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Abstract

We study the mathematical modeling of the energy management system of a smart
grid, related to a aggregated consumer equipped with renewable energy production
(PV panels e.g.), storage facilities (batteries), and connected to the electrical public grid.
He controls the use of the storage facilities in order to diminish the random fluctuations
of his residual load on the public grid, so that intermittent renewable energy is better
used leading globally to a much greener carbon footprint. The optimization problem is
described in terms of an extended McKean-Vlasov stochastic control problem. Using
the Pontryagin principle, we characterize the optimal storage control as solution of a
certain McKean-Vlasov Forward Backward Stochastic Differential Equation (possibly
with jumps), for which we prove existence and uniqueness. Quasi-explicit solutions
are derived when the cost functions may not be linear-quadratic, using a perturbation
approach. Numerical experiments support the study.
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1 Introduction

General context in energy management. The energy sector is currently facing major
changes because of the raising concern about climate change, the search for energy-
efficiency and the need to reduce carbon footprint. In particular, the share of renewable
energy (RE for short) production has increased in most industrialized countries over the
last few years, and further effort has to be done to limit the temperature increase well below
2°C by 2100, as targeted by the 2015 Paris agreement. However, even if these renewable
energies allow a huge reduction of carbon footprint during the energy production phase,
they raise a major issue: the amount of energy produced is intermittent and uncertain, as
a main difference with more conventional energy production units (coal/gas-fired units,
or nuclear power plants).

Reducing uncertainty of net residual consumption. Since the electricity production has
to meet consumption at all spatial and time scales, the load balancing operations become
harder in this uncertain context, this leads to higher operating costs for the whole electric-
ity system; furthermore, it sometimes lead to ecologically catastrophic solutions such as
the use of coal units to compensate the deficit of clean energy production. See [MCM™*14]
for an overview on how to integrate renewables in electricity markets. Therefore, a major
challenge is to smooth the electricity consumption by better predicting RE production and
better managing the energy system. We address the latter in the context of a consumer
equipped with its own RE production (e.g. PV panels), and formalize the problem as a
stochastic control problem of McKean-Vlasov (MKYV for short) type that we solve theo-
retically and numerically. More specifically, we study a decentralized mechanism aimed
at reducing the variability of residual consumption on the electricity network; thus, oper-
ating the network could be done at lower costs and with a lower carbon footprint. This
mechanism is a setting where a consumer has to commit in advance (say T=one day-ahead,
to match the usual working of day-ahead markets) to a predefined load profile and then,
he has to command optimally and dynamically his system according to his stochastic
consumption/production. Both the optimal load profile and the optimal control are the
outputs of the stochastic control problem described below. The above model is a sim-
plified prototype of smart grid (as defined by the European Commission'): our so-called
consumer is considered as an association of small consumers, with possibly individual RE
production and individual storage facilities, that we aggregate and consider as a whole.

p://www.ieadsm.org/publication/functionalities-of-smart-grid-and-smart-meters-eu
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General setting and methodology. We take the point of view of a consumer supplied
in energy by its own intermittent sources (PV panels for instance) and by the electrical
public grid. We consider the situation where the unflexible consumption and the inter-
mittent production are exogenous and can not be predicted perfectly: a stochastic model
should be used for both of them. See [BGGK18] about a recent methodology for deriv-
ing a probabilistic forecast for solar irradiance (and thus PV production). To smooth his
residual consumption, the consumer can take advantage of storage facilities (for instance
conventional batteries, electrical vehicle batteries, heating network, flywheel etc) which
we consider as a whole. At time ¢, his control is denoted by u;, the level of storage is
represented by X!, its net consumption on the electrical public grid is P#**". The (deter-
ministic) committed profile load is the curve (P¥*¢“™ : 0 < t < T). Such an optimization
problem (without the optimal committed profile load) has been studied in a deterministic
case by [HBM*15] and in a stochastic case by [HBSJ16]: by jointly optimizing with the
profile Pid<o™ we g0 beyond and change the nature of the control problem.

In short, in a simplified setting, the optimization criterion takes the form of the following
cost functional

T 2 b
rid,u lu v u 1 rid,u rid,com. 7/ u 1
lE[fO {CtPtg +—2uf+§(Xt _E) +11(Pf — P )}dtJ’E(XT_E) ],

minimized over admissible controls (u;);. The first term in the above cost functional is the
cost of buying electricity to the electrical public grid, at a price C; which can be random.
The second term in the cost functional accounts for a penalization of the use of the storage
(e.g. aging cost in the case of a battery). The third and fifth terms are penalization of
the deviation from the desired state of charge of the storage, which we define as 1 by
convention. The fourth term is a penalization (through a convex loss function /;) of the
deviation of the power supplied by the electrical public grid P9*¢* from the commitment
profile Poridcon If the later were exogenously given, it would take the form of standard
stochastic control problem. In our model, it is endogenous and we set

P?rid,com. -F [P?rid,u]' (1.1)

This choice is inspired by the quadratic case for /;: indeed, solving the optimal stochastic
control for a given P914" and then minimizing the resulting cost functional over peridcon
would lead to (1.1), as the reader can easily check. Doing so, we obtain a stochastic control
problem of MKV type, see later.

Going back to the applications, once identified the optimal control (u; : 0 <t < T),
the consumer can commit to the profile P9"*4<°™ as in (1.1) and then execute the optimal



command, so that the variability of its residual consumption on the electrical public grid
is minimized in a consistent way. On the side of the electricity supplier on the electrical
public grid, since the consumption is smoothed, the operating costs are lower and the use of
"brown" generation units can be likely avoided. We shall highlight that presumably, good
loss functions /; should penalize more the consumption exceedance than the consumption
deficit: indeed, exceedance possibly requires the use of extra production units with high
carbon footprint, this is clearly to discard as often as possible. A typical example of loss
function would be:

L(x) = ax® + a, max(x, 0)% (1.2)

see Figure 1 for an example with @, = 1, = 1. This choice is somehow related to
generalized risk measures accounting for both left and right tails of the distribution, such
as expectiles [BKuG14]. Another point to stress is the need to account for jumps in the
production/consumption dynamics — i.e. the consumption might have discontinuities
as appliances/devices are switched-on/off, the power production by a solar panel might
suddenly drop to zero if a cloud hides the sun. To summarize, in order to fit application
needs, we shall consider non quadratic loss functions and a probabilistic setting of general
filtration (allowing jumps).

-1.00 -0.75 -0.50 -0.25 000 025 050 075 100

Figure 1: Loss function /; penalizing more the consumption exceedance

MKYV stochastic control problems: background results. We embed the previous exam-
ple in a more general setting;:

J(w) :=E [ b 1(t @, X0 E [t 0,1, X)) dE + 9 (@, X2 E [k, X;)])]

, —> min. (1.3)
st X! =xo + fo O(s, w, us, X*)ds. "

The functions [, g, 1, k, ¢ depend on time, control, state variable and on the ambiant ran-
domness w, precise assumptions are given later. Note that the control only appears in
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the drift of the state variable: we could also have considered a more general model
X =x+ fot O(s, w, us, XY)ds + Z; where Z is cadlag semimartingale (independent of u), but
actually, this extended model is equivalent to the current one by setting }FZ? =X/—-Z;asa
new state variable and by adjusting the (already random) coefficients. Besides, note that
the above dynamics for X" is compatible with usual battery dynamics [HCSI07], like for
example models of the form

d State of charge
dt

The problem (1.3) is of McKean-Vlasov (MKV) type since the distribution of (u, X")
enters into the functional cost. But since this is through generalized moments via the
functions ¢ and k, the interactions are so-called scalar, which avoids to use the notion
of derivatives with respect to probability measures, while maintaining some interesting
flexibility. For a full account on control of Stochastic Differential Equations (SDE for short)
of MKV type and the link with Mean Field Games, see the recent book [CD18] and in
particular Chapter 6. However, in the above reference, only the distribution of SDE enters
in the coefficients, not that of the control as in our setting. We refer to this more general
setting as extended MKV stochastic optimal control.

Studies in such an extended framework are quite unusual in the literature. In [PW16],
the general discrete case is studied. In [Yon13] and very recently in [BP18], both the
probability distributions of the state and control variables appear in the dynamic of the
state and the cost function, but only through their first and second order moments (Linear-
Quadratic problems, LQ for short). In [PW18], the cost functional and the dynamic depend
both on the joint probability distribution of the state and control variables, but the authors
consider closed-loop controls, which allows them to consider the probability distribution
of the state variable only: in our setting, we do not make any Markovian assumptions for
the characterization of the optimal control. During the preparation of this work (started
in 2016), we have been aware of the recent preprint [ABC18] which deals also with the
extended MKV stochastic optimal control, with fully non-linear interaction, Markovian
dynamics, in the case of a Brownian filtration.

= constant - Battery power. (1.4)

Our contributions. As a difference with the previous references, we do not restrict our-
selves to the LQ setting, we deal with extended MKV stochastic optimal control, without
Markovian assumptions, and we do not assume that the underlying filtration is Brownian
(allowing jump processes). Besides, apart "expected” results about existence/uniqueness,
we provide some numerical approximations by using some perturbations analysis around
the LQ case. We shall insist that MKV stochastic control is a very recent field and numerical
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methods are still in their infancy; see [AGL*19] for a scheme based on tree methods for
solving some MKV Forward-Backward SDE (FBSDE for short) that characterize optimal
stochastic controls. Our perturbation approach is different from theirs. As a consequence,
we design an effective numerical scheme to address the problem raised by the optimal
management of storage facilities able to reduce the variability of residual electricity con-
sumption on the electrical public grid, in the context of uncertain production/consumption
of an aggregated consumer. This presumably opens the door to a wider use of these ap-
proaches in real smart grid applications.

