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Abstract

In this paper, we prove a convergence result for a discretization of the three-dimensional stationary compressible
Navier-Stokes equations assuming an ideal gas pressure law p(p) = ap” with v > % It is the first convergence result
for a numerical method with adiabatic exponents v less than 3 when the space dimension is three. The considered
numerical scheme combines finite volume techniques for the convection with the Crouzeix-Raviart finite element
for the diffusion. A linearized version of the scheme is implemented in the industrial software CALIF?S developed
by the french Institut de Radioprotection et de Stureté Nucléaire (IRSN).

Keywords: Stationary compressible Navier-Stokes equations, staggered discretization, finite volume - finite ele-
ment method, convergence analysis.
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1 Introduction

Let © be an open bounded connected subset of R%, with d = 2 or 3, with Lipschitz boundary. We consider
the system of stationary isentropic Navier-Stokes equations, posed for x € €

div(pu) =0, (1.1a)
divipu @ u) — uAu — (u+ AN)V(divu) +aVp? = f. (1.1b)
The quantities p > 0 and u = (uy, .., uq)” are respectively the density and velocity of the fluid, while f is
an external force. The pressure satisfies the ideal gas law with a > 0 and v > 1. Equation (1.1a) expresses
the local conservation of the mass of the fluid while equation (1.1b) expresses the local balance between
momentum and forces. The viscosity coefficients p and A are such that 4 > 0 and g+ A > 0. System (1.1)
is complemented with homogeneous Dirichlet boundary conditions on the velocity:

’u,|ag = 0, (1.2)

and the following average density constraint (up to the normalization by || it is the same as prescribing

the total mass)

1 *
9] decc:p > 0. (1.3)

Regarding the theoretical results on these equations, the existence of weak solutions has been first
proved by Lions in [27] for adiabatic exponents v > % in dimension d = 3, a result which has then been
extended to coefficients v € (2, 2) by Novo and Novotny in [28]. It is also worth mentioning that a recent
paper of Plotnikov and Weigant [30] improves these previous results, but this improvement will be not
treated in this paper.

From the numerical viewpoint, compressible fluid equations have been intensively studied and several
approximations have been designed in the last few years. In this paper, we consider a stabilized (and
stationary) version of a numerical scheme, a linearized version of which (following pressure correction
techniques) is implemented in the industrial software CALIF3S [1] developed by the french Institut de
Radioprotection et de Sireté Nucléaire (IRSN, a research center devoted to nuclear safety). This scheme
falls in the class of staggered discretizations in the sense that the scalar variables (density, pressure) are
associated with the cells of a primal mesh M while the vectorial variables (velocity, external force) are
associated with the set £ of faces of the primal mesh. Such decoupling, associated here with a Crouzeix-
Raviart finite element discretization [2] (but other non-conforming finite elements are possible, such as
the Rannacher-Turek discretization [31]) of the viscous stress tensor, provides a discrete pressure estimate,
thanks to the so-called discrete inf-sup stability condition (see for instance [18]). This condition, which
is also satisfied by the MAC scheme (see [19], [20], [21]) on structured grids, ensures the unconditional
stability of the scheme in almost incompressible regimes (for instance in the low Mach regime, see [13] and
[22]). Let us mention that, contrary to the MAC scheme (where the domain € is assumed to be a finite



union of orthogonal parallelepipeds, and the mesh is composed by a structured partition of rectangular
parallelepipeds with cell faces normal to the coordinate axis), the scheme considered in this paper is able
to cope with unstructured meshes.

In its reduced form, our numerical scheme reads

diVM (pu) + Tsltab + Ts2tab = 07

dive(pu @ u) — pAsu — (n+ N)(V o div)gu + aVe(p?) + 13, = Ilg f,

where, as suggested by the notations used for the discrete differential operators, the (scalar) mass equation
is discretized on the primal mesh M, whereas the (vectorial) momentum equation is discretized on a dual
mesh associated with the set of faces £.

The finite element discretization for the viscous stress tensor is here coupled with finite volume dis-
cretizations of the convective terms which allow, thanks to standard techniques, to obtain discrete con-
vection operators satisfying maximum principles (e.g. [24]). The discrete mass convection operator is a
standard finite volume operator defined on the cells of the primal mesh M while the discrete momentum
convection operator is also a finite volume operator written on dual cells, i.e. cells centered at the location
of the velocity unknowns, namely the faces £. A difficulty implied by such staggered discretization lies in
the fact that, as in the continuous case, the derivation of the energy inequality needs that a mass balance
equation be satisfied on the same (dual) cells, while the mass balance in the scheme is naturally written
on the primal cells. A procedure has therefore been developed to define the density on the dual mesh cells
and the mass fluxes through the dual faces from the primal cell density and the primal faces mass fluxes,
which ensures a discrete mass balance on dual cells.

Compared to the continuous problem (1.1), the discrete equations contain three additional “stabiliza-
tion” terms T, that ensure the convergence (up to extracting a subsequence) of the numerical solutions
towards weak solutions of (1.1)-(1.2)-(1.3) as the mesh size tends to 0. The first stabilization term T2
guarantees the total mass constraint (1.3) at the discrete level. The second stabilization term T2, , which
is a discrete counterpart of a diffusion term for the density, provides an additional (mesh dependent)
estimate on the discrete gradient of the density. As we will explain in details in the core of the paper,
this artificial discrete diffusion is used to show the crucial convergence property satisfied by the effective
viscous flux. The last stabilization term 773, is an artificial pressure gradient which is necessary only if

sta
v < 3. The precise definitions of the discrete operators and stabilization terms are given in Section 3.

There exist in the literature several recent convergence results for finite element or mixed finite volume
- finite element schemes. In [7], Eymard et al. (see also [14] for the particular case v = 1, i.e. a linear
pressure term) study the compressible Stokes equations, that correspond to (1.1) where the nonlinear
convective term div(pu ® u) is neglected. At the discrete level, two stabilization terms, namely, T2
and a term similar to 72, ., are introduced for the convergence analysis of the numerical scheme. In
the case of Equations (1.1)-(1.2)-(1.3), i.e. with the additional convective term, Gallouét et al. prove
in the recent paper [16] the convergence of the MAC scheme under the condition vy > 3, with only one
stabilization term T}, ensuring the mass constraint (1.3) (we refer to Remark 5.1 below which explains
why T2, is unnecessary for the MAC scheme). Finally, Karper proved in [23] (see also the recent book
[9]) a convergence result in the evolution case, again for v > 3, and an equivalent of the artificial diffusion
term 772, is also introduced (note that in the evolutionary case there is no additional mass constraint and
thus no need for T, ). Let us mention that for the evolutionary case, error estimates are available in [17]
for the whole range v > % For values of v < % (more precisely v < 2), convergence results can be found
in [10] and [11] within the framework of dissipative measure-valued solutions, a “weaker” framework than

ours.

