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SHARP SPECTRAL ASYMPTOTICS FOR
NON-REVERSIBLE METASTABLE DIFFUSION
PROCESSES

DORIAN LE PEUTREC AND LAURENT MICHEL

ABSTRACT. Let Up, : R — R be a smooth vector field and consider
the associated overdamped Langevin equation

dX, = —Un(X:) dt + V2h dB;

in the low temperature regime h — 0. In this work, we study the
spectrum of the associated diffusion L = —hA + U, - V under the as-
sumptions that Uy = Uy + hv, where the vector fields Up : R — R? and
v : R = R are independent of h € (0,1], and that the dynamics admits
e~ ¥ dz as an invariant measure for some smooth function V : RY — R.
Assuming additionally that V' is a Morse function admitting ng local
minima, we prove that there exists € > 0 such that in the limit h — 0,
L admits exactly no eigenvalues in the strip {0 < Re(z) < €}, which
have moreover exponentially small moduli. Under a generic assumption
on the potential barriers of the Morse function V', we also prove that
the asymptotic behaviors of these small eigenvalues are given by Eyring-
Kramers type formulas.

2010: 60J60, 35Q82, 81Q12, 35P15, 81Q20.

Keywords: Non-reversible overdamped Langevin dynamics, Metastability,
Spectral theory, Semiclassical analysis, Eyring-Kramers formulas.
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1. INTRODUCTION

1.1. Setting and motivation. Let d > 2, U : R? — R? be a smooth
vector field depending on a small parameter h € (0,1], and consider the
associated overdamped Langevin equation

(11) dX; = —Uh(Xt)dt+ vV2hdBy ,

where X; € R? and (Bt)t>0 is a standard Brownian motion in R%. The
associated Kolmogorov (backward) and Fokker-Planck equations are then
the evolution equations

(1.2) du+Lu) = 0 and dp+ Li(p) = 0,
where the elliptic differential operator
L = -hA+U,-V
is the infinitesimal generator of the process ,
LT = —div o (hV +Up)

denotes the formal adjoint of L, and for x € R? and t > 0: u(t,z) =
E*[f(X})] is the expected value of the observable f(X;) when X¢ = = and
p(t,-) is the probability density (with respect to the Lebesgue measure on
RY) of presence of (X¢)t>0. In this setting, the Fokker-Planck equation, that
is the second equation of , is also known as the Kramers-Smoluchowski
equation.

Throughout this paper, we assume that the vector field Uy decomposes
as

U, = Uy+ hv

for some real smooth vector fields Uy and v independent of h. Moreover, we
consider the case where the above overdamped Langevin dynamics admits
a specific stationary distribution satisfying the following assumption:

Assumption 1. There exists a smooth function V : R® — R such that
LT(e_%) =0 for every h € (0,1].

A straightforward computation shows that Assumption [I] is satisfied if
and only if the vector field U;, = Uy + hv satisfies the following relations,
where we denote b := Uy — VV,

(1.3) b-VV = 0, div(v) = 0, and div(h) = v-VV.
Using this decomposition, the generator L writes

(1.4) Lyp, = L = —hA+VV -V +b, -V,
where

(1.5) b, = b+hv = Uy—VV+hyr = U, —VV.
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Note moreover that the two following particular cases enter in the framework
of Assumption

1. The case where
(1.6) b-VV =0, divb = 0 and v = 0,

which is in particular satisfied when v = 0 and b is the matrix prod-
uct b = JVV, where J is a smooth map from R? into the set of
real antisymmetric matrices of size d such that div (J VV) = 0.

For instance, this later condition holds if J(x) = J o V/(z) for some

antisymmetric matrices .J(y) depending smoothly on y € R.
2. The case where

d
(1.7) b= JVV and v = (;aﬂij)lﬁgd,

where J is a smooth map from R? into the set of real antisymmetric
matrices of size d.

In the case of (1.7)), Ly, has in particular the following supersymmetric-
type structure,
(1.8) Lyy, = —hen divo(e 7 (Ig—J)V),
and both cases coincide when b;, has the form b, = b = JVV for some
constant antisymmetric matrix J. In the case of (1.6]), the structure (1.8]
fails to be true in general and we refer to |20] for more details on these
questions. Let us also point out that under Assumption [I] the vector field by,
defined in (1.5)) is very close to the transverse vector field introduced in [1]
and next used in [14].

In this paper, we are interested in the spectral analysis of the opera-
tor Ly, and in its connections with the long-time behaviour of the dynam-
ics when h — 0. In this regime, the process (X¢)¢>0 solution to (1.1)) is
typically metastable, which is characterized by a very slow return to equi-
librium. We refer especially in this connection to the related works [1}[14]
dealing with the mean transition times between the different wells of the
potential V' for the process (X;);>0. Our setting is also motivated by the
question of accelerating the convergence to equilibrium, which is of interest
for computational purposes. It is indeed known that non-gradient pertur-
bations of the overdamped gradient Langevin dynamics

(1.9) dX, = —VV(X,)dt +V2hdB,

which preserve the invariant measure ¢~ ¥ dz cannot converge slower to equi-
librium than the associated gradient dynamics (1.9). See in particular [1§]
on this topic, where the authors considered linear drifts and computed the
optimal rate of return to equilibrium in this case, and references therein.

1.2. Preliminary analysis. In view of Assumption (1, we look at Ly,
acting in the natural weighted Hilbert space L?(R? my,), where

(110) mh(dl‘) = Z51€7%d$ and Zh = / ei%dﬁ.
R4
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Note that we assume here that e % € LY (R%) for every h € (0,1], which
will be a simple consequence of our further hypotheses. In this setting, a
first important consequence of (|1.3)) is the following identity, easily deduced

from the relation div(bhe_%) =0,
Vu,0 € CPRY,  (Lvppt,v)12(my) = (U Lv—p—0) 12(my,) -
In particular, using , it holds
Re(Lypptt, W) r2(my,) = ((FRA+VV - V)u,u) 1200,
(1.11) = h[VulZzgy,) = 0

for all u € C°(R?) and the operator Ly, acting on C2°(R?) in L2(R%, my,)
is hence accretive.

Let us now introduce the following confining assumptions at infinity on
the functions V, b, and v that we will consider in the rest of this work.

Assumption 2. There exist C > 0 and a compact set K C R? such that it
holds

vV > —C on R?
and, for all z € R\ K,

1
(1.12) IVV(z) > ol and [HessV(z)| < C|VV(z)*.

Moreover, there exists C > 0 such that the vector fields b = Uy — VV and v
satisfy the following estimate for all z € R%:

(1.13) |b(x)| + |v(z)| < C(1+4|VV(x)]).

One can show that when V' is bounded from below and the first estimate
of is satisfied, it also holds, for some C' > 0, V(z) > C|z| outside
a compact set (see for example [19, Lemma 3.14]). In particular, when
Assumption [2] is satisfied, then e h € LYR?) for all h € (0,1] (which
justifies the definition of Z;, in (1.10)).

In order to study the operator Ly, in L?(R%,my,), it is often useful to
work with its counterpart in the flat space L?(R?, dx) by using the unitary
transformation

_1 1
U: L3R, dz) — L2R%my), Ulu) = my, 2u= ZZew u.

Defining ¢ := %, we then have the unitary equivalence

U*hLyp, U = —h*A+ Vo2 — hAG + by, - dyp,
(1.14) = Ay +by-dy,
where
(1.15) dy = dpp = hV+ Vo = he™ % Veh
and

Ay = Dgp = —B*A+ Vo2 —hA¢ = —h2eh dive hd,

)
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denotes the usual semiclassical Witten Laplacian acting on functions. It is
thus equivalent to study Ly, acting in the weighted space L?(R%, my,) or

(1.16) Pd’ = P¢7b’,, = A¢ + by, - d¢
acting in the flat space L2(R?, dz).

The Witten Laplacian Ay = Py, which is the counterpart of the
weighted Laplacian

Lvoo = —hA+VV -V =hV*V

(the adjoint is considered here with respect to my) acting in the flat space
L*(R? dz), is moreover essentially self-adjoint on C°(R") (see |7, Theo-
rem 9.15]). We still denote by Ay its unique self-adjoint extension and
by D(Ag) the domain of this extension. In addition, it is clear that for ev-
ery h € (0, 1], it holds A(be_% = 0 in the distribution sense. Hence, under As-
sumption since ¢ = ¥ satisfies the relation (L.12)), it holds e h e L2 (RY)

and the essential self-adjointness of Ay then implies that ek € D(Ay) so
that 0 € KerAy. It follows moreover from (1.12) and from [8, Proposi-
tion 2.2] that there exists hg > 0 and ¢g > 0 such that for all h € (0, ho], it
holds

Uess(Agb) - [607 +OO[

Coming back to the more general operator Py = Pp, defined in (1.16]),
or equivalently to the operator Ly, according to the relation (1.14]), the
following proposition gathers some of its basic properties which specify in

particular the preceding properties of Ay (and their equivalents concerning
the weighted Laplacian Ly ). It will be proven in Section

Proposition 1.1. Under Assumption the operator P, with domain C°(R)
is accretive. Moreover, assuming in addition Assumption [3, there exists
ho € (0,1] such that the following hold true for every h € (0, hy):

i) The closure of (Ps,C°(R%)), that we still denote by Py, is mazimal
accretive, and hence its unique mazimal accretive extension.

it) The operator P} is mazimal accretive and C®(RY) is a core for Pj.
We have moreover the inclusions

D(Ay) C D(Py)ND(P}) C D(Py)UD(P;) C {u € L*(R?), dyu € L*(R)},

where, for any unbounded operator A, D(A) denotes the domain
of A. In addition, for Py € {Py, P;}, we have the equality

Vu € D(Py), Re(Pyu,u) = |dgul?.
i11) There exists Ao > 0 such that, defining

Iy := {Re(z) >0 and |Im z| < Agmax (Re(2),1/Re(z))} C C,
the spectrum o(Py) of Py is included in I'y, and

Vz e I'f, N{Re(z) > 0}, [|(Py—2) ' lr2mre < Re(z)
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i) There ezists c; > 0 such that the map z + (Py—2z)~' is meromorphic

in {Re(z) < c1} with finite rank residues. In particular, the spectrum
of Py in {Re(z) < c1} is made of isolated eigenvalues with finite
algebraic multiplicities.

v) It holds Ker Py = Ker P} = Span{ef%} and 0 is an isolated eigen-
value of Py (and then of P;) with algebraic multiplicity one.

From and the last item of Proposition note that Ker Ly, =
Span{1} and that 0 is an isolated eigenvalue of Ly, with algebraic multi-
plicity one. Moreover, according to Proposition and to the Hille-Yosida
theorem, the operators Ly, and its adjoint Ly, , (in L?(R%,my)) gener-
ate, for every h > 0 small enough, contraction semigroups (e*tLV»va)tZO and
(e_tL{’vva)tZO on L?(R? my) which permit to solve (I.2)).

1.3. Generic Morse-type hypotheses and labelling procedure. In
order to describe precisely, in particular by stating Eyring-Kramers type
formulas, the spectrum around 0 of Ly, (or equivalently of P,) in the
regime h — 0, we will assume from now on that V is a Morse function:

Assumption 3. The function V is a Morse function.

Under Assumption |[3| and thanks to Assumption , the set U made
of the critical points of V' is finite. In the following, the critical points of V'
with index 0 and with index 1, that is its local minima and its saddle points,
will play a fundamental role, and we will respectively denote by U and
UW the sets made of these points. Throughout the paper, we will moreover
denote

no = cardU)).

From the pioneer work by Witten [24], it is well-known that for every h €
(0, 1] small enough, there is a correspondence between the small eigenvalues
of Ay and the local minima of ¢ = % More precisely, we have the following
result (see in particular [6,8,11] or more recently [22]).

Proposition 1.2. Assume that and Assumption@ hold true. Then,
there exist eg > 0 and ho > 0 such that for every h € (0,ho], Ay has
precisely ng eigenvalues (counted with multiplicity) in the interval [0, eghl].
Moreover, these eigenvalues are actually exponentially small, that is live in
an interval [0, Che_zg] for some C, S > 0 independent of h € (0, ho].

Since the operator Py = Ay + by, - dy is not self-adjoint (when by, # 0), the
analysis of its spectrum is more complicated than the one of the spectrum
of Ag. The following result states a counterpart of Proposition in this
setting. In this statement and in the sequel, for any a € C and r > 0, we
will denote by D(a,r) C C the open disk of center a and radius r.

Theorem 1.3. Assume that Assumptions [1] to[3 hold true, and let eg > 0
be given by Proposition . Then, for every e; € (0,€p), there exists hg > 0
such that for all h € (0,hg], the set o(Py) N {Rez < e1h} is finite and
consists in

ng = card(o(Ag) N {Rez < eh})
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eigenvalues counted with algebraic multiplicity. Moreover, there exists C' > 0
such that for all h € (0, hol,

o(Py)N{Rez < eh} C D(0,Ch2e 7),

where S is given by Proposition . Eventually, for every e € (0,€1), one
has, uniformly with respect to z,

Vz € {Rez < erh}n{lz] >eh}, [[(Py—2)" Yo = O,
Lastly, all the above conclusions also hold for P(;‘.

This theorem will be proved in Section using Proposition and a
finite dimensional reduction. In order to give sharp asymptotics of the small
eigenvalues of Py, that is the ones in D(0, C’h%e_%), we will introduce some
additional, but generic, topological assumptions on the Morse function V
(see Assumption [4| below). To this end, we first recall the general labelling
of [12] (see in particular Definition 4.1 there) generalizing the labelling of [8]
(and of [2,3]). The main ingredient is the notion of separating saddle point,
defined in Definition below (see also an illustration in Figure after
the following observation. Here and in the sequel, we define, for a € R,

{V<a} == V'((-o0,a)) and {V <a} := V((-00,q]),

and {V > a}, {V > a} in a similar way. The following lemma recalls the
local structure of the sublevel sets of a Morse function. A proof can be found
in [§].

Lemma 1.4. Let z € R? and V : R — R be a Morse function. For
any r > 0, we denote by B(z,7) C R? the open ball of center z and radius .
Then, for every r > 0 small enough, B(z,r) N{V < V(z)} has at least two
connected components if and only if z is a saddle point of V', i.e. if and only
if z€ UM, In this case, B(z,7) N {V < V(2)} has precisely two connected
components.

