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NECESSARY CONDITIONS FOR LOCAL CONTROLLABILITY OF A
PARTICULAR CLASS OF SYSTEMS WITH TWO SCALAR CONTROLS

LAETITIA GIRALDI!, PIERRE Lissy?, CLEMENT MOREAU% %3 AND
JEAN-BAPTISTE POMET?

Abstract. We consider control-affine systems with two scalar controls, such that one control vector
field vanishes at an equilibrium state. We state two necessary conditions for local controllability around
this equilibrium, involving the iterated Lie brackets of the system vector fields, with controls that are
either bounded, small in L or small in W1°°. These results are illustrated with several examples.

Résumé. On s’intéresse & des systémes de controle affines & deux contrdles scalaires, tels que I'un des
champs de vecteurs associés aux contrdles s’annule en un état d’équilibre. On énonce deux conditions
nécessaires de controlabilité locale au voisinage de cet équilibre, faisant rentrer en jeu des crochets de
Lie itérés des champs de vecteurs du systéme, avec des contrdles pouvant étre bornés, petits dans L™
ou petits dans W, Ces résultats sont illustrés & travers plusieurs exemples.

2020 Mathematics Subject Classification. 34H05, 57R27, 93B05.

1. INTRODUCTION

Let N be the set of nonnegative integers. Let n,m in N\ {0} and consider a control-affine system with m
controls:

2= fo(2) + > uk(t) fal2), (1)
k=1

where z is the state in R™, fo,..., f,, are real analytic vector fields, and u = (uq,...,u;), called the control,
is assumed to be an integrable function [0,7] — R™, for some T" > 0'. This defines a time-varying ordinary
differential equation and hence, for each choice of initial condition z(0), a unique solution ¢ — z(¢) on [0,T], or
a smaller interval [0,7”) in case of finite time blow-up. This system is called controllable if, for any two points
zo and 21 in the state space R™, or possibly a subset of it, there exist a time T and an integrable control on
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[0,T] such that the above-mentioned solution with z(0) = 2, satisfies z(T) = z;. See textbooks like [1-4] for
further precisions on controllability. We are interested in local controllability around an equilibrium (z°%, ©°9):

m

Fo(=20) + 3w fr(229) = 0. (2)

k=1

System (1) is locally controllable around (2°4,u®?) if the above mentioned property occurs for zp and z; in
arbitrarily small neighborhoods of 24, with solutions that remain in arbitrarily small neighborhoods of z°4, in
arbitrarily small time 7', and with a control that takes values in a fixed neighborhood of u®? or an arbitrarily
small neighborhood of u®%, or with a control that is arbitrarily close to the constant control ¢ — 1Y in some
functional space. We detail in Section 2 these various notions of local controllability.

Some (now classical for some of them) sufficient conditions [5-7] and necessary conditions [7-12] are given
in the literature in terms of finite jets of the vector fields. More precisely these conditions allow one to decide
controllability or non-controllability based on the value of a finite number of Lie brackets at z°4. It is intriguing
that there is a significantly wide gap between the necessary and the sufficient conditions; as pointed out in [13],
it is even not clear whether or not, for a general system in this gap, local controllability depends on a finite jet
of the vector fields or not.

General sufficient conditions are available [7] for m larger than 1, but the literature on necessary conditions
focuses on systems with a single scalar control (m = 1). This paper is specifically concerned with control
systems with two scalar inputs, of the form

z = fo(z) +ur f1(2) +u2 fa(2), (3)

where the real analytic vector fields fqo, f1, fo are such that fy and fs vanish at the equilibrium while f; does
not:

Jo(z%9) =0, f2(z°1) =0, f1(2*) #0. (4)
Such systems have two controls but the effect of one of them vanishes at the point of interest. In a sense, the
contribution of this paper is to study to what extent the second control helps controllability or, conversely, to
what extent obstructions to controllability of the single input system 2 = fo(z) 4+ u1 f1(z) carry over when the
second control uy is turned on.

Studying this very situation stemmed out of previous work from the authors on the controllability of magnetic
micro-swimmers [14-16]. See these references for a description of these devices and their interest, for instance in
micro-robotics and biomedical applications. The corresponding control systems are particular cases of (3)-(4),
for which the authors have proved various controllability and non-controllability results. We believe that a more
general treatment of systems of type (3)-(4), beyond the case of magnetic micro-swimmers, is of interest to the
controllability problem in control theory. It is the purpose of the present paper.

The paper is structured as follows. Section 2 is devoted to precise definitions of various notions of local
controllability and to recalling known controllability conditions for single-input systems. Our two main results
are presented in Section 3. Section 4 illustrates the results with several examples. Section 5 is dedicated to the
proofs. Finally, conclusions as well as some perspectives on further research are provided in Section 6.

2. PROBLEM STATEMENT

2.1. Various notions of local controllability

The following definition is taken from the textbook by Coron [3, Def. 3.2, p. 125], that we modify by taking
two independent small positive quantities € and ¢’ while Coron imposed ¢ = ¢’; as explained in Remark 2.6, the
two definitions are equivalent. The notation B(z,n) stands for the open ball with center z and radius n > 0 for
some Euclidean norm on R", whose choice is immaterial; L is the usual functional space, where the L>° norm
also assumes that some Euclidean norm on R™ has been chosen.
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Definition 2.1 (STLC). The control system (1) is STLC at the equilibrium (z°9, u°4) if, for every e > 0, &’ > 0,
there exists 17 > 0 such that, for every zg, z; in B(2°%,n), there exists a control u(-) in L>°([0, ], R™) such that
the solution z(+) : [0,&] — R™ of the control system (1) with initial condition z(0) = zy satisfies z(¢) = z;1, and

[ — u®Y|roo (0,6 mmy < €.

The acronym STLC stands for small time locally controllable. Coron notes that it should rather be called
small time locally controllable with controls close to u®. Historically, in the first classical papers on local
controllability (e.g. [6,17]), one fixes a bounded neighborhood of 4 in R™ and a system is locally controllable
if, for any time T, there is a neighborhood of 2°? in which any two points may be joined in time 7" using controls
with values in the fixed bounded neighborhood of u®4, i.e. |[u — u®d|| s ([0,c],rm) Was not required to be small
but only bounded, and even bounded by a number that was fixed from the definition of the system; this notion
was the one initially called STLC, while STLC in the sense of Definition 2.1 was rather called small time local
controllability with small controls [18] (small refers to the distance to u®?). That was a very natural terminology,
but these terms drifted, and Definition 2.1 now prevails. In the present paper, we define the notion of B-STLC
(the prefix B stands for bounded control):

Definition 2.2 (B-STLC). The control system (1) is B-STLC at (2°%,u°?) if there exists o > 0 such that,
for every € > 0, there exists n > 0 such that, for every zp,z; in B(2°%,7), there exists a control u(-) in
L*°([0, e], R™) such that the solution z(-) : [0,e] — R™ of the control system (1) with initial condition z(0) = 2
satisfies z(g) = 21, and

lu — u|Loo (j0,e),rm) < @

Remark 2.3. STLC implies B-STLC, choosing any a > 0.

Remark 2.4. B-STLC is close to the “historical” STLC property mentioned above, the difference being that
historically, a compact set was fixed a priori as a control constraint; forcing o = 1 would be in the same spirit.
In B-STLC, we leave « free. For a given control system that is B-STLC, let ay > 0 be the infimum of the
possible values of « in Definition 2.2. In [14, 15], the authors defined a quantitative version of B-STLC and
called such a system “ag-STLC”. The system is STLC if and only if g = 0. If ag > 0, one sees that a bound
on the control less than «p makes the system non controllable, meaning that “controllability depends on the
bound on the control” as illustrated e.g. in [14,15], and also in [19]. We shall no longer use “a-STLC” in the
sequel; it is replaced by B-STLC, that can be understood as “a-STLC for some a”.

More recently, a new notion has been introduced by Beauchard and Marbach in [11, Definition 4]. The idea
is to ensure the smallness, not only of u—u°%, but also of some derivatives, by requiring its norm to be bounded
in Sobolev spaces. For I an interval and k a nonnegative integer, we recall that a function f : I — R belongs
to Wk-o(1) if, for all p € {0,...,k}, f® € L>(I), and W*°(I) is then endowed with the following norm

— @
[£lweo = mase 19 e,

that makes it a Banach space. Obviously, W%°°(I) = L>°(1).

Definition 2.5 (W"*-STLC). Let k € N. The control system (1) is W**-STLC at (2°9,u°?) if, for every ¢ >
0, &’ > 0, there exists > 0 such that, for every zg, z; in B(2°%,7), there exists a control u(-) in W*>°([0, ¢], R™)
such that the solution z(:) : [0,e] — R™ of the control system (1) with initial condition z(0) = z, satisfies
2(e) = z1, and
||’LL - ueq||wk,oo([07€]7R'm) < E—I/ .
In particular, W%>°-STLC is identical to STLC as introduced in Definition 2.1, while, when k > 0, W*:>°-

STLC is stronger than STLC, because it requires the control to be sufficiently smooth and the W** norm is
stronger than the L™ one; we shall indeed encounter systems that are L°-STLC, but not WH>*-STLC.
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Remark 2.6 (on the two small positive parameters ¢ and ¢’). Using these two distinct parameters to character-
ize smallness of time and smallness of the control in Definitions 2.1 and 2.5 (identical to definitions in e.g. [11])
seems quite natural. As mentioned at the very beginning of this section, the definition of STLC in Coron’s
textbook [3] amounts to imposing e = &’ in Definition 2.1; the resulting STLC property seems weaker at first
sight but is indeed equivalent because one may adjust the controllability time by passing through the equilib-
rium and staying there during some arbitrary interval of time. This argument is valid because concatenating
1> controls on two adjacent intervals yields some L.°° controls on the union, at no L°*° cost.

When moving on to W controls, k& > 0, no such stability by concatenation holds (continuity of the k — 1
first derivatives fails in general), so that taking ¢ = &’ in Definition 3.4 would yield a different (a priori weaker)
property. We do not know whether our Theorem 3.8 would hold with that modified version of W1*>*-STLC; the
distinction is important in its proof, where we occasionally need to bound the W norm of the control with
a parameter depending on the size of the time interval.

Stability by concatenation, and thus equivalence between Definition 2.5 and its counterpart imposing ¢ =
¢’, could be recovered for k > 0 by considering controls in traceless spaces ng’m([O,e],Rm), i.e. satisfying
u® (0) = u®) () =0 for p=0,...,k—1. Such spaces (although requiring only ) (0) = 0, and not u?) (¢) = 0)
are briefly considered in [11] with regard to local controllability; they will not be further explored here.

Remark 2.7. Let us complement this discussion on the various notions of local controllability with a word
on additional definitions where the “smallness” assumptions are shifted from the control to the state. In a
recent paper, Boscain et al. [20] review and link several notions of local controllability, among which smali-time
localized local controllability, where the control is taken in L°°, but without any boundedness assumption; the
state, on the other hand, is constrained to remain within an arbitrarily small neighborhood of the equilibrium.
A similar definition appears in [11], but with controls taken in L'; the notion is then shown to be equivalent to
W—1°_STLC, which itself is an extension of Definition 2.5 where the W~ norm of v is naturally taken as
the L*° norm of the function ¢ — fot U.

2.2. Notions and notations

If f and g are real analytic vector fields, their Lie bracket is denoted by [f, g] (its definition is recalled at the
beginning of Section 5.1). The “ad” operator is defined by (adf)g = [f, g]. The usual notation ad’}g is defined

by induction with ad())cg = g and ad}}g =[f, ad]fp_lg] =1f1f, -, [f 9], - ]]; given k > 1 vector fields f1,..., fx,
we use the following notation for iterated composition of adf;, where one must respect the order since these
operators do not commute:

k
([Tadf) g =f1 [f2: fss- - [frog] - T00- (5)

i=1

The set of real analytic vector fields on R™ (or on an open neighborhood of the equilibrium under consid-
eration) is a Lie algebra over R, with multiplication given by the Lie bracket. Given a family of real analytic
vector fields F = {g1,...,9n}, we denote by Lie(F) the sub-algebra generated by these vector fields.

