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EXPONENTIAL CONVERGENCE TO EQUILIBRIUM IN SUPERCRITICAL
KINETICALLY CONSTRAINED MODELS AT HIGH TEMPERATURE

LAURE MARECHE

Abstract: Kinetically constrained models (KCMs) were introduced by physicists to
model the liquid-glass transition. They are interacting particle systems on Z? in which
each element of Z? can be in state 0 or 1 and tries to update its state to 0 at rate ¢ and
to 1 at rate 1 — ¢, provided that a constraint is satisfied. In this article, we prove the first
non-perturbative result of convergence to equilibrium for KCMs with general constraints:
for any KCM in the class termed “supercritical” in dimension 1 and 2, when the initial
configuration has product Bernoulli(1 — ¢') law with ¢’ # ¢, the dynamics converges to
equilibrium with exponential speed when ¢ is close enough to 1, which corresponds to the
high temperature regime.

2010 Mathematics Subject Classification: 60K35.
Key words: Interacting particle systems; Glauber dynamics; kinetically constrained
models; bootstrap percolation; convergence to equilibrium.

1. INTRODUCTION

Kinetically constrained models (KCMs) are interacting particle systems on Z¢, in which each element
(or site) of Z can be in state 0 or 1. Each site tries to update its state to 0 at rate ¢ and to 1 at
rate 1 — ¢, with ¢ € [0, 1] fixed, but an update is accepted if and only if a constraint is satisfied. This
constraint is defined via an update family U = {X1,..., X}, where m € IN* and the X, called update
rules, are finite nonempty subsets of Z?\ {0}: the constraint is satisfied at a site  if and only if there
exists X € U such that all the sites in x + X have state zero. Since the constraint at a site does not
depend on the state of the site, it can be easily checked that the product Bernoulli(1 — ¢) measure, v,
satisfies the detailed balance with respect to the dynamics, hence is reversible and invariant. v, is the
equilibrium measure of the dynamics.

KCMs were introduced in the physics literature by Fredrickson and Andersen [II] to model the
liquid-glass transition, an important open problem in condensed matter physics (see |22, 13]). In
addition to this physical interest, KCMs are also mathematically challenging, because the presence of
the constraints make them very different from classical Glauber dynamics and prevents the use of most
of the usual tools.

One of the most important features of KCMs is the existence of blocked configurations. These
blocked configurations imply that the equilibrium measure v, is not the only invariant measure, which
complicate a lot the study of the out-of equilibrium behavior of KCMs; even the basic question of their
convergence to v, remains open in most cases.

Because of the blocked configurations, one cannot expect such a convergence to equilibrium for all
initial laws. Initial measures particularly relevant for physicists are the vy with ¢' # ¢ (see [17]).
Indeed, g is a measure of the temperature of the system: the closer ¢ is to 0, the lower the temperature
is. Therefore, starting the dynamics with a configuration of law v, means starting with a temperature
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2 LAURE MARECHE

different from the equilibrium temperature. In this case, KCMs are expected to converge to equilibrium
with exponential speed as soon as no site is blocked for the dynamics in a configuration of law v, or
vy . However, there have been few results in this direction so far (see [7, 3] [8, 211, 18]), and they have
been restricted to particular update families or initial laws.

Furthermore, general update families have attracted a lot of attention in recent years. Indeed, there
recently was a breakthrough in the study of a monotone deterministic counterpart of KCMs called
bootstrap percolation. Bootstrap percolation is a discrete-time dynamics in which each site of Z? can
be infected or not; infected sites are the bootstrap percolation equivalent of sites at zero. To define it,
we fix an update family & and choose a set Ag of initially infected sites; then for any ¢t € IN*, the set
of sites that are infected at time ¢ is

At:At,1U{l‘€Zd‘HXEU,xﬁLXCAt,l},

which means that the sites that were infected at time ¢ — 1 remain infected at time ¢ and a site x that
was not infected at time ¢ — 1 becomes infected at time ¢ if and only if there exists X € U such that all
sites of  + X are infected at time £ — 1. Until recently, bootstrap percolation had only been considered
with particular update families, but the study of general update families was opened by Bollobés, Smith
and Uzzell in [6]. Along with Balister, Bollobas, Przykucki and Smith [I], they proved that general
update families satisfy the following universality result: in dimension 2, they can be sorted into three
classes, supercritical, critical and subcritical (see definition , which display different behaviors (their
result for the critical class was later refined by Bollobas, Duminil-Copin, Morris and Smith in [5]).

These works opened the study of KCMs with general update families. In [20] 19] 14 [15], Hartarsky,
Martinelli, Morris, Toninelli and the author showed that the grouping of two-dimensional update
families into supercritical, critical and subcritical is still relevant for KCMs, and established an even
more precise classification. However, these results deal only with equilibrium dynamics. Until now,
nothing had been shown on out-of-equilibrium KCMs with general update families, apart from a
perturbative result in dimension 1 [7].

In this article, we prove that for all supercritical update families, for any initial law vy, ¢’ €]0,1],
when q is close enough to 1, the dynamics of the KCM converges to equilibrium with exponential speed.
This result holds in dimension 2 and also in dimension 1 for a good definition of one-dimensional
supercritical update families. It is the first non-perturbative result of convergence to equilibrium
holding for a whole class of update families.

This result may help to gain a better understanding of the out-of-equilibrium behavior of supercritical
KCMs. In particular, such results of convergence to equilibrium were key in proving “shape theorems”
for specific one-dimensional constraints in |2} [12] [4].

2. NOTATIONS AND RESULT

Let d € IN*. We denote by |.|ls the £*°-norm on Z?. For any set S, |S| will denote the cardinal
of S.

For any configuration n € {0, 1}Zd, for any z € Z?, we denote n(x) the value of  at 2. Moreover,
for any S C Z¢, we denote ng the restriction of 1 to S, and Og (or just 0 when S is clear from the
context) the configuration on {0,1}° that contains only zeroes.