Definition 1.5. i) We say that the saddle point s € U is a separating
saddle point of V if, for every r > 0 small enough, the two connected com-
ponents of B(s,r)N{V < V(s)} (see Lemma[l.4)) are contained in different
connected components of {V < V(s)}. We will denote by VY the set made
of these points.

ii) We say that o € R is a separating saddle value of V' if it has the form
o =V(s) for somes € VI,

iii) Moreover, we say that E C R? is a critical component of V if there exists
o€ V(V(l)) such that E is a connected component of {V < o} satisfying
OEN YW £,

Let us now describe the general labelling procedure of [12]. We will omit
details when associating local minima and separating saddle points below,
but the following proposition (cf. [5, Proposition 18]) can be helpful to well
understand the construction.
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FIGURE 1.1. Some level sets of a Morse function V' such
that V(z) — +oo when |z| — 400 and admitting five crit-
ical points: two local minima m; and ms, one local maxi-
mum p, and two saddle points s; and so. The point s; is
non-separating, whereas sy is separating.

Proposition 1.6. Assume that V is a Morse function with a finite number
of critical points and such that V(x) — +oo when |x| — 4+o00. Let A € R
and let C be a connected component of {V < A}. Then, it holds

cnvW £0 iff card(CnU®)>2.

Let us also define

o := max V
cny@)

with the convention o := ming V. when CN VW = 0. It then holds:

i) For every u € (o, ], the set CN{V < p} is a connected component
of {V < u}.

i) If CO VW) £ (0, then CNUO c {V < o} and all the connected
components of CN{V < o} are critical.

Under the hypotheses of Proposition V(Y1) is finite. We moreover
assume that ng > 2, so that, under the hypotheses of Proposition [I.1] and
of Theorem 0 is not the only exponentially small eigenvalue of P, (or
equivalently of Ly ) and V() = ( by Proposition We then denote the
elements of V(Y1) by g9 > 03 > ... > oy, where N > 2. For convenience,
we also introduce a fictive infinite saddle value o1 = 400. Starting from o7,
we will recursively associate to each o; a finite family of local minima (m; ;);
and a finite family of critical components (E; ;); (see Definition [L.5).

Let Ny := 1, m = m;; be a global minimum of V' (arbitrarily chosen if
there are more than one), and E 1 := R?. We now proceed in the following
way:

— Let us denote, for some No > 1, by Ea1,...,E> n, the connected
components of {V < o2} which do not contain m; ;. They are all
critical by the preceding proposition and we associate to each Ej j,
where j € {1,..., Na}, some global minimum mg ; of Vg, (arbi-
trarily chosen if there are more than one).
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— Let us then consider, for some N3 > 1, the connected components
E31,...,E3 N, of {V < o3} which do not contain the local min-
ima of V previously labelled. These components are also critical
and included in the Ey; N {V < o3}’s, j € {1,..., N2}, such that
Ey;N{V =a3} N VW £ (and o3 = maxp, .~y V for such a 7)-
We then again associate to each Fj3;, j € {1, ..., N3}, some global
minimum mg3; of Vg, ..

— We continue this process until having considered the connected com-

ponents of {V < oy}, after which all the local minima of V' have
been labelled.

Next, we define two mappings

E: U 5 PRY and j: U - PV U{s)),
where, for any set A, P(A) denotes the power set of A, and s; is a fictive sad-
dle point such that V(s;) = 01 = +00, as follows: for every i € {1,...,N}
and j € {1,...,N;},
(1.17) E(m;;) = E;;
and
(1.18) j(m) := {s1} and, wheni>2, j(m;;) := 0E;,; VY £0.
In particular, it holds E(m) = R¢ and

Vie{l,...,N},Vje{l,....N}, 0#jmi;) C {V=o0;}.

Lastly, we define the mappings

o:UY VOV U{s} and S:UO = (0,4
by
(1.19) VmeU®, o(m):=V(j(m)) and S(m):=o(m)—V(m),
where, with a slight abuse of notation, we have identified the set V(j(m))

with its unique element. Note that S(m) = 400 if and only if m = m. An
example of the preceding labelling is given in Figure below.

Our generic topological assumption is the following one. Assume that V'
is a Morse function with a finite number ng > 2 of critical points such that
V(z) — 400 when |z| = 400, and let E : U — P(RY) and j : U0 —
PV U {s1}) be the mappings defined in (T.17) and in (T.18).
Assumption 4. For every m € U9, the following hold true:

i) the local minimum m is the unique global minimum of V\E(m),
i) for allm’ € U\ {m}, j(m)Nj(m’) = 0.
In particular, V' uniquely attains its global minimum, at m € U 0,

Note that the example of Figure [I.2] does not satisfy Assumption [ since
neither item i) nor ii) holds there. See also Figure below for a similar
example satisfying Assumption

Let us moreover underline that this assumption is a little more general
than the one considered in the generic case in [8,/12] (see also [2,3]) where,
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S(mgyl)
S(m371) = S(mg)g)

FIGURE 1.2. A 1-D example of the preceding labelling
when V' admits four local minima. In this example, it holds
V(my 1) < V(mg;) = V(mg:) = V(ms2), j(mz1) = {sz2},
j(m371) = {83’1,83’2}, and j(m372) = {5372}. Note moreover
that other choices of construction of the maps j and F are
possible here since argming, |V = {my 1, m37,m35}.

for instance, each set j(m), m € U9\ {m}, is assumed to only contain one
element.

Remark 1.7. One can also show that Assumption [4) implies that for ev-
erym € U such that m # m, there is precisely one connected component

E\(m) # E(m) of {f < o(m)} such that E\(m)ﬂm # 0. In other words,
there exists a connected component E\(m) # E(m) of {f < o(m)} such that
j(m) C 8E(m) Moreover, the global minimum m’ of V’E(m) is unique and
satisfies o(m’) > o(m) and V(m') < V(m) (see examples of such sets in

Figure[1.3). We refer to [21] or [5] for more details on the geometry of the
sublevel sets of a Morse function.

1.4. Main results and comments. In order to state our main results, we
also need the following lemma which is fundamental in our analysis.

Lemma 1.8. For z € R?, let B(z) := Jacyb denote the Jacobian matrix
of b=Uy—VV at z, and consider a saddle point s € UV,

i) The matriz Hess V (s)+B*(s) € M4(R) admits precisely one negative
eigenvalue p = p(s), which has moreover geometric multiplicity one.
i1) Denote by & = &(s) one of the two (real) unitary eigenvectors of
Hess V (s) + B*(s) associated with . The real symmetric matriz
My := HessV(s) +2|ul£&"
1s then positive definite and its determinant satisfies:
det My = —detHessV(s).
iii) Lastly, denoting by \1 = A1(s) the negative eigenvalue of Hess V (s),
it holds |u| > |\1], with equality if and only if B*(s)§ =0, and

((Hess V(s))7l¢, &) = ; < 0.
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S(mgyl)
S(m371) = S(mg)g)

FiGURE 1.3. A 1-D example when V admits four local min-
ima and satisfies Assumption 4] Here, V(my 1) < V(my,1) <
V(mz1) = V(msp), j(my1) = {s2}, j(mz1) = {s3.1}, and
jimgo) = {53 2}. Moreover, E, and FE3 denote respectively

the sets E(mg’l) and E(m3 1) = E(mg 2) introduced in Re-
mark [L.7

Note that the real matrix Hess V (s)+ B*(s) of Lemmamis in general non
symmetric. Let us also point out that the statements of Lemma [I.8] already
appeared in the related work [14] (see in particular the beginning of Section 8
there), and in [15], where proofs are given (see indeed Section 4.1 there). We
will nevertheless give a proof in Section [3| for the sake of completeness.

We can now state our main results.

Theorem 1.9. Suppose that Assumptions[] to []] hold true, and let ey > 0
be given by Proposition . Then, for all €1 € (0,¢€p), there exists hy > 0
such that for all h € (0, hy], one has, counting the eigenvalues with algebraic
multiplicity,

o(Lyp,) N {Rez < e} = {Mm,h), m U},

where, denoting by m the unique absolute minimum of V., A(m, h) = 0 and,
for allm # m, \(m, h) satisfies the following Eyring-Kramers type formula:

(1.20) Am,h) = ¢(m)e "5 (1+O(WVh)),
where S : U — (0, +oc] is defined in and, for everym € U\ {m},

. detHessV(m)% (s )|

SE_]

where j : U — PV U{s1}) is defined in 1} and the u(s)’s are defined
in Lemma [L8.
In addition, it holds

o(Ly—p—») N{Rez < 1} = o(L},,) N{Rez < e} = {A(m, h), m € U}

Remark 1.10. In the case where V' has precisely two minima m and m
such that V(m) = V(m), the above result can be easily generalized. In this

case, using the definitions of S and j given in (1.19) and in (1.18)) (note that
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the choice of m among the two minima of V is arbitrary in this case), we
have, counting the eigenvalues with algebraic multiplicity, for every h > 0
small enough,

o(Lvpy) N {Rez < e} = {0,A\(m,h)},

where Stm)
Am,h) = ((m)e”m (1+O(Vh)
with
1 1
det Hess V' (m)2 + det Hess V(m)?2 (s
™ sej(m) | det Hess V' (s)]2

Moreover, since o(Lyy,,) = o(Lyy,), the eigenvalue A(m, h) is real.
Let us make a few comments on the above theorem.

First, observe that if we assume that U, = VV, that is if b, = 0 (see
(L.5)), we obtain the precise asymptotics of the small eigenvalues of Ly
(or equivalently of Ay after multiplication by %, see ([1.14])) and hence recover
the results already proved in this reversible setting in [38] (see also [19] for an
extension to logarithmic Sobolev inequalities). In this case, for every saddle
point s appearing in , the real number pu(s) is indeed the negative
eigenvalue of Hess V (s) according to the first item of Lemma Let us also
point out that under the hypotheses made in [3,8], the set j(m) actually
contains one unique element for every m € U \ {m}. Moreover, our
analysis permits in this case to recover that the error term O(v/h) is actually
of order O(h), as proven in [8]. However, it does not permit to prove that
this O(h) actually admits a full asymptotic expansion in h as proven in [§].

To the best of our knowledge, the above theorem is the first result giving
sharp asymptotics of the small eigenvalues of the generator Ly, in the
non-reversible case. Similar results were obtained by Hérau-Hitrik-Sjostrand
for the Kramers-Fokker-Planck (KFP) equation in [12]. Compared to our
framework, they deal with non-self-adjoint and non-elliptic operators, which
makes the analysis more complicated. However, the KFP equation enjoys
several symmetries which are crucial in their analysis. First of all, the KFP
operator has a supersymmetric structure (for a non-symmetric skew-product
(., .)xFp) which permits to write the interaction matrix associated with the
small eigenvalues as a square M = A*A, where the adjoint A* is taken with
respect to (., .)krp. Using this square structure, the authors can then follow
the strategy of [§] to construct accurate approximations of the matrices A
and A*. However, since (.,.)krp is not a scalar product, they cannot identify
the squares of the singular values of A with the eigenvalues of M. This
difficulty is solved by using an extra symmetry (the PT-symmetry), which
permits to modify the skew-product (.,.) xpp into a new product (.,.)krps,
which is a scalar product when restricted to the “small spectral subspace”,
and for which the identity M = A* A remains true with an adjoint taken with
respect to (.,.) krps. This permits to conclude as in [8], using in particular
the Fan inequalities to estimate the singular values of A.

In the present case, none of these two symmetries are available in general
(Lvp,v, or equivalently P, enjoys however a supersymmetric structure when
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b and v satisfy the relation , see indeed or Remark below
in this connection). We then developed an alternative approach based on
the construction of very accurate quasimodes and partly inspired by [4]
(see also the related constructions made in [2,/14,|17]). This permits the
construction of the interaction matrix M as above. However, since we cannot
write M = A*A and use the Fan inequalities as in [8,/12] (and e.g. in
[5,110,/16,|17,21]), we have to compute directly the eigenvalues of M. To
this end, we use crucially the Schur complement method. This leads to
Theorem [A4] in appendix, which permits to replace the use of the Fan
inequalities to perform the final analysis in our setting. We believe that
these two arguments are quite general and may be used in other contexts.

Though it is generic, one may ask if Assumption [ is necessary to get
Eyring-Kramers type formulas as in Theorem In the reversible setting,
the full general (Morse) case was recently treated by the second author
in [21], but applying the methods developed there to our non-reversible
setting was not straightforward and we decided to postpone this analysis to
future works. Let us point out in this connection that in the general (Morse)
case, some tunneling effect between the characteristic wells of V' defined by
the mapping E (see ((1.17))) mixes their corresponding prefactors, see indeed
Remark or [21] for more intricate situations in the reversible setting.

Note that Theorem @ does not state that the operator Ly, is diago-
nalizable when restricted to the spectral subspace associated with its small
eigenvalues. Indeed, since Ly, is not self-adjoint, we cannot exclude the
existence of Jordan’s blocks. We cannot neither exclude the existence of non-
real eigenvalues, but the spectrum of Ly, is obviously stable by complex
conjugation since Ly, is a partial differential operator with real coeffi-
cients. However, in the case where for every m € ¢/(©) \ {m}, the prefactors
¢(m’) defined in are all distinct for m’ € S~(S(m)), the A\(m, h)’s,
m € U9, are then real eigenvalues of multiplicity one of Ly, ,, and its
restriction to its small spectral subspace is diagonalizable.

Coming back to the contraction semigroups (e ~*£v:t:v);~ 4 and (e_tL*V’bW)tZg
on L%(R? mj) introduced just after Proposition Theorem has the
following consequences on the rate of convergence to equilibrium for the

process (|1.1)).

Theorem 1.11. Assume that the hypotheses of Theorem hold and let
m* € YO\ {m} be such that

1.22)  S(m*) = S d ) = i ,
(122)  S(m') = max S(m) and C(m') = win . C(m)

where the prefactors ((m)’s, m € U\ {m}, are defined in (1.21)), and
S:uU© — (0, +o0] is defined in (1.19). Let us then define, for any h > 0,

AR) = ((m*)e

Then, there exist hg > 0 and C > 0 such that for every h € (0, hol, it holds

(123) vi=>0, | e vy — o ||L2(mh)4>L2(mh) < Ce_)‘(h)(l_C\/ﬁ)t )
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where Iy denotes the orthogonal projector on Ker Ly, = Span{1}:

Yu € L*(my), Tu = (U, 1) r2(my) = /Rdudmh.

