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Quadratic variation and quadratic roughness

Rama CONT and Purba DAS

Mathematical Institute, University of Oxford

Abstract

We study the concept of quadratic variation of a continuous path along a sequence of
partitions and its dependence with respect to the choice of the partition sequence. We
define the quadratic roughness of a path along a partition sequence and show that, for
Holder-continuous paths satisfying this roughness condition, the quadratic variation along
balanced partitions is invariant with respect to the choice of the partition sequence. Paths
of Brownian motion are shown to satisfy this quadratic roughness property almost-surely.
Using these results we derive a formulation of Follmer’s pathwise integration along paths
with finite quadratic variation which is invariant with respect to the partition sequence.

Keywords: Quadratic variation, Pathwise integral, Itd calculus, Local time.
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The concept of quadratic variation plays a central role in stochastic analysis and the modern
theory of stochastic integration [I2] [30]. The quadratic variation of a (real-valued) random
process (X (t),t € [0,T]) with cadlagsample paths is defined as the limit in the sense of (uniform)
convergence in probability, of the sum of squared increments

D (X(tha At = X(t] A1) (1)

Tn

along a sequence of partitions 7" = (0 = t§ <t} < -+ <t} ) = T) with vanishing step size

|7 = sup |ti — ¢ ;| — 0. The relevance of this notion is underlined by the fact that
i=1..N(x")

large classes of random processes —such as Brownian motion and diffusion processes— have finite

quadratic variation, while at the same time possessing infinite p—variation for p = 2.

Although quadratic variation for a stochastic process X is usually defined as a limit in prob-
ability of 7 it is essentially a pathwise property. In his seminal paper Calcul d’Ito sans
probabilités [15], Hans Follmer introduced the class of cadlag paths X € D([0,T],R) with finite
quadratic variation along a sequence of partitions (7™), for which has a limit with Lebesgue
decomposition [X].(t) = [X]°(¢) + Z (AX,)? and showed that for f € C*(R) one can define

0<s<t

a pathwise integral / (VfoX)d"X as a pointwise limit of left Riemann sums along (7"):
0

T
| (V5o x)anx = lim 3 VALK - X)), @
0 n o0 s
and this integral satisfies a change of variable formula:

FOX®) = ) + [ (V70 X)a"X +5 [ V(X (5.l
+ 37 (F(X()) = (X (5-) = VAX () AX(5)) (3)
]

[0,

This ‘pathwise Ito formula’ could be potentially used as a starting point for a purely pathwise
construction of the Ito calculus but, unlike the analogous theory for Riemann-Stieltjes or Young
integrals, the construction in [I5] seems to depend on the choice of the sequence of partitions
(7™): both the quadratic variation [X], and the pathwise integral ([2)) are defined as limits along
this sequence of partitions. In fact, as shown by Freedman [16], p. 47], for any continuous function
x one can construct a sequence of partitions 7 such that [z], = 0. This result was extended by
Davis et al. [I0] who showed that given any continuous path z and any increasing function A,
one can construct a partition 74 , such that [z], , = A. These negative results seem to suggest
that the dependence of [z], on 7 leaves no hope for uniqueness of the quantities in .

On the other hand, as shown by Lévy [27) 28] and Dudley [13], for typical paths of Brownian
motion the sums converge to a unique limit along any sequence of partitions which are
refining or whose mesh decreases to zero fast enough. Therefore there exists a large set of paths
-containing all typical Brownian paths- for which one should be able to define the quantities
in independently of the choice of the partition sequence (7™),>1 for a large class of such
sequences.

We clarify these issues by investigating in detail the dependence of quadratic variation with re-
spect to the sequence of partitions, and deriving sufficient conditions for the stability of quadratic
variation with respect to this choice. These conditions are related to an irregularity property



of the path, which we call quadratic roughness (Def. : this property requires cross-products
of increments along the partition to average to zero at certain scales and is different from other
notions of roughness such as Holder roughness [1I7] or p—irregularity [4]. Importantly, we show
that the quadratic roughness property is satisfied almostsurely by Brownian paths (Theorem
33).

Our main result is for Holder-continuous paths satisfying this irregularity condition, the
quadratic variation along balanced partitions (Def. is invariant with respect to the choice
of the partition sequence. This leads to an intrinsic notion of quadratic variation, a robust
formulation of the pathwise Itd calculus (Theorem and uniqueness of pathwise local time
(Theorem for such irregular paths.

Our results thus complement previous results on the pathwise approach to It6 calculus [2] 5]
7, 9, [O1 [10L 15 211, 25, 29] by identifying a set of paths for which these results are robust to the
choice of the sequence of partitions involved in the construction. In contrast to the constructions
in [22, 23] 24], our construction does rely on a specific choice of partitions and does not rely on
any probabilistic tools.

Outline Section [1] recalls the definition of quadratic variation along a sequence of partitions,
following [5], I5]. Section [2| defines the class of balanced sequences of partitions and discusses
asymptotic comparability of such partitions.

Section [3] introduces the concept of quadratic roughness and explores some of its properties.
In particular we show that Brownian paths satisfy this property almost-surely (Theorem .
Section 4] shows that quadratic roughness of a path is a sufficient condition for the invariance
of quadratic variation with respect to the choice of partitions (Theorem [4.2)). This result allows
to give an intrinsic definition of quadratic variation without reference to a specific partition
sequence (Proposition [4.5)).

Section [5.1] builds on these result to arrive at a robust formulation of the Féllmer integral
and the pathwise It6 formula. Section extends these results to pathwise local time.

1 Quadratic variation along a sequence of partitions

Let T > 0. We denote D([0,T],R?) the space of R%valued right-continuous functions with left
limits (cadlag functions), C°([0,T], R?) the subspace of continuous functions and, for 0 < v < 1,
C"(]0,T],R%) the space of Hélder continuous functions with exponent v:

c¥([0,T),R?Y) = {z € C°([0,T], RY), N O] |

< 400},
(t,5)€[0,T)2,t#s |t — s|”

and  CY7([0,T],RY) = [ C*([0,T],R%).

0<a<y

We denote by II([0,T7]) the set of all finite partitions of [0,T]. A sequence of partitions of
[0,T7] is a sequence (7"),>1 of elements of II([0,T):

™ =(0=15 <t} < <tRmy =T1).
We denote N(7™) the number of intervals in the partition 7™ and
|7 = sup{|t} — 7 4],i = 1.N(x™)}, =« =inf{|t? —t] 4|,i=1.N(7")} (4)

the size of the largest (resp. the smallest) interval of 7".



Definition 1.1 (Quadratic variation of a path along a sequence of partitions).
Let 7" = (0 =t < t]'.. <tX () ="T) be a sequence of partitions of [0, 7] with vanishing mesh

|7 = sup ti, —ti'] — 0. A cadlag function x € D([0,7],R) is said to have finite
i=0---N(nm)—1
quadratic variation along the sequence of partitions (7™),>; if the sequence of measures

3 (@) — x(]))%6e

n
tj enn

converges weakly on [0, 7] to a limit measure p such that ¢ — [z]5(t) = p([0,¢]) — Z |Az(s)|?

0<s<t
is continuous and increasing. The increasing function [z], : [0,7] — R, defined by
— — i n _ n 2
(2)e(t) = ([0, 8) = lim 3 (a(tf 4 A1) — (e} A L) )

is called the quadratic variation of x along the sequence of partitions 7. We denote Q([0,T],R)
the set of cadlag paths with these properties.