In order to correctly manipulate the Lie brackets of vector fields in F as algebraic objects, we then introduce
the set of indeterminate symbols F = {g1,..., 4y} and we denote by £(F) the free Lie algebra of formal Lie
brackets generated by the elements of F. The substitution of the symbols of F with the associated vector fields
in F is a natural (and usually non injective) morphism between £(F) and Lie(F).

This construction allows to unambiguously refer to the “order” of a Lie bracket as the number of elements in
F constituting it, before mapping it to Lie(F) where it could very well be equal to another vector field resulting
from a formal bracket of different order. For instance, if g1 and go commute, [§1, §2] is a nonzero element of
order two of £(]:'), mapped to the zero vector field.

As such ambiguous statements do not play any important role in this paper, in the following, we will

consistently identify these two objects and therefore “drop the hats” even when dealing with formal Lie brackets,
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implicitly referring to elements of E(]:' ) wherever relevant — in particular, when counting the number of elements
in a given Lie bracket.

Finally, we will use some condensed notations for some Lie brackets between the vector fields fy, f1 and f>
defining the control systems (3) or (10) under examination: basically, fi; stands for [f;, f;], fijx for [fi, [f5, fl],
fijr for [fij, furl, and fij kim for [fij, feim], and we will specifically use the following ones:

for = [fo, 1], far = [f2, [l (6)
fio1 = [fh [fmfl]]» Jiz1 = [flv [f27f1”7 (7)
far,010 = [[f2, fl, [fo, £l (8)
fivger = [[fis ful, [0 [frs f1]]- 9)
2.3. Known results for single-input systems
In this section, we set m = 1 in (1) and consider single-input control-affine systems:
2= folz) +ur(t)fi(z), ze€R" (10)
around the equilibrium (2°%, u®t) = (0,0), i.e. we assume fo(0) = 0.
Definition 2.8. System (10) satisfies the Lie Algebra Rank Condition (LARC) at 0 if
{9(0), g € Lie(fo, f1)} = R". (11)

It is well-known [21,22] (see also [17, Proposition 6.2]) that, when dealing with analytic vector fields, the
LARC is necessary for any form of STLC, but not sufficient. Stronger assumptions on the structure of Lie
bracket spaces have to be made to obtain a sufficient condition. For k£ € N, let Sy be the set of all iterated Lie
brackets of fy and f; in which f; appears at most k times, and Sy the subspace of R” spanned by the value at 0
of the elements of Sy, evaluated at 0. The following is a translation of [17, Theorem 2.1], the main result in that
reference. As discussed between Definition 2.1 and Definition 2.2, STLC meant B-STLC at the time where [17]
was published, so that a faithful translation of [17, Theorem 2.1] should be about B-STLC. However, the reader
may check that the proof by Sussmann in [17] indeed yields small controls, and therefore proves STLC, not
only in [17]’s sense, but in our sense too. We therefore write a statement? that is formally stronger than the
one in [17], but still correct and in the spirit of [17].

Proposition 2.9 ([17, Theorem 2.1, p. 688]). If System (10) satisfies the LARC at 0 and, for all k in N,

Sok+2 C Sok+1, (12)
then it is STLC.

Condition (12) fails if for some k € N, some brackets in Soi42, once evaluated at 0, do not belong to Sog1.
These clearly prevent one from applying Proposition 2.9, but have no reason to be obstructions to controllability.
It is however the case of some very specific such brackets. For instance, the lowest-order possible bracket in
Ss is f101 (defined in (7)); Sussmann naturally studied this case and proved the following non-controllability
result®:

Proposition 2.10 ([17, Proposition 6.3, p.707]). If f101(0) & S1, then System (10) is not B-STLC.
2Coron does the same “abuse” when translating [7, Theorem 7.3] into [3, Theorem 3.29].

3The original result assumes that |u| < 1, see the lines after Definition 2.2; Proposition 2.10 is hence slightly stronger than the
result in [17], but follows from the same proof.
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This result has been extended to arbitrary values of the integer k by Stefani in [23], showing that the simplest
bracket in Sgjyo, namely ad?cf fo (note that, for k =0, fi91 = —ad?cf fo), provides an obstruction:

Proposition 2.11 ([23]). Assume that there exists k in N such that
ad % £(0) & Sop+1.

Then, System (10) is not B-STLC.

The proof of these obstructions always consist in building a function of the state, in general one coordinate of
a well chosen system of coordinates, that will be non-decreasing along any solution, irrespective of the control,
at least close to equilibrium point and for small enough controls. In the cases above, the construction is possible
due to a single bracket, that was subsequently called a “bad bracket”. However, brackets that make Condition
(12) fail are not, in general, obstructions to controllability and should not be called “bad brackets”, even though
they may have been called so in some early literature trying to generalize the two propositions above. In fact,
as evidenced by an example by Kawski [24, Example 2.5.1], it is even not a good general idea to look for
obstructions through single brackets having such or such properties; obstructions are more to be found through
more complex objects involving the image in Lie(fo, f1) of the whole homogeneous component of the free Lie
algebra £(fo, f1) (see Section 2.1). In the present paper, the introduction of the quadratic form Dy ga (see (18))
in Section 3.2 is an illustration of such an obstruction that cannot be expressed in terms of a single bracket,
whereas the results in Section 3.1, that is a generalisation of Proposition 2.10 to our class of two-input systems,
still relies on the single bracket fi19; and the possibility to “cancel” it through brackets involving the second
control vector field.

Let us review two more results establishing local controllability obstructions, both in the case where (12)
fails for £k = 0. Returning to & = 0, assume now that the hypothesis of Proposition 2.10 is not satisfied, i.e.
f101(0) does belong to S;. As explained for instance in [17], the next lowest-order bracket in Sy that can be an
obstruction to controllability is fo1,001 (defined in (9)).

It is however noticed by H. Sussmann in [17, p.710] (a similar counter-example is recalled as (27) at the
beginning of section 4.2) that fo1,001(0) & S1 is not an obstruction to STLC as defined in Definition 2.1. In [9],
Kawski obtained a new necessary condition by refining the space Si:

Proposition 2.12 ([9]). Let 8’ = {ad]}0 (ad}, fo),k € N} and S’ the vector subspace of R™ spanned by the value
at 0 of the elements of S'.
If fo1,001(0) & S1 + 5, then System (10) is not STLC.

More recently, the authors of [11] showed that fo1,001(0) € S1 is indeed an obstruction, but to a stronger
notion of local controllability that we just recalled in Definition 2.5.

Proposition 2.13 ([11, Theorem 3]). If fo1,001(0) & Si, then System (10) is not WH>°-STLC.

Concerning systems with control in R™,m > 2, a general sufficient condition for local controllability, in the
vein of Proposition 2.9 but more complex, can be found in [7], but no necessary condition is known, to the best
of our knowledge. The main results of this paper, stated in the next section, are a step in this direction in the
sense that they give an extension of the necessary conditions contained in Propositions 2.10, 2.12 and 2.13 to
the case where the system has two scalar controls, and the vector field associated to the second control vanishes
at the equilibrium.

3. MAIN RESULTS

We now consider the control-affine system (3) (which is also system (1) with m = 2), assuming that (4) is
satisfied at 24 =0, i.e. fo(0) =0, f2(0) = 0, f1(0) # 0, and we study local controllability for (z, (u1,uz)) close
to the equilibria (0, (0,u5)), with ug? arbitrary.
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Remark 3.1. The fact, due to (4), that any value of u5? is an equilibrium value of the control for the system (3)
is somehow unusual. Of course, once some value of u5? is set, one can always work around the null equilibrium
(0,(0,0)) by performing the following affine feedback transformation on the control ug: s = up — ug’. With
this transformed control, system (3) becomes

5= fo(2) +urfi(2) + Gafa(2) (13)

with fo = fo+uSlfa, fi = f1 and fo = fo. Assume that system (13) is STLC at (0, (0,0)) and let ¢ be a positive
real number, 1 be the associated parameter from Definition 2.1, and zg, z1 in B(0,7). There exist controls u;
and 1y in L*°([0,¢]) such that the solution of (13) with z(0) = 2y and these controls satisfy z(e) = 21, and

lwtllLes jo,e1.r) < €5 182/l (0, R) < €

Hence, the solution of system (3) with z(0) = zo and controls us = us® + @2 and wu; satisfies z(¢) = z;, and we
also have [lug — u5" e ((0,e,r) < € and [[u1 |1 (j0,e],r) < €. Therefore, system (13) is STLC at (0, (0,0)) if and
only if system (3) is STLC at (0, (0, ug")); this also holds for other types of local controllability.

Moreover, unlike STLC, the notion of B-STLC (Definition 2.2) is independent of ug”: indeed, choosing «
sufficiently large, it is easy to see that system (1) is B-STLC at one equilibrium (0, (0, u5")) if and only if it is
B-STLC for all equilibria (0, (0, u5?)).

Nevertheless, a key feature of our main results is that some particular values of us® (like the one called 3 in
Theorem 3.2) play an important role for recovering local controllability. Therefore, we choose to state Theorem
3.2 and 3.8 without readily taking us® = 0, while the proofs are conducted with us? = 0 using the feedback
transformation described above.

3.1. Obstruction coming from brackets of order 3

Here, we give a necessary condition that “generalizes” Proposition 2.10 for single-input systems to the class
(1)-(4) of two-input systems. The bracket that carries the obstruction is again fip; but now, fi21 also plays
a role as it could compensate the bracket fip;. The family S; from Proposition 2.10 has to be replaced by a
larger family R;, made of all iterated Lie brackets of fy, f1 and fo where f; appears at most one time. We
denote by R; the vector subspace of R™ spanned by the value at 0 of all elements of R;.

The necessary condition is the following.

Theorem 3.2. Consider System (3) under Assumption (4). Assume f101(0) & R;.
1. If f101(0) € Ry 4 Span(f121(0)), let 8 € R be such that

f101(0) + Bf121(0) € R1. (14)

Then, for any ug® € R such that us® # 3, system (3) is not STLC at (0, (0,u5)).
2. 1If f101(0) € Ry + Span(f121(0)), then, for any us € R, system (3) is not B-STLC at (0, (0, ug)).

Case 2. is the one where the obstruction from Proposition 2.10 (applied to the single-input system obtained
by taking us = 0) persists, i.e. the second control cannot improve controllability. In Case 1., on the contrary,
Relation (14) allows the bracket fis; to possibly compensate fig; around the particular control us? = j3; the
theorem states that this value of the control is the only one around which System (3) may be STLC.

Remark 3.3. In Case 1., a careful inspection of the proof leads to a slightly stronger result : there is an
obstruction to a weaker controllability property where the control u; is not required to be arbitrary small; this
hybrid property could be called (B,L*)-STLC in the spirit of Definition 3.5 (see next section).
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3.2. Obstruction coming from brackets of order 5

We now assume that the obstruction to STLC pointed out by Theorem 3.2 does not hold, and continue
exploring possible obstructions to STLC. The result we give in this direction may be viewed as a “generalization”
of Propositions 2.12-2.13, in the sense that it combines the point of view of Proposition 2.12 (enlarging the space
S7) and that of Proposition 2.13 (using a stronger form of STLC), and consequently identifies obstructions to
various forms of local controllability, tailored to two-input systems of the type (3)-(4), that we define hereafter:

Definition 3.4. Let k& € N. The control system (3) is (W5 L®°)-STLC at (2°9, (uj®, us")) if, for every
e >0, ¢ > 0, there exists n > 0 such that, for every zp, z; in B(2°4,7), there exists a control (ui(-),us(+)) in
WF22([0,e],R) x L>=([0,¢],R) such that the solution z(-) : [0,e] — R™ of the control system (3) with initial
condition z(0) = zq satisfies z(¢) = 21, and

lur = ui lweoe 0.1 m) < €5 fluz — g o,em) < €. (15)

Definition 3.5. Let k € N. The control system (3) is (W**°, B)-STLC at (2°4, (uj®, uy")) if there exists o > 0
such that, for every € > 0, &/ > 0, there exists n > 0 such that, for every zg, z; in B(2°%,n), there exists a control
(u1 (), ua(-)) in WE>2([0,¢],R) x L>([0, €], R) such that the solution z(-) : [0,] — R™ of the control system (3)
with initial condition z(0) = zy satisfies z(¢) = z;1, and

lur — ufflwr.o (jo,e1,r) < €5 lug — u5 Lo (j0,e,7) < @ (16)

Remark 3.6. The norms used for each control are different in this controllability notion, making it a form
of “hybrid” small-time local controllability. It fits the nature of system (3), where the second control plays a
particular role due to the fact that fs vanishes at 0.