Assume moreover that (X¢)e>o is solution to and that the probability
distribution oy of Xo admits a density uy € LQ(Rd,mh) with respect to the
probability measure my,. Then, for everyt > 0, the probability distribution o
of Xy admits the density u; = eftLQbW,ug € L2(R?, my,) with respect to my,
and for every h € (0, ho|, it holds

(124) V¢ =0, loi—vilov < Cllao =1l r2(m,) e XMIOVE,

where || - ||y denotes the total variation distance.

Finally, when there exists one unique m* satisfying , the eigenvalue
A(m*, h) associated with m* (see ) is real and simple, and the es-
timates and remain valid if one replaces A(h)(1 — Cv/'h) by

A(m*, h) in the exponential terms.

Theorems [1.9] and describe the metastable behaviour of the dynam-
ics (|1.1) from a spectral perspective.

Concerning the question of accelerating the convergence to equilibrium
mentioned at the end of Section the exponential rate of convergence
to equilibrium appearing in the estimates and is generically
strictly larger than the optimal rate for the associated gradient dynam-
ics . To be more precise, let us assume, as in the last part of the state-
ment of Theorem that there exists one unique m* satisfying (1.22).
The exponential rate of return to equilibrium appearing in (T.23]) and (1.24))
is then given by the spectral gap A(m*,h) of Ly;,. Moreover, denoting
by AV (m*, h) the spectral gap of the generator Ly, of the associated gra-
dient dynamics , that is the optimal rate of return to equilibrium in
the gradient setting, it follows from Theorem and item iii) in Lemma
that, as soon as B*(s*) # 0 for at least one s* € j(m*), the ratio of the

% converges to some constant ¢ > 1 when A — 0.

In addition, it is not difficult to see that playing with by, one can make

. A(m*,h)

,111{)% WV (m*,h)

for a € R and some constant antisymmetric and invertible matrix J, it holds
A(m*, h)

lim lim ~c 0 — oo
w0 XY () O

rates

arbitrarily big. Taking for example by, = b = aJ VV around s*

Nevertheless, making this limit too big will deteriorate the constant C' ap-
pearing in and , as well as the interval (0, hg] 3 h for which these
estimates remain relevant. A more interesting problem is the computation
of the optimal rate when hg is small but fixed, that is when the preceding J
has a constant size (see [18] in the case of linear drifts). We did not make
the whole computation, but a partial one seems to indicate that the optimal
(or at least a reasonable) choice for J is given when it sends the unstable
direction of Hess V'(s*) onto one of its stable directions corresponding to a
maximal eigenvalue.
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A closely related point of view to ours is to study the mean transition
times between the different wells of the potential V' for the process (X¢):>0
solution to . In the non-reversible case, this question has been studied
recently e.g. in [1,]14], to which we also refer for more details and references
on this subject.

In [1], an Eyring-Kramers type formula (for the mean transition times) is
derived from formal computations relying on the study of the appropriate
quasi-potential. In the case of a double-well potential V' and under the
assumption that U, = VV + b (that is that v = 0, see ) for some vector
field b only satisfying b - VV = 0 (that is without assuming divb = 0 as
we do when v = 0, see (1.3))), the authors derived formula (5.65), where, in
comparison with a formula such as (the inverse of) in Theorem
appears in the prefactor some extra term measuring the non-Gibbsianness of
their situation. In this general setting, the measure my, is indeed invariant for
the dynamics if and only if div b = 0, and this extra term involves the integral
of the function F' := div(b) along the so-called instanton trajectory. Under
the additional assumption that my, is invariant (that is that F' = 0), this
extra term equals 1, which leads to the formula (5.66) in [1], which is similar
to (the inverse of) (|1.20) in Theorem [1.9| (see more precisely Corollary
below, which clarifies the relation between eigenvalues of Ly, and mean
transition times). In the present paper, we restrict ourselves to the Gibbsian
case, so that our formulas do not contain any extra prefactor as discussed
above. It would be of great interest to study the general case of a drift of
the form VV + b, where b- VV = 0 but without assuming divb = 0, by
mixing our approach and quasi-potential constructions.

In [14], the authors use a potential theoretic approach to prove an Eyring-
Kramers type formula similar to the formula (5.66) of [1] in the case of a
double-well potential V', when b and v satisfy the relation in such a way
that Ly, has the form . Though the mathematical objects considered
in [14] and in the present paper are not the same, these two works share some
similarities. Nevertheless, we would like to emphasize that our approach
permits to go beyond the supersymmetric assumption and to treat the
case of multiple-well potentials.

To be more precise on the connections between the present paper and [14]
(and also [1]), let us conclude this introduction with the corollary below
which combines the results given by Theorem when V is a double-well
potential and [14, Theorem 5.2 and Remarks 5.3 and 5.6]. This result gen-
eralizes in particular, in this non-reversible double-well setting, the results
obtained in the reversible case in [2}3] on the relations between the small
eigenvalues of Ly, and the mean transition times of when b =v = 0.

Corollary 1.12. Assume that the hypotheses of Theorem hold with
moreover

lim — - VV(z) = 400 and lim |VV(z)|—2AV(z) = +o0o,
|z|—=+o0 |fL‘| |z|—+o0
and that V' admits precisely two local minima m and m such that V(m) <
V(m) (it then holds V) = j(m)). Assume in addition that b and v satisfy
the relation (L.7)), and hence that b = J V'V for some smooth map J from R¢
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into the set of real antisymmetric matrices of size d, and that J is uniformly
bounded on RY.
Let O(m) be a smooth open connected set containing m such that O(m) C

{V < o(m)}. Let then (Xt)t>0 be the solution to (1.1)) such that Xop = m
and let

Tom) = inf{t >0, X; € O(m)}
be the first hitting time of O(m). The expectation of Tom) and the non-zero
small eigenvalue \(m, h) of Ly, are then related by the following formula

i the limit h — 0:
1
/ 3
D) (1—1—(9( h|1n Al ))

E(TO(Q)) = A(T

)

Let us mention here that the hypotheses of Corollary are simply
the minimal hypotheses permitting to apply at the same time Theorem
and |14, Theorem 5.2] in its refinement specified in [14, Remark 5.6].

Acknowledgements. The authors thank the anonymous referees for their
remarks who permitted to improve the quality of the paper. Both authors
are members of the ANR project QuAMProcs 19-CE40-0010-01.

2. GENERAL SPECTRAL ESTIMATES

2.1. Proof of Proposition The unbounded operator (Py,C°(R?)) is
accretive, since, according to (|1.11]), one has:

(2.1) Vu € C°(RY), Re(Pyu,u) = (Agu,u) = ||dyul/* > 0.

In order to prove that its closure is maximal accretive, it then suffices to show
that Ran(P, + 1) is dense in L?(R?) (see for example |7, Theorem 13.14]).
The proof of this fact is rather standard but we give it for the sake of
completeness (see in particular the proof of |9, Proposition 5.5] for a similar
proof). Suppose that f € L%*(RY) is orthogonal to Ran(Ps + 1). It then
holds (Pg +1)f = 0 in the distribution sense and, since Py is real, one can
assume that f is real. In particular, since Pd’)‘ = Ay — by, - dy is elliptic with

smooth coefficients, f belongs to C>°(R9). Thus, for every ¢ € CX°(R? R),
one has

B(V(CF), V() + / (VO —hAd+ 1) = (B} + 1)C/.Cf)
- hQ/ VCRf —h / (by - dO)CF.

Take now ¢ such that 0 < ( <1, (= 1on B(0,1) and supp¢ C B(0,2), and
define (; := (() for k € N*. According to (1.13]) and to the above relation,
there exists C' > 0 such that for every k € N*, it holds

h? h
[ RV6r ~has+ 1) < OISR + LA+ IVeDGS]

1 h?
) I+ SCU + VoG s,

< il
c(1+ 9%
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where € > 0 is arbitrary. Choosing ¢ = % and using (|1.12)), it follows that
for every h > 0 small enough, it holds

1 9 5 1 9 1. .o 4 1. R

- < - — hA - < Cl+ —)—

I < [ GGIVeR —hao+ £ < sea+ ) IR,
which implies, taking the limit k& — +o0o, that f = 0. Hence, the closure
of Py, that we still denote by Py, is maximal accretive. Note moreover,
that (2.I) implies that D(P,;) C {u € L*(R?), dgu € L?*(R%)} and that
Re(Pyu, u) = ||dyul/? for every u € D(P,).

Let us now prove that D(Ay) C D(Py), which amounts to show that for
every u € D(Ay), there exists a sequence (uy)peny of C°(RY) such that
uy, — uin L2(R?) and (Pyup)nen is a Cauchy sequence. Since (A, C2°(R?))
is essentially self-adjoint, for any such u, there exists a sequence (uy,)pen in
C°(R%) such that u, — u in L2(R?) and (Ayup)nen is a Cauchy sequence,
and it thus suffices to show that (by, - dyun)nen is also a Cauchy sequence.
For this purpose, we introduce the exterior derivative d acting from 0-forms
into 1-forms and the twisted semiclassical derivative dg = e~ o hdoed/h,
Note that the notation dg has actually already been defined in with
a different meaning; we are thus making here a slight abuse of notation, by
identifying the exterior derivative d acting on functions with V. Thanks to
and to , there exists C' > 0 such that for every h > 0 small
enough and every u € C3°(R?), one has

on - dyull? < / balldgul® < C{V[2dgu, dyu) + Cldyul
< 20(AY dgu, dyu) + 201 |dyul?,
where AE;) denotes the Witten Laplacian acting on 1-forms, that is

(1)

Ay AEbO) © 1d + 2hHess ¢ = (—h*A + [V[* — hA¢) ® Id + 2hHess ¢.

Combined with the intertwining relation A((;)d¢ = d¢,A§)O), we get
0 0 0
(2.2) [lon-dgul® < 20(|ADul?+lldgul?) < 201AL ull (1A ull+ [ull)

for every u € C°(R?). This implies that for any Cauchy sequence (ty,)nen
in L2(RY) such that (Ayup)nen is a Cauchy sequence, (by, - dgty)nen is also
a Cauchy sequence, and thus that D(Ag4) C D(Py).

The statement about P; is then a straightforward consequence of the above
analysis. Indeed, since P; = Ay — by -dy on CSO(Rd), the above arguments
imply that the closure of (Pj,C2° (R%)) is maximal accretive and that its
domain contains D(A,). Moreover, P} is maximal accretive since P is,
and hence coincides with the closure of (P, C(RY)).

Let us now prove the statement on the spectrum of Py. Throughout, we will

denote C; = {Re(z) > 0}. It follows from (1.12)) and from (|1.13) that for
every u € C2°(R?), it holds, for some C' > 0 and every h > 0 small enough,

(2.3) [0 - dpu, u)| < [l dgul[bpull < C(ldgull® + ullldsul) -
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Let us set Ag = 5C' for some C' > 1 satisfying ([2.3]), and let z € C; be such
that |Im(z)| > Agmax(Re(z),/Re(z)). Suppose first that Re(z)|ul®> >
3lldpul/®. Then, thanks to the estimate (2.3)), we have

(b - dy — i Tm(2))u, )| > ( | Tm(2)| — C(2Re(2) + /2 Re(2)) ) |2
> C'max (Re(z), \/Re(z))HuH2 > Re(2)||ul)?.

Since [{(bp, - dg — i Im(2))u, u)| < [((Pp — 2)u, u)|, this implies that

(2.4) ((Ps — 2)u, u)| = Re(z)|ul*.

Suppose now that Re(z)|ul®> < ||dsul/®. One then directly obtains
Py — 2)u,u)| = (A — Re(2))u, u) > Re(2)||u]]*,

which, combined with (2.4)), implies that

(2.5) 1(Py = 2)ull = Re(2)|[ul]

for every z € C4 \T'p, and u € C®(RY). Since P, is closed, it follows
that Py — z is injective with closed range, and hence semi-Fredholm, for
every z € C4 \ T', such that Re(z) # 0. Assume now for a while that the
fourth item in Proposition which is proved independently just below,
is satisfied, and let A € R be such that i\ € o(Py). By assumption, i\ is
then an eigenvalue of P, and there exists some u € D(Py) \ {0} such that
Pyu = iAu. In particular, it holds

0 = Re(Pyu,u) = |doul> = h2e wV(eru)|?,

which implies u € Span{e_%} and then A = 0. This shows that o(Ps)NiR C
{0} and thus, Py being maximal accretive, that o(P;) N {Re(z) < 0} C {0}.
It follows that Py — z is semi-Fredholm for every z € C\T'y,, and has index 0
on {Rez <0} \ {0}. But the open set C\I'y, being connected, the index of
P, — z is constant, and then equal to 0, on C\T'y, (see [13, Theorem 5.17 in
Chap. 4]). Hence, Py—z being injective on C\I'y,, it is invertible from D(Py)
onto L?(R%) on C\T'y, and the resolvent estimate stated in Proposition
becomes a direct consequence of .

Let us now prove the fourth item of Proposition Thanks to ([1.12)), there
exist ¢ > 0 and R > 0 such that

Viz| > R, |[Vé(2)* > c.

Take ¢; € (0,¢) and let W be a nonnegative smooth function such that
supp(W) C B(0,R) and W(z) + |V¢(z)* > <2 for all € R?. There
exists consequently hy > 0 such that for all h € (0, ko], one has

W = W+ |Vo]?—hA¢ > ¢
on R?. Introduce the operator
P¢:P¢+W: —h2A+W+bhd¢

with domain D(P,). Since P, is maximal accretive and W € C°(R4, RT),
P, is also maximal accretive (see for example |7, Theorem 13.25]). Moreover,
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for every u € C°(R?) and then for every u € D(P,), one has
Re(Pyu,u) = ((=h?A + W)u,u) > c1||ul)?,

which implies as above that for every z in {Re(z) < ¢1}, ]5¢ — z is invertible
from D(P,) onto L?(R?). Hence, for every z in {Re(z) < ¢}, we can write

Py—2z = Py—2-W = (Id—W(Py —2)")(Py — 2).