We set an update family U = {Xy,..., X,,} with m € IN* and the X; finite nonempty subsets of
74\ {0}. To describe the classification of update families, we need the concept of stable directions.
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Definition 1. For v € S9!, we denote H, = {z € R?|(z,u) < 0} the half-space with boundary
orthogonal to u. We say that w is a stable direction for the update family U if there does not exist
X € U such that X C H,; otherwise u is unstable. We denote by S the set of stable directions.

[6] gave a classification of two-dimensional update families into supercritical, critical or subcritical
depending on their stable directions. Here is the generalization proposed for d-dimensional update
families by [5] (definition 9.1 therein), where for any & C S9!, int(&) is the interior of £ in the usual
topology on S 1.

Definition 2. A d-dimensional update family U is

e supercritical if there exists an open hemisphere C' C S9! that contains no stable direction;

e critical if every open hemisphere C' C S% ! contains a stable direction, but there exists a
hemisphere C' C S9! such that int(C N S) = 0;

e subcritical if int(C' N S) # () for every hemisphere C C S9~1.

Our result will be valid for supercritical update families.

The KCM process with update family & can be constructed as follows. We set ¢ € [0,1]. Inde-
pendently for all 2 € Z?, we define two independent Poisson point processes P2 and P! on [0, 4+o0],
with respective rates ¢ and 1 — q. We call the elements of PQ U P} clock rings and denote them by
t1o < tay < ---. The elements of 772 will be 0-clock rings and the elements of 77; will be 1-clock

rings. For any intial configuration 7 € {0, 1}Zd, we construct the KCM as the continuous-time process
(1¢)tej0,4-00] 00 {0, 132" defined thus: for any = € Z<, ny(x) = no(x) for t € [0, t1,2[, and for any k € IN*,
e if there exists X € U such that (nt; Ja+x = Ozyx, then n(x) = ¢ for t € [ty 4, tgt1,5[, where

ty is a e-clock ring, € € {0,1};
e if such an X does not exist, n(x) = ny,_, ,(v) for t € [tp ., thr1el-
In other words, sites try to update themselves to 0 when there is a 0-clock ring, which happens at rate
¢, and to 1 when there is a 1-clock ring, which happens at rate 1 — ¢, but an update at = is successful
if and only if there exists an update rule X such that all sites of  + X are at zero. This construction
is known as Harris graphical construction. One can use the arguments in part 4.3 of [24] to see that it
is well-defined. We denote by P, the law of (1;)c[o,+o0[ When the initial configuration has law v.

For any ¢’ € [0,1], we denote v, the product Bernoulli(1 —¢’) measure. Since the constraint at a site
does not depend on the state of the site, it can be easily checked that v, satisfies the detailed balance
with respect to the dynamics, hence is reversible and invariant. v, is called equilibrium measure of the
dynamics.

We will say that a function f : {0, I}Zd — R is local if its output depends only on the states of a
finite set of sites, and we then denote || f]|oc = SUD, 1o 12 | f(n)| its norm.

Theorem 3. If d = 1 or 2, for any supercritical update family U, for any ¢' €]0,1], there exists
g0 = qoU,q') € [0,1] such that for any q € [qo, 1], for any local function f : {0, 1}Zd — IR, there exist
two constants ¢ = c(U,q") > 0 and C = CU, ¢, ) > 0 such that for any t € [0, +o0],

Ev, (F) = vy(f)] < Ce™.

Remark 4. We expect theorem [3] to hold also for d > 3. However, our proof relies on proposition [13],
which is easy for d = 1 and was proven in [6] for d = 2, but for which there is no equivalent for d > 3.
Such an equivalent would extend our result to d > 3.
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The remainder of this article is devoted to the proof of theorem [3] The argument is based on the
proof given in [21] for the particular case of the Fredrickson-Andersen one-spin facilitated model, but
brings in novel ideas in order to accommodate the much greater complexity of general supercritical
models. From now on, we fix d = 1 or 2 and U a supercritical update family in dimension d. We begin
in section [3] by using the notion of dual paths to reduce the proof of theorem [3] to the simpler proof
of proposition [7] Then in section 4] we use the concept of codings to simplify it further, reducing it to
the proof of proposition In section [5| we introduce an auxiliary oriented percolation process, that
we use in section [6] to prove proposition [II] hence theorem

3. DUAL PATHS

In this section, we use the concept of dual paths to reduce the proof of theorem [3| to the easier proof
of proposition [7} Let ¢,¢" € [0,1]. We notice that the Harris graphical construction allows us to couple
a process (7)ie[o,400[ With initial law v, and a process (7t)e[o,+00[ With initial law v, by using the
same clock rings but different initial configurations (independent of the clock rings). We denote the
joint law by P, ,. We notice that since v, is an invariant measure for the dynamics, 7; has law v, for
all t € [0,400[. To prove theorem [3] it is actually enough to show

Proposition 5. For any ¢’ €]0,1], there exists qo = qo(U,q’) € [0,1[ such that for any q € [qo,1],
there exist two constants ¢; = c1(U,q') > 0 and C; = C1(U,q") > 0 such that for any x € Z¢ and
t € [0, +00[, Py q(ne(x) # 7e()) < Cre™".

Indeed, if f : {0, 1}Zd — R is a local function depending of a finite set of sites S,
B (F1)) ~ ()] = (B (F)) — B o ] < By gl £ ) — £
<2 fllooPy g ()5 # (7)) < 2] flloo D_ Pyrg(me(x) # iie(x))-

zeS
Therefore we will work on proving proposition 5
In order to do that, we need to introduce dual paths. We define the range p of U by

p =max{||z||« |z € X, X € U}.