Let us now introduce the elements of the obstruction. First of all, we assume that

f101(0) € Ri,  f121(0) € R1,  f21,01(0) € Ry . (17)

The first two points are introduced to step out of the obstruction given by Theorem 3.2; the case where a
relation like (14) would hold is not considered. Finally, the bracket fa1 01, defined in (8), was not seen before;
its role will be discussed below the statement of Theorem 3.8.

The obstruction per se is more complex than the one in Propositions 2.12-2.13: instead of coming from a
single bracket fo1,001, it comes from eight different brackets of order 5; for a given value of the equilibrium
control uy?, it is convenient to define a map D,ca : R? — R™ as follows:

Dysa(A1, A2) = A (fo1,001(0) — 5 fo1,201(0)) + A3(f21,021(0) — u5? fo1,221(0))

=M1 A2(f21,001(0) + fo1,021(0) — w5 (f21,201(0) + fo1,221(0))), (18)

and there will be an obstruction if the vector D,sa(A1, A2) stays, for all (A1, A2) different from (0, 0), strictly on

the same side of some hyperplane containing a vector subspace @ of R, i.e. if the following condition C(Q)
holds:

Q) { there exists a linear form ¢ : R” — R, whose restriction to @ is zero (i.e. Q C ker ) (19)
19

and such that the quadratic form (A1, A2) — <<p, Dyea(A1, A2) > is positive definite.

The vector space @ will be either R; or larger subspaces obtained by adding either the space R/, generated by
four special brackets involving fs, namely

R' = Span(fo1,201(0), f21,221(0), f21,201(0), fo1,221(0)), (20)
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or the space R”, which is the two-input analogy of the space named S’ in Proposition 2.12, and that we define
as generated by the value at zero of a special family W of brackets containing three times fi:

" = Span {g(0),g € W}, with (21)
{—2v—p—1 —2v—1 l—v—1 -1
W= ( H adfil—jJrl)[( H adfw i+l flv H adfle i1 fla H adfle i+l flafnm
j=1 j=0—2v—p Jj=0—2v j=l—v
3 1 1 . . ¢
(b, p,v) eN°,0< < g(é—l) <v< 5(6 pw—1), (i1,...,1) € {0,2}" ». (22)

The vector fields composing the family W appear again in the proof of Theorem 3.8, in Equation (96).

Remark 3.7. This setup illustrates the remark by Kawski in [24, Example 2.5.1], showing that obstructions to
controllability rest on the behavior of D, e (A1, A2) rather than only on the value of supposedly “bad” brackets
taken individually.

‘We now state our main result.

Theorem 3.8. Consider system (3). Assume that (4) and (17) hold and let us* € R.
Then, with condition C(Q) defined in equation (19), we have, at (0, (0,us?)):
1. If C(Ry) holds, system (3) is not (W12 1L°°)-STLC.
2. If C(Ry + R') holds, system (3) is not (Wh>°, B)-STLC.
3. If C(Ry + R") holds, system (3) is not STLC (i.e. (L*°,L>°)-STLC).
4. If C(Ry + R’ + R") holds, system (3) is not (L>°, B)-STLC.

The proof is given in section 5.3. Its structure mirrors the one of the proof of Theorem 3.2, but it features
additional technical ideas, most of which are adapted from the proof of Proposition 2.12 conducted in [24, pp.40-
72] to our two-input setting.

Remark 3.9. Similarly to Theorem 3.2, in Cases 1. and 3., the “critical” values of us? for which C(R;) or
C(Ry + R") fails are the only ones for which one may overcome the obstruction and recover (W1°° L>°)-STLC.
However, while Theorem 3.2 shows that there exists a unique such value 5, Theorem 3.8 does not guarantee
existence or uniqueness of these critical values.

Remark 3.10. Assumption (17) requires that f2; 01(0) € Ry for the Theorem to hold, but the same conclusion
holds if we relax this requirement and include fa1,01(0) within the subspace @ satisfying condition C, hence the
analogous statement: if C(Ry + Rf21,01(0)) holds, system (3) is not (W'> L>°)-STLC, and so on for the other
three cases.

A similar, albeit slightly more technical, inclusion can be made in order to relax the assumption that f121(0) €
Ry, by adding Span{ad’}g f121(0), k € N} to the subspace @ in each case.

The proof is straightforwardly adaptable to these variations — see also Remark 5.7 below.

Remark 3.11. Condition C(R;) (that holds in all four cases of the theorem) excludes in particular the situation
where fo1,001(0) does not belong to @ but all the other brackets f;1 jx1 do. In this situation, since none of the
brackets of order 5 containing fo would play any role, one could believe that the potential effect of us on the
controllability properties of the system is erased, and that System (10) would not be (W, B)-STLC, just like
in the scalar-input case.

Nevertheless, it appears in the proof of Theorem 3.8 below that, in that situation, higher-order terms in
the Chen-Fliess series involving fo cannot be easily dominated by the term associated to fo1 001(0). Therefore,
this particular case does not seem straightforwardly reductible to the scalar-input case, and dealing with would
require a different strategy than the one used in our proof.

Some illustrating and enlightening examples concerning this theorem are presented in Section 4.2.
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4. ILLUSTRATING EXAMPLES AND APPLICATIONS

4.1. Examples for Theorem 3.2

In Case 2. of Theorem 3.2, the second control us cannot compensate the obstruction to local controllability
induced by fi091. The following example illustrates that case.

Example 4.1. Consider the system

. 2
T =y +yul,
{ Yy =2y —u; + Tus. (23)

- (). a=(2): #-(0)

Straightforward computations show that

It is of the form (3) with

Ri = Span(ez), [f1,[fo, f1]](0) = —6e1, f121(0) = ey,

so we are in Case 2. of Theorem 3.2. Therefore, for any u5® € R, system (23) is not B-STLC at (0, (0, u5)).

In Case 1., Theorem 3.2 states that the system is not STLC around the equilibria (0, (0,u5)), unless ug?
is equal to a particular value 3, that allows the bracket fi2; to compensate the bracket fi1p;. Around the
equilibrium (0, (0, 8)), the system can then be STLC, like in the next example. The method used in the
following example to show STLC was introduced in [16] to show local controllability of magnetically driven
micro-swimming robots — as detailed below the following example. We reproduce it here on a simpler system.

Example 4.2. Consider the system
. 2
i =y +yur — Elﬁuz,
1 (24)
Yy =2y —u — —yus,
Q@

2 2

Straightforward computations show that

for some v # 0. Here we have

m:%w@»[hMﬁM@=—%hfm@=g%

so we are in Case 1. of Theorem 3.2. Therefore, the system (24) is not STLC at (0, (0,u5?)) if ug? # a.
Let us now study controllability at (0, (0, «)). As explained in Remark 3.1, we make the feedback transfor-
mation e = ug = « + 4, which transforms system (24) into

) 2 5
T = —y2 + yu; — ay2uQ,

1

~ a2
i.e. into (13) with fo = < 5 ) 7 (25)
Yy—u — Eyf@a

(]

and we show that this system is STLC at (0, (0,0)) (in a sense the transformation “neutralizes" the bracket
f101). To this end, we use the sufficient Sussmann condition for controllability [7, Theorem 7.3] with 6§ = 1
and the notation for G, introduced in [14, Definition III.10]. Since fi21(0) = gel, the Lie brackets of order 3
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generate the whole space, i.e. G, is the whole tangent space if > 3. The only Lie brackets of order at most
3 with an even number of 1 and 2 are [f1, [fo, f1]] and [f2, [fo, f2]], which are both zero and therefore belong
trivially to Gs.

Hence, the Sussmann condition from [7] is satisfied and system (25) is STLC at (0, (0,0)), so system (24) is
STLC at (0, (0, «)).

Example 4.3 (Application to micro-swimmer robots). In addition to the previous examples, let us present a
practical application of Theorem 3.2. The present paper was motivated by the work on controllability of micro-
swimmer robot models made in [14-16]. The two swimmers studied in these papers are made of two (respectively
three) magnetized rigid segments, linked together with torsional springs, immersed in a low-Reynolds number
fluid, and driven by a uniform in space, time-varying magnetic field H. The swimmers’ motion is assumed to be
planar. The magnetic field H belongs to the swimmers’ plane and can therefore be decomposed, in the moving
basis associated to the first segment, in two components called (H, H)).

Seeing the magnetic field as a control function, the dynamics of both swimmers write as control systems that
are exactly of type (3)-(4):

z = fo(z) + Hy f1(z) + H| f2(2), (26)
with the state z in R* for the two-link swimmer (resp. R® for the three-link swimmer). The detailed expressions
of fo, f1 and fo with respect to the system parameters are given in [14, Equations (12) to (16)] (resp. [16,
Appendix]).

Moreover, assumptions (4) are satisfied. Hence, for all H in R, (0, (0, H|))) is an equilibrium point (the
first zero is short for (0,0,0,0) in R* (resp. (0,0,0,0,0) in R%)). One also has R; = Span(es,es,e,) (resp.
R; = Span(es, e3,e4,e5)) and the brackets of interest for Theorem 3.2 read:

[flv [anle(O) - (CLZ?O?OaO) (resp. [fla [anfl]](O) - (ag,0,0,0,0))

and

f121(0) = (bg, 0, O, 0) (resp. flgl(O) = (b3, O7 O, O, 0)),
with ag, as, by, b3 constants that are nonzero under generic assumptions on the system parameters — see [14,
Assumption III.2] (resp. [16, Assumption 1]).

We can therefore apply Theorem 3.2, Case 1. and conclude that the two-link swimmer (resp. three-link
swimmer) is not STLC at (0, (0, H)|)) for any H) such that H| # a2/by (resp. H) # a3/bs3).

In [16], it is shown that the two-link swimmer (resp. the three-link swimmer) is indeed STLC at (0, (0, az/b2))
(resp. (0,(0,a3/b3))), using the technique displayed in Example 4.2. However, the question of STLC at other
equilibria of type (0, (0, H))) was left open in [16, Remark 5]. Theorem 3.2 allows to answer that question:
(0, (0,az/b2)) (resp. (0, (0,as3/b3))) is the only equilibrium of this type for which the swimmer is STLC.

Remark 4.4. Former studies on the two-link swimmer had led to the following results: in [14], it is shown
that the control system (26) associated to the 2-link swimmer is B-STLC at (0, (0,0)) with controls bounded
by 2a3/bs; in [15], it is shown that it is moreover not STLC at (0, (0,0)). The proof of this last result features
an explicit construction of the function ® that is used in the proof of Theorem 3.2 below.

4.2. Examples for Theorem 3.8

We start by considering a scalar-input system, inspired by the classical example given by Sussmann in [17,

Equation (6.12), p. 711]:

T = Ui,

y =u,

z =y,

W o=ad+y? 4 22
For this system, fo1,001(0) is outside of S7. Yet it is shown (see [17]) that it is B-STLC (and STLC as well, as
shown for instance in [11, Example 12]). Furthermore, Proposition 2.13 shows that it is not W1*°-STLC.

(27)
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The following examples feature systems resembling System (27) with addition of a second control. Depending
on the vector field f; associated to this second control, we will observe the role played by this second control in
the two different cases of Theorem 3.8.