Q-([0,T],R) is not a vector space (see e.g [31]) and the extension to vector-valued paths
requires some care [15]:

) € D([O,T],Rd') is said to have finite quadratic
1..d we have z* € Q.([0,T],R) and z* + 2’ €

variation along m = (7"),>1 if for all 4,j .
,ST) the matrix-valued function defined by

Definition 1.2. A cadlag path = = (..., 24
Q-([0,T],R). We then denote [z], € D([0,T]

[z" + 27]x(t) = [27]x(t) = [27]=(t) _ ot
= 3 €Sy,
where S is the set of symmetric semidefinite positive matrices. We denote by Q,([0,T],R%)
the set of functions satisfying these properties.

For z € Q([0,T],R%), [2], is a cadlagfunction with values in SJ: [z], € D([0,T],S5).

As shown in [5], the above definitions may be more simply expressed in terms of convergence
of discrete approximations. In the case of continuous paths, which is our focus in this paper, we
have the following characterization [0 [5]:

Proposition 1.3. x € C°([0,T],RY) has finite quadratic variation along ™ = (7™, n > 1) if and
only if the sequence of functions [x].~ defined by

e () = 3 @t A 8) — (8] A @ty A L) — (8] A L))

tyemn
converges uniformly on [0,T] to a continuous (increasing) function [z], € C°([0,T], S¥).

The notion of quadratic variation along a sequence of partitions is different from the p-
variation for p = 2. The p-variation involves taking a supremum of over all partitions, whereas
quadratic variation is a limit taken along a given sequence (7"),,>1. In general [z], given by
is smaller than the p-variation for p = 2. In fact, for diffusion processes the typical situation is
that the p-variation is (almost-surely) infinite for p = 2 [14, [32] while the quadratic variation is
finite for sequences satisfying some mesh size condition. For instance, typical paths of Brownian



motion have finite quadratic variation along any sequence of partitions with mesh size o(1/logn)
[13, 11] while simultaneously having infinite p-variation almost surely for p < 2 [28, p. 190]:

inf Z W (thy1) — W(t)|> =0, while sup Z |W (thy1) — W(ty)|> = 00

well(0,T) 7ell(0,T)

T s

almost-surely.

The quadratic variation of a path along a sequence of partitions strongly depends on the
chosen sequence. In fact, as shown by Freedman [I6 p. 47], given any continuous functions,
one can always construct a sequence of partitions along which the quadratic variation is zero.
This result was extended by Davis et al. [10] who show that, given any continuous path x €
C°([0,T],R) and any increasing function A : [0, 7] — R, one can construct a partition sequence
7 such that [z], = A. Notwithstanding these negative results, we shall identify a class of paths
z for which [z]; is uniquely defined across the class of balanced partition sequences, which we
now define.

2 Balanced partition sequences

One difficulty in comparing quadratic variation along two different partition sequences is the lack
of uniform bounds on the partition intervals. We introduce in this section the class of balanced
partition sequences which allow for such bounds.

We will say that two (real) sequences a = (an)p>1 and b = (b,),>1 are asymptotically
comparable, denoted a,, < by, if |a,| = O(|by]) and |b,| = O(Jan|) as n — co. If both sequences
are strictly positive then

anp <b, <= limsup— < oo and limsup -— < co.
n— 00 |a'n| n—00 |bn|

2.1 Definition and properties

Definition 2.1 (Balanced partition sequence).
Let " = (0 =ty < t].. <tjy(mn) =T) be a sequence of partitions of [0,7] and
n

= inf ., —ym
— i:O..JIVI}ﬂ'")—ll i~ I

nl_

n n
sup |t — 7.
i=0..N(7m)—1

We say that (7"),>1 is balanced if
Je > 0, Vn>1 -— <ec (6)

This condition means that all intervals in the partition 7™ are asymptotically comparable.
Note that since 7" N (7") < T, any balanced sequence of partitions satisfies

. 7
- N(7m) (™)
We will denote by B([0,77]) the set of all balanced partition sequences of [0, T.
Proposition 2.2. Let 7 = (7"),>1 be a sequence of partitions of [0,T]. Then:

(i) T € B([0,T]) <~ liniian(ﬂ”)ﬂ > 0 and limsup N(7")|7"| < oo.

n—roo



(i) Let N(m",t1,t2) be the number of partition points of #™ in [t1,t2]. If m € B([0,T]) then for

any h >0,
. Supyefo,r—pn) N(7",t,t + h)
lim sup - < 00.
n—oo  infyejor—p) N(7™,t, T+ h)
(i11) If m = (7")n>1 € B([0,T]) then
li N(*) < oo <= li il < oo <= li = < (8)
imsup ———2% < 00 imsup ——— < 00 imsup —— < 0.
w NG P w P gt

(iv) If g € C*([0,T),R) is strictly increasing with inf g’ > 0 then g maps any balanced partition
of [0,T] to a balanced partition sequence of g([0,T1).

The proof of this proposition is given in Appendix
We will say that wo balanced partition sequences 7 = (7"),,>1 and o = (6"),,>1 are (asymp-
totically) comparable if

0 < liminf "] < lim sup "] < 0 9)
e A IS ]
which then implies
N(o™ N(o™
0 < liminf (o") < limsup (") < 00 (10)

e N7y = i W)

We denote 7 < o (or 7" < ¢™). Note that for general (not balanced) sequences of partitions (9)
does not imply : this is a consequence of . If 7 < o then the number of points of 7" in
any interval of o™ remains bounded as n — oc.

The following lemma, whose proof is given in Appendix shows how one can adjust the
rate at which the mesh of a balanced sequence decreases to zero.

Lemma 2.3 (Adjusting the mesh of a balanced sequence). Let 7 = (7"),>1 and 0 = (6")p>1
be two balanced partition sequences of [0,T] with lim sup il

n—oo 0
i

<1 and|7"|

(i) There exists a subsequence (T°(™), 1 of T such that:
o]

lim sup % > 1.

n
(i) If lim sup | |Z+|1| < 00, there exists a subsequence (Tk(n))n>1 of T which is asymptotically
n T -
comparable to o: 7™ < o".

(iii) There exists r : N — N such that

o]
>

lim sup >
no |

(Note that r : N — N may not be injective i.e. (6"™ n > 1) is not a subsequence of o.)



Coarsening A partition may be refined by adding points to it. The inverse operation, which
we call coarsening, corresponds to removing points i.e. subsampling or grouping of partition
points. We will be specifically interested in coarsenings which preserve the balance property but
may modify the asymptotic rate of decrease of the mesh size:

Definition 2.4 (Coarsening of a balanced partition sequence). Let 7" = (0 =t < -+ <
N(zny = T') be a balanced sequence of partitions of [0,7] with vanishing mesh |7"| — 0 and

0 < 8 < 1. A B-coarsening of 7 is a sequence of subpartitions of 7":
A" =(0=1t00 <tpmy < <mnany =T)

such that (A™),>; is a balanced partition sequence of [0, 7] and |A™| < |7"|°.