For any x € Z%, t > 0 and 0 < ¢ < t, a dual path of length ' starting at (z,t) (see figure [1)) is a
right-continuous path (I'(s))o<s<¢ that starts at site « at time ¢, goes backwards, is allowed to jump
only when there is a clock ring, and only to a site within £*°-distance p. To write it rigorously, the
path satisfies T'(0) = z and there exists a sequence of times 0 = sg < s1 < --- < 8, = t’ satisfying the
following properties: for all 0 < k <n — 1 and all s € [sg, sg11], ['(s) = I'(sg), I'(sn) = ['(sp—1) and
foral 0 <k<n—1,t—s,41 € PIQ(sk) U P%(Sk) and ||T(skr1) — T(sk)|loo < p-

We denote D(x,t,t") the (random) set of all dual paths of length ¢’ starting from (z,¢). A dual path
' € D(z,t,t') is called an activated path if it “encounters a point at which both processes are at 07,
i.e. if there exists s € [0,¢] such that n_s(I'(s)) = M—s(I'(s)) = 0. The set of all activated paths in
D(x,t,t') is called A(z,t,t"). We have the

Lemma 6. For any x € Z% and t > 0, if ni(x) # (), then for all 0 <t < t, A(x,t,t') # D(z,t,t').

Sketch of proof. The proof is the same as for lemma 1 of [2I], apart from the fact that if the path is
at y, it does not necessarily jump to a neighbor of y, but to an element of y + X, X € U. The idea
of the proof is to start a dual path at (x,t), where the two processes disagree, and, staying at x, to
go backwards in time until the processes agree at x. At this time, there was an update at x in one
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1 1 Y 1
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0 t—t t t

FIGURE 1. Ilustration of a dual path T' of length ¢’ starting at (z,t¢) for d = 1 and
p = 2. Each horizontal line represents the timeline of a site of Z, the X representing
the clock rings. IT'is the thick polygonal line; it starts at ¢ and ends at ¢t — ¢/. It can
jump only when there is a clock ring, and never at a distance greater than p = 2.

process but not in the other, hence an update rule x + X that was full of zeroes in one process but
not in the other, thus a site at distance at most p of x at which the two processes disagree. We jump
to this site and continue to go backwards. This construction yields a dual path along which the two
processes disagree, hence they can not be both at zero, so the path is not activated. O

Lemma [6] implies that to prove proposition [f] hence theorem [3], it is enough to prove

Proposition 7. For any ¢’ €]0,1], there exists qo = qo(U, q’) € [0, 1] such that for any q € [qo, 1], there
exist two constants co = co(U,q') > 0 and Cy = Cz(U, q') > 0 such that for any x € Z%, t € [0, +o0],
there exists 0 < t' <t such that Py (A(z,t,t') # D(x,t,t)) < Coe L.

The remainder of the article will be devoted to the proof of proposition [7]

4. CODINGS

This section is devoted to the reduction of the proof of proposition [7| (hence of theorem to
the simpler proof of proposition via the use of codings. The idea is the following: in order to
prove proposition [7] it is enough to show that along each dual path, the two processes are at zero at
one of the discrete times 0, K, 2K, etc. hence we only need to consider the positions of the path
at these times, which will make up the coding of the path. Let K > 2 and t > K. A coding is
a sequence (yk)ke{(),...,LﬁJ} of sites in Z?. Moreover, for x € Z% and T' € D(x,t, %), the coding

[ of T is the sequence {P(RE)}eqo,.. 13- 1Y = (Wk)keqo,.., |-t |3 18 & coding, we define the event
o 2l ool 2
G(y) = {Elk: € {0, cel L%J} M-k (Yk) = M—ki (Yr) = O}. If G(T) is satisfied, T is an activated path.

Therefore, to prove proposition [7] hence theorem [3] it is enough to prove

Proposition 8. For any ¢’ €]0,1], there exists qo = qo(U, q") € [0, 1] such that for any q € [qo, 1], there
exist two constants c3 = c3(U,q') > 0 and C3 = C3(U,q') > 0 and a constant K = K(U,q') > 2 such
that for any x € Z% and t > 2K?, Py (3T € D(z,t, %), G([)¢) < Cze~ .

Proposition [§ holds only for ¢ greater than a constant, but this is enough, since we only have to
enlarge C3 to obtain a bound valid for all ¢.
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In order to prove proposition [8) we will define a set C[J}[ (x,t) of “reasonable codings” and prove that
the probability that there exists a dual path whose coding is not in C’% (x,t) decays exponentially in
t (lemma @ Then we will count the number of codings in C¥ (z,t) (lemma . Therefore it will be
enough to give a bound on Py ,(G(v)¢) for any v € C¥ (z,t) to prove proposition [§ hence theorem .
Such a bound is stated in proposition [[1] and will be proven in section [6

For any constant N > 0, for any K > 2, z € Z% and t > K, the set C’%(:v, t) of “reasonable codings”
is defined as the set of (yjﬁ.‘.ﬂ-k)ke{o’m’tﬁ” where (y;)ico,...1y 18 a sequence of sites satisfiying
yo =z, I < % and ||yi+1 — Yillo < p for all 4 € {0,...,I — 1} and where Jis-sdj by € IN satisfy

K
ji+--+jjx | < 1. We can now state lemmas |?| and @ as well as proposition These statements
K2
together prove proposition [§
Lemma 9. For any ¢’ € [0,1], there erists N = N(U) > 0 such that for any K > 2, q € [0,1], there
exists a constant ¢ = ¢U,K) > 0 such that for all x € Z¢ and t > K, Py (30 € D(z,t, %),F ¢
CN(z,t)) <e .