Of course, z > (P, — z)~" is holomorphic on {Rez < ¢;} and thanks to the
analytic Fredholm theorem, it then suffices to prove that
K(z) == W(Ps—2)7' : L*(R?Y) — L*(R%)

is compact for every z in {Re(z) < ¢1}. This follows from the compactness
of the embedding H}, C L?(R?) and from the fact that for every z € {Rez <
c1}, K(z) acts continuously from L?(R?) into H}, where

HY = {ue HY(RY), supp(u) € B(0,R)}.

Indeed, for any z in {Re(2) < ¢1}, the operator dg(Py — 2)~' : L*(R?) —
L%*(R%) is continuous thanks to (2.1)) and hence, since W is smooth and
supported in B(0, R), K(z) : L>(R%) — H}, is also continuous.

To conclude, it remains to prove the last statement of Proposition To
this end, note first that P¢e_% = 0 according to ([1.16)) and let us recall that,

according to (1.12)), eh € D(Ay) C D(Py). Thus, Span{e_%} C Ker Py
and 0 is an eigenvalue of P4. It has moreover finite algebraic multiplicity
according to the preceding analysis. Conversely, the relation

Vu € D(P;), Re(Pyuu) = [[dyul® = h¥e #V(ehu)|?

leads to Ker P, C Span{e_%} and the same arguments also show that

Ker P} = Span{e_%}. This implies that 0 is an eigenvalue of P, with
algebraic multiplicity one. Indeed, if it was not the case, there would exist

u € D(Py) such that v ¢ Ker Py and Pyu = 67%, and hence such that

0 < (Psu,e ) = (u,Pje#) = 0.

2.2. Spectral analysis near the origin. Let us denote by (eZV)kZl the
eigenfunctions of Ay associated with the non-decreasing sequence of eigen-
values ()\kw)kzl. Let ¢p and hg > 0 be given by Proposition We recall
that for every h € (0, ho], it holds

card(c(Ag) N{Rez < eoh}) = no,
where ng is the number of local minima of ¢. We define
R_:Cv — L2R%
(k) — 252, arey)
and R = R* | ie.

Ry : L’(RY) — Cm
u (<U, 62/>)k:1,...,n0 .
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Note in particular the relations
(2.6) RyR_ = Idcro and R_R; = II,

where II denotes the orthogonal projection onto Ran(R_) = Span(ekw7 k €
{1,..., no}). We also define the spectral projector

I := 1—1II.

For z € C, let us then consider on the Hilbert space F := Ran(II ) the
following unbounded operator which will be useful in the rest of this section:

(27) Py, := M(Ps—2)[I with domain D(Py,) := II(D(P,)).

Hence D(P@Z) is dense in E and, since RanIl C D(Ay) C D(Py), it holds
TI(D(P,)) C D(P,) and P, is well and densely defined.

Lemma 2.1. Let €g and ho > 0 be given by P’roposmon . Then, for every
h € (0, hol, the operator P¢7Z : D(P(W) — E defined in is invertible on
{Rez < egh}. Moreover, for any € € (0, €p) it holds:

Vz € {Rez<eh}, [Pz = O,
uniformly with respect to z.
Proof. We begin by the following observation: the unbounded operator
(P} — 2)II with domain II(D(P})) C D(P})

is well and densely defined on E, and satisfies moreover

(P} —2)II = P}
Indeed, the relation (IT(P, — 2)Ilv,w) = <1),IZI(Pd’)k — 2)[w), valid for every
v € D(Py) and w € D(P}), implies that II(P} — 2)Il C P} . Moreover, for
every v € D(Py) and w € D(P} ), one has

(Py— 2)v,w) = ((Py— 2)TTv,w) + ((Py — 2)TTv, w)
= ((Pp — 2)lIv,w) + <f[U,P(;7zw>.

Since Pyll is continuous, II being continuous with finite rank, one has
|(PplIv, w)| < C||v||||w]|| for some C' > 0 independent of (v, w), which implies
that w € D(P}). Hence D(P* ) C D(P;) and since Ran(Il) C D(Ayg) C
D(Py), this implies (P* — )= P*

Let now consider z in {Rez < eph} and let us prove that P, , is invertible
from D(P(W) onto E. First, according to Proposition we have for every

u € D(Ay),
Re((Py — 2)Tlu, TTlu) = ((Ay — Re(2))Tlu, TTu)
(2.8) > (egh — Rez)||TTul|?,

and the inequality (2.8)) is also true when u € D(P,). Indeed, for any
u € D(Py), there ex1sts a sequence (un)neN in D(Ag) such that u, — v and

Pyu,, — Pyu in L?(RY). Hence T, — Tlu and, since PylI is continuous, it
also holds P¢Hun — P¢Hu. In particular, it follows that P¢,z is injective.
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Note that a similar analysis shows that f’* . is also injective.

Second, let us show that ]5¢7Z is closed, which will in particular imply that
Ran(Py.) is closed according to (2.8). For shortness, we denote P = ]5¢,Z
and P = P,. Suppose that (u,)nen is a sequence in D(P) ¢ D(P) such
that u, — u and Pu,, — v in E. Since RanII C D(Ag) C D(P*), it holds

no no o
MPu, = Z(Pun,ekw)ekw = Z(UH,P*ez‘/)eZV — Z(u,P*eZV)eZV,
k=1 k=1 e 4

and thus (P — —2)u, = Puy, +II(P — 2)u, converges. Since P is closed, this
implies that u € D(P) N Ranll = II(D(P)) and that

(P—zu = v+g¢g with g € RanlI.

Multiplying this relation by II, we get v = Pu, which proves that P is closed.
To prove that P is invertible from D(P) onto E, it is thus enough to prove
that Ran(P) is dense in E. Let then v € E be such that (Pu,v) = 0 for
all u € D(P). Then v € D(P*) and P*v = 0. By injectivity of P*, it thus
holds v = 0, which proves the invertibility of P : D(P(z,,z) — E.

The relation (2.8) then implies that for all z € {Rez < €;1h}, one has
Re((Py — 2)u, TTu) > 6h||TTu||?
with § = ¢y —€; > 0. Hence, for the operator norm on £ C L2(R%), one has
Bl=0(h),
uniformly with respect to z € {Rez < e;h}. O
For z € C, we now consider the Grushin operator Py(z) : D(P;) x C" —
L%(R%) x C™ defined by

29) ORI G

Lemma 2.2. Let ¢y and hg > 0 be given by Proposition [1.2 Then, the
operator Pg(z) is invertible on {Rez < eyh}. More precisely, for every
z € {Rez < eoh}, (u,u_) € D(Pg) x C™ and (f,y) € L*(R%) x C™, it holds
Py(2)(u,u-) = (f,y)
if and only if
(w,u-) = (R_y+v, Ry f — Ry(Py—2)R_y — Ry Pyv),
where

v = PJUIf— P MIPR y € TI(D(Py)).

Proof. Let (f,y) € L?(R?) x C" and assume that (u,u_) € D(P,) x C"
satisfies

(2.10) { (Ps—2)u+R_u_=f

Riu=y.
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Applying Ry to the first equation and R_ to the second one, we get, ac-
cording to :
u_=Rif—-—Ry(Pp—2)u and u=R_y+wv,
with v € RanTI N D(Py) = II(D(Py)) solution to
(Py—2)R_y+ (Pp —z)v+ R_u_ = f.
Then, applying II to the latter equation, we get, using [IR_ =0,
(2.11) T(Py — 2)llv = TIf ~TI(Py —2)R_y —TIR_u_ = IIf —IP4R_y.
Conversely, note that if v € RanII N D(Py) is solution to (2.11]), then ac-
cording to ,
(u=R_y+v,u_ =Ry f—Ry(Py—2)(R_y+v)) € D(Pg) xC"
is solution to (2.10).

Hence, the statement of Lemma [2.2] simply follows from Lemma [2.1] which
implies that, for every z € {Rez < egh},

v = PIf - PIIP,R y € TI(D(Py))
is the unique solution to ([2.11]). O

Proof of Theorem Let €y and hg be as in Lemmata and and
take €1 € (0,¢9). For z € {Rez < €oh}, let E4(2) = Py(2)~!. According to
Lemma 2.2} it thus holds

B(z)  Ei(2)
0= 5 5 )

where F,E_,E,,E_, are holomorphic in {Rez < ¢ph} and satisfy the
following formulas:

(212)  Ey(z) = R-—PMIPR_, E_(2) = Ry — Ry PP,

(2.13) E_(2) = —Ry(Ps—2)R_+ Ry PP, TIP,R_
and

_ p-lf
(2.14) E(z) = Py,

Moreover, Py — z is invertible if and only if E_ (z) is, in which case it holds
(2.15) (Py— 2™ = B(2) — By (2) B (=) EB_(2).
We refer in particular to [23] for more details in this connection.

We now want to use these formulas to compute the number of poles of
(Ps—z)~'. Thanks to (2-2), one has, for some C > O and all k € {1,...,n0},

lor, - dgei | < C([1Ager || + ldge [|) < COV + A -

Using the bound )\zv < Che™2% given by Proposition this yields the
existence of some C' > 0 such that for every k € {1,...,n¢},

(2.16) by - dgelV | < CVhe ™ ®  and | PyelV || < CVhe .
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This shows that RiAyR_ = O(he i) and Rib - dyR- = O(Vhe 7).
Hence, for all z € C, it holds
R+(P¢ — Z)Rf = R+P¢R7 — ZId(Cno

= —zIdgno + (’)(\/Ee_%).
On the other hand, we deduce from ([2.16) and from the related relation
(Pou, eff ) = (u, Agel) — (u, by - dgell') = O(he ™k + Vhe ™) Jul,

valid for any w € D(Py) and k € {1,...,no}, that
(2.18) PyR_=O(hze n) and R Py=O(hie n).
Moreover, we know from Lemma that, uniformly on {Rez < ejh}, it
holds P, ! = O(h™!). Therefore, injecting this estimate and (2-17), (2-18)
into (2.13)) and (2.12), we obtain respectively, uniformly on {Rez < e;h},
(2.19) E_i(2) = zldeno + O(hZe 1)
and
(2.20) Ey(z) = R_+O(h~2¢"n) and E_(z) = Ry +O(h 2e 7).
According to (2.19), £ (z) is then invertible when z € {Re z < e1h} satis-
fies |z| > Ch%e_ﬁ for C'large enough and the spectrum of Py in {Rez < e;1h}

is then of order O(h%e_%). Moreover, for |z| = $h, it holds

(2.17)

(2.21) E_1(z) = z(Idcno + (’)(h*%e*%))
and injecting (2.21) and ([2.20) into (2.15)) shows that
1
(Ps = =)' = B(=) - < (T + O(h~2e 7).
Thus, the spectral projector on the open disk D(0, 5-h) satisfies

1
o= —5m; | (Po=2)ds =T+ O de ),
’ dD(0,%h)

2w

where we recall that II is a projector of rank ng. This implies that for every
h > 0 small enough, the rank of IT D(0, h): which is the number of eigenvalues

of Py in D(0, 5-h) counted with algebraic multiplicity, is precisely ng.

In order to achieve the proof of Theorem [I.3] it just remains to prove the
resolvent estimate stated there. On the one hand, it follows easily from

(2.14), (2:20), and Lemma [2.1] that

E(z) = O(h™Y), E-(2) =O(1), and Ey(2) = 0(1),
uniformly with respect to z € {Rez < €1h}. On the other hand, taking
€ € (0,€1), it follows from ([2.19) that E:}r(z) = O(h™1), uniformly with
respect to z € {Rez < e;h} N{|z| > eh}. Plugging all these estimates into
(2.15)), we obtain the announced result.

Eventually, since o(P}) = o(Ps) and, for all = ¢ o(Fy), [|(P; — 2)7Y =
|(Ps—2)71|, it follows easily that the conclusions of Theorem [1.3|also hold
true for PJ. O
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3. GEOMETRIC PREPARATION

Let us begin this section by observing that the identity b- VV = 0 arising
from implies that U C {z € R?, b(x) = 0}, where we recall that U
denotes the set of critical points of the Morse function V', as it can be easily
proved using a Taylor expansion. Moreover, we have the following

Lemma 3.1. Suppose that Assumptions[]] and[3 hold true and let u € U be
a critical point of V.. Then, there exists a smooth map Jy : R — My(R)
such that Jy(u) is antisymmetric and b(x) = Ju(z)VV (x) for all x in some
neighborhood of u. Moreover, it holds

Ju(u) = B(u)HessV(u)™!,
where B(u) = Jacyb is the Jacobian matriz of b at u.

Proof. Let u € U that we assume to be 0 to lighten the notation. Thanks
to the Taylor formula, there exists a smooth map G : RY — My(R) such
that b(x) = G(z)x for all z € R? and G(0) = Jacyb. The same construction
works for VV and denoting by Sy the set of symmetric matrices, there exists
a smooth map A : R? — S, such that VV(z) = A(z)x for all x € R? and
A(0) = Hess V(0). The equation (b(x), VV(x)) = 0 for all z € R? then yields
(G(x)z, A(x)x) = 0 and hence, since A(x) is symmetric, (A(z)G(x)z,z) =0
for all 2 € R%. Expanding A(x)G(z) in powers of x, this implies that

Ve € RY, (A(0)G(0)z,z) = 0.