Note that since 8 < 1, |A"] < |7"|° > |7"| as n increases, so the number of points of 7" in
each interval of A™ increases to infinity:
n—roo

inf ) — j—1) — oc.
o Iy P ) = 1) o

2.2 Quadratic variation along balanced partition sequences

If a path has quadratic variation along a sequence of partitions, then it also has (the same)
quadratic variation along any sub-sequence. This simple remark has interesting implications
when the partition sequences is balanced: comparing the sum of squared increments along the
original sequence with the sum along a sub-sequence (with finer mesh) we obtain that, under some
scaling conditions on the mesh, cross-products of increments along the finer partition average to
zero across the coarser partition.

Lemma 2.5 (Averaging property of cross-products of increments). Let z € C([0,T],R?) for
some >0 and o™ = {sg = 0,87, 85, , S\ (on)=7} be a balanced sequence of partitions of [0, T

1
such that © € Qu([0,T],RY). Let x > S and (0'"),>1 a subsequence of o™ with |o'"| < |o™|".
Define p(k,n) = inf{m > 1: skt € (sp,s,4]} fork=1---N(c"). Then

> (st =6t () ot ) 22

k=1 p(k,n)<ij<p(k+1m)—1

N(o™)

We provide the proof for d = 1. The extension to d > 1 is straightforward.
Proof. Let o' be a sub-sequence of o™ satisfying |o'"| < |¢"|". Define

N(o™)—1

wlon () = > (alsi AD —alst A0 Talon @) = Y (alsly A ) — sy /\t))z.
k=1 sic" coln

Then [2],1, (t) — []on (t) — 0. Grouping the points of ¢'* along intervals of ¢", we obtain:

D (w(st) —a(s)? = Y (alsit) — a(si)?

[z]on = [2]gin

on oln
plit1,m)—1 N(o™)
SN (CEMEREN D SN CCOERES) S R DR AN B
o j=pim) k=1



N(o™)

p(i+1,n)—1
S N (MR SN CC R 01 | B DECC O R )

on j=p(i.n) k=1

Using the Holder continuity of f, the last term in the above equation is bounded above by
N(U’Il)

Z Clo'[>** < CN(o™)|o'[**. Now using the balanced property of ¢, the last term is

k=1

bounded above by
N(o_’n)

C N(o™ —2aKk N—00
; Cl‘O'l”|2a < N(O’n)01‘0'l”|2a < ZW <Oy x N(O_n)l 2 :’> 0

since 1 — 2ka < 0. So finally we obtain

N(o™)
lim | Y 3 (#(st30) = 2(si) (2(si) = 2(s5) | < Tim |falon = [alotn | = 0.
k=1 p(k,n)<i#j<p(k+1,n)
|

3 Quadratic roughness

3.1 Quadratic roughness along a sequence of partitions

Lemma [2.5] shows that if a function has finite quadratic variation along a balanced partition
sequence, then the product of the increments along any subsequence with sufficiently small mesh
average to zero if we do the averaging along the original (coarser) sequence. Intuitively, this
means that there is enough cancellation across neighboring increments such that their cross-
products average to zero over a coarser grid. We will now introduce a slightly extended version
of this property, which we call quadratic roughness, and show that plays a key role in the stability
of quadratic variation with respect to the partition.

Definition 3.1 (Quadratic roughness). Let 7" = (0 = t5 < t{.. <t} = T) be a balanced
sequence of partitions of [0, 7] with [7™| — 0 and 0 < 3 < 1. We say that = € Q, ([0, T], R?) has
the quadratic roughness property along 7 with coarsening index § on [0, T if for any -coarsening
An = (0 = t;(n,o) < tg(n,l) << tZ(n,N(A")) = T) Of 7 we have
N(A™)
> > ((tP A ) — 2t A D)) (g A t) — () AL)) 2220,
J=1 p(n,j—1)<i#i’<p(n,j)
We denote by R2([0,T],R?) € Q,([0,T],RY) the set of paths satisfying this property.
In other words, the quadratic roughness property states that cross-products of increments
along 7" average to zero over any ((-)coarsening of 7" as the mesh is refined.

Remark 3.2. Let 0 = (6™),>1 be a balanced partition sequence of [0,T] with |¢"| — 0. Then
the quadratic roughness property along ¢ implies existence of quadratic variation along any
[B-coarsening of o i.e. any sequence of subpartitions of ¢ satisfying Definition [2.4

RJ([0,T],RY) [ Qx([0,T],RY),
m€C(B,0)

where C(3,0) denotes the set of all possible S-coarsenings of o.



Proposition 3.3. Let m = (7"),>1 be a balanced partition sequence of [0,T] with |7"| — 0 and
€ RE([0,T),R?) with 0 < 3 < 1. Then:

1. For any interval I C [0,T], x has the quadratic roughness property on I along 7y =
(17 )nz1 = (7" N D12 @ € RY ([0,T],RY).

2. For any subsequence 7 = 7™ of 7, we have x € R%([0,T],RY).

3. For any A\ € R, Az € RP([0, T],RY).

4. If y is a function with bounded variation then x +y € R2([0,T],R?).
The proof of this lemma is given in Appendix

3.2 Quadratic roughness of Brownian paths

We will now show that the quadratic roughness property is satisfied by typical sample paths of
Brownian motion.
Denote by

d(t",0") = max {max min |t — s|, max min |t — s}
teT™ sco™ seom teT™

the Hausdorff distance between two partitions ¢™ and 7" of [0,T]. For any t € 7" there exists
s € o" such that |t — s| < d(7", ™).

Lemma 3.4. Let 1 = (7"),>1 be a balanced sequence of partitions of [0,T). Then for all
A,B € C(B,7) there exists M(A, B) > 0 such that, for all n > 1, the number of points of A™ in
each interval of B™ is bounded by M (A, B).

Proof. Let, A" = (Z(m)at;t(mz)v”' sty N (anyy) and B = (80, 1)stgn,2)s "+ s tgn,n(Bm))) be
[B—coarsenings of 7. Since

LA AT (B

imsu imsu

P T el P A - T 210

. |[A™ [ A”I} { Iﬂllq [ IB"]

lim su < limsup |limsu X [lim su X [lim su <M < 0.

using the fact that |[A"| =< |7"|® < |B"| and B"™ is a balanced sequence of partitions of [0, 7).

Bn
Interchanging the roles of A™ and B"™ we also have lim sup | n| < 0o. Hence for all A", B" €
n— oo 1
C™(B,m), there exists M (A, B) > 0 such that, for all n > 1, the number of points of A" in each
interval of B" is bounded by M (A, B). [ |

For a f-coarsening A = (A"),>1, of 7 define:
A"

w7

7"

lim sup

All; = max{lim su
|| Hﬂ- {n—> P n— o0 |An|’ n—o0 Af

[ee]
Denoting G(8,m, k) = {A € C(B,7) : ||A|| <k} C C(B,7) we have C(,7) = UrenG (B, 7, k).
Lemma 3.5. Let " be a balanced sequence of partitions of [0,T]. Then:

Vk>1, 3L(B,m k) >0, Vn > 1, sup  d(A™ B™) < L(B,m, k) |7"°.
A,Beg(B,m,k)



Proof. If the conclusion does not hold, then limsup  sup = 0o. Then, given any

n—oo A’Bec(ﬁ,ﬂ—)
K > 0 there exists A, B € C(8,m) such that

d(A™, B™)

EZE > K.

lim sup
n—oo

Since A, B € C(B, ), there exists C > 0 such that for all n > 1,
A < Cl"?, B < Ol

From Lemma and the definition of G(3,m, k), there exists M (A, B) > 0 such that for all
n > 1, the number of points of A™ in each interval of B™ is bounded by M (A, B). So:

max min |t —s| < M|B"| < MC|z"|® and max min |t — s| < M|A"| < MC|z"|".

teA™ se B" seB™ te A™

Therefore for all n > 1, d(A™, B") < MC|x"|?. Choosing L > MC leads to a contradiction.
Hence the result follows. n

Lemma 3.6. Let m be a balanced sequence of partitions of [0,T] and A,B € C(B,7) be (-
1
coarsenings of w. Let B < v < 5 If form > 1, d(A™, B™) < c|n"|" for some ¢ < co then

Ywe CF([0,T],R),  [w]a = [w]p-

Proof. Since d(A™, B") < ¢|n™|7 for any t € A" there exists at least one s € B™ such that
|s —t] < c|x"|". Let
A" =(0=af <ay < - <ayumy =T).

