

All open sets are semi-open,pre-open,a.-open,and B-open sets.
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Main Resulis
Theorem 2.1 :
Any a-open set s a semi-open set,
Proof:
Let A be an a-open set,
S A g int{cliin(A)) < clfint{A))
= Al cllint(A))
= Als semi-open.

Remark 2.2:

Converse of theorem 2.1 is not true .
InR, the set A= [0, 1) is semi-open but not a-open.

Theorem 2.3:
Any a-open set is a pre-open set,
Proof:
Lef Abe an a-open set. Then Acint{cl{int(A}]
We know that inf{A)cA,
< dllint{A) < cliA).
Acint(clintA)cintcl{A) by (1).
A inHel(A).

~.Als pre-open.
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Remark 2.4:

Converse of theorem 2.3 is not frue.
InR, Q = the set of all rational numbers, is a pre-open set but not
o-open.
Theorem 2.5:
Any semi-open set is a B-open set.
Proof:
Let A be a semi-open sef.
A lintA) (1
Always Aczel{A). Hence
int A < int cl{A).
~Accel(intfA)igel(in (cl{A))} by (1)
- Acel(int{cl(A)) and so
A'is a B-open set.

Remark 2.6:

Converse of theorem 2.5 is not true,
InR, Q = set of all rational numbers, is B- open but not semi-open.

Theorem 2.7:
Any pre-open set is a B-open set.
Proof:

Let A be a pre-open set,

~Ag int{c{A]) and so
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cliAle clfint(cl(A))}. Thus
Ac cliAlc dint(cliA)).
A clfint{cl(A).

~As a B-open set.

Remark 2.8:

Converse oftheorem 2.7 is not true.
InR, the set A= [0,1) is B-open but not pre-open.

Remark 2.9:
o-open ] semi-open . P-open

% pre-open f

Similarly,

a-closed C—> semi- closed— B- closed

pre- closed f

Definition 2.10:

Let X be o topological space. X is said fo be semi-connected if X cannot be
written as the union of two nonempty disjoint semi-open subsets of X,

Definition 2.11:

Let X be a topological space. X is said to be pre-connected if X cannot be written

as the union of two nonempty disjoint pre-open subsets of X.

Definition 2.12:

Let X be a topological space. X is said to be a-connected if X cannot be written as

the union of two non empty disjoint a-open subsets of X.
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Definition 2.13:

Let X be a topological space. Xis said to be B-connected if X cannot be written as
the union of two non empty disjoint b-open subsets of X.

The complement of a-open { resp. semi-open, pre-open, b-open) is a-closed
{resp. semi-closed, pre-closed, b-closed). So we have the following results.

Results 2.14;

1. Let X be a topological space. X is semi-connected {resp. pre-connected,
a-connected, B-connected} it X cannot be written as the union of two nonempty
disjoint semi-closed (resp. pre-closed, a.-closed , B-closed) subsets of X.

2. Let X be a topological space. X is semi-connected (resp. pre-connected,
a-connected, B-connected) if the only subsets of X that are both semi-open (resp.
pre-cpen, a-open, B-open) and semi-closed (resp. pre-closed, a-closed, p-closed
) are X and f only.

Theorem 2.15:
Every B-connected space is semi-connected.
Proof:
Assume Xis B-connected,
Claim: X is semi-connected.
Suppose X is not semi-connected.
Then 3 a non-empty subset A of X which is both semi-open and semi-closed.
We know that semi-open = B-open and semi-closed = B-closed.

Hence A is both B-open and B-closed which is a contradiction o the fact
that X is B-connected.

Remark 2.16:

The converse of thecrem 2.1 5 is not frue.

50



For example,
letX={a,b,c}
* ={{a,c} X ¢}.

The open sets are {o,c} X, ¢.

Closed sets are {b},X,$.

Semi-opensets are {a,c} X, ¢.

b-open sets are {a,c} . X,¢, {a,b},{b,c},{a},{c}.

X = {a} u {b,c} gives a separation of X into a non-empfy disjoint union of B-
open sets and so X is semi-connected but not B-connected.:

Theorem 2.17:

Every semi-connected space is a-connected.
Proof:

Assume X is semi-connected,

Claim: X is a-connected.

Suppose X is not a-connected.

