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In Reinforcement Learning (RL), regret guarantees scaling with the square root of the
time horizon have been shown to hold only for communicating Markov decision processes
(MDPs) where any two states are connected. This essentially means that an algorithm can
eventually recover from any mistake. However, real-world tasks usually include situations
where taking a single “bad” action can permanently trap a learner in a suboptimal region of
the state-space. Since it is provably impossible to achieve sub-linear regret in general multi-
chain MDPs, we assume a weak mechanism that allows the learner to request additional
information. Our main contribution is to address: (i) how much external information is
needed, (ii) how and when to use it, and (iii) how much regret is incurred. We design
an algorithm that minimizes requests for external information in the form of rollouts of a
policy specified by the learner by actively requesting it only when needed. The algorithm
provably achieves O(\/T ) active regret after T steps in a large class of multi-chain MDPs;, by
only requesting O(log(7")) rollout transitions. The superiority of our algorithm to standard
algorithms such as R-Max and UCRL is demonstrated in experiments on some illustrative
grid-world examples.

Keywords: Reinforcement learning, Regret analysis, Multi-chain, MDP, Recoverability.
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Figure 1: Example of (a) a communicating MDP, (b) a unichain MDP with a single recur-
rent class, and (¢) a multi-chain MDP with two recurrent classes. The circles
represent states while the labeled edges represent transitions due to executing
actions {a, b, c}.

1. Introduction

In Reinforcement Learning (RL), an agent interacts with an environment by sequentially
playing an action and then receiving an observation and a reward for that action. The
goal of the agent is to maximize its accumulated reward, and the most popular model for
representing RL problems is the Markov decision process (MDP) model.

In this paper, we consider an agent that interacts with a multi-chain MDP, in a single
stream of observations-actions-rewards, with no reset. In a multi-chain MDP, there does
not always exist a state-action path with positive probability between any two states. This
is in stark contrast with the more common and restrictive assumption that the MDP is
communicating (that is, between any two states, there always exist a finite path of positive
probability that connects the two states). For illustration, we depict in Figure 1 an example
of a communicating MDP, an example of a unichain MDP with one recurrent class, and an
example of a multi-chain MDP with two recurrent classes. Note that without a special reset
action that takes the learner back to an initial state, the learning problem is difficult. In
fact, it is provably impossible to achieve sub-linear regret performance by only interacting
with the environment and without prior information. This can be shown easily by looking
at a so-called Heaven-or-Hell MDP depicted in Figure 2. In such an MDP, one action leads
to an absorbing state giving reward 0 (Hell), and another action leads to an absorbing state
giving reward 1 (Heaven). Without knowing which action leads to hell and which to heaven,
an algorithm must incur linear regret in such MDPs (in a minimax sense). Thus, the only
way to hope for sub-linear regret is to access an external source of information (in the sense
that it does not result from an interaction between the learner and the MDP). We discuss
later in the second next paragraph what type of external information does not trivialize the
problem.

Motivation In this paper, we want to provide an answer to the open theoretical question:
How to achieve near-optimal learning guarantees in this setting? Since learning without
external information is not possible, the answer mainly deals with the external information
used by the learner. That is, our contribution is three-fold, addressing:

(i) how much external information is needed,

(ii) how and when to use it, and
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Figure 2: The Heaven-or-Hell MDP. The agent’s choice from the initial state either sends it
to the Heaven state where it receives a reward of +1 forever, or to the Hell state
where it receives a reward of 0 forever. Once the agent is in either the Heaven or
Hell state it cannot return to the initial state.

(iii) how much (active) regret is incurred.

More precisely, we introduce a setting where the learner is allowed to —instead of taking
an action in the current state s,— ask for a rollout (starting in s;) of a policy under
a stopping condition both to be specified by the learner. For this setting we propose A-
ROGUE (for Active RollOut-GUided Exploration), a learning algorithm that, using only
O(log(T)) rollout transitions, achieves a O(v/T) regret bound in multi-chain MDPs under
some modest technical assumptions, see Theorem 7 in Section 4. This regret is optimal
in T, as it matches the known lower bounds for communicating MDPs (see Jaksch et al.,
2010). The performance of the algorithm is supported by illustrative numerical experiments
in Section 6.

Other types of external information In practice, one may sometimes have access to
additional elements that help, or even trivialize the multi-chain MDP problem, such as a
simulator, a harness, an expert, or a teacher. For instance, under the assumption that one
has access to a harness designed by an expert that prevents a learner from accessing certain
regions of the state space, then the initial multi-chain MDP can simply be reduced to a
communicating MDP. Likewise, if one has a “rescue/repair” action that sets the learner back
to an initial state, at the price of a large negative reward, then the initial MDP can again
be reduced to an equivalent communicating MDP. Third, under the assumption that an
inexpensive and accurate simulator is available, there is no need for learning in the real-world
and the problem reduces to a planning problem. Thus, the multi-chain MDP formulation
becomes potentially interesting when no harness, rescue/repair action is available, and when
the only available simulators are either expensive or inaccurate. Finally, assuming that a
good teacher is available, who provides examples of actions/policies to follow at various
steps may also trivialize the problem. However, a good teacher has to know both the
environment and what the learner has learned about the environment, and must monitor
the learner to provide the right advice at the right moment. Note also that a teacher must
be accurate. Such an assumption is however rarely met in practice, and designing a good
teacher is difficult. Instead of assuming a teacher that constantly monitors the learner, we
are interested in an active learner who can detect when it requires external information
and can specify which kind of information she wants to get feedback on. Thus, we propose
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a setting where the learner can actively ask for rollouts of a policy with a stopping time
criterion that are both designed by the learner.

Setting We target the challenging goal of learning in a single stream of state-action-
rewards with no reset in a possibly non-recoverable multi-chain MDP, in the strong sense
of regret minimization by combining standard MDP algorithms with active information
retrieval: The learner can decide at any time not to act in the MDP but instead to propose
a policy and a stopping condition and ask for a rollout of the policy until the stopping
condition is met. To keep it simple, each rollout transition counts the same as a time
step in which the learner executes an action and gives no reward. We capture this with
the convenient notion of active regret that combines both the regret and the amount of
rollout transition asked; see Section 2 for details. However, since our proof actually bounds
the standard regret term and the extra information term separately, it is straightforward
to adapt our approach to handle the case when different costs for rollout transitions and
time-steps are used.

Previous work Previous work has mostly considered two types of performance guaran-
tees: (1) regret and (2) sample complexity. Regret measures the difference between the
sum of rewards received by the learning algorithm and the sum of rewards received by the
optimal policy over a finite or infinite time horizon (Jaksch et al., 2010). Sample complezity
measures the number of time steps the learning algorithm acts suboptimally from its cur-
rent state (Kakade, 2003). Mostly, it is assumed that the underlying MDP has no transient
region (Jaksch et al., 2010; Maillard et al., 2013) or exactly one recurrent class (Bartlett
and Tewari, 2009), meaning that their guarantees do not hold in general multi-chain MDPs
(such as the one given in Figure 2). Sometimes alternative guarantees are given that have
the unintuitive property that if the learner is trapped in a region with low rewards, it can
still learn to act “optimally” with respect to that region of the state-space.

With the goal of preventing the learner to take irreversible actions, various notions of
“safety”have been discussed in the literature. Thus, Moldovan and Abbeel (2012) constrain
the class of policies to satisfy a safety constraint. Although they provide some theoretical
support for the resulting algorithm, they do not compare to the optimal policy (which may
be considered as unsafe), and assume a prior that essentially tells where it is unsafe to
go. Also, their formulation of the safety constraint makes the learning problem NP-hard,
contrary to our approach. Further, note that in contrast to notions of safety (Moldovan
and Abbeel, 2012; Garcia and Fernandez, 2012), executing an irreversible action should
not necessarily be avoided if it is the optimal thing to do. Indeed, if the region contains
an optimal cycle the algorithm should enter it (but it first needs to be confident since the
action is irreversible). Our approach is reminiscent of the earlier work of Clouse (1997),
Hailu and Sommer (1998), Hans et al. (2008) and more recently of Geramifard et al. (2011)
and Garcia and Ferndndez (2012), in which the agent explicitly asks for advice when it
encounters specific situations. There, advice is generally an action proposed by a teacher,
assumed to be good, or (in some sense) safe. Chernova and Veloso (2009) further propose
to ask for a demonstration (rollout) from a teacher, who also chooses which policy to
demonstrate. Unlike this, in our setting the learner proposes policies by herself.

In the planning community, some recent related work has shown how to plan efficiently
in goal-oriented MDPs with traps, see (Teichteil-Konigsbuch et al., 2011; Kolobov et al.,
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2012). However, none of these approaches provides any theoretical analysis but only gives
experimental results. A notable exception, though in the different universal knowledge
seeking framework, is (Orseau et al., 2013), which provides a Bayesian algorithm that,
given a set of models of the environment, tries to identify the right one by acting so as to
maximize the information gain at each step.

The intuitive difficulty of dealing with many recurrent classes Regarding the
amount of extra information asked by the learner (rollout transitions), our findings show
that detecting whether an action is irreversible (enters a recurrent class) is generally not
too costly, while deciding whether to execute a irreversible action is much more expensive.
The reason is that since an optimal cycle may consist only of a single state, in the worst
case every state-action pair inside a recurrent region reachable from the current state must
be visited sufficiently often to decide whether to enter this class. Also, rollouts must be
sufficiently long to reach any state in the class, which means that dealing with large traps
(recurrent regions with large diameter) is intrinsically hard. Fortunately, in most applica-
tions, recurrent classes correspond to “traps” that —almost by definition— only consist of
a few states. They typically model a physical component failure, where no (sensible) action
can be performed from that point.

Contribution and outline We consider finite (multi-chain) MDPs where some actions
have (potentially) irreversible consequences that may cause high regret in the long-run. In
Section 2, we introduce the convenient notion of active regret as well as two new quantities
that capture the difficulty of learning optimal behavior in an MDP (as indicated in the
previous paragraph): the local diameter d* of an MDP intuitively measuring the “size” of a
recurrent class and the sharpness of action-gaps v* that quantifies how bad an irreversible
action can be. In Section 3, we introduce the A-ROGUE algorithm, that can handle
multi-chain MDPs with possibly irreversible actions, by precisely deciding when and for
which policy to ask for a rollout. A-ROGUE can be seen as a natural generalization of
UCRL to the case of multi-chain MDPs, and indeed coincides with UCRL when one of
its parameters (diameter guess) is set to co. Our main result Theorem 7 in Section 4 shows

that A-ROGUE enjoys strong finite-time regret guarantees scaling as O (( i—: + d*) VT ),

by only resorting to 0(715 log(T")) rollout transitions. Section 5 provides a detailed analysis

of the regret performance, including some innovations of independent interest. Thus, we
demonstrate how to estimate the return time to some state and give respective upper and
lower bounds. Further, we obtain a bound on the number of rollouts needed to cover a
subset of states from a given reference state. In the final Section 6, we present the results
of some experiments in illustrative gridworlds. They show that popular algorithms driven
by the “optimism in the face of uncertainty” principle such as UCRL and R-Max, and
which enjoy strong performance guarantees in MDPs with strong recurrence properties, are
clearly outperformed by A-ROGUE.

Contents
1 Introduction 2
2 Setup and Notations 6
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2. Setup and Notations

Setting Let I'(X) denote the set of all probability distributions over a non-empty set
X. We consider an undiscounted Markov decision processes (MDP) M = (S, A, p,v) with
horizon T, finite state space S of size S, finite action space A of size A, transition kernel
p:Sx A — I'(S) that maps each state-action pair to a distribution over next states,
and reward function v : § x A — I'([0,1]) that maps each state-action pair (s,a) to a
real-value distribution over [0, 1] with mean u(s,a). If the state and action spaces are clear
from context and we are only interested in the mean rewards p(s,a), we often write MDPs
abbreviated as M = (u, p).
In any state s of the MDP, a learner is allowed to either

1. execute some action a, then receive a reward r(s,a) ~ v(s,a) and move to a next
state according to p(:|s,a), or

2. ask for a rollout from the current state s for a policy 7 and a stopping criterion (both
provided by the learner herself), until the stopping criterion is met.

All states visited and rewards generated during the rollout execution are reported to the
learner, but the learner receives no rewards. After the rollout the learner is in the same
state as before it, however each time-step in the rollout counts like a time-step in which an
action is executed, cf. the definition of active regret below.

2.1 Regret Definition

We measure the regret of an algorithm A starting in state s; and interacting during T' =
T, + 15 time steps with the MDP, where T} is the total number of actions executed in
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the MDP and 75 is the total number of transitions of all requested rollouts. The regret is
defined as the difference between the rewards accumulated by an optimal T-step policy 7*
run from s; during 7' time steps and the rewards accumulated by the algorithm A from
s1 (during the T3 steps that A executed an action in the MDP). That is, we define the
(expected) active regret by E[%T], where

T
Re =Y r(siap) = Y r(se,a) (1)
t=1

t=1

with 7(s,a) ~ v(s,a), and where (s}, a}) is the state-action pair visited at time step ¢ when
following 7*, and a; is the action executed by the algorithm A in the state s; visited by A at
time step t. Note that counting the rollout transitions against the horizon is equivalent to
putting an implicit cost on each rollout transition (the reward that an optimal policy would
receive at the same time). Note also that the (expected) active regret is never smaller than
the (expected) “traditional” regret (Jaksch et al., 2010).

Note that access to rollouts does not eliminate the exploration-exploitation dilemma.
Time increases independent of whether the learner is acting in the MDP or rather observing
one step in a simulated rollout. Since the algorithm only receives reward when it is acting
in the MDP, it must balance the number of time steps spent on observing rollouts with
acting in the environment to obtain maximize rewards. As already mentioned, for the
sake of simplicity we use the simplifying assumption that observing a rollout transition
has the same cost as executing an action, while extensions to different cost functions are
straightforward.