For ¢ € {1,2--- N(A™)} there exists m; > 1 such that

¥ o—apl < danp

57 < 85t < --- < spi, € B™ such that sup s

je{l--mqan}
Now from Lemma we can conclude that m] < M < oo for all n > 1 and 4. Also notice that:

{5

as, d(A™, B™) < ¢|=x"|".
Let w € CY/27([0,T],R). Then for any v < a < 1/2:

i=1,2---N(A") and j =1,2,---m}'} D B"

(wlaliy) - mz( () — (i) = 3 (s —wtsh) | = ot parane).
j=2 §'=2

So, |[wlar — [w]pn| = O(N(A™)|x"[7*|A"*) = O(|x"[**FF*=F) = O(|x"|*Fo+eD). Now
1

from the construction we have > 1 which implies J 4+ 1 > 2. Choosing —— < a < = then
B g Y+ 8 2

leads to %a+a—1>050

|[[w]an — [w]p=| = O(|7Tn|5(%oz+a—1)) nooo

10



1
Remark 3.7. In fact one can obtain a more refined estimate for A, B € G(8, 7, k). Let 8 < v < 5
Then d(A"™, B") < ¢|r"|” implies

1
Vo e CH(O.TIR), Vo<, lulan — [lpe] < MPTR® wllaln"| 205,

where ||wl||o is the a-Holder norm of w. Furthermore, there exists a > 0 such that

= of|"|%).

sup [[wlar — [wpn
A,BEG(B,m,k)

Theorem 3.8 (Quadratic roughness of Brownian paths). Let W be a Wiener process on a
probability space (Q, F,P), T >0 and (7")p>1 a balanced sequence of partitions of [0,T] with

(logm)” |m for some v>2. (11)

Then the sample paths of W almost-surely satisfy the quadratic roughness property on [0, T):
2
VB e (=), P(W e RE(0,T],R) ) =1.

Proof. Let W be a Wiener process on a probability space (€2, F,P), which we take to be the
canonical Wiener space without loss of generality i.e Q = C°([0,T],R), W (t,w) = w(t). Using
Lévy’s modulus of continuity result,

(W(t+h) - W(t)|

lim sup =1 almost surely,
h=00<i<T—h 2hlog(1/h)

so there exists d,¢ > 0 and Q; C Q with P(€;) = 1 such that for h < § we have

Yw € £, lw(t+h) —w(t)| < cy/hlog(%).

For any 0 < a < 1/2 we have

Yw € Q4, sup —|w(t +h) —w(t)

1
< ch2=% [log(>).
0<h<$§ he - g(h)

The right hand side is bounded and has a finite maximum C, on [0, ] so

Vw € Q, sup —|w(t +h) —w(t)]

< C. (12)
0<h<§ ha

Let 7" = (0 =ty < ty'.. <t} () =T) be a balanced sequence of partitions of [0, 7] satisfying
(L1). Then |7™|logn — 0 so the results of Dudley [I3] imply that

P (Z W (2 At) — W A2 t) =1.

Furthermore P(C2 ([0, T],R)) = 1, so if we set o = 2N Q([0,T]) N C2~([0,T],R) N Qy then
P(0) =1 and any w € Qq satisfies [w],(t) = ¢ and for any 0 < a < 1/2.

11



Let 8 € (2 1) and C(, ) be the set of all S-coarsenings of 7 i.e. sequences of subpartitions
v
satisfying Definition and C,(8,m) = {A", A€ C(B,m)}. Let A= (A") € C(B, ) with

A (O — tp(ﬂ 0) < tp(n 1) < e < tZ(n,N(A")) = T). (13)

Define a;;y = \/(t?ﬂ — ) (th  —t5)ifp(n, j—1) <i# 4 < p(n,j) forsome j € {1,2--- N(A")}
otherwise set a;;; = 0. Let

N(A®) N(=")
n n n T n n n n
S(A™, W) = Z Z (W(ti+1) - W(t; )) (W(ti/+1) - W( z/)) = Z @i Xi X
J=1 p(n,j—1)<i#i’ <p(n.j) i,i'=1
where - Wit
o) — n
X;n, _ ( 7,+:l> n( z) (07 1)
th g —tf
are IID variables for ¢ = 0,--- N(7n™) — 1. Let
N(A™)
PO =D SR DY
1<i,! SN(7™) =1 p(n,j—1)<iz#i’ <p(n,j)
N(A’Vl) N(A’Vl N(A’Vl

< Z Z t"At < Z |An|2 < |An| Z |An AH‘T

=1 p(n,j—1)<izi’ <p(n,j)
The Hanson-Wright inequality [20] then implies that for any § > 0, there exists constants C
and Cy such that
1 8% | n—ooo 1)
,Co——1) < 2exp | —C1———
VAT AT VA

since |A"| < |7"|? — 0. As |7"|?(logn)? — 0, if we denote ¢,, = v/|A"|(logn) then ¢, — 0 and
we can rewrite this bound as

Vn > 1, ]P’(|S(A",W)| > 5> < 2exp(— min{C; —=

2 2
IP’(|S(A”,W)| > 5) < 2 exp(— minf Clilog", €20 g(log") b < nfg (14)

1
Let g < v < 3 and & > 1. Denote R(n) = [L(ﬂ,mk)|7r”|ﬂ_7] + 1, where L(8,7, k) is the
constant defined in Lemma [3.5] For i € {1,2,---, R(n)}, we define

Fi'(B,m) ={B € G(B,m k),d(A", B") € [(i = D)[x"",i|x"[7)} C C(B, m).

Then by Lemma g (B,m k) = UR(n)]:"(,B, 7). From Remark m there exists a Ny € N such
that for all ¢ € {1,2--- R(n)} and for all n > Ny:

VweQ, VB,CeF B, |war—[wen| <

| >
IN
[CIRCY

\|S<B",w>| 150 w)]

12



So, if there exists C' € F;*(8, w) such that |[S(C™, W)| > § then for any B € F;'(3,7) we have
)
|S(B™,W)| > 3 ie.
5
VB e F'(B,7), P(3C € F'(B,m) : |[S(C™",W)| > ) <P (|S(B”,W)| > 2) .

