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Abstract

We consider the Wiener integral with respect to a d-parameter Hermite process

with Hurst multi-index H = (Hy, .., Hy) € (%, 1)d and we analyze the limit behavior in
distribution of this object when the components of H tend to 1 and/or % As examples,
we focus on the solution to the stochastic heat equation with additive Hermite noise
and to the Hermite Ornstein-Uhlenbeck process.
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1 Introduction

The Hermite processes are self-similar processes with long-memory and stationary incre-
ments. These properties made them good models for many applications. The Hermite
processes constitute a non-Gaussian extension of the fractional Brownian motion. Their
Hurst parameter, which is contained in the interval (%, 1), characterizes the main proper-
ties of this process. The reader may consult the monographs [20] or [26] for a complete
exposition on Hermite processes.

Our work deals with stochastic partial differential equations (SPDEs) driven by
the Hermite process. Starting with the seminal work [28], many researchers explored the
possibility of solving SPDEs with general noises more general than the standard space-time
white noise. In our work, such a stochastic perturbation is chosen to be the Hermite noise.
Recently, various types of stochastic integral and stochastic equations driven by Hermite



noises have been considered by many authors. We refer, among others, to [3], [10], [11],
[12], [I7, 25, [], [13], [21], [22]. Our purpose is to analyze the asymptotic behavior in
distribution of the solution to the stochastic heat equation with additive Hermite noise,
when the Hurst parameter (which is also the self-similarity index of the Hermite process)
converges to the extreme values of its interval of definition, i.e when it tends to one and
to one half. Our work continues a recent line of research that concerns the limit behavior
in distribution with respect to the Hurst parameter of Hermite and related fractional-
type stochastic processes. In particular, the papers [5] and [2] deal with the asymptotic
behavior of the generalized Rosenblatt process, the work [I] studies the multiparamter
Hermite processes while the paper [22] investigates the Ornstein-Uhlenbeck process with
Hermite noise of order g = 2.

The solution to the heat equation with Hermite noise in R? is a (d 4 1)- parameter

random field depending on a Hurst index H € (1 1)d+1.

oL We prove that the solution
converges in distribution to a Gaussian limit when at least one of the components of H
converges to % and to a random variable in a Wiener chaos of higher order when at least one
of the components of H tends to 1 (and none of them converges to %) Moreover, the limit
always coincides in distribution with the solution to the stochastic heat equation driven by
the limit of the Hermite noise. The results show that these models offer a large flexibilitily,
covering a large class of probability distributions, from Gaussian laws to distribution of
random variables in Wiener chaos of higher order.

For the proofs we use various techniques, such as the Malliavin calculus and the
Fourth Moment Theorem for the normal convergence, the properties of the Wiener integrals
with respect to the Hermite process and the so-called power counting theorem. Since the
solution to the Hermite-driven heat equation can be expressed as a Wiener integral with
respect to a Hermite sheet, we start our analysis by some more general results, i.e by
studying the behavior with respect to the Hurst index of such Wiener integrals. This allows
to consider other examples, in particular the Hermite Ornstein-Uhlenbeck process.

We organized our paper as follows. Section 2 contains some preliminaries. We
introduce the multidimensional Hermite processes and the Wiener integral with respect to
them. We also recall some known results concerning the asymptotic behavior of the Hermite
sheet. In Section 3, we state general results on the asymptotic behavior of the Wiener-
Hermite integrals with respect to the Hurst parameter. We will give two applications of the
main results obtained. In Section 4 we analyse the asymptotic behavior of the mild solution
of the stochastic heat equation with Hermite noise and finally Section 5 contains the case
of the Hermite Ornstein -Uhlenbeck process. The Appendix (Section 6) contains the basic
elements of the stochastic analysis on Wiener spaces needed in the paper.

2 Preliminaries

In this preliminary section we will introduce the Hermite sheet and the Wiener integral with
respect to this multiparameter process. We also recall the main findings from [I] concerning



the behavior of the Hermite sheet with respect to its Hurst multi-index. We start with some
multidimensional notation, that we will use throughout our work.

2.1 Notation

For d € N\ {0} we will work with multi-parametric processes indexed by elements of

R?. We shall use bold notation for multi-indexed quantities, i.e., a = (a1,as,...,aq),

b = (b1,ba,...,bg), @ = (a1,..,aq), ab = [, aibs, |a —b|* = [[L, |a1 — b1]|*, a/b =
d d N1 N2

N Ny
(a1/by, az/ba, ..., aq/ba), [a,b] = [ Jlai,bi], (@, ) = [ [ (@i bi), > Jai =D > > aiyin. i
i=0

i=1 i=1 i1=0i2=0  i4=0
d
if N = (Ny,.., Ny), ab = Ha?i, and a < b iff a; < by,a3 < be,...,aq < by (analogously for
i=1
the other inequalities).
We write a — 1 to indicate the product H?zl(a,- — 1). By 8 we denote the Beta

function 5(p,q) = fol 22711 — 2)97tdz, p, ¢ > 0 and we use the notation

d
— (i) p()
B(a,b) Zl;[l I} (a ,b )

if a=(aM,..,al¥)and b= (bW, ..,p@).
Let us recall that the increment of a d-parameter process X on a rectangle [s, t] C R,
s=(s1,...,84),t = (t1,...,tq), with s <t (denoted by AX([s,t])) is given by

d )
AX([s,t]) = Z (_1)d_zi:1n s+r-(t—s)- (1)
re{0,1}4

When d = 1 one obtains AX([s,t]) = X; — X while for d = 2 one gets AX([s,t]) =
Xt1,t2 - Xt1,82 - XS17t2 + X81782'

2.2 Hermite processes and Wiener-Hermite integrals

We recall the definition and the basic properties of multiparameter Hermite processes. For
a more complete presentation, we refer to [9], [20] or [26]. Let ¢ > 1 integer and the
Hurst multi-index H = (Hy, Ho, ..., Hy) € (%, 1), The Hermite sheet of order q and with

self-similarity index H , denoted (ZI‘{I’d(t),t € Ri) in the sequel, is given by

(1) $(d) q (141t _ l+17Hd
Zi't) = c<H,q>/Rd.q/o - DEFPR R IR RO

j=1

de Ce dSl dW(yLl, . ,de) e dW(qu, Ce ,yd7q)



t q _(1,1-H
- cma) [ ] [T -y s aw..awey, 2)
q J=1

for every t = (t!,...,t%) € Ri, where zy = max(z,0). The above stochastic integral
is a multiple stochastic integral with respect to the Wiener sheet (W(y),y € R%), see
Section The constant ¢(H, q) ensures that E (ZI‘{I(t))2 = t™M for every t € RL. As
pointed out before, when ¢ = 1, () is the fractional Brownian sheet with Hurst multi-index
H = (Hy,Hs,...,Hy) € (%, 1)¢. For ¢ > 2 the process ZI‘{I’d is not Gaussian and for g = 2
we denominate it as the Rosenblatt sheet.

The Hermite sheet is a H-self-similar stochastic process and it has stationary incre-
ments. Its paths are Holder continuous of order § < H, see [20] or [26]. Its covariance is
the same for every ¢ > 1 and it coincides with the covariance of the d-parameter fractional
Brownian motion, i.e.

d
1/ om, . _
Bz (6)2{(s) =[] (5 (t?H’ s = [t — Si|2HZ>> =: Ru(t,s), t;,5>0. (3
j=1

We will denote by |Hg| the space of measurable functions f : R* — R such that

17 < o
where
1 o= BEH-1) [ [ dudvlfw)] 7 - v (W
Rd JRd

— HEH-1) / / du®..du® D (@
Re JRd
d
x f(u®, L u@) D, o @) H jul) — 0))2H; =2
j=1
where u = (uV, ., u@), v = (v . v@) € RY,
Notice that the space |Hz| satisfies the following inclusion (see Remark 3 in [9])

LYRY N LARY) ¢ LA(RY) C [Hul. (5)

The Wiener integral with respect to the Hermite sheet ZI‘{I’d has been defined in [9
(following the idea of [I5] in the one-parmeter case). In particular, it is well-defined for
measurable integrands f € [Hy| via the formula

£(8)dZ3s) = / ()1 Y)W (31) AW () (6)
R4 Rd-q



where (W(y), y € Rd) is a d-parameter Wiener process and

(Jf)(}’l,--w}’q):C(H,q)/Rdduf(u)(u—Y1)4_-<2+q) ...(u_yq);(ﬁ ) 1)

with ¢(H, ¢) from [@). The stochastic integral [paq(Jf)(y1,...; ¥¢)dW (y1)...dW (y,) is a
multiple Wiener-1t6 integral with respect to the Wiener sheet W.
We have the isometry formula, for f,g € |[Hy|

g (s s)dZ% (s = — udv f(u)g(v)ju — v|[H=2
B( [ reazg'e) [ owazg'e) = mer-n [ [ g -
= <fag>HH (8)

By [|£I3;, we denote (f, f)3ys-

2.3 Behavior of the Hermite sheet with respect to the Hurst parameter

In a first step, we analyze the convergence of the integral [ f (s)dZI‘{I’d(s) when the Hurst
indices H; goes to 1 and/or %

Let us introduce the following notation: if {j1,..,jx} C {1,..,d} with 1 <k < d we
will denote

k
Ay ={j1, gk}, Ha, = (Hj,...Hj) € (%1) ;o (t)a, = U gUR) if ¢ = () @),
(9)

We will separate our study into following two situations:

1. At least one parameter converges to 1 and none to % Then the limit will be a non-

Gaussian random variable related to the Hermite distribution.