2.2 Measures of Complexity

For any two states s, € S and a policy 7, let .M (s,s’) be the (possibly infinite) ez-
pected number of steps needed to reach s’ starting from state s when following policy 7 in
the MDP M. Further, let 7™ (s,s') = min, 7.M(s,s’) be the minimal transition time
between s and s’. Classically, the (global) diameter of an MDP M is defined to be
DM = max, ¢ TM(s,s') (Jaksch et al., 2010), however in multi-chain MDPs, this quan-
tity may be infinite. For a subset & C S, we also define Dé/[ = MaX, yca TM(s,s).

Another standard notion is the action gap (Farahmand, 2011). For horizon T, let
Q¥ (s, a) be the optimal action-value of the state-action pair (s, a) at time ¢ for the MDP M
(thus following an optimal policy), see Szepesvéri (2010). The action gap of (s,a) then is
defined as

AJM—t<3a a) = glgﬁ QTM—t(S7 a’) - QJM—t<37 a.

Note that AM (s, a) > d implies that it is not possible to reach s from a successor state
of (s,a) in d steps on average (since otherwise the difference of value would be less than d),
that is 7M(s',s) > d. Similarly, a (global) diameter DM < d as assumed in (Jaksch et al.,
2010; Brafman and Tennenholtz, 2003) implies that for all states and time steps every action
is d-optimal, that is, A%/[_t(s, a) < d.
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(c)

Figure 3: Coverings of a 4 x 4-gridworld MDP: (a) a non-maximal set of maximally large
regions with diameter not larger than 2; (b) the unique 2-covering of the MDP;
(c) the unique 4-covering of the MDP, with partition {&5} where &} = S.

Local diameter We now introduce the new notion of local diameter. First, the d-covering
of an MDP M is a maximal set {&; C S\Dg{_ < d} of mazimally large state regions {S; }i<r
with G; C S that all satisfy Dé{_ < d. That is, each &; cannot be extended without
increasing its diameter beyond d. We provide in Figure 3 an illustration of three coverings
of a 4 x 4-gridworld MDP: The first covering corresponds to a partition with sets of diameter
not larger than 2, but it is not a 2-covering, since it is a non-mazximal set of maximally large
regions with diameter not larger than 2. The second and third coverings are the unique 2-
covering and 4-covering of the MDP. The former one happens to be also a (trivial) partition
of the state space. Note that if there is an overlap between &; and &;/, then Dé{-uei, < 2d.
In general, the G; of a d-covering will be multiply overlapping. Only in particular cases a
d-covering will be a partition (non-overlapping covering) of the state space.

Definition 1 The local diameter d* is the smallest d such that its d-covering is a partition
of the state space. We denote the corresponding partition by {S}}i<r.

For two sets &7, &5 of this partition, and states s; € 67,52 € &5, we cannot have
simultaneously 7 (s1,s2) < d* and T (s2,s1) < d*, since otherwise it would be possible to
create a new set &7, with diameter less than d* that overlaps the existing partition, which
is not allowed by definition of d*. Likewise, it is obvious that {&}}i<; is unique. In the
sequel, we will informally use the word “trap” to refer to regions & from which it is difficult
to escape, that is, such that ming¢e mingee: T (s,s) is “large”.

Example 1 Consider the gridworld MDPs depicted in Figure 4, and assume for simplicity
that all transitions are deterministic. For the MDP (a), one can easily observe that the
local diameter d* = 6 with two regions (the trap, and the other states). For the MDP (b),
we have d* =5 with three regions, and for (c), d* = 6 with siz regions.
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Figure 4: Some gridworld environments. The letter I denotes the agent’s initial state, T’
an absorbing trap, and G a goal state. Arrows leaving a goal state indicate that
it is not absorbing. Arrows entering a goal state indicate that it is absorbing.

Sharpness of action-gaps In terms of rewards, inside a region &}, the action gaps
cannot be too big: If s € &F and a € A are such that all possible successor states (i.e.,
supp(p(-|s,a))) are contained in &, then for all ¢, we must have AM (s a) < d*. Thus,
only if a leads to a different region &, the action gap can be bigger than d*. We capture
the size of the action gap at such frontiers by the following definition.

Definition 2 An MDP M with local diameter d* is said to have y*-sharp action-gaps if
v* is the largest y such that for all (s,a) € S x A, either AM (s,a) < d* or AM ,(s,a) >
Y(T —1t) for allt <T. In the latter case, we say action a is irreversible at state s.

Recalling that inside a region &; one can reach any state from any other state in no more
then d* steps on average, this definition immediately implies the following observation.

Observation 1 If s € &F and (s,a) leads to &5 with AM (s,a) > v*(T —t), then the
average number of steps needed to go from &}, to & cannot be less than v*(1T' —t) — 2d*.

Thus, in an MDP with large v* recovering from an action that enters a new region takes
more time (actions are less “recoverable”). One needs to be more cautious, but at the same
time such actions are easier to detect. In an MDP with small 4*, recovering from an action
that enters a new region takes less time. One need not be that cautious, but detecting such
actions is more difficult.

To give further intuition about +*, we now consider a simple illustrative example that
shows how it can be bounded.

Example 2 Consider an MDP with three disjoint regions A, B,C each with diameter d*.
Starting in A, one can only reach C from a state-action pair (s1,a1) with deterministic
transition, and B from (sa,a2) with a transition that goes back to s with probability 1 — p,
and such that sy is d* expected steps from s1. There are no other transitions between A, B
and C. The learner always receives reward 0.5 in region A, 0.1 in B, and 0.9 in C. To
compute v*, we look at AM (s3,a2). We have V*(s2) = 0.5d* + 0.9(T — t + 1 — d*),
and Q(s2,a2) < p(T —t)0.1 + (1 — p)(0.5d* + 0.9(T — t — d*)), that is, AM (s2,a2) >
0.8p(T — t) — p(0.4d* — 0.9). Now, if T —t > d*, then A¥ ,(s2,a2) > 0.4p(T —t), and
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1-p

Figure 5: The MDP considered in Example 2.

otherwise AZM_t(Sg,CLQ) < d*. Thus we deduce that v* > 0.4p. In this example, the larger p,
the less recoverable is action as and we thus need to be confident when executing it. More
generally, the larger 7, the less recoverable are actions and the more confident the learner
needs to be.

Mobility assumption In the sequel, we only consider MDPs with local diameter d* and
~v*-sharp action-gaps with non-trivial v* > 0. This ensures that irreversible actions can be
detected and thus that an algorithm can decide to execute it nor not. To further focus on
interesting cases, we make the following “mobility” assumption:

Assumption 1 There is a pg > 0 such that for all i,7" with p(&}|&}, A) > 0 there is a
(s,a) € &% x A such that p(&;|s,a) > po and p(&F U &} s,a) = 1.

That is, whenever it is possible to reach a region from another one, it is also possible to
enter it easily (first condition) and without risking entering another region (second condi-
tion). This implies that there is always at least one action that does not lead to two regions
at the same time. To give more intuition, an MDP that does not satisfy Assumption 1
contains a region such that any action leading to this region from another region also leads
to a third one with positive probability. In such a situation, it is easy to design rewards such
that no optimal policy can guarantee avoiding a “bad” region, see e.g. Figure 6. Thus As-
sumption 1 allows us to focus on cases where an optimal policy can achieve high cumulative
reward. Note that this holds in most cases of practical interest, where “bad” regions are
“well-separated” from “good” regions. We believe that Assumption 1 might be weakened
further, for instance by assuming that the restriction only applies to regions &} visited by
an optimal policy. However, since the analysis under such a weakened assumption would
become more tedious, we did not investigate this direction in detail.

3. The A-ROGUE Algorithm

We now present the A-ROGUE algorithm (for Active RollOut-GUided Exploration) to
handle the setting introduced in Section 2. We start with a high-level description as given
in Algorithm 1, the full algorithm with all the technical details can be found below as
Algorithm 2.

10
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Figure 6: An example of MDP that does not satisfy Assumption 1. Here, when in region
B or D, the optimal policy will try to reach region A, which risks entering the
bad regions C' and E with high probability.

A-ROGUE is an extension of UCRL (Jaksch et al., 2010) designed to handle irre-
versible actions. As UCRL, A-ROGUE computes an optimistic policy, but before being
executed, each optimistic action is first tested. If necessary, A-ROGUE asks for external
information in an active way via rollouts. A-ROGUE tries to minimize the number of
rollouts used and is thus rollout efficient.

3.1 High-level Description of A-ROGUE

Episodes, plausible MDPs, and optimistic policy Similar to UCRL, A-ROGUE
proceeds in episodes' k =1,..., K of increasing length. At the start of each episode, a set
of plausible MDPs My is determined (using confidence intervals for rewards and transition
probabilities, respectively), cf. line 4. The set My, is updated only when confidence intervals
have changed a lot. In this case a new episode begins (line 6). Given the set My, an
optimistic policy 7T2_ that maximizes the reward over all plausible MDPs in Mj, and all
policies is computed (line 5).

Checking for irreversibility Unlike UCRL, A-ROGUE does not naively play the
actions suggested by the optimistic policy. Instead, at each time step it is first tested
whether the optimistic action recommended by W,j is potentially irreversible. Thus, A-
ROGUE estimates the time needed to recover from this action (line 9), that is, to come
back to the current state on a shortest trajectory after executing the action. The respective
backup policy computed uses a pessimistic estimate in order to make sure that we can indeed
come back to the reference state. An optimistic policy would obviously underestimate the
real time to reach the reference state and may not be able to avoid traps. If the estimate
of the recovery time is small enough (line 10), A-ROGUE plays the optimistic action, as
there is a reliable way to get back to the reference state.

1. Note that the word “episode” her comes from Jaksch et al. (2010) and only refers to internal stages
of the algorithm. It has nothing to do with episodic learning, and does not involve any reset to an
initial state. As already stated, our algorithm interacts with the environment in a single stream of
state-action-rewards with no reset.

11



MAILLARD, MANN, ORTNER AND MANNOR

Testing for optimality If the estimate of the recovery time is large, the optimistic
action is considered irreversible, and A-ROGUE evaluates whether the action is optimal
(lines 12f). If A-ROGUE decides that the action is optimal (considering the optimality
gap of the optimistic action), it is executed. In this case also the reference state is updated.
Indeed, in the analysis it turns out to be important that the reference state is only updated
after playing a near-optimal action with large return time. Indeed, updating the reference
state at each time step to be the current state and thus computing a return path to the
last visited state at each time step is not safe: Say each return path is guaranteed to be at
most c-steps long, after executing m actions, one could only ensure a return path of at most
cm-steps, that is linear in the number of executed steps. This is not enough to ensure sub-
linear regret guarantee in a worst case scenario. In contrast, updating the reference state
and computing a return path to the last visited state reached after playing a near-optimal
action with large return time enables to get a controlled regret.

Asking for rollouts Otherwise, if the optimistic action could not be identified as optimal,
the algorithm needs more information and asks for a rollout (line 16). The policy that the
algorithm asks the rollout for is not always the same. Alternatingly, the rollout is either
asked for the optimistic policy 7r/,'€F (which helps to decide whether the algorithm shall enter a
transient region), or for the policy that plays the optimistic action suggested by W,j followed
by the pessimistic backup policy (which helps improving the estimate of the return time to
the reference state). The length of the rollout is of the order of the local diameter. However,
the rollout is also stopped when the reference state is reached (indicating that the return
time needs to be updated), or when the episode termination criterion is met, that is, when
confidence intervals have changed a lot.

Remark 3 The choice of UCRL as base algorithm that is modified to work for multi-chain
MDPs is to a certain extent arbitrary. We think that the presented methods could be adapted
to work with different algorithms such as R-Max as well. However, for UCRL we have
access to regret analysis that results in bounds nearly matching the known lower bounds.
Thus, UCRL is a natural choice.

3.2 Details of A-ROGUE

After giving the high-level description, we are now ready to give the full technical details
of A-ROGUE, cf. Algorithm 2.

Parameters Beside the horizon 1" and a confidence parameter §, the algorithm uses a
parameter € > 0 and a function d : N — R in order to control the length of rollouts. That
is, the length of a rollout is bounded by (1 + é)Dk, where Dy, = d(t) is an estimate for an
upper bound on the local diameter of the MDP. Obviously, € needs to be sufficiently small
to guarantee that rollouts are long enough to provide the necessary information, but not
too small to avoid incurring large regret for the steps of the rollout.

The parameter  controls how conservative the algorithm behaves. Thus, for v =
0, A-ROGUE won’t execute any irreversible action with high-probability. This can be
interesting if we know that all irreversible actions are bad. As « gets larger, A-ROGUE
behaves more and more like UCRL.

12
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Algorithm 1 A high-level description of A-ROGUE
1: Set current time step ¢ := 1.
2: for episodes k =1,2,... do
3:  Let the reference backup state s; be the current state s;.
4:  Define set of plausible MDPs M. based on past observations.
5. Compute optimistic policy 7T2_ that maximizes the reward over all MDPs in M.
6
7
8

while confidence intervals haven’t changed too much do
Compute a pessimistic backup policy 77,:_ that tries to reach the reference state si
after playing the optimistic action a; = m (s;).

9: Compute the expected pessimistic recovery time to reach sg.

10: if the expected time to reach s, after playing a; is small enough then

11: Phase I: Execute af, get reward r; and next state s;41. Set t: =1+ 1.

12: else

13: if the estimated optimality gap of af is small enough then

14: Phase 11: Execute aj, get reward r; and next state s;y1.

15: Update the reference state sy = s;41. Set ¢ : =1t + 1.