Now let us go into the details of mathematical/computational arguments. For char-
acterizing the optimal control, we follow a quite standard methodology (see e.g.[CD15]),
although details are quite different. This is made in three steps: necessary first order
conditions, which become sufficient under additional convexity assumptions, existence of
solutions to the first order equations. The derivation of the first order conditions follows
the stochastic Pontryagin principle, see for instance [Ben88, Pen90, CD15]. This is achieved
for general running and terminal cost functions. In particular, to account for jumps in the
production/consumption dynamics, our mathematical analysis is performed in the context
of general filtration. It gives rise to an optimality system (see Theorems 2 and 3), com-
posed of a forward degenerate SDE and of a backward SDE (the adjoint equation), with
possibly discontinuous martingale term, and an optimality condition linking the values
and probability laws of the state and control variables with the adjoint variable.

In Section 2.4, we establish that this system of equations has a unique solution under
some regularity conditions, an invertibility assumption and for small time horizon T (see
Theorem 4). The condition on T is quite explicit from the proof, which makes the verifica-
tion on practical examples easy. Here the proof has to be specific and restricted to small
time because of non-Brownian filtration and of non-Markovian dynamics: indeed, we
can not invoke neither a drift-monotonicity condition, as in [PT99], nor a non-degeneracy
condition as in [DGO06]. In Section 2.5, we discuss how the unique solution to the first
order condition may or may not be the optimal solution; we provide a counter-example
(Proposition 6), which is interesting for its own, we believe that this kind of situation is
already known but we could not find an appropriate reference.

Then we show in Section 2.7 that the necessary optimality conditions established in
Theorem 3 become sufficient if we assume some convexity conditions on the Hamiltonian
and the terminal cost. We shall highlight that the usual Hamiltonian [CD15] (when
the distribution of the control is not optimized) can not match with our framework;
alternatively, we define a version in expectation (Lemma 9). The final optimality result is
stated in Theorem 10.



In Section 3, we exemplify our study to the toy model presented in introduction, moti-
vated by practical applications to smart grid management. To get a tractable and effective
solution, we perform a perturbation approach around the LQ case. We establish error
bounds and as an approximation, we select the expansion with the second order error
terms. Numerical experiments illustrate the performance and accuracy of the method, as
well the behavior on the optimally controlled system.

Long and technical proofs are postponed to Section 4 in order to smooth the reading.

Notations. We list the most common notations used in all this work.

> Numbers, vectors, matrices. R, IN, IN* denote respectively the set of real numbers, integers
and positive integers. The notation [x| stands for the Euclidean norm of a vector x, without
further reference to its dimension. For a given matrix A € RPF®R?, AT refers to its transpose.
Its norm is that induced by the Euclidean norm, i.e. |A| := SUP, R xj=1 |Ax|. Recall that
|A™| = |A|. For p € IN", Id, stands for the identity matrix of size p X p.

> Functions, derivatives. When a function (or a process) ¢ depends on time, we write
indifferently ¢(z) or y(t,z) for the value of ¢ at time ¢, where z represents all other
arguments of .

For a smooth function g : R7 - IR?, g, represents the Jacobian matrix of ¢ with respect to
x, i.e. the matrix (ax/-gi)i,j € R” ® R7. However, a subscript x; refers to the value of a process
x at time t (and not to a partial derivative with respect to t). We also introduce V., f := f.

> Probability. To model the random uncertainty on the time interval [0, T] (T > 0 fixed),
we consider a complete filtered probability space (Q2, 7, {F:}o<i<r, P), we assume that the
tiltration {#;}o<i<r is right-continuous, augmented with the IP-null sets. For a vector/matrix-
valued random variable V, its conditional expectation with respect to the sigma-field ¥; is
denoted by E; [Z] = E [Z|F;]. Denote by P the o-field of predictable sets of [0, T] x Q.

All the quantities impacted by the control u are upper-indexed by u, like Z* for instance.
As usually, cadlag processes stand for processes that are right continuous with left-hand
limits. All the martingales are considered with their cadlag modifications.

> Spaces. Let k € IN*. We define IL%([0, T], R¥) (resp. IL*([0, T],R¥)) as the Banach space
of deterministic functions f on [0, T] with values in R¥ such that fOT Ifil>dt < +oo (resp.

Sup;epo.qy If ()l < +00). Since the arrival space R* will be unimportant, we will skip the
reference to it in the notation and write the related norms as

: %
s = ( [ VOPa), Wiy = sup £

te[0,T]



Letp > g > 1. The Banach space of R*-valued random variables X such that [E [|X['] < +o0
is denoted by IL7(€2, R, or simply IL’;2 : the associated norm is

1
X1y = E[XP].

The Banach space HP4([0, T] x Q, R¥) (resp. HJ,([0, T] x Q, RY)) is the set of all ;-adapted

(resp. Fi-predictable) processes 1 : [0, T] X Q — R such that fOT E [|y:9]"%dt < +co. Here
again we will omit the reference to R¥, which will be clear from the context. The associated
norm is

T 14
il = ( fo ]E[w]mdt) .

The Banach space H*" ([O, T x Q, IR") stands for the elements of HP4 ([0, Tl xQ, IRk) sat-
istying sup, . 77 E [[§#l"] < 400, and the related norm is

1
W llaqo,rxary = sup E [[iP:7]7.
te[0,T]

2 Stochastic control and MKV-FBSDEs

The aim is to analyse the control problem, about minimizing (1.3). We first discuss the
smart grid setting and the class of admissible controls u; second we derive the first-order
condition (Pontryagin principle) which writes as a MKV-FBSDE; third we derive sufficient
conditions for the existence and uniqueness to the above; fourth in the absence of convexity
conditions we provide a counter-example to optimality; last, with suitable convexity
assumptions we establish that the MKV-FBSDE solution characterizes the optimal control.

2.1 Stochastic model and smart grid framework

As explained in introduction, (1.3) may describe the optimal energy management of an
aggregated consumer, with storage facilities (e.g. battery), with his own RE production
(e.g. building equipped with solar panel), with a connection to the electrical public grid.
The management horizon T is typically short, e.g. 24 hours for reasons explained in
introduction.

The control is made through a R%-valued vector process u = (u; : 0 <t <T),deN".
We consider u as a F-predictable process in ]I—I?;Z: the intuition behind it is that decisions
occurring at time t have to be made in accordance with the information available up to
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this time. This is coherent with the smart grid application. In particular, there has to be a
slight delay between sudden events and the decisions taken by the controller, whence the
predictability assumption.

The dynamics of the system are represented by a R”-valued state variable, denoted by
X, which satisfies the following ODE

t
X! =x0+ f P(s, w, us, Xy )ds. (2.1)
0

The state variable can include various information in the smart grid application, like for
example the state of charge of the battery (see (1.4)) , the PV production, the building
electricity consumption, etc. Moreover, the possible dependence in time of ¢(-) is a degree
of freedom suitable to account for energy losses over time or aging of the battery, both
impacting the state of charge of the battery.

The cost functional is described by J (1), given in (1.3). In the smart grid application,
Markovian-type costs would take the form, for instance, I(t, w,u,x,3) = T(t, Z(w),u,x,3)
where Z would represent a multidimensional stochastic factor modeling the evolution of
the exogenous uncontrolled variables (weather, consumptions. . .), but we also allow non
Markovian models. In the sequel, we omit w when we write terms inside /(1) and X,
since it is now clear that we deal with random coefficients. All in all, the optimal control
problem we study is

T(u) = ]E[ o 1(t e, X2 E gt 1, X))t + w(X%JE[k(X”T‘)])] s min.  (22)
ot X;‘ = X0+ fOt (P(S/ u,, X;l)ds uelHi;z : .

Last, we summarize the coefficients from the toy example described p.3.

Example 1 (Smart grid toy example). Let P1°2 be the difference between the instantaneous
consumer local consumption and his RE production: we assume this is a process in H**([0, T] X
Q,R). The control u € ]Hi;z([O, T1x Q, R) corresponds to the power supplied by the battery, while
the state X" corresponds to the normalized state of charge of the battery which dynamics is linear
with respect to the control u, see [HBM*15]:

1 t
X =x0— g f usds.
max (0

If P94 {5 the power supplied by the electrical public grid, the power balance imposes that

Ptlfad — Pgrid,u

r + u;.



Then setd =p =1and

I(t, w,u,x,3) = C_(w) (P}fad(a}) —u)+ %uz + %(x - %)2 + ll(Ptlfad(a)) -u-3),
gt w,u,x) := P w) — u,
Yok =L 27, 23)
k(w,x) :=0,
(t,u,x):=— "
(P ’ ’ o Smax ’

The time-dependent coefficients u; and v, give the flexibility to include hourly effect in the manage-
ment. We recall that the convex loss function |, may take the form (1.2). Considering the left-hand
limit t— in the above definitions is a technicality to fulfill the following assumptions.

2.2 Standing assumptions

From now on, we assume the following hypotheses hold. When we refer to a constant, we
mean a finite deterministic constant.

(H.x) x € I and is #p-measurable.

HD [:(tw,u,x8) €0, TIXQAXR! xR X R - I(t,w,u,x,3) € Ris P B(RY) ® B(R) ®
B(R7)-measurable. Furthermore, I(-,-,0,0,0) € H*!, [ is continuously differentiable
in (u, x, §) with the growth condition

IVul(t, @, 1, %, )| + IVal(t, @, 1, %, )| + [Vel(t, @, 1, %, 9| < C (jul + I + 13]) + C(t, w)

for any (t,u,x,3) € [0, T] X R? x R? x IR7 a.s., for some constant C and some random
process C\” in H?2.

(H.g) ¢: (¢t w,u,x) €0, TIXOXRIXR? - ¢(t, w,u,x) € RTis PRB(RY)®B(R’)-measurable.
Furthermore, g(-,-,0,0) € H*>!, gis continuously differentiable in (1, x) and there exist
constants C,, and C,, such that

IVig(t, w,u,x)| < Cgx and IV.g(t, w,u,x)| < C,,

for any (t,u,x) € [0, T] X R X R” a.s. .
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HY) ¥ : (w,x,k) € AXR xR b Y(w,xk) € Ris Fr ® B(R’) ® B(R")-measurable.
Furthermore, (-, 0,0) € L}, ¢ is continuously differentiable in (x, k) and the growth
condition

IV (@, x, k)| + [Vi(w, x, k)| < C (Jx| + [k]) + Cff)(a))
holds for any (x, k) € R? XR" a.s., for some constant C and some random variable C$)
inL3.