Hence, the matrix A(0)G(0) is antisymmetric. Since A(0) is symmetric and
invertible (since V is a Morse function), this implies that G(0)A(0)~! is
antisymmetric. Moreover, A(x) is then also invertible in a neighborhood V
of 0 and we can thus define Jo(z) = G(z)A(x)~! on V. One then has

Jo(x)VV(z) = G(z)A(z)tA(z)z = b(x)

for all x € V and Jo(0) = G(0)A(0)~! is antisymmetric thanks to the above
analysis. O

Remark 3.2. It is not clear from the above proof that the relation b-VV =0
implies the existence of a smooth map J : R* — My(R) with antisymmetric
matrices values such that b = J VV . However, it follows from that for
such a map J, the vector fields of the form b, = JVV + hv enter in our
framework as soon as

d
(3.1) dive = 0 and (Y 0iJy),_, ,-VV = v-VV.
=1

This is for instance the case when v = (Zle aiJij)jzl g which is in
particular satisfied when J appears to be constant. Moreover, when v =
(Zle air]ij)jzl o Lvpy (or equivalently Py) admits a supersymmetric
structure according to (see indeed (1.8)))

Lyp, = —het divo(e # (Ig—J)V) = hV*(Iq—J)V,
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where the adjoint is considered with respect to my, (or equivalently
Py = Ay +by-dy = dj;(]d — J)d¢,

where the adjoint is now considered with respect to the Lebesque measure).
Using this structure, we may follow the general approach of [12] to analyse
the spectrum of Py. Nevertheless, the operator Py still does not have any
PT-symmetry and following this approach would again require to replace the
use of the Fan inequalities by the one of Theorem [AJ) in the final part of
the analysis. We believe that this approach may yield complete asymptotic
expansions of the small eigenvalues of Py (or Lyy,,) in this setting.
However, when J has antisymmetric matrices values and holds but
v # (Zle 8i‘]ij)j=1,...,d7 the operator Py is not supersymmetric anymore
(see [20] for related results).

We are now in position to prove Lemma [1.8] Throughout the rest of this
section, we denote
_/~L1<O<N2S"'§Md

the eigenvalues of Hess V' (s) counted with multiplicity. For shortness, we
will denote

B = B(s) = Jacsh and J = J(s) = B(s)(HessV(s))™'.
We recall from Lemma [3.1] that J is antisymmetric.

Step 1 : Let us first prove that det(Hess V(s) + B*) < 0. Since the matrix
Hess V(s) + B* is real, it thus admits at least one negative eigenvalue.

Since Hess V' (s) is real and symmetric, there exists P € My(R) such that
P*=P' and HessV(s)=PDP™',

where D := Diag(—pu1, pi2, - - -, j1q). It then holds:

(3.2) HessV(s)+ B* = HessV(s)(Iy—J) = PD(I;— P 'JP)P™L.

Since (P~ J P)* = —P~1 J P, there exist moreover p € {0,..., L%J}, Mooy p >
0, and Q € My4(R) satisfying Q* = Q! such that

Ay (0)
-1 p-1 '
P JP =
Q Q N
(0)
where, for every k € {1,...,p},
0 —nk}
A = [ .
e o0

Here, the rank of the matrix J is 2p and its nonzero eigenvalues are the
+ing, k € {1,...,p}. Therefore, it holds

By (0)
1 _ p-1 _ .
(3.3) Q  (Ia—P 7 JP)Q 0) B,
I o)



26 DORIAN LE PEUTREC AND LAURENT MICHEL

where, for every k € {1,...,p},

1 7719}
s [ w]
Pl 1
We then deduce from (3.2)) and (3.3]) that
det(Hess V(s) + B*) = —(I_ ) (I_, (1 + 7)) < 0,

which concludes this first step.

Step 2 : Let us denote by u a negative eigenvalue of Hess V' (s) + B* and let
us show that p is its only negative eigenvalue and has geometric multiplicity
one.

Assume first by contradiction that p has geometric multiplicity two and
denote by &1, &2 two associated unitary eigenvectors such that (£1,&) = 0.
Let us also define & := P~¢; for i € {1,2} so that & and & are orthogonal
and unitary. According to (3.2)), it holds moreover for i € {1,2},
1
D(I;— P 'JP)¢ = pg& andhence D¢ = —(I;— P 'JP)¢.
I
In particular, since (P~!J P)* = —P~!J P, it holds for every (a,b) € R?
satisfying a? + b = 1:

(D~ (ag] + b€}), ag}| + bel) = i |

Applying the Max-Min principle to the symmetric matrix D™, this shows
that the second eigenvalue us(D~!) of the matrix D! satisfies pp(D™1) <

1 ot 1 Ding( L L 1
% <0, contradicting D~ = Diag( m’uz"“’ud)'

Hence the negative eigenvalue p has geometric multiplicity one and we have
to show that it is the only negative eigenvalue of Hess V' (s) + B*. We reason
again by contradiction, assuming that Hess V(s) + B* admits another nega-
tive eigenvalue that we denote by 1. Note in particular that it follows from
the relation (see indeed (3.2))

HessV(s) (Ig+ J) = HessV(s)(Hess V(s) + B*)" (Hess V(s)) ™!

that 7 is also an eigenvalue of Hess V (s)—B*(s) = Hess V (s) (Iz+J). Denote
now by & a unitary eigenvector of Hess V(s) + B* associated with p and by

& a unitary eigenvector of Hess V' (s) — B* associated with 7. Defining again
¢l = P for i € {1,2}, we have thus

1 1
D7l = ;(Id—P—lJP)gg and D¢ = ;(Id+P_1JP)§§.

It follows that
_ _ 1 _ 1
(D7l &) = 0, (D7'eLe) = " and (D7'¢,&) = n

The vectors &) and &) are in particular linearly independent and it holds for
some positive constant ¢ and every (a,b) € R?\ {(0,0)},

_ a2  b?
(D™ (ag] + b&h), a&y + b&h) = ;+; < —clla&] + b&|?
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Applying again the Max-Min principle to the symmetric matrix D~! leads
to p2(D~!) < —c < 0 and hence to a contradiction. This concludes the
proof of the second step.

Step 3 : Let us now prove the relation

(3.4) det (Hess V(s) +2|pu[£€") = —detHessV(s),
which is equivalent to
(3.5) det (I +2|p/D7 1) = -1,

where £ denotes a unitary eigenvector of Hess V (s) + B* associated with
and ¢ := P~1¢. To this end, note first that it obviously holds

(3.6) Vo e (&), (Li+2\uD ¢ ) e = =.
Moreover, since D¢ = i([d — P71 J P)¢, it also holds

(La+2[pD7H €™ )¢ = & +2[uD7H¢
(3.7) = ¢ 2Pl Jpe.

Since P~1.J P¢ belongs to (&)*, we deduce (3.5) and then ([3.4)) from (3.6)
and (3.7)).

Step 4 : To conclude the proof of the second item of Lemma [1.8] it only
remains to show that the real symmetric matrix My := Hess V(s) +2|pu| £ £*
is positive definite, where we recall that £ denotes a unitary eigenvector of
Hess V(s) + B* associated with u. This is an easy consequence of the Max-
Min principle and of the relation det My, = —det D > 0 obtained in the
previous step. We have indeed, defining again ¢ := P~1¢,

Vo e ((1,0,...,0)) 7, ((D+2/ul¢e)z,a) = (Da,x) +2|u| (€, z)?
> g |z,

which implies that the second eigenvalue of D+ 2|u|&’ £™*, that is the second
eigenvalue of My, is greater than or equal to ue, and hence positive. The first
eigenvalue of My is then positive according to det My > 0. This concludes
this step of the proof.

Step 5 : We now prove the third item of Lemma Since Hess V' (s)(14 —
J)¢ = p& and J* = —J, it first holds

1 1
(3.8) (HessV(s))™'¢ = — (Iz3—J)¢ and then ((HessV(s))™'¢,€) = pE
w

which proves the second part of the third item of Lemmal[l.8 Defining again

¢ = P~1¢, this also means
d d

1 1 1 1 1 1

¥ = &-/2 — _7§/2+ 75/2 — D_lé-,yé-, - =

i kZQ(Nk i The kZQMk b= =

This implies that i > —)\%, ie. that |u| > w1, with equality if and only

if & = £(1,0,...,0)*, that is if and only if £ is a unitary eigenvector of
(Hess V (s))~! associated with —i, which is equivalent to the relation J& =
0 by (3.8)), and hence to B*¢ = 0 since J = —(Hess V (s)) "1 B*.
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4. SPECTRAL ANALYSIS IN THE CASE OF MORSE FUNCTIONS

4.1. Construction of accurate quasimodes. In the following, we assume
that Assumption [] is satisfied. Let us then consider some arbitrary m €
U© \ {m}, that is, according to Assumption a local minimum of V' which
is not the global minimum m of V. According to the labelling procedure

of Section leading to the definitions (|1.17)—(1.19), it holds in particular
m = m; ; and o(m) = o; for some i € {2,...,N} and j € {1,..., N;}. For
every s € j(m) and p,d > 0, where we recall that the mapping j : U -
PV U {s1}) has been defined in (T.18) and that V(s) = o(m), we define
the set

Beps = {V<o(m)+d}n{zeR?, [¢s)  (x—s) <p}
and the set Cs , 5 by:
(4.1) Cs,p,s 1is the connected component of B , 5 containing s,

where £(s) has been defined in Lemma[1.8 We recall that £(s) is an unitary
eigenvector of the matrix Hess V (s)+ B*(s) associated with its only negative
eigenvalue u(s) which has geometric multiplicity one. Let us also define

(4.2) Em%g = (E_(m) n {V < O'(Il'l) + 5}) \ Usej(m)c&p’g ,
where
(4.3) E_(m) is the connected component of {V < 0;_;} containing m.

According to Assumption @\and Remark we recall that there is precisely
one connected component E(m) # E(m) of {V < o(m)} such that E(m)nN
)n

]/E’\(m) # () (see examples in Figure . Moreover, it holds j(m) = /E\(
OE(m) and the global minimum m of V| B(m) satisfies o(m) > o(m)

and

V(m) < V(m) (see in this connection |21], where the notation E(m) is
introduced for an arbitrary Morse function).

According to the geometry of the Morse function V' around 0F(m) and to
Lemma [T.8] we have then the following result.

Lemma 4.1. Assume that Assumption is satisfied and let m € Y\ {m},
s € j(m), and &(s) be some unitary eigenvector of the matriz Hess V(s) +
B*(s) associated with its unique negative eigenvalue (see Lemma @ Then,
there exists a neigborhood O of s such that:

Voe O\{s}, (z-se&(s) = V(z)>V(s)).

It follows that there exist pg,d0 > 0 sufficiently small such that for all
p € (0,p0] and 6 € (0,d0], the set Em3,35 defined in has ezactly
two conmected components, E’m 300,360 and El;;)) .35 containing respectively
m and m.

Proof. For shortness, we denote £ = £(s). By a continuity argument, note
that to prove the first part of Lemma it is sufficient to prove that the lin-
ear hyperplane £+ does not meet the cone {X € R"; (HessV(s)X, X) < 0}
outside the origin. The second part of the lemma then simply follows from
the observation that the set C , s defined in is thus an arbitrary small
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— {V=V(s)}

S+E() s+ Es)t

FIGURE 4.1. Representation of the Morse function V near
s € j(m). Here, & (s) denotes an eigenvector of Hess V(s)
associated with its negative eigenvalue and B*(s){(s) # 0.
Note that according to the last item in Lemma s+&1(s)t
and s + £(s)* coincide if and only if B*(s)¢(s) = 0.

neighborhood of s when p,d > 0 tend to 0.

When d > 3, it is then enough to show that for any column vector X &

R? \ {0} such that (HessV(s)X,X) = 0, it holds Span X @ ¢+ = R4,

ie. (X,&) # 0. Indeed, when d > 3, any linear hyperplane meets {X €

R™; (Hess V(s)X, X) > 0} and then meets {X € R?\{0}; (Hess V(s)X, X) =
0} if and only if it meets {X € R%\ {0}; (Hess V(s)X, X) < 0}. Let us then

consider X € R%\ {0} such that (Hess V(s)X, X) = 0 and let us prove that

(X,€) # 0. To show this, let us work in orthonormal coordinates of R? where

Hess V (s) is diagonal, i.e. where Hess V' (s) = Diag(—pu1, 42, - - -, f4q). 1t then

follows from (HessV(s)X,X) = 0 and from the third item of Lemma

that

k=2
It holds in particular X; # 0 and thus, by multlplymg the two above rela-
tions,
d ) d
6 X| > Z;ﬁk )? Zukxk 2 > Y & Xl
k=2

k=2

-

the last inequality resulting from the Cauchy—Schwarz inequality. The rela-
tion (X, &) # 0 follows.

When d = 2, the situation is slightly different since for any hyperplane H,
either H \ {0} C {X € R?\ {0}; (HessV(s)X,X) < 0} or H\ {0} C
{X € R?\{0}; (HessV(s)X, X) > 0}. Take again orthonormal coordinates
where Hess V' (s) = Diag(—p1, p2). We have then only to prove that the
vector & 1= (=&, &)*, which spans &1, satisfies

&5 + & = (HessV(s)¢',¢) > 0
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This is obviously satisfied since equivalent to
1 1 _
0> —&——& = ((HessV(s)7'¢,¢),
M2 M2
which holds true thanks to iii) of Lemma This concludes the proof of
Lemma [4.1] |

Let us now define, for every h € (0, 1] and for every pg, dp > 0 small enough,
the function kpm », on the sublevel set E_(m)N{V < o(m)+3dp} (see (4.3)))
as follows:

1. On the disjoint open sets Er—;,3p0,350 and El:l,3p0,350 introduced in
Lemma [41]
_l’_
(4.4) o () = {—i—l for z € ]51117?4)0350 '
-1 for x € Em,3p0,350
2. For every s € j(m) and = € Cs 359,35, 1{V < o(m)+3d0} (see (4.1)),
&(s)-(z—s) lu(s)|n?
(4.5) Kmh(T) = Cs,,i/ X(pg ) e "5 dn,
0

where the orientation of £(s) is chosen in such a way that there exists
a neighborhood O of s such that E(m) N O is included in the half-

space {£(s) - (x —s) > 0} (see Lemma and Figures and [4.2),
x € C*(R;[0,1]) is even and satisfies x =1 on [—1, 1], x(n) = 0 for

| > 2, and
1 [t~ () In?
Cop = 2/ X(pg'mye™ "2 dy.
—00
Note in particular that
- 2|p(s)| 2
1
(4.6) >0 st Oy =4[5 (1+0(e 1)) .

Note also that for every pg, g > 0 small enough, thanks to the definitions

(4.4) and (4.5, and since the sets Ertl,?»po,%o’ El;’gpo,%o, and Cs 359,35, S,
s € j(m), are two by two disjoint (see Lemma [4.1)), £y, , is well defined and

isC® on E_(m)N{V < o(m) + 3d}.
Consider now a smooth function 6, such that

1 forze{V <o(m)+35}NE_(m)

(47) Om(z) = {0 for z € RY\ ({V < o(m) + 28} N E_(m)) -

The function Omkim 5 then belongs to C°(R%; [—1,1]) and
SUpp Ombmpyr C E_(m)N{V < o(m)+ 25} .

