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Global representation and multi-scale expansion for the
Dirichlet problem in a domain with a small hole close to the
boundary
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Marc Dambrinef and Paolo Musolino®

February 22, 2019

Abstract

For each pair € = (1, €2) of positive parameters, we define a perforated domain Q¢ by
making a small hole of size £1€5 in an open regular subset §2 of R™ (n > 3). The hole is
situated at distance &1 from the outer boundary 9 of the domain. Then, when & — (0, 0)
both the size of the hole and its distance from 0f) tend to zero, but the size shrinks faster
than the distance. In such perforated domain 2. we consider a Dirichlet problem for the
Laplace equation and we denote by u. its solution. Our aim is to represent the map that
takes € to ue in term of real analytic functions of e defined in a neighborhood of (0,0).
In contrast with previous results valid only for restrictions of ue to suitable subsets of €2,
we prove a global representation formula that holds on the whole of €2.. Such a formula
allows to rigorously justify multi-scale expansions, which we subsequently construct.

Keywords: Dirichlet problem; singularly perturbed perforated domain; Laplace operator;
real analytic continuation in Banach space; multi-scale asymptotic expansion
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1 Introduction

Boundary value problems in domains with small holes are a typical subject of asymptotic
analysis and are usually studied by means of asymptotic expansion methods. The aim of such
methods is to obtain an asymptotic approximation that describes the behavior of the solution
as a small perturbation parameter (which could be the size of the hole) tends to zero. There
are different techniques to obtain such approximations: for example, the method of matching
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outer and inner expansions of II'in [9] [10], the multi-scale (or compound) expansion method
of Maz’ya, Nazarov, and Plamenevskij [14], and the asymptotic analysis of Green’s kernels of
Maz’ya, Movchan, and Nieves [13].

Recently another method has appeared that takes a different stand point with respect to
asymptotic analysis. This new method is based on the functional analytic approach proposed
by Lanza de Cristoforis (cf. [I1], 12]) and the core feature is the description of the solution in
terms of real analytic functions of one or several variables depending on the small parameter
that characterizes the perturbation.

In this paper we show an interaction between the functional analytic approach and the
expansion methods of asymptotic analysis. To do so, we will consider a Dirichlet problem
for the Laplace equation in a domain with a small hole ‘moderately close’ to the boundary.
That is, a hole that approaches the outer boundary of the domain while shrinking its size at
a faster speed.

The same problem has been already considered in [I], where the functional analytic ap-
proach has been used to prove real analytic representation formulas for certain restrictions
of the solution to suitable subsets of the perturbed domain. Here instead, we obtain a rep-
resentation formula in the whole domain of definition of the solution. The advantage of such
a formula is that it can be used to justify multi-scale expansions and to deduce an effective
recursive algorithm for the computation of such expansions.

We now introduce the geometric setting of the problem. For the sake of simplicity, we
confine ourselves to the case where the dimension n € N is greater than or equal to 3 (in
contrast with [1], where the two dimensional case is also treated). Moreover, without loss of
generality, we place the problem in the upper half-space

RY = {x= (z1,...,2,) € R" : 2, > 0}.

We note that the boundary OR’} coincides with the hyperplane x,, = 0. Then we fix a domain
Q) that plays the role of the ‘unperturbed’ domain in which we make a hole. We assume that

Q is an open bounded connected subset of R’} of class €%, (Hy)

where « €]0,1[ is a regularity parameter. The definition of functions and sets of the usual
Schauder classes €% (k = 0,1) can be found, for example, in Gilbarg and Trudinger [8, §6.2].
In this paper, we assume that a part of the boundary 02 of €2 is flat and that the hole is
approaching it (see Figure [1]). To do so, we set

0§ = 00 N ORY, 0+ =0QNRY,
and we assume that
0of2 is an open neighborhood of 0 in JR'}. (H2)
Then we introduce another set w such that
w is a bounded open connected subset of R™ of class 1 and 0 € w.

w plays the role of a reference set for the shape of the perforation. Finally, we fix a point

p:(pl)"'Jpn)eRn’



and define the hole we by

We = €1p + €162w, Ve = (e1,e2) € R2.

We adopt the following notation. If €’ = (¢},¢}),€"” = (¢f,€5) € R?, then we write ¢’ < &”

(respectively, &’ < €") if and only if €, < €7 (vespectively, £’ < €7), for j = 1,2, and denote by
Je’,€"[ the open rectangular domain of € € R? such that €’ < € < €”. We also set 0 = (0,0).
Then there exists €24 > 0 such that

we C Q, Ve €]0,e™].

The rectangular set ]0,e®![ consists of admissible parameters for which we can define the
perforated domain 2. obtained by removing from the unperturbed domain €2 the closure g
of we, i.e.,

Qe =0\ wyg, Ve €]0,e™].

It can be easily verified that for all € € |0, €24[, Q. is a bounded connected open domain of class
€1 with boundary 99, consisting of two connected components: 9 and Owe = e1p+e1620w.
The parameter &1 controls the distance of the hole w, from the boundary 0f2; the product
169 controls its size. As the pair € € ]0,e*d[ approaches the singular value 0, both the size
of the cavity and its distance from the boundary 02 tend to 0. In particular, the ratio of the
size of the hole to its distance from the boundary tends to 0, and we can say that the size
tends to zero ‘faster’ than the distance. Figure 1] illustrates our geometric setting.

02

Figure 1: Geometric setting.

Now, we fix two functions ¢g° € €1*(99) and ¢' € €1*(0w) and for each € € ]0, [ we
consider the following Dirichlet problem in the e-dependent domain €):

Au(x) =0, Vx € (e,
u(x) = ¢°(x), Vx € 012, (1.1)
u(x) = g%%), Vx € Owe.

As is well known, has a unique solution in €'%%(Q,) (which depends on &) and we denote
such a solution by we. Our aim is to understand the behavior of u. when the parameter
e = (e1,&2) approaches the singular value 0 = (0,0) and study its dependence upon €. As
mentioned above, we proceed in two steps:



e First we use the functional analytic approach to describe the dependence of us upon €
in terms of real analytic maps of € defined in a neighborhood of 0. In particular, we
obtain a global representation formula that holds in the whole of ).

e Then we exploit such a formula to deduce a rigorously justified multi-scale iterative
procedure and compute an asymptotic expansion of u. for € close to 0.

1.1 The Functional Analytic Approach

As we have seen in [I], to apply the functional analytic approach to problem (1.1, it is
necessary to introduce further regularity conditions on the domain 2 (in addition to (H;)) and
(H2))) and on the Dirichlet datum ¢°. Namely, we have to ask that

9, is a compact submanifold with boundary of R™ of class ¢, (Hs)
and that
there exists ro > 0 such that the restriction gjg ,,)ng,0 is real analytic. (Hy)

Here and in what follows B(0,79) denotes the ball in R™ of radius ro and center 0. A con-
sequence of is that there exist linear and continuous extension operators E*® from
EF(049Q) to €F(09), for k = 0,1 (cf. [I, Lemma 2.17]).

Under assumptions 7, we have proven that the restriction of u. to a subset ‘far’
from the hole depends real analytically on the perturbation parameters €, as the following
theorem states (see [I, Thm. 1.2]).