2. At least one parameter H; converges to % and the other indices are fixed in (%, 1) or
converges to 1, i.e. if Ay is as above, B, = {l1,..,l,} C {1,..,d} with p+ k < d and
AN B, =0, we assume Hy, — (%, v %) € R* and Hp, — (1,..,1) € R”. In this case
we will see that the limit of [4 f (S)dZI[{I’d(S) is a centered Gaussian random variable
with an explicit variance.

We start by recalling the main result in [I] concerning the asymptotic behavior of
the Hermite sheet.

Theorem 1 Let (ZI‘{I’d(t)>t>0 be given by (2) and let Ay, By, be as in (3). Fiz T > 0.



1. Assume Hy, — (1,..,1) € RF.  Assume that the parameters Hj,j € Ay are fized.
Then the process ZI({I’d converges weakly in C([0,T]%) to the d-parameter stochastic
process (Xi)e>0 defined by

d—Fk
Xe = (t)a 25 (b7, (10)

where <Zﬁ§_k(tzk)> is a (d — k)-parameter Hermite process of order q with
k toy, R
d—k

Hurst index sz € (%, 1)
2. Assume (Hy,..,Hy) — (1,..,1) € R Then the process ZI‘{I’d converges weakly in
C([0,T]%) to the d-parameter stochastic process (Xi)>o defined by

1
ﬁHq(Z) (11)

where Z ~ N(0,1) and Hy is the qth Hermite polynomial (see (64)).

1 1
5, sy 5
Then the process ZI({I’d converges weakly in C([0,T]%) to a d-parameter centered Gaus-

sian process (X (t))s>0 with covariance

X = (t)g

3. Assume Hy, — ( ) e R*. Assume that the parameters Hj, 5 € Ay, are fized.

EX X = [ [T (49 As@) ) [ TT R @, s®) (12)

aeAk bezk
with Ry, defined in (3).

4. Assume Hy, — (%,,%) e R* and Hp, — (1,..,1) € RP. Assume that the H;

with j € {1,2,..,d} \ (Ax U B,) are fized. Then the process ZI‘{I’d converges weakly in
C([0,T]%) to a d-parameter Gaussian process (X (t))g>0 with covariance

EX X = H (@ A (@) H +(0) (0) H Ry, (£, s | . (13)

acAy beB, c€ALUB,

We will use the above result in order to get the limit behavior with respect to the
Hurst parameter of the Hermite Wiener integral.

3 Convergence of the Wiener-Hermite integrals with respect
to the Hurst parameter

Let us start the analysis of the behavior of the Wiener-Hermite integral (@) when the
components of the self-similarity index H tends to their extreme values. As mentioned
above, we will separate our study into two cases: at least one component of H converges to
1 (and no component tends to %) and at least one component of H converges to one-half.

6



3.1 Convergence around 1

We need to introduce new spaces for the deterministic integrand in ([@). Working on these
spaces will ensure the convergence of the Hermite-Wiener integral.
Let Ay be as in (@) and assume 1 < k < d. We introduce the space Hz of

measurable functions f : R? — R such that

171, = (19
k
duy.

k
= 3 [ duallf (s, < o )
j=17R A

[NIES

2H

— —2
L avs / L dwiy [ (aa, v )| (g livs, - wa (T

with the norm || - ”HHZ defined in (). Notice that for f € Hz , the integral
i

qde, u
[ [ izt s (16)

is well-defined in L'(€2). Indeed,

[u [ azituzso)

[tune| [ azitags
Rk Rd—k

E

1

)

IN

< /R duy, (E ' /R Az (g ) f(w)

_ (sz(2HZk—1)>% duy,

Rk
1
dv dwe - - B g2 2
e VA o wa | f(uay, v )l - [f(ua,, wa )llva, —wz,
1k
< (HAk(2HAk 1))22/@%
j=17%
1
_92|2

2H
/Rdj dvg, /RM dwxz [f(aa,, vz )l - 1f(wa,, wg )llvg, —wg [
1
= (4, @Hg, = 1) |flh, < oo
If k = d, we define Hy, = Mz, to be the set of measurable functions f : R? — R such that

”f”%;k = ”f”Ll(Rd)



[NIES

2H5 —2
+Z;/Rj duy, /Rdj dvy, /Rdj dw [f(ua;, vzl - 1f(ua,, wg )llvg, —wg |7
J_
= oy + £l < oo (17)

Remark 1 Notice that the order of integration in (I16]) is important. That is, the integral

/ dZI‘{I’d(uAk)/ dugy, f(u)
Rd—k Rk

is not necesarily well-defined for f € Hy, -

We have the following non-central limit theorem.

Proposition 1 Let Ay be as in (@) and assume f € Hz N [Hul.

o Assume 1 <k < d and

H 4

k

1 \d*
—(1,.,1) € RF and sz € 5,1) is fized.
Then the family of random variables (XH,H € (%, 1)d)
XH.= [ f(u)dz4 () (18)

converges in distribution to the random variable

d—k
< " f(uAk,uZAk)dZ%k (U-Zk)> dugy,.
(19)

L (1) (d) qd—Fk/, o
X = Rdf(u sy U )dZZk (uz, )duga, _/Rk

o Assume k =d and
H— (1,..,1) e RY
Then the limit in distribution of the family <XH, He (%, 1)d> given by [I8) is

L
vl
with Z ~ N(0,1) and H, the Hermite polinomial of degree q ([67).

. f@®,  uDydu—=H,(Z)

Proof: We will check the convergence of the characteristic function of XH. That is, we
will show that for every a € R,

iaXH i X
Ee _>HAk—>(17--71)ERk Ee .

8



The idea is to approximate first X by a sequence of random variables that can be
written in terms of the linear combinaisons of ZI[{I’d and to use the result in Theorem [II
Consider a sequence of step functions

== S g 010 g

u@
4@, (@)
where we used again the notation u = w L u@) and ¢, = t(l), ..,t(d) forl=1,..,n
l l
such that

| fr — fH’sz —noo 0 and || f, — f”\HH\ —n—oo 0. (20)

The choice of such a sequence (fy)n,>1 is possible because for any positive function f €
Hz, N |[Hul, there exists an increasing sequence of step functions in f, € Hz, N [Hu|
which converges poinwise to f and satisfies |f,, — f| < |f], and by dominated convergence
theorem, it converges in Hz and in [Hpu|. Then, we use the fact that a general function
can be decomposed into its positive and negative parts.