Definition 4.2. For any m € U let us define the function Ym,p bY
Ymp(z) = Om(x) (Hmyh(iﬂ) + 1)
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supp(fm)

FIGURE 4.2. The support of the function rkm p

when m # m and, when m = m, ¥y, () := 1. We then define, for any
m e U, the quasimode ©m,n by

Y ()
mp(r) = ——————
pmn(®) = o e

Note that, for every h € (0,1], it holds Ly ,¢omnr = 0 and for every
m € U9\ {m}, the quasimodes ¥y, ;, and ¢ j, belong to C°(R%; RY) with
supports included in E_(m)N{V < o(m) + 2dp}. We have more precisely
the following lemma resulting from the previous construction.

Lemma 4.3. Assume that Assumption |Z| is satisfied. For every m € U
and every small € > 0 fixed, there exist py,dg > 0 small enough such that for
every h € (0,1], one has:

i) It holds
SUpp ¥m,, C E(m)+ B(0,¢€).
ii) When m # m, there exists a neighborhood O, 5, of E(m) such that:

Opoﬁo \ Usej(m)CS,3p0,35o C {bm Km,h = 1}.
In particular, it holds

argmin LV = argming .V = argmingg,V = {m}.

SUpp ¥m,
ili) When m # m, it holds:

3
Vo € supp Vymp (V(:L‘) < o(m)+ 550 = 1z € Usej(m)Cs,gpmg(go).

Let moreover m’ belong to U with m # m'. The following then hold true
for every pg, 6o > 0 small enough and every h € (0,1]:
iv) if o(m) = o(m’), then supp(m,n) N supp(Ym’ n) = 0,
v) if o(m) > o(m’), then
— either supp(tm,n) N SUPP(Ymrn) =0,
— or Ymp =2 on supp(¢Ymy ) and V(m') > V(m).
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Proof. The first part of Lemma [£.3] follows from Assumption [ and from the
construction of the quasimodes ¢p, j, defined in Definition for m e U (0),

see indeed (4.4), (4.5)), and (4.7). Let us then prove the second part of
Lemma 4.3

When o(m) = o(m’) and m # m’, note first that m and m’ differ from
m since o(m) = 400 if and only if m = m. When moreover m’ ¢ E_(m),
it holds F_(m) # E_(m’) and hence E_(m) N E_(m’) = (), implying
supp(Ym,») NSUPP(Ym ) = 0. In the case when m’ € E_(m), the statement

of Lemma follows from ii) of Assumption {4 and of Remark hich
4.3)

indeed imply that F(m) N E(m’) = () (see the first item of Lemma .

When o(m) > o(m’) and m’ ¢ E(m), it holds F(m) N E(m’) = (), and
again, according to the first item of Lemma it holds supp(¢m,n) N
supp(¢my ) = 0 for every pg,dp > 0 small enough. Lastly, when o(m) >
o(m’) and m’ € E(m), it holds E(m’) C E_(m’) C E(m) and then, ac-
cording to the second item of Lemma Ym,p, = 2 on supp(Ymy 1) for every
p0, 9 > 0 small enough. Besides, the relation V(m’) > V(m) follows from
m’ € E(m) and from the first item of Assumption (|

4.2. Quasimodal estimates. We write in the sequel ¢ ~ b and a < b to
mean, in the limit & — 0, equality/inequality up to a multiplicative factor
1+ O(h). Moreover, we define for shortness, for any critical point u of V:

D, = \/|detHessV(u)\ > 0.

Proposition 4.4. Assume that Assumption@ is satisfied and consider the
families (¢m,h,m € I/I(O)) and (gpm’h,m elu 0)) of Definition . Then,
for every m € U\ {m} and po,dy > 0 small enough, it holds in the limit
h —0:
Dy _vim-vm)
e .

(4.8) [bmnl2(m,) = 4D g

Moreover, there exists C > 0 such that for every m,m’ € U it holds in
the limit h — 0:

(4'9) <90m,h7 @m’,h) = 5m,m’ -+ (’)(6_%)
Proof. To prove the relation (4.8)), write, according to Definition
(x)

\4
maliy = 25" [ (s + )"

where Zj, is the normalizing constant defined by ((1.10). Hence, according
to Lemma [4.3] and standard tail estimates and Laplace asymptotics, we get,
in the limit h — 0,

Zn = (2rh)3 Dole R

m

as well as
2 _V(z)
/(Gm(mm,h+1)) e h dr =~ 4(27h)

The estimate (4.8) then follows easily.

d V(m)
a 1 _Vim)
2D e R
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Let us now prove the relation . According to Definition note first
that (¢mn, mn) = 1 for every m € U, Moreover, when m,m’ € Y©)
and m # m’, it follows from Lemma that, up to switching m and m’,
we are in one of the two following cases:

— either supp(¢om,n) Nsupp(Ym:,n) = 0, and then
<90m,h7 @m’,h) =0 )

— Or Ymp = 2 on supp(¢my p) and V(m') > V(m), and then, using
the preceding estimates,

V(z)
2 T
<50m,h7§0m’,h> = / wm’,h (& d
methLQ(mh) Suppwm’,h ”wl’n/,h L2(mh) Zh
1 V(') V(m) c

- O™ = 0(e %),
oo Tom o O ) = OF7)

where C' = w > 0.

This leads to (4.9)). O

Proposition 4.5. For every m € U and p0,00 > 0 small enough, it holds
in the limit h — 0:

2|p(s)| D _ve-vim

(4.10) (Lvbwmm Ymh) 120my) = D — . ¢
s€j(m) °
and then
s)| D _V(s)=V(m)
(411) <LV,b,1/90m,h7(pm,h>L2(mh) ~ Z |M2( )| Dme h :
™ s

s€j(m)

Proof. Note first that thanks to ([1.3)), one has div(b,my) = 0 and hence:
1
Yu € C°(R%R), (bn - Vu,u) 20,y = —2/u2 div(bpmyp)dx = 0.

Using this relation together with (1.4)), (4.4)—(4.7)), Definition[4.2} and Lemma[4.3]

we get, in the limit h — 0,
(LvppPmp Yoh) 12(my) = (FhA + VYV V)Y n, Ymn) £2(my,)

= Zh_lh/|V(0m(l<cm,h+1))|2 e~ da

o(m)+45g

= Zglh/egywm,h\? et dr + Z710(e T
= Z710(e T
(4.12)

el (=82 _v
h e

+2;0 Y [ @R - 9)e s

s€j(m) Cs,3p0,350
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where for short we denote £ = £(s) and p = p(s). From the second item in
Lemma [1.8) and the Taylor expansion of V + |u|(&, - — s)? around s € j(m),

V() +|plE (x—s)? = V(s)+ %(Hess V(s)(z—s),z—s)
+ (€ (x —5), 2 — ) + O(|z —s|*),

it is clear that for pg and dp small enough, V + || (€, - — s)? uniquely attains
its minimal value in Cs 3, 35, at s since:

V(V + |pl (€, - — s>2)(s) =0 and Hess (V + |pl(€, - —s)? )(s) = My .
Moreover, using again the second item in Lemma and a standard Laplace

method, it holds in the limit h — 0, for every s € j(m),

d
2

g -9 v (2mh)2 v
Csh/ f,-—s>)e h ek dx @e h

22t ] _veo
mh Dg ’

where we also used (| at the last line. The statement of Proposition
then follows from (4. 12|) and (4.13)), using also Zj ~ (27Th)2D P

]

s 3005 360

(4.13) ~

Proposition 4.6. Let m € U, For po and 0g sufficiently small, it holds
in the limit h — 0:

(4.14) ||LV,b,I/wm,hH%2(mh) = <LV,b,ywm,hawm,h>L2(mh)O(h)'
and
(4.15) 1LY Y| 22y = (Vb Pmhs Ymh) L2 (my) O(1) -

Proof. Let s € j(m) and denote for short & = £(s) and pu = p(s). We first
recall the Taylor expansion of V + |u|(¢, - — s)? around s,

1

V() + |ul(€ - (z —s))* = V(s)+ 5{My (z —s),z—s) + Oz — s|%),

which implies, according to the second item of Lemma [T.8] that for py and
0o small enough:

= V(V + [l —s)?)(8) =0,
— V +|ul(€, - — s)? uniquely attains its minimal value in Cs 3,35, at S.

Note now that according to , it holds

Lvpy vmp = Om Lvp kmp + (1 + Emp) Lvp 0m — 2hV Em - Vi,
with on Cs 3,,.35,, for every s € j(m), according to ,
Ly, bmp = —hAkmp +VV - VEmp + bh - VEm,h

= O e — ) e (Y b £ (6 — )

-1 qi -1 _lultg=s)?
_hCS,h le(X(po <fa'—S>)§)e 2n 7




SHARP ASYMPTOTICS FOR NON-REVERSIBLE DIFFUSION PROCESSES 35

where we recall that b, = b + hv. It then follows from . ) that in
the limit h — 0,

o(m)+5g
Oe”n
”LV,b,l/me,hH%Q(mh) = Z |’]'Cs,3p0,350LV,b,I/1/}m,hH%Q(mh) + 7
sej(m) h
(z—s))?
_ / f (z—s))e V+Iu|(§h( )
Se_] Cs 3005 350
X (VV-£+b-£+|u|§-(x—s) —I—hl/-f)zdl‘
< G
Zp,

for some real constant ¢ € (0,dp). Moreover, using b(s) = 0 and the first
item of Lemma the Taylor expansion of VV + b around s satisfies

(VV+0) -+ |pls - (z —s) = ((HessV(s) + B)(x —s),§) + |pl¢ - (z —s)
+0((z —9)*)
= p&-(z—8)+plE- (z—s)+O((z —5)?)
= O((z —s)?).

It then follows from Proposition standard tail estimates, and Laplace
asymptotics, that in the limit A — 0,

Con V(6 (a—s))2
HLV,b,V@bm,h”%%mh) = Z % / O(({L‘ — S)4 + h2) e r dx
N h C
SEJ(m) s,3p0,390
o(m)+c
n O(e” o
Zp

= <LV,b,V"7Dm,ha wm,h>L2(mh) O(h) )

which proves (4.14).

To prove (4.15)), we observe that since L’{/,bﬂj = Ly _p,—,, the same compu-
tation as above shows that in the limit h — 0,

" sh _ VAHlulE-(z=s)?
|’L\/,b,u¢m7h||%2(mh) = Z f' (r—s))e i
SEJ(II’I sSpO 350
X (VV-&—b-f—l—mlf-(m—s)—hu-g)Qd:r
+ Q(e_o(n’?ﬂ)
Z '

However, contrary to the preceding case, one has here only

VV-E—b-&+[pls- (z—s)=0(z —s),



36 DORIAN LE PEUTREC AND LAURENT MICHEL

which implies, in the limit h — 0,

|’L*v,b,u¢m,h||%2(mh) = Z S h / “+h%)e W dzx
s€j(m) Cs,3p0, 350
N 0(6_%
Zp
= (Lvpp¥mhs Ymph) 2(m,) O(1)

which is exactly . U

4.3. Proof of Theorem Throughout this section, we denote for short-

ness

¢ =2y =1 lle2enyy > Lvpw = Ly,
and we label the local minima my, ..., my,, of V in so that (S(my));c(1,....no}

is non-increasing (see (1.19)):
S(my) =400 and, for all j € {2,...,n0}, S(mj41) < S(my) < +o00.
For all j € {1,...,n0}, we will also denote for shortness
Sj = S(my), ¢j = pmyp. and Xi(h) = (Lvej,0)).
From Proposition one knows that for all j € {2,...,n¢}, one has
(4.16) S = Y ‘”2(73' %‘: “E 1+ om).

Sej(mj)

Moreover, since (Sj)je{l,...,no} is non-increasing, we deduce from this esti-
mate that there exists hg > 0 and C' > 0 such that for all h € (0, ko] and all
i,7 €{1l,...,n0}, one has

The two following lemmata are straightforward consequence of the previous
analysis.

Lemma 4.7. For every j,k € {1,...,n9} and h € (0, 1], one has
(Lves,or) = G Aj(h).

Proof. When j = k, the statement if obvious. When j # k, then it follows
from Lemma [4.3] that we are in one of the three following cases:

— either supp(p;) Nsupp(¢x) = 0 and the conclusion is obvious,
— either there exists ¢, > 0 such that ¢; = ¢, on supp(py) and

(Lvej,or) = (Lv(cn),pr) = 0,
— or there exists ¢, > 0 such that ¢ = ¢}, on supp(yp;) and
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Lemma 4.8. For py, 0y sufficiently small and every j € {1,...,ng}, it holds
i the limit h — 0,

(4.18) 1Ly 5]l = O(\/hA;(h)).

and

(4.19) IL3 @5l = OV X;(h)).

Proof. This is a simple rewriting of Proposition [£.6] using the fact that for
every m € U and h € (0,1], ompn = % O

We now introduce, for every h > 0 small enough, the spectral projector
11 associated with the ng smallest eigenvalues of Ly as described in Theo-
rem Let then ¢y be given by Theorem According to Theorem
for every h > 0 small enough, IIj satisfies
(4.20) m, : = —— (2 — Ly)~dz

2im J2eap(0,%0)

and in particular:

(4.21) I, = O(1).

Lemma 4.9. For all j € {1,...,n0}, we have, in the limit h — 0,

(4.22) 11 = TI) 5l = O/ hAj(R))

and

(4.23) 11 = I5)eill = OV Xi(h)

Proof. Thanks to the resolvent identity, one has
1 _ _

(1= 1p)ej = 5 — (=7 = (2= Lv) )y d=

(s zE@D(O,%O
-1

-1 -1
= 27 (z—Ly) "Lyp;dz.
2im Jzeap(0,%0) !