Theorem 1.1. Let Q' be an open subset of Q such that 0 & €. There are €' € ]O,Eid[ with
WeNQY =0 for alle €] —€',€'[ and a real analytic map ey from | — €', €'[ to €H*(V) such
that
u€|W = gy [E], Ve € ]0,8/[.
Furthermore,
e [0] = wopeyr,

where ug € €1%(Q) is the unique solution of

{Auo =0 inQ, (1.2)

ug = ¢° on 0N.

The theorem above characterizes the ‘macroscopic’ behavior of the solution ‘far’ from the
hole. A similar result has been proven also for the ‘microscopic’ behavior of ue close to the
perforation, i.e. for the behavior of the rescaled function ue(e1p + €162+ ) (see [1, Thm. 3.6)).

Theorem 1.2. Let w' be an open bounded subset of R \ @. There are €” € 10, with
(e1p+e189w’) C B(0,71) for all e € | — €”,€"[ and a real analytic map V., from ] —€",€"| to
€1 (W') such that

ue(e1p + 12 )i = Vo [e], Ve €1]0,€"|.

Furthermore,

mw/ [0] = UO|U’ (13)
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where v € Saﬂli’ca(R” \ w) is the unique solution of

Avg =0 in R™\ w,
vg = g' on Ow, (1.4)
limx 00 vo(X) = ¢°(0).

1.2 Main results

Theorems 1.1 and deal with the ‘local behavior’ of the solution, either ‘far’ from or ‘close’
to the hole. The first aim of this paper is to prove a global representation formula that
holds on the whole of Q. In particular, up to the boundary of the hole and up to the outer
boundary.

Such a representation formula is presented in Theorem [I.3]here below. To state it correctly,
we first need to introduce suitable Banach spaces of harmonic functions in €2 and in the exterior
domain R™ \ @. Then we set

G Q) ={ved Q) Av=0inQ},
‘gﬁva(R” \w) = {v € %l,a(Rn \w) : Av=01in R"\ @, and lgn v(x) = 0} .

loc
We observe that %hl *(Q) is a closed subspace of €%%(2), and accordingly it is a Banach
space with the norm induced by €%%(Q). A similar argument does not work for ‘K’O‘(R” \w),
because ‘Kkl)ca(R” \ w) is not a normed space, but a Fréchet space (cf. Deﬁnition below).
Then we recall that the solution of a Dirichlet problem in R™ \ w which decays at infinity
exists and is unique (cf., e.g., Folland [7, Chap. 2|, note that here n > 3). Accordingly, the
map which takes a function v to its trace v|g,, is a linear isomorphism between %hl HR™\ w)

an ’ W) and we can derne a norim on ’ w Yy settlng
d €1 (0w) and defi G0 (R™ \ w) by setti
1, n
HUH%}}a(Rn\w) = V10w llee aw) Vv € 6, (R" \ w).

With such a norm ‘Khl “(R™ \ w) is a Banach space. In addition, exploiting elliptic a priori
estimates, one can verify that the topology generated by || - 1 (R \w) is equivalent to the
h

one induced by the embedding in (the Fréchet space) €5 (R™ \ w).

loc
We can now state our global real analyticity representation theorem.

Theorem 1.3. There exist €* € ]O,sad[ and two univocally identified real analytic maps LU
from | — e*,e*[ to € () and B from | — e*,&*[ to € (R™ \ w) such that

ue(x) = U[e](x) + Ve] (X;;lp) —m[s]<g(xi;1p), vx€ e, e€1]0,e*,  (1.5)

where ¢ denotes the reflexion with respect to the hyperplane OR'; . That is,
¢(X) = (T1,. -y Tn—1, —Tn), Vx = (x1,...,25) € R"™.

In addition, we have
U[0] = up and U[0] = vo — g°(0), (1.6)

with up € Cf}}’a(ﬁ) and vg € %}}’O‘(R” \ w) solutions of (1.2)) and (1.4)), respectively.



A consequence of Theorem is that there exist €** € ]0,e*[ and two countable families
of functions {U;;}; jenz C %hla(Q) and {Vi;}ijenz C Cﬁhl’a(R" \ w) such that the series

> cieyUiy  and > eieh Vi
’i,jGNQ i,j€N2

converge for € € | — e, e[ in €,"*(Q) and in 4, "*(R"™ \ w), respectively, and such that

i J i_j X—é&1p i J s(x) —ep
ue(x) = Z e1es Ui (%) + Z €165 Vi (5152> - Z €163 Vi <5152>7 (1.7)

i,jEN? 1,jEN2 1,jEN2

for all x € Q, and all € € ]0,e**[. Moreover, by the uniqueness of £ and U and by the identity
principle for real analytic functions, one verifies that such families {U; ;}; jen2 and {V; j}; jene
are univocally identified by .

Another consequence of the representation is that we can approximate the solution
ue by means of a sum of slow variable terms (with coefficients evaluated at x), fast variable
terms (with coefficients evaluated at (x —e1p)/(g1£2)), and of what we can call ‘reflected fast
variable terms’ (with coefficients evaluated at (¢(x) —e1p)/(e1€2)). In particular we have the
following.

Corollary 1.4. Let {Ui;}ijene € 6, %(Q) and {Vij}ijene € 6" (R \w) be as in (7). Let
ug € %}}’a(ﬁ) and vg € (ﬁﬁ’a(R” \ w) be the solutions of (1.2) and (1.4), respectively. Then,
for e = 0 the asymptotic approximation

Ue(x) = ug(x) + v <X_€1p) . <§(X)_€”’> + Y UK

E1€ E1€
1=2 1=2 0<i+j<N

L. X — & L. G(x) — ¢ L
b e (S - dan ()oY d)
0<it+j<N 1=2 0<itj<N 1=2 itj=N-+1
(1.8)

holds uniformly in x € Q.

As we shall see, the coefficients U; ; and V; ; are also univocally identified by the approxi-
mation . Specifically, any approximation in the form of where the coefficients U; ;
and V; ; are continuous functions and the V; ;’s vanish for x — 0o, must coincide with the one
that we derive from Theorem (cf. Proposition below). Moreover, with the exception of
certain particular cases, one can see that there are no asymptotic approximations consisting
solely of slow variable and fast variable terms but no reflected fast variable terms. At least, no
reasonable approximations with a remainder in o(e; + £2) or smaller (cf. Example below
and the remarks right after it).

The presence of such reflected fast variable terms is ultimately due to the two parameters
perturbation considered in the paper, which uncouples the size of the hole from its distance
from the boundary. They would not have appeared if one of the parameters, say €9, was
‘frozen’ and the perturbations for different values of €1 were locally similar one to another.

We also mention that a global analytic representation was obtained in the paper [3] with
Costabel and Dauge. Such paper deals with a Dirichlet problem for the Poisson equation in a



plane sector domain and analyzes the effect of a self-similar perturbation close to the vertex.
In such a case, no reflected fast variable terms showed up.

Having proved the existence of asymptotic approximations of ue in the form (1.4]), our
second aim in the paper is to deduce a strategy based on the multi-scale expansion method to
compute the coefficients U; ; and V; ; up to the solution of certain auxiliary boundary value
problems. To do so, we will deduce from Corollary a recursive procedure which produces
at every iteration a better approximation of the solution summing either a slow variable term
or the combination of a fast variable and a reflected fast variable term.

1.3 Structure of the paper

The paper is organized as follows. In Section [2] we present some preliminary results in poten-
tial theory and some technical statements from [I]. In particular, we introduce a fundamental
tool in our analysis: the layer potentials with integral kernels consisting of the Dirichlet
Green’s function of the half-space and of its normal derivative. In Section [3| we prove Theo-
rem [1.3] where we provide a global representation formula in terms of real analytic operators.
Section [ is devoted to the computation of the asymptotic expansion.