Combining this with our previous Hanson-Wright estimate yields

2C

IE”(HC e F(B,m),|S(C™ W)| > 5) S Gl

So for all n > Ny,

R(n)
P(EIB € G(B,m,k),|S(B",W)| > 5) <> 1P><30 e FrB,m) - |S(C™, W)| > 5)
=1

2(8—7)
205R(n) _ 2C5([L(B,m K)|m" "] + 1) _ 2Co(L(B,m K)|x"|° 7 +2) _ (logn\" 7 Cs
- nCNS/En, - ’I’LClé/E" - nCuS/En - En nclé/sn'
Therefore
1 2([35*"{) 1
n n Ogn

2(B—v)

logn 4

The series E & ——— < oo is absolutely convergent. So we can apply the Borel-

sn nCl 6/6n
n

Cantelli lemma to obtain for each § > 0 a set Qs with P(Q5) = 1 and N5 € N such that
Yw € Q5, VYAeC(B,m), Vn>Ns |S(A",W)(w)| <.
Now if we set
Qr=QN (kglﬂl/k> then P(Q,) =1
and for paths in , we have S(A",w) — 0 simultaneously for all f—coarsenings A € G(53,m, k):
Vwe Qr, YAeG(B,mk),  SA"w)" =70,
which is true for all k¥ € N. Noting that C(8,7) = UrenG(8, 7, k) allows to conclude
Vw e Qr, YA€ UrenG(B,m k) =C(B,m),  SA"w)"=*0,

therefore P ( W € RZ([0,T],R) ) = 1.
|

Combining Theorem [3.8| with Remark [3.2] we obtain the almost-sure convergence of quadratic
variation for Brownian motion simultaneously for all f—coarsenings of :

Corollary 3.9. Under the assumptions of Theorem[3.8,

PlWe () @(071.,RY) |=1
TEC(B,m)

Note that the set C(8, ) of f—coarsenings of 7 is uncountable, so the above result is far from
obvious: metric arguments play a crucial role in Theorem |3.8

13



4 Uniqueness of quadratic variation along balanced parti-
tions

4.1 Main result

The following lemma shows that the quadratic roughness property is a necessary condition for
the stability of quadratic variation with respect to the choice of the partition sequence:

Lemma 4.1. Let 0 < f < 1 and m = (7")n>1 be a balanced partition sequence such that
z € Qr([0,T],RY) with (], strictly increasing. If = has the same quadratic variation along all
B-coarsenings of m then x has the quadratic roughness property along m:

(Vr e C(B,m), [z]r = [z]x) = T e Rf([O,T],]Rd).

Proof. Let 7 € C(8, ) be a B-coarsening of 7. Using the same notation as in Def.

= (0="tpm,0) <ty < <lyn,nmy = T)-

From the assumption we have € Q,([0,7],R?) and [z], = [z],. So for all ¢ € [0,T7:

lim [z]7n () = [2]n (¢) = 0

n—oo
N(™) .
= lim )~ > (2t At) —z(tP A1) (2(thy At) —2(th AL))
§=1 p(n,j—1)<ii'<p(n,j)

which is the quadratic roughness property, so the result follows. |

We will now show that quadratic roughness is also a sufficient condition for the uniqueness
of quadratic variation along balanced partition sequences. We consider partitions satisfying the
following assumption:

Assumption 1. 0 = (¢"),>1 is a balanced sequence of partitions of [0, 7] with |¢"| — 0 and

, o™ . [N(o™h)]
lim sup W < 00, orequivalently lim sup W < 00 (15)

The dyadic partition (and any geometric partition) obviously satisfies this assumption.
Our main result is that quadratic roughness along such a sequence implies uniqueness of
pathwise quadratic variation along all balanced partition sequences:

Theorem 4.2. Let o be a sequence of partitions satisfying Assumptzonl and x € C*([0,T], R? )n
RA([0,T),R?) for some 0 < B < o. Then for any balanced sequence of partitions 7 = (™), >1,
z € Q,([0,T],RY) then [z], = [],.

if

?’L
Proof. We first prove the result in the case where lim Sup |— < 1. We will then show that the

) o7
case limsup —— il

7] > 1 may be reduced to this one.
n
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"]

‘T | < 1 then from Lemma (1) if we define
O—n

If lim sup

k(n) =inf{k >n, |oF|<|r"]} <oo since |rF|"= 0. (16)

then the subsequence (a%™),,>; of o satisfies

lim sup ] >1 and hmsup L < 1.
P k] = [+t
For i = 1.N(7"),
jlin) =ity > 1, " e (17, 1]}
Then we have
k(n) k(n) k(n) n k(n)
Sitim-1 =tk < Sjtimy < < Sitim-1 S B < Satiny

We now show that the size j(i41,n)—j(i,n) of these clusters is uniformly bounded. Assume that

sup  j(i+1,n)—j(i,n) = oo as n — oo. Then, from the above definition of k(n) and using
i=1..N(r")
k(n) IT"| 7"

the balanced property of 7" and o we have lim sup m — 00. Since lim sup m is
n
bounded from we thus have
lim sup il — I —hmsup "] Lo -1 =0
" |Uk(n)| ‘O-k(n)—1| | k(n)— 1| |0-k:(n)|
o7
which contradicts the assumption that lim sup 7] < 0o. Hence the sequence
j a
sup  j(i+1,n) —j(i,n) is bounded as n — oo:
i=1..N (")
3M >0¥in>1,  j(i+1,n)—j(in) <M <oc.
Therefore (0¥(™),>; and (7"),>1 are (asymptotically) comparable i.e. the sequences
N(o*™) |ok()|
—_ and (17)
N(r") |7

are bounded. Define now
l, =inf{l >n: N(ol) > N(gk(n))l/ﬁ}

Then N(o'"~1) < N(c*™)/# < N(o'"). Since the subsequence (o'*) is also balanced, there
exists constants ¢; and ¢y such that ¢i]o' =1 > [o*™ |8 > ¢y|o'|. The points of the partition
7™ are interspersed among those of o'". Define for k = 1--- N(7"):

p(n.k) =inf{m > 1: sh e (t7 tp,,]}

m

Then we have

l
Spinky—1 =tk < Sp(n g < < Sp(n r1)—1 <t < Sp(n k+1) (18)
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where p(n, N(t")) — 1 = N(o'). We will show that by grouping the points of ¢!* according to
the intervals defined by 7" we obtain a S—coarsening of o'» and use the quadratic roughness
property of x to conclude that for all ¢ € [0,T:

N(r™)—1
n n t n n
[l (t) = Y (2(tpg At) —2(ty AL) (a(thy At) — 2(tf AT)) and
k=0
N(o'n)—1
t
[#]yn (t) = Z (m(sigﬁH At) —z(skr A t)) (9!:(52"+1 At) —a(skr A t))
k=0
have the same limits. We shall give the proof for t = T; for t < T we have an additional boundary

term which goes to zero.
Decomposing A} = x(t,,) — z(t}) along the partition points of o', we obtain,

p(n,k+1)—1
2(ty) = 2(t) = @(E40) = 25 ) — @) — sl )+ S (e(sih) —a(si,)
AT D B i=p(n,k)
k k k
Ch
Grouping together the terms in [z],:, according to yields
N(t™) p(n,k+1)—1 .
(2] (T) = ot (T) = AFAE = Y ((s) —a(simy) (a(s) —alsiny)
k=1 i=p(n,k)
N(T™) N(T™) p(n,k+1)—1
n n n n t n n
= > AR -GG+ Y0 |CiC— Yo (als) —a(sy) (a(s) — 2 (simy))
k=1 k=1 i=p(n,k)
Since
N(™) N(™)
> CiCi= > (A} — Di+ Br) (A} — Dy + By)
k=1 k=1
N(t™) N(™) N(r") N(r")
= > AYAR+ > (D= Bo)'(De—Br)+ Y AF'Bi— > AR'Dy
k=1 k=1 k=1 k=1
we finally obtain
N(T™) N(™) N(™) N(T™)
D ARAY - CLCy]| < (D — Be)'(Di, — Bi) |+ | > AR'Bi|+| > AF'Dy.
k=1 k=1 k=1 k=1
N(™)
Now we will show that as n — oo, Z (ARTAR — CLCy) — 0. Since z € C*([0,T],RY) we
k=1
have :
Ve € [0,T —h], Vh>0, lz(t 4+ h) — ()| < ||z||ah™.
Now,
N(T™) N(T™) N(™)

