
HAL Id: hal-02190394
https://hal.science/hal-02190394v1

Submitted on 2 Mar 2021

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Quadrotor LPV Control using Static Output Feedback
The Hung Pham, Saïd Mammar

To cite this version:
The Hung Pham, Saïd Mammar. Quadrotor LPV Control using Static Output Feedback. IEEE 16th Interna-
tional Conference on Networking, Sensing and Control (ICNSC 2019), May 2019, Banff, Canada. pp.74–79,
⟨10.1109/ICNSC.2019.8743181⟩. ⟨hal-02190394⟩

https://hal.science/hal-02190394v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Quadrotor LPV Control using Static Output
Feedback

The Hung Pham
IBISC
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Abstract—This paper addresses the problem of atti-
tude/altitude control of a quadrotor. The main contribution
consists in developing a simple Linear Parameter Varying model
which includes the motor dynamics and weight variations.
Afterwards, a reference model is introduced and an error model
is derived. An integral action is thus naturally included in
the loop. The proposed controller takes the form of a static
output feedback which is synthesised using the Linear Matrix
Inequalities framework. Thanks to a relaxation method the
nonlinear terms are removed from the matrix inequalities. The
controller in then reconstructed as a combination of the integral
of the error, the actual output and the preview reference signal.

Simulations are conducted for a scenario showing the ability
of the design method to handle different performance objectives.

Index Terms—UAV, LMI, Preview Control, Takagi-Sugeno

I. INTRODUCTION

UAVs had a tremendous development in the last decade.
This concerns both fun, professional and industrial applica-
tions. Among them, drones are expected to be useful in rescue
missions and operations in hostile environments. Their use is
also beginning to be democratized for autonomous missions in
the context of precision agriculture. A drone can carry different
loads according to the needs of analysis and the duration of
the mission. Its mass and inertial parameters can then undergo
strong variations.

The control of the UAVs has at the same time experienced
several developments implementing different types of control
laws. In [13], the problem of attitude and altitude control was
addressed. An error model simplifies the problem and a Linear
Parameter Varying (LPV) controller has been proposed under
the form of a state feedback. Model predictive robust controller
is developed in [14] to solve the path following problem for
a quadrotor [6]. More recently stochastic model predictive
control is used in [17].

In addition, LMI based robust control methods have been
for example considered in [8]. Adaptive control has been
treated in [9]. Different nonlinear control methods have been
applied for the control of quadrotors. In [15], a high order
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sliding mode control is used after performing a feedback lin-
earization. In [5], an integral backstepping control is proposed
for controlling the attitude, altitude and lateral modes of the
quadrotor. This has been also considered in [4]. In [7], model
uncertainties and disturbances are handled with sliding mode
observer. In addition, fault estimation and fault tolerant control
have been considered in [16] and [10].

The aim of this paper is to propose a simple design
procedure of static output feedback for quadrotor. The use of
static output feedback controller simplifies greatly control law
reading and implementation [1], [11]. However, the synthesis
is known as a hard problem but some relaxation procedures
allow to reduce conservatism [12]. In our context, the main
objective of the static output feedback synthesis is to handle
the mass and rotors velocity variations which are assumed to
be measured. This is achieved using a Takagi-Sugeno (TS)
formalism which allows to obtain a linear parameter varying
model in the form of a convex sum of submodels [19]. The
controller is then synthesized on the basis of a 4 submodels
system.

The remainder of the paper is organized as follows. Section
II presents the classical quadrotor model which is simplified
in order to obtain a TS model suitable for control synthesis.
Section III is devoted to the reference model tracking problem
setting and model adaptation. Thus, the controller is synthe-
sized in section IV while simulation results are presented in
section V. Finally conclusions and some future work proposals
wrap-up the paper.

II. SYSTEM MODEL AND PROBLEM STATEMENT

This paper aims the development of a static output feedback
controller for a quadrotor. The vehicle has six degrees of
freedom and only four actuators [2]. It is thus underactuated.
It has to pitch in order to move forward and to roll in order
to move laterally. The vertical movements is ensured by equal
thrust on the propellers. The three rotational movement are
governed by differential thrust between left and right motors
for the roll, the front and the rear for the pitch and differential
torque clockwise and counter clockwise for the yaw.