Consider the Hermite Wiener integral of f,, with respect to the Hermite sheet

/fn YAz ( Zal AZE) (b1, t111])

with AZI[{I’d given by (). Then we know from [J], Section 3 that X™H converges in L?(f2)
to XH if £, converges to f in |[Hg| due to the isometry of the Hermite Wiener integral (8.
So we have

xmH o X = [ f(s)dZE(s) in L2(9).
R4
Consequently, we can write

lim EeioX" = lim lim EeloX™". (21)

H, —(1,..,1)ERF Hy, —(1,..,.1)ERk n—00

Now, we aim at exchanging the two limits above. Recall that if f;,7 > 1 is a
sequence of functions on D C R converging uniformly to f on D and if a is a limit point for
D, then limj_,o limy 4 fj(2) = lim,_q f(x) provided that lim, 4 f(2),limy_, fj(x) exist.
Therefore it suffices to show that EeieX™" converges uniformly with respect to Hy, to
EeioX™

By the mean value theorem

1
EzaX”H EzaX ‘<]a\E‘X"H XH|<’C¥‘<E|X”H XH‘)Q

Thus, in order to invert the limits in (2I]), it suffices to show that for some & > 0



2
sup E‘X"’H—XH‘ —n—soo 0
HAkE[%J’_avl}k

that is proved in Lemma [Tl below. The relation (2I)) becomes

lim Ec X" = lim lim EcioX™" (22)

Ha, —(L,..,1)€R* n—00 Hy, —(1,..,1)ERk

Assume k < d. Since, from Theorem [I] ZI‘{I’d converges weakly to the process (Ug);sq
given by e
Us = (t)a, 252 (t7,)

it follows from (22) that

lim Ec X" = lim lim Eeio i A2 (b))
Hyu, —(1,..,1)€RF n—=o0Hy, —(1,..,1)ERF
_ nh—>Ig<> Eeic i1 ar(AU)((tr,t141]) (23)

At this point we need to study the convergence as n — oo of the sequence

X" =" ay(AU)((tr, tre1]) (24)
=1

as n — oo. If Ay = {j1,..,Jr}, let us use the notation

(b, b1 ag = (79,691 e (99, 809).

Then it is not difficult to see that
(AU)((t1, ti41]) = (A<t>Ak)(tzvtl+1]Ak(AZ%’:_k)(thtl+1]zk-

and therefore the sequence (24]) can be expressed as follows

n

X" = Zal(AU)((tz,th:Zaz(A(ﬂAk)(tl,tz+1]Ak(AZﬁ§;k)(tl,tz+1]zk
=1 =1

T Jpa fawD,... u(d))duAdeIql’gk(qu)-
Now, we show that
X" = e X in LY(Q) (25)

where the random variable X is given by (I9]). We have

E‘Xn - X‘ = E /Rk duAk /de dZI({I’d(qu)(f"(ququ) - f(ququ))

10



d
= Rk dugy, B ‘/de dZy (uzk)(fn(uAk’qu) — flua, UZ’“))‘
) 2\ 3
< [ (E [ a2 ) s, = Foaa, ) )
1
3 2H—- —2
_ <sz(2HZk — 1)) /Rk duy, /de /de dvzdeZ,JVZk - WZk| Ay
1
2
X (fn(quvzk) — f(uAMVZk)) (fn(U.Ak,WZk) - f(uAmWZk))
1
(gt 0) 1 g

where the last convergence comes from (20). We obtain from (23)) and (25))

. v H . om )
lim Ee®X" = lim Ee®X" = Ee'*X

Ha, —(1,..,1)€RF n—o0

and the proof is complete for 1 < k < d.
If £ = d, the proof is similar. We know that the process ZI‘{I’d converges weakly in
C[0,T] to the process

(t)a

Using the same lines as above, we get

1
().

. o X H . X
lim Ee X" = lim EeX
H—(1,..,1)eR? n—00

and in this case the sequence (24]) becomes

n

X" =3 (Al tr] / falw)du—= H,(Z)

i=1

Clearly, by (20)

n 1
E|X" — f( )du Z)| < </ | fr(u) — !du> \/—qu(Z) —nosoo 0.
using the definition of the norm in Ha, for k = d. Then

lim EeiaX" — Eeia(fRd f(u)du)ﬁHq(Z)‘
n— o0

The below lemma has been needed in the proof of Proposition [I1

11



Lemma 1 Let Ay be as in () with 1 < k < d. Assume f € Hz N |[Hul| and consider a
sequence (fn)n>1 of step functions on RY such that (20) holds true. Let

n

XM =N "0y (AZED (6, b))
=1

Then for every e > 0 small enough

2
sup E‘X”’H—XH‘ —n—soo 0.
Ha, €[5 +e,1]k

Proof: From the isometry property (8) and from (20) we have for every H € (1,1)%,
E|x™H - xH° 5 0. (26)

Let us show that the above convergence is uniform with respect to Hy, € [% +¢,1]k. By

@),

B[ X = BeH- [ s - v
Ra JRA

—2H(2H — 1)/ fn( )f(v)|u — v|*H 2 dudv
H(2H - 1) / / — v|*22dudv
Rd JRd
= G(HAk) (27)

with the function G considered on the interval [§ + &,1]F. Assume k < d. Let 1(A) =
(1,..,1) € R¥. Then from 27

G(1(Ag))
9H, —2
= Hy (CHy — /Rk duy, /R,c dv 4y, /Rd kdu* /d dvy fo(ua,, ug ) fu(va,,vg ug, — vy [ %
9H, —2
—2H / duAk/ dVAk /]Rd kduAk/ dVZkfn(UAk,llzk)f(VHAk,VZkNqu _Vzk| Ay
2H, —2
a8 /Rk ua, /Rk Wa, /[Rd ‘ duAk/ v f(aaug ) f(Va, va g, — vy, [T

and this can be written
G(1(Ay))
= [ s, [ dva = D e = DVa D
RF k

< [ [ vl = 0y 100 = D00,

12



- (/]Rk dup, ||(fn = f)(ua,, ')HHHZk>z

192
9H; —2|?
- sz (2sz B 1) [/Rk duAk /de dVZk /de dwzk‘f(uAka"Zk)‘ : ’f(uAmWZk)HVZk - WZk Ak ]

< Hy (2Hz, - Dlfa — flP5g, (28)

where we used the definition (I3]).
Now, the function G is continuous on [5+¢, 1]* so there exists Ho = (Ho 1, .., Ho ) €
[2 +¢,1]* such that

sup G(Hy,,) = G(Hy).
H,, €[5+e,1]*

If Hy = 1(Ag), then the conclusion follows from (28] and the assumption 20). If
Hy has the form
HO = (17 ) 17 HO,j+17 ey Ho,k)

with j < k then a similar calculation to (28] shows that

G(Hy)
2
2H; -2 %
S HZJ (2HZ] - 1) Ri duAj Ri—d dVZj Ri—i dWZJ ‘f(uAjuvzj)‘ : ‘f(U.Aj,WZj)HVZj - WZ]‘ /
< Hy (Hg — 1S~ P, (29)

and again G(Hp) — 0 as Ha, — (1,..,1) € R* from (20).

Otherwise, if all Hy;,i = 1,..,k are in [% + ¢, 1), then the conclusion follows from
@0).

If k = d, the conclusion follows in the same way. Let G be given by (27)) and let
Ho = (Hou, .., Hox) € [5 +€,1]¢ such that

sup  G(H) = G(Hy).
He[]4¢,1)9
If Hy = (1,..,1) € Rd, notice that in this case G(14) = G(1,...,1) = ||fn —
fH%l(Rd) —n—oo 0. If Hy has the form

Hy, = (17 -1 H07j+17 ey HO,d)

with j < d then G(Hj) satisfies (29) and consequently it converges to zero from the as-
sumption (20). Il all components of Hy are strictly contained in the interval (%, 1), then
we conclude by (20)). [ |

13



3.2 Convergence around %

In this section, we will study the convergence in distribution of the Hermite Wiener integral
([IR) when at least one Hurst index converges to one half. Actually, we will assume (recall
notation (@) from the previous section)

1 1
H — .= | eRrF
Ak_><27 ,2>€

Hp — (1,.,1) € RP

P

and

with 1 <k <d,0<p<dandp+k <d. Note that £ > 1 means that at least one Hurst
parameter converges to % while p > 0 means that some Hurst parameters (possibly zero)
converges to 1.

We have the following result.
Proposition 2 Assume Ay, is as in (@) and B, = {l1,..,1,} C {1,...,d} with0 <p<d,1<

k<dp+k<dand AyNB,=0 (if p=0 then B, =0.). Let f € [Hul|. Assume that the
following limit exists

. 2H -2 2
l%m ) H(2H — 1)/ f)f(v)|u—v| dudv := OFH; (30)
HAk—>(§,,§)€Rk Rd Rd k
and that
sup / / / / dudvdu'dv' f(u)f (') f(v)f(v'")
HAk 6[% ’1]1@ Rd JRA JRA JRA
2(H-1)r 2(H-1)r 2(H-1)(g—r) 2(H—1)(q—r)
xju—v| ¢ |[u-VI| @ |u—-1| T v —v/| ¢ < oo (31)
If
11 1 \“hP
Hy — <§,..., 5) € ]Rk,HBp —(1,..,1) € R? and HZkUE, S <§, 1) is fized

then the Hermite Wiener integral [, f(u)dZI[{I’d(u) converges in distribution to the Gaussian
2
law N (0, TrHg ).