1> DiDil < Y IDelP < ) llzfiZlo™ >
k=1 i=1 k=1
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< @|ZN (™) ]o' 2 < eN (o) |o* ) [2a/B 202 g

N(™)
since o > . Similarly we have Z B} By, — 0. Therefore,
k=1
N(r") N(r™) N(r™)
|(Dk — Bi)" (D, — By)| < 2| > DyDi|+2| > BiBi| — 0.
k=1 k=1 k=1

Using the Cauchy-Schwarz inequality,
N(r™

N(t™)
1> pragi< (>
k=1 k=1

NG

) 1 1
IDkl?)Z (D 1AR1%) 2.
k=1

Since the quadratic variation of x along the sequence of partitions 7 is finite the sequence
N(r™)
|A%||? is bounded. Combining this wit the estimate above we obtain

1

k=
N(T™)
> DA} — 0.
k=1
N(t™) N(r™)
Similarly, we have, Z BEAY — 0. Therefore, Z [ATTAT — CLCy] — 0. Hence
k=1 k=1
N(t™) p(n,k+1)—1
. T t _ Iny In )\t Iny _ ln
nh_%o[m]”(T)_[x]"L" (T) —nlggo Z CrCk Z (x(sz ) 95(51;1)) (x(sz ) x(8i71>)
k=1 i=p(n,k)
The partition points of ¢! and 7 are ordered according to
ln n Ln L, In n In
Spink)—1 =t < Splnr) < Spinryrr < < Sptnkrn—1 S et < Spln ety (19)

Expanding the term C}C}, we obtain:

N(T™) p(n,k+1)—1 .
>oolcici— Y (alsi) = alsin)) (sl — (sl )
k=1 i=p(n,k)
N(v™) .
ln ln ln ln
= 20 | (5 0) = 25 0) (#hpsny 1) = #loiini 1)
k=1
p(n,k+1)—1 .
SY (o) ettt ot ) |
i=p(n,k)

N(™) p(n,k+1)—1

-3 _%) (swtst) a6l ) (atl) = oot ).
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Since z € Rg([QTL]Rd)7 by Proposition iii) = also has the quadratic roughness property
along the subsequence ¢! = (al")nzl with the same coarsening index . We will now show that

ln ln
A" =(0=s5" <8, 1)1 < Sp(n 227" S 5p<n N1 =T)

1
is a f-coarsening of (O‘l”)n21. For large enough n, §ﬂ < A" < AT < 2|7 so (AM) is a

balanced sequence of partitions. Also,

N R R i BV il
unnsup |Uln|[3 S c3 lmnsupm C4 1msup| k(n)| |O,k(n)+1| Q.
On the other hand
liminf A7 > e liminf 1T > 0
1m1n EQE Cs 1mn1n W :

Therefore (A",n > 1) is a [-coarsening of (al”)nzl. The quadratic roughness property of x
along (¢'"),>1 then implies

N(™) p(n,k+1)—

t
DS (a:(sé")x(sézl)) (s6) —otsfe) =0
k=1 i,j=p(n,k)
i)

Therefore (2], — [z]r = lim [a];(T) = [a],1, (T) = 0.
I

Let us now examine the case where limsup o7
on
n

> 1. Using Lemma (i) there exists a

subsequence (7"),>1 = (T (”))nzl of 7 such that:

||

lim sup > 1.

7|
So using the above result [z], = [z],. Since 7 is a subsequence of 7 we have [z], = [z], = [z],. N

As an application, we show that the roughness property and the quadratic variation of a path
are invariant under a reparameterization of the path:

Proposition 4.3 (Stability of quadratic variation under reparameterization). Let o > 0 and
g € CY[0,T],Ry) be an increasing function with infg" > 0 and © a sequence of partitions
satisfying Assumption . Then for x € C*([0,T],R)NR2([0,T],R), we have xog € Q([0,T],R)
and

vte [0, 7], [z]x(9(t)) = [z o glx ().
Proof. Let " = (0 =t} <ty < -+ < t{m) = T) be a balanced partition. Then g(7") =
(9(t),k = 0..N(x™)) defines a partltlon ofT (0), g(T)]. From Proposition iii) the sequence

of partitions g(7) = (g(7")),>1 is balanced. From the mean value theorem there exists U} €
7, 80,,] such that g(t,) — g(t2) = ¢/ (UR)(ty — t7). Therefore

Jimn sup sup.n (9t 41) — 9(ty)) ~limsup WP g Ut — 1)
oo SUPpner (9EET1) = gt ™)  moeo sUPLan g (URF (6 — 7)




The last inequality follows from Assumption [I| on 7. The assumptions on ¢ then imply that
g(m) < . The sequence of partitions g(7™) then satisfies Assumption [l Therefore we can apply
theorem 2] to conclude that

vte[0,T],  [z]x(g(t) = [z 0 gl (t).

4.2 Intrinsic definition of quadratic variation

For v > 0, define P,([0,7]) as the set of balanced partition sequences (¢"),>1 satisfying As-
sumption |1 such that |o"| = o(|logn|~ (")) for some € > 0:

P([0,T]) = {c € B([0,T]), limsup o <00, 3e>0, (logn)’*|o"|"=0}. (20)

n—00 |Un+1‘

Let Q([0,T],R?) be the set of paths which are a—Holder continuous for a < 1/2 and satisfy the
quadratic roughness property along some partition sequence o € Py ([0, T]):

(0,7, RY = ¢4, 7L, RN [ |J  RE(0,TLRY) | . (21)
oc€P4([0,T7])

Lemma 4.4. The class Q([0,T),R%) is non-empty and contains all ’typical’ Brownian paths.

Proof. Let W be a Wiener process on a probability space (£, F,P), which we take to be the
canonical Wiener space without loss of generality. For any o € P4([0,7]), Theorem implies
that
1
P (W € R;([O,T],Rd)) =1

1
Brownian paths are almost-surely a-Holder for a < 3 [26], so

B (W € R3(0,T,RY) nC3((0,T),RY) =1

and the result follows. [ |

Based on the results above we can now give an ’intrinsic’ definition of pathwise quadratic
variation for paths in Q([0, 7], R?) which does not rely on a particular partition sequence:

Proposition 4.5 (Quadratic variation map). There exists a unique map
[.] : Qo T],R) — C°0,1],57)
such that
vr € B([0,T]), Vz € Q.([0,T],R)NQ(0,T],RY), Vte[0,T], [x](t)=][z](t).