16: else

17: Phase I11: Depending on the last rollout, ask either for a rollout of the opti-

mistic policy 7['k,+ (if the last rollout was for the backup policy), or for a rollout

that first plays a;” and then the backup policy ”1(27 (if the last rollout was for

the optimistic policy). Stop when the confidence intervals have changed a lot,

or sy is reached, or the rollout is too long. Set ¢t := ¢ + 1 for each transition.
18: end if

19: end if
20: end while
21: end for
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Algorithm 2 The A-ROGUE algorithm

Require: Horizon T', confidence ¢, lower bound ~ on sharpness +*, function d : N — R for

1:
2:
3:
4:

5:

10:
11:
12:
13:
14:
15:
16:
17:

18:
19:
20:
21:

guessing the diameter, parameter ¢ € (0, 1) for control of length of rollouts, initial state
S1.
Set t :=1.
for k=1,2,... do
Let 5 :=t (starting time of episode k) and set the reference backup state sy = s, .
Let Mk = Mtk(é/Tz).
VPt — (ot - My M
Compute M;" = (ry,p;) that satisfies V. % (sy,) = supparenq, Vioy, (5t,) as well as
respective value Q; and policy 771':.
Let Stopy(t):={3s,a: N¢(s,a) = 2Ny, (s,a)V1}.
while not Stop,(t) do
Compute backup MDP M,?_ = (r?,pg_) with reference state sy, horizon %(1 +
%)Dk, backup values Q%_ and policy 77,?_, and Dy = d(tg).
Compute the expected pessimistic recovery time 7, = ]ng(st, 71';:(815))‘.
if 7,7 < 2Dy, then
Phase I: Execute af = W;(St), get reward r; and next state s;1. Set ¢t := ¢+ 1.
else
if AL ,(st,a) < (T —t) then
Phase II: Execute af , get reward r; and next state sqy1.
Update the reference backup state sy = s¢y1, t:=1¢+ 1.
else
Phase III: Depending on the last rollout, ask either for a rollout of 77; (if the
last rollout was for a backup policy 7°), or for a rollout that first plays azr and
then the backup policy 77,?_ (if the last rollout was for an optimistic policy
7). The rollout is stopped when either Stop,,(¢) happens, or sy, is reached, or
its length is more than (14 2)Dj. Set t :=t + 1 for each observed transition.
end if
end if
end while
end for
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Plausible MDPs (line 4). In episode k starting at time t;, A-ROGUE defines, us-
ing the past observations, the empirical reward function 7, and the empirical transition
kernel py, . They are used to define the set My, of plausible MDPs as follows:

Definition 4 The set M(5) of §-plausible MDPs at step t compatible with the empirical
reward function Ty and empirical transition kernel py is the set of all MDPs (S, A, p, ) with
mean reward function i : S x A — [0,1] and transition kernel p: S x A — I'(S) such that

for all (s,a) € S x A,
Fils.0) — Als.0)] < C(s.a) o= /1E25A )

~ ~ og(25H1SA /S
[Pi1s.a)—5C1s.0)|, < Clis,apmy /B G 2y, (3)

t
where Ni(s,a) := Z]I{si = s,a; = a} is the number of visits of the pair (s,a) up to time t.

i=1
2

We prove later in Section 5.1.2 that the true MDP is plausible with high probability:

Lemma 5 With probability higher than 1—28/T, the true model is plausible simultaneously
for all episodes k. That is, M* € My, (§/T?) for all k.

Remark 6 Both quantities Cl'(s,a) and C¥(s,a) could be sharpened if some further knowl-
edge is given about the reward and transitions. Also, following Filippi et al. (2010) we
recommend to use KL-based confidence-bounds instead of (3) for practical applications.

Extended Value Iteration (line 5). The so-called optimistic MDP M, ,: = (r,':,pZ) €
M, maximizes the optimal value VT]‘{ tk(stk) among all plausible MDPs M and can be
computed e.g. by Extended Value Iteration, see Jaksch et al. (2010) via an augmented
MDP which we denote /\/lz Qz is the associated optimistic Q-function (with horizon
T —tx), and 7r,": the respective optimistic policy (that is, the greedy policy w.r.t. Qﬁ) We
also use Q7_; to denote the Q-value function for the true MDP M™* and horizon T — t.

Estimating the return time (line 8-9). Before executing the optimistic action a;” =

7 (s) in some state s, A-ROGUE tests if there is a short path back to the reference
backup state s after playing a;r . That is, it tests if the action is reversible. This is a
simple stochastic shortest path (SSP) problem: Defining a deterministic reward function by
r,?(s) = —1if 5 # sg, and 0 else, consider the set of §/T%-plausible backup MDPs ./\/l;CD =
(M = (ry),P) : p satisfies (3)}. Any SSP algorithm (or also Extended Value Iteration) can
be used to compute the pessimistic return policy 7r,g>7 to the backup state sg, together with
the pessimistic backup values Q}f—. Both quantities are defined similarly to QZ and 7'['2_,
but using the set of MDPs M}f instead of M. Since r,? is negative, the Q-values are also

negative, and 7, = ]Q}S_(st,a:r )| represents the minimal expected return time from s,

2. Further, in case it is known that each state has only L successor states, one can replace 25 with 2% in
the definition of C? (s, a).
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back to sy after playing action a;” def w]j(st), in the least favorable plausible backup MDP.

Importantly, Q}ff is computed with time horizon %(1 + %)Dk (as opposed to T — t;, for

@), which implies that 7, is also less than %(1 + %)Dk Note that we do not want to run
rollouts for too long since we incur a linear regret along each rollout.

Deciding whether to act or to ask for a rollout (lines 10-13). If the estimated
return time 7, is < 2Dj,® where Dy is an estimate of the local diameter of the MDP,
A-ROGUE executes the optimistic action a = W;(St). Otherwise, if 7,” > 2Dy, af
is considered to be an irreversible action, since executing this action may lead to suffer a
higher regret than the worst-case regret one would suffer for playing an action in a MDP
with diameter Dj. Thus, in the following we will refer to the test in line 10 of the algorithm
as the recovery test and say that the test is passed, if 7,7 < 2Dy.

To decide if playing a:r is good or not, A-ROGUE computes a pessimistic estimate
for the action gap. Intuitively, we want to test whether the quantity max, Q7r—_.(s,a) —
Qr_t(s,a;") is small. If it is smaller than the minimal action gap MiNg AL, (s,0)>0 AT—1(8, @)
of s, then the action azr must be optimal. Since we do not have direct access to Q7_¢, the
used optimality test uses the set of plausible models M, instead to compare to the action
gap in the worst case plausible MDP:

AE_t(St,G;r) £ sup (max QZIM—t(Stva) - Q%\p/[_t(st,aj» :
MeMy a

(The supremum is actually a maximum, as it is enough to optimize over the simplex.) When
AL ,(si,af) < (T —t), this means that the action gap is indeed small, thus action a;" is
considered to be optimal and hence played. In the following, we refer to the test in line 13

as the optimality test and say that an action a;” passes the test, if A (s, a;7) < (T —t).

Asking for a rollout (line 17). In case a; does not pass the optimality test, A-
ROGUE asks for an exploratory rollout from s;. As already explained, the algorithm
alternates the policy for which a rollout is requested. Either A-ROGUE requests a rollout
of the optimistic policy 77:, or (if the last rollout has been requested for the optimistic

policy) a rollout of the non-stationary policy that first executes a;” = w;(st) and then pol-

icy ng, the pessimistic policy that tries to come back as fast as possible to the backup
state sg. The rollout is stopped if either (i) the number of visits in some state-action pair
has doubled (when also the episode terminates), (ii) the backup state s is reached, or (iii)
the length of the rollout exceeds (1 + %)Dk

4. Performance Guarantees

The following theorem is, to the best of our knowledge, the first sublinear regret guarantee
that holds for a large class of multi-chain MDPs with possibly infinite diameter. For con-
venience, it is stated and proved assuming that all regions are directly reachable from the
region &5 where the learner starts. This assumption is relaxed below, see Remark 8.

3. To account for estimation errors of the return time, the algorithm tests if the return time is less than
2Dy, (and not simply D).

16



AcTIVE RoLL-ouTs IN MDP wITH IRREVERSIBLE DYNAMICS

Theorem 7 (Bound on active regret) Let M* be an MDP with local diameter d* and
~*-sharp action-gaps that satisfies Assumption 1 with access probability > pg. Assume
also that all transition probabilities are either 0 or = pmin > 0. Given an upper bound
D > d*, the active regret of A-ROGUE with parameters 6, d(t) = D, v < ~v*, and

€ < min {pod*piz;rd*’ 1-1:;)0} after T steps is upper bounded by

E[fr] < (5+4) /% (T+2) + (4+ L) a*Salog, (55)

+6(v2+1) (2 +d 4 ﬁ)d*\/log(25/2+1AST2/6)\/SAT
SD*(1+4¢)! S+1 2 14e

TV
Bound on number of asked rollout transitions

Simplified, the regret is of order

d*S+\/Alog(TAS/S) + /& .
E[ﬂ%ﬂ—O( \ﬁﬁ+%‘1og(T)+ D357 log (TAS) >

= 2:-3
Po N\ Dmin 54 xe 0

Regret when acting

Extra information asked

This bound captures the essential behavior of the algorithm: The first term is basically
of the same order as the regret of UCRL (Jaksch et al., 2010). This term also gives the
long-term regime of the algorithm (after it identified irreversible actions). The remaining
term gives the number of transitions in rollouts the algorithm asked for. This happens in
two situations: first when the algorithm wants to find out whether an action is irreversible,
and second when it needs to know whether an action identified as irreversible is optimal.
While the irreversibility of an action is rather cheap to identify and can be accomplished
by rollouts of length O(Dy), the second case needs much more information, as it depends
on the action-gap of the current state. Indeed, before playing an irreversible action the
algorithm needs an accurate estimate not only of the value inside the region it intends to
enter, but also of the value of states outside the region. Note that the algorithm not only
suffers big loss when entering a bad region, it also incurs some regret when not entering an
optimal region.

Remark 8 If no bound on d* is available, one can use d(t) = log(t) instead. We get a
similar bound, where one needs to replace D? in the first operand of the max by e*" , and D
in the second operand of the max by log(T).

Remark 9 If all regions except the initial one cannot be escaped a.s., then one can replace

the term \/Ef;i: T+ Qj** in Theorem 7 with a constant. This term s indeed due to the
possibility of escaping a region and re-entering it possibly several times, which in a worst
case produces this additional regret term.

Remark 10 If not all regions are directly reachable from &7 but some are only reachable
by crossing, say, £ intermediate regions, then the bound of Theorem 7 holds with d* replaced
with (¢ + 1)d* and D replaced with (¢ + 1)D.
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Remark 11 As a special case, the result holds as well in the case when the MDP is indeed
weakly communicating and has small diameter D. Then d* = D, v* = oo, and pg = 1.
Note that in this case A-ROGUE with parameter v = oo coincides with UCRL.

Overview of the proof Before providing a fully detailed proof in Section 5, let us give
some high-level sketches in order to highlight the main steps of the proof. The proof is based
on ideas similar to those for showing the regret bound for UCRL in Jaksch et al. (2010).
However, we need to handle four additional difficulties: 1) the different behavior of A-
ROGUE in each episode (cf. phases I, II, and III in lines 10, 13, and 15 of the algorithm),
2) the accurate estimation of the return time 7, to identify irreversible actions, 3) the
decisions to play irreversible actions or not, and 4) the total number of roll-out transitions
asked by the algorithm.

First, the case when no irreversible action is played by the algorithm nor the optimal policy
can be handled by standard concentration bounds and using the local diameter d*, similar
to the already mentioned proof in Jaksch et al. (2010).

When irreversible actions come into play, regret is incurred in two cases: when we play an
irreversible action that leads to a bad region, or when we do not play an irreversible action
that leads to a good region early enough. For the first case, we show that an action that
passes the test of line 13 must be d*-optimal with high probability, and that the estimated
return time 7, for an irreversible action must be larger than 2D; with high probability.
This prevents the algorithm from playing bad irreversible actions. For the second case, we
show that any d*-optimal action will pass the test of line 13 for small enough confidence
bounds, depending on the y-sharpness of the MDP. The last part of the proof is to show
that the confidence bounds indeed shrink fast enough, and to handle the number of roll-out
transition requested by A-ROGUE. This is a tricky part of the proof, where the length of
the roll-outs as well as the policy chosen to be executed must be chosen carefully. Here, we
first show that when the optimal return time in the true MDP T; = |Q} " (s, a;)|is small, so
isT, = |Q‘k§_ (s¢,ar)|, so that the algorithm executes the optimistic policy (and does not ask
for a roll-out). Then, we use the observation that by definition of d*, and by Assumption 1,
each region can be explored from its boundary by O(d*)-long roll-outs. We show that a
controlled number of roll-outs of length (1 + %)Dk of the policies 77~ and ;" is enough to
shrink the confidence bounds fast enough, leading to the final sub-linear regret.

5. Regret Analysis (Proof of Theorem 7)

In this section, we now provide a complete proof of Theorem 7. As the proof is a bit long,
it is divided into several parts. At the core the proof follows the lines of proof of the regret
bound of the regret bound for UCRL (Jaksch et al., 2010) However, there are several
additional difficulties we need to take care of: 1) the different behavior of A-ROGUE in
each episode (lines 10, 13, and 15 of the algorithm), 2) the accurate estimation of the return
time 7, , 3) dealing with irreversible actions and 4) the total number of roll-out transitions
asked by the algorithm. The proof provides a few innovations in order to handle these
difficulties. Each of them may be of independent interest. We first give a brief overview of
the single parts of the proof.
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e Sections 5.1.1 and 5.4: Decomposing the cumulated reward / Bellman equation /
confidence bounds.

In these first two sections, we provide an initial decomposition of the cumulative
reward, disregarding regret due to entering another region, so as to provide the main
picture of the proof. We use a new decomposition in Section 5.1.1 and control the
regret backward from the last episode to earlier episodes, as opposed to standard
proofs. A second innovation is that, when introducing the Bellman equation, following
the proof technique from Jaksch et al. (2010) (see Section 5.4), we replace the span
of the optimistic value function by a more accurate local span over the immediate
successor of the current state, and control it using the local diameter of Definition 1.

e Section ??7: Dealing with irreversible transitions.

We modify the decomposition from Sections 5.1.1 and 5.4, to control what happens
when the optimal policy plays an irreversible action. One specific difficulty is to handle
the case when we need to play an irreversible action to enter an optimal region but
we do not play it for lack of confidence, thus causing possibly linear regret during this
time lapse. We show in Lemma 12 that an action that passes the test in 1.13 must
be d*-optimal (if the model M* is plausible), and that every d*-optimal action will
pass the test in 1.13 when confidence intervals become small enough. Here the notion
of local diameter and ~-sharpness play an important role in defining the tests used
in A-ROGUE. This result enables us to ensure that, provided that some states are
visited often enough (so that confidence intervals become small), we eventually enter
the optimal region after a controlled number of steps, and thus can control the regret.

e Section 5.1.2: Confidence intervals and high probability events.