Proof: Recall that by (@), [a Fw)dZE () = I,(Jf) with the operator J defined in (7).
We can apply the Fourth Moment Theorem to study the normal convergence of (I8]).
First notice that by assumption (30]), we have

E ( 3 f<u>dZIq.id<u>)2 ~HEH-1) [ [ )= vy

14



converges to JJ% H, Therefore, in order to apply the Fourth Moment Theorem (see Theo-
AR

rem [ in the Appendix), it suffices to show that

HJf Qr JfHL2(Rd(2q—2r-)) —0

for every r =1,...,q — 1.
Now, as in the proof of Theorem 3 in [I] (based on relation (13) in this reference)

(Jf ®7‘ Jf)(ylv"7y2q—27“) = /( d) Jf(ub"7u7‘7y17"7Yq—7‘)Jf(u17"7u7“7Yq—7‘—17"7y2q—27“)du1--'dur
R T

= c(H,q)2/ du;...du,
(RY)"

(v—y;j) N v
J=q— r+1 Jj=1
-H 2-2H M
= et (3-SR T v -
q q Re JRd
Ty N (1 ()

H(U_Yj)+

j=1 Jj=q—r+1

by using the Fubini theorem and again relation (13) in [1], this leads to

||Jf ®7‘ Jf”iQ(Rd(quZr))
1 ~H 2—2H>2T <1 1-H 2—2H>2‘1—2"

= (Hv(J) 5<__—7 5 9 q 9 q

/]Rd /Rd /Rd /Rd dudvdu'dv'(u) f (') f(v)f (V')

2(H-1)r 2(H—1)(q—r) 2(H-1)(g—r)
xru—v W | | e
= |2 H(2H - 1)) / / / / dudvdu'dv' f(u) f(u') f(v) f(v')
R4 ]Rd ]Rd R4
, 2H=- 1)((1 r) 2(H— 1)(q r)
X |u -V v —v/|
The last quantity converges to zero under assumption (BI). |

Notice that ¢ = 2 and d = 1 we retrieve the results in [22]. For f = 1, the results in
this section reduces to those in Theorem [I] from [I].

15



4 Applications to the stochastic heat equation with Hermite
noise

We will apply the main results in the previous section to some particular cases. First, we
look to the solution to the heat equation driven by an Hermite noise. That is, we consider
the following linear stochastic heat equation driven by an additive Hermite sheet with d+ 1
parameters

(32)

9u(t,x) = Ault,x)+ Zq’dH(t x), t>0,x€Rd
u(0,x) = 0, xcR?

We denoted by A the Laplacian on R% and ZIq_I’iH = {Zgl’;l;(t,x);t > 0,x € R%}
denotes the (d + 1)-parameter Hermite sheet whose covariance is given by

B (Z05 (50 255 (1)) = Run (8, 9) R (x.y)

d+1

if (Ho, H) = (Ho, Hy,...,Hy) € (,1)"". We denoted by H = (Hj, ..., Hy) and

1
Ry(ts) = S ([t +[s* = [t =), Ru(x.y) 5 (@5,5)

||::]&

if s,t € Rand x = (21, ..,24),y = (y1,..,y4) € R%
The solution to ([B2)) is understood in the mild sense. That is, the mild solution to
[B2) is a square-integrable process u = {u(t,x);t > 0,x € R} defined by:

t
i w1 (t, %) = / [ Gl —sx—y) 25l s dy). 1> 0x R (33)

living in the space of jointly measurables random fields (X (t,x),t >0,x € ]Rd) such that
for every T' > 0, supyc(o 7] xerd E |X (¢, %)]? < .
The above integral is a Wiener integral with respect to the Hermite sheet, as in-

troduced in Section 2 and G(¢,x) is the Green function (or the fundamental solution) that

satisfies @ —Au =0, ie.

—d/2 (_ﬁ) . d
Glt,x) = (2mt) exp oF if t >0,x € R?, (34)
0 if t <0,z € R
The stochastic heat equation ([32) admits a unique mild solution (s, 1(, X))1>0 xerd
if and only if (see [21])
d
d<4Hy+Y (2H; — 1) =1. (35)

i=1

16



In this case, for every T > 0, sup E (u(t, x)2) < 00.
t€[0,T],x€R4

We will use the following Parseval-type formula (see Lemma Al in [4]): for every
f,g € L*(a,b) and for every 0 < a < 1

/ / dudv f(u)g(v)|u — fu] = qa/ 7|~ Fapf(T) Fapg(T) (36)
R
where (Fopf)(€) = fa f(y)e~®¥dy (we use the notation Ff = F_ o f) and
_ (ol—a _1/2\—1 ['(a/2)

We recall that the Fourier transform of the function y € R — G(u,y) is FG(u,-)(£) =
e_%ulglz'
4.1 Limit behavior of the solution when the Hurst index tends to 1

The expression ”"Hurst index tends to 1”means that at least one component of the Hurst
multi-index tends to 1. We will apply Proposition [l to obtain the asymptotic behavior of
the solution (B3]) when at least one of the Hurst parameters Hy, Hy, .., Hy converges to 1
and the other parameters are fixed.

Theorem 2 Assume (33) and let Ay, be as in (). Fiz T >0 and x € R?. Then
1. If

(Ho,Ha,) — (1,..,1) € R¥* and H;,j € Ay, are fized

then the stochastic process (um, u(t,x),t € [0,T]) converges weakly in C[0,T] to the
process (u(t,x),t € [0,T]) defined by

u(t, x) / du/ dyAk/ qu ot (yz,)G(t —u,x—y). (38)
RE

2. IfHy, — (1,.,1) € R* and Hy, H;,j € Ay are fived, then (up,u(t,x),t € [0,T])
converges weakly in C[0,T] to the stochastic process (u(t,x),t € [0,T])

u(t, x) /k dy a, / / ngI’;l;Il_k u,yzk)G(t —U,X—y).
R

8. If (Ho,H) — (1,..,1) € R¥L then the weak limit of (up, mu(t,x),t € [0,T]) in
C10,T] is (u(t,x),t € [0,T]) with

u(t, x) </ RdG (t—u,x— y)dydu> %Hq(Z).

17



Remark 2 As usual, by the weak convergence of the family (um,u(t,x),t € [0,T]) to
(u(t,x),t € [0,T]) in C[0,T] for fived x € R? we mean the weak convergence of the family
of distributions of wp, (-, x) to the law of u(-,x) in (C[0,T], B(C[0,T1)).

Proof: Consider the function F' defined on Ry x R given by

Ix—y|2

F:(u,y) = Loy (u)(2r(t —u))~2e 200, (39)

We first show the convergence of finite dimensional distributions Consider the case 1. Let
us show that this function belongs to |H g, 1| N Hz,, with these two spaces defined by (@)
and (1) respectively. We know from [4] that, under (BH), the function F' (89) belongs to
the space |Hp, m|-

Let us check that this function belongs to the space ’sz. Writting

2
d \xfyAk\z [x— yA_‘

Fluy) = F(U7YAk7ka) = (27u)” 2e 2w e 2u
we have by the definition of the norm in H4 (see (1)),

ko
1o, = Z/ dU/}dYAj / / dyj, dzy,
=1 0 RJ Rd-Jj JRd—J
2 2 2 2 1
L4 vayl _‘yA‘ a A ® bl o9H; 2 2
X (2mu)"2e” 2 e (2mu)"ze” 2w e 2u |ij—sz J

Iva,l?