Example 4.5. Consider the control system

T = uy,
y =u,

W =23+ y? + 22

Straightforward computations show that Ry = Ry + R’ = Span(ej, eq, e3) (in particular, one has f101(0) =
f121(0) = fo1,21(0) = 0).
Moreover,
J01,001(0) = f21,021(0) = —2e4 and f21,001(0) = fo1,021(0) = 0.
Therefore, by choosing ¥ = —ej, we are in Case 2. of Theorem 3.8, and conclude that System (28) is not
(Wb B)-STLC. Therefore, in this example, the second control does not help recover controllability, as in
Example 4.1.

Example 4.6. Now, we consider the following system:

r = Uy,
y =u,
Z =Y+ xue, (29)
W =23 +y? + 22+ (y? + 2?)us.
All the relevant brackets are identical to those in the previous example, except that we now have
f01,201(0) = —2e4 and fa1,221(0) = —2eq.
Therefore, by choosing ¢ = —ej, we are in Case 1. of Theorem 3.8, and conclude that System (28) is not
(Whoe 1,°9)-STLC at (0, (0,0)).
However, setting us = —1, System (29) becomes identical to the scalar-input system
T = Ut,
y =u,
z =y—ux, (30)
W o= a3,

Let us show that this system is W*°*-STLC. In order to do this, we add the equation 1 = v to the system and
study controllability of this new extended system with state (uy,x,y, z,w) € R® and control v. We check that, for
this extended system, the Sussmann condition — already used above in Example 4.2 — is satisfied for # = 1 around
the equilibrium Ogs. Indeed, the brackets f1,[fo, fil, [fo, [fo, f1]], [fo, [fo. [fo, f1]]] and [f1, [fo, [f1, [fo, [fo. f1]]]]
span the whole state space at Ogs, and all the brackets of order at most 6 with an even number of times f;
vanish at Ogs. Therefore, the extended system is STLC around Ogs. This means that both u; and @, = v can be
arbitrary small in L*>°-norm, and System (29) is indeed (W1°°, B)-STLC, and (W L>)-STLC at (0, (0, —1)).

This second example illustrates the more interesting case of our result, in which the second control, when set to
be around a specific value depending of the behavior of brackets of order 5, helps recovering local controllability.

Cases 3 and 4 of Theorem 3.8 are analogous, in the sense that they only amount to change the “scalar-input”
structure (i.e. fo and f1) of the above systems (28) and (29), to create a system that fits Proposition 2.12 when
U = 0.

Finally, let us present an example partly justifying the necessity of Assumption (17).
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Example 4.7. Theorem 3.8 requires that fi121(0) € R;. The following example features a case where no
obstruction to local controllability can be obtained when this does not hold, even though all the other conditions
to apply Theorem 3.8 are satisfied.
Consider the following system:
T = ui,
y =z,
z = y + Tug, (31)
W =23+ y? + 22 + 2%us.

All the relevant brackets are identical to those of Example 4.5, except this time we have

f121(0) = —2ey,

so Assumption (17) is not satisfied.

Then, the same straightforward computations as the ones carried in the previous example show that the
extended system (with the extra equation %, = v and (v,ug) seen as the controls) satisfies the Sussmann
condition for § = 1. Hence (31) is WL>°-STLC at 0.

This example therefore highlights the role of the bracket fi21, which seems to help recover some notion of
local controllability in this case. Of note, in the scalar-input case, control systems similarly featuring brackets
of different order interacting with each other were identified in [18].

5. PROOFS OF THE THEOREMS

5.1. Notations and preliminaries

Solution associated to a control. Given a control t — u(t) = (u1(t),us(t)) in L>°([0, T],R?), we denote by
t = 2, (t)

the solution of (3) with control u(.) starting from the origin, i.e. z,(0) = 0.

Vector fields and differential operators. A real analytic vector field f can equivalently be defined, in coordinates,

a1 (x)

n
0
either b x) = : or b = ap—,
y  f(z) : y f Z k ozn
an () k=1
where a1,...,a, are real analytic functions. The first notation views f as assigning a tangent vector to each

point while the second views f as a differential operator of order 1: f¢ =>"}_; akaa—j; for any analytic function

¢. For two vector fields f and g, we denote by fg the differential operator of order 2 obtained by composition:
(f9)¢ = f(g9¢). In coordinates, and if g = > ;_, ly%, one has

n

- 02 ~ " ob,; 0
fgzzzakbjerz (Zakal‘i> a—x]

k=1 j=1 j=1 \k=1

In that setting and as a differential operator, the Lie bracket (used so far in the paper, see beginning of
section 2.2), is a commutator: [f,g] = fg — gf; one recovers the usual formula from fg and gf above.
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Chen-Fliess series. Let I = (i1, ...,i;) € {0,1,2}* be a multi-index and fy, f1, f2 the three vector fields defining
the system in (3). One defines by iterated composition the k' order differential operator

fr=Ffi,fis - fir-

For each u = (uy,ug) in L>=([0, T],R?), for a multi-index I = (i1, ...,ix) € {0,1,2}*, the iterated integral fOT ur
is defined as follows :

T T Tk Tk—1 T2
/ uy :/ / / / uik(Tk)uikfl(Tk_l)...ui2(7'2)ui1(7'1)d71d72...di 5 (32)
0 0 0 0 0

where the symbol ug is used with the convention ug = 1.
Let & : R™ — R be a real analytic function defined in a neighborhood of 0 in R™. The Chen-Fliess series
associated to fo, f1, f2, v and @ at time T is defined as

S(u, f,,T) = 3 (£1)(0) /0 ur, (33)

I

where the summation is made over all the multi-indices I = (iy, .. .,x) in {0, 1,2}* with k¥ € N. The Chen-Fliess
series appears in a range of works in control theory and geometry (see [25-27]). Real analyticity of the vector
fields f; and the function ® implies (see [17, Lemma 4.2, p.697]) the following bound on the coefficients:

|(f1®)(0)] < C*k!, where k stands for the length of I; (34)

it also implies (see [17, Proposition 4.3, p. 698]) that there exists 75(A) > 0 such that the series converges for
any T < Ty(A) and any u such that ||u||p~ (o)) < A, uniformly with respect to v and T', to ®(z,(T’)), and the
sum of the series provides the value of the function ® along the solution of the system:

®(2u(T)) = X(u, f,2,T). (35)

Constructing local coordinates. It is quite classical (see e.g. [7, proof of Proposition 6.3], in the same context as
the present paper) to build local coordinates from the times in iterated flows of a family of vector fields. Since
we will need precise properties of these coordinates, in different instances, we state this process as a lemma.

Lemma 5.1. Given n real analytic vector fields g1, ..., gn on R™ such that g1(0),...,9,(0) form a basis of

R™, there exists a set of real analytic local coordinates z — s(z) = (s1(2), ..., $n(2)) defined on a neighborhood
V of 0 such that $1(0) = --- = 5,(0) = 0 and, for any i,5,k in {1,...,n},
g18:(2) =81, i€{l,...,n}, z€V, (36)
955:(0) = 8i g, (i,4) € {1,...,n}?, (37)

where §; ; denotes the Kronecker symbol: 0; ; is equal to 1 ifi = j and 0 if i # j.

Proof. Define a real analytic map ¥ : (—¢,e)" — R™, for ¢ > 0 small enough*, by
T(ty, ... ty) = €9 0. 0eln97(0), (39)

4If the vector fields fi are complete, take ¢ = co and T : R™ — R"™. If not, define complete vector fields j/‘; = p f; with p a smooth
cut-off function that is identically equal to 1 in a neighborhood O of the origin, and define a smooth map T . R"™ — R” from the
vector fields j/‘;, e J/”;L as in (39). The vector fields are real analytic on O, although not on R". Taking € > 0 small enough that
T((—e,e)™) C O, the restriction of T to (—e, &)™ provides the real analytic map ¥ because it only depends on the restrictions of the
vector fields fA, to O, that are real analytic, and are also the restrictions of f;’s to O.
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where e?X denotes the flow at time ¢ of a vector field X. Clearly, T(0) = 0 and the columns of the Jacobian of T
at 0 are the vectors g1(0),. .., g,(0), linearly independent, hence ¥ is a local diffeomorphism at 0, i.e., by taking
e > 0 small enough (and smaller than above), it defines a diffeomorphism from (—e&,&)™ onto V = ¥((—¢,¢)").
Let s : V — (—¢,¢e)™ be the inverse of this real analytic diffeomorphism, and let s = (s1,...,8,).

With these definitions, s1(0) = --- = 5,,(0) = 0 follows from T(0) = 0; let us now prove (36) to (38). For any
2=F(t1,...,ty) €V (i.e. s;(z) =t;,i=1,...,n, with |[t;] <€), one has s;(e'9(2)) =t; +t ;1 (if [t +t1] < &);
this implies (36). Taking integers j, k, and evaluating the ith coordinate of the point €% o e 9% (0) yields,
assuming |v| < ¢, |w| < € and |v + w| < &, to be sure that e”% o e 9 (0) is in V,

si(e”gj o eIk (O)) = 'U(Si’j -|—’w51"k lf] é k

(this is wrong if j > k because €”9% and e 9 do not commute and T is defined with that order in (39)). By
definition of the Lie derivative, one may differentiate with respect to v to obtain the value of g;s; at that point:
g;s:(e”9 0 e"9%(0)) = 9; ;. Differentiating this with respect to w to obtain the value of grg;s; is correct only
when v = 0: grg;s:(e”9%(0)) = 0. These two relations imply (37) and (38) by taking v = w = 0. O

5.2. Proof of Theorem 3.2

Most of the section consists in proving Proposition 5.2 below, which refines the statement of Theorem 3.2.
The proof relies on similar arguments to those used to prove Proposition 2.10 in [17, pp.707-710].

Proposition 5.2. Assume that the assumptions of Case 1. (resp. Case 2.) of Theorem 3.2 are satisfied, with
us? = 0, and fix an arbitrary o > 0 (for case Case 2. only). There exists a neighborhood V of the origin, an
analytic function

®:V =R satisfying  ®(0) =0, d®(0) # 0, (40)
a constant K > 0, and some T° > 0 such that for any T, 0 < T < TY, there exists € such that, for any
essentially bounded control u : t — (u1(t),us2(t)) defined on [0,T] satisfying

|1l Lee jo,77) < % and luz|Lee (jo,77) < e° (7”651)- llu1llLee (jo,17) < @ and |luz||Lee(jo,1) < a) ) (41)
one has z,(t) € V for all t in [0,T] and
O(2u(T)) = K |01l 720,19 (42)

with

vl(t):/o uy(s)ds. (43)

Proof of Theorem 3.2 assuming Proposition 5.2. Fix a > 0 for Case 2., choose &’ smaller than the " given by
Proposition 5.2. Then for any 7, (40) implies that one may pick a point z; in B(0,n) such that ®(z;) < 0,
and (42) then clearly implies that there may exist no control u satisfying (41) and such that z,(T) = 2.
This contradicts STLC according to Definition 2.1 (resp. B-STLC according to Definition 2.2) and proves
Theorem 3.2 in the case ug® = 0. If ug? # 0, just perform the feedback transformation suggested in Remark
3.1 fo+urfi+usfs = fo+urfi+Usfs with fo = fo+ ust fo and Uy = us —ug?, apply the result to the system
Z= fg + u1 f1 + Us fo at the equilibrium z = 0, (u1,uz) = (0,0), and deduce the result at the equilibrium z = 0,
(u1,u2) = (0,u5?) for the original system (noting that f101(0)+ 03 f121(0) is equal to f101(0)+(B—us5?) f121(0)). O
Proof of Proposition 5.2. The first step is to define the function ® that will later be proved to have the desired
properties.

