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Abstract. The frequency of the Raman active A1g radial breathing mode has been widely used as a tool
to estimate the distribution of diameters of single wall carbon nanotubes (SWNT). However, the relation
between frequency and diameter is not straightforward and results are model-dependent. Because most of
the experiments are performed on bundles and not on isolated tubes, the model should especially take into
account the van der Waals intertube interactions. Here, we use a pair-potential approach to account for
such interactions and we derive a nonlinear relation between the SWNT diameter and the frequency of the
A1g radial breathing modes. We demonstrate a good agreement between calculations and the diameters
derived from diffraction experiments on the same samples.

PACS. 78.30.Na Fullerenes and related materials – 63.22.+m Phonons in low-dimensional structures and
small particles

1 Introduction

Raman scattering has been shown to be a powerful tool to
probe the structure, diameter and electronic properties of
single wall nanotubes (SWNT) [1–8]. It has been exper-
imentally demonstrated that Raman scattering is domi-
nated by a resonant process which has been associated
with optical transitions between 1D states in the electronic
band structure [2,6,7]. In the low-frequency range (100 to
300 cm−1) the measurement of the A1g radial breathing
mode (RBM) is a convenient way of probing the SWNT
diameter distribution [2–11]. However, no clear quantita-
tive agreement has been found between the distribution of
diameters estimated by Raman and other techniques, such
as diffraction or electron microscopy [8,12]. The study of
the distribution of tube diameters from the frequency of
the RBM is actually not straightforward because (i) the
relation between the tube diameter and the RBM fre-
quency for an isolated tube is model-dependent, (ii) for
tubes assembled into bundles, it is necessary to take into
account the intertube interaction to derive properly this
relation. Here, we calculate the relation between the RBM
and the tube diameter using a force constant model for
the intratube dynamics and an additional Lennard-Jones
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potential to account for van der Waals intertube interac-
tions in infinite bundles. This allows a good agreement
to be obtained between the diameter distribution derived
from the profile of the Raman spectrum in the RBM range
and that derived from the analysis of diffraction patterns
on the same samples.

2 Experimental

Different nanotube samples were used in this study in or-
der to cover a large range of tube diameters. Some sam-
ples were prepared via the solar route in an Ar atmosphere
using Y2O3 as catalyst [11,13] (sample a), via a cw-CO2

laser ablation technique in an Ar atmosphere using a Ni/Y
catalyst mixture [14] (sample b), or via the electric arc
discharge technique in a He atmosphere using a Ni/Y cat-
alyst mixture [15] (sample c). Sample d was supplied by
Tubes@Rice (Houston, Texas) [16].

Room-temperature neutron diffraction (ND) experi-
ments were performed on the G6-1 diffractometer at the
Laboratoire Léon Brillouin (Saclay, France) using inci-
dent neutrons of wavelength λ = 4.73 Å. X-ray diffraction
(XRD) experiments were performed at GDPC using the
Kα radiation (λ = 1.542 Å) of a Cu anticathode and on the
diffractometer WDIF4C at LURE (Orsay, France). Ra-
man spectra were measured using the 514.5 nm excitation
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line from an Ar ion laser (Spectra physics 2000) and the
647.1 nm excitation from a mixed Ar/Kr ion laser (Spec-
tra physics 2017) in the back scattering geometry on a
Jobin-Yvon T64000 spectrometer equiped with a liquid
nitrogen cooled CCD detector.