2 Preliminaries

2.1 Preliminary of potential theory

As a first step, we introduce the classical layer potentials for the Laplace equation. We denote
by S, the fundamental solution of A defined by
1
S, = —|x*™, ¥x € R™\ {0},
200 = G xe R\ {0}
where s, is the (n — 1)-dimensional measure of the boundary of the unit ball in R™. In the
sequel, D is a generic open bounded connected subset of R™ of class €.

Definition 2.1 (Definition of the layer potentials). For any ¢ € €%%(0D), we define

vs, [0D, ¢|(x) = (y)Sn(x —y) doy, Vx € R”,

¢
oD

where do denotes the area element on dD.

The restrictions of vs, [0D,¢] to D and to R" \ D are denoted v [0D,¢] and v§ [0D, ¢]
respectively (the letter %’ stands for ‘interior’ while the letter ‘e’ stands for ‘exterior’).

For any 1) € €1(9D), we define

ws, [apa %ZJ] (X) = - oD ¢(Y) n'D(Y) : VSn(X - Y) dO'y, Vx € Rn,

where np denotes the outer unit normal to D and the symbol - denotes the scalar product in
R™.

In Proposition here below we recall some classical regularity properties of these layer
potentials. Before doing so, we need to introduce the following definition.



Definition 2.2. We denote by iflica (R™\D) the space of functions on R™\D whose restrictions
to O belong to €1*(O) for all open bounded subsets O of R™\ D.

We observe that ‘Klilza(R” \ D) is a Fréchet space with the family of seminorms [ - [[41.0 @),
with O C R™\ D open and bounded. Then we have the following.

Proposition 2.3 (Regularity of layer potentials). Let ¢ € €%*(0D) and ¢ € €1(0D).
Then

e the functions vg, [0D, ¢] and wg, [0D, ¢| are harmonic in R™ \ D;

e the function vs,[0D, ¢] is continuous from R™ to R and the restrictions v§ [0D, @] and
vg [0D, ¢] belong to €H*(D) and to ‘fl(l)’ca(}R" \ D), respectively;

e the restriction wg, [0D,]p evtends to a function wgn [0D, )] of €4*(D) and the re-
striction wg, [0D, w]\Rn\f extends to a function wg [0D, ] of %ll’a(R” \D).

ocC

Moreover,

e the map from €%(9D) to €1 (D) which takes ¢ to vfgn [0D, ¢] and the map from
€%(0D) to ‘51(1)’60‘(]1%" \ D) which takes ¢ to vg [0D, ] are linear and continuous;

e the map from €1*(8D) to €1*(D) which takes ¢ to wy [0D,¢] and the map from
€L (0D) to ‘Kkl)f‘(R” \ D) which takes ¢ to wg [0D, $] are linear and continuous.

In [I], a key tool for the analysis of problem are layer potentials constructed with
the Dirichlet Green’s function of the upper half-space instead of the classical fundamental
solution S,,. These special layer potentials allow us to transform problem into a system
of integral equations with no integral equation on 0y€2, which is the part of the boundary of
0f2 where the inclusion we collapses for € = 0.

Thus we denote by G the Dirichlet Green’s function for the upper half-space R’} defined by

G(x,y) = Sp(x—y) = Sn(s(x) —y), V(x,y) € R" x R" with y # x and y # ¢(x).
We observe that
G(x,y) = G(y,x), VY(x,y) € R" x R" with y # x and y # ¢(x),
and
G(x,y) =0, V(x,y) € OR} x R" with y # x and y # ¢(x).

If D is a subset of R", we find convenient to set ¢(D) = {x € R" | ¢(x) € D}. We now
introduce analogs of the classical layer potentials of Definition obtained by replacing
Sp by the Green’s function G. In the sequel, Dy denotes an open bounded connected set
contained in R” and of class €.

Definition 2.4 (Definition of layer potentials derived by G). For any ¢ € €%“(0D,), we
define

v;[0D4, P](x) = - G(x,y)¢(y) doy, Vx € R"™.



The restrictions of va[0D+, ] to Dy and R \ Dy are denoted vi[0D4, ¢] and vg[0D4, @]
respectively.
For any 1 € €1*(0D,), we define

waldD V0 = | ) o, () VyGlxy)doy, e R

To describe the regularity properties of these layer potentials, we shall need the following
definition.

Definition 2.5. We denote by € “(R7 \ Dy) the space of functions on R} \ Dy whose re-

loc

strictions to O belong to €1*(O) for all open bounded subsets O of R} \D+

Then we have the following regularity properties that can be deduced from the corre-
sponding properties of classical layer potentials (cf. Proposition [2.3)).

Proposition 2.6 (Regularity for the layer potentials derived by G). Let ¢ € €%*(0Dy) and
Y € €1Y(ODL). Then

e the functions vg[0Dy, | and wa[0D+, Y] are harmonic in DyUs(Dy), and R"\Dy U(D4);

e the function vG[0D4, ¢ is continuous from R™ to R and the restrictions v [0Dy, ¢] and
v&,[0D4, ¢] belong to €1(D4) and to & (R% \ Dy.), respectively;

loc

e the restriction wg[0Dy, P extends to a function wg[0Dy, ] of €1*(Dy) and the
restriction wg WD%M\RQ\ﬁ extends to a function wi[0D4, ] of ‘511 CRT\Dy).
Moreover,

dD4) to €1*(Dy) which takes ¢ to v [0D4,d| and the map from
R% \ D) which takes ¢ to v&[0D4,¢] are linear and continuous;

o the map from €°°
€0(9Dy) to €L

loc

D) to €1*(Dy) which takes ¢ to ws[0D4, ¢] and the map from
R™\ D) which takes ¥ to wg[0D4, ¢ are linear and continuous.

o the map from €H*
a 1,
¢1*(0Dy) to 6,

—_ /-\/-\

2.2 Integral representation formulas for u,

In [I], to analyze the e-dependent boundary value problem , we have exploited the layer
potentials with kernel derived by G in the case when D = .. Since 0Q2. = 90 U Jw,, we
need to consider layer potentials integrated on 92 and on dw.. As one can easily see, the
single layer potential vg[0€, ¢] does not depend on the values of the density ¢ on 9y(2, and
therefore it is convenient to introduce the quotient Banach space

F0(00) = €°°(90) /{6 € F°°(00) | dp,q = 0).

One of the key steps in the proof of Theorems and is the following result, where we
prove ‘macroscopic’ and ‘microscopic’ representation formulas in terms of integral operators
with densities which depend real analytically on the perturbation parameter pair € (see [1}
Thm. 3.3, Remarks 3.4, 3.5]).



Theorem 2.7. There exist 0 < & < €*! and a real analytic map M = (M, M) from
| —e* e[ to ‘52’0‘(39) x €9%(0w) such that the following representation formulas hold:

(i) For all € €]0,e*[, we have
ue(X) =ug(x) — 571"”_15;‘_1/6 n,(Y) - (VyG)(x,e1p + 162Y) g (Y) doy
- [ Gxylel ) doy @2.1)
e}

+ 5?*25372 G(x,e1p + €122Y)M2[e](Y) dovy, Vx € Q.
ow

(ii) For all X € R"\ w and all € = (e1,¢2) €]0,€*[ such that e1p + 162X € Q¢, we have

ue(e1p + €162X) =ug(e1p + €162X) — wgn [Ow, gi](x)
_ et /a 1 (Y) - VS (—2pnen + 22(<(X) — Y)) ¢ (Y) doy

— G(e1p + 162X, y) My [e](y) doy (2.2)
Y

+ vg,, [Ow, Ma[e]](X)

— 32 ) Sy (—2pnen + e2(s(X) = Y)) Ma[e](Y) doy.