(HKk) k:(w,x) € OQXIRP — k(w, x) € R"is F1r® B(IR”)-measurable. Furthermore, k(:,0) € ]L}z,
k is continuously differentiable in x and there exists a constant C, such that

|ka(a)/ X)l < Ck,x
holds for any x € R? a.s..

(H.9) ¢ : (t,w,u,x) € [0, TIXQOXRIXRF - ¢(t, w,u,x) € R is PRB(RY)@B(IR”)-measurable.
Furthermore, ¢(-, -, 0,0) € H*?, ¢ is continuously differentiable in (1, x) and there exist
constants Cy,, and Cg  such that

IVup(t, w,u, x)| < Cg and IVip(t, w, 1, x)| < Cyx
hold for any (¢, u,x) € [0, T] Xx R? x R a.s..

It is easy to check these conditions in Example 1.

As a consequence of (H.¢), the dynamics of X" in (2.1) writes as a ODE with Lipschitz-
continuous stochastic coefficient: the uniqueness and existence stem from the Cauchy
existence theorem for ODE, applied w by w. In addition, we easily show

t t
IXY] < ol + f (|<p<s,o,0)|+c¢,u|us|+c¢,x|xz|)dsscT(|xo|+ f (|q><s,o,0)|+c¢,u|us|)ds)
0 0

where the second inequality comes from Gronwall’s lemma. Then one directly shows
that, since u and ¢(-,0,0) are in H*?, X" is in H™? c H??. Then, a careful inspection of the
assumptions (H.1)-(H.g)-(H.y)-(H.k) shows that it implies that the cost J (u) is finite.

2.3 Necessary condition for optimality

For admissible controls u and v, we now provide a representation of the derivative J (1, v) =
d:J (U + €v)|.=0, using an adjoint process Y*.
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Theorem 2 (Gateaux derivatives). Let u € ]Hi;2 and set &} = [E [g(t,ut, X;’)]. Let L* be the
unique solution of
) dir
Ly =1d,, r T L{Vp(t, ug, XY).
Then L" is invertible and its inverse satisfies (see Lemma 17)
d@)™ _
dt

Define also L* := ((L*)™1). The following RP-valued process Y" is well defined as a cadlag process
in H®?:

Yi=E, |(Lu 1L”( (X, B [k(X)]) + Vok(XOE [Vew (X2, E [k(x2) ])])l

Lyt =1d —Vp(t, us, X)L

T
+E f (1y)—1ig(vx1(s,us,xg,gg)+vxg(s,us,xg)nz[ng(s,us,xg,gg)])ds]. (2.4)
t

In particular, there exists a RP-valued cadlag martingale M" in H*?, vanishing at time 0, such
that (Y", M") is the unique solution in H*? x H*? of the following BSDE in (Y, M):

=AY, = (Vap(t e, XY+ Vit X, 1)+ Vg, XD [Vel(t e, X2, 20)]) e — dM,

Yr = Vo (X4, E [k(X3)|) + Vok(XHE [Vey (X5, E[k(X)])] (2.5)

Besides, for any u,v € ]Hﬁ;z, the directional derivative J (u,v) exists and is given by

T
j(u/ U) =E lf {lu(tl Uy, X?, gjt/[) +E [lg(tl Uy, X? g?):lgu(t/ Ui, X?) + (Y?—)T¢M(t’ Ut, X?)}Utdtl .
0

The proof is postponed to Subsection 4.1. At the optimal control u (wWhenever it exists),
the above derivative (i, v) must be 0, in any direction v € ]I—Ii;z. Take for instance v given

by:
v € [0/ T]/ O = lu(t; U, X;[/ 8_—1;) [ (t/ U, X;{I g ]gu(t Uy, XM) + (Yu )T¢u(t U, Xll)
which ensures that v € lH?,’2 under our assumptions. This justifies the following statement.

Theorem 3 (Necessary condition for optimality). Under the notations and assumptions of
Theorem 2, if a control u € ]H?f is optimal, then there exists a unique couple (X”, Y“) € HY2xH>?
fulfilling (2.1) and (2.4) such that

Lt 1y, X, 81 + [ Lg(t, 1y, X2, 39| ult, e, X2) + (V) bt e, X) = 0 (2.6)
holds dt ® dIP-a.e.
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2.4 Solvability of the MKV Forward-Backward SDE

Our aim is now to provide sufficient conditions to ensure existence of solution to the
system of forward-backward equations (2.1)-(2.4)-(2.6), which we call MK-FBSDE. For
this, we strengthen previous assumptions.

(H.L.2) (H.I) holds and there exist constants C;, . where * stands for x and g, and x stands
for u,x or g such that:

IVt w,u1,x1, §1) = Val(t, @, u2, X2, 32)| < Cp, il — iz + Cp x|y — 22| + Cigl81 — S2l,

IVel(t, w, u1,x1, §1) — Vl(t, 0, uz, %2, $2)| < Cip [un — ta| + Crpulxts — x| + Cip gl 1 — 32

holds for any (u1, ty, X1, %2, §1,§2) € R? X R X R? x R? X R7 X R7, dt X dIP-a.e..
(H.g.2) (H.g) holds and g is affine-linear in x, of the form g(t, u, x) = agg)x +b&(t, u).

(H.¢.2) (H.y) holds and there exist constants Cy, , where * and * stand for x or k such that:

IVap(x1, k1) = Vep(xo, ko)l < Cy, el — 20| + Csz,klkl - kal,
|V121/’(x1,7<1) = Viy(xz, ko)l < Cypalxr — xo| + Clp;(jcll_cl — kol

holds for any (x1, x2, k1, k) € R? X RP x R" X R, dt X dIP-a.e..
(H.k.2) (H.k) holds and k is affine-linear in x, of the form k(x) = a®x + b®.

(H.¢.2) (H.¢) holds and the dynamic of X" is affine-linear in x, given by ¢(t, u, x) = a§¢)x +
bO(t, u).

Observe again that this set of conditions is consistent with Example 1. We now aim at
establishing the solvability of the system composed of (2.1), (2.5) and (2.6). We are going to
show that this system has a unique solution for a small enough time horizon T, hence the
existence and uniqueness of a solution to the optimal control problem, under the sufficient
conditions of Theorem 10.

Theorem 4. Assume (H.1.2)-(H.g.2)-(H.y.2)-(H.k.2)-(H..2) hold. Assume furthermore that
there exists a P ® B(RP) ® B(RF) ® B(R7) ® B(IRY)-measurable function h : (t,w,x,y,§,A)
h(t,w,x,y,§, A) € R such that

L(t, e, XY, 38) + B L(t 10, XY, 3|9t e, X2) + (V) pult,ug, Xi) =0, dP@dt - ace.
= u =h(tX!, Y, 3BVt w,u, X!, 30]), dPedt-ae. 2.7)
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If h is Lipschitz continuous in (x, y, §, A), with Lipschitz constants denoted by Cy, , Cuyr Chg Ci i
. 22
and if (h(t, ,0,0,0, 0))(%6? e HZ,

22 202
o - {]HP — Hy

4

u — 1
where

O, =iy = h(t, 0, X}, Y1, 3, B[ Veltt,u, X}, 31)|), dPedt-ae,

is well defined and Lipschitz continuous. If moreover,
Ch,gcg,u + Ch,/_\ (Clg,u + Clg,gcg,u) <1, (28)

then for T small enough, © is a contraction and therefore has a unique fixed point u*. In that case,
there exists a unique u € lI—If[;2 satisfying (2.1)-(2.5)-(2.6) and u = u*.

The proof is available in Subsection 4.2. Regarding the proof of a fixed point when the
time interval [0, T] is arbitrary large, observe that, as a difference with [PT99] and [DGO06]
for instance, in our setting we can rely on a monotonicity condition of the drifts, nor a
non-degeneracy condition. This is why we shall restrict to small time condition.

Remark 5. If one can exhibit a P ® B(R”) ® B(RP) ® B(R7) ® B(RT)-measurable function h such
that for all (i1, x,v,§, 1) € R x R? x R" X RT X IR%:

dP®dt —ae., L,(t,w,i,x,3) + ATgu(t, 0,1, %) + Yy ¢ (t, w,,x) =0
— dPedt—ae,i=h(t,w,xy,gA),

then (2.7) is satisfied with the same function h.

2.5 Existence and uniqueness of critical point do not necessarily imply
existence of a minimum

If there exists a unique solution to the first order optimality condition (unique critical
point), and under other assumptions like continuity, growth properties, it is tempting
to conclude that this point is a minimum. However, this is not necessarily the case in
infinite dimension. This section aims at clarifying this fact by providing an example’
where continuity, coercivity and unique critical point are ensured, but without existence
of minimum. Therefore, extra conditions are necessary to get the existence of a minimum,
see later the discussion in Section 2.6.

2Such examples might exist in the literature, but we have not been able to find a reference for this.
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Proposition 6. Set

- L2:=L*([0,1],R) +~R
: 1
u = (il =17+ [} thuPt

Then F satisfies the following properties:
1. Continuity: F is continuous
2. Coercivity: F(u) tends to +00 when ||u||1L% tends to +oo

3. Existence and uniqueness of critical point: F is Gateaux-differentiable and has a unique
critical point.

However, F does not have a minimum.

The proof is postponed to Subsection 4.3. The function F defined in this example cannot
be quasi-convex (and a fortiori F cannot be convex), since it would then have a minimum,
as stated in the next section.

2.6 Existence of an optimal control

We now give sufficient conditions for the existence of an optimal control, i.e. existence
of a minimizer of J. In such a favorable case, and if the necessary optimality conditions
(2.1)-(2.4)-(2.6) have a unique solution u*, then u" is the unique minimum of J. We start
with a general result.

Theorem 7. Let E be a reflexive Banach space, let F : E — R be a lower semi-continuous,
quasi-convex function which satisfies the coercivity condition limy,, -+ F(u) = +00. Then F has
a minimum on E.

