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Abstract :

Recently, it has been demonstrated that Vibro-Impact Nonlinear Energy Sink (VI-NES) can be used
efficiently to mitigate vibration under transient loading. In this paper, the behavior of an harmonically
excited Clamped-Free (C-F) beam with an embedded VI-NES is investigated theoretically. Due to the
small mass ratio between the beam and the flying mass of the NES, the equation of motion are analyzed
using the method of multiple scales. Theoretical prediction are validate by numerical simulation.

Mots clefs : Energy pumping ; Vibro-impact Nonlinear Energy Sink

1 Introduction

Targeted Energy Tranfer (TET) – aslo called energy pumping – has been widely studied during
the last decade. It consists in the addition of a small mass essential nonlinear oscillator – called
Nonlinear Energy Sink (NES) – to a primary structure to protect. Properly designed, the NES may
lead to efficient vibration absoption. Transient TET has been extensively studied. In [1, 2] it has been
demonstrated that the main phenomena allowing TET is based on the 1 : 1 resonance capture. Under
periodic forcing, the introduction of an asymptotic procedure [3] partitioning slow-fast dynamics has
shown that in addition to periodic regimes, system with NES can exhibit beating response, refered
as Strongly Modulated Response (SMR) [4]. Such a response has been experimentally observed in
[5]. All the afore mentionned studies deal with discrete primary system and NES with cubic stiffness
nonlinearity. Recent studies have shown that piecewise linear system can be used as NES [6]. The main
advantage of this kind of system over cubic type NES is that they are often easier to built and also
easier to integrate on a real structure. Vibro-impact type NES have been studied in [7, 8], however,
these study concentrated around numerical simulations. In a recent study, the invariant manifold
approach has been extended to VI-NES under transient loading [9]. The use of classic NES with
cubic nonlinearity to mitigate vibration on an impulsively loaded hinged-hinged beam has been sutied
numerically in [10] and theoretically in [11]. In this paper, an harmonically excited Clamped-Free (C-
F) beam with an embedded VI-NES is investigated. The first section is devoted to the presentation of
the mechanical model. In the second section, the equations are analysed using the method of multiple
scales in the regime of 1 : 1 resonance with the first bending mode of the beam. Numerical simulations
are presented in the next section. Finaly, concluding remarks are addressed.

2 Description of the model

The system considered herein consist of an harmonically excited C-F beam with an embedded VI-
NES. The dynamic of the beam is governed by linear Euler-Bernoulli theory. The system is depicted
in Fig. 1 and the equations of motion in non-dimensional form are given by :

ü+ u′′′′ = εG(t)δ(x− d) + Uδ(x− b)
∑

n δ(t− tn)
εÿ = −U

∑
n δ(t− tn)

(1)
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Figure 1 – Schema of the system

with

|u(b, tn)− y(tn)| = 1 (2)

where ε� 1 represents the mass ratio between the beam and the free mass of the VI-NES. The partial
differential equations 1 are now discretized. The modal functions satisfies the orthogonality condition∫ 1
0 φi(x)φj(x)dx = δi,j . The discretized equations of motion are written as :

q̈j + ω2
j qj + ελj q̇j = εG(t)φj(d) + Uφj(b)

∑
n δ(t− tn)

εÿ = −U
∑

n δ(t− tn)
(3)

And the impact condition Eq. (2) is rewritten as :

|
∑
j

φj(b)qj(tn)− y(tn)| = 1 (4)

Non-smooth modeling technique are used to describe the impact between the NES and the beam.
The impact is considered as an infinite force applied to the system, with an opposite sign due to the
action reaction principle. U is the ammount of momentum transfered during impact and satisfies the
following impact constitutive relation :

u̇(b, t+n )− ẏ(t+n ) = −r
[
u̇(b, t−n )− ẏ(t−n )

]
, u(x, t+n ) = u(x, t−n ), y(t+n ) = y(t−n ) (5)

Where the superscripts − and + denotes time immediately before and after impact. Equation (3)
can be integrated numerically until an impact occurs. The pre-impact velocities are known, but the
post-impact velocities needs to be determined. To this end, Eq. (3) is integrated around a small time
instant tn yielding :

q̇j(t
+
n )− q̇j(t−n ) = φj(b)U

ẏ(t+n )− ẏ(t−n ) = −U
ε

(6)

The system has N+1 equations and N+2 unknowns. The missing equation is obtained using Eq. (5) :

∑
j

φj(b)q̇j(t
+
n )− ẏ(t+n ) = −r[

∑
j

φj(b)q̇j(t
+
n )− ẏ(t+n )] (7)