In the following, N will always be the N given by lemma [9]

Lemma 10. There exist constants X\ > 0 and B = B(U) > 0 such that for any K > 2, v € Z¢ and
t

t>2K2, |ON(x,t)| < MBK) D%z,

Proposition 11. For any ¢’ € [0,1], there exists a constant Ky = Ko(U) > 2 such that for any K >

Ky, there exists qx € [0,1[ such that for any q € [qk, 1], there exist two constants ¢y = c4(U,q') > 0

and Cy = C4(U, K) > 0 such that for any x € Z2, t > K and v € C¥ (z,t), Py o(G(7)) < Cre % |

We are now going to prove lemmas [9] and After that, it will suffice to prove proposition [11] to
prove theorem

Sketch of proof of lemma[9 This can be proven with the argument of the lemma 5 of [21]; the idea
is that if there exists I' € D(z,t, &) with [' ¢ Cf(z,t), there are so many clock rings that the

probability becomes very small. Indeed, let us say I' visits the sites yo = x,y1,...,¥y;, in the

time interval [0, K], then the sites y;,,...,y; +j, in the time interval [K,2K], etc. until the sites

Yjrbtd e yoee s Yjibetd o, D the time interval (72K, (|#=] + 1)K]. Then the coding of T is
KT ®Z

f‘ — (yjl“""""jk)k‘e{o,...,l_#J}7 hence f ¢ C%(x’t) 1mphes jl 4. +j|_éj+1 > % It ylelds that I visits

more than % sites in a time %, and there must be successive clock rings at these sites. The proof of
lemma 5 of [21] yields that we can choose N large enough depending on p, hence on U, such that the
probability of this event is at most e~ with ¢ = éU, N, K) = ¢, K) > 0. O

To prove lemma we need the following classical combinatorial result, which will also be used in
the proof of lemma
Lemma 12. For any I,J € N, () + ("T)) + ... + (%) = (“}ﬁrl) Moreover, for any I,J € N,
G- odn) €N it 450 = JH = ("1,

The proof of the first part of lemma can be found just before the section 2 of [16] and the proof

of the second part in section 1.2 of [23] (weak compositions).

Proof of lemma[I0 Let K > 2, x € 7 and t > 2K?2. By definition, elements of C%(x,t) have the

form (yjl+“'+jk)k€{0,m,Lﬁj} with (y:)icqo,..., 1y satisfiying yo = z, I < % and ||yi+1 — Yilloo < p for all
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i€{0,...,I—1}, and with jy,... ’jL%J € IN satisfying 71 + - - - +jL%J < I. Therefore, to count the
K K
number of elements of C¥ (z,t), it is enough to count the number of possible (Uk)keqn |-t |y and the
PARRS] K
number of possible (yjﬁ‘..ﬂ-k)ke{o’m?té” given Uk)ke{lww[ﬁj}
We begin by counting the number of possible (jk)ke{l Ee We have j; + -+ + jLLJ < 4t
e L
Moreover, by the second part of lemma for any integer 0 < J < & t the number of posmble

LK%HJ ), hence the
l7=z]-1

) by the first part of

sequences of integers (jk)ke{l e such that j; + --- +jLLJ = J is at most (

¢ t LNt
number of possible (ji)peq,.. FE) is at most Z,] (L w2l 1) — (LKQJHKJ

lzz]-1 521 . )
lemma Furthermore (LéJ—:L%J) S (LﬁJ‘i‘%J) K2J S N <(LK2JW> \_72J )\( el.]}]t(tJ)KQ
L%z (L= D! l7=] l7=z]
by the Stirling formula, where A > 0 is a constant. In addition, since t > 2K? s Lz L > , hence the
. . . Nt 2K2 K2 _t_ _t_
number of possible (jk)kE{l,-.-,LﬁJ} is at most A (e +e = ) = A(e+2eKN)x? )\(36KN) K2

as K > 2 and N is large.

We now fix a sequence Uk)ke{l,...,{ﬁj} and count the possible (yj1+~~+jk)ke{o,.‘.,LﬁJ}' We know
that yo = x. Moreover, for all i € {0,...,751 + - +jLﬁJ — 1}, |yi+1 — ¥illoo < p, hence for each
ke€{0,..., 3] — 1}, we have ||y, 1tijprs — Yjr+tjeloo < Pikt1, S0 there are at most (2pjp41 +1)%
choices for yjl+ tjesr iven yj ¢..yj,. Therefore the number of choices for (yj1+'“+jk)k€{0,--.,LﬁJ} is

at most ]_[k J(ijk + 1), Moreover, for any n € IN* and any positive x1, ..., z,, we have x1 ...z, <
(Bttongn therefore the number of choices is bounded by

_t_ dL%J | dL%J d-ts
S e+ )\ (2 SiE s (205 L)
%] %] U &

since ZkKQJ gk < Bt Ast > 2K2, | 72] > 5=, thus the number of choices for (y;, 4. At ) k0, | L))
t

given (Ji)eq,. Atz ) is bounded by (2 NtQK —|—1) [ (4pNK + 1)* e < (5pNK)® =) O

5. AN AUXILIARY PROCESS

In order to prove proposition [11}, we need to find a mechanism for the zeroes to spread in the KCM
process; this mechanism uses novel ideas to deal with the complexity of general supercritical models.
We begin in section by using the bootstrap percolation results of [6] to find a mechanism allowing
the zeroes to spread locally (proposition . Then we use it in section to define an auxiliary
oriented percolation process which guarantees that if certain conditions are met, the KCM process
is at zero at a given time (proposition . Finally, in section we prove some properties of this
auxiliary process that we will use in section

5.1. Local spread of zeroes. This is the place where we need the supercriticality of &. Indeed, since
U is supercritical, the results of [6] yield the following proposition (see figure :

Proposition 13 ([6]). For d =1 or 2, there exists u € S%~', a rectangle R of the following form.:
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Z2 .
_ 2a1u+ R
- au+ R
R aiuv+ R 2aiu+ R _
7 - -+ -
0 aiu 2a1u 3a1u -
-—+ R
d=1 .
. ai
a2 W | | UL\/’LL
L0 L
d=2
FiGURE 2. Mlustration of proposition The * represent the sites x1,...,x,;,. If we
start with the sites of R at zero and there are successive 0-clock rings at x1,...,Tm
while there is no 1-clock ring in RU{x1, ..., 2}, these clock rings will put z1, ...,z

at zero, hence the sites of ayu + R will be put at zero.

e ifd=1, R=10,a1u[NZ with aju € Z;

o ifd=2, R=([0,a1[u+[0,as]u’) NZ2 with ayu € Z?, where u™ is a vector orthogonal to u,
and a sequence of sites (x;)1<i<m n (a1u+ R)U (2a1u + R) such that if the sites of R are at zero and
there are successive 0-clock rings at x1,22, ..., Ty while there is no 1-clock ring in RU {x1,...,zn},
the sites of aiu + R are at zero afterwards.