We derive simple confidence bounds that characterize the uncertainty in our estimates
of the reward and transition probability distributions as a function of the number of
samples observed from each state-action pair and other relevant factors. In addition
to showing how the learned model improves with samples (as is necessary in the
regret analysis of UCRL), these confidence intervals also allow us to bound the
minimum number of steps to return to the current backup state (which is unique
to A-ROGUE). Specifically, we provide in Section 5.1.4 a bound on the estimated
return time, by seeing it as a value function. We thus use the definition of the backup
MDP and a Bellman decomposition similar to the one used for the MDP model in
order to control the estimation error.

e Section 5.5: Total number of roll-outs.

In Section 5.5, we bound the number of episodes and the number of simulated roll-outs
requested by A-ROGUE. This is a tricky part of the proof, where we have to show
that the length of the roll-outs as well as the roll-out policy are well chosen by the
algorithm. This is an important innovation of the proof, where we study in detail the
number of roll-outs of some length d from some policy 7 needed to ensure that a state-
action that is reachable in d steps is visited a certain number of n times on average.
We then use this to control the total number of roll-outs from such a policy 7 that
are needed in order to visit often enough the set of all states reachable in d steps from
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one point, and apply it to 7°7. We believe that such results (as given in Section ?7?)
are of independent interest. We then show that the backup-policy satisfies the desired
property, and thus get a control on the number of roll-out transitions needed so that
we have an accurate estimation of the back-up time.

e Section 5.6: Regret.

In this last section, we bound the regret of A-ROGUE first when the diameter is
unknown and second when an upper bound for the diameter is known. This section,
ties together the findings in the previous sections of the appendix and provides the
main proof of Theorem 7.

> L3

Figure 7: A high over-view of the algorithm and of the proof: In black, the trajectory
followed by one execution of A-ROGUE divided into K episodes (internal to
the algorithm). In blue, optimal policies starting from the starting point of each
A-ROGUE-episode. We consider a case in which it is optimal to enter a trap:
the blue cross indicates when the optimal policy enters it, the red cross when
A-ROGUE enters it. Finally, the green loops symbolize parts of episodes when
roll-outs are asked and during which we accumulate regret for not acting. The
proof starts by capturing what happens in the last episode K (Section 5.2.1),
and progressively compares the algorithm to an optimal policy run from earlier
and earlier starting points (Section 5.2.2). The special point when A-ROGUE
enters the trap is dealt with separately in section ??7. The total number of roll-out
transitions (green parts) is handled in Section 5.5.

Let us start by introducing notations. The algorithm proceed in T time-steps t €
{1,...,T}. We denote this set T, and introduce more generally for all ¢ € N the notation
T, ={1,...,t}, with the convention that Ty = (). We make a distinction between the time-
steps when an action is output, which is called a decision-step, and the time-steps when
an roll-out transition is observed, which we call a roll-out step. We denote TP C Ty the
subset of time-steps corresponding to decision-steps until time-step ¢, and T = T;\ T the
corresponding subset of roll-out steps.
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The algorithm proceed in successive episodes. The number of episodes until time T is a
random variable that we denote Kp. For k € {1,..., Kr}, episode k starts at t; € Tp. Thus
t1 =1, tg41 — ty is the length of episode k, and we denote by convention tx,+1 =T + 1.
Thus, the last episode starts at tg, € Tr, and stops at time 1" = tx,411 — 1. With this
convention, we write T ) = Ty, +1-1\T¢, —1 the time-steps corresponding to episode k, for k €
{1,..., K7}, and similarly, define ']I'(Dk) = TtDkH—l\TtDk—l and Tgf) = Tﬁﬂ_l\’]l‘ﬁ_l. We also
introduce Ty ; = T() NTy, the set of time-steps between ¢4 and ¢ (that is Ty, = {tx,...,t}),
as well as the corresponding set ']I‘,gt = ']T(Dk) N ']TtD of decision-steps and Tﬁt = ']I‘gg) N ']Tf
of roll-out steps in between steps t; and ¢t. Finally, we use a specific notation for special
time-steps in an episode: t2 = argminteT(Dk : t and EE = argmaXeyn, t are the first and last

decision-steps in episode k. Likewise, ;g = argminteT% t and fkR = argmax;cr t are the
first and last roll-out-steps in episode k. We also introduce the first and last time-steps of
Tx), te = argminteT(k> t =t and t; = argminteT(k) t = tpy1 — 1, for coherence.

Regarding states, starting from the same initial state s1, s; denotes a state reached by
A-ROGUE at time-step ¢, and s} one reached by the optimal policy 77 with horizon 7' at
the same time-step. We say that the algorithm enters a region &7 at time-step ¢ if s,_; ¢ &}
and s; € 6. We say it leaves region &} at time-step ¢ if s;—1 € &F and s; ¢ 7. In the
sequel, we denote by t]" € [—o0,+400] the m-th smallest time-steps when the algorithm
enters region &%, and t;" € [—00, +00] the m-th smallest time-steps when it leaves region
GS7. We also denote t the first time-step when the algorithm leaves the initial region, and t
the last time-steps when the algorithm leaves any region. Finally, we denote k the episode
that contains t, that is such that t € T %)-

5.1 Preliminary results

Before presenting the core of the proof of Theorem 7, we start by introducing a few useful
results ans lemmas.

5.1.1 DECOMPOSING THE CUMULATED REWARD.

The expected active regret E [%T] of A-ROGUE at time T' can be decomposed using the

cumulative rewards received during each episode k£ € N until the last episode K.

In the sequel, if a (possibly non-stationary) policy m = (m;)>1 is executed in an MDP
M at (not necessarily consecutive) times ¢ € T = {1, ..., }, starting from state s at time
t1 then we define its accumulated reward by R7,(T|s). Its is defined by

Ry (T)s) = Y r(sy,mo(se))

t'eT
where 7 refers to the policy 7 at time t’. Note that the time matters since the policy =
needs not be stationary. Typically, an optimal strategy executes 7* at each time step in
true MDP M*, whereas A-ROGUE executes an optimistic policy 7 in episode k in M*
only when it does not ask for roll-out transitions, that is when t € T = "]I‘[,)c . Since A-
ROGUE receives no rewards during the execution of a roll-out, the reward accumulated
during episode k, from t; up to tx11 — 1, is

Riype i = Ry (T lst,) -
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Then, using these notations, we can rewrite the regret as

E{S‘{T] = E_irst,at}— [irst,at}

t=1 t=1
Kr
= E RM* (T|s1) Z( Z (s, at) + Z 0)}
k=1 “teTq, teT(,
_Kr
= E| Y (B3 (Taolsh,) — R (TR lsi) )|
&
= B[ (Bi(Tulsi,) - Rires)] - (4)
k=1

5.1.2 CONFIDENCE INTERVALS AND HIGH PROBABILITY EVENTS

In this section, we derive confidence intervals for the reward and transition kernel estimates.
Let us introduce

t—1
1
ﬂ(s7a) = ]\/'t_l(wtlzlr(stl7at/)ﬂ[st, = 376%' = a] R

where we recall that Ny_1(s,a) = Zi,_:ll I[sy = s,ap = al.

Since the reward function r M is a plausible reward function according to Definition 4,
rMIj(s,a) is close to 7, (s,a) by construction. On the other hand, 7 (s,a) is close to the
mean u(s,a) by concentration of measure. We use Hoeffding’s inequality together with a
union bound over all (s,a) € S x A and all possible values of Ny, (s,a) < tp < T, and
deduce that with probability higher than 1 —¢/7, simultaneously for all (s,a) € S x A and
all episodes k < K,

rage(5.) — (s, )

= |er+(s’a) - ?tk (87(1)‘ + |?tk(87a) - :u(s?a)‘

log(2AST?/4)
< — = =2C¥(s,a), 5
2Ny, (s,a) k(s,a) 5)
provided that the set of plausible MDPs chosen in A-ROGUE is M, (6/T?).

Following a similar argument but with specific inequality for the ||-||; control (Weissman
et al., 2003), we obtain that with probability higher than 1 — ¢/7, simultaneously for all
(s,a) € S x A, and all episodes k < K,

log(29+1AST?/6)

Thus, combining (5) and (6) together with a union bound over all episodes, we obtain
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Lemma 5 On an event 2 of probability higher than 1—26 /T, the true model is plausible
(that is M* € My, (§/T?)) simultaneously for all episodes k.

This Lemma will help us show that A-ROGUE avoids entering a bad region with high
probability. Now, on the complement of this event, Q¢, the regret is uncontrolled, and A-
ROGUE incurs a possible linear regret, leading to an error term %T = 24. In the sequel,

we introduce the notation Eq|] dﬁf E[-I{Q}]. Thus, by Lemma 5, it holds

E[%r| <E[R1{0}] + 2—;T = Eo|%r| +26. (7)

5.1.3 SUB-OPTIMALITY TEST

In this section we consider the test on the sub-optimality gaps (Line 13). Without such a
test, with high probability the algorithm would never decide to play an irreversible action
even if this is the optimal thing to do. Indeed, since with high probability all played actions
would not be irreversible due to test of Line 10 (See section 5.1.4), the algorithm would
not enter another region. The regret can be linear in difference between the time t* when
the optimal policy would have entered an optimal region to the time t the algorithm enters
the same region. The test of line 13 on sub-optimality gaps prevents t — t* (and thus the
regret) to be too large. Note that in case when it is optimal to say in the initial region,
t* = oo and the difference is trivially bounded.

Lemma 12 On the event Q2 that M* is plausible, an action a; that passes the sub-optimality
test in 1.18 is d*-optimal:

Qr—i(s,a*) — Qr—i(s,ar) < d*.

Further, if a; is d*-optimal, then it passes the sub-optimality test in .13 as soon as

LY gl
68l + (24 o) il < J. 0

Note that if the test in 1.13 is passed for a;, this implies that no roll-out is asked at that
time.

Recall that Q7_; denotes the value function for the true model M* at time ¢. Intu-
itively, we want to test at time ¢ whether the quantity max,.q,_, (s,a)£Qr_;(s,a) @T—t(5, @) —
Qr-1(8,at) is small enough. If it is smaller than ming.q,. ,(s,a%)£Qs_;(s,0) At(8,a), that is,
the action gap of s, then the optimistic action must be actually optimal. Since we do not
have access to (Q7_¢, the test of line 13 uses the plausible models M}, in episode k instead.

Step 1: We first show that if a; is a bad action, that is Ap_i(s,ar) = Qr—¢(s,a*) —
Q7—t(s,a¢) > d* then A, _,(s,az) is big. Indeed, in this case and under the event M* € M,
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we have

Ar—yls,a) = sup ({Egg Qr4(s,0) — Q1"4(s, at))

> sup (Qi(s,0") = Qroi(s.a) + Qri(s,a”)
MeMy
—Qr—i(s,a¢) + Qr—i(s,as) — Q%I\“/[—t(‘g? at))
> Ar_4(s,a;) + sup (Q%t(& a*) = Qr—i(s,a*) + Qr—i(s,ar) — QY (s, at))
MeMy

> Ar_¢(s,a)
2 ’7*(T - t) y

where in the third line, we used the fact that since M* € M; by assumption, then the
supremum term is non-negative, and where in the last line, we used the property that since
for all s, a either Ap_;(s,a) < d*, or Ap_¢(s,a) > (T —t), then Ap_(s,a;) must be larger
than (7T — t). Thus, provided that v < ~*, an action a; that leads to a bad region must
satisfy A7 ,(s,a;) = v(T —t). We deduce that it is enough to test if A7 (s, a;") < y(T —t)
holds to ensure that an optimistic action a;” entering a bad region is discarded (with high
probability). Other actions that pass this test (satisfy AL ,(s,a;") < v(T —t)) cannot enter
a bad region, and are thus d*-optimal. In other words, if we play an action that passes this
test, it must satisfy Qr_¢(s,a*) — Qr_¢(s,a;") < d*. This proves the first part of Lemma 12.

Step 2: Now, we show that when an optimistic action a; is d*-optimal, it passes the
test after not too many time steps. To that end, we derive the following inequalities

sup (max Q%/[,t(st,a) — Q%/[,t(st,at»
MEeM,, \ aFat

= sup (@ (st anr) = Qo0 0) + QFy(s1.00) — QN (sv. )
MeMy

< Jup (QqM_t(st, an) — QF (st ant) + QF_,(st, ar) — QFL (1, at))
eMyp

< sup (QJTlt(Staat) - Q%t(stvat)) ; 9)
MeMy

where we introduced ay = argmax,z,, QY ,(st,a). In the second line we used the fact that
Q;_t(st,at) > Q;F_t(st, apr) since a; is optimistic. In the third line, we used the fact that
Q7 is the optimistic Q-function. Note that there is no reason that a; be the best action for
a plausible MDP M.