3 Results

3.1 Diffraction measurements and calculations

The diffraction patterns are found to be significantly dif-
ferent for all samples (solid lines in Fig. 1, top). The
calculations of such patterns have been reported else-
where [12,17]. The organisation of the tubes into bun-
dles is manifested by the presence of peaks below 2 Å−1.
The most intense peak is observed at the lowest Q and
corresponds to the (10) Bragg reflexion from the hexag-
onal 2D lattice of tubes. For samples a and b, the (10)
peak is located around 0.33–0.34 Å−1. However, it is much
broader for sample b. The (10) peak is shifted upward to
0.44–0.45 Å−1 for samples c and d. However, the rela-
tive intensities of the other diffraction peaks are signifi-
cantly sample-dependent. Calculations on the basis of the
model presented in reference [17] were performed in order
to fit the data (dashed lines in Fig. 1, top). The distri-
bution of diameters was assumed to be a Gaussian, trun-
cated for diameters smaller than 0.67 nm (the diameter
of C60 which is also the smallest diameter expected for
capped SWNT). Best agreements are obtained for mean-
diameters of 1.92 nm (HWHM = 0.15 nm), 1.41 nm (0.5),
1.36 nm (0.15) and 1.24 nm (0.15) for samples a, b, c and
d respectively.

3.2 Relation between RBM frequency and SWNT
diameter

The frequency of the A1g RBM is very sensitive to the
tube diameter. The frequency of the RBM in an isolated
tube was estimated by several groups using a force con-
stant model [8,18,19], a tight binding approach [2,20,21]
or an ab initio method [9]. As far as isolated tubes are con-
cerned, the RMB frequency follows a linear dependence on
the inverse of the diameter:

ν (cm−1) = A/d (nm). (1)

The value of the prefactor A is model-dependent: the
RBM frequency for a (10,10) tube is calculated to be
157 cm−1 in reference [21], 165 cm−1 in the force con-
stant model [8,18,19] (i.e. A = 224 nm cm−1), 175 cm−1

in reference [9] and 195 cm−1 in reference [20]. This broad
dispersion in the RBM frequencies illustrates that the
estimation of SWNT diameters from the frequencies is
not straightforward. On the other hand it is well es-
tablished that in most SWNT samples, the nanotubes
self-assemble into bundles [13–15]. Because of its radial
character, the RBM is likely to be much influenced by
the nanotube packing. Consequently, in order to derive

a relation between the RBM frequencies and the tube di-
ameter in bundles, it is necessary to take into account
the intertube coupling. We calculated the RBM frequency
of an infinite crystal of identical and infinitely long nan-
otubes by considering a Lennard-Jones potential U(R) =
4ε[σ/R12 − σ/R6] in addition to a force constant model
in order to account for the van der Waals intertube in-
teractions. We used the same van der Waals parameters,
ε = 2.964 meV and σ = 3.407 Å, as Lu and Wang [22]
which provide the best fits for the interlayer distance and
the C33 elastic constant of graphite and well describe the
bulk properties of solid C60 as well [23]. Details of the
calculations are reported elsewhere [19]. The results re-
ported in Figure 2 compare the RBM frequencies for iso-
lated tubes and tubes in infinite bundles. A difference of
about 16 cm−1 is found for a (10,10) tube, in good agree-
ment with the 14 cm−1 calculated in another work for
a (9,9) tube [24]. Note that the relation between the RBM
frequency and the inverse of the SWNT diameter is no
longer linear. The best fit (solid line in Fig. 2) is achieved
with the following phenomenological scaling law [19]:

ν (cm−1) = 238/d (nm)0.93. (2)

We emphasize that in the “typical” range of SWNT diam-
eters (1.2–2 nm), equation (1) provides a satisfactory fit
of the data (dashed line in Fig. 2) with A = 243 nm cm−1.
However, the linear fit deviates from the data for small
diameters.

3.3 Raman measurements

Raman experiments were performed on samples a to d, the
same samples as were studied in diffraction. The results
are presented in Figure 1 (bottom). They are significantly
different for all samples. Raman scattering from SWNT is
a resonant process associated with allowed optical transi-
tions (AOT) between singularities in the electronic density
of states. Therefore, different tubes are selectively excited
at different excitation-laser energies as a function of their
AOT, i.e. of their diameter and semi-conducting or metal-
lic character [6,11]. Consequently, experiments with differ-
ent laser energies must be carried out in order to estimate
the distribution of SWNT diameters. This is illustrated
by the differences between the Raman spectra excited at
2.41 eV (dashed lines) and 1.92 eV (solid lines). The fre-
quency of the major peaks is reported in Table 1.