To the best of our knowledge, our result is the first convergence result in the three-dimensional case for
values v € (%, 3] within the framework of weak solutions with finite energy (see Definition 2.1). It provides



an alternative proof of the existence result obtained by Lions or by Novo and Novotny. Compared to
the previous numerical studies dealing with coefficients v > 3, it requires the introduction of a third
stabilization term 773, , an artificial pressure term weighted by some power of the mesh size: h*Vg(pl)
with T' > 3. Note that the stabilization terms T,, and T35, are not implemented in practice and are
introduced here for the convergence analysis.

Let us emphasize that the evolution case is beyond the scope of this paper and left for future work.

The paper is organized as follows: in Section 2, we present the main ingredients for the analysis of the
continuous problem (1.1)-(1.2)-(1.3). This section does not present any substantial novelty compared to
the work of Novo and Novotny [28], and the reader already familiar with the analysis of the compressible
Navier-Stokes equations can directly pass to the next sections concerning the discrete problem. Then, in
Section 3, we introduce our numerical scheme and state precisely our main convergence result. We derive
in Section 4 mesh independent estimates and show the existence of solutions to the numerical scheme.
Finally, Section 5 is devoted to the proof of convergence of the numerical method as the mesh size tends
to 0. We provide in the Appendix additional material and proofs.

2 The continuous setting

The aim of this section is to present the main ingredients involved in the analysis of the continuous problem
(1.1)-(1.2)-(1.3) for readers who are not familiar with the compressible Navier-Stokes equations. Although
the existence theory of weak solutions to these equations is now well understood since the works of Lions
[27] and Feireisl [8] (see also [29]), the analysis developed there involves advanced tools (such as weak
compactness methods based on energy estimates, renormalized solutions, effective viscous flux, etc.) that
are to our opinion worth recalling. Especially as these tools will be also crucial in the convergence analysis
of our numerical scheme.

It turns out that the estimates and compactness arguments differ significantly according to the value of
the adiabatic exponent v appearing in the pressure law. For d = 3 and v > 3, the case treated in previous
numerical studies, a sketch of the proof of the stability of weak solutions can be found for instance in [16].
We focus here, as in the other sections, on the case d = 3 and v € (%, 3] which is the case covered by the
study of Novo and Novotny.

Essentially, the minimal value v* = 3 is the one that ensures a control of the pressure p” and of the
convective term pu ® w in L%(Q). The value v* = % exhibited by Lions corresponds to the minimal
exponent guaranteeing that p is controlled in L%(€). As we will explain later on (see Remark 2.4 below),
this control is required to prove that weak solutions are renormalized solutions. This constraint on -~y
has been relaxed by Novo, Novotny [28] (and Feireisl [8] in the evolutionary case) to reach v > 2 which
corresponds to the minimal exponent ensuring that pu ® w is controlled in LP(Q2), with p > 1.

This section is organized as follows: in the first subsection we recall the classical definition of weak
solutions to problem (1.1)-(1.2)-(1.3) and state a stability result on these solutions. We present in the
second subsection the main arguments for the key step of the proof of the stability, that is the proof of
the strong convergence of the density. In the last subsection we explain how to approximate (1.1) in order
to construct effectively weak solutions.

2.1 Definition of weak solutions, stability result

Definition 2.1. Let Q be a Lipschitz bounded domain of R3. Let v > % Let f € L2(Q) and p* > 0. A
pair (p,u) € L3O=1(Q) x H{(Q) is said to be a weak solution to Problem (1.1)-(1.2)-(1.3) if it satisfies:



Positivity of the density and global mass constraint:

1
p>0ae in Q and —/pdwzp*. (2.1)
€2 Jo

Fquations (1.1a)—(1.1b) are satisfied in the weak sense:

/ pu-Vode =0 Vo e CX(Q), (2.2)
Q

—/pu®u:Vvdcc—a/p’Y divvdx 4+ p [ Vu: Vode
Q Q Q

+ A+ ,LL)/ divu divvode = [ f-vde, Yo € C(N)3. (2.3)
Q Q

The pair (p,u) € L3O0~1D(Q) x H{(Q) is said to be a weak solution with bounded energy if, in addition to
the previous conditions, it satisfies the energy inequality

u/ﬂ|Vu|2dw+()\+u)/ﬂ(divu)2dwg/ﬂf-udw. (2.4)

Finally the pair (p,u) € L30~(Q) x H}(Q) is said to be a weak renormalized solution if, in addition to
the previous conditions and for any b € C°(]0,+00)) N C*((0, +00)) such that

t=do N\ < 1 ift<1
b ()] < c ’ ’ 2.5
| ()|_{cth, MA+1< 3D > (25)
the pair (p,u) satisfies
div(b(p)u) + ('(p)p — b(p))divu =0 in D'(R?), (2.6)

where p and w have been extended by O outside €.

Remark 2.1. In the whole paper, we adopt the following notations:

H}(Q) := HA(Q)4, WiP(Q) := WP ()4, LP(Q) :=LP(Q)¢, p € [1, +o].

Remark 2.2. Since v > 3, we have pu € L5 (Q) and by density (2.2) is valid for all ¢ € Wol(Q). In
addition, pu® u € L*(Q)3 and p7 € LM*(Q) for some n > 0 so that (2.3) is valid for all v € W{(Q)

for all g € [1,+00).

Remark 2.3. Ford =3, v> 3, andd =2, v > 1, we would get better integrability on p. Precisely, we
would have p € L?7(9).

Remark 2.4.

o When v is large enough, namely v > %, the following lemma, initially proved by Di Perna and Lions
[3], shows that any weak solution with finite energy of (1.1) is a renormalized weak solution.



Lemma 2.1 ([29] Lemma 3.3). Assume thaty > 2 and let p € L?o(z*l)(Rz%), u € H (R?) satisfying
the continuity equation

div(pu) =0 in D'(R?).
Then, equation (2.6) holds for any b € C°([0, +00)) N CL((0, +00)) satisfying (2.5).

More precisely, the justification of the renormalized equation requires a preliminary reqularization of
the density. The commutator term resulting from this reqularization involves in particular products
such as pdivw which are then controlled precisely under the condition that p € L _(R3) since divu €
L2 (R3) (see for instance [29] Lemma 3.1). This condition is achieved as soon as 3(y —1) > 2, i.e.
v > % The interested reader is also referred to [12] (Appendixz B) for a discussion on the criticality

of the assumption on p.

o If the pair (p,u) € L30=D(Q) x H}(Q) is a renormalized solution which satisfies, instead of the
continuity equation (2.2),

div(pu) = g in D'(Q) for some g € L*(Q),

then, extending p, u and g by zero outside Q) (denoting again p,u,g the extended functions), the
previous equation also holds in D'(R?). Moreover, for any b € C*([0,+00)) satisfying (2.5), denoting
bar the truncated function such that

) ift< M,
bur(t) = { b(M) ift> M,
then we have
div(bar(p)w) + (bl (9)p — bar () divas = g bl (p) i D'(R) (2.7)

where
;o V() ift< M,
[bM]+(t)—{ 0 ift> M.