Proof. We adapt the arguments of [Brel0, Corollary 3.23, pp.71], where the operator con-
sidered is assumed to be continuous and convex. However, the hypothesis can be relaxed
to lower semi-continuity and quasi-convexity of the function F, since we only need closed-
ness and convexity of the sub-level sets rﬁ? :={u € E|F(u) < a} forall « € R. O

Let us add a few comments. In the finite dimensional case, any lower semi-continuous
and coercive function has a minimum (since any closed and bounded set is compact). In
the infinite dimensional case, the example in Subsection 2.5 illustrates that this may be not
the case without the quasi-convexity assumption. Besides, note that without the coercivity

15



condition, the existence of minimum may not hold, even in finite dimension (take E = R
and F(x) = exp(x)). Moreover, without the lower semi-continuity of F, the result may fail
as well (take F : (—o0,0] = R defined by F(x) = |x|1,<o+ 1,=0, which is coercive and convex).

Apply the previous result with E = H*?> and F = J: E is an Hilbert space, thus a
reflexive Banach space. The functional (J is continuous, hence lower semi-continuous.
Therefore, we have proved the following.

Corollary 8. Assume that J defined in (2.2) is quasi-convex and that limyu_,, -+ J (1) = +00.
Then the optimal control problem has a solution u* € ]I—Ii;z.

2.7 Sufficient condition for optimality

Let us now give conditions under which the necessary optimality conditions are sufficient.
Additionally to (H.x)-(H.D)-(H.g)-(H.}))-(H.k)-(H.¢»), we assume the following conditions.

(Conv)
L3 —-R
1. The mapping 7 :{ is convex.
X e EXERXD]
H? x H*? — R
2. The mapping 7 :{ * T B _ is convex.
(ul X) = J;) IE [l (tl Uy, Xt/ IE [g (tl U, Xt)])]dt
, [0, TIXR*xR’ — R e ,
3. The mapping: ¢ : is affine-linear in (1, X).
(t,u, X) = O(t, u, X)

Lemma 9. Under (Conv), J is convex. If furthermore, I is strictly convex in i, or 1 is strictly
convex in X and ¢, has full column rank (which implies p > d) for almost every t in [0, T], then J
is strictly convex.

Proof. Under the assumptionon ¢ : u — X" is affine-linear. This yields the first result using
the fact that a composition of an affine-linear function by a convex function is convex. If
I is strictly convex in u then so is . If ¢, has full column rank, u + X" is an affine-linear
injection and if besides 7 is strictly convex in X, we get that 7 is strictly convex. O

Let us emphasize the difference with usual stochastic maximum principle (wWhen distri-
butions do not enter in the cost functions). In that case, i.e. without the dependence w.r.t.
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E[g (¢, i, X;)] of the running cost and w.r.t. E[k(X)] of the terminal cost, the sufficient
optimality condition is the affine-linearity in (1, X) of ¢, the pointwise convexity in (u, x) of

(t,u,x) = I(t,u,x),

for any t and the pointwise convexity of 1 in x.
In the current MKV setting, it would be tempting to require:

E:(tu,x) = I(t,u,x, E[g(t u,x)])
to be convex in (1, X) € IL? X ILZ, for any t and
X - (X, E [k(X)])

to be convex in X in IL§,. However, even for the simple linear-quadratic case withd = p =
g=1,1e.

It,u,x,3) = (1+x)u? -« g(t,u,x) =u, Ot u,x) = u, Y =0,

with parameter x > 0, this fails to be true. Indeed, denoting C(u) = &(t, u, x), we get:

C(ul + Uy

T2 = 2 Q)+ L)) = (<CB Ly = 1) = (14 s = 12?).

Now if u; is a Bernoulli random variable with parameter %, and u, = —uy, then on the set
{w : uy(w) = uy(w) = 0} of positive probability, the above equals § > 0, which violates the

convexity condition for these w. On the contrary, E [C(“lz“z) — C(“l);q”ﬂ] <0 forx >0, and
it is easy to see that [E [C(u)] is convex in u, for such «. This discussion clarifies better why
the correct convexity condition for the integrated Hamiltonian 7 or the point-wise one H
is in expectation and not w-wise, as stated in (Conv).

We now summarize all the results for having existence and uniqueness of an optimal
stochastic control. This is one of the main results of this section.

Theorem 10. Assume (H.x)-(H.1)-(H.g)-(H.))-(H.k)-(H.¢)-(Conv) hold.

1. If J defined in (2.2) satisfies the coercivity condition:

lim  J(u) = +oo,

llutlly2,2 —+00

then there exists an optimal control u* € H2?, i.e. a minimum of J on H>.
P P
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2. u* is an optimal control for the problem (2.2) if and only if there exists (X*, Y*) € H®?xH>?
such that (u*, X*, Y*) fulfills (2.1)-(2.5)-(2.6).

3. If J is strictly convex, then it admits at most one minimizer.

Proof. 1. This is a direct consequence of Theorem 8 and Lemma 9.

2. If (u*, X", Y"") satisfies (2.1)-(2.5)-(2.6), then J (u*,v) = 0 for any v € H};> according to
Theorem 2. Besides, under our assumptions, J is convex and therefore, for all v € ]I—I;;2
and t € (0,1],

Ju* + Ho —u*)) - J )
p :

By taking the limit when t — 0, we obtain J(v) — J (u*) > JWw*,v—u*) = 0, hence the
optimality of u*. The direct implication = has been established in Theorem 3. m|

J@)-JWu*) 2

3 Effective computation and approximation of battery con-
trol

3.1 Model/Context

For simplicity, we assume one-dimensional processes (p = g = r = 1), but the results can be
easily extended to any dimension, since the arguments are based on the solution of Linear-
Quadratic FBSDE, which are well known (see [Yon06]). Let us consider the following toy
problem:

. r grid,u !’l 2 v U 1 g grid,u grid,u y U 1 g
min [E . Ct—Pt_ + Eut + E (Xt - E) + Z(Pt— -E [Pt— ]) dt + E (XT - E)

2,2
ue]HP

t
U — ne 1
ot {Xt =X—g5— fo usds,

a
Pyt = pload — .,

This model is the same as the one presented in the introduction and has the same inter-
pretation. We consider the following hypothesis:

(Toy)
1. The parameters u, v,y are deterministic and satisfty 4 > 0,v >0,y > 0.

2. The mapping [ is deterministic, convex, continuously differentiable with the growth
condition |I’(x)| < C; (1 + |x]) for all x, for some constant C;, > 0.
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3. Plod € H22, C € H22,

Under assumptions (Toy), (H.x)-(H.D-(H.g)-(H.})-(H.k)-(H.¢)-(Conv) hold. Besides, one
can show the strict convexity of . Then, it remains to apply Theorem 10 to conclude the
following.

Proposition 11. Under assumptions (Toy), there exists a unique optimal control u € ]H?;z.
Besides, there exist unique processes X" € H*? and Y* € H*? such that (u, X", Y") satisfies the
following McKean-Vlasov Forward Backward FBSDE:
t
Xt =x—z— [ uds,
T
Y' = E, [ [Fvexe = Dyds + (x2 - %)] (3.1)

o = 1 (P [P )+ [ (P [P )] = 2

Although we can derive specific results for the control problem under assumption (Toy)
(see Propositions 11 and 13), solving explicitly the system (3.1) remains difficult for general
convex I. To get approximation results, we consider a specific form of [.
(ToyBis) The mapping [is given by I(x) := 5x? + W(XQZ with A >0, |¢| < 1.
From the application point of view, the relevant case is ¢ > 0, as introduced in (1.2). Under
assumptions (Toy) and (ToyBis), the last equation in (3.1) writes:
(A + oy = AE [w] = Co — AP = E[P]) — e(A + ) (P — u, — E [P} — ut])+
Yll
load load _ t—
e [P B[P u]) ] = g

We now provide a first order expansion of the solution of this problem with respect to the
parameter ¢ — 0.

3.2 Computation of first order expansion
3.2.1 Preliminary result

The computation of a first order expansion of the solution of the MKV FBSDE (3.1) will
rely extensively on the following result.

Proposition 12. Let a,b,c, e, f, g be deterministic real parameters witha > 0, g > 0, b > 0 and
e > 0. Let (h); be a stochastic process in ngf and xo € 1L2(Q) be Fo-measurable. Define:

6, %(1+e\/§)exp(\/ﬂg(T—t))+%(1—e\/§)exp(«/@(t—ﬂ) ifb>0, (32)

eag(T - +1 ifb=0,
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do; 1

pr = —E@, (3.3)
1 T
TG = 5 (f - f (aps]Et [hs] - C)@st) . (34)
t t
Define x, y and v by:

t
Xy = xog—; - fo (agms + ahs)g—ids,
Ye = PeXe + T, (3.5)
U = gpexy + T4 + hy

Then (x, y,v) is a solution in H*? x H*? X I[—Igzl;2 of the Forward-Backward system:
Xp = Xog — fot avyds,

v = [ftT(bxs + c)ds + ext + f], (3.6)
Oy = Y- + ]’lt.

Besides, for T small enough, this solution to (3.6) is the unique one in H*? x H*? x ]I—I;;z.

The proof is postponed to Subsection 4.4.

3.2.2 Average processes

We introduce the following notations for the average (in the sense of expectation) of the
solutions of (3.1):

ii :=E[u], X :=E[X], Y:=E[Y], C:=E[C].

By taking the expectation in (3.1), we immediately get the following simple but remarkable
result.

Proposition 13. Assume (Toy), (i1, X, Y) solves

X = E[x] - & [ iids,

— T _ _

Yi= [ v(X - Dds+y(Xr-1), (3.7)
- Yf, Cf,

ut - ,Usmax 7

In particular, (i, X, Y) does not depend on 1.

Note that the FBSDE (3.7) is explicitly solvable, as a particular case of Equation (3.6)

; — — _1 — — _V 5, — - _7 — _1 — G
w1thxo.—x,a—8max,b—v,c— se=y, f= 2,g—Hgmxandht—M.
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3.2.3 Notations

From now on, assume that (Toy) and (ToyBis) hold. From Proposition 13, (i1, X, Y) does
not depend on ¢. We denote the processes 1, X" and Y* by u©), X© and Y respectively
to insist on the dependency w.r.t. the parameter ¢. For the ease of the proofs, let us define
the recentered processes

WO =y _ g, XMO = XO X, yMO = YO Y,
ploadA ._ pload _ g [pload], c*:=Cc-E[c].