Now, we want to control the difference of value between the successor states of a;. If
st € 6;, and a; is at the frontier of a region &;, then several situations may occur: First,
if all the successor states of a; are inside the same communicating region &;, then the
difference of value between the successor states must be less than the diameter d* of the
region. Second, in other cases two successor states of a; belong to different regions, say &;
and &;. Since a; is d*-optimal by assumption, the difference of values between its successor
states cannot exceed d* plus the difference of values between the successor states of s;, a*,
where a* is an optimal action in state s;. Now the difference of values between successor
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states s € 6,5’ € & of 4, a* cannot be larger than d*/py + d* = (1 + 1/pg)d*: Indeed by
assumption 1, at least one state-action pair (3,a) in the region &; satisfies p(&;|s,a) > po
without risking entering a third region. Now, it requires at most d* steps to reach § from
a point in &;, and thus at most d*/pg steps to enter &;. On the other hand, it requires
at most d* steps to reach this point from s’ € &;, and thus the difference of value is at
most max{(1+1/pg)d*,d*}. Thus, in this second case, the difference of values between the
successor states of a; is bounded by (2 + p%)d*. We can now resort to a simple Bellman
propagation error analysis to get the following inequality for all M € My

T—t
*T'—t—7 1
Q;—t(stvat) - Q%{t(St’at) < ZM“SSPMPW o j“l(HCI/:Ho<>+(2"F ]To)d*HCmoo)
j=1
1
< AT -D(l6¢ e+ @+ ) (10)

where C}/(s,a) and C}(s,a) are the confidence bounds on the reward (2) and transition
kernel (3), respectively. Here P® denotes the S x S transition matrix with (s,s’) entry
p(8'|s,a) (from the true MDP M*), and §5 the vector of size S with s component equal to
1 and others equal to 0. Equation (10) is obtained by first expanding the Q-values using the
Bellman equation, second inserting the true M™*, third controlling the error on the reward
and on the probability distributions with the confidence bounds (5), (6) and fourth using
the above discussion to control the range of the value function by (2 + p%)d*' Note that in
case a leads to an absorbing state, ||53P“P”*T_t_]||1 may be equal to one for each j.

An action a; passes the test if Ay, (s, a¢) < v(T —t). Now combining (9) and (10),
we have shown that on the event that M™* is plausible, an optimistic action a; that is d*
optimal must satisfy

A7 _tsnan) 4T = 0(CE] + 2+ )t

Thus, we deduce that in order that such an action passes the test of line 13 it is enough
that

LY gl
It + (2+ 5 ) Bl < T )
which concludes the proof of Lemma 12. [J

5.1.4 ESTIMATE OF THE RETURN TIME

In this subsection, we relate 7, = —ng(st,at) to the return time 7y = —Q}f*(st,at) in
the true MDP. We want to show that 7, is not too small when 7t is large (the action at
is irreversible), to avoid executing actions that we are not sure of. We also want that 7
is not much larger than 7¢ when 7t is small, to ensure that an optimistic action with low
recovery time passes the test. Note that if 7, is too large, we may ask for more roll-outs
and thus incur a regret fro each additional roll-out.

We study the recovery test of line 10. First, we want to show that if a; is a bad action,
that is, Ap_¢(s¢,ar) > v*(T' — t) (see Definition 2), then a; does not pass the test. Indeed
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in that case, it must be that 7¢ > 7*(T" — t) as well. Now 7, is computed using the
(pessimistic) extended value iteration algorithm. It does not use the horizon 7' — t but

instead c(1 4+ %)Dk, where the value ¢ = % is chosen in the algorithm. Thus, for any not

too large t < T — ¢(1 + %)Dk, provided that M™ is plausible it must be the case that
1
7;_ 2 ’}/*C(l + E)Dk 9

which is bigger than 2Dy if ¢ < 1 and ¢ > 1/~4* (We can further discard the case when
t>T—c(l+ %)Dk at the price of loosing at most a constant regret c(1 + %)Dk) In this
case, a non recoverable action does not pass the recovery test (on the event that M™* is
plausible). Thus, it holds that

Lemma 13 Assuming that T, is computed with horizon ¢(1+2) Dy, fort < T—c(1+21)Dy,
where e < 1 and ¢ > 1/v*, then on the event that M* is plausible, then an action a; such
that Ap_¢(sy,as) > v (T —t) does not pass the recovery test, that is T, > 2Dy.

Now, two cases can happen when a; is a good action Arp_¢(s¢,ar) < d*: The recovery
time 7T is either small or big. It is not a problem if the return time is big but a; still passes
the test. We want to prevent that when the return time 7¢ is small and a; is not a bad
action, then a; does not pass the test. To that end, we show a bound on 7, when Ty < Dy:

Lemma 14 Under the event that M* is plausible, if T¢ < Dy, then it holds

1
Te < Dy [1 + 20,’;,60 (1 + €> Dk] , (12)
where
lf,t = max C]Ig)(sa a) 9

s€8(st,Dy),a€A

and S(s, ) denotes the set of all states that are reachable from s in € steps.

This result implies that if QC’ﬁtc (1 + ) Dy, < 1then 7, < 2Dy, holds (on the event that
M* is plausible), that is the recovery test of line 10 is passed in this case. In Section 5.5,
we bound the number of episodes that ensures that QC,ftc (1 + 8) Dy < a, for some a < 1.

Proof Let pgf be the kernel corresponding to the worst plausible backup MDP, that is one
associated to Q;: Then let 7Tk * be the optimal backup policy in the true MDP (that is

with transition kernel p), and 7rk ~ the optimal backup policy in the worst plausible backup
MDP. By construction of the backup MDPs; it holds that Q%*(s,a) = 0if s = s, and
otherwise

QP (s,0) = =1+ 3 p(s'ls, @)@ (s', (). (13)

s'eS

On the other hand, since Q%_ is computed by the algorithm with look-ahead horizon
c(l+ %)Dk, we get that Q) (s,a) = 0 if s = s;, and otherwise

ng(s,a)>max{ 1+Zpk §'|s,a)Qy " (8, my (S’)),—C(l—l—%)Dk}.

s'eS
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Now let us compare these two values for the chosen action a¢. It holds that

Qi (st:at) = Q" (sesa) = Y pls'lsesae) (QF7 (5w (5) = Q7 (8w ()

s'eS
< (s a) (@ (5,7 (5) - Q) (5 ()
s'eS
+ 3w s a) (@ (57" (8) = QT (5 ()
s'eS
—i—Z( ‘St,at p?(S'!SuGt))% (3 7Tk; (3/))- (14)
s'eS

The second sum is negative since Q) (s, 7y (s')) < QY (s, 7Tk ( ")) by construction of

the pessimistic 7, and the third sum is less than ||p(-[s¢, as) — py~ (+|se, a Hl (14 1Dy,

since |Q} (s/,m; ()| < e(142) Dy, by construction. Thus, we make appear the confidence
bound C,f from Lemma 5. More precisely, we consider the set S(s,¥) of all states that are
reachable from s in ¢ steps and introduce the quantity

max Cl(s,a).

cP. —
kit seS(se,Dy),acA

Indeed, we are interested spemﬁcally in states that are reachable in less than T¢ < Dy steps
from s¢ (when following 7rk *). Using this notation, and since the pessimistic backup MDP
and M™* are plausible by assumption, it holds that

Qf*(shat) - Qgi(st,at) <
S w5t 00) (@4 (7 () = Q7 (/, 7" (5)) + 20 (5w, au)e (14 2 ) D

s'eS

< 214 2) Dt 3 p(s e, a0) (@ (517 () — Q7 (5w ()

s'eS

We now apply the same decomposition as equation (14) to the term Q) (s', 7)) (s)) —
QY (s, 7.7 (s")), that is, following the path of m " starting from s¢. Propagating this
decomposition j € N times we get

QS*(Shat) —Q% (st,at) |:2Cl€t ( é)ij

30 pIsad) (@66 - @) | (15)

s'eS

where the expectation is over the trajectory {st, ay }], where st, denotes the state-action
pair reached after j steps when following 77,(3 from s¢, and When we consider s;, to be

absorbing, that is 5{ is set to s, for all j > jo where jy is the first (random) time when

J
Sg = Sty -
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Now, since it holds that Q}f*(stk,atk) — ng(stk, at, ) = 0 by construction, the term on
the second line in (15) vanishes when 7T]<3* reaches s;, , which in the worst case happens after
no more than 7g steps on average over the trajectory {s{,ai};. Thus, we deduce that

o— 1 ;
(]3*(81”&1:) - Q]? (St7 at) g QC]I;tC (1 + 5) DkE[jO]

1
< QCi)tC <1 + ) D;T;.
’ €
Now, using the assumption that 7 < Dyagain, we obtain

T = ( — Q%_(st,at) + Q}S*(St, Gt)) - Q}f*(«s‘t, at)

1
< QCgtc(lJrg) Dy Te + Te
P 1
< Dk 1+2thc 1+ - Dk ,
’ €

which concludes the proof of Lemma 14. [ ]

5.1.5 NUMBER OF EPISODES

To conclude this section of preliminary results, let us get a bound on on the number of
episodes. Since the episodes stop only because of a doubling event, that is precisely as for
UCRL we trivially have from Jaksch et al. (2010) the following standard control of the
number of episodes

Lemma 15 The total number of episodes is bounded as in Jaksch et al. (2010) by
K < SAlog, (£%). (16)

5.2 Dealing with non-irreversible actions

The control of the cumulated reward of A-ROGUE proceeds backward from the last to
the first episodes. We first start in this section by handling what happens during the lasts
episodes k > k following the last entrance to a region G&7. Then, we progressively unfold
the control back to the first episode in the next sections. Since we want to apply Lemma 13,
we accept to control the regret only up to T = T — ¢(1 + %)DKT at the price of loosing only
a regret of ¢(1+ %)D K- For notational convenience however, we slightly abuse of notation
and state all sequel results and proofs until section 5.6 with horizon T" while they hold for
T instead.

We first show the following result, discarding what happens due to irreversible actions.

28



AcTIVE RoLL-ouTs IN MDP wITH IRREVERSIBLE DYNAMICS

Lemma 16 The regret between the strategy used by A-ROGUE from time ti (where it
s in state Sti+1)’ and an optimal strategy starting at the same time in the same state, is

B[R (U Tl — 3 Bl
k=k

k>k
Kp—1
. ) T -
S E[ Z T+(Stk+1 ’ siﬂ) +7 (Stk+1 ) Stk) +7 (Stk’ Sz(kﬂ)}

k=k+1

Kr Kp—1

+E[ > ITH ] -E[ Y @)+ 60)] - a7,
k=k+1 k=k+1

where all quantities are introduced in Sections 5.2.1-5.2.4.

The proof is in several steps that are detailed below (Section 5.2.1) In all these steps,
we assume that K7 > k (otherwise the sums are trivial).

5.2.1 FIRST STEP DECOMPOSITION

Let us start with what happens for one episode k > k. We have

E[RA k} - E[Rﬁ*(Tﬁ)]stk) - Ry (T@)|stk)] (17)
+ B[R} (T lsu) = Ry (Toglsu)| (18)
+ E[R’]:;Ij (T lst) | - (19)

In this first step, we apply this decomposition specially to k = Kr, for which T,y =
[ty : T]. We handle (19) by noting that since g, is the optimistic policy computed in
episode K, in satisfies that

(19) > E| BT (trey  Tlsise,)| -
Since the rewards are bounded in [0, 1], it holds that
(18) > —E[|T(ep) \ Thepl| = ~E[ITf 1]
Thus, so far, combining these three equations together, we have shown that
E|Rir o | > E[Rir (i Tlisue,)| + (17) = B[ [Tl (20)

5.2.2 PREPARING THE UNFOLDING STEP

Equation (20) relates the reward accumulated by the algorithm to that of a trajectory of
an optimal policy starting from St until the final time T. We now use this in order to
progressively compare to the optimal policy starting from s; Kp—1 until time 7', then from
St s and so on, proceeding backward in the episodes, until comparing to the optimal
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policy starting from Sty,, Up to time T'. An important property that we use in the following

is that for all episodes k > k, by definition, the algorithm stays in the same region &%, from
ti4q until the final time 7.

Considering that K7 — 1 > k for the sake of showing how works the decomposition in
the general case (some terms simplify if K7 < k + 1), we proceed as follows

Kr—-2

[ZRM* k:] = E[ Z RI]%/[*,IC_‘_R%/I*,KT—I"FR%/[*,KT] (21)
k>k k=k+1
Kp—2
> E| Y Ripa]+07) -E[Th,]

k=k+1
B[Ry Ty st ) + Ripe (g 2 Tllste, )|, (22)

where for the first inequality, we applied (20) to control R‘j%/[*, kp—1 as well as the definition
of Rﬁ%p, Kp—1- Now, in order to control (22), we use the following decomposition

(22) > B[R (W, )bty 1) = B2 (Tl )] (23)
+B[RUT (e lstucy2) = BT (Tliep ) sty )| (24)
+ B R (Taep 1) sty )| = B|Thicpyy| + B[ BEe (trep : Tlsie,)| s (25)

where we used ni the last line the fact that rewards are in [0, 1]. Then, we use the fact that
7* is optimal in order to control the last term of (25)

E[R5p (tier - Tlisuey)| > B[R ([taey  treg +7 = 1lstie,)
+RY (g +7 i tgey +7 + 75 — sty 1)

RS N[ty + 7 7 Tl5%,.,)]- (26)

Here we first introduced the policy 7° that goes from Sty back to the state sy, _, visited

at time t,, 1 as fast as possible and the random time 7 = 7 (s¢ Ko StKT_1) € N to reach
it using this policy. Let us remind that for states s,s' € S and some policy 7, 77(s,s)
denotes the random time corresponding to the first visit to state s’ when following policy
7 from state s (in the current MDP). Then we introduced the state §;‘KT that would have
been reached at time ¢, by the optimal policy 7* started at state s, and time ¢x, 1.
We also introduced the policy 7#™* that goes from s; Kp—1 to EIKT visited at time tg,_1 as

fast as possible, together with its random time 7 = T“o*(stKTfl, EIKT). In the last term

of equation (26), we denoted 77 _; to insist on the fact that we use the optimal policy 7*
started from state Sty at time tx,_1, that we follow from state §§KT (at the time it is

reached) up to time 7. Indeed, this is a priori different from the optimal policy that starts
from §fKT at time tx, +7 + 7%
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Regarding (26), since the rewards are all positive, on the one hand we have
(¢] ~ Ax ~ ~
Ry ([trey 1ty +7 — Ulstee, ) + Ripe (i + 7 0ty + 7+ 77— 1[50, ,) 20,

and on the other hand, it holds that
B[RSty + 7 + 7 - T)st,,)] > E[R”M%T*([tKT - 7)3%,.,)] ~E[F +7].
Thus, we deduce that (22) is bounded by
(22) > (23)+(24)—E [% + T*}
E[RE (i1 - ey — lstuey )] + B[R (e < T8, )]
= (23)+(24) ~E[7 + 7| +E[RE (trcr1 : Tllsur, )]

where we used the definition of 77, _; and EIKT in the second line.
Plugging in this back to the first step of this section, we deduce that

Kp—2

B[S Rirs] > E[ Y Bir] + BRI (b Tllst, )] (27)

k>k k=k+1
+(17) — E|ITficp 1)l — B[ Ty

71'0 ™
+(23)KT—1 + (24)KT—1 - E[T (StKT7StKT—1) +7

2%

(StKT—l ) g:KT )|

where we put the index of the episode in subscript of the equations for clarity purpose. The
next step is now to handle the term (24) . _;, and more generally (24), for k > k.