Remark 14. For d > 3, we expect a similar proposition to hold, maybe with R = [0,a1[u + R, R
contained in the hyperplane orthogonal to u, but we can not prove it because an equivalent of the
construction of [6] is not available yet. Proving such a construction would be enough to extend our
result to any dimension.

Proof of proposition[13 We begin with the case d = 1. Since U is supercritical there exists u an
unstable direction. Without loss of generality we can say that u = 1, therefore there exists an update
rule X contained in —IN*. This yields the mechanism illustrated by figure B(a): if R = {0,...,¢} is
sufficiently large and full of zeroes, (£ + 1)+ X is full of zeroes, hence if the site £+ 1 receives a 0-clock
ring, this clock ring puts it at zero. Then (£+2)+ X is full of zeroes, thus if /42 receives a 0-clock ring,
this clock ring puts it at zero. In the same way, if the sites £ + 3,...,2¢ + 1 receive successive 0-clock
rings, these clock rings will put them successively at zero, therefore {¢ +1,...,20+1} = ({+1)+ R
will be at zero. This yields the result with a; = ¢+ 1 and (2;)1<i<m =0+ 1,0+2,...,20 + 1.

We now consider the case d = 2. Since U is supercritical, there exists a semicircle in S! that contains
no stable direction; we call u its middle. The results of section 5 of [6] (see in particular figure 5 and
lemma 5.5 therein) prove that there exists a set of sites, called a droplet, such that in the bootstrap
percolation dynamics, if we start with all the sites of the droplet infected, other sites in the direction
u can be infected, creating a bigger infected droplet with the same shape (see figure [(b)). We can
enlarge this droplet into a rectangle R = [0,ai[u + [0, az]u’ as in figure (c); furthermore u can be



EXPONENTIAL CONVERGENCE IN SUPERCRITICAL KINETICALLY CONSTRAINED MODELS 9

R

ooamoz@ooooooo

1
(€+2)+X {4+ 2 PR
ooaomzo@oooooo 7 /7
|

OO © 000606 06 0§ d OO OCOOO <

l
R l+1)+R

)
14 2041
(a)

o o

°
0

FIGURE 3. The proof of proposition (13| (a) The mechanism for d = 1; the e represent
zeroes and the o represent ones. (b) The shape delimited by the solid line is the droplet
of [6]; if it is infected in the bootstrap percolation dynamics, the infection can grow
to the shape delimited by the dashed line. (¢) R contains the original droplet (dashed
line), hence if R is infected, the infection can propagate to a bigger droplet (in gray)
that contains aju + R and is contained in RU (aju + R) U (2a;u + R).

chosen rationa]EL hence we may enlarge R enough so that aju € Z?. Now, since R contains the original
droplet, if R is infected the infection can grow from the droplet into a droplet big enough to contain
aiu+ R while staying in RU (a1u+ R) U (2a1u + R) (see figure [§[c)). We call 21, ..., z,, the sites that
are successively infected during this growth (sites infected at the same time are ordered arbitrarily).
Since x1 is the first site infected by the bootstrap percolation dynamics starting with the sites of R
infected, there exists an update rule X such that x1 + X C R, therefore if the KCM dynamics starts
with all the sites of R at zero and there is a 0-clock ring at z1, this clock ring sets x; to zero. Then, if
there is a 0-clock ring at xs, it will set x5 to zero for the same reason, and successive 0-clock rings at
3, ..., Tm will set them successively to 0, which puts aju + R at zero. O

5.2. Definition of the auxiliary process. Let K > 0, ¢ € [0,1] and t > K. For any y € Z¢ and
ke {0,..., L%j}, we will define an oriented percolation process ¢¥* on Z, from time zero to time
nvk = | L] —k (see [9] for an introduction to oriented percolation). For n € {1,...,n¥*} and r € Z
with 7 4+ n even, the bonds (r —1,n —1) — (r,n) and (r + 1,n — 1) — (r,n) can be open or closed,
we set Co’k(r) = Lg—0}, and for any n € {1,...,n¥*}, r € Z with r + n even, CU*(r) = 1if and
only if Cgfl(r — 1) =1 and the bond (r —1,n — 1) — (r,n) is open or Cfffl (r+1) =1 and the bond
(r+1,n—1) — (r,n) is open.
The state of the bonds is defined as follows. For any n € {1,...,n%*} r € Z with r + n even:

ndeed, theorem 1.10 of [6] states that the set of stable directions is a finite union of closed intervals with rational
endpoints, hence the semicircle containing no stable direction can be chosen with rational endpoints.
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e (r—1,n—1)— (r,n) is open if and only if

{vx€y+r—”a1u+R,]t—(k:+n)K7t—(k:+n—1)K]m7D; :(/)}7
i.e. there is no 1-clock ring in y 4+ "5"a1u + R during the time interval |t — (k +n)K,t — (k +
n—1)K]J;

e (r+1,n—1)— (r,n) is open if and only if
{3t—(k:+n)K<t1 <<t <t—(k+n—-1)K,Vie{l,...,m}t EPSJFHCMH}
2 K

r—n

O{Vx€y+ a1u+RU{x1,...,:cm},]t—(k:+n)K,t—(k—i—n—1)K}ﬂ7>; :Q)},

i.e. there are successive 0-clock rings in the equivalent of 1, ..., x,, for y + 5*a1u + R during
the time interval |t — (kK + n)K,t — (k + n — 1)K], and no 1l-clock ring at these sites or in
y + 5"aiu + R in this time interval.

We notice that if all the sites of y+"5"a1u+ R are at zero at time t—(k+n)K and (r—1,n—1) — (r,n)
is open, the sites of y + "5 aju + R are still at zero at time ¢ — (k+n — 1) K. Moreover, by proposition
if the sites of y + S™aju + R are at zero at time t — (k +n)K and (r +1,n — 1) — (r,n) is open,
the sites of ayju + (y + 5*a1u+ R) = y + Wmu + R are at zero at time t — (k+n — 1)K.
This allows us to deduce (see figure 4] for an illustration of the mechanism):

Proposition 15. If there exists ro € Z such that Zykk (ro) = 1 and the sites of y + Wa1u+ R are
at zero at time t — L%JK, then the sites of y + R are at zero at time t — kK.