Let d1 = dim R1 and d2 = dlm(R1 + Span(flgl(()))) (either d2 = dl or dg = d1 + 1) Let gi,---59n be n
vector fields such that:

e g1 = f1,
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e (g1(0),...,9,(0)) is a basis of R™,
e in Case 1., (g1(0),...,g4,(0)) is a basis of Ry and g4, +1 = fio1,
e in Case 2., (g1(0),...,94,(0)) is a basis of Ry + Span(f121(0)) and g4,+1 = fi01,
and define, from these vector fields, some local coordinates z — (s1(z),...,s,(2)) in a neighborhood V of 0
according to Lemma 5.1. Then, define ® as follows® :
e in Case 1., ®(¢) = —s4,+1(¢),
e in Case 2., ®(¢) = —s4,+1().
The function @ is real analytic on V and has, by construction, the following properties:

N
=

o(0) =0,

(Case 1.) Vg € Rq,(g®)(0) =0,

(Case 2.) Vg € Ry U{fia1}, (g®)(0) =0,
fi®=0o0nV,
(f1019)(0) = —1.

According to (47) and (4), one also has, with T = (iy,..., i),

N
S

A~ o~~~
=
~N

= — D

N
oo

f1®(0)=0ifiy =0ori; =2ori,=1. (49)

In order to show that @ satisfies (42), we then consider the Chen-Fliess series X(u, f, ®,T') (see (33)) associated
to the above constructed ® and split its terms into five different types:

S(u, f,®,T) =Py + Py + Py + Py + Ps,

where each P; contains the terms with multi-indices I defined as follows:

e P :1=(2,...),1=(0,...),or T =(...,1),

e Pp:1=(1,J) with J containing only 0’s and 2’s,
e P3:1=(1,1,0),

o Py :1=(1,1,2),

[ ]

P : all the remaining terms.

We immediately have P; = 0 according to (49). We also have P> = 0. Indeed, let I = (1,1io,...,4) with
i; =0or 2 for all j € {2,...k}. Then, we can write that

fifio oo fin = U1, fiulfis o fip + fisfro o fins (50)
and (fi, f1-.. fi,®)(0) = 0 according to (49). Similarly, we have

s il fis - fir, = (1) fiol, fis) fia - oo for + fis U1, fiol - S (51)

and ((fis[f1, fis] -+« fi)®)(0) = 0 because of assumption (4) and the fact that i3 = 0 or 2. Repeating this
operation k — 3 more times, we eventually get that

(fifir - [, @)(0) = ([ - [f1s fins - -5 fir ] 2)(0). (52)
But [...[f1, fis]s -+, fir] is in R, s0 (f1fi, .- fi, ®)(0) = 0 because of (45). Therefore,
P =P, =0. (53)

5The minus signs do not appear in [17] due to an opposite sign convention on the definition of the Lie bracket in that reference.
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The terms P3 and Py, associated to the brackets f19; and f121, are the key parts of the proof. Let us compute
their value. For Pj3, we write

fron = —=fififo+ fifofr = [f1s fol A
The last two terms on the right-hand side vanish when evaluated at 0 against ® because of (47), so (f1f1f0®)(0) =
—(f101®)(0) = 1 by (48). Moreover, the control integral part is given by

T T s o T s
/ U(1,1,0) :/ / ul(a)/ ul(T)deads:/ / vi(o)vi(o)dods,
0 o Jo 0 o Jo

1
Py = Sl (54)

so, overall

with v; defined in Equation (43).
Let us turn to Py. Expanding fi21 into a sum of third order operators and applying (49) yields

(f1f1£22)(0) = —(f1219)(0). (55)

Here the two cases of the theorem differ. In Case 2., (46) implies f121P(0) = 0, hence Py = 0. In Case 1.,
this does not hold, but there is a real number 8 and a vector field g such that fi21 = —8f101 + ¢, with g € R4
and 8 # 0 because f101(0) ¢ Ry1. Thanks to (55), (45) and (48), we conclude that (fif1f2®)(0) = —5. The
control integral associated to P, reads

T T s o
1
/ U(1,1,2) =/ U2(8)/ ul(a)/ uy(7)drdods < 5||U2||Lw||v1Hiz’
0 0 0 0

and we deduce the following bound on P;:

1
|Pa| < S 18l lualluesffor £ (56)

We now state a lemma that will imply that the infinite number of terms in P5 add up to a small remainder.
It is adapted from [8, Corollary 3.1]: essentially, in these iterated integrals where u; appears at least r times,
one may always, although it is not a priori obvious, bound us with its L> norm in the course of proceeding
with the calculations due to Stefani [8] for the single input case. The integer r is left open because we need the
lemma with r = 2 here, and with » = 4 in the proof of Theorem 3.8 below.

Lemma 5.3. Let r be an integer such that r > 2, let ® be an analytic function V — R with V a neighbourhood
of the origin, such that ®(0) =0 and f1® =0 on V, and let Z2T(u, f,®,T) denote the sum of all the terms of
the Chen-Fliess series (33) associated to a multi-index I containing at least v times the element 1.

Then, for any o > 0, there exists Ty > 0 and a constant D > 0 such that, for all T in [0, Ty, and all (uy,us)
satisfying ||ui|lLe < o and |lug|lLe < o, one has

Z>T(U, f7 o, T) <TD ||U1||£' . (57)

Proof. Let k € N such that k > r and let I be a multi-index in {0, 1,2}*, containing 1 at least r times. Due to
the assumptions made on the function ®, the term associated to I in the Chen-Fliess series is zero if I starts
with 0 or 2 or ends with 1, so we discard these cases® and are left with multi-indices I that, for some integer j,

6The proof conducted in [8] does not rely on assumptions of ® and therefore requires estimations of the iterated integrals
associated to the terms that are discarded in our proof. Suitable bounds on these iterated integrals are obtained in [8], provided

an estimation of the type vi(t) < Afot |v1(s)|ds (see Corollary 3.2 and Lemma 3.2 in [8]) for some constant A > 1. We notably do

not need such an estimation here.
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can be broken down into 2j blocks: I = (K1, Hi,...,K;, H;), where, for each m between 1 and j, H,, belongs
to {0,2}" and K,, to {1}*= where hy,...,h,, and ki,...,k,, are positive integers. Additionally, we call I
and I the total number of 1’s and 2’s in I. In particular, Iy = k1 + --- + k;, and since we assumed that the

digit 1 appear at least r times, we have I; > r. The iterated integral fOT uy then reads

[Fu=fu [ fun fu [ fu fu [ 9

h; times k; times h1 times k1 times

with * denoting either 0 or 2 (recall that ug = 1 by convention), and where we omitted the bounds on the
integrals for simplicity. We will deal with this iterated integral by applying the following inequalities, valid for
any integrable function w(.) on [0, 7], any 7 in [0,7], and any m € N:

\/u S [ ’ / o)+ ln” o, .

m tlmes

)/Ou/u/uw’ <lus |72 —/ 9] ds, (60)

m~+1 times

where mg is the number of times uy appears in the left-hand side integral in (60). These are consequences of
the following relations, that can easily be established by induction:

[ o fuw<toze [[CD s, [ [ fu= [ GO,
VA

m+~+1 times m times

As a first step towards a majoration of (58), let us first assume that Iy = r in (58), and we consider
the part of (58) associated to I = (K, Hy,..., K ), i.e. we are considering the part of the integral in (58)
obtained by truncating the first h; integrals. Now, we alternatively apply (59) and (60) (with 7 = T') to
each integral block in this truncated integral. Then, we note that (59) is always (except the last time where
it is applied with w = v;) applied with a function w(.) which reads u, [ W, so that it can be bounded as

w(s)| < Jue| [T W] < |Jus]|nee Tiw ; then, we can pull T\W| out of the integral, and obtain:
0 0 0

[ ] <l (/T i Zjlvl(s))kj ds) ()

Thl—l T (|U1(T)| + ‘Ul(s)l)kl_l
' <(h1—1)'> (/0 (k1 — 1) |U1(8)|ds> . (61)

The right-hand side of (61) only depends on wus through its first factor; the rest of it can be dealt with exactly
as in the proof of [8, Corollary 3.1] for scalar-input systems: expanding the binomial terms in (61) and applying
the Holder inequality to extract the L™ norm of vy yields

T
0

r i/r
I. (2T T+ 1 11+ r—i r—i/r T r
< Juzlfz” T Z|U [ At ; lvi(s)|"ds | . (62)
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We now go back to the full integral (58), allowing I; > 7. Then, the multi-index I can be split into two
parts I’ and I such that I = (I’,I") and I" has the same properties than I above, i.e. it contains 1 exactly =
times, and starts and finishes with 1’s. Note that I’ is not empty, because it contains at least H; which is not
empty. The subpart from the integral in (58) corresponding to I” can then be bounded thanks to (62). In the
remainder, i.e. the part corresponding to I’, we bound each occurrence of u; and uy with their L° norm, and
make use of (60) and the Holder inequality again to finally obtain

T
2 4+ )]
] < @t T sl <7ﬂfr2<7'*),) il (63)
0 (1] =1)!
Thanks to (34), we have, for some constant C' independent of I,
|(f12)(0)] < VI (64)

Combining (63) and (64), we find an upper bound for the whole term of index I from the series:

T
|<A ug<ﬁ¢xm

Summing these terms for all possible indices, we see that

<@ |7 Juelli 121 CY @+ 21T =2 oy | (65)

[ £, 0,7)| < @O T ol ST el uallfa TIC 2 + 2) T2, (66)
[I]>r+2

and there exists Ty > 0 such that, for all T in [0, Tp], and all (u1,uz) satisfying ||ui|jLe < a and ||uzljLe < a,
the series in (66) converges for all T in [0,Tp]. Hence, one obtains (57) with a constant D which depends on
the sum of the series for T' = T and the other constants in (66). O

We now end the proof of Proposition 5.2 in both cases.
Applying Lemma 5.3 for r = 2, we have the existence of Ty and D such that for T € [0, Tp],

|Ps| < TDlvy||?. (67)

In Case 1., using (53) and (54), we write that
1 2
S, f,9,T) = Ll + Pit P (69)
knowing, thanks to (56) and (57) that
1
[P+ Ps| < SlBllluzlle o1 [IE2 + TDlunl |22 (69)

Let € be a real positive number such that (3|8 + D) < 1. Let g = min(7Tp, ). Taking a smaller T if necessary,

we can assume that z,(t) € V for all ¢ in [0,T]. Assume that T < g¢ and |luz||p~ < 9. Using (69) into (68),

we obtain that S(u, f,®,T) > 1|lv1[|3, for all T < g and ||uz|[1 < €9, i.e. we have proven (42) with K = 1.
In Case 2., we obtain that

1
S(u,f,9,T) = it + P, (70)

Let € be a real positive number such that eD < i. Let g = min(Tp, ). Taking a smaller T if necessary, we can
assume that z,(t) € V for all ¢ in [0,T]. Assume that T < €g, ||u1|lL~ < a and [Juz||Le~ < « (for an arbitrary
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o > 0). Using (57) into (70), we obtain that (u, f,®,T) > %|jv1|?. for all T < €, i.e. we have proven (42)
with K =
This concludes the proof of Proposition 5.2. g

5.3. Proof of Theorem 3.8
Most of this section consists in proving Proposition 5.4 below, more precise than Theorem 3.8.

Proposition 5.4. Assume that the assumptions of Theorem 3.8 are satisfied, and fix an arbitrary o > 0 (needed
for Cases 2. and 4. only). There exists a neighborhood V of the origin, an analytic function

®:V =R satisfying ®(0) =0, d®(0) # 0, (71)
a constant K > 0, and some T > 0 such that for any T, 0 < T < TY, there exists €° such that, for any

essentially bounded control u : t — (u1(t),u2(t)) defined on [0,T] satisfying the correct smallness assumptions
depending on the case considered, and specified below, one has z,(t) € V for all t in [0,T] and

P(24(1)) =2 K (lele,Z([O,t]) + ||w2||L22([o,t])) , 0<t<T (72)

with

// U1 81 d81 dSQ7 wg // Ul S1 ’LLQ(SQ) d51 ng (73)
0<s2<s1<t 0<s2<s1<t

The assumptions on the controls, depending on each case of the theorem, are as follows: in Case 1.,

[urlwro oy <€° and  |ug|lLe o,y < €°, (74)

in Case 2.,
ua[lwroe o,y < €0 and  luzlle(o,17) < @, (75)

in Case 3.,
Jur [|Loe o,71) < €° and  |Jug||Le (po,17) < €, (76)

in Case 4.,
url|Lee (o, < €° and  uz|lL(om)) < @ (77)

Remark 5.5. Notice that u; and us are not treated symmetrically in defining w; and w, in Equation 73 above:
w1 depends on u; only, while wy depends on us and uy.

