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INVARIANTS OF FORMAL PSEUDODIFFERENTIAL OPERATOR
ALGEBRAS AND ALGEBRAIC MODULAR FORMS

FRANGCOIS DUMAS AND FRANCOIS MARTIN

ABSTRACT. We study from an algebraic point of view the question of extending an action of a
group I' on a commutative domain R to a formal pseudodifferential operator ring B = R((x; d))
with coefficients in R, as well as to some canonical quadratic extension C' = R((x/?; 1d))2 of
B. We give a necessary and sufficient condition of compatibility between the action and the
derivation d of R for such an extension to exist, and we determine all possible extensions of the
action to B and C. We describe under suitable assumptions the invariant subalgebras BT and
C" as Laurent series rings with coefficients in RT.

The main results of this general study are applied in a numbertheoretical context to the case
where I' is a subgroup of SL(2,C) acting by homographies on an algebra R of functions in one
complex variable. Denoting by M the vector space of algebraic modular forms in R of weight j
(even or odd), we build for any nonnegative integer & a linear isomorphism between the subspace
C} of invariant operators of order > k in C' and the product space My = Hj>k M, which
can be identified with a space of algebraic Jacobi forms of weight k. It results in particular a
structure of noncommutative algebra on My and an algebra isomorphism ¥ : Mo — C§, whose
restriction to the particular case of even weights was previously known in the litterature. We
study properties of this correspondence combining arithmetical arguments and the use of the
algebraic results of the first part of the article.

INTRODUCTION

Several studies in deformation or quantization theories have shown in various contexts that
significant combinations of Rankin-Cohen brackets on modular forms of even weights correspond
by isomorphic transfer to the noncommutative composition product in some associative algebras
of invariant operators (see for instance [Zag94], [CMZ97], [UU96], [BTY07], [CLOT7], [Pev12],
[Yaol4], [Leel8]). The main goal of this paper is to produce such a correspondence in a formal
algebraic setting for modular forms of any weights (even or odd), which allows the construction
to be applied to Jacobi forms.

The first part deals with the general algebraic problem to extend a group action from a ring R to
a ring of formal pseudodifferential operators with coefficients in R, and to describe the subring
of invariant operators. More precisely, let R be a commutative domain of characteristic zero
containing the subfield of rational numbers, U(R) its group of invertible elements, d a derivation
of R and ' a group acting by automorphisms on R. We denote by B = R((z; d)) the ring of
formal pseudodifferential operators with coefficients in R. The elements of B are the Laurent
power series in one indeterminate x with coefficients in R and the noncommutative product in
B is defined from the commutation law:

zf =0 d'(f)z*+! for any f € R.
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2 FRANCOIS DUMAS AND FRANCOIS MARTIN

We also consider some quadratic extension C = R((y; 6))2 of B, with y?> = z, § = 3d and
commutation law:

yf =2 k>0 (%) S (f)y*** for any f € R.

This type of skew power series rings was already introduced in various ringtheoretical papers, see
references in [Dum92|. We prove (theorem 1.2.5) that the action of I on R extends to an action
by automorphisms on B if and only if there exists a multiplicative 1-cocycle p : I' — U(R) such
that vdy~! = p~.d for any v € I'. We describe under this assumption all possible extensions of
the action; they are parametrized by the arbitrary choice of a map r : I' — R satisfying some
compatibility condition related to p. We give (theorem 1.3.1) sufficient conditions for the ring
BT of invariant operators to be described as a ring of formal pseudodifferential operators with
coefficients in R''. We prove (theorems 1.2.9 and 1.3.2) similar results for the ring C'; in this case
a necessary and sufficient condition to extend the action of I' from R to C' is the existence of
some multiplicative 1-cocycle s : I' — U(R) satisfying ydy~! = s%.d for any v € I'. The subring

B is then necessarily stable under the extended actions, and B! is a subring of CT.

These general results are applied in the second part of the paper to the case of the complex
homographic action. We fix a C-algebra R of functions in one variable z stable under the
standard derivation 0, and a subgroup I' of SL(2,C) acting on R by:

(f)(z) = f(%55) for any f € Rand y= (24) €T.

Applying the previous general construction for the derivation d = —3d, and the 1-cocycles
5 : v+ cz+dand p = s, we define an action of I' on C = R((y; —%@))2. We give in theorems
2.2.3 and 2.2.5 a combinatorial description of this action, whose restriction to B = R((z; —0,))
with 2 = y? corresponds to the action already introduced in section 1 of [CMZ97]. We consider
for any k € Z the subspace C}; of elements in C' whose valuation related to y is greater or equal
to k. It is easy to check that the image of the canonical projection 7y : C}; — R is included
in the subspace M}, of algebraic modular forms of weight k. We construct a family (¢ )r>0 of
splitting maps ¢y : My — C} which gives rise canonically (theorem 2.3.2) to a vector space
isomorphism:

U My— C(l;, with Mg = HkZO M.

This correspondence makes it possible on the one hand to identify C}; with a vector space of
algebraic Jacobi forms of weight k (see corollary 2.3.3), on the other hand to obtain by transfer a
noncommutative product on My. This multiplication on modular forms of nonnegative weights
(even or odd) can be described in terms of linear combinations of Rankin-Cohen brackets with
combinatorial rational coefficients:

f*g = ‘I’fl(lbk(f)wé(g)) = ZTLZO a”(k7£)[f7 g}n

for any f € My, g € My, k,¢ > 0. The restriction to modular forms of even nonnegative weights
gives the isomorphism:

Wyt MG — BY, with M§¥ = [[;50 May and B = BNCY,

considered in section 3 of [CMZ97] (see also [UU96], [Yao07]). We discuss at the end of paragraph
2.3 the obstructions for possible extensions of theorem 2.3.2 to modular forms of negative weights.
The purpose of paragraph 2.4 is to go further in the study of the isomorphism W5 using the
structure of Bg deduced from the general theorem 1.3.1. More precisely, assuming that R
contains an invertible modular form y of weight 2, B is the skew power series algebra RY [[u; D]]
with coefficients in R where u denotes the invariant operator zy and D is the derivation —y 19,
of RU. A natural question is then to describe as a sequence of modular forms the inverse image
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by Wy of any invariant operator in B}, or equivalently of any power u* for k > 0. The value of
W, (u*) is entirely determined by some family (g )i x>0 of modular forms of weight 2k + 2i,
which are zero if i is odd, and which can be calculated for even i’s in terms of Rankin-Cohen
brackets of powers of the modular form x. Paragraph 2.5 explores some ways to extend the
previous results to negative odd weights. We finally mention in paragraph 2.6 as an open
question the possibility of considering the whole study of the second part of this paper for other
choices of the parameter r in the extension of the initial action from functions to operators.

1. ACTIONS AND INVARIANTS ON PSEUDODIFFERENTIAL AND QUADRATIC
PSEUDODIFFERENTIAL OPERATOR RINGS

1.1. Definitions and preliminary results. We fix a commutative domain R of characteristic
zero containing Q. We denote by U(R) the group of invertible elements in R. We denote by
R((x)) the left R-module of formal power series > ., f;z' with f; € R for any i > 0. It is well
known that, for any nonzero derivation d of R, we can define an associative noncommutative
product on R((z)) from the commutation law:

aof = fr+d(f)a® +d*(f)a® +--- = Zd"(f)x"“ for any f € R, (1)

n>0

and more generally for any integer ¢ > 0:

P = G D)+ SR (i 5 (et (@)

(2

We obtain so a noncommutative ring denoted by By = R[[z;d]]. The element x generates a
two-sided ideal in By and we can consider the localized ring B = R((z;d)) of By with respect
of the powers of z. The elements of B are the Laurent series ¢ = >, fiz® with m € Z and
fi € R for any i > m. The valuation v,(q) of ¢ is defined by v,(¢) = min{i € Z; f; # 0} for
q # 0 and v;(0) = co. The map v, is a valuation function B — Z U {oc} and By is the subring
{q € B; vz(q) > 0}. It follows in particular that By and B are domains. The invertible elements
of B are the series ¢ = Y~ fiz® such that f,, € U(R).

Definition 1.1.1. The noncommutative domain B = R((x;d)) is called the ring of formal
pseudodifferential operators in d with coefficients in R.

Denoting by 0 the derivation —d, relation (1) can be rewritten:
7 f = fzL + 9(f) for any f € R. (3)

It is well known that this relation defines an associative noncommutative product in the subset
A of polynomials in the variable t = 27! with coefficients in R (see for instance [GW04] pages
11 and 19). This subset A is then a subring of B, denoted by A = R[t; 0.

Definition 1.1.2. The noncommutative domain R[t; ] is called the ring of formal differential
operators in 0 with coefficients in R.

Denoting by y instead of = the variable in the left R-module R((y)), another structure of non-
commutative ring (see example 1.3.(d) in [Dum92]) can be defined on R((y)) for any nonzero
derivation ¢ of R from the commutation law:

uf = fy+ (N + 382(Fy° + 303Ny + 261Ny’ + - = D () F(AwHL (@)
k>0
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and more generally for any integer ¢ > 0:

k . .
; ; 2 — 1) +i+1 i
Yy = fyth 4 E H U ?7 SF(f)y* L for any f € R. (5)
k>1 \j=1

This ring is denoted by Cy = R[[y;d]]2. As in the previous case, Cy can be embedded in the
localization C' = R((y;d))2 of Laurent series ¢ = >, fiy" with m € Z and f; € R for any
i > m. The valuation vy(q) is defined by v,(¢g) = min{i € Z; f; # 0} for ¢ # 0 and v,(0) = oo.
The map vy is a valuation function C' — Z U {oo} and Cj is the subring {¢ € B; vy(q) > 0}.
In particular C and C are domains. The invertible elements of C' are the series ¢ = Y.~ fi’
such that f,, € U(R). -

Definition 1.1.3. The noncommutative domain C' = R((y;0))2 is called the ring of quadratic
formal pseudodifferential operators in § with coefficients in R.