System Eq. (6, 7) is solved for U giving :

U = −ε
(1 + r)

(∑
j φj(b)q̇j(t

−
n )− ẏ(t−n )

)
1 + ε

∑
j φj(b)

2
(8)

The post-impact velocities are then computed using Eq. (6).
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3 Theoretical analysis

The response regimes of the system are investigated in the vicinity of the resonance of the first bending
mode. Then G(t) in Eq. (3) is given by :

G(t) = G sin ((1 + εσ)t) (9)

New variables are introduced as follow :

vj(t) = qj(t) + εφj(b)y(t) (10)

Substituting Eq. (9, 10) into Eq. (3) gives :

v̈j + ω2
j (vj − εφj(b)y) + ελj (v̇j − εφj(b)ẏ) = εφj(d)G sin ((1 + εσ)t)

ÿ = (1 + r)
( ∑

j φj(b)v̇j
1+ε

∑
j φj(b)2

− ẏ
)∑

n δ(t− tn)
(11)

And the impact condition Eq. (4) is rewritten as :

|
∑
j

φj(b)vj − (1 + ε
∑
j

φj(b)
2)y| = 1 (12)

Due to the smallness of the mass ratio ε, it can be used as a small parameter in multiple scales
expansion in the form :

vj(t; ε) = vj0(T0, T1) + εvj1(T0, T1) + . . .
y(t; ε) = y0(T0, T1) + εy1(T0, T1) + . . .

(13)

where Ti = εit. Substituting Eq. (13) into Eq. (11) gives at order ε0 :

D2
0vj0 + ω2

j vj0 = 0

D2
0y0 − (1 + r)(

∑
j φj(b)D0v

−
j0 −D0y

−
0 )
∑

n δ(T0 − T0n
) = 0

(14)

The solution of equation of Eq. (14) can be expressed in the following form [9] :

vj0 = Aj(T1) sin(ωjT0 + θj(T1)), y0 =
2

π
B(T1) arcsin(cos(ω1T0 − η(T1))) (15)

According to Eq. (15), impact occurs at T0 = (kπ − η)/ωj (k = 0, 1, . . .). Substituting Eq. (15) into
the second equation of Eq. (14) and integrating around a small time instant during impact gives :

−4B

π
− (1 + r)(

∑
j

φj(b)Ajωj cos(
ωj
ω1
η + θj)−

2B

π
) = 0 (16)

Multiple scales expansion of the first equation of Eq. (11) at order ε1 is given by :

D2
0vj1 + ω2

j vj0 = φj(d)G sin(ω1T0 + σT1) + ω2
jφj(b)y0 − 2D0D1vj0 − λjD0vj0 (17)

In order to identify terms that produce secular terms in Eq. (17), the solution for y0 in Eq. (15) is
expanded in Fourier series giving :

y0 =
8

π2
B

∞∑
k=1

(−1)k+1

(2k − 1)2
cos ((2k − 1)(ω1T0 − η)) (18)
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Figure 2 – Illustration of transient resonance capture. (a) : SIM, Red line : projection of numerical
integration on the SIM. (b) : Numerical simulation, Green line : uncoupled system, Blue line : coupled
system.

Substituting Eq. (15, 18) into Eq. (17), assuming that no internal resonance occurs, the condition of
elimination of secular terms gives :

for j = 1
2D1Aω1 sin(θ1) + 2A1ω1 cos(θ1)D1θ1 + φ1(d)G cos(T1σ) + λ1A1ω1 sin(θ1) + 8

π2ω2
1φ1(b)B sin(η) = 0

−2D1A1ω1 cos(θ1) + 2A1ω1 sin(θ1)D1θ1 + φ1(d)G sin(T1σ)− λ1A1ω1 cos(θ1) + 8
π2ω2

1φ1(b)B cos(η) = 0
(19)

for j ≥ 2
2D1Ajωj sin(θj) + 2Ajωj cos(θj)D1θj + λjAjωj sin(θj)
−2D1Ajωj cos(θj) + 2Ajωj sin(θj)D1θj − λjAjωj cos(θj)

(20)

Equation (19) gives Aj(T1) = Ke−
1

2
λjT1 for j ≥ 2. Therefore as T1 → ∞ Eq. (16, 12) are rewritten

giving the following relations :

cos(η + θ1) =
2BΓ

φ1(b)A1π
, sin(η + θ1) =

B − 1

φ1(b)A1
, with Γ =

r − 1

r + 1

φ1(b)
2A2

1 =
4B2Γ2

π2
+ (B − 1)2

(21)

In fact, the last equation of Eq. (21) represents the Slow Invarian Manifold (SIM) of the problem.
The SIM is divided into two branches. The left one is unstable while the right one is stable. The
detailled study of the stability of the SIM is beyond the scope of this paper, however it can be shown
using numerical integration, that periodic motion with two symetric impact per cycle takes place only
on the lower part of the right branch. For higher amplitudes, the motion becomes non symetric and
degenerate into motion with more than two impact per cycle.