Here and in what follows, e, is the vector (0,...,0,1) of R™.

Moreover, M1[0] = 0 and M2[0] is the unique function in €%*(0w) such that

i

vs, [0, Ma[0]] g, = —°(0) + ws, [0, g0 + -

3 Real analytic continuation in global spaces

3.1 Existence of the expansion. Proof of Theorem

The integral representations of Theorem [2.7] can be used to prove the local analyticity results
of Theorems and Instead, to obtain the global analyticity result of Theorem [1.3
we need to modify such representations and express ue as a sum of single and double layer
potentials. The advantage is that, by virtue of Propositions [2.3] and single and double
layer potentials have continuous extensions up to the closure Q¢ of Q.

Lemma 3.1. Let €* and M = (My, My) be as in Theorem[2.7 Then

Ue(x) = uo(x) — w§, [0w, ¢ ( — E”’) + w§, [0w, g'] <<<>—€1P>

€1€2 £1€2

— u5[09, My ] () + v, [0, M [e] (Xel;lp> ™ U5, [0, Ma[e] <§(Xils;1p> ’

for all x € Q¢ and for all € € ]0,€*].
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Proof. We observe that

2 n-n
Glewp +e1esX,e1p +e16Y) = ef e Su(X = ¥) — et G S, <<> = —Y),
2

and

(VyG)(e1p + 162X, e1p + €162Y)
n —-n 2pnen n n
= et () (400 - 222 v ) e (9, )X - V),

€2

for all X,Y € R™ and all € > 0 such that e1p + 162X # e1p + £162Y and ¢(e1p + €1£2X) #
e1p + €12Y (or, equivalently, such that X # Y and ¢(X) # 2”;‘% +Y). Then, taking

X—€
X =€&1p +¢€1€2 < 1p>
£1€2

in (2.1) we deduce that

Ue(x) =ug(x )+/ nu(Y) - (VS,) <(X_Elp> Y) g(Y) doy

€1€2

e (< (F552) - ) o1

/ G(x,y)M [e] (y) dor

o[ ((F528) ) ety aon

_/ S, (g (X_S”)) _ ZPnen —Y> Ma[e](Y) dovy
Ow €1€2 €2

for all € € ]0,e*[ and x € Q. By the definitions of single and double layer potentials for S,
and G (cf. Definitions and it follows that

ue(x) = ug(x) — ws, [w, g'] <X — €1p> + ws, [0w, g'] (c (X - 81") B 2pnen>

€1€2 €1€2 €2

— 0G{0 MfE]| () + v 0 Male] (*E22 ) — g, o Mafe] (¢ (X512 - 2 )

£1€2 €1€2 €2

for all € € ]0,e*[ and x € Q.. Then the statement of the lemma is a consequence of equality

. (x—51p>  2pnen _ G(x) —e1p

€1€2 €2 €1€&2

of the membership of ue in €1%(€).), and of Propositions and [2.6} . O

We are now ready to prove Theorem

11



Proof of Theorem[1.5 We define
Uel(x) = uo(x) — vg[0Q, Mifell(x),  Vx e Q,

and
Yle|(X) = —w§, [8w,gi] (X) + v, [Ow, Ma[e]](X), VX e R" \ w,

foralle € | —e*,e*[.

We claim that { and U are real analytic. Indeed, by Proposition v5[09, ] is linear
and continuous, and therefore real analytic, from €%(92) to %}} "*(Q) and M; is real analytic
from | — &*, &*[ to €%*(9Q) by Theorem Since the composition of real analytic maps is
real analytic it follows that il is real analytic from | — e*,e*[ to ‘Khl "*(Q). To prove that U is
real analytic we first recall that the map which takes a function v to its trace vy, is a linear
isomorphism between %}} *(R™\w) and €1*(0w). Since v§ [dw, ¢] belongs to %hl Y(R™\w) for
all ¢ € €°*(dw) and the map which takes ¢ € €*(dw) to the trace v§ [Ow, @], is linear and

continuous (cf. Proposition , it follows that the map which takes ¢ to v [Ow, ¢] is linear
and continuous, and therefore real analytic, from ¢%%(dw) to ‘5}} *(R™\ w). Since My is real
analytic from | — e*, &*[ to €%*(0w) (cf. Theorem [2.7) and the composition of real analytic
maps is real analytic, we deduce that also U is real analytic from | — &*,&*[ to ‘Khl HR™\ w).

The validity of follows by Lemma and the first equality in can be deduced
by Theorem and by a straightforward computation. To prove the second equality in (1.6
we observe that:

V0] = —w§ [0w, g'] + v§, [Ow, Ma[0]], (3.1)
by Theorem Then, by Theorem and by the jump properties of the double layer
potential (cf., e.g., [1, Prop. 2.4]) we deduce that the right hand side of equals ¢g' — ¢°(0)
on Jw. The second relation of follows by the decaying properties at co of the single
and double layer potentials and by the uniqueness of the solution of the exterior Dirichlet
problem.

Finally, to verify that 4l and U are unique, we observe that if we have two functions
¢ € 6, *(Q) and ¥ € €,“(R™ \ w) such that

d(x) + (X_g“’) - w(g(x)_“p) —0, Vxeq., (3.2)

€1€2 €1€2

for some e € ]0,e*[, then

o (X222) = o0 +u(PLTHR) we

£1€9 £€1€2

and thus v (;2") has an harmonic extension on the whole of R™. Since limy_,o 1 (%) =
0, the Liouville theorem for harmonic functions implies that ) = 0. Then, ¢ = 0 by (3.2)) and
by the identity principle. O

3.2 On the uniqueness of such a writing

As we have already observed, Theorem implies the validity of an expansion as in (|1.8])
for ue. In Proposition [3.2] below, we show a uniqueness result for the coefficients of such an
expansion. In what follows we denote by %'(Q) the space of continuous functions on  and
by ¢o(R™ \ w) the space of continuous functions on R™ \ w which vanish at infinity.

12



Proposition 3.2. Let N € N. Let u;; € €(Q) and v, j € Go(R™ \ w) for all (i,7) € N? with
i+ 7 < N. We denote by We n the function

= E 66 U; E 86 Uy ﬂ E 56 Vs )_Elp
- 1=2 l,J 162 Yiyg £1€9 1€2 Yi,j £1€9

i+j<N i+j<N i+j<N
of x € Qe. If
sup |ue(x) — We n(X)| = 0< Z eﬁeg) as € — 0, (3.3)
xEQe i+j=N
then u;; = U;; and v j = Vi for all (i,j) € N> with i + j < N, where U, j, V; ; are defined

by .

Proof. For 0 < n, < 1 sufficiently small we consider the curve in ]0,e*[ which takes n €]0, .|

to £(n) = (e1(n), e2(n)) = (n, —1/log ). Then we observe that £} (n)e}(n) = o(el (n)eh(n)) as

n — 0 if and only if either one of the following conditions holds true:
i>h or i=hand j> k. (3.4)

Accordingly, we endow N? with a total order relation by saying that (4, ) > (h, k) if and only if
(3.4) is verified, and, as usual, (i,7) > (h, k) if (i,7) = (h, k) or (i,5) > (h,k). An elementary
argument shows that every subset of N? has a minimum with respect to >. Therefore, we are
in the position to prove the lemma by an induction argument on (i, 7).