5.2.3 OPTIMISTIC MODEL

We now control, for k& > k, the quantity
(24), = E| Ry} (T lse,) — Ry (T@)\stk)} .

For that purpose, we use that 7y, is the optimal policy for model M ,j with horizon 7', and
reason trajectory wise (that is, following a random trajectory from the policy, as opposed
for instance to a distribution of states). Thus, it holds that

B[R} ([t : Tllsu,)| > max B[R] (b : Tlsy,)|
> E[ X;;(ngﬂstk)
Ry ([0 B+ 7 (S 5t) = 115gp)
FR (B + 7 (5057 Tls)p)

E[R7 (T se)] + B[Ry (0 < Tllsto)| — B[ (p,5)] (28)

WV
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where we introduced §; D the random state reached by 7, after ]’]T )\ steps when (virtually)

acting in M} * from stk, and S%D the state reached by m after \’]I‘(k | steps when (virtu-
k

ally) acting in M, * from S, - In the second inequality, 7 is the policy that minimizes in
expectation, the tlme 7+(3; D, s, ) to go from §. D to S,D in the augmented MDP M,".

Thus, since on the other hand we have the decomposmon
T T T D
B[ RT: (1t Tllsu,)| = B[RS (0 lsw)| + B[Ry, (B < Tlsib)]
we deduce from (28) the following bound

(24), > —E|r4 Gy s, )| + E|RE - (TO)ls0) = Bi(THlse,)] (29)

For convenience, let us number the second term that appears in the right hand side of this
inequality;

E| n (Tl lst) — i (TG, s1,)] (30)

Plugging (29) back into (27), so far we have proved that

Kp—2

E[ZRA*JJ > E[ 3 RA*JC}+E[R”M**([tKT,1:T]\stKT_l)}+(17) (31)

E>k k=k+1
+(23) k1 T (30) g, 1 — [‘T(KT 1 |} _E[‘T(KT |}

ﬂ_f\,*

B |74 Graegr $Ty) + 77 (Staegr Stip ) H 7 (St 1051,)]

Now, it is not difficult to see that (17), (23),,. _; and (30)x, ., are similar. Indeed, we
have

(23) = E[Rf(Thlsn) — B (TR lsi)]

(30), = E|Rp.(TQlse) — Rin(THlss)].

A7) = E[Ry (Theplse,) = Ryl (T stacp)| = (23,

5.2.4 UNFOLDING STEP WITHIN ONE REGION

Now, one can recognize in the first two terms of equation (31), the exact same form as what
happens in equation (22). Indeed, it holds (provided that K7 — 2 > k + 1) that

Kr—2 Kr—3
E[ Z Rﬁ*,k} JrE[Rﬂ*([tKTfl : T]|StKT_1)] :E[ Z Rl]%/l*,k}
k=k+1 k=k+1

B[R (Taep sty ) + Bare (tp-1 2 Tllsue, )] -
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and we recognize in the last line equation (22) for episode K7 — 1 instead of Krp. Thus, we
use the same decomposition (22)-(30) using k = K7 — 1, K7 — 2, etc. up to k =k +1, and
we deduce that

Kr
E[Y Rirs] > E[BE (g Tlisg,,)| +E] > 1TH)]
k>k k=k+1
Kr—1
TE| D" (28), + (30),] + (28),
k=k+1
Kp—1 )
_E[ Z T+(*§tk+175;;+1)+7ﬁ (StprsSt,) + 77 (Stmgz(kH) )
k=k+1

That is, reorganizing the terms, we deduce that

E [RX/[**( U T(k) ‘Stiﬂ) B Z Rl}/l*vk}
k>k k=k

Kr—1
. 70 e -
S ]E[ Z 7—+(Stk+1’ St+k+1) +7 (Stk+178tk) +7 (Stk’ S:kﬂ)}
k=k+1
Kr Kr—1
+E[ 3 |Tﬁc)|} —E[ 3 (23), + (30),| - (23), . O
k=k+1 k=k+1

5.3 Continuing the unfolding step

A-ROGUE stays in the same region during all the episodes k > k. Now, the episodes can
be decomposed into two categories. Those during which the A-ROGUE stays in the same
region, and those during which A-ROGUE plays an action that leads to another region
(than the one at the starting time of that episode). We use a generic index k for the first
category, and k for the second category. It is natural to first look at episode k = k where
the last change of region occurs, before continuing backwards up to the first episode.

When entering a different region, the return time suddenly becomes large, and thus
the term 77 (814,11 5t ) may not be controlled anymore. To handle this difficulty, we use a
slightly different decomposition than the one used for the proof of Lemma 16. We introduce
tx € [tk,tk+1) that corresponds to the time when A-ROGUE plays an irreversible action
in episode k. Further let us split T(x) = Ty 1 U T(y)2 in two parts first corresponding
to time-steps between ty and tx + 1 (excluded) and second to time-steps between ty + 1
(included) and tyxy1. Likewise, we introduce Tg«),ng«),waf«),l and Tfi),z‘ Decomposing
the regret before and after the time ty is intuitively equivalent to introducing an additional
episode starting at ty (with the difference that ty is unknown to the algorithm).
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We start with k = k and handle the regret in [t, T] by applying the steps of Lemma 16
but replacing t; with ty. That is, it holds

E[RWM** (Tagz U | Ty lsterr) — R (Tag 2lsuern) — O R‘R}*,k}
E>k k=K
~ O MKk ~
s B [T+(Stk+1 ’ S?I_wl) +7" (Stk+1’ Stk'H) +77 (Stk+1’ 8:k+1)i|
Kp—1
~ O
+E[ Z 7'+(8tk+1,82};+1)—|—7-7" (Stk+178tk)+7'7r

k=k+1

23

(s5t0:5%,..,)|

Kr

+E[Thol+ Y. T - 23,
k=k+1
Kr—1
—E[(23)k,2 + (30) 2 + Z (23)), + (30)14 ;
k=k+1
where (23), , is similar to (23),, except is uses Tg{)g instead of T@), and likewise (30)y 5 is
similar to (30), in the same way. That is:

()2 = E[Rﬁ*(Tg(),Q)btk-&-l)_REI(T%?{),QNStk-&-l)}

(30)z = E[R: (T o)lsuce) = B (T o)lsucs)]

We focus on time tx when A-ROGUE plays an irreversible action. Note that the action
played must pass either the test of line 10 or of line 13. Under the event {2, by Lemma 14,
if the action passes the test of line 10, then it is not irreversible, thus the action must pass
the test of line 13, and is thus d*-optimal by Lemma 12, that is , it holds

B[Ry ([t 6+ Ulse) + Ryt (6 + 12 Tllsern)| > B[BRL(6: Tllso)] —a. (32)

Now, assuming this was the only irreversible action played during the episode k, we can
handle the regret on previous steps of the episode Ty 1 \ {tx} using a similar decomposition
as that for Lemma 16. More generally, if m; denotes the number of irreversible actions
played A-ROGUE in episode k, at times {ty m }me[m,], then by equation (32), the regret
during episode an k looses at most myd* compared to an episode k > k (for which my = 0).
More formally, using for convenience the convention ty, ,,,, +1 def tr+1 and ty o def ti —1, then
we have proved that

Lemma 17 (Main Decomposition) The regret of A-ROGUE is bounded as

Kr Kt
E[%T} = E[ &(U T x)lse,) — ZR%*JJ
k=1 k=1

Kr Kr mp+1
~ 7O TOx ~
< ]E |: Z mk/'d*:| + E |: Z T+(Stk,7rL’ Sttc,rn) + T (Stk,'m’ Stk,mfl“rl) + T (Stknnfl‘i’l’ S:k,m:|
k=1 k=1 m=1
Kr Kp mp+1
+E| Y ITf, )| - E| (28) g+ (30)j0] (33)
k=1 k=1 m=1
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where, introducing the sets T () m = [tkm—1+ 1 tgm] (with corresponding ’]1‘( ") Tﬁc) )

() = [Raz* st i) = R (TR It i)
(30) = [R* o) St 141) — Rﬂ*(qrgf)7m)|stk7mflﬂ)}.

Note that equation (33) handles the general case, without assuming that k < Kr. Also
R, (UkK:Tl T lst,) = Ry« (T|s1) is the reward accumulated by an optimal policy 7 from
the initial state s; between time 1 and 7. Thus this lemma successfully enables us to
compare our strategy to the optimal policy, and not simply, for instance, to a local optimal
action.

Now, note that controlling the term E[ZkK:Tl ]Tgc)@ is a priori not trivial: Indeed, at

time t when A-ROGUE plays an irreversible action might a priori not be close to the time
t* when the optimal policy plays an irreversible action, since the algorithm must decide
that it is ”good” to play an irreversible action and this may require many roll-outs. That
is, in case tp < t* < tpyq <t < t for some episode k' < k, the optimal policy enters a
region earlier than A-ROGUE, and A-ROGUE may incur a linear regret between t* and
t for not entering an optimal region. We control the number of roll-outs in Section 5.5 and
show that A-ROGUE does not incur too much regret due to this phenomenon.
Bounding the number of irreversible actions We now bound m = Zf:TI my,. First
of all, if all regions except the initial one kS;, are not escapable with probability 1, then

we simply have E [md*} < 1. In the other cases let us note that it must take at time ¢ at

least max{y*(T — t) — 2d*,d*} steps on average to get from one region of the partition to
a neighboring one. Thus in the worst case, we cannot cross more than m times on average,
where m satisfies Y ;" | (y*d*i — 2d*) < T Indeed, let ¢; be the i-th time when a crossing
occurs. Since the last (m-th) time, at least d* steps are required to transit between regions,
we deduce that T — t,,, < d* on average. Likewise, applying this argument backward from
m to i, we get T —t; < (m — i+ 1)d*, and thus v*(T' — t;) — 2d* < y*(m — i+ 1)d* — 2d*.
We then deduce the (rough) bound v*d*m? + (y* — 4)d*m < 2T from which it follows that

o2Td* (4 —~*)2d** (4 —*)d*
E[md*] < \/Wfl iy 47*)2‘1 4! 277*)61
Y
- oTd*  4d** 2d*

2d* 2d*
24 [ [T+ = (34)
Y Y

5.4 Bellman equation and local diameter

In this section, we control the terms (17), (23), and (30),, by resorting to the Bellman
propagation equation as well as the definition of the confidence sets used by the A-ROGUE
algorithm. Then, we make use of the local diameter d* to handle the . terms appearing in
Lemma 16. We exhibit in particular the role of the assumption k¥ > k and of the diameter
of the local region &7, as well as of the computation of the return time by the algorithm.
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5.4.1 BELLMAN PROPAGATION EQUATION

For any MDP M = (rpr,par), and horizon h € N it holds from the Bellman propagation
equation that

E[Ry([t:t+h—1]N ']I‘([,)c)|st)] =E|ra(se, m(st))
+> o (st w(s) B[R ([ +1:t+h— 1N TRs)] |- (35)
Now let us focus on (23),, for k > k. If we denote the episode length to be hy = tp1 — i,

we note that [ty +1:t, +h —1]N ']I‘(Dk) = Tgc) \ {tx}, and deduce by applying (35) to the
two terms of (23), that

(23), = E[ (s, ar,)
+ ZP(SI|Stk7 atk)E[Rﬁ* (T(Dk) \ {tk}‘sl)]

Tt (Stys aty,)

Iy D
=3 pagg (s an JELRYE (TR \ (1)
s'eS
where M, = (TM;,pM:) is the augmented MDP and M* = (u, p) the true MDP. Regroup-
ing the terms to make appear the estimation error of the reward function and transition
kernel, we obtain

(23)k =E [M(Stk7atk) - TMIj (Stk7 atk)

D (Pags ('l st an) = (/s ,) ELRTE (TR \ {ti )

s'eS
D7D sy ) ELRTE (TR \ {aHs") — REE(TE) \ {1} (36)

s'eS
where in the last line, the difference can be decomposed iteratively in the same way. Now,
note that, in the second line, since Part and p both sum to 1, one can replace VT*]:, \(t) (s") def

(k)
E[RTJ\Z* (’]ng) \ {tx}ls")] by V{%c)\{tk}(s’) — ¢ for any constant c. In particular, if we introduce
sp(f) = maxses f(s) —minges f(s), then for a specific choice of ¢ we get VTJB \{tk}(s’) —c<
(k)

sp(V. )/2. Now, a standard way to get a bound on (23), is by unfolding the above

Ty \Mte}
equality, reorganizing the resulting terms according to each state-action pair and bounding
the probability to reach a specific state-action pair in less than ¢y — t; steps by 1. This
leads to the bound

@) > B Y ulalng (s - i)
(s,a)ESX A

+
Sp(vv[t+1:tk+1fl]ﬂ’]l‘5€>)
+ > wils,a)llpy (15, @) — p(-[s, a) |1 max ,
k tET(k> 2
(s,a)eSxA
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where we introduced the total number of visits in episode k (including roll-out transitions)

vg(s,a) = Z I{s; = s,at = a}. (37)

t€T )

Note that we can proceed in the exact same way in order to derive a bound on (30), by
replacing 7 with 7*, and on (17) by replacing ']Iﬁ) with T&T).
5.4.2 SPAN TO LOCAL SPAN

However, apart from the special case when there is only one region &7, there is in general

no reason that the term maxer,, sp(V[jH: bep1—1] mra)) be small. Indeed, when it is not
possible to reach a common state from two different states, their value can be arbitrarily
different. Thus, we proceed with a different decomposition, that we detail in the next
paragraph.