A. Quadrotor model

The three rotational motions are the pitch, roll and yaw
where angles are denoted θ, φ and ψ respectively. The global
position coordinates of the center of mass are denoted xc for
the longitudinal motion, yc for the lateral motion and zc for
the vertical motion. This position is given in the global frame.
Expanding the rigid body motion of the quadrotor leads to six
equations of motion given in the inertial frame and described
by

• Translation⎧⎨
⎩

ẍc = (sφsψ + cφsθcψ)
Tz

m

ÿc = (sφcψ + cφsθsψ)
Tz

m

z̈c = −g + (cφcθ)
Tz

m

(1)

• Rotation⎧⎪⎪⎪⎨
⎪⎪⎪⎩

φ̈ = θ̇ψ̇
(

Jy−Jz

Jx

)
− Jr

Jx
θ̇Ωr + l

Tφ

Jx

θ̈ = φ̇ψ̇
(

Jz−Jx

Jy

)
− Jr

Jy
φ̇Ωr + lTθ

Jy

ψ̈ = φ̇θ̇
(

Jx−Jy

Jz

)
+ l

Tψ

Jz

(2)

where cx and sx stand for cosx and sinx respectively, with
x = {φ, θ, ψ}. m is the mass, g is the gravity while Jx, Jy
and Jz are the moments of inertia of the vehicle. Jr is the
moment inertia of the propellers and Ωr is the sum of the
propellers velocities.

Ωr = Ω2 +Ω4 − Ω1 − Ω3 (3)

where Ωi denotes the i-th rotor velocity.
The force Tz is the body frame vertical thrust. It is obtained

from the equation

Tz = kf
(
Ω2

1 +Ω2
2 +Ω2

3 +Ω2
4

)
=

4∑
i=1

Ti (4)

and thrusts appearing in the equations are also expressed in
the body frame and are denoted Tφ, Tθ and Tψ . They are given
by

Tφ = kf
(
Ω2

4 − Ω2
2

)
= T4 − T2

Tθ = kf
(
Ω2

3 − Ω2
1

)
= T3 − T1

Tψ = kz
(
Ω2

2 +Ω2
4 − Ω2

1 − Ω2
3

)
= (T2 + T4)− (T1 + T3)

As considered in [13], we restrict the purpose of the paper
to the altitude and attitude tracking [3]. Thus, the equations
related to the longitudinal and lateral translation motions are
removed.

B. Actuator model

Adopting an actuator model has twofold. First of them is
to reflect the low pass filtering of each actuator with a time
constant τi. The second allows us to prevent the B matrix
of the obtained state-space representation to be parameter
dependent. Each actuator thrust Laplace transform is given
by

Ti (s) =
Ki

1 + τis
Vi (s) , i = 1, 2, 3, 4 (5)

Ti (s) is the Laplace transform of the thrust Ti(t), Vi is the
pulse width modulation (PWM) voltage applied to rotor i, KT

is the armature gain. The corresponding differential equation
is

Ṫi = − 1

τi
Ti +

Ki

τi
vi (6)

Notice that the time constant and the armature gain can be
considered as different for each rotor in order to handle
potential actuator fault.

C. More simplified model

The previous model still exhibits too much parameters and
its polytopic representation will involve 29 submodels. If one
considers control synthesis using Linear Matrix Inequalities
methods, the resolvability of the resulting LMI conditions in
this case is quite compromised due to conservativeness of
conditions which will request the common stabilization of a
huge number of submodels. In order to reduce this number,
we adopt here a more simplified model. First of all, the
simplification makes each of the modes decoupled from the
product of the velocities, allowing to write:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

φ̈ = − Jr

Jx
θ̇Ωr + l (T4−T2)

Jx

θ̈ = − Jr

Jy
φ̇Ωr + l (T1−T3)

Jy

ψ̈ = l (T2+T4)−(T1+T3)
Jz

z̈c = −g + T1+T2+T3+T4

m

(7)

Gathering all the equations, one can establish the LPV model

ẋ (t) = A (m,Ωr)x (t) +Bv (t) + Ed(t) (8)

where the state vector is has twelve components: x =(
φ, φ̇, θ, θ̇, ψ, ψ̇, zc, żc, T1, T2, T3, T4

)T
, the control input

vector is composed of the four motor voltages v =
(v1, v2, v3, v4)

T
, the disturbance input is the Earth gravity

d = g, and the matrix A (m,Ωr) is given by

A (m,Ωr) =
(
A11 A12 A13

)

A11 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 0 − Jr
Jx

Ωr

0 0 0 1

0 − Jr
Jy

Ωr 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, A12 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