We now seek a first order expansion of the solution of (3.1) w.r.t. ¢, as ¢ — 0, and
equivalently, we will perform it for the recentered processes, by showing

ub =y 20 4 et o(e),  XMO=XM0 4 eX t+o0(e),  YMI =YAO 4 eY +o(e),

where 1, X and Y are suitable processes in ]I—Ii2 x H*?* x H?? (independent of ¢) and the
convergence o(¢)/¢ — 0 as ¢ = 0 holds in H**-norm.

3.24 Thecasec=0

We analyse the terms u©), X2 and Y*© for ¢ = 0. The solution to (3.1) for ¢ = 0 is
unique owing to the strict convexity property, and writes

X =x- g fot uds,
T
YO = E, [ JvxO = Dds +y (xP - ;)] (3.8)

0
s

(A + ) — Aty = € — APy = 2=,

Using the notation with the recentered processes, we easily get the above representation.
Proposition 14. Assume (Toy) and (ToyBis). We have

u® =420 4 g, X0 = x40 4 X, YO = y2O0 4y,
where (i1, X, Y) solves (3.7) and (u©, X©, YO solves

A0) _ 1 £ A(0)
X, —x—lE[x]—%fo ug,"'ds,

A0 T A0 A0

YO = E, [ft vXOds +y X3 )], (3.9)
AQ0) Yf;m) A +)\P}f’z‘°"A

W = T Emm At

Observe that the FBSDE (3.9) is known in a closed form, as a particular case of Equation

. CA 4 pploada
(3.6)W1thX0 = O,a = i,b :v,c:O,e:y,f:O,g: m andht = t#
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3.2.5 1% order expansion

We now expand the solution (3.1) at the first order as ¢ — 0: recall it writes
X9 =x- -~ fot uds,
T
Y = E | J vl = Dyds +y (x§ - %)]

/\Pload,A

(€)
€ _ A = G AP _ load A _  Afe) loadA _ ,Afe) _ Y~
u, il /= - (Pt_ u, )+ + ¢lE [(Pt_ u; )+] = e

From Proposition 13, the average processes i, X and Y are independent of ¢, therefore we
are reduced to expand the recentered processes.

Proposition 15. Assume (Toy) and (ToyBis). Define the finite differences

M) _ yMO) AE) _ XMO) A _ Y0
MCI il e (P S SUSE 7 C I St Sy

e e e
which solve

() _ 1 t ()
X = _@fo 1, 'ds,

VO = B [ vxOds + %9 (3.10)
(&) _ Y(L) load,A _ Afe)) _ load, A _  Afe)
ut (A+y)8max + (Pt_ ut )+ IE I:(Pt_ Mt >+]

Besides, for small enough time horizon T, (1©), X©, Y'©)) is uniformly bounded in ]I—I;;2 x H?2 x H%*?
as e — 0.
Define (i1, X, Y) as a solution (unique when T is small enough) to

Xt =1 ft ust,

Emax JO
Y, =, [ftT vX, + yXTds] (3.11)
i = g + (P2 =), B[(peeet - ) .

Then, for small enough time horizon T, the finite differences (19, X©, Y©) are close (at order 1 in
e)to (1, X,Y):

1129 — dillg2 + [1IX© = Xllgez + 1Y® = Y2 = O(e).
P

The proof is postponed to Subsection 4.5. Note again that the FBSDE (3.11) is explicitly
solvable, as a particular case of Equation (3.6) with xp := 0,4 = 84, b=v,c=0,e=y,

0a A, 0 oad, A0 max
f =0, 8= (/\+y)8 and h; = ( PO Uy ( ))+ -E [(P;L— W Uy ( ))+].
Collecting all ‘the previous results, we get the following theorem, which fully charac-

terizes the first order expansion of the solution to the control problem.
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Theorem 16. Assume (Toy) and (ToyBis) hold. For small enough time horizon T, the unique
solution (¥, X, Y©) in H;? x H*2 x H2? of the control problem can be expanded at first order
w.r.t. € (with error of second order): as ¢ — 0

w9 =u%+ e+ 0%, X9 =XO+eX+0(),  YO=YO+eY+0@),

where errors O(e?) are measured in H>?-norm, (u©@, X©, YO) = (7 + u»0, X + X240 Y + yMO),
with (i1, X,Y) the solution to (3.7), (u™©®, X2 yAO)Y the solution to (3.9) and (11, X,Y) the
solution to (3.11).

We shall emphasize that these expansion terms are FBSDE's of the form (3.6) for different
input parameters (see Table 1) and thus they are explicitly solvable.

The previous approach can actually be extended to a second order expansion or even
higher order, but it would lead to more and more nested FBSDEs: on the mathematical
side, there is no hard obstacle to derive these equations under appropriate regularity
conditions. The concerns would be rather on the computational side since it would
require larger and larger computational time. In the further experiments, the current first
order expansion seemingly gives already excellent results in terms of reducing the highest
values of Porid — g [porid],

3.3 Effective simulation of first order expansion of optimal control
3.3.1 Models for random uncertainties

We assume the electricity price C is constant (C = C and C* = 0), and we suppose P
is given by plead = peons _ psun yhere P<"S and PS*™ are two independent scalar SDEs?,
representing respectively the consumption and the photo-voltaic power production. For
the consumption P*°"*, we simply use an Ornstein-Uhlenbeck model, i.e.

deonS — _pCOHS(PfonS _ pfons,ref)dt + U;:OnSth(2)- (3.12)

Regarding the PV production, we follow [BGGK18] by setting Ps*" = Ps"»"*Xs¥" where
pswemax - [0, T] = R is a deterministic function (the clear sky model) and X" solves a
Fisher-Wright type SDE which dynamics is

deun — _Psun(xfun _ xtsun,ref)dt + Gsun(xfun)a(l _ xtsun)ﬁdwil), (3.13)

Swe consider Brownian SDEs for simplicity, but note that the current setting allows more general pro-

cesses.
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with a,f > 1/2. As proved in [BGGK18], there is a strong solution to the above SDE and
the solution X" takes values in [0, 1].

Since the drifts are affine, the conditional expectation of the solution is known in closed
forms (this property is intensively used in [BSS05]):

PSLII'[ S
]Et [PSSUI\] — (m exp(_psun(s _ t)) + f psunxiun,ref exp(_psun(s _ T))dT) Pssun,max, (3.14)
t t

]Et [Pscons] — P;:ons exp(_pconS(S _ t)) + f pconsp(T:ons,ref exp(_pcons(S _ T))d’[, (315)
t

for s > t. This will allow us to speed up computations of the conditional expectations

E; [P1°2%] as required when deriving the optimal control.

3.3.2 FBSDE Parameters

Algorithm 1 Sample of a path of (x, y, v), solution of (3.6)

: Inputs: xo € L2,a>0,b>0,ceRe>0,f €R,¢g>0,he HY, Nr >0
: Sample x; and set X(0) « xo. Set 7 = 5.
: forn=0,..,Nr—1do

Compute the conditional expectations (IE,.:[/15])nr<s<T

1
2
3
4
5. Compute 1t(n7) by numerical integration, as given in (3.4)
6
7
8
9

Compute p(nt) as in (3.3)
v(nt) « gp(nt)X(nt) + gr(nt) + h(nt)
x((n + 1)7) « x(nt) —av(nt)t
: end for
10: return (x,y,0)

Proposition 12 is repeatedly used to solve the affine-linear FBSDE's (i, X,Y),
w0, X0 yAO0)y and (i1, X, Y) arising in the first order expansion of the optimal con-
trol w.r.t. ¢ (see Theorem 16). In Algorithm 1 we give the pseudo-code of the scheme used
to compute solutions of the FBSDE of the form (3.6).

In Table 1, we give the correspondance between the input parameters (a,b,c,d, e, f, g, h:)
for the generic FBSDE of Proposition 12 and the parameters defining the 3 FBSDE’s.
Merged columns indicate common values of parameters. As the data involved in the
system defining (i, X, Y) is deterministic, one only needs to perform numerical integrations
to compute 7t and therefore (i, X, Y). For (u™®, X*©,y20) and (1, X, Y), it becomes a bit
more involved. Let us provide some details on the implementation.
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e 1
‘Smax

b v
c ‘TV \ 0
e )4
fl = 0

1 1
g ‘Usmax (/\+‘Ll)8max

G A +Ap[oadA load,A . A0) load,A . A0)
h j t /\"';1 (Pt— — W )+ —E [(Pt— — W )+]

Table 1: Table of parameters needed to compute the expansion terms

e For the computation of (u©, X4©, YA0), the conditional expectations (IE,.[hs])r<s<r

are given by affine-linear combinations of P;>** and P;*" with deterministic coeffi-
cients, depending on s and 1, by assumption on our models for P<"* and P**" (see
(3.14)-(3.15)). Therefore, n(nt) is also given by an affine-linear combination of P;>"*

and P;2" with deterministic coefficients. This allows to speed up Steps 4 and 5 in
Algorithm 1.

e For the computation of (1, X, Y), the conditional expectations (]ElnT [(Psl"'a‘d’A — uSA,(O))+])nT<s<T
at Step 4 is estimated by Monte-Carlo methods. The procedure for doing so is given
in Algorithm 2. This Step 4 has a complexity of order O((N1—n)M,), which is the most
costly Step in the loop of Algorithm 1; hence sampling (i1, X, Y) has a computational
cost of order O(NZM).

3.3.3 Numerical values of parameters

We report the values chosen for the next experiments.

Parameters for smart grid. We consider the following values for the time horizon, the size
of the storage system and the initial value of its normalized state of charge.