By elementary calculations it follows from (5) that:

V=19 + 20yt + 42y + - =D (20N (f)y* for any f € R, (6)
E>1

which is equivalent to
y°f = fy ?—26(f) for any f € R. (7)

This observation gives rise to the following result.

Proposition 1.1.4. Let R be a commutative domain of characteristic zero containing Q. Let d
be a nonzero derivation of R.

(i) The ring of quadratic pseudodifferential operators C'= R((y; 8))2 for § = 1d contains as
a subring the ring of pseudodifferential operators B = R((x; d)) for x = y?, and therefore
the ring of differential polynomials A = R[t; 9] fort =x~ ' =y~ 2 and 0 = —d.

A=R[t; =d] ¢ B=R(a;d) C C=R(y; td)s.

(ii) We have vy(q) = 2v5(q) for any ¢ € B, and the subrings By = R[[z; d]] and Cy =
Rlly; 6]]2 satisfy Bo = BN Cp.

(iii) We have C = B & By, with By = yB, (By)(By) = B and (By)B = B(By) = By.

Proof. Follows by obvious calculations from identities (6) and (7). O

The following proposition shows that any automorphism of B (respectively C') stabilizing R is
continuous with respect of the z-adic (respectively the y-adic) topology. A similar property is
proved in [AD95] for different commutation laws and in the particular case where R a field. We
start with a preliminary technical result.

Lemma 1.1.5. Data and notations are those of the previous proposition. Let £ be a positive
nteger.

(i) For any q € B of the form g =1+ 3,5, fix® with f; € R for any i > 1, there exists an

element r in B such that ¢ = r*.

(ii) For any q € C of the form ¢ =1+ % -, fiy® with f; € R for any i > 1, there exists an

element r in C such that ¢ = r*.
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Proof. The proof is the same in the two cases and we write it for B = R((z;d)). We consider
in B an element of nonnegative valuation r = ) ,., g;z* with g; € R for any ¢ > 0. For any

integer ¢ > 1, we denote 7t = Zizo ggyi:vi with go; € R for any ¢« > 0. By a straightforward
induction using (2), we check that g, = égg_lgi + he; where the rest hy; depends only on

previous go, g1, - -, gi—1 and their images by some powers of d. Then for any sequence (f;)i>1
of elements in R, we can determine inductively a unique sequence (g;);>o such that go = 1 and
gei = fi for any i > 1, that is (3,50 0i2%)f = 14+ 3.5, fiz. O

Proposition 1.1.6. Data and notations are those of the previous proposition.

(i) Let v be an automorphism of B whose restriction to R is an automorphism of R. Then
v2(Y(q)) = vz(q) for any q € B. In particular the restriction of v to By determines an
automorphism of By.

(ii) Let 7y be an automorphism of C whose restriction to R is an automorphism of R. Then
vy (7(q)) = vy(q) for any q € C.

(iii) Let v be an automorphism of C' whose restriction to R is an automorphism of R. Then
the restriction of v to B determines an automorphism of B.

Proof. Let 7 be an automorphism of B such that y(R) = R. This implies 7 }(R) = R. We
introduce m = v,(y(x)) € Z and suppose that m < 0. Then the element z = 1 + ! satisfies
¥(z) = 1+ v(x)~! € By. We set an integer £ > 2 and consider by point (i) of lemma 1.1.5
an element r € By such that r* = v(z). Applying the automorphism 7~} we have v,(z) =
fv(y~Y(r)), which gives a contradiction because v,(z) = —1 by definition. Hence we have
proved that m > 0. It follows in particular that v(Bg) C Bp. By the same argument for 4!,
we conclude that v(Bgy) = Bp. In other words, the restrictions of v and v~! to By determine
automorphisms of By. We prove now that m = 1. In By, we can write y(z) = f(14+w)z™, with
f € U(R) (because y(x) is invertible in B) and w € By such that v,(w) > 1. It follows that
=7y A +w)y )™, and then v (Y 1(f)) + vz (v 11 +w)) +mug(y1(x)) = 1. Since
7~ 1(R) = R, we have v,(y1(f)) = 0. The element 1+ w is invertible in By, hence v~ (1 +w) is
invertible in By, therefore v,(y~1(1 4 w)) = 0. We conclude that muv,(y~(z)) = 1, then m = 1
and the proof of point (i) is complete. The proof of point (ii) is similar replacing By by Cp, x
by y and v, by vy.

Let v be an automorphism of C' such that v(R) = R. We deduce from relation (7) that
Y1) 2 (f) = v(f)v(y) "2 = —y(d(f)) for any f € R. With notation z = v(y) 2, we obtain
zf — fz = —vdy~1(f) € R for any f € R. By point (ii), we have v,(z) = —2. Using point (iii) of
proposition 1.1.4, we have z = g+¢'y with ¢, ¢’ € B, vy(q) = —2, vy(¢') > —2. Since ¢f — fq € B
for any f € R, we deduce from previous identity that ¢'yf— fq'y € B for any f € R. Suppose that
¢ # 0 and denote ¢'y = >, foir1y* 1, with £ > —1, fo;41 € R for any i > —1 and fapq1 # 0.
Using (5), we have in C for any f € R the development: ¢'yf—fq'y = (2041) forp18(f)y* 3+ -
which is incompatible with the fact that ¢'yf — f¢'y € B and ¢ is a nonzero derivation. Then
we have necessarily ¢ = 0, that is z € B. In other words, y(z~!) € B. Hence vy(z) € B and the
proof is complete. O

1.2. Extension to B and C of actions by automorphisms on R.

Notations 1.2.1. We take all data and notations of proposition 1.1.4. We consider a group I'
acting by automorphisms on the ring R. We denote this action on the right:

(f-7)A =f- forall feR, 7,7 €T, (8)
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A 1-cocycle for the action of I' on the group U(R) is a map s : I' = U(R), v — s, satisfying:
Syt = (847 )sy  forall y,7 €. 9)
We denote by Z!(T', U(R)) the multiplicative abelian group of such 1-cocycles.

We answer the following two questions: give necessary and sufficient conditions for the existence
of an action of I' by automorphisms on B or C' extending the given action on R, and describe
all possible extended actions. We need some definitions.

Definitions 1.2.2. Data and notations are those of 1.2.1.

(i) The action of I on R is said to be d-compatible when for any v € I', there exists
py € U(R) such that:

d(f) v =pyd(f-v) forany f€R. (10)
This condition defines uniquely a map p : I' — U(R), v — py, and p € ZY(T,U(R)).
This map p is called the 1-cocycle associated to the d-compatibility.
(ii) The action of I" on R is said to be quadratically d-compatible when there exists an
element s € ZY(I", U(R)) such that:

d(f)-'y:s%d(f~7) for any v € I" and any f € R. (11)

Such a map s is called a 1-cocycle associated to the quadratic d-compatibility. It
is not necessarily unique since any map s’ = es where € is a multiplicative function
I — {—1,+1} is another element of Z'(T',U(R)) satisfying (11).

Remark 1.2.3. Any quadratically d-compatible action is also d-compatible. Since § = %d and
0 = —d, the d-compatibility is obviously equivalent to the é-compatibility or the 0-compatibility.

Examples 1.2.4. 1. For any commutative field k of characteristic zero, the group I' =
k x k> for the product (u, \)(p/,N) = (M 4+ p, AN) acts by k-automorphisms on
the domain R = k[z] by (f - v)(2) = f(Az + p) for v = (u,A) € T'. It is clear that
9.(f) -y = A"10.(f - ) for any polynomial f € R. Hence this action is d,-compatible,
with p € ZY(T',k*) defined by p : (u,\) = A~1. If k is not algebraically closed, the
action is not necessarily quadratically d,-compatible.

2. Let k be any commutative field of characteristic zero and R = k(z) the field of rational
functions in one variable with coefficients in k. The group I' = SL(2,k) acts by k-

automorphisms on R by (f-v)(z) = f(%) where v = (;)\ ’g) € I'. We have 0,(f)-~v =

(nz + €)%0.(f - v) for any rational function f € R. Hence this action is quadratically
0,-compatible, with s € Z1(I', RX) defined by s : (2 ¢ )~ nz + & This kind of action is
the main object of the second part of the paper.

We are now able to answer for B to the questions formulated at the beginning of this paragraph.

Theorem 1.2.5. The action of I' by automorphisms on R extends in an action of I' by auto-
morphisms on B = R((x;d)) if and only if it is d-compatible. We have then:

7ty = pva:*l +pyry  foranyy el (12)
where p € ZY(T,U(R)) is the 1-cocycle associated to the d-compatibility and r is an arbitrary
map I' — R satisfying the identity:

Tyt = Ty + p;/l (ry-7')  forally,y €T. (13)

In particular, this action extends in an action on B if and only if it extends in an action on the
subring A = R[z~1; —d.
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Proof. Suppose that ' acts by automorphisms on B with R -~ = R for any v € I'. We can
apply point (i) of proposition 1.1.6 to write 2= -v =g 1271 + go + > i1 g;x?, with g; € R for
any j > —1 and g_; # 0. Moreover z~* € U(B) implies (z ! - v) € U(B) which is equivalent to
g-1 € U(R). Applying 7 to (3), we obtain: (z="-~)(f-v) — (f-v)(a~"-7) = —d(f) -y for any
f € R. Since f -+ € R, we can develop this identity:

lg12™ (f-7) = (F gz T+ g0 7) = (F-V)go) + D _lgsa? (f =) = (f - )gza?] = =d(f) - .
i>1

The first term is: g_1[z=*(f-v) — (f - v)z™'] = —g_1d(f - ¥) € R. The second term is zero by

commutativity of R. The third term is of valuation > 1. So we deduce that:

—g1d(f -7) = —d(f) -y and Y [g;a’(f -7) = (£ -7)gja’] = 0 for any f € R.
Jj=1
Denoting p, = g_1, we have p, € U(R) and the first equality means by definition that the
action of I' is d-compatible. We claim that the second assertion implies g; = 0 for all j > 1.
Suppose that there exists a minimal index m > 1 such that g, # 0. Calculating with relation
(2), we have > .. [9;27 (f - v) — (f - 7)gjz?] = 0, then mgd(f - ¥)z™ 1 + ... =0 and therefore
d(f-~) = 0 for any f € R. It follows by d-compatibility of the action that d = 0, hence a
contradiction. We have proved that 27! -~y = g_12~! + g9 with Py = g—1 € U(R) satisfying
definition 1.2.2 (i). Then we set r, = (g—1)"'go. We have 271 -~y = p,2~! + p,r,. Relations (9)

for p and (13) for r follow from relation (z=!-~) -4/ =271 . 4"

Conversely, let us assume that the action of I' on R is d-compatible. Denote by p the 1-cocycle
associated to the d-compatibility. Let us choose a map r : I' — R satisfying (13). For any v € T,
we denote ¢, = py7y and calculate for all f € R:

(P2t + g)(f - 7) = (F - NPy~ 4 ay) = py (27 (F - 9) = (F - V)a™) = =pyd(f - ).