It is not straightforward to derive the distribution
of tube diameters from the intensity of the RBM peaks
because of resonance effects. On the other hand, one
can estimate the mean RBM frequency from an arith-
metic average of the frequencies of the main RBM
peaks. We find 128 cm−1 for sample a, 174 cm−1

for sample b, 183 cm−1 for sample c and 192 cm−1

for sample d. Using equation (2), this leads to mean-
diameters of about 1.95, 1.40, 1.33 and 1.26 nm, re-
spectively, in good agreement with the diffraction results
(Tab. 2). Note that the most significant differences
between samples b and c are observed at 1.92 eV.
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(a) (b)

(c) (d)

Fig. 1. Diffraction patterns (top) and Raman spectra (bottom) for samples a to d. The diffraction data are in solid lines and
calculations in dashed lines. Raman spectra are measured with two different laser energies: 2.41 eV (dashed lines) and 1.92 eV
(solid lines).



204 The European Physical Journal B

Table 1. Frequencies of the major A1g RBM measured for each sample for laser energy 2.41 eV (*) and/or 1.92 eV (#).

Sample a *121# 135#

Sample b *146# *161 163# *170 *180# 189#

Sample c *164 *171 *177 *182 191# *198#

Sample d *185 199#

Table 2. Corresponding SWNT diameters (nm) calculated from equation (2) compared to the dispersion of diameters derived
from the analysis of the XRD patterns.

Mean RBM Mean SWNT diameter Mean SWNT diameter Mean SWNT diameter

frequency from equation (1) from equation (2) from diffraction

Sample a 128 cm−1 1.75 nm 1.95 nm 1.92 nm

Sample b 168 cm−1 1.33 nm 1.45 nm 1.41 nm

Sample c 181 cm−1 1.24 nm 1.34 nm 1.36 nm

Sample d 192 cm−1 1.17 nm 1.26 nm 1.24 nm

Fig. 2. SWNT diameter dependence of the A1g RBM fre-
quency for isolated tubes (◦) and tubes assembled into in-
finite bundles (•). The solid lines are best fits to the data
(Eqs. (1, 2)). The dashed straight line is a fit of the (•) data to
equation (1). The symbols (�) correspond to the mean-Raman
frequency of the RBM for samples a to d, whose mean-diameter
was estimated from the diffraction patterns.

The observation of low-frequency peaks for the laser-
ablation sample is ascribed to a much larger amount
of tubes with large diameters, between 1.6 nm and 1.8 nm,
in agreement with the much larger polydispersity detected
in diffraction. In Figure 2 (full squares) we report the
RBM frequency measured on samples a to d versus the
inverse of the diameter derived from the diffraction pat-
terns. A good agreement with the prediction of our model
(relation (2)) is found.

In Table 2, we also reported the mean-diameter calcu-
lated from equation (1) in the force constant model. The
results are systematically underestimated as compared to

the diffraction data. The Raman results are found to be
in much better general quantitative agreement with the
diffraction data using equation (2), i.e. by considering
the van der Waals interactions between tubes in the calcu-
lations. Consequently, relation (2) appears to be a useful
tool to derive the SWNT diameter distribution from the
RBM spectra. However, Raman and diffraction studies on
bundles of tubes of sufficiently small diameters will be
necessary to provide a definitive confirmation of the va-
lidity of our approach. Alternatively, comparison between
Raman studies on bundles of tubes and isolated tubes of
the same diameters would also provide a relevant test of
the model. This will be a challenge for future synthesis
of SWNT samples.

4 Conclusion

Diffraction and Raman measurements on bundles of
SWNT with various diameters were performed on the
same samples. The diameter dispersion of the nanotubes
for each sample was derived from the analysis of the
diffraction patterns. A good agreement is found with
diameters calculated from the RBM frequencies using a
nonlinear expression which accounts for van der Waals in-
tertube interactions in the bundles.
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