Parameter | T SEmax X
Value 24 h | 200 kWh | 0.5

Parameters for uncertain consumption/production. The following table gives the values of
the parameters used in the modeling of the underlying exogenous stochastic processes
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Algorithm 2 Evaluation of (IEm (Pi oadh _ usA '(0)) +]>

s=nt,...,NTT

nt

form=1,..., M, do

Inputs: n < Ny, X3/0, psun pload
Initialization: (R[n],R[n + 1], ..., R[N7]) « (0,0, ...,0).
Compute u*®(n1) using a similar procedure as in Algorithm 1.

R[n] « (P}lgad,A . uA,(O)

).

fork=n+1,..,Nrdo
Sample (P>"¢, P;") conditionally to (
dently from all other random variables simulated so far.

My>0

PCOIIS

G-ty P

)T) using (3.12)-(3.13), indepen-

8: Compute ufT’(O) with Steps 5 to 8 of Algorithm 1 with the data of the FBSDE (3.9).

kt

Compute X]i’(o).
9 R[k] « RIk] + 5 (P -
10:  end for
11: end for

12: return (R[n],R[n +1],..., R[N¢])

),

impacting the system. The consumption and production magnitudes could be attributed
to large industrial districts.

psun psun 0.75h~1
tsun,ref 0.5
osun 0.8
N 0.8
B 0.7
psun max see Figure 2a
peons peons 0.9h71
pcons,ref see Figure 2b
o%ns | 0.2(p<™™f — 015 kW) + 0.05 kW

In Figure 2, we plot the time-evolution of the deterministic functions P***"#* and p

cons,ref
4

10 independent samples of processes P> and P<°"*, and the time-evolution of quantiles
(computed with M; = 100000 i.i.d. simulations).

Parameters of input data and optimization problem. The values of the parameters of the
optimization problem are chosen such that:

1. the state of charge of the battery remains close to a reference level, which we set to

0.5,

26



Psunmax (kW)
E K oBH ®o=

wn

(a) Time evolution of PS*"™¥* accounting for

clear sky model

Time {h)

30 q
=
20
s
=15
z
o m ]
5 4
0 4
0 5 10 20 5
Time {h)
(c) Example trajectories of PS™*
Percentiles of PV production
=
20
215
£
£ 10 A
5 4
D 4

Tirme {h)

T
20

(e) Time evolution of quantiles of P5*"

peonsref{kW)

Time (h)

(b) Time evolution of p°®**¢f, accounting for

intraday peaks
45
40 4
35 4
2 x|
z
E 25 4
20 4
15 4
0 5 10 15 20 P
Time (h)
(d) Example trajectories of P<°"®
Percentiles of consumption
40 4

Power (kW)

D 5 10 15 0 3
Time (h)

(f) Time evolution of quantiles of P°"*

Figure 2: Graphical statistics of the evolution of P*" and P<°"*
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2. we observe a clear reduction of the random fluctuation of P94 on the time interval.

The following table gives the values of the parameters of the cost functional of the control
problem.

Parameter | ¢ A U v )4 C
Value 0.2 0.49 0.01 0.1 500 0.27
Unit - | euros. kW2h! | euros kW=2h™! | euros.h™! | euros | euros.kW.h™!

Time discretization. The average processes (ii, X) are computed explicitly (up to numerical
integration), while the recentered processes (u©, X2©) and first order correction pro-
cesses (11, X) are computed using discretization schemes (detailed in Algorithms 1 and 2)
with time-step equal to 0.5h.

Monte-Carlo simulations. To compute the first order correction, we need Monte-Carlo
estimations, as explained in Algorithm 2. We choose M, = 4000. For assessing the
statistical performances of the optimal control associated to a symmetric loss function
(¢ = 0), we consider M; = 100000 macro-runs. Among those M; trajectories, we only
consider the first M, = 4000 trajectories for the computation of the first order corrections
associated to € = 0.2.

3.3.4 Results from the experiments

Computational time. The simulations have been performed on Python 3.7, with an Intel-
Core i7 PC at 2.1 GHz with 16 Go memory. We have computed the optimal control
associated to a symmetric penalization of deviations of P9**¢ from its average (¢ = 0) and
for M; = 100000 i.i.d. simulations, which takes about 3 seconds. The computation of the
first order correction when ¢ = 0.2 for M, = 4000 i.i.d. simulations takes about 80 minutes.

Reduction of fluctuations. We plot the time-evolution of quantiles (see Figure 3) of the
power supplied by the network in 3 cases: using no flexibility, with optimal control of
the battery with ¢ = 0, and with the approximated optimal control associated to ¢ = 0.2
respectively. The comparison of the first graph with the two others shows that the quantiles
are much closer to each other in the case of storage use, meaning that the variability of the
power supplied by the grid has been much reduced, as expected. However, the difference
between the optimal control with symmetric and asymmetric loss functions is not much
visible on these plots.

Impact of first order correction. Overall, the effect of the first order correction # (which has
theoretically an average value of 0), is to lower the probability of large upper deviations of
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Figure 3: Quantiles of P%*¢ as a function of time

Porid from its expectation. This is quite visible if we plot the time-evolution of quantiles of
the deviations P914(t) — IE [P9"4(1)] for the case ¢ = 0, in green in Figure 4, refered as "LQ"
and ¢ = 0.2, in red, refered as "First Order Correction". In Figure 4, we have represented
from top to bottom, the quantiles of P9°4(t) — E [P9"*4()] associated to levels 99%, 95%, 80%,
50%, 20%, 5% and 1%. We observe that the empirical estimations of the lower quantiles
are left unchanged, while the upper quantiles 99% and 95% have been notably decreased,
which was the effect sought by the choice of this loss function. To have a even more
clear visualization of the change of distribution of the deviations P9*¢ — [E [P9"*¢], we have
represented the empirical histograms of P9*4(T) — IE [P9**4(T)] for both cases ¢ = 0 in Figure
5a (M; = 100000 i.i.d. simulations) and ¢ = 0.2 in Figure 5b (M, = 4000 i.i.d. simulations).
Observe that the impact of the first order term is to break the symmetry of the distribution
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Figure 4: Time evolution of quantiles of deviations P14 — [E [p9rid]

around 0, and to reduce the probability of the highest values of P9"*4(T) — [E [P9"4(T)].
These results suggest that we have reached our goal of reducing the probability of high
upper deviations of P9 from its average.
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Figure 5: Empirical histograms of deviations P94(T) — |E [P91%(T)]

Distribution of state of charge of the battery. As the first order correction term has only minor
impact on the distribution of the state of charge of the storage system, we only consider
the case with ¢ = 0 in this paragraph. Figure 6 shows the time-evolution of the quantiles
(levels 95%, 50%, 5%) of the state of charge of the battery with ¢ = 0 for several initial
conditions on the state of charge of the battery, namely x, = 0.75, x, = 0.5 and x; = 0.25.
What we observe is that independently on the initial condition chosen, the state of charge
remains between 0.15 and 0.75 with high probability. Besides, the terminal distribution of
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the state of charge is quite independent from the initial condition: the terminal values of
the quantiles (levels 95%, 50%, 5%) of the state of charge are almost the same, for all initial
conditions xy = 0.75, xo = 0.5 and x(, = 0.25. This is presumably due to the term in the cost
functional which penalizes the deviations of state of charge from a medium value (here
1/2).

Percentiles of state of charge of the battery (order 0)

— x0 = 0.75
— a0 =05
vk} — x0 =025

State of charge of the battery

Time (h)

Figure 6: Time evolution of the empirical quantiles 95%, 50%, 5% of the state of charge of
the storage system

4 Proofs

4.1 Proof of Theorem 2

a) Observe first that, in view of (H.¢)) and Lemma 17, L and (L*)~! are uniformly bounded
by a constant dt x dIP-a.e (take A : (t,w) = V.{(t,w,u;, X}')). Therefore, and owing to
(H.x)-(H.D)-(H.g)-(H.y)-(H.k)-(H.¢), the random variable inside the conditional expecta-
tion defining Y in (2.4) is bounded by

Ty :=Cr (CY + X§| + E[Ik(O)/] + E [|x4]])

T
+Cr f (C7s) + 1X¢1+ sl + E [1g(s, 0, 0)[] + E [lus[] + E[IX!] + E[C"(5)]) s
0

for some constant Cr depending on the bounds in (H.x)-(H.1)-(H.g)-(H.)-(H.k)-(H.¢).
Hence by the Cauchy Schwartz inequality, for some other constant Cr:

E [Ir:F] <cr (E [(c§f>)2] +E[Ixi?] + E [|k(0)|]2)
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wer |, ([(c00) |+ Elists, 0,008 + ] + E 1] as.

Note that this bound is finite and independent from ¢ (since Cff) € ]Lé, X* e H®? c H??,

k(0) e L', C\” € H??, g(-,0,0) € H?' and u € H??). Consequently Y* € H?.
b) Now observe that, by definition of Y*,

N = Loy + f t LY(Vil(s, s, X2, 34)+ Vg (s, s, X)E [ Vil(s, us, XY, 3)|)ds = I, [Ny, (4.1)
0

with N’ square integrable (using the same arguments as before) and therefore, N* is a
cadlag martingale in H*?2. As a by-product, we obtain that Y* is a semimartingale, which
dynamics has now to be identified.

c) Tojustify that Y* defined in (2.4) solves the BSDE (2.5) for some M*, left-multiply both
sides of (4.1) by (L*)7}, then apply the integration by parts formula in [Pro03, Corollary
2, p. 68] to (L*)"!N" and use the fact that (L*)"! is continuous with finite variations.
After reorganizing terms and using that N" has countable jumps, we retrieve (2.5) with
My = foi (L*)"'dN* (which is also a cadlag martingale in IH*?, see [Pro03, Theorem 20
p.63, Corollary 3 p.73, Theorem 29 p.75]).

d) We now claim that the solution (Y, M) to (2.5) is unique in H*? x H*?, and thus given
by (Y*,M"). In fact, the uniqueness is a classical result for linear BSDE, see for instance
[EPQ97, Theorem 5.1 with p = 2] in our context of general filtration.