We now focus on the stability of weak solutions the proof of which is essential for the analysis of the
numerical scheme in the next sections. In Section 2.3, some elements are given for the approximation
procedure that allows to construct such weak solutions.

Theorem 2.2. Let Q be a Lipschitz bounded domain of R3. Assume that v € (%, 3]. Consider sequences
of external forces (f,)nen C L*(Q) and masses (p};)nen C RY, and an associated sequence (pp,tn)nen of
renormalized weak solutions with bounded energy. Assume that p}, — p* > 0 and that (f, )nen converges
strongly in L2(Q) to f. Then, there exist (p,u) € L3O0=1(Q) x H§(Q) and a subsequence of (pn, tn)nen,
still denoted (pn, Un)nen such that:

o The sequence (U )nen converges to w in LI(Q) for all g € [1,6),

e The sequence (pn)nen converges to p in LI(Q) for all ¢ € [1,3(y — 1)) and weakly in L30~1(Q),

3(v—1)

o The sequence (p))nen converges to p7 in L1(Q) for all g € [1, @) and weakly in L™~ (£2),

e The pair (p,u) is a weak solution of Problem (1.1)-(1.2)-(1.3) with finite energy.



For the sake of brevity, we shall not present the complete proof of Theorem 2.2. Let us recall the
methodology: first we derive the basic uniform estimates which enable us in the next step to derive
compactness results on the sequence (pn,Un)nen and to pass to the limit in the mass and momentum
equations as n — +00. These steps do not present any remarkable difficulty and are just sketched below.
They will be performed in details in the next sections concerning the discrete case. We prefer to focus
here on the final step which consists in proving the strong convergence of the density, convergence which
is essential to pass to the limit in the equation of state (i.e. in the non linear pressure law).

The basic uniform estimates are recalled in the next proposition.
Proposition 2.3 (Uniform controls). Let Q be a Lipschitz bounded domain of R3. Assume that~ € (3,3].
Let (pn,Un)nen be the sequence defined in Theorem 2.2. Then, we have the following a priori controls:
HunHHé(Q) + ||p;YlHL1+TI(Q) + ||pn||L3(’Y*1)(Q) <o, (anHL?(Q))nGN)a Vn €N, (2.8)
where n = $ > 0.

The control of the velocity easily follows from the energy inequality (2.4), while the control of the
pressure (and the density) derives from an estimate linked to the so-called Bogovskii operator B defined
in the next Lemma.

Lemma 2.4. Let Q be a bounded Lipschitz domain of R, d > 1. Then, there exists a linear operator B
depending only on Q with the following properties:

(i) For all g € (1,+00),

1
B:LIQ) = {peLi(Q), st. <p>= Tl /de:v =0} — Wg(Q).

(ii) For all q € (1,400) and p € LE(Q),
div(Bp) = p, a.e. in Q.

(iii) For all q € (1,400), there exists C = C(q, ), such that for any p € LI(Q):
|Bp|wl,q(Q) <C ||p||Lq(Q)'

The interested reader is referred to [29] (Chapter 3.3) for a proof and additional properties on this
operator. Applying Lemma 2.4 to (P,)"— < (P,)" > where P, = ap] and using the resulting field
v, = B((P,)"— < (P,)" >) as a test function in (2.3), one gets the desired control on the pressure and
thus on the density.

Thanks to the previous estimates we deduce that up to the extraction of a subsequence, the sequence

3(y—1

o (©). In particular, the

(Pn, Un, p}) weakly converges to a triple (p,u, p7) € L30~1(Q) x H{(Q) x L
limit (p, u, p7) satisfies the momentum equation in the following sense:

—/pu@u:Vvdw—a/p_Wdivvdw—i—u Vu:Vudzx
Q Q Q

+O+w [

divu divode = / fvde, Yo € C(Q)%. (2.9)
Q

Q

To complete the proof of Theorem 2.2, it remains to identify the limit pressure p7 in (2.9). Namely we
have to pass to the limit in the equation of state and prove that

pT=p7 ae inQ (2.10)

which is equivalent to proving the strong convergence of the density towards its weak limit.



2.2 Passing to the limit in the equation of state

This is classically obtained in two steps: first by proving some weak compactness property satisfied by the
so-called effective viscous flux defined as (2u + A)divu — ap?, and then, by using the monotonicity of the
pressure to deduce the strong convergence of the sequence of densities (o, )nen-

2.2.1 Weak compactness of the effective viscous flux
Let us first recall the definition of the curl operator, and a useful identity linked to this operator.

Lemma 2.5 (A differential identity). Let Q be a Lipschitz bounded domain of R®. For a = (a1, as,a3)”
and b = (by,be,b3)T in R we denote a A'b = (azbz — azba, asby — aybz, a1bs — azby)? € R3. For a vector
valued function v = (vi,ve,v3)T, denote curlv = V A v where V = (01, 04,03)T. With these notations,
if u € HY(Q) and v € H%(Q), the following identity holds:

Vu:V'wa:/

divudive de + / curlu - curlv dx
Q

Q Q

+ /BQ(V'U.n) cu do(x) + /asz curlv - (uAn) do(x) — /asz divv (u-n) do(x). (2.11)

Ifu € HY(Q) and v € HY(Q), this identity simplifies to:

/ Vu:Vvde = / divudive dx +/ curlu - curlv dz. (2.12)
Q Q Q

We shall also need the next result.

Lemma 2.6. Let Q be a bounded open set of R4, Then, there exists a linear operator A with the following
properties:

(i) For all g € (1,+00),
A:LYQ) —» Wh(Q).

(ii) For all g € (1,400) and p € L1(Q),
div(Ap) = p, and curl(Ap) =0, a.e. in Q.
(iii) For all q € (1,4+00), there exists C = C(q,?), such that for any p € LI(Q):

|Ap|wl,q(9) <C HpHLq(Q)'

Proof. A solution is given by Ap := VA~!(p), where A~! is defined as the inverse of the Laplacian on
R3, here applied to p extended by 0 outside . The reader is referred to [29] Section 4.4.1 for properties
of the operator A. In particular the operator A does not depend on gq. [l

Proposition 2.7. Let  be a Lipschitz bounded domain of R3. Assume that v € (3,3]. Let (pn, Un)nen
be the sequence defined in Theorem 2.2. For k € N*, define

)t ifte|0,k),
ﬂm_{kiﬁem+w) (2.13)



The sequence (Ti(pn))nen is bounded in L*° () and up to extracting a subsequence, it converges for the
weak-* topology in L>°(Q) towards some function denoted Ty(p). Then, up to extracting a subsequence,
the following identity holds:

liril (2u+ A) divu, —ap))Ti(pn)o de = / (2 + N divu — ap?)Ti(p)pdz, Vo € CZ(Q).
n—tee Jo Q

(2.14)

Proof. Let k € N*. For n € N, let w,, = ATy(p,) be the field associated with Ty (p,) through Lemma 2.6.
We have

div w, = T(pn), curl w, =0, (w,)nen is bounded in WH4(Q) Vg € (1,+400).