From the equation of the SIM, we are also able to determine the minimum value of the amplitude of
the first bending mode that allow TET. To this end, the derivative of the right hand side of the SIM
equation is equated to zero :

Bmin =
π2

4Γ2 + π2
, φ1(b)

2A2
1min =

4Γ2

4Γ2 + π2
(22)

An exemple of the SIM and transient resonance capture is presented in Fig. 2(a) for single mode
discretization. Numerically simulation is presented in Fig. 2(b). Resonance capture between the beam
and the VI-NES is clearly observed, and the energy is quickly dissipated by successive impact (r < 1).

Equation (19) is now investigated. Substituting Eq. (21) into Eq. (19) and introducing γ1 = T1σ − θ1
gives :
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Figure 3 – Case of periodic solution for G = 50, σ = −15. (a) : SIM curves, (b) : Numerical
integration.

D1A1 =
8ω1B

2Γ

π3A1
− 1

2
λ1A1 +

φ1(d)G sin(γ1)

2ω1

D1γ1 =
4ω1B(B − 1)

A2
1π

2
+
φ1(d)G cos(γ1)

2A1ω1
+ σ

(23)

In order to understand qualitatively the behavior of the system, we need to know the location of the
fixed points on the SIM. Fixed points are computed by equating the derivative in Eq. (23) to zero.
After rearanging gives :

ω2
1π

6(λ21 + 4σ2)A4
1 − π3

[
32ω3

1B(σπ(1−B) +BΓλ1) + π3φ1(d)2G2
]
A2

1

+64ω4
1B

2
[
4B2Γ2 + π2(B − 1)2

]
= 0 (24)

Solving Eq. (24) for A2
1, two curve equations are obtained. These expressions is not displayed here due

to their length. The fixed points are then obtained graphically by looking at the intersection of the
SIM and the curves obtained via Eq. (24).

4 Description of some response regimes

In this section, some response regimes are presented for different values of system parameters. Equa-
tions of motion (3) are integrated using classical matlab ode45 alorithm and the impacts are located
using the event location property. The modal basis is truncated to the third bending mode. For each
numerical simulation, the following set of parameters and initial conditions is used :

ε = 1%, d =
1

3
, b = 0.9, r = 0.65, qj(0) = q̇j(0) = y(0) = 0, ẏ(0) = 0.4 (25)

In Fig. 3(a), the SIM at the slow and superslow time scale is presented for G = 50 and σ = −15. In
this case, the green curve intersect the stable branch of the SIM two times. The lower fixed point is
unstable and the higher one is stable. If the initial conditions are in the domain of attraction of the
SIM, 1 : 1 resonance between the beam and the NES takes place, and the slow flow will be attracted
by the stable fixed points. Thus motion will be periodic with two symetric impact per cycle. This
theoretical prediction is confirmed by numerical integration in Fig. 3(b).

Another case is presented in Fig. 4(a) for the set of parameters in Eq. (25) and G = 30, σ = 0. Now
the green curve cross the SIM one times on its unstable branch. The resulting fixed point is unstable.
The only possible response for the system is Strongly Modulated Response (SMR). Numerically, it is
observed in Fig. 4(b) that the free-mass engage successive resonance capture between the beam and
the VI-NES, thus limitting the energy in the system.
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Figure 4 – Expemple of strongly modulated response for G = 30, σ = 0. (a) : SIM, (b) : Numerical
integration.

5 Concluding remarks

The passive control of an harmonically excited beam using a Vibro-Impact Nonlinear Energy Sink
(VI-NES) was investigated. The behavior of the system is studied in the vicinity of 1 : 1 resonance
capture with the first bending mode of the beam. Equations of motion are analysed using the method
of multiple scales. It is shown that in addition to periodic regimes with two symetric impact per cycle,
the system can exhibit Strongly Modulate Response, where the VI-NES engage successive resonance
capture with the beam. Numerical simulation are presented to confirm the existence of these types of
response. This type of NES is easy to build and may be integrated in a real structure.
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