Using (10) we obtain (pyz~ ' +4,)(f-7) = (f ) (pyz ' +¢5) = —d(f) -7 for any f € R. Hence by
(3) we obtain an action of I by automorphisms on the polynomial algebra A extending the initial
action on R by setting: 7 !.y = p,ychl +pyry. The element p, + g,z is invertible in By and the
element 1.y = pvwfl + ¢, is invertible in B because p, € U(R). Then we define an action of T’
by automorphisms on B extending the action on A by setting: z-y = (z71-7)™! = 2(py+¢,2) L.
The condition (u-7) -+ = u -~ for any 7,7 € T and any u € B follows from (9) for p and
(13) for r. O

Corollary 1.2.6. If the action of I' by automorphisms on R is d-compatible, then it extends in
an action of I' by automorphisms on B defined by:

z b v = pvx_l, or equivalently x -~ = xp;l = Z dj(p;l)avj'H for any v €T, (14)
J=0
where p € ZY(T',U(R)) is the 1-cocycle associated to the d-compatibility.

Proof. We just apply theorem 1.2.5 for the trivial map r defined by r, = 0 for any + € I which
satisfies obviously (13). O

Examples 1.2.7. We consider a d-compatible action of I' on R. Let p be the 1-cocycle associated
to the d-compatibility. Relation (13) can be interpreted as a 1-cocycle condition for the right
action of I' on R defined by (f|v) = p;l(f-’y) for any v € I" and f € R. We denote by Z;(F, R)
the additive group of maps r : I' — R satisfying (13). We consider here various examples for
the choice of r € Z}(T', R).
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1. The case r = 0 corresponds to the extension described in corollary 1.2.6. If r is a
coboundary (i.e. there exists f € R such that: r, = p,;l(ffy) —f forany v € I'), then we
can suppose up to a change of variables that r = 0, because the element 2’ = (z=1 — f)~!
satisfies B = R((2'; d)) = R((z; d)) and 2'~! -y = p,a’~! for any v € T".

2. A straightforward calculation proves that the map r : I' — R defined by: r, = —p> 1d(p7)

for any v € T' is an element of Z; (T, R). The corresponding action of I" on B is given

by: 271y =py,a~t —d(py) = 27 !p, for any v €T.

3. Since Z}(T, R) is a left RP-module, xr is an element of Z} (T, R) for any r € Z}(T, R)
and any £ € R'. The corresponding action of I on B is given by: z " -’y DT ik DT~
for any v € I'. If we suppose moreover that £ € U(R), then 2’/ = (k 'z ~1)~! satisfies
B = R(z; d) = R(2'; k~'d)), and we obtain /=1 - v = p,a'~! + pyry for any v € I.
Up to a change of variables, theses cases where x € U(R) reduce to the case k = 1.

In order to provide for C' an extension theorem similar to 1.2.5, we need the following technical
lemma about square roots in C.

Lemma 1.2.8. Let q = ZiZZ giy' be an element of C, with g; € R for any i > 2, g2 # 0. We
suppose that there exists e € U(R) such that go = €.

(i) There exists a unique element z € C of the form z = ey + Y~ €y’ with e; € R for any
i > 2, such that g = 2°.
(ii) The only other series 2’ satisfying 2'% = q is 2 = —z.
(iii) Moreover, if ¢ € B, then z € By.

Proof. We compute inductively the coefficients e; of z for ¢ > 2 by identification in the equality
> i>o gzyi = (ey +> >0 e;y')2. Using (5) in the development of the right hand side, we observe
that 22 = e2y® + (2e2e)y> + (2ese +e3 +ed(e))yt +- - = 2y* +;55(2ee;_1 + hi—2)y" where the
rest h;_s € R depends only on previous elements e, es, . . ., €;_o and their images by §. Therefore
ei_1 = (2¢) 7Y (g; — hi_2) and the proof of (i) follows by induction.

Since R is a domain, the only other element e’ € R satisfying €/ 2 = g5 is ¢/ = —e, then point
(ii) follows from point (i).

By point (iii) of 1.1.4, we have z = u + v’y with u, v’ € B, vy(u) > 2, vy(u’) = 0. Suppose that
u # 0. We denote u = ), foiy? and o' = > >0 fhy?, with m > 1, fo;, f: € R, fom # 0 and
fb=-e. Then q = (u+u'y)? = (u* + u'yu'y) + (uu'y + w'yu) and the assumption ¢ € B implies
wu'y + u'yu = 0 using point (iii) of proposition 1.1.4. By (4) and (6) we have:

uu’y+u’yu = (f2my2m+-'-)(ey+ ) + (ey—f—‘--)(fzmme-i- ) — 2f2mey2m+1 + ...
with 2 fs,e # 0. Hence a contradiction. O

Theorem 1.2.9. The action of I' by automorphisms on R extends in an action of I' by au-
tomorphisms on C = R((y; 3d))2 if and only if it is quadratically d-compatible. In this case
B = R((z;d)) is stable under the extended action.

Proof. Suppose that the action extends in an action by automorphisms on C. By point (ii) of
proposition 1.1. 6 we can consider the map I' = U(R), v — s, defined by y - v = 5y Ly +.
Writing (y-v) -7 = (s5 )Sily + .-+, we observe with (9) that s € Z'(TI', U(R)). Moreover
it follows from point (ii ) of proposmon 1.1.6 that the action restricts in an action of B. Since

vy =y )2 =(sy )2 = s%:c_l + .-+, we deduce from theorem 1.2.5 that s,
satlsﬁes condition (11), therefore the action is quadratically d-compatible.
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Conversely, we assume now that the action of I' on R is quadratically d-compatible. There
exists some s € Z1(I', U(R)) satisfying (11). Then the map p : v — 33 lies in ZY(T, U(R)) and
satisfies (10). Let r be any map I' — R satisfying (13). By theorem 1.2.5, we define an action
by automorphisms on B by setting = ! -y = pwxfl + pyry for any v € I'. The development of

its inverse in B is of the form z -y = s7 2r +---. By lemma 1.2.8, there exists a unique element
Y, € C such that y7 = z -7y and whose development is of the form g, = s Ly 4. ... In particular
it follows from the action of v on relation (6) that:
V=0 + ) 2NNy )) N PR forany f € R (15)
k>2

We extend the action of v to C by setting y - v = y,. To prove that ¢ — ¢ -~ defines a
automorphism of C, it is sufficient by (4) to prove that:

U,f = I+ 2 sy (8°(F-y1) - )T for any f € R, (16)
k>1

Since g, = s Ly+- - with sy L€ U(R), any element of C' can be written as a series in the variable
7, with coeﬁi(nents in R. In particular, for any f € R, we have y.f = fy, +>_,5,6 (f)@?*l,
where (0,)n>1 is a sequence of additive maps R — R. Hence 32 f = f7? +D 2 An(f)ygit! with
notation A,, = Z}l;ol 0j0n—j—1. The identification with (15) leads to A,, = 0 for even n, and
A, = (265 for odd n = 2k — 1 where &' is defined by &'(f) = 6(f -y~') -y for any f € R. It
follows by a straightforward induction that d,, = 0 for any odd n, then Agg_1 = Zz’ﬂ':kfl 0202,

and finally do, = 2,22(2?)' 6. So relation (16) is satisfied. Because (s31 -9 )8;/1 = s;}, for all
7,7 € T, we deduce from (x -7v) -+ = z -~y with lemma 1.2.8 that (y-~) -7 =y -vy. We
conclude that it defines an action of I' by automorphisms on C. ]

Corollary 1.2.10. We suppose that the action of I' by automorphisms on R is quadratically
d-compatible.

(i) Let s € ZYT,U(R)) be a I-cocycle associated to the quadratic d-compatibility. For

v €T, let y, be the square root of xs,;Q whose coefficient of minimal valuation in its

development as a series in the variable y is 37_1
of T by automorphisms on C defined from

y.fy:yv:(g;ly—k.u for any v €T (17)

ii) The other extensions of the action are given by y - v = €,y., for any v € I', where € is a
Iy
multiplicative map T' — {—1, +1}.

. Then the action extends in an action

Proof. We apply the second part of the proof of theorem 1.2.9 to the case where r is defined by
ry =0 for any v € I. O

1.3. Invariants in B and C for the extensions of actions on R. We take all data and
notations of proposition 1.1.4. For I" a group acting by automorphisms on B (respectively on
C) stabilizing R, we give sufficient conditions for the invariant ring B' (respectively CT) to
be described as a ring of pseudodifferential (respectively quadratic pseudodifferential) operators
with coefficients in R'.