5.3. Properties of the auxiliary process. In this subsection we state the two oriented percolation
properties of ¢¥*, propositions and that we will use in section |§| to prove proposition In
order to do that, we need a bound on the probability that a bond is closed; this will be lemma [I6] It
is there that we need ¢ bigger than a gg > 0; this is necessary so that the probability that there is no
1-clock ring at the sites we consider is large. For any K > 0, we set g =1+ ﬁ In(1 — e %), We
can then state

Lemma 16. There exists a constant K, = K,(U) > 0 such that for K > K,, q € [gKx,1], t > K,
yeZand k € {0,..., L%j }, the probability that any given bond is closed for the process C¥F is smaller
than e~ % .

Proof. Let K >0, q € [qx,1],t > K,y € Z% and k € {0,,L%J} Let n € {1,...,n¥*}, r € Z with
r+n even. We notice that if the bond (r—1,n—1) — (r,n) is closed, the bond (r+1,n—1) — (r,n) is
also closed, hence it is enough to bound the probability that (r +1,n —1) — (r,n) is closed. Denoting
By ={Vz € y+ SFlaru+ RU{z1,...,an},t — (k+ n)K,t — (k+n—1)K]NP; =0} and By =
{Ft—(k+n)K <t;1 < - <ty <t—(k+n—-1)K,Vie {1,...,m},t; € ,P3+ma1u+x'}’ we need to bound
the probabilities of E{ and ES. We begin with E¢. The events |t —(k+n)K,t—(k+n—1)K|NPL = () are
independent and have probability e~ (1=9% each; moreover, 1, ..., z,, belong to (a;u-+R)U(2a1u+R),
so |[RU{x1,...,zm}| < 3|R|; we deduce the probability of Ej is

e~ 1Rz om A=K > (=3IRI(1-9K > ,—3IR|(1-qx)K

> 673|R\(p(uﬁln(ke*f{)))l( _ €1n(1—e*K) —1_ e‘K,
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FIGURE 4. An illustration of proposition [15| with n¥* = 3 and 79 = 1. The figure at
the left represents the bonds of the oriented percolation process ¢(¥*: the open bonds
are the thick ones, and the path of open bonds allowing Cgfk (r) = 1 is outlined by
arrows. The figure at the right represents the consequences on the KCM process; each
vertical strip represents the state of Uiez(y +ia1u + R) at a certain time. If at time

t— (k+3)K the rectangle y+ =27~ " a1u+R = y—aju+ R is at zero (in gray), since the
bond (0,2) — (1,3) (bond b) is open, y —aju~+ R is still at zero at time ¢ — (k+ 2) K
Moreover, since (1,1) — (0,2) (bond b2) is open and y — aju + R is at zero at time
t—(k+2)K, aju+ (y — aju+ R) = y + R is at zero at time ¢ — (k + 1)K. Finally,
since (0,0) — (1,1) (bond b3) is open and y + R is at zero at time ¢t — (k+ 1)K, y+ R
is still at zero at time ¢ — kK.

thus the probability of Ef is at most e~ K. Moreover, the probability of ES is the probability that
a Poisson point process of parameter g has strictly less than m elements in an interval of length K,

hence it is Y ;" Le—ak (qK) . When K is large enough, ¢ € [1/2, 1], hence this probability is smaller

than e 2% s ! [5 , Wthh is smaller than e~ when K is large enough depending on m, hence on

U. Consequently, when K is large enough depending on U, the probability that (r +1,n—1) — (r,n)

X

is closed is smaller than e 4 e_%, which is smaller than e™ 4 when K is large enough. O

Thanks to lemma it is possible to prove two oriented percolation properties of (¥*. Firstly, for any
K>0,q¢[qx,1],t > K,y € Zand k € {0,..., L%j}, we define 7Y% = inf{n € {0,...,n%*} |vr €
Z,Cn’k(r) = 0} the time of death of the process ¢(¥%* (if the set is empty, 7¥* is infinite). Since
Co’k(r) = 1{,—g}, which is not identically zero, 7% > 1. Then we have
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Proposition 17. For any ¢’ € [0,1], there exists a constant K. = K.(U) > 0 such that for any K > K.,
Kn

q€lgx,1),t>K,yecZ keclo,..., L%J}, n € {0,...,n%*}, Py g(n < Yk < 4o00) < 23%e” 2,

Sketch of proof. The proposition can be proven by a classical contour method like the one presented
in section 10 of [9]. The idea is that if n < %% < 400 we can draw a “contour of closed bonds”
around the connected component of ones in ¢¥*, and this contour will have length Q(n). Furthermore,
it can be seen that bonds separated by at least 5 bonds from each other are independent, because
they depend on clock rings in disjoint space-time intervals. Therefore if we keep one bond out of 6, we

extract €(n) independent closed bonds from the contour, each of them having probability e~ from
lemma [16| when K > K, hence the bound. O

C¥F also satisfies a second property. For any K > 0, ¢ € [qi,1],t > K,y € Z%and k € {0, ..., L%J},
we denote X¥* = {r € {—L#J, ce L”é—kj} |¢YE (r) = 1}. Then we have

nyvk

Proposition 18. For any ¢’ € [0,1], o €]0,1], there exists a constant Ky(o) = Kqo(U, ) > 0 such
that for any K > Ky(«), there exist constants c¢g > 0 and Cy = Cy(U, K, ) > 0 such that for any

q€lgr,1),t>K,ycZ and k € {0,.. ., L%J b Py (Ty’k = +o0, |X¥F| < %nyk) < Cge—r:gny,k.