= Z/ du dyA (2mu)~ b

w Iy .| d lz3 9H— —
X / / dyz_dZZ_(27‘('11,)_736_#(27(11)_7]3_#‘};2_ T
Rd—j JRd—3 J J J J
By using Parseval’s identity (36))

\Zz_\2

lyz.I?
iy _ A d—j 2Hy —2 1-2H
/ / dy4 dzz (2mu)” T e m (2mu)z e o lyx.—zz | % " =C; / dfe_ulglz\ﬂ
Rd—3i JRd—j J J J J Rd—j

so with C;,C > 0

1
2
Ia 3 _ d _u|§|2 I—ZHZ_
P, }jc [ [ deeist =

= C/ ]+Zzaezj(2Ha_l)du

18



and the last integral is finite if for every j =1,.., k

d—j 1 .
1—T+ZZ(2HQ—1)>Oord<4+j+Z(2Ha—1). (40)
CLEA]‘ IIGAJ'
The last bound is true due to (), so the function F given by (39) belongs to [Hu,,u|NHz, -
Take \; € R,t; > 0 for j = 1,.., N and denote by

Z)\UHO (tj,x) = / /Rd Z)\ 10t —u,Xx—y) qu’dH(u y).

j=1
(41)
From the above computations, the integrand Zjvzl Ajlo,t;) (w)G(tj—u,x—y) in (@) belongs
to |Huyu| N Hy. Therefore, by Proposition [ the sequence Yy (x) (@) converges, as
(Ho,Ha,) — (1,..,1) € RFF! to

N N
d d Z%d ly ti—u,X — u(t
jzz: / U/Rk YAk/ k)G( = U, X —y) Z:: (tj,x)

with u defined in (B8]). This gives the convergence of the finite dimensional distribution of
(umym(t,x),t € [0,7]) to the finite dimensional distributions of (u(t,x),t € [0,T]).
For the case 2., we have similarly

k
1E o, = pe
i=1

1
C / / dudv]u—v]2H0_2(u+v) 2 +ZZaEAj(2 a—1)
0 JO

and the above integral is finite under (B3]). For the case 3., we notice in addition that the
function F' given by ([B9) belongs to L'(R¥ 1),
Concerning the tightness, we recall that (see [26]), for every s,t € [0,T],x € R?,

[NIES

t gt
dudv|u — U\2H0_2/ dfe_%(““)'ﬂz ’5‘1—2sz
0 RA—j

E [um, u1(t, %) — um,u(s,x)> < C|t — s|”

with v > 0 from (B5) and C' is a constant not depending on s,t,x. Since up, 1 (t,x) is an
element of the (¢ + 1)th Wiener chaos, we use the hypercontractivity property for multiple
stochastic integrals to get for every p > 2

E [ugo pa(t, %) — uppm(s, x| < Clt — s (42)

and the tightness follows from (42)) and the Billingsley criterion (see [6l Theorem 12.3]
or [7]). [ |

Remark 3 Notice that when (Ho,Ha,) — (1,..,1) € R¥TL, the condition (33) converges”

to (40).
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4.2 Limit behavior when the Hurst index tends to %

Fix T" > 0. When at least one of the components of Hurst multi-index goes to one-half, we
have a central limit theorem.

Theorem 3 1. Assume

11
(Ho,Hpa,) — <§§> € RFH1 (43)
and L
d<1+§+ZHa. (44)
aEZk

Then the process (up, 1 (t,x),t € [0,T]) given by (33) converges weakly in C[0,T] to
the process (u(t,x),t € [0,T]) where u is the mild solution to the heat equation

0 _ i7¢,d+1 d
{ Buit,x) = Au(t,x)+WE'H(tx), t>0xeR (45)

uw(0,x) = 0, xecR?

where (W m(t, A1 x Az),t € [0,T), Ay € By(R¥), Ay € By(R7%)) is a Gaussian field
with covariance

E [WHO,H(t,Al X AQ)WHO7H(S,Bl X Bg)]

= (t A S)/\k(Al N Bl)/ sz (ZHZk — 1)|yzk — sz
AsNDBs

2H; —2
Ak dyzk dzzk .

We denoted by \j, the Lebesque measure on RF.
2. IfHa, — (3,..,3) €RF  Hp, — (1,..,1) €R? and
d<2H+k+ZH (46)
2 —
a€Ayg

then the process (um, u(t,x),t € [0,T]) given by (33) converges weakly in C[0,T] to
the process (u(t,x),t € [0,T]) where u is the mild solution to the heat equation (43
where the Gaussian noise has the following covariance

E [WHO,H(tyAl X AQ)WHOJ—I(S, Bl X Bg)]

2H5 —2
= RHo (t, S)Ak(Al N Bl)/A 5 sz (QHZk — 1)‘yzk — sz’ Ak dyzdeZk.
2MbB2

3. If (Hyp,H) — (%, ey %) € R and d = 1, then the weak limit of (up, m,t € [0,T]) in

C10,T] is the solution to the heat equation ([f2]) driven by a space-time white noise.
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Remark 4 The conditions (44), ({40) and d =1 are the "limits” of (38) in the cases 1., 2.
and 3. respectively.

Proof: We will prove that the finite dimensional distributions of (ug, u(t,x),t € [0,77])
converge to those of (u(t,x),t € [0,7]) which satisfies [@5]). In order to apply Proposition
2l we need to check conditions [B0]) and (BTI).

Checking condition (30). Consider the case 1., i.e. assume ([43]) and (@4]).
Take \; € R,t; > 0 for j = 1,.., N and denote by

Z)\UHO (tj,x) = / /Rd Z)\ Lot (WGt —u,x —y) qu’dH(uy)

7j=1

We first check condition [B0) for Yy (x). Let us calculate E (Yy(x)?). By using the
isometry (8],

N
E(Yn(x)? = Y \AHo(2H — 1)H(2H - 1)
7,k=1

t; tr
x/ du dv|u—v|2H°_2/ dy | dzG(t; —u,x —y)G(ty —v,x —z)|y — 2|72
0 0 R4 R4

Notice that, if x = (z(), .., z(D), y = (yV,.,yD),z = (2, .., 2(9) we have

j(a) _y(a)2

d
Gt —u,x—Yy) —1(0t H 27 (t — u)) 56_ 2(t—u)
a=1

and so

/ dy/ dzG(tj —u,x — y)G(ty, —v,x —z)|y — 2z|*P 2
R4 R4

d
1 [ [ v erte, —u)-
a=1

We will apply the Parseval identity ([B@) with

(@ y@)2 @) ()2

(NI

a=2H, — 1 for every a =1, ..,d.
We get, for every a =1, ..,d,

/R /R dy @ d=) (2m(t; — )~

. |2(@) _y(a)2 (@) . (a)2
(n(ty — o)) he TG Ty _ o2

o=

21
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= Q28 1/al7'|T|1_2H“e_%(tf_“)T'2 —a(tk—v)lrl?
-
R

Now, by the change of variables 7 = (t; +t;, — 2u)%

/ |71 2He =t =) = (vl
= (tj+tp—u—v) Tt e /RdT!T\l_m“e_%T'z = (tj +ty —u—v)fa? /RdT!T\l_m“e‘%T'z.

Thus

E (Yy(x))?

N
Z /\ /\kHO 2H0 - 1)H(2H — 1)q2H_1
k=

J,k=1

t; tr d 112
X / du d'U|'LL _ 'U|2H0_2(tj + tk; —u— ,U)Hl"r...-l-Hd—dH / dT|T|1—2Hae—§‘T{’47)
0 0 R

where gop7, 1 is defined in ([37)) and

d
P2H-1 = H 92H,—1-
a=1
Notice that for every H € (3,1), we have
1 IH+1
H(2H — )I(H — ) = H(2H ~ 1)% 1 20(1) =2
T2
and then
H(QH— 1)q2H 1 —>H—> (271') . (48)
Relation (48]) implies
H(2H — 1)q2H_1 _>(H0,HAk)—>(%7--7%)ERk+1 (zﬂ)_qusz—l' (49)
Let
v:=Hy+ ..+ Hy—d. (50)

We have, by integrating by parts
t s
Hy(2Hy — 1)/ / dudv|u — v]*072(t 4 5 —u —v) ™
0 Jo
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= H0(2H0—1)/ / dudv|u — v 072(t 45 —u —v) ™7
0 Jo
t s
—|—H0(2H0—1)/ / dudv|u — v* 07 2(t 4 5 —u —v) ™7
s JO
= H0(2H0—1)2/ / dudv|u — v|*O72(t + 5 —u —v)
0o Jo
t s
—|—H0(2H0—1)/ / dudv|u — v 072(t 45 —u —v) 7
s JO
= 2Ho/ dun? oYt 4 5 —u) ™
0
t
—Ho/ dua?Ho=1 (t+s—u)™7 —(u— s)2Ho=l (¢ — )77
+2H0’y/ du/ dv(u —v)? 7ot 45—y — )77
+H0’y/ du/ dv(u —v)?Ho "t 45—y — )77t
= 2Ho/ dun? oYt 4 5 —u) ™7
0
t
+Ho/ A1 ((t 45 —u) ™7 — (u— s)2O7 1t —u)77)
t u
+H0’y/ du/ dvlu —o*Ho t 45 —u — )77
0 0

Assuming (43]), from (0]

and, by taking the limit as v — v9 and Hy — % in (52), we get

t s
H0(2H0—1)/ / dudv|u — v[*072(t 4 5 —u —v) ™
0 Jo
— /du(t—i—s—u)_“’o
0
1 t
2/du((t+s—u)_° (t—u)~)