Moreover, it follows from Theorem and from (1.14) that for any z €
oD(0, ),

1z = Lv) "Ml 22 (mp)—22(mn) = O(1).
Combined with (4.18]), this proves (4.22). On the other hand, one has simi-

larly
-1
I-1)¢; = 5=
nv 2im Jeop(0,9)

and ||(z — L*V)_1||L2(mh)%L2(mh) = O(1). Then, (4.23)) follows immediately
from (4.19)). O

sz L) Ly de

Proposition 4.10. For every j € {1,...,n9} and h > 0 small enough, let
us define v; = Ilpp;. Then, there exists ¢ > 0 such that for all j, k €
{1,...,n0}, one has in the limit h — 0,

(4.24) (vj, o) = Gjr + O 1)
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and

(4.25) (Lyvj, ) = SrAj(h) + OV hAj(R)A(h)).

In particular, it follows from (4.24) that for every h > 0 small enough, the
family (vi,...,vn,) is a basis of Ran1ly,.

Proof. Since, for some ¢ > 0, every j € {1,...,n0}, and every h > 0 small

enough, it holds \;(h) = O(e™#), the first identity follows directly from
, , and from the relation
(v, or) = (@), 0r) + (5 vk — &) + (Vj = @j, k) -
To prove the second estimate, observe that
(Lvvj,vp) = (Lyvpej, Hpek)
= (Lvpj, px) + (Lv (In — D), o) + nLve;, (Tn — 1)ex)
= (Lvej; pr) + (Hn — Dgj, Ly o) + pLy gj, (L — 1)¢p) -
Moreover, thanks to Lemma , and Lemma one has

(I = Vg, Ly < (I = DgslILVerll = O RA;()A(R))
and
(T Lv s, Ma=D)er)| < Il [ Lves Il(Ta=1exll = O/ h2A;(h)Ak(h)) .
Gathering these two estimates and using Lemma we obtain (4.25). O

We now orthonormalize the basis (v1, . .., vy, ) of Ran1l; by a Gram-Schmidt
procedure: for all j € {1,...,n0}, let us define by induction

=1, .
(4.26) é = vj—z<vj~’ek> ér and then e; = G

[
Lemma 4.11. There exists ¢ > 0 such that for all j € {1,...,n0}, one has
in the limit h — 0:

& = vj+ ) oKk
with ay, = O(e™ ). In particular, it holds:

Vie{l,...,no}, Nl = 1+0(eh).

Proof. One proceeds by induction on j. For j =1, onehasé; = vy =¢; =1
and there is nothing to prove. Suppose now that the above formula is true
for all & with 1 <1 < j < ng. Then éj+1 = Vj+1 — Tj+1 with

J ~
(vj+1, k)
riy1 = = e
D B e
Since by induction, ||é|| = 1+ O(e™#) for all k € {1,...,7}, it follows that

J
riv1 = (1+0(e” h Zvﬁ_l,ek
k=1
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Moreover, for all k € {1,...,j}, one also has by induction

k-1 k
G = et > kv = Y Brivk
=1 =1

with B, = O(1) for any I € {1,...,k} (and actually B; = O(e”#) when
[ < k), which implies

i k
riv1 = (1+O(e Z Z Brei Bre,m (Vj+1, V1) v

=1l,m=1
Since, thanks to Proposition it holds (vj41,v;) = O(e™#) for all I,m <
k < j+1, then

sl = D VmUm,

m=1
where ;. = O(e™#) for all m e {1,...,7}. This proves the first part of
the lemma. The second one is obvious. O

Proposition 4.12. For all j,k € {1,...,n0}, one has in the limit h — 0:
(Lvej,ex) = GipAi(h) + OV hAj(h)Ak(R)).
Proof. Thanks to Lemma one has for all j,k € {1,...,no},

j—1k-1
(Lvéj, k) = (Lvvs,ve) + 3> ol ((Lyvp, vg)
p=1q=1
where, for all p,q, it holds a;,’q = QjpQpg = (’)(675). Combined with
Proposition this implies
j—1k-1
(4.27) (Lvéj, k) = 5Ni(h) + OV BA(WA(h) + D> ay (L vy, v,) -
p=1g=1

On the other hand, thanks to Proposition and (4.17), one has in the
limit h -+ 0, forall 1 <p<jand 1 <gq <k,

<LV“vaq> = 5pq§‘p(h)+0( hj‘p(h)j‘q(h)) = O( Xp(h)j‘q(h))

Il
S
>
.
=
P
S
—
>
=

Combined with and using the fact that af,, = O(e”#) = O(V/h), this
shows that
(Lvej.er) = Suhi(h) + O/ hA;()Ak(h)).
Eventually, since e; = (1 + O(e”#))é according to Lemma we obtain
(Lvej ex) = (14 O(e™))(Lvé;, &) = 5Aj(h) + O(V hj(h)Ak(h)),
which completes the proof. U

We are now in position to prove Theorem We recall that (eq,...,en,)
is an orthonormal basis of RanIl; and that Ly |gant, : RanIl; — Ranllj,
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has exactly ng eigenvalues A1,...,\,,, with \; = 0 iff j = 1, counted with
algebraic multiplicity. Let us denote é; = e,,4+1—; and let M denote the
matrix of Ly in the basis (é1,...,é,,). Since this basis is orthonormal, it
holds

M = ((Lver, ) keqtno)

Moreover, since
Ly (ény) = Ly(e1) =0 and Ly (én,) =0,
then M has the form

M = (M/ 0) with M = ((Lvég, é;))

0 O Gke{l,..ng—1}

On the other hand, denoting \;(h) := Angr1j(h) for j € {1,...,ng — 1},
one deduces from Proposition that for every j,k € {1,...ng — 1}, it
holds in the limit h — 0,

(Lvér,éj) = (Lveng—kseno—j) = Oxj(h) + OV hA;(h)Ak(h)),
that is

(4.28) (Lvér &) = VAj(A() (355 + O(VR)).

For all j € {1,...,n0 — 1}, let us now define

: 55)] Dimger,
Sj = no+1—j and vy = C(mn0+1_j) = Z o Do:l !

s€j(mng+1-5)
= e N\(h)(1+O(h),
where ¢(m), m € U \ {m}, is defined in (L.2I), and the last estimate

-----

exists a partition JiU...UJ, of {1,...,n9—1} such that forall k € {1,...,p},
there exists ¢(k) € {1,...,n9 — 1} such that
(4.29) Vi e Jg, Sj = S’L(kj) and V1<k<k <p, gb(k) < Sb(k/)‘
Hence, we deduce from (4.28)) that
M = Q(T+0Wh)Q

with

J = diag(vj, j=1,...,n9—1)
and

5 5,(k)

Q= diag(e‘ﬁi,j:l,...,no—l) = diag(e”2n I, k=1,...,p),

. _Sa
where, for every k € {1,...,p}, ry = card(Jg). Factorizing by e™ " , we

get

SLI
M = e (T + O0(Vh)) 0
with

5,01y~ 5.(k)

Q = diag (e~ 2 I, k=1,...,p).
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. Su(k=1)=5u(k)
Denoting 71 = 1 and, for k € {2,...,p}, . =€ 2R , we observe that,

thanks to (4.29), 7 is exponentially small when i — 0. Moreover, with this
notation, one has

Q = diag (TllTl,TlTQITQ, e (H?Zl’fj)]rp).

. Sy . .
This shows that e~ "# M’ is a graded matrix in the sense of Definition |A.1}
Hence, we can apply Theorem [A:4] and we get that in the limit h — 0,

o(M) C | |e 7 i (a(My) + O(Vh)),
k=1
where for every k € {1,...,p}, e = Hle 7 and My, = diag (v, j € Ji).
Moreover, still according to Theorem [A.4] M’ admits in the limit h — 0,
for every k € {1,...,p} and every eigenvalue A of M), with multiplicity

. : o _Suwy
., exactly ). eigenvalues counted with multiplicity of order e™ n 5% ()\ +
Going back to the initial parameters, one has, for every k € {1,...,p},

Sb(l) 2 SL(k)

e hep=e h and o(My)=A{v;,j€ Ji}.

Hence, the eigenvalues of M’ satisfy:

S

Vie {1,...,n0—1}, Angrij(h) = e 7 (v; + O(Vh)),
which is exactly the announced result.

4.4. Proof of Theorem As in the preceding subsection, we denote
for shortness
=62y =1 leeemyy s Lvse = Ly,

and we label the local minima my, ..., mp, of V' so that (S(m;));en
is non-increasing (see (1.19))):
S(my) =400 and, for all j € {2,...,n0}, S(mj;1) < S(m;) < +o0.

..... no}

Let moreover m* € () \ {m} be such that

(4.30) Stm’) = S(my) and ((m?) = = min = ¢m),

where the prefactors ¢(m), m € (¥ \ {m}, are defined in (T.21]), and let us

define, for any h > 0,

AR) = ((m*)e "

According to the unitary equivalence (see (1.14)))
1
h
and to the localization of the spectrum of Py stated in Proposition and

in Theorem it holds for every h > 0 small enough, taking €y as in the
statement of Theorem [1.3

(431)  le™™ ~To|| < [[e”™V I, — o || + [ e~ (Id — )]

Ly = —UP,U*,
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where, as in the preceding subsection,
1
Hh = 0 (Z—LV)_le.
2im Jzeop(0,2
Moreover, it follows from Proposition that o(Pg) C Ty, C T'a, with
I'p, = {z € C, |Im(z)] < Aog(Re(z) + 1)}. Hence, for every ¢ > 0, the
operator e~*%v (I —IIj) can be written as the complex integral

e tv(Id —11;) = —/ e (2 — Ly) ldz,
Toul'+
where . .
€ . €0 €0
T T
0 5 +ilhow, T €| 5 " WD + h]
and

1
rL = {m:l:z'Ao(x—l—E), T € [%0,4—00)} )

From the resolvent estimates proven in Theorem it holds (z — Ly) ™! =
O(1) uniformly on I'y, and then, for every ¢ > 0,
c 1
/ e (2 — Ly) ldz = e_tTOO(f).
To h
Using in addition the resolvent estimates proven in Proposition it holds

1(z = Lv)7Y < gk < % on I'y, and then

0

+o0 e_tTO
/ e (2 — Ly) ldz = (’)(1)/ e dr = o(1).
'y 62 t
It follows that for every ¢ > 0, it holds
—tL _ —t9 L1
|e7™V (Id —IIp)|| = e 2(’)(;—1-%).

Moreover, e~ 2V (Id—TI;,) = O(1) since IIj, = O(1) (see ({@.21))) and e v =
O(1) (by maximal accretivity of Ly). Hence, there exists C' > 0 such that
for every t > 0 and h > 0 small enough, it holds

—tS0

eV (I —1I)|| < C’min{l,%} < 20e MM
Thus, according to (4.31)), it just remains to show that
(@32) 30 >0, eI Tl || < O OW-CVRX,

To this end, let us first recall from Proposition [I.I]that the spectral projector
II;oy associated with the eigenvalue 0 of Ly has rank 1 and is actually the
orthogonal projector Iy on Span{1} according to the relations

Span{1} = ImIlyp = ImIl};, = (Ker H{O})L .
It follows that
e v I, -1y = e tv (Hh - H{O}) .

Since moreover IIj, — IIpy = O(1) (thanks to the resolvent estimate of The-
orem , it suffices to show that

3C >0, | e™ (1), — Ty [Ran(it, -1y || < Ce”AMI=CVRE,
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Using the notation of the preceding subsection, this means proving that the
matrix M’ of Ly in the orthonormal basis (é1,...,én,—1) of Ran(Il, — IIp)
satisfies

3C >0, |[e™M | < e OMM-CVRE,

Let us now consider a subset V(©) (in general non unique) of & \ {0} such
that

m € VO  (¢(m), S(m)) € {(¢(m), S(m)),m € U?\ {0}} is a bijection.

Then, for any K > 0 and for every h > 0 small enough, the closed disks of
the complex plane

Dm i = D(C(m)e*S(iT),K\/Ee*S(ern)), m e VO

are included in {Rez > 0} and two by two disjoint. Moreover, according to
Theorem [I.9) K > 0 can be chosen large enough so that when A > 0 is small
enough, the ng — 1 non zero small eigenvalues of Ly are included in

_S(m)

sm) K
Umev(o)D(C(m)ef h 5\/%6 2 ) .
In particular, for every ¢ > 0 and for every h > 0 small enough, it holds
/ 1
e M — Z / e (2 — M')fldz.
2im z€0D.
mecV(0) m, K

Using now the specific form of M’ exhibited in the preceding section and
Theorem M it holds for every m € V(© in the limit h — 0,

1
227‘- zE@Dm,K

_ S(m)
ez - M)tz = O(e_tC(m)e g (I_K\/ﬁ)>.

Indeed, the resolvent estimate of Theorem implies
(4.33)
Vz € 0Dmi , (M —2)7 = O(dist (z,0(M')™!) = O(—=e 7 ).

The relation (4.32]) follows easily, which concludes the first part of Theo-
rem [LTT1

Finally, let us assume that the element m* satisfying (4.30)) is unique. In this

case, m* necessarily belongs to V(©) and the associated eigenvalue A(m*, h)
(see (1.20))) is then real and simple for every h > 0 small enough. In partic-

ular, it holds
i e P (z—-M)ldz = eit)\(m*’h)ﬂ{)\(m*,h)}v
2w 260Dy * K

where II(y(m= )} is the spectral projector (whose rank is one)

1

0m 2€0D e i

H{/\(m*,h)} = (Z - M')*ldz.
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Moreover, the resolvent estimate (4.33]) shows that I1¢(m« n)} = O(1). Since
in addition, it holds in this case (see (1.20]))

vm e VO\ (m'}, A(m®.h) = ((m)e T (1+ O(VA)
> ¢(m)e w2 (1= KVR)

for every K > 0 and for every h > 0 small enough, we obtain that in the
limit A — 0,
e—t./\/t’ _ O(e—tk(m*,h))

i

and thus the relation (#.32) remains valid if ones replaces A\(h) — Cv/h there
by A(m*, h). This concludes the proof of Theorem

APPENDIX A. SOME RESULTS IN LINEAR ALGEBRA

The aim of this appendix is to give some handy tools of linear algebra
adapted to the setting of non-reversible metastable problems considered in
this paper. Let us start with some notations.

Given any matrix M € My4(C) and X € (M), we denote by m(X) the
multiplicity of A, m()\) = dim Ker (M — \)¢. We recall that for every r > 0
small enough,

(A.1) m(A) = rank (HD(/\,,")(M)) =: n(D\,r); M),
where .
_ B -1
Hpon (M) = i 8D(M)(Z M)~ dz.