We call [z] the quadratic variation of x.
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Proof. Let = € B([0,T]). For any = € Q,([0,T],R%) N Q([O,Tﬁ%d) there exists o € P4([0,T7])

such that = € R2([0,T],R%) nC2~([0,T],R%). Then Theorem |4
partition sequence m € B([0,7]) we have:

implies that for any balanced

Ve e [0,T], [z]x(t) = [x]s(t).
By the same argument the quadratic variation does not depend on the choice of o € Py ([0, T])

such that x € Ré([O, T],R%), so the result follows. [ |

Remark 4.6. If X is a continuous P-semimartingale then its image [X] under the map defined in
Proposition coincides almost-surely with the usual definition of quadratic variation. Building

n [22], Karandikar and Rao [24] construct a (different) quadratic variation map which shares
this property. In contrast to [24], our construction does not rely on specific path-dependent
partitions, identifies explicitly the domain of definition of the map (rather than implicitly in
terms of the support of a probability measure) and does not use any probabilistic tools.

5 Pathwise Ito calculus

5.1 Pathwise integration and the pathwise It6 formula

Theorem and Proposition allow to give an intrinsic formulation of Follmer’s pathwise
integration and pathwise It6 calculus, without relying on a specific sequence of partitions.

Theorem 5.1 (Uniqueness of the Follmer integral). There exists a unique map
I : C*(RY) x Q([0,T],RY) — 09([0,T],R)
(fa) = I(fa)= [ (Vfoa)d

0

such that: Yr € B([0,T]), Vz € Q.([0,T],RY) N Q([0,T],RY), Vte[0,T],

1)) = [ (Vo) = i VA i A1) 507 A1)

T

We denote I(f,x) = /(Vf ox)dx. Furthermore
0

Ve CYHRY), VreB(0,T]), Vze Q(0,T],RY) N Q(0,T],RY),

fat) = F@() = [ (Vroyde+s [ <V fa).del > (22)

and [/(J‘(Vfox)dx)L(t):/ot<(Vfox)t(woz),d[x]>. (23)

Proof. For any balanced partition sequence m € B([0,T]) if z € Q. ([0, T],RY)NQ([0, T],R?) then

there exists o € P4([0,T)) such that z € Ré ([0,7),RYY N C=([0,T],R?). Then the pathwise Ito
formula [I5] implies

| wromre = s - fa0) - 5 [ < V2f(@).di. >
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and /0 (Vfox)d®z= f(z(t)) — f(z(0)) — 7/0 < Vef(x),d[z]e > .
From Theorem [£.2] we have [2], = [z].. So:

t
vt € [0,T], /t(Vfox).d’Tx/ (Vfox)dx
0 0

t
i.e. the pathwise integral / (Vf ox).d™x along a balanced sequence of partitions m does not
0
depend on choice of 7. By the same argument, it does not depend on the choice of o € P4([0,T1).
To show I(f,z) € Q([0,T],R) we first note that by [I, Lemma 4.11] we have I(f,x) €
CE((0,7],R).
Applying the pathwise isometry formula [2, Theorem 2.1], to the integral / (Vfox).d x we
0

obtain that /'(Vf o z).d"z = /‘(Vf 0 2).d7z € Q. ([0, T],R) N Qu ([0, T], R) and
0 0

{/OAVfoxdx]w(t)Z/ot< (Vfox) (Vfoux)dzl,>.

From Theorem |4.2| we have [z], = [z],, so { / Vfox dx} (t) does not depend on choice of
0

™
balanced partition 7. As a consequence:

[/O.VJ"oxde(t)Z [/O.Vfoxdm]w(t):/ot<(Vfox)t(Vfoa?),d[x]>,

Since [z] is strictly increasing by assumption, the right hand side is a strictly increasing function
1
as soon as V fox # 0 (otherwise the result trivially holds). Since we can choose any 7 € C (5, o)

in the above, we can apply Lemma to conclude that I(f,z) has the quadratic roughness
property along o: I(f,z) € RY?([0,T],R). So finally I(f,z) € Q.([0,T],R). |

5.2 Local time

Pathwise analogues of (semimartingale) local time have been considered in [3], 8, @] 25] 29 B33] in
the context of extension of Follmer’s pathwise Ito formula to convex functions or functions with
Sobolev regularity. In the aforementioned studies, local time of a path is constructed as a limit
of a sequence of discrete approximations along a sequence of time partitions.

Given a partition sequence 0 = (0™),>; and a path € C°([0,T],R) N Q,([0,T],R), one
defines the function L : R — R by

L7 w) =2 Y e wen, @) @ At) —ul.

treomn0,¢]
where [[u,v)] := [u,v) if u < v and [[u,v)] == [v,u) if w > v. LY is bounded and zero outside
[min z, max z].

Following [33 B, @, 29] we say that z has (L*-)local time on [0,7] along o if the sequence
(L¢",n > 1) converges weakly in L?(R) to a limit L? for all ¢ € [0, T7:

vVt €[0,T], Vhe L*(R), / LY (u)h(u)du "= / LY (w)h(u)du.
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The local time along 7 satisfies the occupation time formula [33, [3, 29]: for every Borel set

A € B(R), )
/ALf(u)du = %/0 1a(x)d[x]~

and the following extension of the pathwise Ito formula to functions in the Sobolev space
W22(R) (see e.g.[I0, Thm 3.1]):

VFEWR®), fa(t) = 160) = [ (fToarda+ [ IF@ (W (24)

where the first integral is a limit of left Riemann sums along 7:
t
/ T o, s / n n _ n
ﬂhmmﬁ%;WWWMQWM

Unlike the intrinsic definition of local time for real functions (see e.g. [I8]), the above construction
depends on the choice of the partition sequence 7w and a natural question is therefore to clarify
the dependence of this local time on choice of the partition sequence. Note that, differently from
[19], LT is the density of a weighted occupation measure, weighted by quadratic variation [z], so
a necessary condition for the uniqueness of L] is the uniqueness of [z],.

We now show that the quadratic roughness property implies an invariance property of the
local time with respect to the sequence of partitions:

Theorem 5.2 (Uniqueness of local time for rough functions). Let o be a sequence of partitions
1
satisfying Assumption and x € C*([0,T],R) N R2([0,T],R) with 0 < f < a < 3 Assume x

has local time L] on [0,t] along o. Then if x has local time LT on [0,t] along some balanced
partition sequence m € B(0,T]) then

L7 (u) = LY (u) du — a.e.
This defines a unique element L; € L*(R) which we call the local time of x on [0,1].

This result shows that for paths satisfying the quadratic roughness property, the (LQ-)local
time is an intrinsic object associated with the path x, independent of the (balanced) sequence of
partitions used in the construction.

Proof. From [33] Satz 9] for any Borel set A € B(R) we have the occupation density formula:

/ALf(u)du = ;/Ot 1a(x)d[z],.

If 7 is a balanced sequence of partitions and the local time along 7 exists, we also have

VA € B(R), /ALf(u)du = %/0 La(x)d[x].