A13 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

0 − l
Jx

0 l
Jx

0 0 0 0

l
Jy

0 − l
Jy

0

0 0 0 0

− l
Jz

l
Jz

− l
Jz

l
Jz

0 0 0 0

1
m

1
m

1
m

1
m

− 1
τ1

0 0 0

0 − 1
τ2

0 0

0 0 − 1
τ3

0

0 0 0 − 1
τ4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

while

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
K1

τ1
0 0 0

0 K2

τ2
0 0

0 0 K3

τ3
0

0 0 0 K4

τ4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, E =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
0
0
0
−1
0
0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

The main objective of the control design procedure is to
synthesize a controller that could be scheduled according to
mass, inertia and rotor speed variation. As it can be seen from
the simplified quadrotor model, it is linear of both parameters.
In addition, parametrizing the moment of inertia in the form
Ji = κim, (i = {x, y, z}), one can thus obtain a LPV model
depending on two parameters, the mass m ∈ [mm,mM ] and
the velocity Ωr ∈ [Ωm,ΩM ].

Thus a Takagi-Sugeno model with fours submodels could be
obtained. depending on the extremal values of the parameters.
This representation is called nonlinear sector approximation
[19]. In fact, defining ρ1 = m ∈ [mm,mM ] and ρ2 = Ωr/m ∈[

Ωm

mM
, ΩM

mm

]
, a four submodels TS system is achieved

ẋ (t) =

(
4∑

i=1

μiĀi

)
x (t) + B̄u (t) + Ēd(t) (9)

where μi ≥ 0, 1 ≤ i ≤ 4,
∑4

i=1 μi = 1 and

μ1 = m11m21, μ2 = m11m22

μ3 = m12m21, μ4 = m12m22

with

m11 =
ρ1max − ρ1

ρ1max − ρ1min
, m12 = 1−m11

m21 =
ρ2max − ρ2

ρ2max − ρ2min
, m22 = 1−m21

The matrices Āi, 1 ≤ i ≤ 4 are obtained from

Ā1 = A (mm,Ωm)

Ā2 = A (mm,ΩM )

Ā3 = A (mM ,Ωm)

Ā4 = A (mM ,ΩM )

Notice that the obtained model is an exact representation of
the model of equation (8). The obtained model is a continuous
time model. However for implementation aspects and when
considering preview information, it is more convenient to
consider it in discrete time domain. In fact the preview
information is only available at some sensor sample times.
Knowing that, the model is discretized using a simple Euler
method, this leads to the discrete-time state-space model with
sample time of T = 0.05 sec.{

x (k + 1) =
(∑4

i=1 μiAi

)
x (k) +Bu (k) + Ed(k)

y(k) = Cx (k)
(10)

where (Ai, B,E) =
(
I12 + TĀi, T B̄, T Ē

)
.

The output vector is constituted by the quadrotor altitude
and attitude position which are obtained from the matrix

C =

⎛
⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0

⎞
⎟⎟⎠

III. CONTROLLER DESIGN

The considered model has the gravity a constant disturbance
input. In order to cancel it in the control design and obtaining
a zero steady state error, one can take the difference operator
on both sides of equation (10) which leads to:{

Δx (k + 1) =
(∑4

i=1 μiAi

)
Δx (k) +BΔu (k)

Δy(k) = CΔx (k)
(11)

We consider in this paper the problem of reference signal
tracking with preview information. The output signal y(k) has
to follow the predefined reference signal r (k). Defining the
error signal e(k) as

e(k) = y (k)− r (k) (12)

and writing the error dynamics, one can define the augmented
plant with the augmented state vector x̃ =

[
eT (k) ,ΔxT (k)

]T
which reads{

x̃ (k + 1) =
∑4

i=1 μi

(
Ãix̃ (k) + B̃Δu (k) +GpΔr (k)

)
e (k) = C̃x̃ (k)

(13)
where

Ãi =

[
I4 C
0 Ai

]
, B̃ =

[
0
B

]
, Gp =

[
−I4
0

]
,

C̃ =
[
I4 0

]



Suppose now that the reference signal values are known np

samples ahead. Let us define the vector

xr (k) =
[
ΔrT (k) ... ΔrT (k + np)

]T
and the matrix

Ar =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 I4 0 · · · 0

0 0
. . . . . .

...
...