Theorem 1.3.1. Let T' be a group acting by automorphisms on B = R((x;d)) stabilizing R. We
assume that there exists in B an element of the form w = gx~' 4+ h with h € R and g € U(R).
Then the derivation D = gd restricts to a derivation of RY, and we have A’ = R'[w;—D],
BY = R'[[w™!; D]] and B' = R'(w™}; D)).
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Proof. We consider the subring A = R[z~!; —d] C B and commutation law (3). We denote by
D the derivation of R defined by D(f) = gd(f) = —(g2~'f — fgz~') = —(wf — fw). Then
A = Rlw;—D]. For any f € R', wf — fw € R" because w € B'. Hence the restriction of D
to R' is a derivation of R'. Since w is invariant, an element of A written as a polynomial in
w with coefficients in R is invariant if and only if any coefficient lies in R'. We conclude that
Al = RV w; —D].

The element u = w~! € B} satisfies v;(u) = 1 and its dominant coefficient g~! is invertible in
R. We have z = g(1 + z)u for some z € By satisfying v,(z) > 1. Then w is a uniformizer of
the valuation v, in By, which means that any element of By can be written as a power series
in the variable v with coefficients in R. In particular, for ¢ = )., fiz® an element of Bg with
fi € R, it follows from point (i) of proposition 1.1.6 that fo € R' and ¢ — fo € B). We have
q— fo=qu with ¢ = (3 ;50 fix12")g(1 + 2) € By. Since q, fo and u belong to B} we deduce
that ¢ € Bj. We have proved that for any ¢ € B}, there exist fo € R and ¢’ € B} such
that ¢ = fo + ¢’'u. Applying this process for ¢/, there exist f; € R' and ¢” € BJ such that
q = fo+ fou+ q"u?. Tt follows by induction that g lies in the left R'-module R ((u)) of power
series in the variable u with coefficients in RY'. We conclude that Bf C RY((u)). The converse
inclusion is clear, so B} = R'((u)). In particular, R" ((u)) is a subring of By. Hence for any
f € R, there exist a sequence (6,(f))n>0 of elements of R' such that uf = >, <, 6, (f)u™tL.
The commutation relation wf — fw = —D(f) becomes uf — fu = uD(f)u. We compute:
uf = fu+uD(fyu = fu+ [D(f)u+uD?(f)ulu = fu+ D(f)u? + [D*(f)u+uD3(f)ulu?, and
conclude by iteration that 6,(f) = D™(f) for any n > 0. In other words, B} = R [[u; D]].

Let RY((u; D)) be the localized ring of By with respect of the powers of u. Since u is invertible
in B, we have R'((u; D)) C B, and therefore R'((u; D)) € BY. Conversely for any f € B,
there exists an integer n > 0 such that fu” € By; since fu™ € B) = RI'[[u; D]], we deduce that
f € RY(w; D). Hence B = RY((u; D)) and the proof is complete. O

1

Theorem 1.3.2. Let T' be a group acting by automorphisms on C = R((y;d))2 stabilizing R.
Denote by s the 1-cocycle in Z*(T,U(R)) defined by: y-~v = s;ly + - forany vy eT'. We
assume that there exists in C* an element of the form w = e?>y=2 + h with h € R and e € U(R)
such that e -y = s;le for any v € T'. Then the derivation A = €%5 restricts to a derivation of
RY, and denoting by v the square root of w™' whose development starts with v = e ly+---, we

have CT = RY ((v; A))s.

Proof. Let us recall that the existence of the map s follows from point (ii) of proposition
1.1.6. We know by point (iii) of proposition 1.1.6 that B is stable under the action of I' on
C. We can apply theorem 1.3.1 with ¢ = e? to deduce that D = e?d = 2e26 restricts to a
derivation of R' and B = R'[[u; D]] where u = w™! € Bf. Since u = e 2y? + --- lies in
B, it follows from lemma 1.2.8 that there exist in C' two elements v = Zj>1 gjyj and v/ = —v
such that v? = v = u, with notations g;i € R for any j > 1, g; = 0 for any even index
jand gy = e !. For any v € I, we have: u = u-v = (v-7)% Then v-v = dv. Since
veoy=(ety+---)y= sfye*l(sgly—i--'-)—i---- = e 1y + .-, we are necessarily in the case
v -~ = v. Therefore v € CT.

Let us denote v = e~ (1 + 2)y where z = > j>2 eg;y’~! € Cp with vy(z) > 1. Similarly there
exists 2z’ € Cy with v,(2') > 1 such that y = e(1 + 2')v. Then v is a uniformizer of the valuation
vy in Cp, which means that any element of Cp can be written as a power series in the variable
v with coefficients in R. Using inductively point (ii) of proposition 1.1.6, we can prove on the
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same way as in the proof of 1.3.1 that Cf = R'((v)). In particular, R"{(v)) is a subring of
Co. Hence for any f € RL, there exists a sequence (J,(f))n>0 of elements of R' such that
vof =350 §n(f)v™ L. Comparing with relation v=2f — fv=2 = —D(f) which follows from

i ()
2F (k! :
In other words C* = R"((v; A))2 with notation A = 3D. O

theorem 1.3.1, direct calculations show that d; = 0 for any odd index 4, and dop, =

Corollary 1.3.3. Under the assumptions of the previous theorem, and defining in R" the deriva-
tions A = €26 and D = 2A = ed, we have the following ring embeddings:
A=R[z7"; ~d] = B=R(x;d) “——= C=R(y;0):

z=y

Al = RU'lw;—D] - B' = R'(w™'; D) —— C' = RM'(v; A))s
Proof. 1t is a joint formulation of theorems 1.3.1 and 1.3.2. g

1.4. Weighted invariants in R and equivariant splitting maps. The data and notations
are those of 1.2.1. We introduce here for any quadratically d-compatible action of a group I' on
R a natural link between the invariants in C' or B and some weighted invariants in R.

Definitions 1.4.1. For any 1-cocycle s in Z'(I', U(R)) and any integer k we define:

(flky) =s5%(f-~) forany feR, yeT. (18)
It follows from relations (8) and (9) that:
((flen)y) = (flky?) forany f € R, v,9" €T. (19)

Hence relation (18) defines a right action of I" on R named the weight k action associated to s.
In particular the weight zero action is just the original action of I' by automorphisms on R:

(floy)=f-~ forany fe R, y€eT. (20)

We introduce the additive subgroup of weight k invariants:

My ={f€R;(flyy)=fforanyy €T} ={f € R; f-y=s5f foranyyeT}.  (21)
We have My = R" and MM, C My, for all k,¢ € 7Z.
Notations 1.4.2. We suppose that the action of I on R is quadratically d-compatible. Let
s € ZYT,U(R)) be a 1-cocycle associated to the quadratic d-compatibility. We define p = s? €
ZYT,U(R)) and we choose a map 7 : I' — R satisfying (13). We consider the action of T' on

B and C determined by theorems 1.2.5 and 1.2.9. We denote by B" and CT the corresponding
invariant rings. For any integer k, we introduce:

Cr ={q € C; vy(q) > k}, cl =c,nct,
By, ={q € B; vs(q) = k}, Bl = B,nB'.

Proposition 1.4.3. Let k be an integer.
(i) Let m, : Cx — R be the canonical projection Y ;. fiy’ — fx. The restriction of my to
C}; defines an additive map Ty : C’}; — M. N
(ii) Let 7y, : By, — R be the canonical projection )y .-, fix" — fir. Then Ty is the restriction
of mop to By, and its restriction to B}; defines an additive map Ty, B}; — Moy,
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Proof. For any q = Zizk fiyt € Cp, with f; € R, fr # 0, and for any v € T, it follows from

theorem 1.2.9 that: ¢ -~ = (fx - 7)(8;13/ + ) (frg Y)(syly + )l 4 ... Then
q-v=(fx- V)S;kyk + ---. Hence g - v = ¢ implies (f - 7)3;"3 = fi, or equivalently fr € M} by
(21). Point (ii) follows from the second part of theorem 1.2.9. O

Problem 1.4.4. Point (i) of this proposition leads to the natural question of finding additive
right splitting maps ¢ : My — C}; such that 7 o 9y, = idpz,. Solutions arise by restriction if
we can construct ¢ : R — C}, satisfying 7 o ¢ = idg and the equivariance condition:

Ur((flev)) = Yr(f) -y foranyyeT, fe€R. (22)

In the particular case of even weights the corresponding question of finding splitting maps
Yor : Mop — BE was solved in [CMZ97] and [UU96] in various contexts involving modular
forms.

2. APPLICATION TO ALGEBRAIC MODULAR FORMS
2.1. Homographic action on R.

Notations 2.1.1. In order to apply the previous algebraic results in the arithmetical context
of modular forms, we specialize the data and notations of 1.2.1. From now I is a subgroup of
SL(2,C), and R is a commutative C-algebra of functions in one variable z, which is a domain.
We suppose in the following that:

(i) T acts on the right by homographic automorphisms on R:
az+b
(7o) =1 (

cz+d
(ii) z+ cz+d e U(R) for any y= (24) €T,
(iii) R is stable under the standard derivation 0, with respect to z.

) for any f € Rand v = (¢}) €T, (23)

Examples 2.1.2. A formal algebraic example of such a situation is the case where R = C(z),
the field of complex rational functions in one indeterminate. Numbertheoretical examples can
arise from the following construction. Assume that I' is a subgroup of SL(2,R) and denote by
H = {z € C;Im (z) > 0} the Poincaré upper half-plane. Then H is stable by the homographic
action of I', and various subalgebras R of holomorphic or meromorphic functions on H satisfy
the previous conditions. For instance:

(1) Ry = Hol(#H) the algebra of holomorphic functions on H.

(2) Ry = Mer(H) the field of meromorphic functions on #.

(3) For I € SL(2,Z), R3 is the field of f € Mer(H) such that, for any p € P1(Q), there
exists V}, a H-neighborhood of p such that f has neither zero nor pole in Vj,. Here we
consider the hyperbolic topology on H = H U P;(Q), where a fundamental system of
‘H—neighborhoods of p € P1(Q) is given by the upper half-planes {Im(z) > M} for
p = oo and by the open disks D, = {z € H;|z — (p+ir)| < r} for p € Q. We can prove
(see for instance [FB93] theorem 2.1.1) that RgL(Q’Z) = C((y)) where j is the modular

invariant. It follows in particular that the field R3 satisfies Rg = C for any subgroup I'
of SL(2,7Z).