The second line of (36) satisfies the following, for ¢t = t; and all ¢ € R:

E|: Z(pM;j (Sl‘sta at) _p<s/‘8t7 at)) ‘/[j+15tk+1_1]mT£€) (8,>:|
s’'eS

I TN T r—
s'€S:p(s’|st,at)>0
> el st a1
> B[l Clses o)~ pClsnalh (,max  ViEL o () <
where we used the fact that the value is non negative. Thus, we can restrict our attention to

theset S, = {s' € S : p(s'|sy,ar) > 0} C S. By choosing ¢ = %(maxsregt ‘/[;:—].Itk-Fl_l]mT(Dk)(S/)—i_

mingegs, V, , and using the notation spg(f) = maxg f — ming f, we get

+ /
[t-+1:tk 1~ 1JNTR, (s )>

/ B , n )
E[%(pM}j(S |st,at) —p(s ’8t7at)> V[t+1:tk+rl]mr(f,’€>(8 )}

1
> _E[|‘pM2_(-|5t,at) — p('|8t7 at)||1§Sp3t (Vv[alzthrl*l]ﬂT(E;i))] '

Thus, the main difference compared to the standard derivation is that we get spg, (V[:r+1; s —1I0TR ))

instead of sp(V[;l: s —1J0TE, )). Proceeding now with the usual next steps that consist in

rewriting the sums to make appear the number of visits to each state action pair, we thus
get the following bounds:

Lemma 18 For all k > k, it holds that

(23), = E[R}f. (TR lsw,) — Ryt (T lsu,)|

> B X wlalrg (s.0) - (o)
(s,a)ESX A

+
SPs, (V[t+1:tk+1 ~1nTR, )

+ D ok(s,a)[pags (s, @) = p(-]s, @)1 max
t€T<k) 2
(s,a)eSxA
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d f
where V. <

T . D
[t+1itgeq 1 —1]NT, E[R) ({t +1itep =10 (k)| )]

(k)
(30), = E[ Ry (T lse,) — Rz (Tfylst,)

> B X g (s.0) ~ (o0
(s,a)ESX A
sps, (V.1* )
Ps, [t+ 1ty — 1]rﬂr<k)

Z vk(s,a HpM+( |s,a) — p(:|s,a)||1 max

(s,a)eSxA 1€l ) 2
+x def TD
where V[t+1 e —1)TR, = E[ M+([t—|— 1t — 1N (k)| )]

The result of Lemma 18 shows that actually only the difference of values between two
possible successor states of a visited state (under M*) matters, and not between two arbi-
trary states: This is especially important in the setting of multi-chain MDPs.

5.4.3 DIAMETER AND LOCAL DIAMETER

First, let us bound the quantity 7 (Stg > Sty m_1+1)- By construction, all actions that have
been played on the path from state s¢, . ,+1 to state st, ,, stay in the same region. Thus,
Stpy o141 and Sty m belong to the same region, and thus it holds

E|7™ (8t s Sty _141)| < d* (38)

Second, let us focus on Tﬂ—m*(Stk’m_l_&_l, Stp.,)- Inorder that s € &; is reached by
the optimal policy from state s, . ,+1 € &; (with possibly i = j), then it must be that
p(6;|6;) > 0. Thus, by assumption 1, at least one state-action pair (5, a) in the region &;
satisfies p(&,|3, a) > po without risking entering a third region. Now, it requires at most d*
steps on average to reach § from a point in &;, and thus at most d*/pg steps to enter &;.
On the other hand, it requires at most d* steps in &; to reach this point from s, . _,+1,
and then at most d* steps in &; to reach 57, from a successor of § in §;. Thus, we deduce
that:

~x 1

(Sthm_1+15 85, )| < (2+ 170)d*' (39)

E(r™

Third, let us focus on the span of the optimistic value, restricted to successor states of
the visited states. Once again by construction, all actions that have been played on the
path {(s¢, at)}te'ﬂ‘fk from state s, ,, 11 to state s¢, , stay in the same region (say &;)

and thus satisfy ’T(vst, at; o) < d* for some state sg € &;. For any successor state s’ # sq,
we must then have 1 4 p(s'[s¢, a;)T (s';50) < T (s¢,a4;50) < d*, and thus T(s’;s0) < z;:_i,
assuming that all transitions happen with probability either 0 or at least pin > 0. Now,
the expected value of 7* in state s’ must be at least the value in state sg plus the value on

the way to reach it (by optimality in M*):

V;er(S,) > E Wzt+7(s’,so)—1](8/) + ‘/tiT(s’,so)(So)} zE [‘/tir(s’,so)(so)
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where the expectation is over the random variable 7(s’,s9) € N. Likewise, V,;*(s') can be
upper bounded by

B[V a0 (50)] 2 E[Vi sy (50)] + Vi () 2 Vi (s).
Thus, we deduce that for any successor s',s” of (s¢,as) it holds

Vt+(3/) o Vt+(5”> < E [V;tr(so,s’)(so) — Vt:‘l_(s,,780)(80):| < E[T(S(), 3’) + 7'(3//7 30)j|

1 d*—1
< (24 —)d"+ .
Pbo Pmin

Thus, the span restricted on &; is not greater than (2 + p% + p%)d*. Following Jaksch

et al. (2010), the same argument applies to the span of the optimistic value (following the
optimistic policy) as well, since the augmented MDP contains at least the transitions of the
true MDP, provided that M™* is plausible. Thus, on the event  that M™* is plausible, it
holds

)<(2+i+ 1 ). (40)

max spg, (V;
St( bo Pmin

+

Now since the optimistic value of 7* in state s’ is larger than the optimal value of 7*, which
must be at least the value in state sy plus the value on the way to reach it, we can follow a
similar argument to show that:

)<(2+i+ 1 )d*. (41)

—+,%
max spg, (V.
St( Po Pmin

. D

Finally, we focus on the term 74 (8¢, ., s{ ) that correspond to a shortest visit time

k,m
when navigating in the augmented MDP M ,j . The fact that the algorithm does not execute
irreversible actions in M* between time tj,,—; + 1 and tj ,, does not discard, a priori,
the possibility that an optimal policy 7* started from st, ,,_,+1 executes actions that are
irreversible in the MDP M: Put differently, the time to go T+(§tk,m, stk,m71+1) from 3¢, .
back to st . ,+1 in Mlj may be huge if Stj,m_1+1 € 6; and 7 enters a different region &;
when acting in M]:r during Ty ,,,- Note that if during Ty ,,,, 7" stays in the same region in
M*, then since A-ROGUE does the same, the expected time to reach the state reached by
A-ROGUE from the one reached by n* is bounded by d*. Since times are shorten in the
augmented MDP, T+(§tk’m, s,jk m) < d* in this case. Thus, we deduce the following bound
that holds when 7* stays in the same region on Ty ,,:

T4 (Bty s sz;)m) <dr. (42)

Now the regret for not entering an optimal region is due to lack of observations in this
region, and possibly in the current region as well. Lemma 20 proves a worst-case bound
that handles not only the maximum number of roll-outs asked by the A-ROGUE before
it can decide to play an irreversible action, but actually the number of samples (not only
coming from roll-outs) so that every reachable state is well estimated: If A-ROGUE acts
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in the MDP and gathers information, then it may require less roll-outs. Thus, this enables
to capture the maximum regret due to not making an irreversible action when n* does.
That is, the regret due to the case when 7* enters another region in M™* but A-ROGUE
does not can be handled by the bound on the total number of roll-out transitions from
Lemma 20, and thus we can simply use the same bound.

Combining (42), (38) and (39) together, and slightly abusing notations (the following
only applies to (k,m) such that 7* stays in the same region on Ty ,,), we deduce that

K mp+1
P + O g
Eq |: T—l—(stk,m? Stkym) +7 (Stk,m’ Stk,m—1+1) +7

M *

~k
(Stk,m—1+17 Stm

s Sm v (1 ) ]

el Po
1
< (4 + ) E[md* + KTd*] )
bo

Combining the result Lemma 18 with equations (40) and (41) we get an upper bound
that can be extended to all episodes. Then, plugging this in the decomposition of the regret
from Lemma 17 and continuing the unfolding steps, we deduce the following

def 1

Corollary 19 Let us introduce the constant ¢, = 2 + 20 T zﬁ' Then, it holds that

1 o
Eq [mT] < E[mdY] + (4 + po) E {md* + KTd*} + E[ 3 |1r,§mm}}
k'=1

Kr
+3Eq [ Z Z v (s, a)‘rM;(s,a) — pu(s,a)|

k'=k (s,a)ESx A
£ X )l Cls.a) = plls.a) et
(s,a)eSxA

where m denotes the total number of actions played by A-ROGUE that exit the current
region.

5.4.4 CUMULATIVE ESTIMATION ERROR

We can combine the confidence bounds (5) and (6) together with the cumulative estimation
error over K episodes (the expectation term in the last term of (??)) and obtain by Lemma 5
that on an event 2 of probability higher than 1 — 2§/T, it is controlled as

Kr
Z ( Z vk'(saa)VMkt(sva’) _/'L(S7a)‘ + Z vk/(s,a)Hlej(~\s,a)—p(-]s,a)chpd*>
E'=1 *(s,a)eSx.A (s,a)eSxA

K
< (2\/log(25/2+1AST2/5)cpd*> zT: Z vk/(s,a)Nt;lﬂ(s,a)

k=1 (s,a)ESx A

< 24/log(29/21 AST? /5)cpd*(V2+1)V/SAT, (43)
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where we used in the second inequality the fact that vz (s, a) < Ny, (s, a) due to the criterion
used for stopping episodes, together with an application of equation (20) from Jaksch et al.
(2010) that uses Jensen’s inequality, namely

Z v w9 5y )VEAT.

k'=1 (s,a)eSxA \/Ntk/(s a)

We now combine (43) and (34) together with (33), reorganize the terms and use the
control on Kr from Lemma 15, and obtain that the regret is controlled on an event 2 of
high probability by

1 2d* 2d* 1 8T
Eq|R < 54— |2 T+ + 4+ —)d*SAlo —
a[%r] ( Po) \/ v v ( Po) &2 (SA>

Kr
E[ S [TAI{Q}] +6y/log(25/2+1AST2 /8)c,d" (Va-+1)VEAT . (44)

k'=1

The notation Eq has been introduced in section 5.1.2. Once again, we slightly abuse the
notations, as here in E[Zk, L ITE |]I{Q}} we incorporate the episodes such that 7* exists

the current region.

5.5 Total number of roll-outs

In this section, our goal is to control the cumulative sum of roll-out transitions Z,I::Tl |TE|
that remains to be controlled. Note that A-ROGUE stops asking for new roll-out at a
time ¢ such that at each time step t' > ¢, at least one of the test of Line 10 and of Line 13 is
passed. We study these two tests in order to derive a round on the total number of roll-out
transitions. We will show that

Lemma 20 Under the assumption that the parameter ¢ < 1 of A-ROGUE is chosen such
that

d*
€ < min { Po Po }

1+po+d’ 1+pg

and if Q0 denotes the event that M™* is plausible for in all episodes, then it holds that

[Zm |H{Q}] < 165 2( zr )’ >1g(25+1SAT2/6)E[ 3 D,%].

k:Dj_1 <d*

Part of this bound is obtained by computing the number of roll-outs executed from the
initial region &7 to cover the entire state-space sufficiently often. Actually the same bound
when adding to the number of roll-outs the regret in episodes such that 7* exists the current
region. The proof is divided in several steps:

Number of roll-outs and covering times: Our goal is to control the number of
roll-outs needed before we can ensure that in each state s¢, the pessimistic return time
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satisfies T, < 2Dy, when T¢ < Dj. By the bound (12) of Lemma 14 in Section (5.1.4), this
is linked to the number of times each state-action pair (s,a) with s € S(s¢, Dy) is visited
in total, where S(s,¢) is the set of all states that are reachable from s in ¢ steps. Thus let
s be a state reachable in d steps from s¢, and let us call a roll-out with maximal number
of steps bounded by d a d-roll-out. We introduce ngfi, the probability that visiting s for
the first time, starting from s; and following policy 7 after playing a¢ takes no more than
d steps (in total). It is not difficult to show that this probability is given by

d—2 ;
p3% = 64, (P “Y P, <P WS>JPE’S)5S’
=0

where Pt (respectively Pf ) is the S — 1 x S transition matrix (S x § — 1) induced
by action ay (policy m) with line (row) corresponding to state s removed, and 5 is the S
vector with values 1 for state s and 0 else. Note that it also means that with one d-roll-out
of a policy 7, s € S(s¢,d) is visited at least p;f;‘,i times on average. Thus, we deduce that
no more than n/ p;rt’fls number of d-roll-outs of the policy 7 is needed so that s € S(s¢,d) is
visited at least n times on average. It is worth noticing at this point that we only target a
control on ZkK:Tl r]I‘,f"'| in expectation, as opposed to a high probability bound.*

Now, A-ROGUE uses roll-outs of length d = (1 4+ 1)Dj, in episode k. Note that
2C,f’tc (1 + é) Dy < « happens (o = 1 is used in the recovery test 1.10) as soon as all
corresponding state-action pairs are visited at least

2 (1+l)2Dl% S+1 2
= 5 log(2°t1SAT?/6)

no
e
.
times, and for this to happen, no more than ZSES(St D) no/pgtk’s d many (1 + %) Dy-roll-

outs of 7r,?7 (the backup policy to si) are required on average. Thus, assuming we can show

O"d
that l/p;rt’is 7 < B for states s € S(s¢, D) this means that every state in S(sg, d) is visited
enough when A-ROGUE has observed at most the following number of transitions from
7o~
k

g

a2

def

n(Dy) = 2c2(1 + %)3D2}S(5t, (1+ é)Dk)} log(2°T1SAT?/6).

Known and unknown local diameter Before determining (3, let us discuss the
guessed diameter Dy, a little bit. In case an upper bound D on the diameter d* is known in
advance Dy = D, and thus at most n(D) many roll-out transitions from 71,?7 are observed
before the test of line 10 is passed for all states with Ty < D.