We first prove that ugo = Up. We note that by the membership of v; ; in 6(R" \ w) we
have

o (C2EPY L id Ty, (X a1 T
e (Ziytn) =0 e (i) =0 e 69)

for all (i,7) € N* with i + j < N. Similarly, by the membership of V; ; in ‘ghl’o‘(]R” \ w) we
have

x=aPY _ g ond lim S(x) —er(mp _ T
25 V4 <€1(n)€z(n)> =0 and %AOV’]< e1(n)ea(n) ) 0 e (39

for all (i,7) € N2. Then, by (3.5) we compute that

71713(1)W() ~N(X) = ug,0(x) Vx € Q,

and, by and (3.6) we also have
lim us(n)( ) U()70 (X) Vx € Q.

774)

By (3.3) it follows that ugo = Up,.
To prove that vg g = V0, we observe that

s(er(n)p + e1(n)ea(n)X) — e1(n)p _ 2Pnén’) _ "\ w
Yy i ( e1(n)e2(n) > = Vi <<(X) 82(77)) OooTReR (; 7)’
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for all (i,7) € N2 with i + j < N, and similarly

hm V;,,_] <§(51(77)p —+ €1 (77)62(77))() — 51(77)P> — hm ‘/Z,J <§(X) _ 2p'ﬂen) =0 VX c R”\w,
n—0 n—0

e1(n)ea(n) e2(n)
(3.8)
for all (7,7) € N2. It follows that
T W 1 0)p + 210)e00%) = 100(0) 1000 VKR \w,  (39)
and that
L ue(e1(n)p + e1(m)e2(MX) = Voo(0) + Voo (X)  ¥X ER™\w (3.10)

(see also (|1.7])). Then we observe that (3.3)) is equivalent to

sup |ue(e1p+e1e2 X) — We n(e1p + €162 X)| = o( Z aia%) ase — 0, (3.11)
Xe(Q25\w) i+j=N

where Qf = (2 —e1p)/e1€2. By and and by equality ug,0(0) = Up,0(0), it follows
that V0,0 = Vb}o.

If N = 0 the proof is complete. We now assume that N > 0 and that u;; = U;; and
v ; = Vij for all (4,7) < (ix, jx), where (ix,js) is a multi-index with i, + j, < N and i, < N
(note that (N,0) is the ‘biggest” multi-index which appears in the sums of (3.3)). For all
e €]0,e*[ we denote by W, (;, ;. the function of x € ()¢ defined by

We (i.j.) (%)
= E 8%8% UiJ'(X) + E 838‘% Vi, j (X — €1p> - E 836%' Vi 5 (g(x) — €1p> )
L= N €1€2 L= €1€2
(4,9) < (4x,7) (4,0) < (53 (4,5) < (w55

for all x € Q.. Then we denote by (i*,j*) the minimum of the multi-indexes (i,j) with
i+ 7 < N which are strictly bigger than (i, j.«). By (3.5) we compute that
i Ve N ) = Wegm), (i) (%)
n=0 el ey (n)
and by ([1.7)) and (3.6) we have
lim Ue(n) (X) - We-(n),(i*,j*)(x)
=0 et (meg (n)
Accordingly, (3.3) implies that w;« j+ = Uj= j«. To show that v j« = Vi« j» we use (3.7) to
verify that
i Vetn (E1(p +e1(m)e2()X) = We) (i, (€1()P + e1()e2()X)
=0 el (ney (n)
for all X € R™ \ w. Similarly, by (1.7)) and (3.8) we deduce that
ue(n (E1(n)p + e1(n)e2(M)X) = We) (i5.) (€1(n)p + €1(n)e2(n)X)

= Ujx j* (X) Vx € ﬁ,

= Ui*,j* (X) x € Q.

= Ujx j=(0) + v j= (X)

lim = = Uy« j*(0) + Vi j= (X)
0 et (meg (n)
for all X € R” \ w. Then (3.11) and equality w;« j«(0) = Uj= j+(0) imply that v j= = Vs jx.
Our proof is now complete. O
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3.3 On the necessity of the reflected terms.

Proposition[3.2]shows that the solution ue can be approximated by a finite sum of slow variable
terms, fast variable terms, and reflected fast variable terms. In the following Remark we
investigate the possibility of approximating the solution ue by a finite sum of slow variable
and fast variable terms, but no reflected fast variable terms. By means of an example in R3,
we prove that in general this is not possible, at least not if we want the terms in the sum to
be continuous functions.

Example 3.3. Let n = 3 and assume that g' and g° are such that vo(X) = 1/|X| for all
X € R3\ w (cf problem (1.4)). Then, there are no functions uﬁo,utl,uﬁo € €(Q) and
U#O,vzfl, Uﬁo € 6o (R \ w) such that

sup |ue(x) — Wfl(x)‘ = o(e; +¢€2) ase — 0, (3.12)
xXEQe ’
where
le(x)
X —¢& X — ¢ X — €
= “o#o(x) ‘H’#o ( 1p> "’52“#1(@ + €2 U(?)#l < 1p> té “fo(x) +e1 Uﬁ) < 1p>
) ) £1€9 ) ) £1€2 ) ) €1€9

for all x € Q..

Proof. We assume by contradiction that there exist uz)% 0 ugf 15 “71%0 € €(Q) and US% 0 vzf 1 vffo €
%o(R3 \ w) such that holds true. As in the proof of Proposition we take 0 <
N« < 1 small enough and we consider the curve in ]0,e*[ which takes n €]0,7n.[ to e(n) =
(e1(n),e2(n)) = (n, —1/logn). By the membership of vgfo, vffl, vféo in €o(R3 \ w) we have

(X—é‘l(n)p

lim v
e1(n)e2(n)

n—0 i

) =0 e, (j5) € {0,0),(0,1),(1,0)}. (3.13)

Then, by arguing as we have done in the proof of Proposition to show that ugo = Up
and vg o = Voo, we can verify that u(?)%o = Up,0 and US%O = Vo,0. In particular, uzfo = ug and
UB%O(X) = vp(X) = 1/|X| for all X € R?\ w (cf. Theorem . Since €1(n) = o(e2(n)) asn — 0
the asymptotic relation and the limit imply that

1

(us(x) - Wj(&n)’(o’l)(x» =0 Vx € 0, (3.14)

= () e (X ELPN (X en(m)p
<t 0. 0) = w0l 0(61(?7)62(?7)) +ealn)uia )+ eal) i (61(77)62(77))’

for all x € (). By (3.13) we deduce that
1 " B o (x—alp\) _ & Q
%li}%) ?(’)7) <W€(77)7(011) (X) UO(X) Vo <51(77)52(77) = U071(X) Vx € . (315)
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Then we observe that
1 - _
lim vo (g(x) 61(17)p> lim __al =0 WwxeQ\{0}
n—0 £2(1) e1(n)e2(n) =0 [5(x) — e1(n)p
(note that we cannot take x = 0 in this limit relation). Therefore we deduce by (1.7) and

that
lim 117) <u€(n) (%) — 16 (x) — v (>(_51(’7)'0>> _Upi(x)  WxeQ\{0}.  (3.16)

-0 €2 e1(n)e2(n)

Now (3.14), (3-15), and (3.16) imply that u, (x) = Up,1(x) for all x € Q\ {0}. Since both u},

and Up; are continuous functions on Q, it follows that

uz)%l = Up,1 on the whole of Q.