Notations 2.1.3. With data and notations 2.1.1, we introduce moreover, according to propo-
sition 1.1.4, the noncommutative C-algebras:

A=Rlz:0.)CB=R(z:d) cC=R(y:5.) with 2 =12 do = —0,, 5. = %dz. (24)
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Lemma 2.1.4. The map s : I' = U(R),y — s defined by:

sy(z) =cz4+d foranyy=(2%)eT (25)
is a I-cocycle for the action of T'.
Proof. A straightforward calculation using (23) proves that (9) is satisfied. O

Definitions 2.1.5. Since s € Z!(I', U(R)), we can apply 1.4.1 to introduce for any integer k
the weight k£ action of I' on R defined by:

az+b
= d —k
(hn)(a) = (e +-a)-+7 (257
and the C-vector space of algebraic weight £ modular forms on R:

My ={f € R; (flyy) = [ for any y € I'}. (27)

> for any f € Rand v= (¢}) €T, (26)

In particular for £k =0
(floy) = f-~v and Mo = R". (28)
Remark 2.1.6. We use in the following the notations

M; = HMk, MG = HMgk for any j € Z and M, = UM]-, M = UM‘;V
k> k> JET JET
with the convention Mj, C M, for ji > ja. Throughout the rest of the paper, we suppose that
M N M, = {0} for all integers k # ¢. In the classical situations, it is sufficient for this additional
hypothesis to assume that I' contains at least one matrix (¢ %) such that (c,d) ¢ {0} x Ux.
Observe that this excludes the unipotent cases where I' C {(}¢);a € R}. Then an element f
of M; can be denoted unambiguously by f: Zij fx, where f € M.

Remark 2.1.7. For k and m nonnegative integers, denote by J ,, the space of algebraic Jacobi
forms on R of weight k£ and index m, defined as functions ® : H x C — C satisfying the Jacobi
transformation equation:
o az + b, Z
cz+d cz+d
and admitting around Z = 0 a Taylor expansion ®(2,2) =} -, X, (2)Z"” with X, € R for any
v > 0. Note that Jj,, is isomorphic to Jj ; for any m > 1 via the map Z + /mZ. Then, for

any k > 0 and m > 1, the vector space J », is isomorphic to My, ; an isomorphism is explicitly
described page 34 of [EZ85] where the space Jj, , is denoted by M, p,.

2immecZ>

)= (cz+d)fe e=ri ®(z,Z) foranyy=(2Y) €T,

2.2. Homographic action on B and C. The data and notations are those of 2.1.3.

Lemma 2.2.1. The homographic action of I' on R is quadratically 0,-compatible, and an asso-
ciated 1-cocycle is the map s defined by (25).

Proof. We have already observed in example 2 of 1.2.4 that, for any v = (‘CL Z) € I' and any
f € R, we have 0,(f - v)(z) = (cz + d)*28zf(%ifl). In other words, 8. f -y = s20.(f - 7). From
definition 1.2.2 (ii) and lemma 2.1.4, the lemma is proved. O

We can then apply the results of the first part of the paper: for the canonical choice r = 0 (see
example 1 of 1.2.7) we obtain the following results.

Proposition 2.2.2.
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(i) The homographic action of I' on R extends in an action by automorphisms on B defined

by:
(z7Y) = (cz+d)%’z™Y  for any v = (¢eb)eT. (29)
Consequently, for any q =73, - _ faox™ € B with f, € R, we have:
(@)=Y (fa-N@ 0™ foranyyeT. (30)
n>—oo

(ii) The homographic action of I' on R extends in an action by automorphisms on C defined
by:
Wly) = (cz+d) 'y +---  foranyy=(2}) €T, (31)

where this Laurent series is the square root in C of (x|y) = x(cz + d)~2 whose term of
minimal valuation is (cz + d)~'y. Consequently, for any q = Yons—oo Jny" € C with

fn € R, we have (q|7) =3~ oo (fn - 7)(yly)" for any v €T
(iii) The subalgebra B of C' is stable under the action (ii), and the action (i) is the restriction

to B of the action (ii).
Proof. We apply theorem 1.2.5 and theorem 1.2.9. U

The two following theorems give explicit formulas describing the action of I' on B and C' intro-
duced in proposition 2.2.2.

Theorem 2.2.3. The extension to B and C of the homographic action of I' on R given by
proposition 2.2.2 satisfy:

(x]y) = Z(n + Dl ez +d)” <czj—d>7;n+l (32)

n>0

) = 30 B LB ey () )

= 16%(u)!3
for any v = (‘ég) erl.

Proof. We have, from relations (1) and (29),

u+1
=1 1_ u—1 Uf‘ c u
(z|y)=(x" |y)"  =x(cz+d)” E A (cz +d) %)z g 2 <cz+d> x

u>1 u>1

which proves formula (32). We find here the action of I' described in [CMZ97] formula 1.7.
In order to prove (33), we introduce the development (y|v)=)_,5; a;y" in C with a; € R. Using
the identity (y|v)? = (z|v) we prove by induction on i that a; = 0 for even i and that there

. i
exists a sequence (p;);>1 of complex numbers such that (y|v) = 3254 & (czid> y?*~1. Then

PnPm C " 2n—1 c " 2m—1
()’ Z 2 <cz+d> {y (cz—i—d) ]y '

n,m>1

we have

From (5), and using the combinatorial identity

s—1

[[em+1+2i)=2"°
=0

(2m + 2s)m!

m for any m 2 0 and s Z ]_, (34)
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_ 20)(n—1)! gttt . . m
we have y?" 1 f = > rsno1 (2!()22712)? 41{_"“([7(7,{11)! y?*1 and an easy computation gives d’ ((czi—d) ) =

m-+t
(m+t—1)! ( c ) . We deduce that:

(m—1)! cz+d
2 _ PnpPm 20 (n — )!(m + £ —n)! c L4+m—+1 i
(yh/) - n;l Z 44 n+1 _n+1)|(2n_2);€|(m_1)' cz+d Y
_ Z i N puri—ipm (2u—2m)!(u — )i — 1)! 1 ¢\,
- u>1 \m=1i=m A= (i —m)! (2u — 20)!(u —m)!(m — 1)! cz+d v

with the change of variables u = £ + m, and i = u + 1 — n. By identification in the equality
(y|7)? = (z|7), the coefficients p; satisfy, for any u > 1, the equation:

u u

Pu+1—iPm (2U — 2m) (u — z) (z —_ 1) B
mZ:l i=m 41'—7:(11- —m)! (2u — 20)!(u —m)!(m — 1)! = ul (35)

The relation for u = 1 gives p? = 1, then the choice of sign for p; determines inductively all

the terms p,, u > 1. Hence relation (35) determines uniquely up to sign the sequence (py)u>1-
(2u—1)!(2u—2)!

Therefore the proof will be complete if we check that the coefficients p, = =T =) satisfy
relation (35). Then we have to prove that for any u > 1:
2u — 2 2m — 1)!1(2m — 2)!
Z(“ m)l2m = DIZm = 2)1 )y (36)

— 42utm=2(mp — )14 (u — m)!

with notations A(u,m) =51 G(u,m,i) and G(u,m,i) = 42((1 1;)(,2&7_%#)!. Using Zeilberger’s

=m

algorithm (see [PWZ96]) we obtain the following relation which is easy to check directly:
4% (i—1)!(2u+3—24)!
(i—m—D)(ut1—9)2"

(u+1—m)A(u+1,m) =0, s0 A(u,m) = A(m,m) [['} ?fﬁ; Using A(m,m) = 4™(m — 1)!

and (34) we obtain A(u,m) = 4m% So equation (36) is equivalent to T'(u) = 1,

where T'(u) = Y. _; K(u,m) with K(u,m) = 1(625i2!!2 (2?;;1)'1()2,2?”__11);?;22?;?@' Using again

where H(u,m,i) = The summation on ¢ gives the relation (4u + 6)A(u, m) —

Zeilberger’s algorithm we find the relation

K(u+1,m)— K(u,m) = J(u,m) — J(u,m+ 1)
with J(u,m) = 16um§,2(z+217)n;;3)'(12)1,2;1) 2()27(7;;21)!_”1)!2 . The summation on m gives T'(u+1)—T(u) = 0,
so T'(u) =T(1) =1 for any u > 1, and the proof is complete. O

The next step is to describe the action of I' on any power of y. We proceed depending on the
parity and the sign of the exponent. In particular relations (38) and (37) below are related to
the action (32) on B and already appeared in previous studies about modular forms of even
weight ([CMZ], [UU]).

Lemma 2.2.4. For any k € N, we have:

w2 =6 =S () (T e e () e e

u=0
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) = = (M (e () e e

u>0
l<:+1'l<:' (2K + 2u)!(2k 4 2u + 2)! ok c \"

2k+1 d 2k—1 2k+142u

W= = G ‘Zlﬁuu'k—i-u TR TR (cz—l—d) Y ’
(39)

k—1
—2k+1 (2k)!(2k — 2)! d)2k-1 (k—uw!(k —1—u)! € Nu, —2k+1+2u
W) = gy (et Z 1670l (2 — 2u) 2k — 2 — 2u)l 2 1 d)
'(2u +2)! 1 € \utk, 2u+l

- . (4

Z u' (u+1)! 16“+k(u+k)!(cz+d) Y (40)

Proof. For the negative even powers of y (the negative powers of ), we prove relation (37)
inductively using the formulas (z7!y) = (cz + d)22~! and (z7*1|y) = (z7y)(x7*|y) for
k > 0 with the relation ' f = fa=1 + 0, f.