Proof of Theorem 3.8 assuming Proposition 5.4. (Very similar to the proof of Theorem 3.2 assuming Proposi-
tion 5.2 in section 5.2.)

Fix a > 0 for case 2, choose ¢ smaller than the €% given by Proposition 5.4. Then for any 1, (71) implies
that one may pick a point z; in B(0,7) such that ®(z1) < 0, and (72) then clearly implies that there may exist
no control u satisfying one of the smallness assumptions among equations (74)-(77) (depending on which case
of the Theorem in considered) and such that z,(T) = z;. This contradicts local controllability according to
Definition 3.4 in Cases 1. and 3. (resp. Definition 3.5 in Cases 2. and 4.) and proves Theorem 3.2 in the
case ug! = 0. If ug? # 0, just perform the same feedback transformation as in the proof of Proposition 5.2 and
deduce the result at the equilibrium z = 0, (ug,u2) = (0,us5”) for the original system. O

Proof of Proposition 5.4. Let T > 0, u; € Wh>°([0,7]) and uy € L>([0,T]). We are going to prove (72) in
several steps :
Step 1. We define a suitable function ®.

Step 2. We study the associated Chen-Fliess series and, following [24, pp.41-56], we perform a “change of basis”
over the free vector space spanned by monomials f; with index I containing two or three times “1”.
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Step 3. We isolate and calculate the sum of four dominating terms, called Pyom,
Step 4. We deal with the remaining terms in the series, by showing that they are small compared to Pyom,
Step 5. Finally we sum all the terms and prove (72).

Step 1. Construction of ®.  We start with the following lemma, stating that the assumptions made in
Theorem 3.8 imply that f1(0), fo1(0), and fa1(0) are linearly independent.

Lemma 5.6. If the vector fields fo, f1 and fa are such that (4) (with z°¢ = 0) and (17) hold and, for some
ugq €R and fOT all ()‘1? /\2) € R2\{(070)}7 Du;q (Alv)\Q) ¢ R17 then

Rank{f1 (0), f01 (0), f21 (0)} = 3 . (78)

Proof. First, notice that (78) is preserved by the feedback transformation s = us — ug? described in Remark
3.1, so we can assume without loss of generality that us? = 0 in the statement of the Lemma.
Assume that (78) fails. Since f1(0) # 0 (see (4)), we have three possible cases:
(i) Rank{f1(0), f21(0)} =2,
(’LZ) Rank{f1 (0), fgl (0)} =1 and Rank{f1 (0), fm(O)} = 2,
(iti) Rank{f1(0), fo1(0), f21(0)} = 1.
In case (%), there exists two real numbers u, v such that fo1(0) = pf21(0) +vf1(0); introducing H = fo1 — pufor —
v f1, we have
foo=pfa+vi+H, H(@O)=0. (79)
Taking the Lie brackets of both sides by fy yields

foor = wfozr + v for + [fo, H]. (80)

We take the Lie bracket by fo1, and we use (79), (80), and the Jacobi identity in the last line, so that

for,001 = pfor,021 + [for, [fo, H]|
= pfor021 + [fa1 +vfi + H, [ fo, H]]
= pfor,021 + plfar, [fo, H]] +vf1, [fo, H]] + [H, [fo, H]]
= pfor,021 + pf21001 — B2 fa1021 — p fa101 + v f1001 — pv fro21 — V2 fion
= —u? fo1,001 + p1(fo1,021 + f21,001) — v ([fo, fi21] + 2f21,01) + v[fo, fr01] — V2 fron + [H, [fo, H]] -
(81)
With Dy the map defined in (18), this implies

Do(1, 1) = —p([fo, f121](0) + 221,01 (0)) + v[fo, f101](0) — v* f101(0) + [H, [fo, H]](0), (82)

where the right-hand side is in R; from (17) and the fact that f,(0) = H(0) = 0.

In case (ii), we repeat the above calculations while swapping the roles of fy1 and fa;, yielding an expression
for fa1,021 instead of fo1 001 in equation (81) and obtaining that Do(i,1) € R;. Finally, case (iii) is actually
contained in case (i) by taking p = 0 in equation (79).

Overall, we have proven in each case the existence of (A1, A2) # (0,0) such that Do(A1, A2) € Ry if (78) fails,
whence the Lemma. g

Remark 5.7. Let us stress here the importance of Assumption (17), and more precisely that f101(0) € Ry and
f121(0) € Ry, to conclude this proof and deduce that [fy, fi21](0) and [fo, fi01](0) belong to R; in equation (82).
See Remark 3.10 below Theorem 3.8 for further discussion on this assumption and Section 4.2 for an example
of system where f121(0) € Ry, and for which the conclusion of Theorem 3.8 fails.

Remark 5.8. Interestingly, the statement of Lemma 5.6 implies that R; must be of dimension at least 3 for
our result to hold, and therefore the obstructions of Theorem 3.8 can appear only for systems with a state of
dimension at least 4 — like the examples in section 4.2.
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Now, let d = dim @ (where @ is the subspace associated to proposition C in Theorem 3.8 and depends on
which of the four cases is considered) and construct n real analytic vector fields g1, ..., g, enjoying the following
properties:

(1) 91 = f1, 92 = fo1, g3 = fa1, and (g1(0),...,9,(0)) is an basis of R",
(2) (g1(0),...,94(0)) is a basis of @ and gg41 is such that

<<pvgd+1(0)> =1 and <30ag](0)> = O’ ] 7é d+ 17 (83)

The first point is possible thanks to Lemma 5.6 and the second point is possible with the linear form ¢ given
by property C(Q), see (19). Then define, from these g1, ..., gn, some local coordinates z — (s1(z),...,s,(x))
in a neighborhood V of 0 according to Lemma 5.1 and define & as follows:

®(¢) = 54+1(C)- (84)

By virtue of Lemma 5.1 and (4), the function ® satisfies:

$(0) = 0, (85)
fi®=0o0nV, (86)
fr®(0)=0ifi; =0ori; =2o0ri;=1. (87)

Moreover, one has, thanks to (37) and (83) for the first point, and (38) for the second point,

d®(0) = ¢, (88)
Vk, 0 e {1,....d} k> 0= (gpg®)(0) =0. (89)

Step 2. Change of basis.  Consider the Chen-Fliess series ¥(u, f, ®,T), given by (33), associated to ®
constructed above, and partition the series in the sum of the terms where derivation along f; appears zero,
one, two, three or at least four times (the subscript refers to the number of times the index 1 appears in the
multi-index I € {0, 1, 2}%):
E(u,f,‘l),T) =Po+P1+Po+ Pz +P>y. (90)
As already noticed in the proof of Theorem 3.2 (equations (50) to (53)), the above properties of ® and the fact
that fo and f vanish at 0 imply Py = P1 = 0; P>4 will be dealt with directly in Step 4; we turn to P2 and Ps.
The purpose of this step is the same as the classification in different types (P; to Ps) made in the proof of
Theorem 3.2: classify the terms into convenient categories, in order to study them more easily. However, here, in
P, and Ps, instead of simply categorizing the multi-indices I, we follow [24] and perform a re-arrangement that
can be seen as the result of a change of basis on the (free) vector space generated by non-commutative monomials
containing the same number of times the indeterminate fj, the same number of times the indeterminate f; (two
or three times, indeed) and the same number of times the indeterminate fa; these vector spaces are homogeneous
component of the free associative algebra generated by the indeterminates fy, f1 and fa. In practice, this amounts
to manipulating the differential operators f; on one hand, and perform successive integrations by parts of the
iterated integrals f uy on the other hand. This suitable change of basis is performed in detail in [24, pp.41-56]
for a scalar-input system and can be adapted to the two-control system (3), yielding the following expressions:

Po= > >t wrte) o), (91)

LeN, Le{0,2}¢ nef0,...,0}

3

LeN, Le{0,2}¢ £=1 (p,v)eT (&,0)
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where
J(1,0) = {(pn,v) eN? 0 \%(ﬁ—l) V\%(ﬁ w—1)},
7(2,0) = {(n.v) € N2, 2u+u 1, (93)
0.0 = 1) SN, o 2 < -1,
Let £ € Nand L = (iy,...,ir) in {0,2}*. The explicit expressions of the differential operators W read
1—2p—1 f—p—1 -1
W;QJL :( H adfil—jJrl)[( H adfle J+1 f17 H adfle J+1)f1>fl1]] if 0<2u<l-1, (94)
j=1 j*Z 2p j=l—pn
Hadf” ) H adf;, ,.)f1) if £<2u <2, (95)
Jj=1 Jj=n+1
—2v—p—1 {—2v—1 l—v—1 -1
Wie, == I adfi, 0l TI adfi, )00 T adfe o0 lC T adfie ) f £ lll (96)
j=1 j=0—2v—p j=0—2v j=l—v
—2p—v—1 b—p—v—1 l—v—1 Y4
Wo, = (C T adfi o 0lC T adfi o) lC TT adfis o) fo £ DO TT adfi s fo), (97)
j=1 j=0—2p—v j=l—p—v j=t—v+1
L—p 14
W37ﬁ7 = H adflz J+1 fl)(( H adfié—j+1)f1>(( H a'dfié—j+l>f1)' (98)
j=1 j=l—p—v+1 j=l—p+1

In particular, the family of operators in equation (96) is exactly the family W defined in equation (22) above
Theorem 3.8. Their values at 0 generate the subspace R” defined in Equation (21), which appears in Cases 2.
and 4. of the theorem.

The associated iterated integrals are respectively given by

b2’L = flfuil fuh'~'fuigizu(fuigizwl'~~fuilfu ful)(fui[7u+l~'~fuu ful) if 0<2u<l-1, (99)

bt = (fus e [ug, fun)(f e, [, [ur) if €< 20 <20, (100)
b? ﬁ v = =9 fuil' t f WUip_op_p (f Wip_op_pyr” ™" fuiefzu f ul)(f Uip_opqq" " fui@,,, ful)(f WUip_yyr™ " f Ui, ful)’
(101)
= %(fuil o fui€72u—u(fui£72ufu+l. e fuizﬂﬁu ful)(fuiﬁfuflI#»l. o j\uil—lx ful))(fuiéfu#»l. o fuil ful)v
(102)

bg ;I; v = 5(f Uiy fuiéfpfz/ f ul)(f WUipg_ppyr” ™" fuiefu f ul)(f Uip_pr ™" f Uiy ful) (103)

The bounds on the iterated integrals have been removed to lighten notations. To avoid any notational ambiguity,

let us specify that the products of two or three integrals appearing in expressions (99), (101) and in the first

factor of (102) are meant to be part of the integrand of the integral sign on their left, whereas expressions (100)

and (103) denote products of two or three independent integrals. The constant § that appears in (101) and
1

(103) depends on ¢, ;1 and v and take only values 1, £ or & .

Step 3. Dominating terms. The essence of the whole proof is to show that the four terms in (91) in P,
for which £ = 3, p = 1 and L in {(0,0,0),(0,2,2),(0,0,2),(0,2,0)} dominate the rest of the series. We call
Paom the sum of these four terms.