Then by (|1.7) we compute that

o 5(x) 761 (n)p # (x—ei(n)p
Ue(n) (%) = Wiy 0.0 (X) = — vo ( e1(n 77 ) e2(1)vg, <61(77)€2(77)
+ Z 5 Ui j(x)
(4,7)>(0,1)
(17])2(071
U i ()
G500 1\n)e2(n

It follows that for x = 0 we have

ey (0) = W 01(0) = —vo (62‘(’77)) + ea(n)oi <62‘(’n)> Fo(ea(n)  asn— 0.

Then, by the membership of UB% | in 60(R3\ w) and by equality vo(X) = 1/|X|, we have

1
im —— (ug(y (0) — W 0):—— 0.
70 £2(n) ( e (0) = Weg) 0. () Ip| 7
The latter limit relation contradicts (3.14]) and the remark is proved. O

To have vo(X) = 1/|X| as in Example one may for instance consider the case where w
is the unit ball in R* and g¢' is identically equal to 1 and ¢° = 0. However, in Example the
condition that vg(X) = 1/|X| can be relaxed and replaced by the assumption that

Jim [X[vo(X) # 0. (3.17)

One can show that limy_,~ |[X|vg(X) = 0 if and only if vg is given by a double layer potential,
that is
there is 1) € €'1*(dw) such that vo = w§ [dw, ],
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or, equivalently, if and only if
n, - Vygdo = 0.
Ow
As a consequence, the set of the boundary data (g, ¢°) for which holds is generic in
1 (Ow) x €1*(09Q), and, generically, we cannot expect to have approximations without
reflected fast variable terms.

4 The multi-scale asymptotic approach

Taking N = 0 in the approximation (1.8)) we have

ue(x) = ug(x) + vg <X_61p> — Vg (g(x)—51p> +0(e1 +¢e2) ase—0, (4.1)
€1€2 €1€2

and the coefficients ug and vg can be computed solving the boundary value problems

and , respectively. Our aim in this section is to show how one can determine the next

coefficients of . Namely, the U; j’s and V; ;’s with i + 3 > 0.

One way to do it would be by exploiting the boundary integral form of problem
(cf. [I]) to obtain an explicit expansion of the real analytic map M = (M;,Ms) and then
pass from integral representation in Lemma to deduce the expressions for the U; ;’s and
Vi ;’s. Similar computations have been presented in [6], [3], [4], and [5] in the context of other
perturbation problems.

In the present paper we opt for a different and probably more direct approach: we follow
the ideas of the multi-scale asymptotic expansions method of [2] and we aim at deriving
asymptotic approximations of the solution combining macroscopic scale expansions (that is,
away from the origin of R™) and microscopic scale expansions (close to the origin of R™).
Typically, this idea is realized through an iterative process where one corrects a misfit on the
outer boundary by means of a macroscopic term that will produce an error on the inclusion,
then one takes care of the new error on the inclusion adding a fast variable term that in turn
produces a new error on the outer boundary, and so on. If propertly formulated, the process
will produce a better approximation at every iterative step. In our specific problem the
process is complicated by the presence of the reflected fast variable terms (we have observed
in Example that such terms cannot in general be omitted). In particular, every time that
we introduce a corrector in the fast variable, we have to add also its reflected counterpart.
Both terms will produce a misfit on the outer boundary, but in addition, the reflected fast
variable term will produce a new error on the inclusion. The resulting algorithm is described
in Subsection [4.2] here below, where we also present some explicit computations in the case
of dimension n = 3. Before that, we introduce in the following Subsection some series
expansions that will be later exploited and we introduce the expansion operators Fq and E,,.

4.1 Preliminary computations and notation

4.1.1 Some useful expansions

Expansions on Jw. for functions in ‘Khl Q). fue %}} "*(Q) has an analytic extension
in the neighborhood of 0 then the map which takes (o1, 02) to the function

w3 X — u(o1p + 02X)
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is real analytic from a neighborhood of 0 to €%*(dw) (cf. Valent [15, Thm. 5.2, p. 44]).
Accordingly, there are coeflicients 1’; € €12 (Ow) such that

u(o1p + 02X) = Z ooy us i (X),
i.j>0

where the series converges in €5*(0w) for p; and gg close to 0 (here and in what follows
we omit to indicate the dependence of the expansions’ coefficients on the vector p, that is
considered as fixed). Then, replacing o; with 1 and gy with €1£92, we have

u(erp +£182X) = Y & (e182)7 uf;(X),

4,7 >0
and, rearranging the sum, we obtain
u(erp +e162X) = > eied [uly;(X). (4.2)
12520

for certain coefficients [u}; € €% (0w). The first ones are:

[u]g0(X) = u(0), [u]fo(X) = Vu(0) - p, [u]f1(X) = Vu(0) - X,

)

W50X) = 5D%(0) - () [ul51(X) = D%u(0) - (0.X), [u§a(X) = 5D%u(0) - (X.X).
(4.3)

Expansions on 0,() for rescaled functions in So”hl Y(R™\ w). Now let v € (ghl YR\ w)
and let v* denote the Kelvin transform of v, so that

v(X) = [X[> "o <|XX|2> VX € R"\ w. (4.4)

Since v is harmonic at infinity, v* has an harmonic (and hence analytic) extension in a
neighborhood of 0, which we still denote by v* (cf. Folland [7, p. 114]). Moreover, for x € 9,12,

we have
X — € X —¢€
v < 1p> = le1ga[" P x —erp|* " 0" (5152 1p2> :
€1€2 \X - €1P|

Thanks to the fact that x € 0,2 stays far away from 0, one can show that the map which
takes (01, 02) to the function

0 - X— 01

is real analytic from a neighborhood of 0 in R? to €1*(9, Q) (cf. Valent [I5, Thm. 5.2, p. 44]).
As a consequence, there are coefficients U?j € €1*(0,9Q) such that

X—o1p - i g
( ) =057 ) 0hdh o (),

02 0720
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for (o1, 02) > 0 small enough. Here the series converges in (9, Q) for (o1, 02) in a neigh-
borhood of 0. Then, replacing ¢; with 1 and g2 with 1e9 and rearranging the sum, we find
that there are coefficients [U]ZQ] € €1*(0.9) such that

. (X‘ 5“’) = Y W%, (45)

182 i>j>n-2

for € > 0 small enough. Again, the series converges in ¢1*(9,Q) for € in a suitable neigh-
borhood of 0. A similar argument holds with x € ¢(0+) instead of 0,2, the key point of
the computation being that x stays in a compact manifold which does not contain 0. As a

consequence, we can find coefficients [v]j(]m c %17a(m) such that
§(x) —e1p y Q
° <g> = > aed i 6, (4.6)
1€2 -
1>j>n—2

for £ > 0 small enough. One can also verify that the extension by 0 of the map

9,03 x = %00 — (1557 (s(x))

(] 1,7

belongs to €1*(0€) for all i > j >n — 2.
Finally, we observe that a function v € CKhl “(R™\w) can be written as the sum of homogeneous
harmonic functions v;, of degree —k, for k > n — 2. Namely, we have

v(X)= Y (X)) VXER"\w. (4.7)
k>n—2

(This can be verified by introducing a sphere 9B(0, R) in R" \ w and by considering the
decomposition of ujgp(g,r) into spherical harmonics.) Then, we have