Sketch of proof. This proposition comes from classical results in oriented percolation. Firstly, if the
process survives until time n¥*, it has a big “range”, which means that if we define r¥* = sup{r €
Z | gykk (r) =1} and %% = inf{r € Z| Zykk (r) = 1}, r¥* and |[¢¥*| are so large {—L#J, e L%j} C
{ev¥ ... rY%*}; this can be proven with the contour argument in section 11 of [9]. Moreover, the
argument that proves (1) in [9] also proves that in {¢%* ... r¥*} Cg’ykk coincides with the oriented
percolation process that has the same bonds, but which starts with all sites at 1 instead of just the
origin. Finally, the end of section 5 of [10] contains a contour argument for the latter process which
allows to prove that it has a lot of ones; we can use this argument with the same adaptations we used
for the contours of proposition O

6. PROOF OF PROPOSITION [I1]

In this section we use the auxiliary process defined in section [5| to give a proof of proposition |11}
In order to do that, we need some definitions. For any ¢’ €]0,1], K > 2, q € [qx,1], z € Z¢, t > K
and v = (yk)ke{o,...,LﬁJ} € C¥(x,t), we define k(v) = inf{k € {0,..., 75 ]} | 7V = 400} if such a k
exists; in this case we also denote y(7y) = yp(y) (in the following, when we write k(v) or y(v) without
more precision, we always assume that they exist). For any r € X v(M):k(Y) we define the events

o i — . — V7 — T _ )
W (T){<77tLKJK)y(w)M‘"y(;”’“(”a1u+R 0},W (r) {(ntLKJK)y(,Y)_’_r—ny(;),k('Y)a1u+R 0}

By proposition [15} if {3r € XYO)EO) Wrn ()Y N {Fr € XYORO) W (1)}, then the sites of y(y) + R
are at zero at time t — k() K in both processes (1:)ic[o0,+oo[ a0d (7t)se[0,4-00[; iN Particular y(v) is at
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zero at time ¢ — k() K in both processes, therefore G(vy) is satisfied. Consequently,

P,

¢.4(G(7)¢) <Py 4 (k(7) does not exist) + Py 4 <k:(’y) exists, | XYOIFO)| < 5 )

t
y(v).k - Vr € y(7).k |/]/’Y77

+ IPq ,q ({ Xy(’Y ’ > 62{} N {Vr c Xy("/)7k(’7)7W"/f](7a)c}> .

Therefore we only have to prove the following lemmas and [21] to prove proposition thus
ending the proof of theorem [3}

Lemma 19. For any ¢’ €]0,1], there exists a constant K1 = K1(U) > 2 such that for any K > K,
q € lqx, 1], there ewist constants ¢ > 0 and C; = C1(K) > 0 such that for any x € 74, t > K,
v € C(x,t), we have Py 4(k(7) does not exist) < Cre %

Lemma 20. For any ¢’ €]0,1], there exists a constant Ko = Ko(U) > 2 such that for any K > Ko,
q € lqk, 1], there exist constants ¢ > 0 and Cy = Co(U, K) > 0 such that for any v € 7, t > K,
v € CR(x,t), Py 4(k(y) exists, |XVOEO)| < o) < Coe™©% .

Lemma 21. For any ¢’ €]0,1], K > 2, q € [qk, 1], there exz'sts a constant ¢z = ¢3(U,q') > 0 such that
forany x € Z, t > K, v € CR(x,t), we get Py ,({]XVOFO)| > L}ﬂ{Vr e xvnk ( ), WYn(r)e}) <
e~ B% and ]quq({!/'\’y(”)’k(”’)I > sLrn{vre Xy(v) KO Wi (r)ed) < e ~%

Proof of lemma[I9 We set K1 = max(K,.,48(In36 + 1)), which depends only on U. Let ¢’ €]0, 1],
K>Ky,q€ g, 1],z€Z% t> K and vy = Uk keqo,...,| L5 |} € C¥N(z,t). If k(v) does not exist, 7Y+
e L

is finite for k € {0,...,|7=]}, therefore if we call k1 = 0 and k; = 23—11 YR for § > 2, p¥Rok s
finite as long as k; < L%J We will use proposition |17 to bound the probability that this happens.
We call L = max{i > 1|k; < |7=]}; we then have 25:1 TRk > | 7z, hence if np, is the integer
satisfying ny, = L%J — Zf:_ll Yk we have ny, < 7Y P < 400, Furthermore, if ng, .. nL | are

integers satisfiying n; = 7V for i € {1,...,L — 1}, we get nq + --- +ny = i), ki = Z] L n; for
all i € {1,...,L} (we denote 23;11 n; = N;). In addition, since 7% > 1 for any k € {0,..., 7]},
L < |4=] +1. We deduce
Py 4(k(v) does not exist)
< Z Py (L =MV <i<M—1,79%"N =n; nyp < 790N < 4 o0),
YR bw——,
Moreover, the events {7*Ni e = ni}, i€ {l,...,.M — 1} and {ny < R +o0} depend only
on clock rings in the time intervals |t — (N; +n;) K, t — N;K] =|t — Ny K, t — N;K], i € {1,...,M —1}
and |t — (Nar + nar) K, t — Nay K], which are disjoint, thus the events are independent, hence
Py (L =MV <i<M—1,79%N =n; ny < 199N < 4oo)

M
( H P, 7_yN N nz)) Py, (nM < 79 Nm +oo) < H]Pq/,q (nZ < 7NN +OO)
=1
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M
<11 032~ S _ oM g2 M my B M mi _ oMg2| 3z | 55| 5
i=1
by proposition |17 and since ny + -+ - 4+ ny = L%J Consequently,

_t_
2

| K
Py 4(k(vy) does not exist) < Z oM 3?2 [ 2J€ 24{;( J
M<| 2 [+t =] 2 |
In addition, lemmayields that for any M € {1,..., 2] + 1}, we have [{(n1,...,ny) € NY |ny +
|t _ (M- (M-
by = [ = (M =

M—1
A > 0 such that

(M+L;2J—1><<M+L;2J—1M9(6( i) )

), and by the Stirling formula there exists a constant

| %] !