The differential operators in these four terms read, with notations from (9),

W12,(0,0,0) W2 (022 2,(0,0,2)

= —fo1,001, Wi = —fa1,001, Wj = —fa1,001, W12 (0200 — fo1,021, (104)
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and the associated integrals read
1 1 1
5000 = Sl e, 870 = =3 funlf, 57002 <8702 =2 unu, 10

where w; and wy are defined in (73). Now, let a = fo1,0012(0), 8 = f21,0212(0) and v = (f21,0002(0) +
fo1,021®2(0)). Gathering (104) and (105) into the expression of Pgom, we get

1
Paom = 5 (s + Bllwalls +2( ). (106)

from which we get the lower bound

Paom = 5 (allwillf> + Bllwallfz — Wllwillz wall2) (107)

N | =

which means that:

1
Paom 2 5 (¢, Do([[willez, [welle2)) (108)

where Dy is defined in (18), and the linear form ¢ appears thanks to (88). Finally, positive definiteness in (19)
ensures the existence of K > 0 such that (¢, Do(A1,A2)) = 4K (M2 + \3). We therefore obtain the following
bound on Pyom:

Paom = 2K (lwi||f2 + [lwa|?2)- (109)

Step 4. Remaining terms in the series.  The goal of this step is to show that, under the right assumptions
on T and the controls, the sum of the Chen-Fliess series without the dominating terms studied in the previous
step is smaller in absolute value than K (||wi ||}z + [|w2||?.), where K is defined in Equation (109). Since the
calculations are quite lengthy, we summarize them as follows:

i) Terms in Ps.
a. Four terms requiring special attention (namely those associated with indices L in {(2,0,0), (2,2,2),

(2,0,2),(2,2,0)}).
Vanishing terms.
Case 1 < pu < %.
Case % <p<<l—2.

e. Sum of all the terms from c. and d., called Pz 5.
ii) Terms in Ps.

a. Vanishing terms.

b. Case £ = 1.

c. Case £ =2,u=0.

d. Case £ =2, > 1.

e. Case £ = 3.
iii) Terms in Pxy.

oo

Distinctions between different cases of the theorem need to be made at the following substeps:

e between Cases 1. and 3. on the one hand, and Cases 2. and 4. on the other hand, in the substep i)a,
e between Cases 1. and 2. on the one hand, and Cases 3. and 4. on the other hand, in the substep ii)b.

The rest of this step is valid for all cases.
Before starting, let us state the following lemma, that provides useful estimations on some control integrals
and derived from [11, Proposition 6].
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Lemma 5.9. Let T > 0 and u; € WH([0,T]). There exists My and My independent of uy and T such that:
loiligs < Miflua [l flwn (110)

1
Jouls < M2 (14 7 )l . (111)

Proof. Both estimations are consequences of the Gagliardo-Nirenberg inequality (see for example [28? Theorem
9.3]), that we recall here : let p,q,7, @, s real numbers and j, m integers satisfying 1 < ¢,r < 400, L <a <1

and
11—«

1 1
Z - 112
p—j—l—(r m)a + (112)

Then, for u a function on [0, T] such that u € L?([0,7]) and its weak derivative «(™) is in L"([0,T]), then u()
is in LP([0,TY), and there exists C7, Cy independent of u and T' such that
: 11

luPlLe < Colat™ I lullgz *+CoT ™ full ., (113)

where the power in front of T is obtained by a scaling argument from the inequality applied to functions defined
on [0,1], as done in [11, Proposition 6]. Now, for (110), we take u = w; (which belongs to W3>°([0,T])) and
apply (113) forp:4,q:2,7‘:oo,a:%,SZQ,jzl, and m = 2 to get

[o1llfs < Crllunlfes flwnlfF2 + CoT ™2 [l Iz, (114)
then, notice that by definition of wy, we can write
T wlfe < Tl < unlfEe, (115)

hence (110) with M; = Cy + Cs.
For (111), we take again w = wy and apply (113) for p=3,¢=2,r = 00, @ = %, s=2,7=1,and m = 3,
which yields
o1 2 < Cullun lwroe w22 + CoT™ % [Jun . (116)
We then proceed with similar operations than in (115):

T wil|fz S T~0willuoe < T2 [luafoe < T2 un[fyne, (117)

hence (111) with My = max(C1, Cs). O
We are now ready to start dealing with the terms in Pa, Ps and Px4, following the substeps detailed above.
i) Terms in Ps.
i) a. Four terms requiring special attention.

First of all, we will deal with the terms in P for which £ = 3 and u = 1. Four of them (called the dominating
terms above) have already been studied in Step 3., so only four terms are remaining, namely those associated
with indices L in {(2,0,0), (2,2,2),(2,0,2),(2,2,0)}. We denote their sum by P2 1. These terms require special
attention because their behavior depends on which case of the theorem is considered. We have

W12’(2’O’0) = —fo1,201, W12,(2,272) = — fo1,221, W12’(2’0’2) = —fa1,201, W12’(2’2’0) = —fo1,221- (118)

Now, notice that in Cases 2. and 4. of Theorem 3.8, these four brackets belong to ) when evaluated at 0;
therefore, by construction of ®, one has

WD (0) = w20 e(0) = Wy @ e(0) = WP a(0) = o,
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and Py ; = 0. On the other hand, in Cases 1. and 3. of the theorem, these terms do not vanish anymore, and

we need to look at the associated integrals b2 (2,00 b2 (2,2,2) b2 (2,0 2) b2 (2,2,0) , that read

1 1 1
p2(200) _ = /u2w127 p2(222) _ _§/u2w227 p2(202) _ y2(220) _ -3 /u2w1w27 (119)

Let A = max([W2*%?(0)], | wF®22(0), (w22 o(0)|, (W "2 (0)]); bounding uy by [jus|Le~ in
(119), we obtain that P31 is bounded as follows:

[Pa1] < Allus||ree ([|wil|E + [lw2][72)- (120)

Therefore, letting 77 = for all ug such that ||us|L~ < T3 and for all T € [0,T}], one has

6A’

K
[Pa2a| < (le\lm + [|wal|E2). (121)

i) b. Vanishing terms.
We start by ruling out the vanishing operators, through the following lemma:
Lemma 5.10. One has, for £ >0 and for L € {0,2}*:
(1) (W5 2)(0) =
(2) (Wg’L@)(O) =
(3) (W;Z12)(0) = 0.

Proof. Let £ >0 and L € {0,2}".

(1). Wg’L(O) always belongs to @, so we use property (88) of ® to conclude.

(2). The operator W? L takes the form hf; with h some vector field, so we use property (86) of ® to conclude.

(3). First, we consider the case iy = 0. Then, We 1 = hgs with h € Q, where gy is defined in Step 1.
and Q naturally denotes the set of all the brackets appearing in the definition of ). Because h belongs to Q
and (¢g1(0),...,94(0)) is a basis of @, there exists A1, ..., Aq in R such that h(0) = Z?zl A;9;(0). Introducing
go = h — 2?21 Ajgj, we have go(0) = 0 and h = gy + Z?Zl Ajgj. Since go(0) = 0, we immediately have
(90g2®)(0) = 0. Moreover, for j € {2,...,d}, (9;92®)(0) = 0 by virtue of property (89) of ®. Finally, noticing
that g1g2 = [91, 2]+ 9291 = f101+9291, and using again (89) as well as point (1) of the lemma (since f101(0) € Q),
we have (g12®)(0) = 0. Overall, W7" ®(0) = (hg2®)(0) = 0.

In the case iy, = 2, W?’_Ll = hgs with h € Q. Again, we write h = go + Z;l:l Ajg; with go(0) = 0, and proceed
as above to show that (g;gs®)(0) = 0 for all j =0,...,d, using (89) and the fact that [g1, g3](0) = f121(0) and

[92,93](0) = fo1,21(0) belong to Q.
O

Remaining terms.

According to Lemma 5.10, which rules out all the terms for which £ = 0, 1 or 2, and since we also ruled out
the terms for which ¢ = 3 through Pyom and Ps i, the remaining terms in Py satisfy ¢ > 4. Let £ > 4 and
L € {0,2}". Let Ly be the number of 2’s in L. There are two cases to study depending on the index .

i) c. Caselglug%.

According to (99), we have

b2L /U“ /uiz /uw 24 /uw 2u+1" /uw u/ul /Uw pt1’ /uiz/ul)' (122)

There are three cases to study, depending on the value of i,_, and i,.



(1)
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i—, = 0 and iy, = 0. Bounding uy by ||uz||r~ gives

1 (T —s)t3
b5 < §|\u2Hf§o/O ((f_:))))!|w1(s)|2d5 (123)
if u=1and
1 T(T — s)t=2n=1 [ 1% (5 — g)n~2 ?
L < S u Lzo/ / wi(o)|do | ds 124

if 4 > 1. We use Cauchy-Schwarz inequality and bound (7' — s) by T in (124) to get

1 Ti—2p—1 T (T _ S)QH_3 s
V2L < < luollf2 / / 2(o)dods. 125
| I | 2||u2||L ([*2#71)! 0 (2#73)(.[‘*2)!2 0 wl(a) ods ( )

Bounding (T — s) by T" and the integral between 0 and s by the integral between 0 and T in (125) yields

8241 < gl s o 25 (126)
m T I (2 = 3)(1 - 20 — )l - 2)12 T
Finally, we bound ﬁ by ﬁ in (126) to obtain a bound that encompasses all values of pu:

M2T€—3

|b2,L
" I—2u—1)(p—1)

1
< §||U2||f5e( iz lw . (127)

iy—; =2 and iy = 2. Bounding uy by ||uz||re~ gives

1 (T —s)3
2,L - Lo 2
Bt < glhelfz [ S () s (128)
if u=1and
1 B T (T— 8)672,u71 s (S _ O_),u72 2
20 1 L;2/7/7 12
|b | 2||u2||L U=z \, oo |wa(o)|do | ds (129)

if > 1, and we repeat steps (125) and (126) in (129) to obtain the upper bound

1 _ MQTE—3
bQ,L <= Lgo 2 2 ) 130
B4 < 3l g ey e s (130)
i—p =2and iy =0, or ¢y_, = 0 and i, = 2. Bounding us by |Jus||r~ gives
1 (T —s)t3
2,L L
|bu | < §\|U2||L§c /0 W|wl(5)w2(5)|d5 (131)

if u =1 and

it gl [ ([T St ) ([ s(oian ) as 132
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if 4 > 1. Then, we repeat steps (125) and (126) in (132) and use the fact that 22y < 2% + y? to obtain

Lo—1 IUQTZ_B (|
(0 =2p—Dl(p—1)P

LAES *H ollL= |willfz + [lwal|E2)- (133)

i) d. Case £ <Ll—2.
According to ( 00), we have

t (Jor oo fu) ([ [ ).

Similarly to the case 2 < 2pu <1 — 1, the study of bi’L then splits in three cases depending on the value of i,
and ig. Applying Cauchy-Schwarz inequality again leads to the following upper bounds:

(1) if i, =0 and iy =0,

-3
<l == -z .
(2) if i, =2 and iy = 2,
2,L Ly—2 A 2
B < el el (135)
(3) ifi, =2and iy =0, or i, =0 and iy = 2,
763
b3t < *|| afl72 (lwilfz + wallf2)- (136)

V=1 —p=1)( = p—1)(p - 2)!

i) e. Sum of all the remaining terms in Ps.

We call P35 the sum of all the terms in P> for which ¢ > 4, namely
¢
Poa=3% Y 2EwEla(o). (137)
£>4 p=0 Le{0,2}*

Using (34), we bound the (W2L®)(0) with C**2(¢ + 2)!, and use the upper bounds obtained in (127), (130),
(133), (134),(135) and (136):

£
_ lwillEa + llwa|F
[Paal <Y CHT2 Y B p)(lwilfa Y lluzllf + fwallf2 Y fuallfa® + 1 LY lluzflga)

2
024 n=0 Le{0,2}* Le{0,2}¢ Le{0,2}*
i, =0,ip=0 G =2,1p=2 Qg tig=2
(138)
; (€+2 )! (4+2)!
For given l and Lt stralghtforward combinatorial calculatlon ylelds to
Do lusllfze =D lluallpz? = ZHWIILZ P (U flug =) (139)

Le{0,2}* Le{0,2}* Le{o,z}@
i, =0,i,=0 Gy =2,1p=2 G ptig=2
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Substituting (139) in (138) yields

14
[Pa2| < 2([wnllfa + [[wallf2) Y- CF2 (1 + Jualluw) 2T Y B(£, )

>4 =0
0+4
< 20OT(1+ lua e ) (fwn |22 + [ l22) S(CA + uslle=)T) 37 B+ 4, ).
) u=0

For T small enough, the series above converges and therefore there exists T such that for all T' € [0, T3],
K 2 2
P22l < g (lwrllL> + [lw2l|z2)- (140)

ii) Terms in Ps.
ii) a. Vanishing terms.
We start by ruling out the vanishing terms through the following lemma:

Lemma 5.11. One has, for £ >0 and for L € {0,2}*:
(1) (W3 ®)(0) =0,

(2) (W§€1 )(0) =
(3) (W311 )(0) =
(4) (W37 ,®)(0) = 0 for all admissible .