Now, when no upper bound on the diameter d* is known in advance and Dy, < d*, that is
the guessed diameter is smaller than the true local diameter, the states in S(s¢, d*)\S(s¢, D)
may not be visited often enough, and thus one cannot ensure accurate estimation. Since

Dy, = log(ty,) increases with episodes, we eventually get to visit states reachable in S(s¢, d*).

4. To derive such a stronger result, we would need, with the current proof, to get a control on the number of
visits of s € S(s¢,d) in high probability, and not only in expectation, which is more difficult and luckily
not needed for our purpose here.
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However visiting the Dy -reachable states may require to revisit all the Dy, reachable states
as well and not only the frontier of this set (and this is reward consuming). In all cases,
states are visited enough after the total number of roll-out transitions from 7r,?_, k>1is
at most

> nDp)+nDy =Y. n(Dy),

k:Dkgd* k:Dk,lgd*

on average, where k is the smallest episode such that Dy > d*. If k — Dy, does not reach
d* fast enough, this potentially causes a large waste of roll-outs (but we do not want that
Dy, becomes to large with respect to d* either) and thus a a large active regret. Choosing
Dy, = log(t,) ensures the loss is not too important.

Lower bound on the probability of first visit in d-steps at most The next step is
to find 3 such that 5 > 1/pSt s < First, note that in the case when 7_o-(s¢, s) < (1+a)Dy
k

O
it holds that pats ** “=5° 1, and thus
> O~ d—1
,d T
7;19 Sta Z pst,s pst,s )d
d=0

> Z (pSt,;’d—pggg’d_l)<[(1+1/€)DkJ+1>
d

>[(14+2) D)

> (1 Ly 1 Dyp, (45)

O~ d
where in the first inequality we used the fact that p;rt’is ™ is a not decreasing function of d,
and in the second one a telescoping argument. Combining (45) together with 7;0— (s¢,8) <
k

(1 + ) Dy, and reorganizing the terms, we deduce that

LD DR (14 3)Dy, — Di(1 4 «) _l-ae
St,S = ( E)Dk 1 +€

)

which means that, provided that ae < 1, we can use 8 = %

Finally, A-ROGUE alternates between roll-outs of the optimistic policy 77;: and roll-
outs of the pessimistic backup policy 7[']?_. We focused here on controlling the number

transitions generated by 71';37 only (at the price of losing a factor 2). More precisely, since
the roll-outs from 7r,j and from 71'](3_ are of the same size and we alternate at every roll-out,
by discarding the transitions received using 7T]—: (as non-informative in the worst case) we at
most double the number of transitions needed before the condition on the pessimistic return
time is satisfied. Thus, we deduce that the backup time is accurately estimated when the

total number of transitions ZkK:Tl ITE| is at most

3
Lte (“;%) log(25+15AT%/5) Y D2‘5(8t3(1+1/€)Dk) . (46)

k:Dy_1<d*

(d*) def

1—a5 o
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Thus, far, we have seen that after this number of transitions on average has been ob-
served for all visited states, every return time following an action that is not irreversible
is well estimated, and thus no roll-out is asked for these states, that is, roll-out transitions
may only be asked in case the optimistic action is irreversible.

Sub-optimality test The set Ung; S(s,(1+ 1/e)Dy,) covers the entire state space S
if it is possible to reach any state from 60% is no more than (1 + 1/¢) Dy, steps. Since from
the boundary of a region, we need no more than d* + d*/py steps to enter the region and
then d* to reach any state inside the region, this requires at most (24 pio)d* steps, and thus,
we want condition on & so that (14 1)Dy > (2+ pio)d*, If D;, > d*, then this inequality
holds for ¢ < ﬁ(;o. In this case, for the previous number of roll-out transitions (46), we
deduce that each state-action pair is visited at least ng times and thus it holds
@

2¢(1+1)Dy

Pl < (47)

This of course provides a control on [|C}||« as well (simply look at the expression for
both terms). Now, we want to ensure that (8) holds so that a d* optimal action does pass
the test of line 13. Indeed in this case, no more roll-out is asked by A-ROGUE. Using
(47) in order to control both [|C} || and [[Cy||sc, and reorganizing the terms, we obtain the
inequality

1 a 1 log(2AST7?/9)
mog (24 =) e < ——2 (24 2 )a* :
1€ lloo + ( * po)d 1G] 2¢(1+ 1Dy, <( " po)d +\/log(25+1AST2/5)

As a result, the condition (11) for a d*-optimal action to pass the sub-optimality test of

A-ROGUE is satisfied when Dy, > d*, € < 1_Ii°po and
2c

1
———— Q2+ —)d"+1) <.
c(14 1)dr (< po) > K

since a =1 and ¢ = %, then this simplifies to

1+ 1 . 1
<751that1s5< .
+ & 1+ 1/po +1/d*

1
PO
Thus, we deduce that for the choice

d*
5<min{ Po Po }7

pod* +po +d*" 1+ po

then after at most N (d*) roll-out transitions asked by A-ROGUE for the episodes such
that k such that Dj > d*, the recovering time is well-estimated and d*-optimal actions do
pass the test of line 13, that is at least one of the tests of line 10 and line 13 is passed. Thus
the total number of roll-out transitions asked by the algorithm is upper-bounded by (let us
remind that 0 is also a parameter of the algorithm)

K
£ (14¢)*
}E[; ]’]I‘kR|H{Q}} < 45m

This concludes the proof of Lemma 20. [J

02 10g(25+15AT2/5)IE[ > D%} .
k:Dj_q <d*
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5.6 Upper bound on the regret

We now bound the regret of the A-ROGUE first in the case when the diameter d* is
unknown, and then in the case an upper bound D > d* is known. We remind that the
algorithm uses ¢ = 2/ for the scaling of the planning horizon of backup-up MDPs and
a =1 for the recovery test.

In this section, we stop using the abuse of notation introduced in section 5.2, that
consists in using horizon T instead of horizon T = T — c(1+ )DKT T, which was done
at the price of loosing only a regret of ¢(1 + E)D Ky = 17+;D

5.6.1 REGRET WHEN AN UPPER-BOUND ON THE DIAMETER IS GIVEN

In case when a bound D on the diameter is known, the algorithm can use Dy = D for all
episodes. In that case,the bound on the number of roll-out transitions simplifies into

log(2°T1SAT? /6) D3 . (49)

Ky
E[Zmﬁm{g}] < 168 2( zr 2 5
k=1

We plug the previous bound (49) in the decomposition of the regret (44) and of (7),
and deduce (provided that v < 7* and ¢ is as in Lemma 20) that the expected regret is
bounded by

E[E)‘{T} < 5+p0 Qd*,/ +E+ 4+ d*SAlog2<SA>

+6y/log(25/2+14572/5) (2 toot )d*(xf+ 1)VSAT

1+¢

Pmin
(1+ e)!
e(1-¢)

This concludes the first part of Theorem 7.

+168 1og(25+1SAT2 /6)D? + D +26.

5.6.2 REGRET WHEN THE DIAMETER IS UNKNOWN

In the case the diameter is unknown, a proxy for the diameter is given by Djy. Using a
slowly increasing diameter Dy = log(ty), it becomes eventually larger than d*. This results
in a regret scaling with v/T' with an additional constant term that is however exponential
in the true diameter d*. One could make this dependency polynomial in d* at the price
of using a Dy polynomial in t; leading to worst dependency in T'. More formally, we get,
using the crude lower bound t; > k

> D <de”. (50)

k:Dk_léd*

Thus, plugging in (50) into (49), and combining the resulting term with the decomposi-
tion of the regret (44) and (7), we deduce (provided that v < v* and ¢ is as in Lemma 20)
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__ __

(a) (b) ()

Figure 8: Gridworld environments: [ is the agent’s initial state, T" an absorbing trap, and
G a goal state. Arrows entering (resp. leaving) a goal state indicate that it is
absorbing (resp. not absorbing).

that the expected regret is controlled by

E|%r] < 5+p0 \/%,/T—FM%- 4+ d*SAlog2<SA)

+6/log(25/2+145T2/5) (2 toot )d*(f+1)\/SAT

Pmin
(1+6) S41 2 3 . d* 8T
165 3577 ) 108(2° T SAT? /0)d*" min{e™, SAlog, (1)}
1
+ " log(T) + 25.
e

This concludes the proof of Theorem 7. [J

6. Experiments & Results

We compared A-ROGUE to UCRL Jaksch et al. (2010) and R-Max Brafman and Ten-
nenholtz (2003) where UCRL enjoys strong regret guarantees for communicating MDPs®
and R-Max has strong sample complexity guarantees. The reason for comparing only to
such algorithms is because they are the only one we know that provably enjoy non-trivial
performance guarantees in communicating MDPs. Thus they serve here as a benchmark.
For illustration, we used three 4 x 4 gridworld MDPs (Figure 8) with stochastic transition
probabilities and four actions {n, s, e, w}. Of course, the algorithms did not have knowledge
about this structure and thus had to consider the full S(S —1)A + SA = 1024-dimensional
problem. Though these MDPs look extremely simple, they are actually tricky due to the
presence of traps, and are enough to illustrate the main drawback of existing algorithms
assuming fast recoverability. Given the agent’s position (x,y), if the agent is not blocked
by a wall or in an absorbing state, executing action n transfers the agent to state (x,y + 1)
with probability 0.8 or to either (z — 1,y + 1) or (x + 1,y + 1) each with probability 0.1.

5. We do not compare against REGAL, as it is still an open question whether this algorithm can be
implemented, see Bartlett and Tewari (2009).
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Figure 9: Comparison of average regret achieved by A-ROGUE, UCRL, and R-Max on
gridworlds from (a) Figure 8a, (b) Figure 8b, and (c) Figure 8c. The shaded area
represents one standard deviation for each algorithm.
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Actions s, e, and w are defined similarly in the other three directions. Each gridworld has a
single absorbing goal state, which gives a reward of 0.9. All three tasks contain one or more
“trap” states, which are nearly-absorbing states where all actions give 0 reward and lead to
the initial state with probability 10~*. The reason for this low-probability transition is to
ensure that the MDP has finite (though huge) diameter, and thus that the regret bound for
UCRL holds. Putting the probability from 10~ to 0 only favors our algorithm, but looks
unfair with respect to other algorithms. Note also that this construction is different from
imposing there is a reset action. The maximum possible immediate reward is Rpa.x = 1,
which means that even if the goal state is discovered early, all state-action pairs need to be
explored to determine an optimal policy. The horizon was set to T' = 30,000. R-Max, was
run with sampling parameter m = 20 (see Jong and Stone (2008) for explanations). For
UCRL, we used § = 0.05. We loosely tuned A-ROGUE with § = 0.05, v =0.35, e = 1/3,
assuming that pg > 1/2, and we used the upper bound D = 8 on d*.

The first task (Figure 8a) contains a single trap and a non-absorbing goal state. The
agent must take no irreversible actions to act optimally. UCRL and R-Max are expected
to perform poorly here because even if they have discovered the goal state before the trap
state, they keep exploring until all state-action pairs have been visited. Thus they get stuck
in the trap state. A-ROGUE, on the other hand, can learn about the trap without entering
it using roll-outs. As we can see in Figure 9a, A-ROGUE has small regret compared to
the optimistic strategies UCRL and R-Max.

In the second task (Figure 8b), there is one trap state and one absorbing goal state. Here
UCRL and R-Max explore the environment optimistically and discover the goal or the
trap state with about equal probability, which leads to large regret and high variance, while
A-ROGUE is able to use roll-outs to learn about the trap states and avoid them. Figure
9b shows that UCRL and R-Max incur here large regret and high variance. A-ROGUE
achieves both small regret and low variance.

The third task (Figure 8c) contains four absorbing trap states and a single absorbing goal
state. It is harder than the previous two because there are more “trap” states. Notice that
again, A-ROGUE achieves low regret while UCRL and R-Max both have large regret
and high variance (Figure 9c).

In all tasks, A-ROGUE successfully avoids entering bad traps with high probability. On
the other hand, UCRL and R-Max accrue very large regret.

7. Conclusion

We obtained the first sublinear regret performance for multi-chain MDPs, as we are unaware
of any work providing theoretical performance guarantees in the multichain MDP setting
with no reset. The key ingredient for achieving this performance is to actively ask for
external information. We captured the notion of external information here by giving the
learner the option to ask for roll-outs. Most of the other possibilities require stronger
assumptions and trivialize the problem by recasting it into a standard communicating MDP
aith modified state-action space. Other possibilities, that are however restricted to specific
situations include resorting to an expert, a simulator, or a teacher and can be seen as special
cases of our setting. A-ROGUE is able to detect when it requires such external information
and what experiment to design and ask for a respective roll-out. The heuristic idea behind
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the algorithm is intuitive, which is a strength, but precisely quantifying the amount of
external information needed, and how to use them in an efficient way is challenging and is
the focus of this paper.

Trading-off planning costs and experimentation costs A key component in our
model is that roll-outs are costly: We assume that a zero reward is given for each roll-out
transition, thus incurring a maximal regret for each asked transition; this is a strong penalty.
Instead, one could provide a small reward, especially when producing a roll-out step is much
cheaper than a real execution. Alternatively, when roll-outs are numerical simulations, it
makes sense to consider the numerical cost of running a simulation and the actual time
it may take competing to executing the actual action. Since our analysis separates the
bound on the total number of roll-out asked by the algorithm and the cumulative regret
of the algorithm while acting, such modifications when using a different cost for roll-out
transitions and executed actions can be done easily.

Perspective In the paper, we provide one answer to a critical question that appears
in many realistic applications of Reinforcement Learning (that is, explicitly quantifying
the amount of external information sufficient to guarantee a O(v/T) learning regret when
interacting with a multi-chain MDP). Obviously, when one wants to address a real-world
problem, as one should pay attention to additional difficulties (such as inaccurate state
model, trembling-hand phenomenon, robustness) that need to be addressed together with
the multi-chain issue. In such situations, we do not claim to provide an end-to-end solution
that can directly be used off-the-shelf but a component that must be combined with other
mechanisms. Amongst the many questions one can ask, an interesting direction of research
is how to deal with the case when the roll-outs requested by the learner only come from an
approximate model, as opposed to the same model.
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