We denote by Zy(F) the set of complex matrices on a vector space E which
are diagonalizable and invertible.

Given two subsets A, B C C, we say that A C B+ O(h) if there exists C > 0
such that A C B + B(0,Ch).

Definition A.1. Let & = (Ej)j=1,..p be a sequence of finite dimensional
vector spaces E; of dimension r; > 0, let E = @j—1,.. p,E; and let 7 =
(T2,...,7p) € (R)P™L. Suppose that (h,T) — My(7) is a map from (0,1] x
(R*)P~L into the set of complex matrices on E.

We say that Mp(T) is an (&,T,h)-graded matric if there exists M’ €
Do(FE) independent of (h,T) such that Mp(7) = Q(7)(M' + O(h))Q(T) with
Q1) and M’ such that

- M’ = diag (M, j =1,...,p) with M; € 2(E;),
~- Q1) = diag(ej(7)L;, 7 = 1,...,p) with e1(7) = 1 and €;(7) =
(]_[i:2 T) for all j > 2.
Throughout, we denote by 4(&,T,h) the set of (&, 1, h)-graded matrices.

Lemma A.2. Suppose that My(7) is a family of (&, 1, h)-graded matrices
and that p > 2. Then, one has

J(h B (T)*
(A.2) My(1) = ( TQBfL ()7_/) 7’22./\};’;1((7'/) )
where
— J(h) = My + O(h) with My € y(E),
- Nh(T/ € g(glﬂ'/? h) with = (3. .. 7Tp) and &' = (Ej)j:Q,...,p;
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- Bi(r) € M (Er, &_yEj) satisfies
Bif (') = (b3 (h)*, 73b3 (h)*, 7amaby (R)*, ..., 75 .. pbi (R)*)
with b;-t(h) : By — Ej independent of T and bj(h) = O(h).
Moreover, the matriz Nj,(t') — B;, (7')J(h) "' B} (7/)* belongs to 4 (&, 7', h).

Proof. Assume that My (1) = Q(7)(M’ + O(h))Q(7) with Q(7) and M’ as
in Definition [A.Jl First observe that

ot = () )

with
I, 0 0
0 T3IT3 0 0
V()= 0
. . 0
0 e e 0 mTy ol

On the other hand, we can write

' (h)  B™(h)
wmrom=( 5 Sl )
where J(h) = My + O(h) with My € Zy(E1), B'(h) = O(h), and N'(h) =
N+ O(h) with N} = diag (M;, j = 2,...,p). Therefore,

/ - J(h) B (h)*Q/ ()
Q)M + O(R)Qr) = ( DB 1) e )

has exactly the form ) with B (7') = Q'(7)B"*(h) and Nj(7') =
(TN (R)Y (7). By constructlon Ni(7') belongs to 4(&”, 7/, h) and B (')
has the required form. O

Lemma A.3. Let M be a complex diagonalizable matrixz. Then there exists
C > 0 such that

VA ¢ a(M), (M =X < Cdist (A, o(M))".

Proof. Let P be an invertible matrix such that PMP~! = D is diagonal.
Then

1 =N = [P(D =X P < CI(D = X) 7| = Cdist (Ao (M),
O

The following theorem gives precise informations on the spectrum of
graded matrices as introduced above. The proof is based on standard ar-
guments, namely on the Schur complement method and complex analysis.
The use of these two tools permits to work by induction and to decom-
pose the base vector space in order to isolate eigenspaces corresponding to
eigenvalues of the same order and to see the remainder of the matrix as a
perturbation. Similar arguments were used in [21] in a self-adjoint frame-
work. We believe that this result could be useful in other contexts where
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the computation of clouds of eigenvalues cannot be carried out by standard
self-adjoint arguments.

Theorem A.4. Suppose that My (1) is (&,7,h)-graded. Then, there exists
70, ho > 0 such that for all 0 < 7; < 7y and all h € (0, hol, one has
p

o(My(r)) C | ] &;(r)*(a(M)) + O(h)).

j=1

Moreover, for any eigenvalue X of M; with multiplicity m;(\), there exists
K > 0 such that, denoting D; := {z € C, |z —¢;(7)?)\;| < Kej(1)?h}, one
has
(A.3) n(Dj; Mu(7)) = m;(A),
where n(Dj; Mp(7)) is defined by (A.1)). Moreover, there exists C > 0 such
that

[(Ma(7) = 2)7 | < Cdist (z,0(My(7)))
for all z € C\ UY_| Uxeo(ar) B(gj(7)*X,€5(7)*Kh).
Proof. We prove the theorem by induction on p. Throughout the proof
the notation O(-) is uniform with respect to the parameters h and 7. For
p = 1, one has Mp(r) = My + O(h) with M; € M,,(R) independent
of h, diagonalizable and invertible. Let us denote )\]1, 7 =1,...,n; its
eigenvalues and m; = m()\Jl) the corresponding multiplicities. The function

z + (Mj, — 2)~! is meromorphic on C with poles in o(Mj). Moreover,
Lemma and the identity

My, —z = (My — 2)(Id + (M1 — 2) "' O(h)), Vz & (M)
show that for any C > 0 large enough, (Mj, — z) is invertible on C \
U?;lD()\},Ch) with [|(M; — 2)7!| = O(g;) and
(A.4) My —2)"t = (Id+ (My — 2)'O(R) " (My — 2) 1.

Hence, for every C' > 0 large enough, the associated spectral projector writes

_ L1 —1
HD(A;,Ch) (Mp) = i /BD(Al o (Id + 0(5)) (z — My) 'dz.
]’

This implies that for C' > 0 large enough,
rank (Ilp1 oy (Mn)) = rank (Hpoa oy (M) = my,
which is exactly (A.3). As a consequence

ni

ni
> rank (Hpat,cny(Mn)) = > omj=mn
j=1

j=1
is maximal and hence o(Mj,) C U;-LLID()\},Ch). Eventually, (A.4)) shows
that for any z € C\ U’jng(/\jl, Ch), one has
My = 2)7H < O'f[(My — 2) 71|
for some constant C’ > 0. Using Lemma we get
[((My, — 2)7| < O dist (z,0(My)) ™t < C" dist (z,0(Mj))
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for all z € C\ U;ilD(/\jl-, 2Ch). This completes the initialization step.

Suppose now that p > 2 and let My(7) € 4(&,7,h). We have
_( J) B () )
w0 = (i HRG)
with J(h), Bif(7') and Nj,(7') as in Lemma In order to lighten the
notation, we will drop the variables 7,7’ in the proof below. For A € C, let
J(h) =X mB* )

TQB}; TQQNh — )\ ’

This is an holomorphic function, and since it is non trivial, its inverse is well

defined excepted for a finite number of values of A which are exactly the
spectral values of My,.

(A.5) PA) := Mp(1) — A = (

We first study the part of the spectrum of M, which is of largest modulus.
Let AL, n = 1,...,n1, denote the eigenvalues of the matrix M;j. Since
J(h) = M1+ O(h) and M; € Zy(E1), then the initialization step shows that
there exists C' > 0 such that o(J(h)) C UL, D(AL, Ch). Moreover, since M;
is invertible, there exists ¢y, d; > 0 and hg > 0 such that foralln =1,...,nq,
one has A\, € K(ci,d;) where K(c1,d1) = {# € C, ¢ < |2] < di}. Let
n € {1,...,n1} be fixed and consider D,, = D,,(h) = {z € C, |z—AL| < Mh}
for some M > C > 0 and D, = {z € C, |z — AL| < 2Mh}. Observe that
for h > 0 small enough, the disks D,, are disjoint. By definition, one has
Np(7') = O(1) and since |A| > ¢; — O(h) > c1/2, this implies that for 75 > 0
small enough with respect to ¢; and A € D,,, the matrix TaNL(T') — A is
invertible, and (72A}(7') — A)~! = O(1). Moreover, it follows from the
initialization step that for A\ € D,, \ D, J(h) — X is invertible and

I(J(h) = \) 7 = O(dist (X, o(J(h)) ") = O(h™).

Combined with the fact that B}jf = O(h), this implies that for h > 0 small
enough and A € D, \ Dy, J(h) — X\ — 73B; (13N}, — \) 1B, is invertible
with

(J(h) = A= 2B (7N — 2) 1 By)
(A.6) = (J(h) =Nt (1 — 3By (13N, — N B, (J(h) — A)‘l) -
= (J(h) = N)7HI + O(h)).

Hence, the standard Schur complement procedure shows that for A € D,, \
D,,, P()) is invertible with inverse £(A) given by

_ E(\) —1E(A\) B (TN, — A) 7!
(A7) S(A) - < —7'2(7’22./\/’}1 — A)_lB};E(A) ’ %0()3 " )
with )
B = (J(h) = A= 3B (N, = N By )
and

Eo(\) = (3 Ny = N) 1+ 53 (73N, — N) 1B, BN B (5N, — )7L
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Let us now consider the spectral projector IIp, (Mp). Then,

rank (Tp, (Mp,)) > rank (TI,),

= (40 mncaan ()

On the other hand, an elementary computation shows that

- 1 E(\) 0 > ( E, 0 )
Hn - 5. =

where we defined

with
E, = L (J(h) — X\ — 2B (12N, — A)*lB—fldA
2% oD, 2-h 2 h
1
= — J(h) = NI + O(h))d\

where the last equality follows from (A.6)). It follows that for A > 0 small
enough, the rank of F,, is bounded from below by the multiplicity m(AL) of
AL and hence

(A.8) rank (T p,, (Mp)) > m(A})
foralln=1,...,n1.

Let us now study the part of the spectrum of order smaller than 7. Thanks
to the last part of Lemma the matrix Z,(7') := N}, — B;, J(h)"'B;*
is classical (&7, 7')-graded. Hence, it follows from the induction hypothesis
that uniformly with respect to h, one has

(A.9) o(2n(r")) C || E(a(M5) + O(R))
j=2

with &; = 7'2_1€j = H{:?) 7; for j > 3 and €2 = 1. One also knows that for all
j=2,...,pand all A € 0(Mj), one has

rank Ip,(Zp) = m;(A)
where D; = D(Aé?,K hé?) for some K > 0. Moreover, one has for all
2 ¢ U_y Uneo(r)) D(Aé?, Khé?) the resolvent estimate
(A.10) (Zu(T) — 2)7t = O(dist (z,0(Z,(7")) 7).

For j =2,...,p, let A{, ey )\%j denote the eigenvalues of the matrix M; €

Dy. As above, there exists c;,d; > 0 such that pYANS K(cj,d;) for all
n = 1,...,n;. Suppose now that j € {2,...,p} and n € {1,...,n;} are
fixed and consider, for M > K,

D;‘,n ={z€C, |z— 6?)\%| < Mhs?} = 752{z' eC, |- 5?)\%] < Mhé?}.
Since M; is invertible, J(h) — A is invertible and (J(h) — )~ = O(1) for
X in D’ and h, 7 small enough. Moreover, for any A\ € 9D’ . it holds,

j?n ]7n7



SHARP ASYMPTOTICS FOR NON-REVERSIBLE DIFFUSION PROCESSES 49

noting ' = 75 2\,

TsNw = A= 13B; (J(h) = A) 7' B = (N = N = By (J(h) = )7 B )

=75 (2n =X = By (J(h) =\t = J(h) 1) B)
73 (25 — X)L+ O(R*[[(25 — X))
Hence, according to the relations , , and to g; = 1€}, it holds

NG = A= 7EBy (J(R) = N LB = 732 — N)(T + O (2 — X))
2

= 73(2n = N)(T + O(h2))

(A.11) = 715(Z, = N)(I + O(h13)).

The latter operator is then invertible around BD;R for h, o small enough,
and the Schur complement formula then permits to write the inverse of P(\)
as

_ Ep()) —ma(J(h) = N) "By E(N)
(a12) £ = ( BB, UM B )
with 1

BO) = (BN~ A~ B () - 7 BE)
and

Eo(N) = (J(h) =)~ + 75 (J(h) = \) 7' B BBy (J(h) = A) 7
As above, let us consider the corresponding projector HD;H(Mh). From

A= T2\, we get

2

Mp (M) = -2 / E(TEN)dN

i 2ir Jopy
with D;n = {7 € C, Jz’ - 5?)%\ <M hé?}. It follows moreover from ([A.11)
that for every \' € 9D}, and h, 72 small enough,
(A.13) E(r3N) =73%(2, — N)"'(I + O(h)),
and the same argument as above shows that rank (II D, (Mp)) > rank (E))
with ’
T !

E(r3z)dz = (Zh—2) 1T + O(h)) tdz.

B, = =
" 2w Jopr
I,

B 2 aﬁ; "
By the induction hypothesis, this shows that for A small enough, the rank
of E/, is exactly the multiplicity of A, and hence

rank (HD;_ (M) 2 m(\)

forall j=2,...,pand n=1,...,n;. Combined with (A.8), this shows that
forall j =1,...,pand n=1,...,n;, one has

rank (Tlp, . (My)) > m(X,)
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with D, = S?D()\%, MP). Since 3, , m(\)) is equal to the total dimension
of the space, this implies that

(A.14) rank (Ilp, . (Mp)) = m(\))
which proves the localization of the spectrum and (A.3]).

It remains to prove the resolvent estimate. Suppose that A € C is such that
A ¢ U Uneo(u)) D(&?(T)u,&?(T)Kh). We suppose first that |A| > ¢y for
co > 0 such that |[A\| > 2¢y for all n = 1,...,n7. Then P()\) = My(7) —
A is invertible with inverse £()\) given by . Using it is clear
that E(\) = O(h™1) = O(dist (A, 0(Mpy(7))~1). On the other hand, since
(2N, — A)~t = O(1) and B,jf = O(h) we have also Ep(A) = O(1) and then
EN) = O(dist (A, a(Mp(7))71).

Suppose now that |A] < ¢g. Then P(A\) = Mp(7) — A is invertible with

inverse £()\) given by (A12). Setting A’ = 7, 2\ one deduces from (A.T3))
and from (A.9),(A.10) that

E\) = (’)(72_2 dist (N, 0(2,))™1) = O(dist (A, o (My(1))7h).
This completes the proof. O
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