The proof is based on the same arguments as the proof of Lemma 5.10.
Now, let £ > 1, L € {0,2}¢ and Ly the number of 2s in L.

ii) b. Case £ = 1.

As mentioned above, for these terms (and only for them) we will need to distinguish between Cases 1.,2. and
Cases 3.,4. of the theorem. Indeed, in Cases 3. and 4., since R” C @), and Wi’ﬁy(()) € R by construction, we
immediately have (W?’ ﬁ ,®)(0) = 0 for all admissible 1 and v. Hence, the sum of the associated terms in the
Chen-Fliess series, called P31, is equal to zero.

On the other hand, in Cases 1.,2., these terms do not vanish, and we need to look at the iterated integrals.
We will see that an assumption of smallness of ||uq|wt.~ will then be required to properly bound Ps 1, which
explains that we can only deny (W1 1L°°)-STLC or (W', B)-STLC in those two cases.

According to (101), we have

bg,ﬁ v — 5fui1' t fuig,z,,,u (f Wip_op_pyr” ™" fuizfzu ful)(f Uip_oyqq" " fuiﬁfu ful)(f WUip_yyr™ " fu’i/z ful)
(141)

We bound ug with |Jusl|r, in (141) to obtain:
L 2
<otz [ [ [ [l [ fal (142)
—— —— —
{—2v—p times  p times v times

Hence, if p = v =0, (142) becomes

T (T — g)t-1
ol <olwltz [ S oPas (143
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if v =0and u > 1, (142) becomes
ol <olualiz [ G0 [T ana (144)
R A (T DT A (7 DT
and if v > 1, (142) becomes
T 0—2v—p—1 s v—1 s -1
3,L L (T —s) ! /(3—0) 2/(5—0)H
ER : 14
Bkl <olualiz [ G [ S oo [ S oaods. ()

In (143), (144) and (145), we bound (t — s) by ¢, (s — o) by s and s by ¢ where necessary, which yields the
following bound encompassing the three cases (143), (144) and (145):

T
D25 | < A )T a2 / jor(s)[?ds, (146)

where A(u,v) is equal to (1—51)!’ a - or (l—2u—u—1)!((sy—1)!2(u—1)! depending on the cases enumerated

s
—p—D!(p—1)!
above. Then, we use estimation (111) in Lemma 5.9 to obtain:

1 _
skl < A (14 3 )T ol e (147

Recalling that Ps;; denotes the sum of all the terms of the Chen-Fliess series for which £ = 3 and £ = 1, we

bound the operators ngﬂLu by C'*+2(1+42)! thanks to (34) and use (139) and the upper bound obtained in (147)
to obtain

1
Pasl < 8 (14 1 )l ol ¥ 020+ 2T Au) 3l

£>2 v Lef{0,2}¢
1
< K(l + T>03(1 + [lua Lo ) [Jun|[wiee Jwn |2 ;(C(l + [Jug|lLe)T)" ;(f +2)!A(p, v).

For T small enough, the series above converges and therefore, there exists T3 1 such that, for all T' € [0,T5 1],
there exists 6(T") < T such that, for

lur[lwree < (T, (148)
one has K
< 5l (149)

The series above converges for T' small enough; therefore, there exists 15 1 such that, for all 7' € [0,T5 1], there
exists §(T) < T such that

K
[ullwie <O(T) = |P3a| < g”ﬂh”iz- (150)

Note that the bound 6(7") on ||uy|lwr.- depends on the variable T', and not only on the fixed bound T3 1, as
is the case for the other estimations that we prove in this step.

ii) c. Case £ =2, =0.

Considering only the nonvanishing terms, we know that £ > 3 and v > 2. According to (102), we have

/uZl /u” X)) /ug V1 /ue/ul (151)
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There are two cases to study, depending on the value of i,.
(1) i = 0. We bound ug by ||uz||Le~ in (151):

T — §)t—v-1 T _ g2
|b§:éu‘ < %HU2||£§°(/0 ((j;_y)_l)!v1(8)2d8)(/0 le(s)ds).

Then, Cauchy-Schwarz inequality yields

aL Tl—u—% Tu—%

1 L 2
b < =H|uslly2 v w .
20| < G lluzlli 26—21/—1(6—1/71)!" 1t %2u—3(1/—2)!” 1L

Finally, we use estimation (110) in Lemma 5.9 to obtain:

T2 Lo 2 2
<K ezl flun Lo fJwr[|ze-

T2 = w12 =3)(l—v— 1)y —2)

—_

3,L
|b2,0,y|

(2) ip = 2. We repeat steps (152) to (154) and obtain

—_

3,L T2 Lo—1 2
1030, < 5K uall 2 [Jua Ifee llwr Lz [Jwal|Lz,
|

2 Jet-2w-1)2v-3)({—v-1(rv-2)

hence

1 TZ72
pL <-K wo |l F2 g 12 < (Jlwy |22 + l|lwe||?s).
8550 < §K g =~ T g Tl s + el

ii) d. Case £ =2,u > 1.

In this case, we notice that

3L 32,(i1, e yio—y) Lo (ie—vt1s e i2)
b2,w» = b# b, .

31

(152)

(153)

(154)

(155)

(156)

(157)

Bounds for |bi’(“""’”’“)| were already found in (127), (130) and (133). Moreover, |bi’(”’”“"” ’i[)| is bounded

as follows:

py 1) % e =

(v+1)!
where Jo designates the number of 2’s amongst (ig—,11,.-.,%).
Using (158) as well as (127), (130) and (133) in (157), we obtain the following bounds:

(1) if ip—py—p =0and ip_, =0,

B < L uall fur e p onlZs.
v 2 L (=2p—v—1p— 112!

(2) if i =2and ip_, =2,

1 2Tff2
3,L 1 Ly—2 H 2
0] < GlualE2 Nl 75— iy e

(3) ifig—p—p =0and ip_, =2 or iy_y—, =2 and 34—, =0,

IUJ2T272
(l—2p—v—1)p—1)12!

3,L

2w (lwillf> + llwelE2)-

1 La—1
< sl

(158)

(159)

(160)

(161)
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Let us call P32 the sum of all the terms of the Chen-Fliess series for which k£ = 3 and { = 2. We proceed as
for £ = 1: bounding the operators WQ?’;‘V by C'*2(1+2)! thanks to (34) and using the upper bounds obtained in
(154), (156), and (159) to (161), as well as (139), we obtain that there exists T3 o such that for all T € [0, T3 2],

K
Ps,2| < (le\le + [lwal|£2). (162)

ii) e. Case & = 3.

Considering only the nonvanishing terms, we know that p > 2, v > 1 and / — p— v > 2. There is again three
cases to study, depending on the value of i,_,,_, and i,.

(1) 4p—p—» =0 and iy = 0. Bounding us with ||uz||r~ yields

Bl < aluala ([ [ wn( fo [u [ [ (163)
—— — —

l—p—v—1 times p—1 times v+1 times

Using Cauchy-Schwarz inequality on the first two terms and equation (158) on the last term of (163),

we obtain
I T572
b Oluz|ly% [Jwr ||Lee w2 164
] € Sl ol el (160
(2) 4¢—p—» = 2 and iy = 2. Repeating steps (163) and (164) yields
Ly—2 Tr? 2
10550 < 8 lluallEa 2 ffun | [[wa[fz- (165)

V(20 —2p —2v = 3)(2u — 3) (£ — 2u — v — 2)!(pn — 2)IW!
(3) i¢—p—r =2and ig =0 or iy_,_, = 0 and iy = 2. Repeating steps (163) and (164) yields

T£—2
V(20 —2p—2v = 3)(2u — 3) (£ — 2u — v — 2)!(u — 2)I!

(lwallE2 + flwzlE2)-

(166)
Let us call P33 the sum of all the terms of the Chen-Fliess series for which £ = 3 and £ = 3. We proceed as

before : bounding the operators W?? i _, by C"*2(1 +2)! thanks to (34) and using the upper bounds obtained in
(164), (165), and (166), we obtain that there exists T3 3 such that for all T € [0, T3 3],

L
B350 < 5||U2|| S (A1

K
Ps.3] < (le\lm + [|wal|E2). (167)

iii) Terms in Px4.

We apply Lemma 5.3 with » = 4, and obtain the existence of T > 0 and some constant D > 0 such that for
T e [0, T4],

Psa] < DT vy |44 (168)
Then, applying (110) from Lemma 5.9 in (168), we obtain that
[Pal < MDT Jur || [Jwn [ E2, (169)
K

< gl e, (170)
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K )1/2.

for [lui[lLe smaller than Ts = (33757,

Step 5. Sum of all the terms. So far, we have obtained the following bounds for parts of the Chen-Fliess
series:

e (121) for P2 and (140) for P2 o,
o (149) for P31, (162) for P32, and (167) for Ps 3
e (170) for terms in Psq4.

These bounds are valid for T" small enough and occasionally under smallness assumptions on the controls; in
particular, recall that:

e (121) requires the smallness of ||ua||L~ in Cases 1. and 3. — in the two other cases, we have P21 =0,
o (149) requires that ||uq||wr.~ < §(T) in Cases 1. and 2. — in the two other cases, we have P31 =0,

where §(T') is defined in (148) and, by the generic term “smallness”, we mean upper bounds depending on the
constants T4, Ts, 13,1, T32, 133, Ty, T5. We are now ready to sum all the terms and conclude the proof.

Let T° = min(Ty, T, T31, 732,153, T4, T5), T in (0,7°) and € € (0,6(T)). Let a > 0 and u; and us
controls on (0,T) satisfying one of the assumptions (74), (75), (76), or (77) in respectively Cases 1., 2., 3. or 4..
Gathering all the bounds, and using the lower bound for Py, obtained in (109), we deduce that the Chen-Fliess
series X (u, f, ®,T) satisfies

E(u, £, ®,T) 2 Paom — [P2al = [Pa2| — [Psal — [Psz| — P3| — [Pxal, (171)

> Paom — 6 - (2 + wal), (172)

> K(|lwilfz + [lwellf2), (173)

which is precisely equation (72) in Proposition 5.4, and therefore completes the proof. O

6. CONCLUSION

In this paper, we explored the controllability properties of systems with two controls (3), satisfying the
assumption (4). We have stated two results on these systems, Theorem 3.2 and Theorem 3.8, providing necessary
conditions for local controllability around equilibria. These results extend the classical necessary conditions
stated for scalar-control systems in [17]. Moreover, they are, to the best of our knowledge, the first results of
this nature for non-scalar-input systems.

This work does not only present a theoretical interest for control theory. Using Theorem 3.2, we were able to
completly solve an open question concerning the local controllability of magnetically controlled micro-swimming
robots (see Example 4.3). One can use our results to easily and systematically address local controllability issues
in similar applied situations.

Our necessary conditions are only based on brackets of order three and five, but there are higher-order
brackets that may prevent So to be contained in S; (in the single-input case see for instance [11]). Giving
necessary conditions based on these brackets, for instance adapting the results from [11] to the situation (3)-
(4), is a possible continuation of the present work. The complexity of the higher-order terms structure in the
Chen-Fliess series however makes the analysis very intricate.
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