!
since M < | 75| +1. We deduce [{(n1,...,np) € NM [ng+--
t | K|t
Py 4(k(y) does not exist) < Z )\(23){;(2J2M32{K2J6 24 LKzJ

< ae)lloliEz] 2l - ailw] _ gy (36ee—%> 5]

In addition, since K > 48(In36 + 1), 36ee™ 15 < 36ee~ 361 =1 50 36ee 21 < 674%, hence
. _EMLJ _5(L_1> Kt
Py o(k(7) does not exist) < 4Xe #Lx?] <4)e 8\K? = 4)e1se” BK,
which is the lemma. O

Proof of lemma[20, This proof is an application of proposition We set Ky = max(4, K,4(1/2)),
which depends only on U. Let ¢’ €]0,1], K > Ka, q € [qx,1] and x € Z¢. It is enough to prove the
lemma for ¢ > max (K, %), indeed, if the lemma holds for ¢ > max(K, %), one has only to enlarge

Cy to prove it for t > K. Therefore we set t > max(K, IB(K?)) and v = (yk)ke{o Ly € CR(z,t). If
k(v) exists but [X¥()k()| < a5+ we have 7Yk = f o0 and |XY)HFO)] < g hence

t
ﬁ
t
Faa <k(7) exists, | 0] < ) Z <Tyk’ = oo, [AUH| < 6K>
k=

We are going to bound the term on the right. For any k € {0, . LIEQJ} we have n¥e* = [ L] —k >

L%J — LKQJ > i -1 K27 and since t > ?(K?), (K —3)t > 3K2 thus Ea % > 1, so n¥kF > %%,
1

hence if we choose a = 5 we have gn nvkk > 6 . Therefore by proposmon

t —cgn¥k-k —c 2t
]qu7q <Tyk’k = 4»007 |kaak’ S 6[() S Cge Cgn k S Cge Cg3K
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, 2t
since n¥r* > 3? Consequently

t t 2¢ t 2c
< eXiStS, ‘Xy(’}/)’k(’y” S 6}_{) S <\‘K_2J -+ 1> Cge_ 39 % S <K =+ 1) Cge_ 39 %’

which yields lemma [20] O

Proof of lemma[21} Let ¢’ €]0,1], K >2, q € [qk, 1], € Z¢, t > K and v € C¥(x,t). The argument
is elementary: we notice that there is a positive probability that a rectangle is full of zeroes in the initial
configurations of the two processes since they have laws vy and vy, as well as a positive probability
that there is no 1-clock ring in the rectangle in the time interval [0,¢ — K|+ ]]. Therefore there is a
positive probability that a rectangle is full of zeroes in both processes at time t — K L%J, so if there are
& elements in XY():5(7) the probability that none of the corresponding rectangles is full of zeroes in

both processes at time ¢ — KL%J is of order e~ % .
We notice that X¥(")*() depends only on clock rings in the time interval ]t — K | £],t], hence if F

is the o-algebra generated by the clock rings in |t — K|+ |, ], for fj = 5 or 7}, we have

P, <{!Xy M| > 62} N {vr € X+, W%ﬁ(ﬂ(:})

1) A
= Eq’,q <1{|Xy(7)vk(7)|>&}Pq’,q(vr c X?J('Y),k(’Y)’ W%n(r)c|.7-")> .
Moreover,
P, (Vr € Xy(v),k(v), W%ﬁ(wc‘]:)
— ny(0).k()
=P,, (Vr € XYORM Jp € y(v) + ! n2 aru+ R fy_ |t "Y#£0 >
— () k()
Py, (Vr € XYOHEM) 34/ € y(v) + %alu + R, fp(x’) # 0 or Pl N [O,t — {;{J K] # (0‘ f)

r — n¥()k() t

= J] Pog (3:1:’ cy(y) + ayu+ R, fo(x’) # 0 or Pl N [O,t - {KJ K] # @)

reXxyv()k()

r—n¥(V):k(7)

since the events {32’ € y(v) + 5 au + R,fo(2') # 0 or PL N[0t — [£]|K] # 0} depend

only on the state of 7o and on the clock rings of the time interval [0,¢ — K|£|] at the sites of
r—n¥)k()

y(v) + =5——a1u + R, so they are mutually independent and independent of 7. Therefore the
invariance by translation yields

‘;(y('v) k(7)|
N t
P, ,(Vr € YO, WY () F) <Py, (Elgg/ € R,ip(z') #00or PL N [O,t — {KJ K} # (Z)>

= (1 —Pyy (vsc’ € R,io(2') =0,PL N [O,t B U{J K} _ ®>>|xy<w,km
_ <1 - <1Pq,,q (0(0) = 0) P <7;0 [O,t_ U{J K} B )>|R>|Xy(7)ak(w)|
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Furthermore, since t — LFJ K<Kandg>qx =1+ In(1 — e*K),

MQR

» (795 N [O,t - U{J K] = @) _ =0 (| ] K) > camm ="K _( _ ~Kyam > <;) SIA]

since K > 2. This implies
N 1\
Py gl € 29O 01 7) < (1= Py (0) =0)" (5)

I addition, if /) = 1, Py (7 (0) = 0) = ¢/, 50 1=Py 4(10(0) = 0)Bl(L)s =1—(q ')IR\Q* and if ) = 7,
1—Pmﬂ%®) 0)"(5)s =

14 ﬁ In(1—e2) > 1 hence 1 — Py 4(7jo(0) = O)'R‘(%)% < 1—27181=3. This implies that if & is the
minimum of — ln(l —(q )|R|2 3) and —In(1 — 27‘R|7%) (which depends only on U and ¢'), for ) = n
S

XYORO) Wi (r)e| F) < el XVOIEO] Consequently, yields

1— q|R|2 . Moreover, since K > 2, ¢ > QK =1+ 3K|R| In(1 —e™™)

v

1
2

or 7) we have Py (Vr

t N
P, ({’Xy | > GK} N {vr € XYk, Wv,n(r)0}>
< Eq’,q (]1{‘Xy(-y),k<,y)|>&}6_5§‘X?¥(’Y),k("{)|) < C_éé&,
which is the lemma. O
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