For the positive even powers of y (the positive powers of z) denote, for any k > 1, (y*|y) =
> s ak(n)(cz + d)72kneny? 20 with ai(n) € C. Equations (z71y) = (cz + d) 227! and
(y**|y) = (@7 Y7)(y***2|v) give the relations apyi(n) = (2k + n 4+ Dag1(n — 1) + ap(n) for
n > 1. Then a double induction on k and n proves relation (38) using the expression of aj(n)
for any n > 0 and ay(0) = 1 for any k£ > 0.

We consider now relation (39). Let k > 0; using (38), (33) and the relation (y?**1|y) =

(2417)(y]7) we obtain: (1) = S0 anls)(ez +d) 21 (255 )y, where ay(s) =

cz+d
> o (2”%5?&)(158 1’“,;:” ! Brs(r), with By 4(r) = Z] 0%. By Zeilberger’s algo-

rithm we obtain (k: + 5+ 2)Brs(r) — (s —r + 1)Brs+1(r) = 0, which proves that S s(r) =

%%; more precisely: (k4 s+ 2)b(s,j) — (s —r+ 1)b(s+ 1,j) = G(s,7+ 1) — G(s,7)
s

where b(s,j) = W and G(s,j) = (l?;rfz;(_sj_tl_);(_ﬁ)ﬂ)' Applying again Zeilberger’

algorithm to C(s,r) = (21%—::')353 )rgk(*];iril)l,) , we obtain:
(2s +2k+3)(2s +2k+1)C(s,7) —4(s+ 1)(k+ s+ 2)C(s+ 1,7) = H(s,r+ 1) — H(s,r),
. k+s—r)! 1(27r)! k+1)k!1(2k+25)!(2k+25+2)!
with H(s,r) = 16T4((5_t11)3(%245_;3}(),,(_21;!7"!2‘ It follows that ax(s) = (2]’5+—;)!)(2k()!15;8!5()16(4*8)—*!—(]:1_34)»1)!’
which proves formula (39).

Finally, for formula (40), denote (y~2*1|y) = > >0 a—k(d)(cz + d)*= N5 21420 with

a_i(j) € C. The equality (y—2*71|5) = (z717)(y~2**1|5) gives for any nonnegative j the
relation

a_(g41)(J) = ak(f) + (2k = jla_r(j — 1), (41)
with the convention a_j(—1) = 0. We proceed then inductively on k: the expression of
ap(j) is given by equation (33). We have a_;(0) = 1 for any & > 0, and by (41) a_1(j) =

472 (21=1)1(2j-2)!
.] 16]]'3
For the inductive step, we prove that a_(kH)( J) is equal to the corresponding term of formula
(40) separating the three cases j < k—1, j = k and j > k+ 1. We check by direct computations
using induction hypothesis for k that the right hand side of formula (41) corresponds to the

expected expression in formula (40) for a_ (4 1)(j)- O

for j > 1 proves formula (40) for £k = 1 and gives the base case.

We are now in position to give an unified formula for the action of I" on any power of y.
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Theorem 2.2.5. For any k € Z, we have:

c u
(y*|y) = Zwk (cz+d)” () y2uth (42)

=0 cz+d

with notation wy(0) =1 and wy(u) = 77 [[1 o (k4 20)(k + 2i + 2) for any u > 1.

Proof. Using formula (34), we check that formula (42) corresponds in each case (k even or odd,
positive or negative) to formulas (38)-(40). O

2.3. Equivariant splitting maps and noncommutative product on modular forms.
The data and notations are those of previous paragraphs 2.1 and 2.2. In order to simplify the
notations, we will denote f(") = 07 f for any f € R and n > 0. According to problem 1.4.4 and
in connection with the construction already known in the even case, we seek to construct for
any m € Z a linear morphism v, : R — C satisfying the conditions:

(C1) ¥m((flm7Y)) = (Wbm(f)|7) for any f € R,y € T}

(C2) there exists some complex sequence (v, (n))n>0 such that 1, (f) = 32, 50 am(n) f™y
for any f € R; B

(C3) am(0) = 1.

We prove in the following that such a map ), exists and is unique for m > 0 (proposition
2.3.1), exists but is not unique if m is negative and even (remark 2.3.5), and doesn’t exist if m
is negative and odd (proposition 2.3.6).

m+2n

Proposition 2.3.1. For any nonnegative integer m, the linear map ¥y, : R — Cy defined by:

n (2 (4 20) (m+ 2
n>0 ’ i=0

is the unique map satisfying the three conditions (C1), (C2) and (C3).

Proof. The aim is to prove for any nonnegative integer k the following formulas:

2 — D) (n+k—1) =k =1\ .oy pin
w%(f):ggn—{—Qk)—(l)!(k—li!( n >f( ot (44)

k!? —1)" (2k + 1+ 2n)!(2k + 2n)! )y 2kt 1420

(2k +1)! £ 16” nl(2k + n)l(k +n)!2 (45)

Yop1(f) =

For even weights, formula (44) and the unicity follow from propositions 2 and 6 of [CMZ97] up
to a multiplicative constant in order to assure condition (C3). We prove now formula (45) and
show that this is the unique map satisfying the conditions (C1), (C2) and (C3) for odd positive
weights.

We use at first the following equality for m > 0 and n > 0 integers:

m

(m) ) — (—1)m_rm'(m+n—1)! C m=r (r) .
U™ @) =3 e e T e e (s ra) U006 )

that can be easily checked by induction on m. Let (agxt+1(n))n>0 be a sequence of com-
plex numbers, and let gopy1(f) = >-,50 o1 (n) fMy?k+1+2n  On the one hand, we have
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(Pars1(f)]y) = ano oyt (n) () - ) (y2k 1427 4) | Using (39) we obtain (with u = r + n):

Zza2k+1 )k +n+ DUk +n)(2k 4+ 2u)!(2k + 2u + 2)!
(2k + 2n)!1(2k + 2n + 2)1(k + w)!(k + u + 1)!116v™

“2k—1-2n u—n
(cz —25)_ — <cz j_ d> () - ) (2)y 2142,

(P2r+1(f
u>0n=0

On the other hand, using (46) we have:

Dat1(fl2r117)(2) = 3 ks (1) (Flawsa 7)™ ()2
u>0

“' (u+2k)!(=1)" " (cz +d) 2120 0 e NV 2k+1+2u
_1%%7;)&%“ nl(n + 2k)! (u—n)! cz+d (- )(2)y :

Then we deduce that condition (C1) holds for ¢ox1 if and only if the sequence (aor+1(n))n>0
satisfies, for any v > 0 and any 0 < n < u, the equality:

ul(u+ 2k)(=1)v" — (k+mn+ Dk + n)!(2k + 2u)!(2k + 2u + 2)!
nl(n+2k) PPk 2n) 12k + 2n + 2)!(k + w)l(k 4+ u + 1)116v
(47)
This equation is true for n = u for any u > 0. Let w > 1, and consider n = v — 1. Then relation
(47) is equivalent to

A2k 11 (U)

aggpr1(u—1) (k+u)l(k 4+ u— 1)1(2k + 2u)!(2k + 2u + 2)!
16 (k+uw)l(k+u+ 1)1(2k + 2u)!(2k + 2u — 2)!
= agri(u—)(k+u+d)(k+u—1).

—u(u + 2k)agg41(u) =

Assuming that aor11(0) = 1 to satisfy condition (C3), we obtain as a necessary condition that,

for any u > 1, ajfﬂ(llfi)n = (u+kz(u1£g:)k 2) . Using formula (34), it follows that:
ot (1) = (—1) ﬁ (k+1/2+d)(k—1/241i) (-1 K2 (2k+2u+1)!(2k + 2u)!
e i1 i(2k + 1) 16w (2k+ 1) ul(u+ 2k)! (u + k)12

It proves consequently the unicity of the sequence (agkt1(u))u>0-
(=¥ k12 (2k+2u+1)!(2k+2u)!

16 (2k+1)! ul(ut2k) (utk)Z * We have on

Let now u > 1 and 0 < n < u, and let agy1(u) =
the one hand:

ul(u+ 2k)(—=1)*" (=) k2 (2k + 2u + 1)!(2k + 2u)!
nl(u—n)l(n+2k) 16% (2k+1)!nl(u—n)(n+ 2k)!(u+ k)2’
and on the other hand:
N (k+n+ DIk +n)'(2k + 2u)!(2k + 2u + 2)!
2RV 0k + 2n)1(2k + 20 + 2)!(k + w)!(k + u + D164 " (u — n
(=D kP
C16v 2k 4+ D!'nl(u —n)!(n + 2k)!(u + k)2

a2k+1( )

|

)!
(2k + 2u + 1)1(2k + 2u)!

(
which proves that the sequence (cag1(u))y>0 satisfies equation (47) for any v > 0 and 0 < n <
u, and gives the existence of the lifting o1 1. O
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According to the general principle of quantization by deformation, we can now transfer to
modular forms the noncommutative product on operators in Cg . The case of even weights was
considered in [CMZ97] and [UU96].

Theorem 2.3.2. We use notations 2.1.3 and 2.1.6 and we denote Mgy = HjZO M; and Mg’ =
szo My;. We consider the algebras By = R[[x; d.]] C Co = R|[y; d.]]2-

(i) The map ¥ : My — Co defined by \I/(f) Zm>0 U (fm) for any f Zm>0 fm 18 a

vector space isomorphism, and Mg is an associative C-algebra for the noncommutative
product:

Fxg=0"1U(f) () forall f,§e M. (48)

(ii) In particular for any modular forms f, g of respective nonnegative weights k and £ (even
or odd), the product f xg in My is:

f*g = \Ij_l(wk:(f) : W(g)) = Zan(kaé)[ﬁg]n € My, (49)

n>0

where the coefficients oy, (k,£) are rational constants depending only on k,¢ and n, and
[frgln = 2io(=1) (kzn] " (Hn NfDgr=3) € Myi¢ion is the n-th Rankin-Cohen
bracket of f and g.