+§ /du/ dv(t+s—u—v) 07!
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Consequently, as the limit (43]) holds true, by plugging ([9) and (53]) into (A7), we obtain

N
1 _
EYy(0)? = 5——= M7 > N (4 + ) 7 =ty = 6707 qamry
Y0 Pyl
X H /Clh'e_;h2 H dT!T\l 2Ha o =57
acA R aEAy
N
1 1 k
I - VSN T et (L S e
2 -y +1 Z J’f(<]+k) |5 — ti] )
Ji:k=1
_ _ 102
o P T] [l
aezk
N
= l# % Z Mk (b 4 ) 70T — [t — 70T
2—’704—1 J
7,k=1
_ _ 1102
o I e
aEAk

On the other hand, if u is the solution to (43]), then

N ti At
;Aju(tj,x) Z \j Ak/ du/ dy a, /Rd k/Rd dyg, dzz,

7,k=1
Iya, 12 vz, 12 \yAk\2 ‘sz‘2
X(27T( u “2e 2w 20-w) *u) (271'( k —u)_ie_me_m
- /\tk —k (tj+t—2u)|€[? —(tj+tr—2u)| 72| |3 Zaca, (2Ha—1)
= Z Aj Ak dee~(titte— GoF, 1 dre—(titte 7|2 Zacdy
Jk=1 0 RE * Re-F
N /\tk
= 3 AN / u(ty + ty — 2u) 70 (2m) ™" / o | / dre” 7|12
J:k=1 0 aGAk
1 1 _k _ 21—
= 5 A 11 2 Z Nk (8 4 t) 70 — [t — [ 7°) gy 1 H /dTe I || 1~ 2He,
2 ’Y()-i-l k 1
]k 1 aeAk

The point 2. follows similarly. Let us discuss point 3. Assume Hy, H1, .., Hg converge all to
%. Notice that in this case condition (B5) implies d < 2 so d = 1! Then, from (50)

1
Ty Ty
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Therefore, from (52)), as Hy, Hy, .., Hg — l
Hy(2Hy — 1) / / dudv|u — 2072 (t 4 5 —u —v)

1 S
— = /du t—u %—(t+8—u)_%>—|—§x§/du/ dv(t—l—s—u—v)_%
0 0
= ((t+s)%—|t—s|§). (54)

and we obtain, by combining (B4) and (1), by taking the limit (@3]

N
EYv(0? = (2070 D A (4 +t0)F — It — tl?) / dre— it
R

]7k:1

N
= Z Aj Ak ((tj—l-tk)% —|tj—tk|%>\/%

]7k:1
1 N 1 1
= (2m)72 ) A <(tj +tk)2 — |tj — tkﬁ)
jik=1

2
which coincides with the E (Z;V: 1 Au(ty, x)> where u is the solution of the heat equation
[#H) driven by a space-time white noise (see [23] or [20]).

Checking condition (31]). In order to check condition (3I), we need to show in the
case 1. (the other situations are similar) that for every ti,to,t3,t4 € [0,T],

t1 tq
I: = sup duy ... duglur — ug]| % ug — ug| " us — ug) TP ug — ug| 0
(Ho,Ha, )€[5,1]k+1 /O 0
1 _ lx—yp 1 _ Ix—yo?
X/ dyj... dy,—— e 2timv) —————¢ 202u2)
R4 Rd (271'(751 — ul))i (27T(t2 — UQ))§
1 _ Ix—y3/? 1 _ lx—yal?
X—de 2(t37u3) —de 2(t47u4)
(27T(t3 — U3))§ (27T(t4 — U4))5
1 = yal %ly2 — y3l lys — yal Plya —y1| P < o0
with
2(1—H)r 201 —H)(qg—r 2(1 — Hy)r 2(1— Hy)(g—r
wm MZHY Do) M Hor 20 Hesn

for every r = 1,..,q — 1. After the change of variables t; — u; = u;,y = x — y, we will have
to show that
11 tq

I = sup dug... duy
(Ho,Ha, )€[35,1]k+1 /0O 0
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|U1—UQ— tl—t2)| a0|’LL2—’LL3—(7f2—t3)| a0|U3—U4—(tg—t4)|_ﬁo|’LL4—U1—

—ly11? 1 \)'2\2 1 _ —lysl? 1
/ dyi.. / dys——e 1 ————¢ 2 —— ¢ 3 — ¢
R4 R4 27TU1 (27‘1’?12)§ (27‘('11,3)§ (27TU4)§
1 — y2| *ly2 — y3| “lys — ya| Plya —y1| 7P < .

Next, we write for the integrals dy;

/dY1 /dY4
R4
‘(j)‘2

dyy”’. d 2ur 2u
H/ yl /y 27ru ' \/27TU4€ )

JEAL
(7)2 (4),2
Clyd lyy”’ |
@_ 1 L 1 -
X || /dy1 dy4 27Tu1 up 27Tu4e 2uy

JEAL

We will separate the integral dy(] )

/ dy9) — / @y / gV
R ly1|)>v2T ly1| ) <V2T

and similarly for the integrals dy(] ) dyé ), dy(] ). We use the fact that on the set

for every j =1,..,d, as follows

y? > 2T > 2u

the function )

_y . . .
U — —=e€ 2u 1S 1ncreasing
u

and we majorize
Ly Lop
—e 2u by —e
NG VT
On the other hand, on the set
y2<2T
we majorize
1
——e~ 2u by a constant.

Vu

In this way, the quantity I can be bounded by

t1 ta
I < C sup / dul.../ dug
(H07HAk)e[%vl}k+1 0 0

lup — g — (t1 — t2)| 7 ug — uz — (t2 — t3)| 7 Jug — ug — (t3 — ts)| P |ug —ug —
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4) 2
() 1 ' _
H /dy ”/Rdy4 (WG Ty ver T o <var

1 _‘(J)‘Z
><..< 57¢ 7 osvar T lwo<var

x]ygj) _ yéj)’—aj ]yéj) _ yéj)‘—aj‘yéj) _ yij)’—ﬁj’yij) _ ygj)‘_ﬁj

2(1H r B, = 2(1— H)( )forevery]_l ,d and

(49)2
)
= 11 /dy / yy ( T 1|y§j)|>\/ﬁ+1yl|u><\/ﬁ>

JEA

1 ly (J)‘Z
X... < 27TT€ 2T 1| (j)|>\/ﬁ+ 1|y4|(j)<\/ﬁ>
><|y§]) _ y§J)|—aj|y§J) _ y§J)|—aj|y§J) _ yé(lj)|—ﬁj|yz(ly) _ y§y)|—ﬂj‘

Consequently, we can write

t1 ta
I < C sup / dul.../ dug
HOE[%vl} 0 0

lugr — up — (1 — t2)[ 7% fug — ug — (t2 — t3)]7*Jug — ug — (t3 — ta)| " |ug — uy — (ta — t1)| 77
@ (_1 e
/dy ' '/Rdy‘* Tzt o Wwopve T v

1 | (J)‘Z
""" Tz’ T psver YLy cver

HAk:E[Z’ ]EA

|y§j) _ yéj)|—aj |y§j) _ ygj)|—aj|y§j) _ yz(lj)|_ﬁj|y4(1j) _ ygj)|—5j
XR.

Note that R does not depend on Hy, Hy, and
11 ta

sup / dul.../ duy

Ho€[4,1]70 0

lup — ug — (t1 — t2)] 7 |ug — ug — (t2 — t3)] 7 |ug — g — (t3 — ta)| 7P us — uy — (ts — t1)| 77
T T

§ / dul/ dU4|’LL1 —UQ|_QO|’LL2 —U3|_QO|U3—’LL4|_BO|U4—’LL1|_60

0 0

which is finite by Lemma 3.3 in [2] since
200+ 2B +4=2(2H —2)+4=4H > 1.
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Therefore, in order to conclude, it remains to show that

sup / . / dy4
1

HAk€[§7 } JEAL
1 B ‘yij)‘Q

1 N ()2
( Qﬂ-Te o 1|y§j)\>\/ﬁ+lly§j)|<\/ﬁ ,/QﬂTe . \y(3)|>\/ﬁ+1\y(3)\<\/ﬁ

<yt =17 |y — o 170l — o P — P < oo

Assume for simplicity Ay = {1,2,..,k}. To check that the above quantity is finite,
it suffices to prove that

sup /dyl..../dy4 <e
He[3,1]/R R

X|y1 — yal "|y2 — ys|~ys — ya| Plya — 1|78 < o0,

lyal®
Ly var 1y4|<x/ﬁ>

v 2
2T 1‘y1|>\/ﬁ + 1y1|<\/ﬁ> <€

Using H;lzl(Az —l—BZ) = A1 Ay A3Ay+ A1 BoB3By+ ... + B1 By B3 By, the last integrals
can be expressed as a sum of several terms, involving integrals on the sets |y;| > v2T and

lyil < v2T.