0"

Since 7 is balanced and lim sup ‘ Z ] < 00, Theorem [4.2| implies that [z], = [z],. Hence
n o

VA € B(R), /A L7 (w)du = /A L9 (w)du,

which implies LY = L7 almost everywhere. ]
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An important consequence of this result is the uniqueness of limits of left Riemann sums for
integrands in the Sobolev space W*%(R) and a robust version of the pathwise Tanaka formula:

Corollary 5.3 (Uniqueness of Follmer integral on W*%(R) and pathwise Tanaka formula).
Under the assumptions of theorem[5.9 we have:

t t
Vvh € WH3(R),Vt € [0, T], / (hoz)d™x = / (hox)d .
0 0
t
Designating this common value by / (h o x)dx, we oblain
0

Vi e WRAR)VEE 0,T),  f(a(t) - f(2(0) = / (f'ow)dr + / Le(u)f" (wydu,  (25)

where the pathwise integral and the local time may be computed with respect to any balanced
partition sequence along which x has local time.

Acknowledgements. We thank Anna Ananova, Henry Chiu and David Promel for helpful
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A Proofs of lemmas

A.1 Proof of Proposition

(i) For any sequence of partitions 7 of [0, T] and for any n > 1:
N(@™")a"™ <T < N(x™)|x"|.

ny T
7|

For proof of (=): Using the balanced property, hni) inf N(z™)x" = hni) inf N(x™)|m

1 T
> liminf —~N(z™)|x"| > — > 0.
n—oo C c | n‘

Similarly, lim inf N (7™)|7"| = lim inf N (7"™)z" <liminf eN(7™)x" < T < 0.
n—oo n—oo

il n—oo
n N n n 1' N n n
For proof of (<): 1imsupm = lim sup (") || = 1.rnsupn_>oo (") || < 0.
n—00 ﬂ n—>00 N(W”)ﬂ hm Supn%oo N(ﬂ—n)ﬂ

(ii) For any sequence of partitions 7, and any fixed h > 0 there exists a Ny such that for all
n > Ny, |7"| < h. So for all n > Ny and for all ¢ € [0, — h], N(n",t,t+ h) > 1. Hence:

h
e G i
T N(’]Tn,t7t+h) — |7T |
So
su g N(x™ t,t+h n h
lim sup - Pielo,1-h] ( ) < limsupM X — < 00.
n—oo 1nfte[0’T7h] N(TF”,t,t-‘rh) n— oo h "

(iii) For any balanced sequence of partitions 7 of [0, T] and for any n > 1:
aN(@E)| " < N(r")za" <T < N(x")|n"| < coN(7™)m".

c1 and ¢y are constants > 0. So the equivalence follows.
(iv) Let m = (7™)n>1 be any balanced sequence of partitions of [0, T:

Now, define the new partition g(7) = (g(7")),>1 as follows:
g(x") = (9(0) = g(t7) < 9(t5) < -+ < g(thun) = 9(T)))

Now, from mean value theorem there exists uy, vy € [t}, ), ] such that,
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supn g'(up) (tr gy — )

g | s l(tRe) — 9() |
im sup —=| = (limsup - - -+ | = |limsup - TR -
n—oo  g(m") n—oo infzn (g(tk+1) - g(tk)) n—oo ifzn g (Uk)(tk+1 - tk)
n g (uy Supa (t t !
< limsups,upﬂigl(qi’:) x |lim sup - b (:H ) < ITlan, c < 00.
n—oo infrn g'(vy) n—oo Infrn( [ ty) inf g

A.2 Proof of Lemma 2.3

Denote the partition points of 7" and o™ respectively by (¢3,k = 0.N(7")) and (s, =
0..N(a™)).

[

Proof of (i): From the assumption we have, lim sup W > 1. Then there exists Ny € N such
n o
n
that for n > Ny, ||T”| > 1. Since we are only concerned about the limiting behaviour when
o
n — oo we will only consider n > Ny throughout the rest of the proof.
TTL TTL
If lim sup o7 < oo we set k(n) = n; otherwise if lim sup o7 = 400 we define:
n o n o
k(n) =inf{k >n, |r* <|o"]} <oo since |rF|"=70. (26)

We now consider the subsequence (75),,~1 of 7. From the definition of k(n):
: ||
hmnsup m > 1.
Proof of (ii): Define k(n) as in fori =1..N(o"),
jim) =inf(j > 1, 65 € (57 st}

Then we have

k(n) k(n) k(n)
jlim—1 S Sk < it < <l -1 S Stk <

3(i4+1,n)"
If for some ¢, j(i+1,n)- j(i;n)— oo as n — oo then, from the above construction of k(n)

m—)ooand

and using the well balanced property of ¢" and 7

L e o] [l
SUp k()1 (R =1 | [rR)]
because of our assumption. Hence the size j(i + 1,n) — j(i,n) of clusters is uniformly bounded:

we have: limsup
n

— 1| — oo which is a contradiction

< 1. Hence, limsup
n

Vk,n>1,5(i+1,n) —j(i,n) < M < oco.

So there exists a constant cg such that
n

1 <limsup % < ¢y < 0. (27)
n 7-

Therefore (7%("),,51 and (6™),,>; are (asymptotically) comparable.

Proof of (i1): If limsup el < 1 then the set {n > 1, m > 1} is finite and the set,
7| 7"
n T T
_ |o"|
A={n>1, <1}

iad
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is infinite. Now define r : N — N as follows: we set r(n) = n for n ¢ A and

r(n) = inf{k > 1, |o*] > |7"|} < 00 for n e A.

Then
|gr(n)| |Ur(n)|

= lim sup
neA

> 1.

lim su
A 7]

A.3 Proof of Proposition

The proof of 1 — 3 are direct consequences of Definition The proof of 4 is as follows.
LetA" = (0 = {pi0) < tpn1y < " < tpunany = T) be any S—coarsening of 7. Then

|A"| < |7"|®. Let I7' = (tp(n,j—1)s tp(n,j] N [0,t]. Then for all ¢ € (0,77 :

Z Yo @+ ) = @+ ) (@ +y)En) = @ +y)E)

= > > () = w() (@) - 2(1)

J=1 tpstnelr

+ 30T () — ) () — ()

j=1 t” ;étn EI"

+ 30 3T (@) - )y — ().

J=1 tp£trely
From the quadratic roughness property of x, the first term in the sum goes to zero as n increases.
For the last sum we have

N(A™)

ST () — )yt ) — )

J=1 tp#£tnelr

N(A™)
= Z S ) —u@) Y (@) - a()
j=1 trelr tneln tr AT,
N(A™)
t
< YD ) — ()] S (atp) —at)
j=1 trelr trelr tmtr,
N(A™) )
< 0D vt -y > () — 2| + (@t y) — ()
j=1 trerr trelr
N(A™)
< [sup Z (z(tiy) — (t])) +SUP’ w(thiq) — (ﬁm Z Z ‘y Y tir)
J treln j=1 tnerr
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< [sup| Y (w(tfyy) — =) +St;p|(w(t2+1)—x(t2)| Dy — ()
Jolipery purs

Since A" is a balanced sequence and N(A"™) — oo, we have |A"| — 0 so by continuity of x, the
first term goes to zero as n — oo. The second term is bounded as y has bounded variation. So

we have
N(A7L)

oY (i) - et)) (w(thi) - yEn)) o,

J=1 tp#£tnelr

Similarly,
N(A™)

Do > W) —u) (bt ) — u(t) S 0.

J=1 tpAtTEIr

This completes the proof.
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