e) Let us now prove the last claim about J (1, v). We first study the differentiability
properties of X"**” with respect to ¢. In the following computations we use different
constants which we denote generically by C (although their values may change from line
to line), they do not depend on u, v, ¢, they only depend on T > 0 and on the bounds from
the assumptions (H.x)-(H.])-(H.g)-(H.y)-(H.k)-(H.¢). At this point of the proof, it is more
convenient to work with Jacobian matrices than with gradients (as in the statement). Only
at the very end are we going to make the link with Y* and go back to the gradient notation.
Set 0! := (t,u;, X}') and let Xf’” be the solution to the following linear equation

t t
X = f [gbu(Q;‘)vs + gbx(@Z)X;"”]ds = f (L' LEp,(01)vsds, 4.2)
0 0
since it can be noticed that L" is the unique solution of
u dL? u u
Ly =1d,, a —Li $(0),
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using Lemma 17 and V,¢ = (¢,)". Note, whenever useful, that fOT [vs]>ds < 400 a.s. since
v e H*. ‘

For ¢ # 0, set AX""* := XﬁT_Xf and RX/""* := AX[""* — X;"v: we claim that a.s. RX}""* — 0
as ¢ — 0,ie. X! is the derivative of X!*” at ¢ = 0. To justify this, we proceed in a few
steps. First the Taylor formula equality gives, for smooth ¢,

P(z,x") — p(z,x) = (fol Px(z,x + A(x" — x))d/\)(x’ -x) =@, (z[x, X])(x - x);
applying that to ¢, and ¢,, we obtain
AXI = fo | | (5, 1 + e, [XE, XUCDAXI + ¢, (s, [us, us + €0.], X1)o, [dis
= (W)_1 ‘fotwau(s, [us, us + €vg], X¥)vsds 4.3)

where L*?¢ is the unique solution of

S i
LV =1d

=1d,, Tl —L (cpx(s, Us + €0, [X;‘,X;‘“”])).

By hypothesis on ¢,, L" and (L*)™! are dt x dP-a.e. uniformly bounded by a constant.
Besides, (t,w) — ax(t, uy + evy, [XY, Xi*¢9]) satisfies the hypothesis of Lemma 17 with a
constant C independent from ¢. Therefore L*“?¢ is invertible and L*“*¢ and (L“**)! are
dt x dIP-a.e. uniformly bounded by a constant independent from ¢. From (4.2)-(4.3) and
using the fact that ¢, and au(-, [, u + ev], X") are dt X dIP-a.e. bounded by a constant
independent from ¢ (by hypothesis on ¢,), we derive

t

t
IAX; 4]+ X < C f [vs|ds, (4.4)
0

where C is a constant independent from ¢. With similar arguments, we can represent the
residual error RX** as follows:

t t
RX}"™* = f (17;"” + Ox(s, uS,X;‘)RXZ'”'g)ds = f (L}‘)‘lLZnZ'”'gds,
0 0
with L* as before and

Wo,E . UDE 1,0,€ 1,0,€
o =a T AXTT + By,
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" = (b ur + €0y, [XE, XD = alt, ur, X3,

U0, P

t = (Pu(tl [ut/ ut + éVvtjll X?) - (Pu(t; ut, X?).

By boundedness of L* and (L*)™!, and by (4.4), we have:

T T T
sqﬂRKWﬂSC([kﬁmma(f|wmg+cj‘WTﬂmmn
te[0,T] 0 0 0

for some constant C > 0.
By continuity of the state with respect to the control and continuous differentiability
of ¢ with respect to (u,x), " and p*"* converge point-wise to 0 when ¢ goes to 0 and

are uniformly bounded by assumption on ¢. Therefore ( fOT Iai"”’gldt) converges to 0 as ¢
goes to 0, by Lebesgue’s domination theorem. Besides, |*¢|[v| converges point-wise to 0
since {s € [0,T] : |vs| < +oo} has a full Lebesgue measure (recall that a.s. foT [os>ds < +00)
and is dominated by [v], which is a.s. integrable. Applying again Lebesgue’s domination
theorem yields the convergence of fOT 1B;""Ilve|dt to 0 when ¢ goes to 0.

Putting everything together, one gets that a.s. sup,yIRX{""| = 0 as e — 0, ie.
X\, = X" as.

f) We now switch to the differentiability of J (1 + ¢v) w.r.t. € at ¢ = 0. Similar arguments
as before yield

t
|&$Mﬂschmm, (4.5)
0
and for ¢ € [-1,1],

t
I X < |XE]+ |€AX?’U’£| < |X{|+ |AX?’U’S| < | XY+ Cf |vg|ds (4.6)

0

dt x dIP-a.e. for a constant C independent from ¢ € [-1,1].
The above, combined with X" € H*?, u € H>?, the smoothness of the functions [, g, {, k

with the bounds on their derivatives (assumptions (H.I)-(H.g)-(H.1)-(H.k)) allow to apply
the Lebesgue differentiation theorem and to obtain

T
T (u,0) = ]E[f0 (lu(e?zg?)vt 10, §)X“ + 1,(0", 3)E [gu(Gi’)vt + gx(Q?)X?'”])dt
(o  [rxp]) X+  x, E rocp ce]
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Using Fubini’s theorem and reorganizing terms, we get
. T
Ttw,0) = IE[ [ ({uez‘, &)+ E[161, g)]zu0 fo
0
+ {lx<6?,gi‘> +E [lg(ei‘,gt‘)]gx(ei‘)}Xi"”)dt
' {wx (xe, E[kx)]) + E [pe (x5, B [k(x;)])]kx(xg)}X;'”].
Apply now the It6 lemma to Y7 - Xf’” betweent =0and t = T, with

Y X4 = {¢x (X2, E[kx]) + E [ (x2, B [k(x;)])]kx(x;)}j(;'v, Yo XU =0,

note that X" has finite variations, combine with (2.5) and (4.2), and take the expectation:
it gives

] T
J(w,0)=E [ f {1(6r, 2+ E[15(61, 8 ]u(00) + (Y;‘)T@(@?)}vtdt].

The formula is also valid for Y} since the jumps of Y* are countable. Theorem 2 is
proved. O

4.2 Proof of Theorem 4

In the proof, T < 1 and C denotes a generic (deterministic) constant which only depends
on the bounds in the hypothesis (and not on T). For u¥ and u® in H??, if a process or
variable F* depends on u we write F) := F*" and F@ := F*. Besides, for any function,
operator or process F which depends on u, X,..., we write AF := F® — F),

The proof is decomposed into several steps.

1. First, notice that by our assumptions on ¢, L* (resp. L* = ((L*)™)7) (defined in
Theorem 2) is independent from u, therefore, we simply write L (resp. L) instead.
Using Lemma 17, L and L are bounded by constants.

2. Consider the application

22 oo,
o . H;" —H 2 |
u — X4
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It is well-defined, since we have already seen that X € H*? whenever u € ]I—I;;Z. We
want to show that ©® is Lipschitz continuous and its Lipschitz constant is such that

Cow(T) =O(NT) (T - 0).
Using assumption (H.¢.2) and computations as in (4.2):
AX; = jo‘ t Agds = j; t (a§¢)AXS + b (s, ugz)) — b, ugl))) ds
= j; t(Lt)‘lLS(b(q’)(s, u®) = b(s, ul))ds.

Therefore by assumption on ¢, we get

T
IAX? < C( f IAuslds)
0

< CT||Aulf?

2

T
SCTf |Aug|*ds,
0

whence, ||AX][? and the Lipschitz continuity of % as announced.

H2 22

. Now consider

2,2 00,2
o . ]I—IP —-H
u — YU

with Y* as in (2.4). Theorem 2 guarantees that @) is well defined. Let us prove that
it is Lipschitz continuous and its Lipschitz constant is such that

Com,(T) =O(VT) (T - 0).
Using the hypothesis on ¢, g and k and the notation 0} = (s, us, X¥), we get dP®dt—a.e.
AY, =E, |L'Lr (Vap (X2, E [k(XP)]) - Vap(XD, E [k(xX)])]

+]Et i i N [VW(X;m’ [k(Xg?))] )~ Vep(x®, 1E[k(X<1>)])”

ve| [ 1 S(VXZ(GS’,E[g(ef))])—vxzwﬁ”,lE[g(eS’)]))ds]

| Jt

+ [E; —‘[T it‘lis(aig))T]E [Vgl(9§2>,]E [g(@i”)]) _ Vgl(Qil),lE [8(921))])1015].
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Now, by owing to assumptions, the Cauchy-Schwartz inequality, the previous es-
timate on L, on its inverse and ||AX||g~2, the inequality | - [[pe2 < VTI| - ||gz~z, One
gets:

IAYI2,.. < C(E [1AXrP] + T {lAul,, + IAXIE,..}) < CTllAu|R

]H2,2 ]HZ,Z .
This yields the Lipschitz continuity of @) with Cem ,(T) = O ( T ) (T — 0).

4. Our goal is to prove that:

2,2 2,2
o. {]HP - HZ

7

u > 1
with

i =h(t X5, Y0, 8BVl u, XY, 31)])
X'=0%w, Y'=0"w), g =E[gtu,X))]

is well defined, Lipschitz continuous and its Lipschitz constant satisfies:
Cou(T) = CigCou + Cii (Cron + CigCou) + O(T) (T — 0).

By construction, i is progressively measurable and predictable. Besides, for u € ]Hiz,

T T
E [f Iﬁslzdsl < lElf (Ih(s, 0,0,0,0)| + (Cg + Cy,1Ci, 9 E[Ig(5, 0, 0)] + Cpul X5
0 0

+ Cig Y| + (CigCou + Cii (Cron + CrygCou) ) Elusl]
2

+(CigCou + Cit (Cror + CrogCox) ) E [|Xg|]) ds].

Using Minkowski’s inequality, this shows that the right-hand side is finite since
¢(-,0,0) € H>!, h(-,0,0,0,0), X*, Y and u are in H*>?, whence the well-definedness of
©. Similar computations give

T
1Adlge2 < (1E| f (ch,x|AXs| +(CngCou + Cii (Cigu + Ciy Cou) ) E 1 Au]
0

2 1/2
+ CiylAY ol + (ChgCo + Ciyt (Cror + Ci gCox) ) E [|AXS|]) ds])
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Again, from Minkowski’s inequality it follows that
A2 < (ch,gcg,u + Cia (Crou + clg,gcg,u))nAunHz,z + C(HAXlle,z + AY Jlgez2 ).