Let us start with the first summand, namely

T = Sup]/dyl /dy‘*e 1 vare 1 e v
1

X|y1 — y2| ™ ya — yal " “ys — yal P lya — 1|7

Since |y1 — y2|? < 2(y? + y3) we have

1 — 2>+ ly2 — ysl® + lys — yal® + lya — i[> < 4(yi+ 95 + 95 + i) (55)
SO

3 tvded

e T < e~ (y1—y2P+Hly2—ys|* +lys —yal*+ya—p1]?)

Hence, T7 can be bounded as follows
T, < sup /dy1 /dy4e a7 (1 —y2 2 +ly2—y3|?+lyz—ya|*+lya—v1|?)

Hel[i 1] /R

1 — 2 " ly2 — ys| "%z — ya| Plya — 1|
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We apply the power counting theorem, see the Appendix. Consider the set of affine func-
tionals

T ={y1 — Y2, Y2 — Y3, Y3 — Ya, Y1 — Y1 }.
The only padded subset of T" is T” itself. We apply the power counting theorem with

C( 20-H)y 20-H)yr 20-H)(qg—r) 20-H)g—r)
(a1, 02, 03, ) = q q q ’ q

and

(517 /827 537 54) - (_’Ya -, =7, _fY)
with v > 0 arbitrarly large. We have (dy and d are given by ([69) and (70) respectively)

4
1
dO(T’):r(T’)+Zai:3+2(2H—2):4H—1>0forH>Z
i=1

and 3
doo(@):4—1—4’y<01f’y>z.

Therefore T is finite. Let us regard the last summand, i.e.

T, := sup /dyl'-'-/dy41|y1|<\/ﬁ”'1ly4<\/ﬁ
Hel3,1]/R R

<y = yol " ly2 — ys|™lys — yal Plya — 1P < o0
This is clearly finite by Lemma 3.3 in [2] since
20+ 20 +4=4H —4+4=4H > 1

when H > %.
The other summands can be handled by combining the arguments used for the two
terms above. For instance, consider

2
Y1
He[3,1] /R R
xJyr — vl ~[y2 — sl "z — yal Plya — va| 7.
We use the bound (which follows from (G5

yi > ~(ly1 — vl + ly2 — ysl* + lys — val® + lya — 1]*) — (¥3 + ¥35 +43)
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and then

2 2 2 2
Y 1 ya+y3+y
e~ < e st vi—velP+lya—ys*Hys—yal®+lya—un *) 25—
< Cewryi—v2l*+ly2—ysl+ys—yal*+lya—u|*)

The term 73 is thus bounded by

T; < C sup /dylm_/dy4e—$(|y1—y2|2+yz—y3|2+y3—y42+|y4—y12)
R R

Heli 1]
|y — 2l ly2 — ys|~lys — yal Plys — 1|7
and we follow the proof for the first term. |

Remark 5 Notice that the limit process in Theorem coincides in distribution with a bifrac-
tional Brownian motion with Hurst parameters H = %,K =—y+1l=d- % — Zank H,
(in the casei. ), H =1 K = d—%—zaezk H,+(2H —1) (in the case ii.) and H = K = %
(in the case iii.) We refer to [T])], [26], [27] for the definition of the bifractional Brownian
motion and for the link between this process and the solution to the heat equation.

5 Applications to Hermite Ornstein-Uhlenbeck process

Let Z%! := Z9 be a (one-parameter) Hermite process defined by (). The Hermite Ornstein
Uhlenbeck process has been introduced in [I5]. It is defined as the solution of Langevin
equation driven by Hermite noise.

t
X, =¢— )\/ Xods + 028 (t),t > 1 (56)
0

where A\,o > 0 and the initial condition ¢ is a random variable in L?*(Q). The unique
solution of (B4 is given by

t
VH(t) = e M <§ +o /0 eA“dZIg(u)> , t>0 (57)

where the integral fg e MdZ9(u) exists in the Riemann-Stieljes sense.
In particular, by taking the initial condition £ = afi)oo e MdZH (u) in (57). The

unique solution to (B6]), denoted in the sequel by (X (t));>0, can be expressed as

t
XH(t) = o / Nz (), >0 (58)
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and the stochastic integral in (G8]) can be also understood in the Wiener sense. The process
(X " (t)) >0 18 a stationary process, H -self similar process with stationary increments.
Inim the authors have established the asymptotic behavior with respect to H
of the Rosenblatt Ornstein Uhlenbeck process which is the solution of (Bl driven by the
Rosenblatt process, i.e. ¢ = 2. The proof was based on the analysis of the cumulants, but
it is well-known that this method does not work for a Wiener chaos of order ¢ > 3. In this
section, we will study the behavior as H — 1 and as H — % of the processes (X*(t))

and (YH(t))te[O,T]
asymptotic behavior of the Hermite Ornstein Uhlenbeck of any order ¢ > 1.

te[0,7
when ¢ > 2 . The results obtained give a complete picture for the

5.1 Asymptotic behavior of the non stationary Hermite Ornstein-Uhlenbeck
Assume that the initial condition £ does not depend on H.

Proposition 3 1 Assume H — 1. Then the process (YH(t))tE[O ) converges weakly,
in the space of the continuous functions C[0,T] to the process (Y (t)),ci0.r) given by

Hy(2)

Y(t)=eMe+o <1 - e_M) NG

(59)
with Z ~ N'(0,1)
1

2 Assume H — 3, the process (YH(t))te[o ) converges weakly, in the space of the

continuous functions C[0,T] as H — % to the standard Ornstein Uhlenbeck process

(Yo(t)) e 0,7] gwen by

Yo(t) = e <g b o / t e)‘“dW(u)> (60)

0

that is a Gaussian process with mean EYy(t) = e MEE for any t > 0 and covariance

function
Cov(Yy(t), Yo(s)) = g (e—klt—s\ _ e—)\(t—i-s))
for every s, t > 0.
Proof: Consider a,...,ay € Rand ty,...,ty € [0,T]. We will study the convergence of

the finite dimensional distributions of Y.

N N N
YN = Z OZZ'YH(ti) = Z E_Mif —I—/ Z042'1[0%.}(U)E_A(ti_u)dZ}]{(u)
i=1 i=1 Ri=1
N
= Z e Mig 4 /R f(w)dZ, (u)
i=1
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with f(u) = ZZJ\LI ilio (u)e_)‘(ti_“).
Notice that in this case the space H 4, given by ([5) coincides with L*(R). Since it
is clear that f belongs to |H H\ N L' (R) (see ﬂZZﬂ) we get immediatly by Proposition [ the

convergence as H — 1 of fR qu ) to (fR du) H\‘Z/(_Z)

In order to prove the convergence when H —> , we will apply Proposition 2l Using
the same arguments as for the proof of Proposition 5 in [22], we get

lim H(2H — 1 //f —U\QH_2dudv:/(f(u))2du

H—)— R
;;%%/ oMttt —2u) g, ;;az% = ( Ati—ty] —A(ti+tj))

which coincides with the variance of Zévzl a;Yy(tj). The proof is completed by showing
that (31) is satisfied. We have

/4 duld’LL4f(U1)f(’LL4)|’LL1 — UQ|H_1|’LL2 — U3|H_1|’LL3 — U4|H_1|’LL4 - U1|H_1
R

d
< ’ajl a]4‘ / / duy..dug
.]17 7.74 1
2 1y 2(H-1)(a—7) 2(H-1)(a—7)
x|uy — ug| |u2—u3| luzg —ugl” T fug —uy

is finite and continuous in H on the set (%, 1]. This follows from Lemma 3.3 in [2] or by apply-
20H—1)r 2(H—1)r 2(H—1)(g—7) 2(H—1)(q—r)>
a a0 q : q :

ing the power counting theorem with (aq, o, ag, ay) = (
We recall (see [22]) that for p > 1,

E[YH(t) = Y7 (s)|* < GBI (1) - Y (s)]P)P < clt - 5" (61)
The tighness follows from (6I]) and Bilingsley criterium (see [7]). [ |

5.2 Asymptotic behavior of the stationary Hermite Ornstein-Uhlenbeck

Now we will study the asymptotic behavior of (58]). The diffrence to the non-stationary case

is that the function f from the last proof has support of infinite Lebesque measure an we

need to use an argument based on the power counting theorem when H tends to one half.