...
. . . . . . 0

0 · · · · · · 0 I4
0 · · · · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

The objective now is to embed the reference signal appearing
in equation (13) into a state vector. This is achieved by defining
the state vector

x̂ (k) =
[
x̃T (k) xT

r (k)
]T

which allows to obtain the augmented system{
x̂ (k + 1) =

∑4
i=1 μi

(
Âix̂ (k) + B̂Δu (k)

)
yp (k) = Ĉx̂ (k)

(14)

where

Âi =

[
Ãi Gp

0 Ar

]
, B̂ =

[
B̃
0

]
, Ĉ =

⎡
⎣ Iq

C
I(npq+q)

⎤
⎦

The aim now is to design a static output feedback controller
of the form

Δu (k) =

(
4∑

i=1

μiKi

)
yp (k) (15)

making the closed-loop system

x̂ (k + 1) =
4∑

i=1

μi

(
Âi + B̂KiĈ

)
x̂ (k) (16)

robustly asymptotically stable.
Following the results provided in [18], given a scalar β and

matrices Q, W , if there exist Pi > 0, Ui, Li, Gi, 1 ≤ i ≤ 4
such that

Πi < 0 (1 ≤ i ≤ 4) (17)

where

Πi =

⎛
⎝ −Gi −GT

i + Pi ∗ ∗
ÂiGi + B̂iLiQ −Pi ∗
ĈGi − UQ βWTLT

i B̂
T Θ

⎞
⎠ (18)

and Θ = −βUW −βWTUT , then the system (16) is robustly
asymptotically stable, and the gain matrix can be obtained by

Ki = LiU
−1 (19)

One can notice that this matrix gain involves the following
components

Ki =
(
Kei Kyi Kri (0) ... Kri (np)

)
(20)

thus the command increment is given by

Δu (k) = Kee (k)+KyΔy(k)+

np∑
j=0

Kr (j)Δr (k + j) (21)

where

Ke =
4∑

i=1

μiKei, Ky =
4∑

i=1

μiKyi,

Kr (j) =
4∑

i=1

μiKri (j)

and finally the control input is obtained from

u (k) = Ke

np∑
j=0

e (k) +Kyy(k) +

np∑
j=0

Kr (j) r (k + j) (22)

IV. PRACTICAL CONTROLLER DESIGN

The Takagi-Sugeno model is considered assuming that the
mass varies in the interval [mm,mM ] with mM = 1 kg and
mM = 2 kg. The total propeller velocity is varying in the
interval [Ωm,ΩM ] with Ωm = −0.2 and ΩM = 0.2. The
controller is designed using the procedure developed above.
The preview horizon is taken up to np = 5 points.

V. TESTING SCENARIO

As stated in the introduction, this paper is concerned with
the attitude/altitude control. It is then assumed that the refer-
ence values for the pitch, roll, yaw and attitude are provided
by an external loop. The quadrotor is requested to follow a
circular path while increasing its altitude for 5 m to 10 m.
The path is shown in Figure 1. One can see that the reference
path is well followed. This can be verified in the figure 2
where the absolute value does not exceed 0.1 m. The altitude
reference is also well followed as presented in figure 3. This
is also the case for the pith angle (Figure 4). The reference
value set for the yaw angle is 0. This is reached in less than
one second (Figure 6).

Fig. 1. Measured and reference path



Fig. 2. Absolute error on path following

Fig. 3. Measured and reference value for the altitude

The same simulation is now conducted by increasing the
quadrotor mass until 2 kg. The system responses in this case
are shown in figures 7 to 10. The responses become more
oscillatory but remain acceptable.

VI. CONCLUSION

This paper addresses the problem of attitude/altitude control
of an UAV. The focus is put on handling mass variation of
the UAV according to the specific application of transporting

Fig. 4. Measured and reference values for the pitch angle

Fig. 5. Measured and reference values for the roll angle

Fig. 6. Measured and reference value for the pitch angle

different device types. Following an incremental model sim-
plification, a simple LPV model is obtained for the selected
motions. Afterwards, a 4 submodels Takagi-Sugeno model is
derived. Thus the problem of reference tracking is formulated
for static output feedback. It is solved using LMI conditions
framework. The obtained controller is found to be able to fol-
low the prescribed trajectory with high level of performance.
Future works will both concern the exploration of reactive path
planning realization and fault tolerant control.

ANNEX

The quadrotor parameters are listed in the following table.

TABLE I
QUADROTOR MODEL PARAMETERS

Parameter Value
Jx 0.03 kg.m2

Jy 0.03 kg.m2

Jz 0.04 kg.m2

1
τi
, (1 ≤ i ≤ 4) 15 rad/sec

l 0.2 m
m 1.4 kg



Fig. 7. Measured and reference value for the altitude for added mass

Fig. 8. Measured and reference values for the pitch angle for added mass
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