Moreover, (W )nen is bounded in L°(Q) and up to extracting a subsequence, as n — 400, it strongly
converges in L4(Q) and weakly in W14(Q) for all ¢ € (1, +00) towards some function w satisfying:

div w = Tg(p) and curl w =0. (2.15)

Let ¢ € C°(Q). Considering in (2.3) the test function v, = ¢w,, we get:

—/pnun@)un : V(gbwn)dcc—a/
Q

p div(¢wy,)de + p | Vu, : V(ow,)dx
Q Q

+On |

divu, div(pw,)de = [ f-(ow,)dx.
Q Q

Using the formula (2.12) and the fact that div(¢w,) = Ti(pn)¢ + w, - Vo and curl(gpw,) = L(¢)w,
where L(¢) is a matrix involving first order derivatives of ¢, we obtain:

/Q (ap) — 2p+ N)divuy,) Ti(pn )¢ da

= —/ (ap) — 2+ N)divu,)w, - Vode + u/ curlu, - L(¢p)w, dz
Q Q

- / Prln @ Uy : V(ow,,) de —/ I (dw,)dx
Q Q

Thanks to the previous estimates and convergences , we are allowed to pass to the limit as n — +o0

lim (ap) — 2p 4 N)div u,) Tk(pn )¢ dee

n—-4o0o Q

:_/ (ap_W—(2u+)\)divu)w-V¢dw+,u/Curlu'L(¢)’lUde
Q Q

— lim Pnln @ Uy : V(pwy)de — [ f- (¢pw)dex.
Q

n—-4o0o Q

An analogous equation can be obtained from the limit momentum equation (2.9) with the test function
¢ow. It reads:

/Q (ap” — (2 + N)div u) Ti(p)¢ dx

=— / (ap” — (2p + N divu)w - Vo da + u/ curl(u) - L(¢)wdz
Q Q

—/pu®u:V(¢w)dcc— [ (pw) de.
Q Q



Comparing the two expressions, we get

lim (ap) — 2p+ N)divuy,) Ti(pn )¢ de

n—-+oo Q
= / (ap” — (2p + N)divu) Ty (p)¢ de
Q

— lim Py @ Uy V(pwy,) de + / pu@u: V(opw)de.
Q

n—-+oo Q

Hence it remains to show that the last two terms in the right-hand side are equal, which is not direct since
we have only weak convergence on (ppun,)nen and (Vw, )nen.

This convective term is usually treated with compensated compactness tools by means of Div-Curl and
commutator lemmas (see [29] Section 4.4). In the case v > 3, a simpler proof is presented in [16] which
enables to bypass the use of these tools. We adapt this simple proof to our case v € (%, 3] by using a
regularization of the velocity w,,. Let us first extend u,, and u by 0 on R3\ Q and introduce the regularized
velocities Uy 5 = up *ws and us = u*ws, where (ws)s>o is a mollifying sequence. By standard properties
of the convolution and our a priori control of the velocity u,, the following convergences hold (see for
instance [9] Lemma 5 p.75 where a regularization of the velocity is also used)

Ups 2 U strongly in L{ (R*) Vg € [1,6) uniformly in d, (2.16)
n—r—+00
Un,s > Un strongly in L (R?) Vg € [1,6) uniformly in n, (2.17)
—
us — u strongly in LY (R?). (2.18)
6—0

Since div(p,u,) = 0, we then have, for any § > 0:

/ Py @ Uy V(pw,)de = / Un,s Q (Ppun) : V(ow,)de + R;”é
Q R3

— / div(un,s @ ppuy,) - (Qwy,) de + R;”é
R3

_/ (pnun . V)un,é . ((bwn) de + R;MS
R3

where
R;lﬁ — / (Up, — Un5) @ (Prtty) : V(pw,,) de.
R3

Since (pntn)nen is bounded in LP(Q) for some p > £, (Vwy, )nen is bounded in L#(€2)? for any s € (1, +00),
then the following inequality holds, for some triple (p, g, s), such that p > g, s>1,¢g<6and %—I— é —l—% =1

IRT| < Ol pntsnllyn o ||V (dws)]
()

< Cllun — un,5||Lq(R3)-

Le(el[tn = UnsllLa s

As a consequence:

lim sup [R}"’| < C'limsup [|wn — 5|0 o) - (2.19)

n——+o0o n—-+oo

Thanks to the regularization of the velocity, we ensure that (Vuy, s)nen is bounded in L (R3)3. The
sequence ((pntn - V)Uns)nen = (@, 5)nen is then bounded in L7(Q), for some r > 1 and up to the
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extraction of a subsequence, it weakly converges in L"(€2) towards some function Q; € L"(€2). We have
/ Py @ uy, : V(gw,)de = —/ (pnun - Vuy s - (dw,) de + R’f";
Q Q

S / Qs - (pw)dx + R + RY (2.20)
Q

where

Rg#; = - /Q Qn,é : (¢wn) dx + ‘/Q Q5 . (¢w) dx
- [(@ @) wazt [ 0Q,-(w-w,) e
2 Q

Since (wy,)nen converges strongly to w in L7(N), for all ¢ € (1, +00), we have
|RF°| =0 asn — +oo for any fixed § > 0. (2.21)

We now want to show that Qs = (pu-V)us. To that end, let us consider a fixed test function v € W™ ()
and write (again thanks to the fact that div(p,u,) = 0)

/ (pntn - V)up s - vda = —/ Up,5 @ (Ppuy) : Voda
Q Q

— —/ us ® (pnuy) : Vodz + R’;’é
Q
= / div(us ® ppuy,) - vde + R’;’é
Q
= / (pu - V)us - vdax + Ry°
Q

with
R;"S = / (us — Un,5) ® (ppuy) : Vodx
Q

which tends to 0 (uniformly with respect to 4) as n — +00, since (ppUn)nen converges weakly to pu in

L% (Q) for some ¢1 > £, and (un,5)nen converges strongly to us (uniformly with respect to &) in L2 (9)

for any g2 < 6. As a consequence, we identify Q5 = (pu - V)us. Now, back to (2.20), since at the limit
div(pu) = 0, we have:

/ Prtin @ Uy 1 V(Pw,) do = — / (pu - V)us - (pw) dz + R + Ry°
Q Q
_ / pus @ u : V(gw) da + R 4+ R
Q
= / pu R u: V(opw)de + R?’é + Rg’é + R}
Q

where

RS = /Q (us — u) @ (pu) : V(pw) de.