V(E2) - Y e ut-an) wedn (48)

£1&2 k>n—2

Now, for each k > n — 2 the map from a neighborhood of 0 in R to €1*(0,€) which takes
1 to the function v, (- — €1p) is real analytic. Accordingly, there is a sequence of coefficients
[, € €12(9,9Q) such that

h Q
vp(x—e1p) = 251 [l (%)
h>0
Then, comparing (4.5)) with (4.8)) we can express the coefficients [v]zﬂj in terms of expansions
terms of the homogeneous harmonic functions v;. For example, for the first coefficient of

(4.5) we have

[0]272,7172()() = Qn72(x) Vx € 8+Q

A similar computation can be performed also for the coefficients of (4.6). The first one will
be 0
1D, 5 (0 = 1, a(s(x))  Vx € L0
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Expansions on dw, for reflected rescaled functions in (fhl Y(R™\w). Inwhat follows, we
will also need to consider the expansion on dwe of functions which are harmonic in R™\ ¢(we).
Namely, for v € %hl “(R™ \ w), we consider the expansion of

X) —
v <§(€1P+€1€2 ) €1P>' (4.9)
£1&92
‘We observe that ( X) )
S(e1p + 1€ —€
PTERR TR — — (o(p) — p+e26(X)). (4.10)

€1€2 €2

As a consequence, the argument of (4.9) depends only on 2 and not on ;. Moreover, by

(4.4) and (4.10) we deduce that

; s(e1p + e162X) —e1p
£1€2

) = |e2|"*(s(p) — p + £25(X))* " v* <€2 | S(p) — P+ e25(X) ) '

s(p) — p + e26(X)[?

Since v* is analytic in a neighborhood of 0 and ¢(p) — p = —2pne, # 0, one verifies that the
map which takes 9 to the function

Ow 3 X = (s(p) — p +£26(X))* " " <52| <(p) =P+ exs(X) >

s(p) — p + e26(X)[2

is real analytic from a neighborhood of 0 in R to ¢1%(dw). We deduce that there are coeffi-
cients [U]‘;’((w) € €1*(0w) such that

; (g(é—:lp + e162X) — €1P) _ Z el [v]“(”)(X), (4.11)

€182 j>n—2 ’

w,s(w)

for € > 0 small enough. As for the [v]gj’s and [v];(;))’s, also for the coefficients [v] we

j
can find expressions in terms of the homogeneous functions v;. Indeed, by (4.7) and (4.10)

we have
v s(eip+e1€2X) —e1p
€1€2

= > eulsp) —p+ (X)), (4.12)

k>n—2

Since ¢(p) — p # 0 and the v;’s are analytic away from 0, we can take their Taylor series at
¢(p) — p and then compare (4.11)) with (4.12)) to obtain expressions for the [v];}’g(w)’s. The first

one is

] (X) = v,,_o(c(p) — p), VX € B

4.1.2 Extension operators

We will exploit the extension operators Fqo and E,, defined as follows: FEq takes a function
¢ € €H*(09Q) to the unique solution u € ‘Khl "*(Q) of the Dirichlet boundary value problem

(4.13)

Au=0 in Q,
u=¢ on 0,
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and B, takes a function ¢ € €1%(dw) to the unique solution v € Cghl’a(R” \ w) of the exterior
Dirichlet boundary value problem

Av=0 in R" \ @,
v=1 on Ow, (4.14)
limy_,00 v(X) = 0.

4.2 The iterative procedure

We now describe an algorithm that produces a better approximation at every iteration. To
do so, we have to decide what we intend by ‘better approximation’. Indeed, when one has
only one perturbation parameter this is immediately evident: an error of order €3 is better
than an error of order e. With two parameters €1 and €2 the question is more complicated.
If we let the pair (1,e2) tend to (0,0) along a curve in R?, then a combination of £; and &3
may or may not be smaller than another depending on the specific curve. For example, if we
take both ¢ = ¢ and €9 = ¢, then an error of order 8?62 would be better than an error of
order 515%, if instead e1 = € and e = €2, then it is the second error to be preferable. It seems
that there is not a unique canonical way to solve the problem. Then we have to introduce a
suitable convention. In this paper, we decide that an error of order €&} is preferable to one
of order felt if i + j > h + k. In other words, we say that

an error in O( Z silz—:j> is smaller than an error in O( Z eieé) if M >N. (4.15)
i+j=M i+j=N

An advantage of condition (4.15) is that the membership of an error in O(}, ;_y 535%)
is independent on the possible parametrization of (g1,e2) along a curve. However, for the
purpose of determining the coefficients U; ; and V;; in the expansion, criteria (4.15)) is as
good as any other one could take.

The algorithm. Suppose that we have already identified the coefficients of an approxima-
tion with a remainder in O(}_; ;_y glel). To determine the next coefficients we proceed as
follows:

Step 1. We consider the approximation that we have and we use the expansions , ,
, and to determine the principal parts of the misfits on 05 €) and dw.. We note that
our procedure never gives errors on Jp€2. In other words, at any step all the approximations
will be exact on Jp€2. Then, there might be two different situations:

(a) The errors on 04+ and Jw. are equivalent. That is, they are both in O(3_, 5%5%)
for some M > N and neither one is in O(37;, ;_ys1 1 €123);
(b) The error on Ow; is bigger than the error on 94+. The error on dw. can be generated

by the slow variable terms, as it happens in the classical applications of the multi-scale
expansion method, but also by the reflected fast variable terms.

In principle one may expect another case, that is, the case where the main error is on 0,§2.
However, the application of the present algorithm never generates such a situation (as we
shall also see in the iterations below).
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Step 2. Depending if we have case (a) or (b) in Step 1, we proceed with the following Step
2.(a) or Step 2.(b):

(a) If we have reached the desired precision, we stop here the iterative procedure, otherwise
we correct the main error on 9,€2. To do so, first we extend the misfit on 9+ by 0 on
the whole of 02 and then we exploit Fq to construct a corrector. Adding such corrector
to the approximation that we already have generates a new error on dw;;

(b) We correct the principal part of the error on dw.. We construct correctors extending
the traces on dw. by means of E,. In view of Remark for any new fast variable
term that we add to our approximation we must also add a corresponding reflected fast
variable term. This operation generates new errors on 04 and Ow,, but not on Jy{2
because the contribution of the fast variable term and of the reflected fast variable term
cancel one another on that part of the outer boundary.

When Step 2 is completed we go back to Step 1 and start over again, or, if we were in case
(a), we can decide to stop the iterative procedure. If we stop with an approximation that has
remainder in O(; =M 5"15] ), then by Proposition the coefficients of such approximation
must coincide with the coefficients U; ; and V; ; with : + 7 < M — 1. As a consequence, we
will be able to identify all the coefficients U; ; and V; ; with ¢ + 35 < M — 1 as the first terms
of the Taylor’s expansion of solutions of certain boundary value problems.

We now present an explicit computation. For the sake of simplicity in the exposition,
we confine ourselves to the 3-dimensional case (n = 3) and we stop the iteration with a
remainder of order 3, that is, in O(3_;,,_3 glel). Other dimensions can be studied and
further approximations can be obtained by a straightforward modification of what we do here

below.