The proof of this results is similar in spirit to the proofs of Proposition 6 and Proposition

7 in [22].

Proposition 4 1 Assume H — 1. Then the process (XH(t))te[o,T] converges weakly,
in the space of the continuous functions C[0,T] to the process (X(t)),ejo 1) defined by

o Hy(Z)

X)) =10

(62)

with Z ~ N(0,1)

32



2 Assume H — %, the process (XH(t))tE[O ) converges weakly, in the space of the continuous
functions C[0,T] as H — % to the stationary Ornstein Uhlenbeck process (Xo(t))iejo, 1) given
by

Xo(t) =0 / t e AW AW () (63)

—00

which is a stationary centered Gaussian process with covariance function

2
Cov(Xo(t), Xo(s)) = g—)\e_)"t_s‘

for every s,t > 0.

Proof: Consider ay,...,ay € Rand ty,...,ty € [0,T]. We will study the convergence of
the finite dimensional distributions of Y.

N
Saxt) = [ Zmz ey (e )
=1

— [ stwazyw
R

with g(u) = 2N, @il[_oo ;] (u)e=Mb—w),

The computations in proofs of Proposition 6 and Proposition 7 in [22] show that
g belongs to |Hy|N L' (R), we get immediatly by Proposition [l that the random variable
Z,’]\Ll a; X (t;) converges toZﬁil a; X (t;) as H— 1.
When H — %, the proof with slight changes, follows along the same lines as the
proof of Proposition 7 in [22]. We have

2 2

d
> ajxH(t)| ——E ZaJXO (t;)
- H—>— =

It remains to prove that the condition (3I]) holds true. We have

2(H=1)r 2(H—1)r M 2(H-1)(g—r)
/4 duy ...dugg(uq)...g(uq)|ug — usg| s — g iz — g — :
R
d .
= Z ’aﬂl 04]4’ / duy... / dune Aty ) | Mty —ua)
j17j27"7j4 1
(H r 1) M M
luy — ug| fuy = s T g — wal g —
d - .
- Z |04j1---04j4|/ dul..../ du4e—k(u1+..+u4)
j17j27'-7j4:1 0 0
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(H r 2(H71)7"
lug — ug — (tjl —tj,)|

x|uy —ug — (tj, —tj,)]

2011~ 1)a-r) 2(H-1)(q—r)
lug —ug — (tj; —t5,)] lug —uy — (L, —t5,)]
d
< 3t —tig [ty =t S - %4‘/ duy.. / duy
J1,J2,-:34=1

e—%(\m—uz—(th —tjo) [+ ua—u1—(ti, —t5,)])

2(H-1)r 2(H-1)r

><<1VIU1—u2—(tj1—tj2)| a ><1VIU2—H3—(tj1—tjz)| ‘ >

2(H—-1)(g—r) 2(H—-1)(g—r)
LV fug —ug — (tj, —tj,)]" @ LV jug —ug — (tj, —t5,)]" @

We apply the power counting theorem on the set T’ defined by

T/ = {u1 —us — (tjl — th), ey Ug — UL — (tj4 — tj1)}

with

( B (2(H— Dr 2(H—1r 2(H—-1)(qg—r) 2(H—-1)(g—7)
041,..,044) =

q ) q ) q ) q ) a‘nd (/817 "7/84) - (_’Ya seey _’Y)

with v € (%, 1]. Since T” is the only paddet subset of 7", we have

4(H—-1)(g—r) . 4(H-1)(g—r)

do(T’) =4 -1+
q q

:4H—1>OifH>i
and

. 1 3
Therefore, the function

2(H nr 2(H Hr 2(H— 1)(q r) 2(H— 1)(q r)

H—>/ /du1 dug|g(ug)...g(um)||ur —usl |ug—us| |us—uyl |ug—uq|

is finite and continuous on the set D = {H € (0,1], H > 1}. The conclusion follows from
Proposition 21

Again the tighness is obtained by (&1l). |
6 Appendix

The basic tools from the analysis on Wiener space and the power counting theorem proven
in [24] are presented in this appendix.
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6.1 Multiple stochastic integrals and the Fourth Moment Theorem

Here, we shall only recall some elementary facts; our main reference is [I§]. Consider H a
real separable infinite-dimensional Hilbert space with its associated inner product (.,.),,,
and (B(¢),¢ € H) an isonormal Gaussian process on a probability space (£2,§,P), which
is a centered Gaussian family of random variables such that E (B(p)B(1)) = (@,1)4,, for
every ¢, € H. Denote by I, the gth multiple stochastic integral with respect to B. This I,
is actually an isometry between the Hilbert space H®? (symmetric tensor product) equipped
with the scaled norm ﬁH - |[y#¢ and the Wiener chaos of order ¢, which is defined as the
closed linear span of the random variables Hy(B(p)) where ¢ € H, |||y = 1 and Hy is
the Hermite polynomial of degree ¢ > 1 defined by:

o= e (2) 2 (e (2)) e o

The isometry of multiple integrals can be written as: for p, ¢ > 1, f € H®P and g € H®1,

{ a{f,q)nea  ifp=gq
0

(65)
otherwise.

E(L(f)L(9)) =

It also holds that: .
[q(f) = [q(f)7

where f denotes the canonical symmetrization of f and it is defined by:

1
f(xla"' 7‘Tq) = a Z f(xo(l)a"'7xo(q))7

0€S,

in which the sum runs over all permutations o of {1,...,q}.
In the particular case when H = L?(T,B(T), ;1) , the rth contraction f ®, g is the
element of H®@P+1=27) which is defined by:

(f ®T g)(317 oo 7Sp—7’7t17 oo 7tq—7")
— fTT duy ... dup f(S1, . s Spory Uty .o Up)g(E1, oo by Uty o Uy, (66)
for every f € L*([0,T)"), g € L*([0,T]?) and r = 1,...,p A q.

An important property of finite sums of multiple integrals is the hypercontractivity.
Namely, if F'=3"1_, Ir(fx) with fi € H®* then

SIS

E|F|P < C, (EF?)>. (67)
for every p > 2.

We will use the following famous result initially proven in [19] that characterizes the
convergence in distribution of a sequence of multiple integrals torward the Gaussian law.
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Theorem 4 Fizxn > 2 and let (F,k > 1), Fy = I, (fx) ((with fr € HO" for every k > 1
), be a sequence of square-integrable random variables in the nth Wiener chaos such that
E [sz] — 1 as k — oo. The following are equivalent:

1. the sequence (Fy),>q converges in distribution to the normal law N(0,1);
2. E[F,ﬂ =3 as k — oo;
3. foralll <1<mn-—1, it holds that klim | fx @1 frllye2m-—n = 0;

—00

Another equivalent condition can be stated in term of the Malliavin derivatives of Fj,

see [16].

6.2 Power counting theorem

We need to recall some notation and results from [24] which are needed in order to check
the integrability assumption from Proposition 2l

Consider a set T' = {M, .., M,,} of linear functions on R™. The power counting
theorem (see Theorem 1.1 and Corollary 1.1 in [24]) gives sufficient conditions for the
integral

I:/R/Rduldumfl(Ml(ul,,um))fm(Mm(ul,,um)) (68)

to be finite, where f; : R — R, ¢ = 1,..,m are such that |f;| is bounded above on (a;, b;)
(0 < a; < b <o0)and
[fiy)] < eilyl™ if Jyi| < a; and |fi(y)] < eilyl™ if [y| > bi.
For a subset W C T we denote by sp(W) = span(W)NT. A subset W of T is said
to be padded if sp(W) = W and any functional M € W also belongs to sp(W \ {M}).
Denote by span (W) the linear span generated by W and by r(W) the number of linearly

independent elements of W.
Then Theorem 1.1 in [24] says that the integral I (6] is finite if

d(W)=r(W)+ > ;>0 (69)
sT(W)
for any subset W of T' with sp(W) = W and
doo(W) =7(T) =r(W)+ Y B <0 (70)
T\sT (W)

for any proper subset W of T' with sp(W) = W, including the empty set. If a; > —1 then
it suffices to check ([69) for any padded subset W C T. Also, it suffices to verify (70) only
for padded subsets of T'if 3; > —1.

The condition (69]) implies the integrability at the origin while (Z0) gives the inte-
grability of I at infinity.

There is a similar result if one starts with a set 7' of affine functionals instead of
linear functionals.
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