Combining (2.19) and (2.21), we get that for any fixed § > 0:

lim sup ’ / Pnln @ Uy, 2 V(pwy,) de — / pu®@u: V(¢w)de| < Climsup [[un — Un,sl|g,qgs) + |R3|,
Q Q

n—-+o0o n—-+oo

11



for some q < 6. By (2.18), we have RS — 0 as § — 0. Hence, by the uniform in n convergence of (u,_s)s=0
towards u,, as 6 — 0 (2.17), letting § tend to 0 yields:

lim Py, @ Uy, 2 V(pwy,)de = / pu @ u: V(opw)de.
Q

n—-+oo Q

We finally conclude that

lir_{l (ap) — 2p+ N)divu,) T (pn) ¢ do = / (ap7 — (2p + N)divu) Tx(p)¢ dex.
n=ree Jo Q

2.2.2 Strong convergence of the density

Let us begin this subsection with a brief sketch of the general strategy that we will employ. Concentration
phenomena being excluded, the only mechanism which can prevent the strong convergence is the presence
of oscillations. We need to prove that we control these oscillations. For large values of v, namely v > 2,
one can show an “improved” version of the weak compactness of the effective viscous flux (2.14) where
Ti(pn) (resp. Ti(p)) is replaced by p, (resp. p). Then, passing to the limit n — o0 in the renormalized
continuity equation

div((pp In pp) uyn) = —ppdivau, in D' (R?),

we get
div(plnp u) = —pdive  in D'(R?),

where all the functions have been extended by zero outside 2. On the other hand, applying the renormal-
ization theory of Di Perna-Lions (Lemma 2.1) on the limit p € L30=1(Q), u € H}(Q) we also have

div((plnp)u) = —pdive in D'(R?). (2.22)
Subtracting this equation from the previous one, we arrive at
div((pInp — plnp) u) = pdivu — pdive  in D'(R?).

The weak compactness property of the effective viscous flux yields

_a
C2u+ A

div((pInp — plnp) u) (pp_”Y—pVJfl) in D'(R?).
Integrating in space, we end up with the identity pp? = pY*+! a.e., from which the strong convergence of
the density follows by invoking the monotonicity of the pressure (Minty’s trick).

In the arguments presented above, one of the key point is to write (2.22) which requires from the theory
of Di Perna and Lions that p € L?(Q) (see Remark 2.4). The previous proof can be adapted in the case
v E (g, 2) using a “weaker” version of the effective viscous flux identity where p,, is essentially replaced by
p% for some « € (0,1). This is the case initially demonstrated by Lions in [27]. For smaller values of =,
i.e. 3 < <2 wedonot ensure a priori (2.22) since p does not belong to L?(€2). The idea of Feireisl [§]
(adapted then by Novo and Novotny in the stationary case) is to work on the truncated variable Ty(p),
defined in (2.13) which is bounded for fixed k (and thus in L?(2)). With similar arguments as before, one
may then show the strong convergence of (Tk(pn))nen to Tk(p) (uniformly with respect to k in L7T1(Q)).
Combining finally this result with the strong convergence of the truncated variables as k — +oo (see
Lemma 2.8 below), we will get the strong convergence of (pn)nen-

12



Properties of the truncation operators Tj.

Lemma 2.8. Under the assumptions of Proposition 2.7, for all 1 < q < 3(y — 1), there exists a constant
C such that the following inequality holds for all n € N and k € N*:

_ 1 _1
100 — Pl + ITe(0) = Pllacey + I Ts(on) — pullpagey < CHTET. (2.23)

Consequently, as k — +o0o, the sequences (Ti(p))ken+ and (Tk(p))ken+ both converge strongly to p in LI(£2)
for all g € [1,3(y —1)).

We skip the proof of this lemma which can be found in [29] Section 4.11.3.1.

Lemma 2.9. Under the assumptions of Proposition 2.7, there exists a constant C' such that the following
estimate holds:

sup limsup || Tk(pn) = Ti(p)l 1141 () < C- (2.24)
k>1 mn—+oo

Proof. For the sake of brevity, we omit the details of the proof which can be found in [29] Section 4.11.3.2
(Lemma 4.49). Basically, the idea is the following: invoking the convexity of the functions ¢ — ¢7 and
t — —T(t), we may infer that

iimswp [ [Tip) = o) da < | (FTLG) ~ 7 Tilp) de.

n—-+oo

The previous inequality, combined with the weak compactness property satisfied by the effective viscous
flux (2.14) then leads to (skipping the details)

limsup [ [Tk(pn) — Tk(p)|" "' dz
Q

n—-+oo
2 _
<A Sup/ (T (pn) — T(p)) div u, da (2.25)
a n—+oo JQ
< Climsup [|Ti(pn) = Ti(p)ll12(0)
n—-+oo

where C' depends on the uniform bound on the sequence ([|div @pl|;2(q))nen. Since v+ 1 > 2, we obtain
the final estimate (2.24) thanks to Hélder and Young inequalities. O

Renormalization equation associated with Tj. For any k € N*, define

La(®) = t(nt—Ink—1), ifte0,k), (2.26)
k - _k7 if t S [k7+00), '

which belongs to C°([0, +00)) N C'((0, +00)) and which is such that

tLy(t) — Li(t) = Ti(t) Vt € [0, +00).

Remark 2.5. Note that function Ly can be seen as a truncated version of the function L(t) = tInt used
in (2.22) for large 7y, up to the addition of the linear function t — —(Ink + 1)t.
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Proposition 2.10. Let ) be a Lipschitz bounded domain of R3. Assume that v € (2,3]. Let (pn, Un)nen
be the sequence defined in Theorem 2.2 and let (p,u) € L3O0=(Q) x H(Q) be its limit. Then, for all
k € N*, the following equations hold:
div(Lg(pn)un) + Ti(pn)div u, = 0, in D'(R?), VneN. (2.27)
div(Li(p)u) + Tx(p)divu = 0, in D' (R?). (2.28)

Proof. Since Ly € CY([0, +00)) N CL((0, +00)) satisfies (2.5), and since (py,, u,,) is a renormalized solution
of (1.1)-(1.2)-(1.3), in the sense of Definition 2.1, equation (2.27) holds true.

Let us prove that a similar equation is also satisfied for the limit couple (p, u). Using the renormalization
property (2.7) satisfied by (pn,w,) for the truncated function Ty, M € N*, we obtain:

div(Tar(pn)tn) = = [pn[Tar)(on) — Tar(pn)]diva, —in D'(R?).
which yields as n — +o0
div(Tar(p)u) = — [p[Tu), (p) — Trr(p)]diva  in D'(R?). (2.29)

For k € N* and § > 0, we introduce the regularized function Lj s defined as

Ly,s(t) = Li(t +0), (2.30)

the derivative of which is bounded close to 0 unlike L. Applying Lemma 2.1 (and the second part of
Remark 2.4) to the pair (Tas(p),u) (justified since Tiar(p) € L>®(Q2) for M fixed) with the function Ly s

and the source term g = — [p[T]’y (p) — T (p)]divw € LL (R3), we get:

div (L, (Tar (p)) ) + Tios (Tae (p) ) divw = =L, 5(Tar(p)) [p[Tar)'y (p) — Tar(p)]dive  in D'(R?) (2.31)

where

Tr5(t) = tLy, 5(t) — L s(t).