(iii) The restriction of W to the subspace MG' determines a vector space isomorphism W
between MS' and B .

Proof. 1t is clear that W is linear and injective. Let ¢ = ;f:omo hmy™ an element of valuation

mo > 0 in Cf. Then hy,, € My, and by condition (C3) the element ¢ — ¥, (him,) lies in Cy
and its valuation is greater than mg. It follows by induction that ¢ € ¥(M,,,). Then ¥ is a
vector space isomorphism, and point (i) is obtained by transfer of structures. Point (ii) is a
consequence of condition (C2) satisfied by 1, and of the property of Rankin-Cohen brackets
to be (up to constant) the unique operator >.3_, anf* g% with a,, € C mapping My x M,
to Mj4i42n (see for instance the end of paragraph 1 of [Zag94]). Point (iii) is clear by condition
(C2). O

Corollary 2.3.3. The invariant subspace C’}; is for any k > 0 isomorphic to the space Jym of
algebraic Jacobi forms on R of weight k and positive index m. In particular relation (48) defines
a structure of noncommutative algebra on J m.

Proof. Follows from theorem 2.3.2 by remark 2.1.7. O

Remark 2.3.4. The isomorphisms ¥ and ¥~! are explicit ; we can separate even and odd
weights cases. In the even case, relations between the coefficients of an element f = Zn21 fon

of M§" and its image y(f) = Y m>1 hma™ in B} are (as proved in [CMZ97)):

. m—1 (m—1!2m—2r—1)! (—m+7r—1\ 0
" r=0 (m_r_l)!@m—?“—l)! r 2m—2r>
(n= D! S~ 2n=2=n)t (n) o
n - h ) )
» 2n_2'r0 (n—1-r) (T>nr (51)

and the coefficients o, (2k, 2¢) are computed for instance in [CMZ97], [UU96], [Yao07].
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In the odd case, technical calculations give the following relations between the coefficients of
J = ns0fant1 of [1,50 Many1 and its image W(f) = >, 5o ham1y®"

m

(2m + 1)!(2m)! (=1)"(m —r)1?
m , 2
ham1 m!? Z 167r!(2m — 2r + 1)!(2m —r)! f2m Zr+l (52)
(2n)!(2n + 1)! (2n—1—7)(n—r)? (r)
fon 1 (2n — 1)In!2 rz:;) 167 (2n — 2r)lr!(2n — 2r 4 1)1 202+l (53)
Remarks 2.3.5. (i) The coefficients a,,(n) = 4"n' H m+2zn($$22+2) appearing in propo-
sition 2.3.1 are also Well deﬁned for m even and non-positive. For n > =2, a,,(n) =0
since a_gi(n) = 4nn' %’2)221) vanishes for n > k because of the term
i = k — 1. Therefore relatlon (44) can be completed for k > 0 by:
k
. = —_ " " 54

The map ¢_9, : R — B satisfies the three conditions (C1), (C2) and (C3), see for
instance [CMZ97]. Then we can build a vector space isomorphism Wy : M — B
whose restriction to M is the isomorphism Wy of point (iii) of theorem 2.3.2.

(ii) Observe however that the lifting ©)_of is not the only map satisfying the three conditions
(C1), (C2) and (C3). Indeed, using the well-known Bol’s identity:

(flo—ny) "D = (" Vyy)  for any v € SL(2,C), f € R, h>0, (55)
the operator ¢, : f — V_ok(f) + ctopro(f2FHD) satisfies for any ¢ € C conditions (C2)
and (C3), as well as the equivariancy condition (C1):

(@e(NY) = (W-2k(F)V) + c(Woppa(fEHD )|7)
= V_on(fl-ow) + oo (FHF D |opi0v)

= Yook (fl-2x7) + cth2r42 ((f‘_%,y)(Zk-i-l))
= de(fl-2k7)-

The lifting map 1 _o, is canonical in the sense that it’s the only one which is polynomial,
that is of the form ¢_ox(f) = Zﬁ:o anf™z"k ¢ A for any f € R.

The coefficients a,(n) introduced in remark 2.3.5 (i) are not defined for m = —2k+1 with & > 0
(for n > 2k the denominator vanishes without vanishing of the numerator). In this negative and
odd case, we have the following result.

Proposition 2.3.6. Let k be a positive integer. There is no map Y_opy1 : B — C satisfying
the three conditions (C1), (C2) and (C3). More precisely, the only map ¥_oky1 : R — C
satisfying conditions (C1) and (C2) is defined (up to constant) by _op11(f) = Wops1(fPF) for
any f € R, and it doesn’t satisfy condition (C3).

Proof. Relation (46) can be extended to the cases where m > 0 and n € Z by:

™) =3 o (T ) 16 (56)

r=0
which gives Bol’s identity in the particular case m = 1 — n. Let k > 0, suppose that there
exists a linear morphism ¢ _g;11 : R — C satisfying (C1) and (C2). Using (40) and (56), we
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can show as in the proof of proposition 2.3.1 that the coefficients of the series ¥ _op11(f) =

ano _opp1(n) fMy=2k+H1+20 must satisfy the equality a,QkH(n)% (Y;_jk) (- " =

a_op41(r) (2k—2r)1(2k—2r—2)!(k—n)!(k—n—1 .
16”—2??7277“)' Ek r)v(ac( — 1)!(212 (Qn) ()212 n— 23 ifr<n<k-1,
o (r) (2k—2r)1(2k—2r—2)!(2n—2k)!(2n—2k+2)! .
_16"—2]:2_71177“)! ( (klr()!(k—r—lglgn—k)!()n(—k—f—l)! Eoifr<k-1< n,
a_ (r) (r—k+1)!(r—k)!(2n—2k)!(2n—2k+2)! .
6 (] E2r72k+2()!(2r72k)!(nf)k()!(nfk+1;! ith<r<n

For n = 2k and r < 2k we deduce that a_o,11(r) = 0 (separating the cases r > k and r < k).
Then condition (C3) can not be satisfied. Moreover, if we fix a_ox+1(2k) = 1, it is easy to show
that we have a_op11(n) = aggy1(n — 2k) for any n > 2k, which proves the second assertion of
the proposition. O

2.4. Invariants for the homographic action on B. The data and notations are those of
previous paragraphs 2.1, 2.2 and 2.3.

Theorem 2.4.1. We assume that there exists a weight 2 modular form x € R which is invertible
in R. Then BY = R'((u; D)) and B} = R"[[u; D]] foru=xx € B" and D = —x710,.

Proof. Tt is clear that u = z) lies in B, since its inverse w = x 'z ~! is invariant by (29). Then

we apply theorem 1.3.1 with g = x~!, h =0 and d = —0.,. ]

Remark 2.4.2. It follows from this theorem that the invariant algebra B! is noncommutative
if and only if the restriction of D to R is not trivial, or equivalently R # C. Since the product
of any modular form of even weight 2k by x~* lies in R, this condition is also equivalent to
My, # Cx*. In the degenerate case where R' = C, the product * defined by (49) is commutative
and most of the following results become much more simple. We refer to 2.1.2 to give examples
of fields R such that R' is different from C, and containing an invertible weight 2 modular form.

Problem 2.4.3. The explicit description of B given by theorem 2.4.1 and the isomorphism

: M — BY introduced in 2.3.5 lead naturally to the question of finding relations between
the terms of a sequence of modular forms in M and the coefficients in R' of its image in B" by
Wy. We answer this problem for positive weights, that is for the isomorphism g : Mg — Bg .
Our first goal is to calculate, for any invariant pseudodifferential operator g € Bg , the modular
forms for, € Moy, appearing in W5'(q) = 3", o fom. For this we introduce the following
notation for the powers of the generator u:

for any k € N, W5 =) Gran, With gon € Mo, (57)
n>k

Proposition 2.4.4. The assumptions are those of theorem 2.4.1. Let q € Bg and (ag)r>o0 be
the sequence of elements of R' such that q = Y k>0 apu®. Then the modular forms fom € Mo,

appearing as the terms of ‘Ifg_l(q) = >0 fam are given by:

(2n —1)!(m —n)! m
Jom = (=1)" 2m (2m —2)! Z Z n (n—1)! ()m(—i- n —>1) (m - n> (@4 G 2nlm—n

k=0 n==k

Proof. The expression of any element of Bj as ¢ = Y k>0 apu® with a;, € RT follows directly
from theorem 2.4.1. By theorem 2.3.2 we have: -

,'(q) = Z\P;l(aku Zak*‘l’ Zak*gk m = Z (0, 2n)[ak, gr,2nr-
k

k.n,r
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Then fom, = > 10 D om i 0m—n(0,2n)[ak, gk 20]m—n for any m > 0.
By formula (44), we obtain ay, - ¥on(gk,2n) = Zth hiat, with

(27’L — 1)'(t — 1)' —n—1 (t—n)
hy = n .

Ol o 3 7o s A AP LACTED)
We deduce with formula (51) that, for any m > n > k:

m—1)! "L 2m—2—)/m r
am—n(oazn)[akagk,2n]m—n = ((2m2))| ( ) ( )h’?(n)—r

The left hand side is equal to

~— m=—n—=1\/m+n—1\ () (m-n—i
am—n(oa 2”) Z (_1) <m —n— Z> < i >al(c)gl(€,2n )7
=0

and expanding the right hand side gives the formula

(m I(2n —1)! — na;(;gkn;nn 7 mz_:n (2m —2 —r)lr! m —n—1
(2m 2 (n—1)! ‘ m—r4+n—1Yr—i!'\r)\m—-r—n/|’

r=t

Identifying the terms for ¢ = m — n of each side gives the identity

_ m—n (m —1)!(2n — 1) (m—mn)! m
am=n(0,20) = () G i = Di(m + = 1) <m _ n)

which proves the proposition. O

The next step is to obtain an explicit expression of the modular forms gy, o, as functions of x.