First iteration

Step 1. In view of (4.1]), we start with the approximation

X —€1p s(x) —e1p _
u0,0(X) + vo,0 ( 81821 ) — V0,0 <(Z‘1€21> Vx € Q., (4.16)

where up9 = wp is the unique solution of (1.2) and vpo = vo — ¢°(0), with vo as in (L.4)
(we modify vg to have a function vg o that is harmonic at infinity). Since wugo(x) = ¢°(x) for
x € 049, the trace of (4.16]) on 0, is given by

9°(x) +vo,0 <X — 51p) — 00,0 <§(X)—€1p> Vx € 049
€1€2 €162

Then we have on 0482 a misfit

V0,0 (X — 51p> — 00,0 (g(x) — slp) Vx € 04€).
£1€2 €1€2

Using the expansions (4.5)) and (4.6) one verifies that the principal part of the error on 94
is given by

e1e2 [vo,0)$1 () — e1e2 [roo]§T (s(x)  Wx € D9 (4.17)
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We now pass to consider the error on dw,. Since vy = vgo + ¢°(0) solves the boundary value

problem ((1.4)), the trace of (4.16]) on dw; is given by

. X) —
wop(e1p + €162%) + ¢ (X) — g°(0) + o0 (g(’f”’ rasX) 5“’) VX € .
1€2
Accordingly, we have on Jw. a misfit
X) —
UO,O(Elp + 8162)() — 90(0) + v0,0 <§(61p + 651662 ) €1P> VX € dw.
1€2

By the expansion the main contribution of ugg(e1p +¢e1€2X) for €1 and €3 small is given
by [u0,0]50(X) = u0,0(0) = g°(0) (see also (4.3)) and thus it is corrected by the term —g°(0)
produced by vg o(X). Then, one can exploit the expansions and to show that the
principal part of the error that remains on dw, is given by

e1 0,015 0(X) — £2 [0 (X) VX € dw.

As one can see, the error on dw; is bigger than the one on 9, computed in (4.17)): we are
in case (b).

Step 2.(b). We proceed to correct the misfits on dw.. To do so, we introduce the functions
v10(X) = —Eu ([uoolf) (X) and  ve1(X) = B, ([UO,O]‘;’S(W)) (X) WX eR3\w. (4.18)

With these our next approximation is

X—£&1 (X)) —¢&1 X—é&1 (x) —e1
uo,0(x) + 0,0 < p> — 0,0 (()p) +e1v1,0 ( p) — E1v1,0 <()p>
€1€2 €1€2 €169 16

+ €2v0,1 <X — €1p> — E€20,1 <§(X)—f51p> Vx € Qie (4.19)
£1€2 €1€2

Second iteration

Step 1. With the approximation (4.19) the main error on 0,2 remains (4.17). Indeed,
one can exploit the expansions (4.5) and (4.6) to verify that the misfit produced on 0,9 by
the new correctors are in O(3; ;5 ele)) and thus they are smaller than (4.17). Then, we

consider the trace of (4.19) on dw. and exploit (4.2)) and (4.11) to compute the principal part
of the misfit (the computation is similar to the one described in Step 1 of the first iteration).

We obtain
&7 [uo,0]5 0(X)+e122 [uo,0)% 1 (X) =3 [vo0)5 ) (X) =129 [v1,0]5°) (X) =3 [0,1] 7 (X) (4.20)

with X € Ow. As one can see, the errors on 0,2 and dw. are now equivalent. So, we are in
case (a).
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Step 2.(a). We can decide to stop here the iteration and content ourselves with a remainder
in O(Ziﬂ-:2 gtel), or we can proceed to correct the misfit (4.17) on 9;Q. We opt for the
second choice and we introduce the corrector

u11(x) = =Ba ([tool 1) = fooi P (<)) ) (4.21)

where we understand that [Uo,o]&(') - [U070]i$?) (s(+)) is extended by 0 on 0pQ2. With this, our
next approximation is

X—e1p SX) —ée1p X—e&1p
UO,D(X) + €162 u171(x) + v0,0 < > — 0,0 <()> +e1v10 < 6 )

£1€2 €1€2 1€2

— &1 '1)170 (g(X)—Eﬂ)) + &9 1)071 (X _ ElP) — &€270,1 <§(X)_Elp> Vx € Qig (4.22)

£1€2 €1€2 €1€2

Third iteration

Step 1. We now consider the trace of the approximation on 94€) and use the expansions
(4.5) and (4.6) to compute the principal part of the misfit (see Step 1 of the first iteration).
Doing so, we verify that the main part of the error of (4.22)) on 04 is given by

e3e2 [0,0]$1 (%) + e3e2 [vo,0J5 1 (s (%)) + 23 [v1,0), (%)

()

) o (4.23)
—etea vl (s(x) + 2163 [vo1]1h (x) — €163 [0 (s(x)  Vx € 949,

Instead, the main part of the error on dw, is still given by . Indeed, u1,(0) = 0 and
thus [u11]gy = 0. In view of the expansion ([.2), it follows that the main contribution of
€162 u1,1 on Ow, is 5%52[11171]‘1"70 which is smaller than . Then, we observe that the misfit
on Ow, is bigger than the misfit on 048: we deduce that we are in case (b).

Step 2.(b). Accordingly, the next correctors will be

v2,0(X) = —E, ([uo0l5 o) (X),
o11(X) = =B ([uoolf1 = [o10l7*“)) (X), (4.24)

v02(X) = E,, <[v0’0]¢207€(w) n [vo,l]f’g(@) x)
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for X € R3 \ w, which yield the approximation

X—é&1p S(x) —ep
u0,0(x) + €162 u1,1(X) + vo,0 < 1 > ~ w0 (Ul)

£1&92

—&1p —&1p
+€1v1,0< ) 617)10( )

€1&2 6162

—€ —€
+ €2v0,1 < 1P> — €200,1 ( P 1P>

=2 (4.25)

—€ —€
+—€%U29 ( 1p> 61020 ( 1P

£1€2 €1€2

€1p

+€162v11 < ) — £1€201,1 (()
£1€2 €1€2
X — € X) — € —
+ E% V0,2 ( 1p> — 6% V0,2 <§()1p> Vx € (..

€1€2 €1€2

Fourth (and last) iteration

Step 1. With the approximation the main error left on 042 is still given by , the
misfit produced on 0,2 by the corrector added in the third round is indeed in O(3_;, ;4 eled)
and it is smaller than . The main error on dw. can be computed as in the previous
iterations and it is

e [uo,050(X) + 362 [uo,0)51 (X) + 32 [ur,1]0(X) — €3 [vo,0l5 ) (X) — £163 [v1,0]5°* (X)

— &3 Juoly @ (X) — e2ea [ua,0)y ) (X) — €163 [w1,1] 7 (X) — €3 [uo 2l (X) VX € .

Both the error on 04 and the one on dw, are in O() €1€2> and we are in case (a).

i+7=3

Step 2.(a). We can decide to stop here the iterative procedure. We have obtained an ap-
proximation with a remainder in O(}_, , ; j=3 5152) and accordingly we can write and expression
for all the coefficients U; ; and V; ; with ¢ 4+ j < 2 (cf. Proposition [3.2 E In particular, it holds
Uio = Uy = Uz = Upo = 0 and for all others we have U; ; = u; ; and V; ; = v; j. Moreover,
since computing the extension operators Egq on a function ¢ € €1%(92) and E,, on a function
Y € €1%(0w) is equivalent to the solution of problems and , respectively, the
computation of such coefficients U; ; and V; ; is reduced to the solution of the boundary value
problems corresponding to (4.18]), (4.21)), and (4.24).
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