We now have to pass to the limits M — +o00, § — 0. Lemma 2.8 yields the strong convergence of Ths(p)
to p as M — +00. As a consequence, the left-hand side of (2.31) converges in D'(R?) to

div(Ly,s(p)u) + Ths(p)div u.

Regarding the right-hand side

—Lis (TM(P)) [P[TM]/Jr(P) - TM(P)] div u,

since Ly, 5(t) = 0 for t > k, we estimate its L' norm as follows

’/Q %o (Tar(p)) [p[Tm) (p) — Tae(p)] div u de

< max [Li 50 [ [T ()~ Tl v i, da
t€(0,k] QO

where Q= {w e, Ty(p)(x) < k} We then have

s (L 50)] | [Ty (p) — Tarlp)] v Ay, do
te(0,k] Q

! . . / .
< max |L5(t)] lim inf /Q | [pn[Tar)y (pn) = Tar (pn)] div wn | Xy, , da

< e Lo O] s [ [, Tl (02) = Tar(p)Jdiv | X, da

T t€[0,k]
/ .
< O max |L 5 (8)] limsup | Ta (pn) Xy i 20 () (2.32)
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since the sequence ([|divun||p2(q))nen is bounded. We already know that Tar(pn)Xa,, wn{p. >} is con-
trolled in L!(Q) since

11 L1
||TM(Pn)XQM,kﬂ{pn2M}||L1(Q) < ||an{anM}||L1(Q) < CM36-9 ||Pn||L3(w—1)(Q) < CM36-D 5

where the constant C' only depends on the uniform bounds on the sequences (p};)nen and (||pn | s¢v-1) )nen-
Therefore, by an interpolation inequality, we obtain:

lim SU.pHTM (pn)XﬂM kN{pn>M} HL? )

e —1 F+1
< Climsup||Tas (pn) Koy, m{pn>M}||L1(Q ITas (o) Xerns (o= 00y 1551 ()

o 1 o+l
< o= = timsup (| (Tar () = T30 (00) Xy sy + 1T Xl 10y)
<CMV2_71(3(V—1*1>71) lim su st =
<OMF imsup (|| (T (pn) = Tor () s gy + 1217

Thanks to Lemma 2.9, we deduce that

1
hmsup||T1\/[(pn))t,’QMm{pn>1\/[}||L2(Q C(k, Q)M = = (s 1) =0 as M — +oo.

n—-+o0o

Injecting in (2.32), we get

m{a;;i] |Lj. 5(t |/‘ [Ty (p) — Tar(p) dlvu‘XQMkdcc —0 as M — +oo.
te[o

Note that to get this result, we have been forced to regularize the function Lj (see (2.30)) in order to
control its derivative close to 0. Hence, passing to the limit M — 400 in (2.31) we get

div(Les(p)u) + Trs(p)dive =0, in D'(R®), VkeN*§>0.
Now, observe that for all ¢ € [0, +00)
Ly 5(t) 5$>+ Li(t),
Ti5(t) = tLy, 5(t) — Lrs(t) o tL,(t) — Li(t) = Ti(1).
Moreover, since for all ¢ € [0,4+00) and ¢ € (0,1), we have |Lj 5(t)| < k and
| Th,s ()] = |T(t + 8) — 6Ly (t + 0)|
< k46| In(t+0) — In k| Xpegery < b+ 5(| In 6] + % +In k) Xpirs<ry < C(k),
we can pass to the limit § — 0% thanks to the Lebesgue Dominated Convergence Theorem to get
div(Li(p)u) + Ti(p)dive = 0, in D'(R?),

for all k¥ € N* which concludes the proof. O
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Strong convergence of the density

Proposition 2.11. Let Q be a Lipschitz bounded domain of R3. Assume that v € (2,3]. Let (pn, Un)nen
be the sequence defined in Theorem 2.2 and let (p,u) € L3O0=(Q) x H}(Q) be its limit. Up to extraction,
the sequence (pp)nen strongly converges towards p in 1LI(Q) for all ¢ € [1,3(y —1)).

Proof. Integrating the renormalized continuity equations (2.27) and (2.28) and summing, one obtains:

/ Tk (pp)div u, de — / Ti(p)divude =0, Vn € N.
Q Q

We then use this identity in inequality (2.25) to deduce that

lim sup/ Tk (pn) — Ti(p)" T dz
Q
<

n—-+4o0o
2 A —
<K + lim sup/ (Ti(pn) — Ti(p))div w, de
a n—+oo JQ
2 A —
_Znt /(Tk(p) — Tx(p)) divu de + lim sup (/ Tk (pn)div u, de — / Tk(p)divud:c)
a Q n—+oo \Jo Q
2u+ A

a

= /Q(Tk(p) — Ti(p)) divu de.

Using Lemma 2.8 we infer that

< vz oy 1 T(p) = Tolp s

/Q(Tk(p) — Ti(p)) divude

y+1

< O Tw(p) _Tk(p)HL?Q)”Tk( ) —T(p )HL’Y+1( Q)

1 F+1
< C(HTk(P) - pHLl(Q) + [Tk (p) — p||L1(Q)> 1Tk (p) — ( )”Lwl(g
77,1(+_1) v+1
< Ck# \36-D | Tw(p) — Tr(p )||L7+1(Q)
V_*l(il 71) . 72;;1
S Ck™2 \36-D (hmsup HTk(pn) - Tk(p)||L-y+1(Q)) .
n—-+o0o
As a consequence of Lemma 2.9, we have
lim limsup [ |Tk(pn) — Ti(p)| "+ da = 0,
k—+00 n—+too JO
and thus
lim_limsup | Tk(pn) — Tk(p) I g = O- (2.33)

k—+00 n—+4oo

We conclude to the strong convergence of the density by writing

10 = pallisey < I19n = Tepa) s ey + ITk(on) = Tl + 1T (0) = ol

Passing to the limit superior n — +oc in this inequality, using again Lemma 2.8 and the previous estimate
(2.33) to then pass to the limit k¥ — +o0 yields the strong convergence of the density in L!() and therefore
in L1(Q) for all ¢ € [1,3(y — 1)). O

16



2.3 Elements for the construction of weak solutions

The previous subsections were concerned with the stability of weak solutions of Problem (1.1)-(1.2)-(1.3).
An important step is the effective construction of such weak solutions by means of successive approxima-
tions. This construction is sketched by Lions in [27] for the case v > % and detailed by Novo and Novotny
in [28] for the case v > % The approximation procedure is usually decomposed into three steps:

e addition in the momentum equation of an artificial pressure term JVp' with T' sufficiently large,
namely I' > 3;

e addition of a relazation term a(p — p*) in the mass equation in order to ensure that the total mass
constraint (1.3) is satisfied at the approximate level;

e addition of a diffusion or regularization term (e.g. —Ap) in the mass equation which regularizes the
density.