Then 3 a non-empty subset A of X which is both a-open and a-
closed. We know that a-open => semi-open and a-closed = semi-
closed. Hence A is both semi-open and semi-closed

which is a contradiction to the fact that X is semi-connected.

Remark 2.18:

The converse of theorem 2.17 is not true.
Forexample,

IetX = {Gr b, C} .
o = {{a}.{c}.{a,c} X}

The open sets are {a},{c},{a,c}.X .

Closed sets are {b,c},{a,b},{b}.X, ¢.
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semi-open sefs are {a},{c},{a,c} {b,ch {a,b} {b}.X, ¢,
o-open sets are {a},{c} {a,c}.X.¢.

X = {a} U{b,c}, gives a separation as X into a non-empty disjoint union
of semi-open sets and so X is a-connected but not semi-connected.

Theorem 2.19:

Every B-connected space is pre-connected.
Proof:

Assume Xis B-connected.

Claim: X is pre-connected.

Suppose X is not pre-connected.

Then 3 a non-empty subset A of X which is both pre-open and pre-
closed.

We know that pre-open = f-open and pre-closed = B-closed.
Hence A is both B-open and B-closed

which is a contradiction to the fact that X is B-connected.
Remark 2.20:

The converse of thecrem 2.19 is not true.

For example, consider the topological space asin 2.18.Then
pre-open sets are {a},{c},{a,c} X .

b-open sets are {a} {c},{a,c},{a,b},{b,c}Xb.

X = {a} U {b,c}, gives a separation of X into a non-empty disjoint union of
B-opensets and so X is pre-connected but not b-connected.

Theorem 2.21:

Every pre-connected space is a-connected.
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Proof:

Assume X is pre-connected.

Claim: X is pre-connected.

Suppose X is not a-connected.

Then 3 a non-empty subset A of X which is both a-open and
o-closed. _

We know that a-open = pre-open and a-closed = pre-closed.
Hence A is both pre-open and pre-closed which is a contradiction to
the fact that X is pre-connected.

Remark 2.22:

The converse of theorem 2.21 is not true. For example,
consider the topological space defined on 2.16. Then the
a-open sets are {a,c}.X, ¢.

pre-open sets are {a},{c}, {a,b},{b,c},{a,.c}, X, .

X={a} u{b.c}, gives a separation as Xinto a non-empty disjocint union of pre-
open sets and so Xis a-connected but not pre-connected.

Thus we have
B-connected 9> semi-connected 3 a-connected
%5 pre-connected ﬁ

Remark 2.23:

By remark 1.7, alt semi-connected, pre-connected, a-connected, B-connected
spaces are connected.

Remark 2.24:

Consider R with usual topology,
) [a,b) is both semi-open and semi-closed and so R is connected but
not semi-connected.

(i) Q is hoth pre-open and pre-closed and so R is connected but not
pre-connected.
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(i) Q is both B-open and B-closed and so R is connected but not
B-connected.

Definition 2.25:
Aset Ais said to be Q-set if int (cl(A)) = cl(int{A)).
Theorem 2.26:

In o connected space every Q-set is either nowhere dense or everywhere
dense,

Proof:

Let X be a connected space.
Let A be a Q-setin X.
- int{cl{A)) = cl{int{A).
Take B = inf{cl(A) = dl(int(A)).
Hence B is both open and closed set in X.
Since Xis connected either B = $ or B = X.
If B=X, then cl{int{A)} = X.
Since inf{A) c A,
cl{int{A)) < cl(A) and so
Xg cl(A).
el = X,
Hence A is everywhere dense,
if B=¢, then
int (cl{A))= .

Hence A is nowhere dense.
Result 2.27:

if a Q-set is B-open then it is necessarily semi-open.
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Proof:

Let A be Q-set.

~intel(A)) = clfint{A)) ............. {1)
Since A is B-open, Ac cl(int{c!{A)))
i.e. A ccfel(inttAl) by (1}
i.e. A < cllint{A))

Hence A is semi-open.
Result 2,28:

faQ-setis a-open then it is necessarily pre-open.
Proof:

Let A be a Q-set.

cint(cl(A)) = clintA) ... (1)

Since A is c-open, Al inH{cl(int{A)))

i.e. A < intlint{cl{A))) by (1)

i.e. Ac int{cl(A)

Hence A is pre-open.
Open problem:

{i) Construct a topological space which is connecied but not a-connected.
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