Using || - |[pe2 < VT|| - ||gg=2 and our estimates on [|AX||jz=2 and ||AY]p=2, we obtain
that ® is Lipschitz continuous and its Lipschitz constant satisfies:

Cou(T) < CigCou + Cii (Cron + CigCou) + O(T) (T — 0).
5. Under assumption (2.8), for T small enough, ® is a contraction in the complete space
lI—I?;2 and has therefore a unique fixed point u in ]H?;z.
6. To conclude, notice (2.1) - (2.4) - (2.6) are satisfied by (1, X*, Y*) with X" = @®(u) and
Y* = @Y (u) if and only if u is a fixed point of ©. O
4.3 Proof of Proposition 6

> The continuity and coercivity of F are obvious. Similar computations as in the proof of
Theorem 2 show that F is Gateaux-differentiable and that the Gateaux-derivative of F at u
in direction v is given by:

1 1 1
F(u,v) = 4(||u||i2 - 1)f uyodt + Zf tu,v,dt .= f F (u);v,dt,
1 0 0 0

where ¥ : IL? > 1.2 is defined by F (1) : t - (4(||u||i% -1+ 2t)ut.

o> Let us identify the critical points u* € IL}: for such element, we must have F(u*, L(u*)) =
j(;l |F (u*)i[*dt = 0, which implies (4(”1’[*”;2 —1)+2tur = 0a.e. on [0, 1]. Clearly, it leads to
uy =0a.e. on[0,1] and therefore, 0 is thelunique critical point of F.

> Let us show that infuel% F(u) = 0. Since F takes values in IR*, it is enough to exhibit a
sequence u € IL2 s.t. F(u™) — 0 as n — +co. Define, ¥n € N,

u™ st Vi + 1]1[0/%](15).

Then,

1 - 1 o 1/(n+1) 1
[\ Pdt = 1, f HuPdt = f (n + Dtdt = ,
fov ' 0 : 0 2(n+1)

38




therefore F(u™) = 2(n ey 0, as it was sought.

> Last, we prove that the minimum is not achieved. Assume the contrary with the
existence of u* € IL? s.t. F(u*) = 0. We must have ll*llpz = 1 and Hu!* = 0 a.e. on [0,1]:
the second condition requires u* = 0 which is incompatible with the first condition. We
are done, F does not have a minimum. m]

4.4 Proof of Proposition 12

Usual results about the solution to affine-linear FBSDEs hold for Brownian filtration, see
[Yon06] for instance. Here, we consider more general filtrations, but the arguments are
quite similar. For the sake of completeness, we give the proof.

The function 0 is the unique solution of the following affine-linear second order ODE

% — bag@t =0forte [0, T]/
07’21

do
Tile=r = —eag,

and does not vanish on [0, T] according to the sign conditions on the coefficients. We can
therefore define p as in (3.3). By standard arguments, one can check that p is the unique
solution of the following Riccati ODE:

%—agpt+b=0,
pr =e.

(4.7)

Besides, p and 0 are continuous and bounded on [0, T]. Define the following BSDE:

ﬁTzf/

which has a unique solution in H*?xIH>? (see [EPQ97, Theorem 5.1 with p = 2]) in our con-

{—dﬁt = —(ﬂgptﬁt + aptht - C)dt - th,

text of general filtrations. By the integration by parts formula applied to 7t; exp ( ftT a gpsds)
(see [Pro03, Corollary 2, p.68]), we get that 7t is also given by:

T
do. 1
:]Et[fexp( . dro. ) f(apsh -c exp(
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0 T 0,
=, [fé - I (apshs — c)adsl

T T
:e%(f - f (ap.EE; [hsl—cwsds):@%(f + f (é‘ffsﬂz [hs]—ces)d5)=ﬂt,

where we used the definitions of p and m.
We deduce that the process 7 also has the following representation:

T
1, = E; [f - f (agpsmts + apshs — c)ds]. (4.8)

We therefore have proved that 0 and p are bounded deterministic functions on [0, T], that
1t € H*2. From that and our assumptions on the data of the problem, it is clear that (x, y, v)
as defined in (3.5) belong to H*? x H®? X ]I—I;;z. In particular, v is predictable since x is
continuous by construction.

We now prove that (x, y, v) defined by (3.5) solves (3.6). By definition of y and v in (3.5),
we can check that:

Uy = gyt— + ht-

Define % the unique solution of the following affine-linear ODE:

t
X=X — f (agpsXs + agms + ahs)ds. (4.9)
0

It is also given by:

t t t
X = xpexp (— f angdT) - f {(agns + ahs) exp (—f angdT)} ds
0 0 s
'do. 1 f 'do: 1
= Xp exp (f(; T Q—Td’() - fo {(agns + ah) exp (f; T Q_TdT)} ds

' 0
= Xp— — f (agms + ahs)—tds
0 0

S

=Xt

hence, x is the unique solution of (4.9). Since 7 has countably many jumps and changing
the Lebesgue integral is left unchanged by changing the integrand at countably many
points, we then get by definition of v:

t
Xp = Xog — f av.ds.
0
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It remains to show that the second equation in (3.6) is verified. Using that p is solution of
(4.7),  verifies (4.8) and x is solution of (4.9), we get:

Y = PeXs + T4

_ dPs .
= [E; |prxr — f ( i d ps) ds + i — f (agpsmts + apshs — c)ds
| t t

=E

~

- T
exr + f + f {—(agpf — b)xs + (agpsxs + agms + ahs)ps — (agpsms + apshs — c)} dsl
| t

=E

~

- T
exr+ f +f (bxs + ¢) dsl.

This shows that (v, x, y) is a solution of (3.6) in H*? x H*? x ]I—I;;z.
The uniqueness of the solution for small time T follows from a fixed point argument as in
the proof of Theorem 4. We do not repeat the arguments here. m|

4.5 Proof of Proposition 15

> By definition of 1), X©) and Y©, they are clearly solutions of (3.10). Let us turn to
uniform boundedness. The first two equations yield:

T . vT + T
VT 11129 [g122, 1Yl < —y\/_ |

15 o2
'max 'max

X2 <

This can be easily proved following the arguments given in the proof of Theorem 7, details
are left to the reader. From the last equation of (3.10) and the 1-Lipschitz continuity of
X — xy, we get:

. 1 i .
1129 [z < WIIY“)HHZ2 +2[|(P12 — uMO) lgpa
max
vT + \/_
( ) 7)/8 11l + 2[|(PT4A = uO), [lpe2 + 2¢[1 g2z
+ max

When T and ¢ are small, such that,

vT +y\/_

a(T) + 2¢ := +2e <1,
(A + W)Ehax
we obtain
2 Pload,A _ uA,(O) :
”u(E)HHZ,Z < ”( )+||IH22

1-a(T)-2¢ ’
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whence the uniform boundedness of i) as ¢ — 0, provided a(T) < 1.
> Now we prove the convergence of (1), X, Y®) to (1, X,Y) in H*?>-norms as ¢ — 0.
Similarly as before, we have:

T _ o . vT + \/T
1 = iflgpz, VO = Ve < — L1

max maXx

X ~ Xl < ) = iz

Besides, the last equations in (3.10) and (3.11) as well as the 1-Lipschitz continuity of
X — X, give:

1
(A + 11)Emax
- vI+yNT
T (A 1)
< (DI ~ tillgez + 2¢li gz

||1/.l(8) — 1|pp22 < ||Y(€) - Y”]HM + 2””(8) - M(O)HIHZ’2

15 — oz + 2| |2

For T small enough s.t. (T) < 1 and and for ¢ < 1_+(T), we thus obtain:
: 2¢e : 4e
<€) _ 1 < __ = - (€) < Pload,A _ A0 .
1 = e < = sl lles < i TN S
This completes the proof. m|

4.6 Boundedness of solutions to linear ODE with bounded stochastic
coefficient

This following result is used in the proof of Theorems 2 and 4.

Lemma 17. Let A : [0,T] X Q + R? X IR? be a random matrix-valued process. Suppose there
exists a constant C such that |A(t, w)| < C, dt X dIP-a.e. .
Let R and L be the unique (continuous) solutions of the following linear ODEs:

st — th J—
aF = L At/ and ar _Ath/
LO = Idp, RO = Idp

Then, L and R are invertible with L™ = R. Besides, |L;| and |R,| are uniformly bounded on [0, T]
by exp(CT).
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Proof. A direct computation shows that

d(L:Ry) _
dt

thus ¥t € [0, T], LiR; = LyRo = Id,. Therefore R and L are invertible with R = L™'. Let us
now turn to the uniform boundedness. Let v € R?, we have

dt x dIP-a.e.,

0,

dIL] o]
dt

=0 LA+ ADLv < |Ay+ A]||IL[v* < 2C|L[v)*, dt x dPP-ae..

Therefore, by integration, |L]v* < [v* exp (2CT) for t € [0, T], which yields sup,_,_; ILI* <
exp (2CT). This proves exp (CT) > sup,_,.rIL/| = sup,_,|L, whence the announced
dIRoP

bound for L. For bounding |R| start from =3~ and proceed similarly. O

5 Conclusion

In this work, we have identified the optimal control of storage facilities of a smart grid
under uncertain consumption/production, in order to reduce the stochastic fluctuations of
the residual consumption on the electrical public grid. It has been possible thanks to the
resolution of a new extended McKean-Vlasov stochastic control problem, using Pontryagin
principle and Forward Backward Stochastic Differential Equations. For situations where
the costs are close to quadratic functions, we have derived quasi-explicit formulas for the
control, using perturbation arguments.

In further works, we will consider subsequent issues like more realistic dynamics of the
battery flow accounting with aging/boundary effect, sizing of the smart grid and of the
storage/production capacities, risk aggregation of optimized smart grids with dependent
solar productions, impact of model mis-specification on the optimal solution (risk model).
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