As a consequence of the modification of the mass equation, the momentum equation can also involve
additional perturbation terms depending on « and €, in order to ensure the preservation of the energy
inequality (see details in [28] or [29]). The parameters d, o, € being fixed, the existence of weak solutions
is obtained by a fixed point argument. Then, the proof consists in passing to the limit successively with
respect to €, a and then finally with respect to §.

In the next section, we present our numerical scheme which essentially reproduces at the discrete level
the previous three approximation terms. Nevertheless, the parameters ¢, «, § are no more independent in
the discrete case. They shall all depend on the mesh size and converge to 0 as the mesh size tends to 0. In
that sense, the convergence result that we obtain in the next sections can be seen as an alternative proof
of existence of weak solutions to the stationary problem (1.1)-(1.2)-(1.3).

3 The discrete setting, presentation of the numerical scheme

3.1 Meshes and discretization spaces

Let © be an open bounded connected subset of R, d = 2 or 3. We assume that  is polygonal if d = 2
and polyhedral if d = 3.

Definition 3.1 (Staggered mesh). A staggered discretization of Q, denoted by D, is given by a pair
D = (M,E), where:

o M, the so-called primal mesh, is a finite family composed of mon empty simplices. The primal
mesh M is assumed to form a partition of Q : Q = Ugcpm K. For any open simpler K € M, let
0K = K\ K be the boundary of K, which is the union of cell faces. We denote by € the set of
faces of the mesh, and we suppose that two neighboring cells share a whole face: for all o € &, either
o C O or there exists (K, L) € M? with K # L such that K N L = o; we denote in the latter case
o = K|L. We denote by Eext and Eint the set of external and internal faces: Eoxy = {0 € E,0 C IN}
and Ent = €\ Eext. For K € M, E(K) stands for the set of faces of K. The unit vector normal
to o € E(K) outward K is denoted by ng . In the following, the notation |K| or |o| stands
indifferently for the d-dimensional or the (d — 1)-dimensional measure of the subset K of R? or o of
R respectively.

o We define a dual mesh associated with the faces o € &€ as follows. For K € M and o € E(K),
we define Dk, as the cone with basis o and with vertex the mass center of K (see Figure 1). We
thus obtain a partition of K in m sub-volumes, where m = d + 1 is the number of faces of K, each
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Figure 1: Notations for primal and dual cells. Primal cells are delimited with bold lines, dual cells are in
grey.

sub-volume having the same measure |Dk | = |K|/(d + 1). The volume D , is referred to as the
half-diamond cell associated with K and o. For o € &g, 0 = K|L, we now define the diamond cell
D, associated with o by Dy = D o UDy, 5. For o € Eext NE(K), we define D, = D . We denote
by g(DU) the set of faces of Dy, and by € = Dy|D,s the face separating two diamond cells D, and
D,:. As for the primal mesh, we denote by Emy the set of dual faces included in the domain Q and
by gcxt the set of dual faces lying on the boundary 0. In this latter case, there exists o € Eoxy Such
that e = 0.

Definition 3.2 (Size of the discretization). Let D = (M, ) be a staggered discretization of Q). For every
K € M, we denote hi the diameter of K (i.e. the 1D measure of the largest line segment included in K ).
The size of the discretization is defined by:

ham = max hg.
M KeM

Definition 3.3 (Regularity of the discretization). Let D = (M, &) be a staggered discretization of Q. For
every K € M, denote px the radius of the largest ball included in K. The regularity parameter of the
discretization is defined by:

hx hr

9M=max{Z—i,K€M}U{E,E,o:K|L€&m}. (3.1)

A sequence (Dp)nen of staggered discretizations is said to be reqular if:
(i) there exists 0y > 0 such that Opq,, < O for all n € N,

(ii) the sequence of space steps (ha, )nen tends to zero as n tends to +oo.

Relying on Definition 3.1, we now define a staggered space discretization. The degrees of freedom for
the density (i.e. the discrete density unknowns) are associated with the cells of the mesh M:

{pK, K € M}

The discrete density unknowns are associated with piecewise constant functions on the cells of the primal
mesh.
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Definition 3.4. Let D = (M, €) be a staggered discretization of Q. We denote Ly (Q) the space of scalar
functions that are constant on each primal cell K € M. For p € Lp(Q) and K € M, we denote pk the
constant value of p on K. We denote Liag,0(2) the subspace of Lam(2) composed of zero average functions
over €.

The degrees of freedom for the velocity are associated with the faces of the mesh M or equivalently
with the cells of the dual mesh D,, o € £ so the set of discrete velocity unknowns reads:

{u, €RY o€

The discrete velocity unknowns are associated with the Crouzeiz-Raviart finite element. For all K € M,
the restriction of the discrete velocity belongs to P;(K) the space of polynomials of degree less than one
defined on K.

The space of discrete velocities is given in the following definition.

Definition 3.5. Let D = (M, £) be a staggered discretization of Q as defined in Definition 3.1. We denote
Hpm(Q2) the space of functions u such that ujix € Py(K) for all K € M and such that:

% /[u]g do(@) =0, Vo € Em, (3:2)

where [u], is the jump of u through o which is defined on o = K|L by [u], = uj;, —ujx. We define
Ha,0(2) € Ham(Q) the subspace of Haq(Q) composed of functions the degrees of freedom of which are zero
over 09, i.e. the functions u € Hap () such that \%\ [, udo(x) =0 for all 0 € Ecxi. Finally, we denote

HM(Q) = HM(Q)d and HM70(Q) = HM)Q(Q)d.
For a discrete velocity field u € Ha(Q) and o € &€, the degree of freedom associated with o is given
by:
1
Uy = —/uda(w). (3.3)
ol Jo

Although u € H \(€2) is discontinuous across an internal face o € &y, the definition of u, is unambiguous
thanks to (3.2).