Proposition 2.4.5. For any nonnegative integers k and i, we have:

b+ (k+i—1)!
Gk 2ktr2i = (—1) ((21:1(2@'—2)!1@!) > it tr)
(t1yeet) E(Z20)*

t14...+tp=1

X(tl) . X(tk:)
(t1 +1)! (tx + 1)!

(58)

where the coefficients vi(t1,...,ty) are defined for (t1,...,t;) € (Z>0)* such that Z?:l tj =1
by:

i 2k +2i—2—1)! t1+1 i+ 1
i(t1 k) Z( ) (k+i—1—r7)! Z by b, %)
bi+...+bp=r

0<b1<ty

0<by, <ty

and satisfy:

’Yi(th---,tk)_ k+1i—2 CVS(as — P
I I SN (a1+...+ak_1)j1]1“ 1)70(a; = 0)+ 8la; =15 + 1)) (60

with notation § for the Kronecker symbol.
Proof. Firstly let us observe that the sum in the right hand side of (60) contains 2¥ — 2 terms

corresponding to all k-tuples (a1, az, ..., a;) with a; € {0,t; + 1} for any 0 < j < k, except the
two k-tuples (0,0,...,0) and (t1 + 1,ta +1,...,t, + 1).
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The proofs of identities (58), (59) and (60) are straightforward but quite technical, and we give
only the main steps omitting intentionally some details. Applying relation (2) to u = zx we
prove by induction on k£ that

X(Sl) X(Sk)

(=D)"(k+n)! n
“k:Z( k! Z (sl+1)!“'(sk+1)!>xk+'

n>0 $1+...+sx=n

Then we apply (51) to obtain:

(—=1)"Fnl(n —1)! S (—1)r@n—2—1)! &) ()
Ghom =G 2 (Z (n—1—1) ﬂr(tl"“’“”) e ESY]

t1+...+tg=n—k \r=0

where, for any 0 <r <n —k,

Brlty,. .. ty) = > (tlelr 1) (tkaz: 1)’

b1+...+bk:7‘
bi1F#t1+1,... b Ftp+1

which proves (58) and (59) with ~;(t1,...,t) = Zizo(—l)r%@(th ..., tg). Observe
that B, (t1,...,t;) is the X"-coefficient in the polynomial A(X) = H?zl[(X + 1)+ — Xt
We have y;(t1, . .., t;) = Q¥F+=1(1) with notation

i

QX) = 31 Bl X2 = XHPR2A( L),
We deduce that:
% (k+i—1)
Yilty,.oty) = | XFETT (= DB = (—1)f) 7
= X=1

which leads to (60) using the relations:
[xi+ic2] <”>’ ] s =0t ifb<k+i-2,
X=1 0 lfb:k’—i-’b—l,
and

(X =)+t — ()5 = [(~1)960,20 + ba,—1,41] -

X=1
O

Corollary 2.4.6. We have gy ox+2; = 0 for any nonnegative integer k and any nonnegative odd
mnteger 1.

Proof. We use the expression of the gy ox4+2; given in the previous proposition. Let i an odd
integer, and (t1,...,t;) € (Z>o)¥ such that t; + ...+t = i. In the right-hand side of (60), we
can group into pairs the k-tuples (ay,...,ax) and (t1 +1 —aq,...,tx + 1 — ag). The associated
summands are opposite numbers because i is odd. Hence ~;(t1,...,tx) = 0. O

Remark 2.4.7. The result obtained in corollary 2.4.6 as a consequence of proposition 2.4.5 can
also be proved by theoretical arguments using algebraic properties of the product x defined in
(49) and some combinatorial identity conjectured in relation (3.4) of [CMZ97] (see [Yao07] for
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a proof). We proceed by induction on k > 2. For k = 2, applying (49) with notations (57) we
have:

\IIQ_I(UQ) = X*X = Z Odn(2, 2)[X7 X]na
n>0

which proves by (—1)’-symmetry of the Rankin-Cohen brackets that g2 442, = ;(2,2)[x, x]; =0
for any odd 4. Suppose now that \I'gl(uk) = Zie2Z>0 Ik 2k+2; With gg or12; € Mo o;. Then we
compute: N

\Ilgl(uk—’—l) = ‘I’El(uk ' u) = Z Gk2n * X = Z Z am(2n7 2)[gk,2n7 X]m
n>k, 2|ln—k n>k, 2ln—k m=>0
and similarly:
UMW) =0 e d®) = YT Xxgean = Y Y am(20,2)[X Gkanlm
n>k, 2ln—k n>k, 2ln—k m>0
Hence we deduce that, for each r > k + 1:
Z am(2n7 2)[gk,2n7 X]m = Z Oém(2, 2”)(—1)m[9k,2n7 X]m = Gk+1,2r-

n+m=r n+m=r

It follows from formula (3.4) of [CMZ97] that a,(2,2n) = a;n(2n,2). Using this identity and
the induction hypothesis gy 2, = 0 if n — k is odd, we conclude that:

r—k r—k
9k+12r = Z am(ZT - Qma 2)[gk,2r—2ma X]m = - Z Oém(2, 2r — 2m) [gk,Qr—Qma X]m =0.
m odd m odd

Remark 2.4.8. For even nonnegative integers 4, the modular forms gy, 2512; defined by (57) are
described in proposition 2.4.5 as multidifferential polynomials of the fundamental weight two
modular form x. Then we can necessarily express them in terms of Rankin-Cohen brackets. For
small values of i, we compute:
_ Uk
9k 2k = X »
_ (k +2)! k-2
N S o T
2k + D)Wk + Dk +5) 4 (DoxP]a  ATE* — 187k + 282 9
9k, 2k+8 = , DG xlz ) -
(2k +6)!1(k — Dl(k —2)! 16920 121824k

2.5. Invariants for the homographic action on C. The data and notations are those of
previous paragraphs 2.1, 2.2 and 2.3. A natural question is whether there exists for the action
of I on C studied in paragraph 2.2 a description of the invariant subalgebra C' similar to the
one obtained in theorem 2.4.1 for B'.

X XJ2s

Theorem 2.5.1. We suppose that there exists a weight 1 modular form & which is invertible in
R. Then we have C* = R ((v; A))g for A = —%5_282 and v =&y + -+ a square root of y2£2.

Proof. 1t is the direct application in the modular situation of theorem 1.3.2. O

Remark 2.5.2. The previous theorem describes the elements of C'' = RY((v; A))y as series
with coefficients in R" where the uniformizer v is choosen as a square root of u = x£2 = 1), (£2).
In particular CT contains the ring of differential operators A" = R'[u~!; —2A]. The main
obstacle to explicit calculations in this case is the complicated shape of the square root v.

Another more natural idea would be to consider the uniformizer z = 11 (§). By reasoning as in
theorem 1.3.2, we can prove then that C'' = R'((z; S)) where the product zf with f € R is
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twisted by some higher derivation S = (0x)r>0 giving rise to commutation laws more general
than (1) or (4) (see [Dum92] for precise definitions). The main difficulty lies in this case in the

complexity of these commutation laws.

Straightforward calculations show that 272 = u =1 — % [Eé%hu - 6% [5’592 3,2 + - -+ In particular

272 % fu™l + g for any f,g € R, f # 0. By uniqueness of the subring A" in C' (see section
5.3 of [Dum92]), it follows that the higher derivation S is actually different of the sequence

(%dk)kzo of (4) for any derivation d of R'.

Under the assumption of theorem 2.5.1 we can extend part of theorem 2.3.2 to the space M,
introduced in remark 2.1.6.

Proposition 2.5.3. We suppose that there exists a weight 1 modular form £ which is invertible
in R. Let us define for k > 0 the vector space morphism ¥_j : M_j — CEk by

ok (f) = ar(€F) bR (fEH). (61)

Then the morphisms 1y, defined by (43) if m > 0 and by (61) if m < 0 induce canonically a
vector space isomorphism ¥ : M, — CU which defines by transfer a structure of associative
algebra on M.

Proof. Let k > 0 and let f € M_y, f # 0. Then f&2¢ € M;, and ¢y (fE%) € C};. In the
same way £2F € Moy, so 1) (€%F) € C3,.- Since its 2k-valuation term is £2ky2k and € € U(R) by
assumption, we deduce that 19 (£2F) € U(CT) and so 19, (¢2%) 71 € CT,,,. We have consequently
Y_r(f) € C’Ek, and it is easily checked that its term of valuation —k is fy—*. The map 9_;
is clearly linear, and we prove the surjectivity of ¥ recursively as in demonstration of theorem

2.3.2. ]

Remarks 2.5.4. (i) Notice that we don’t have in the previous proposition an equivalent of
point (ii) of theorem 2.3.2, because the morphism ), doesn’t satisfy condition (C2) for
k <0.

(ii) For £ < 0 an even integer, the map vy defined by (61) can be replaced by the more
canonical one introduced previously in formula (54), which satisfies condition (C2). In
this case, the isomorphism W5 in the remark 2.3.5 is the restriction of ¥ to M.

2.6. Additional comment. The action of I' on B and C described in proposition 2.2.2 and
studied throughout the rest of the article is based on the choice 7 = 0 in formula (12). For the
same 1-cocycle s defined by (25), we know by example 2 of 1.2.7 that another choice for r could

be the map 7’ : I' — R defined by r/, = —s-2d(s2). Using (25), we have !, = (cz +d)~20.((cz +

d)?) = ij 5 for any v = (‘; Z) € I'. In other words, the homographic action of I' on R extends
in an action by automorphisms on B defined by:
2c
-1 2/ —1
(7 7)1 = (cz+d)*(z +cz+d) for any v = (24) €. (62)

As explained in example 3 of 1.2.7, we can extend for any x« € C* the homographic action of I
on R by the action by automorphisms on B defined by:

(7YY = (cz+d)* (7  + & ) for any v = (2%) €T, (63)

but the algebraic study of these actions and associated invariant algebras reduces to the case
k = 1. Arithmetical interpretations of these actions have been studied in [CMZ97].
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