3.2 The numerical scheme

Let Q be a polyhedral domain of RY. Let D = (M, &) be a staggered discretization of Q as defined in
Definition 3.1. The continuity equation is discretized on the primal mesh, while the momentum balance is
discretized on the dual mesh. The scheme reads as follows:

Solve for p € La(R2) and u € Hpygo(2):
divae(pu) + hy (p = p*) = h5y Are () =0, (3.4a)

dive(pu @ u) — plAgu — (+ A)(Vodiv)eu +aVe(p?) + hf&l Ve(ph) = e f, (3.4b)
where n = 2—77;

The discrete space differential operators involved in (3.4a) and (3.4b), as well as their main properties,
are described in the following lines. The positive constants I' and (&1, &2, €3) will be determined so as to
ensure the convergence of the numerical solution towards a weak solution of (1.1)-(1.2)-(1.3).
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Mass convection operator — Given discrete density and velocity fields p € La(£2) and uw € H v 0(2),
the discretization of the mass convection term is given by:

diva(pu)(z) = Z 4 ( Z Fr o(p,u )XK(w), (3.5)
KeM oce&(K

where X is the characteristic function of the subset K of . The quantity Fix »(p, ) stands for the mass
flux across o outward K. By the impermeability boundary conditions, it vanishes on external faces and is
given on internal faces by:

Fx o(p,u) = |0]| po to - K o, Vo € Ent, 0 = K| L. (3.6)
The density at the face o = K|L is approximated by the upwind technique, i.e.

if w, n >0,
po = {pK o e = (3.7)
pr  otherwise.
Stabilization terms in the mass equation — The discrete mass equation involves two stabilization

terms. The first stabilization term is there to ensure the total mass constraint at the discrete level (1.3):

WS (@) = p*) = W3y Y (o = p") Xk ().

KeM

The second stabilization term in the discrete mass equation (3.4a) is defined as follows:

1 (o} %7 1_
s p(p)@) = Y W( > ol (%) lprc = pul ™ ok = p1)) Xic(@).  (3.8)
KeM c€E(K)NEint 7
oc=K|L

1+

Its aim is to provide a control on a discrete analogue of the W5 (Q) semi-norm of p by some (negative)
power of the discretization parameter h (. This control appears to be necessary in the convergence analysis,
when passing to the limit in the equation of state, see Remark 5.1.

Velocity convection operator — Given discrete density and velocity fields p € Ly () and uw €
H0(92), the discretization of the mass convection term is given by:

dive(pu @ u)(x) = Z D |( Z Foe(p,u e) Xp, (). (3.9)

g€Eint o GS(D )

F, <(p,w) is the mass flux across the edge € of the dual cell D,. Its value is zero if € € gcxt. Otherwise, it
is defined as a linear combination, with constant coefficients, of the primal mass fluxes at the neighboring
faces. For K € M and o € £(K), let £% be given by:

|Dk o] _ 1
|K| d+1’
so that ) £(K) &% = 1. Then the mass fluxes through the inner dual faces are calculated from the primal

mass fluxes Fk ;(p,u) as follows. We first incorporate the second stabilization term (see (3.8)) into the
primal mass fluxes by defining Fi ,(p, u) as follows:

& =

(3.10)

o]
|Ds|

The dual mass fluxes F, ¢(p,u) are then computed to as to satisfy the following three conditions:

1
Fro(p,u) = Fro(p,u) +h5 o] ( ) "o —poln (o —pr), Vo € Emi, 0= K|L.  (3.11)
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(H1) The discrete mass balance over the half-diamond cells is satisfied, in the following sense. For all
primal cell K in M, the set (Fy ((p,u)).ck of dual fluxes included in K solves the following linear
system

Frolpu)+ Y Frlpuw) =& Y Frolpu), ocf(K). (3.12)

ec€(D,), eCK o’'€E(K)

(H2) The dual fluxes are conservative, i.e.
F,e(p,u) = —Fy (p,u), Ve = Dy| Dy (3.13)
(H3) The dual fluxes are bounded with respect to the primal fluxes (F o (p, u)),ce (i), in the sense that

|Foe(pyu)| < max {|Fro(p,u)], o € E(K)}, (3.14)
for K € M, 0 € £(K), e € £(D,) with e C K.

The system of equations (3.12)-(3.13) does not depend on the particular cell K since it only depends on
the coefficient £, = 1/(d + 1). It has an infinite number of solutions, which makes necessary to impose
in addition the constraint (3.14); however, assumptions (H1)-(H2)-(H3) are sufficient for the subsequent
developments, in the sense that any choice for the expression of the dual fluxes satisfying these assumptions
yields stable and consistent schemes (see [25, 26]).

This convection operator is built so that a discrete mass conservation equation similar to (3.4a) is also
satisfied on the cells of the dual mesh. Indeed, let (p,u) € La(2) x Haq(£2) and define a constant density
on the dual cells pp, as follows:

|Dolpp, = |Dk o|px + DL o|lpr  for o = K|L.
Then if (p, u) satisfy (3.4a), one has:
Z Foe(pyu) + h§\1/1|DU| (pp, — p*) =0, Vo € Eing, (3.15)
EEE(DU)
which is an analogue of (3.4a) where the stabilization diffusion term is hidden in the dual fluxes.

To complete the definition of the momentum convective term, we must give the expression of the
velocity u. at the dual face. As already said, a dual face lying on the boundary is also a primal face, and
the flux across that face is zero. Therefore, the values u. are only needed at the internal dual faces; we
choose them to be centered:

1
U = g(ug—l—ug/), for e = D, |D..

Diffusion operator — Let us define the shape functions associated with the Crouzeix-Raviart finite
element. These are the functions ({,),cs where for all o € &, (, is the element of Hx(€2) which satisfies:

1, ifo =o,
|/|/C0do { 0, ifo’ #o.
Given a discrete velocity field u € H g O(Q), the discretization of the diffusion terms is given by:

-Acula) = Y (> / Vu.V(, da) X, (@),

0€E&int a| KeM
(3.16)

—(Vodiv)eu(z) = Z Z / d1vuVngw) X, ().

(Tegint a KeM

21



Pressure gradient operator — Given a discrete density field p € La(£2), the pressure gradient term
is discretized as follows:

Ve)@ = X (i (= ) me) o, (@) (3.17)
o€€int 7
o=K|L

The discrete momentum equation (3.4b) also involves a third stabilization term, an artificial pressure term,
which reads:

o]
W Ve @) =S 30 (15 (k= o) e ) Ao, (@),
0€&iny 7
oc=K|L

where I > ~ is chosen large enough to ensure a control on the discrete weak formulation of the convective
term in the momentum equation when v € (%, 3]. Note that, if d =3 and v > 3 or d = 2 and v > 2, this
term is not needed.

Source term — The source term f € L?(Q) is discretized with the following projection operator:
~ 1
fet@ =3 (57 | tiz)a (@) (3.18)
oc€E&int ol /Do

3.3 Main result: convergence of the scheme

For the clarity of the presentation, we state our convergence result in the same setting as for the continuous
problem, namely for d = 3 and v € ( %, 3]. We refer to the remark below for the “simpler” cases d = 2,
and d = 3 with v > 3.

Theorem 3.1 (Convergence of the scheme). Let 2 be a polyhedral connected open subset of R3. Let
f €L?(Q) and p* > 0. Assume that v € (3,3]. Denoting n = # € (0,1], assume that ' and (&1, &2, &3)
satisfy:

(@ & >1, (3.19)
g 5 3 n
@ 7 (m +§3> < T (3.20)
1 5 3 1+ 5 ( 3
(mz) ; + 477—F (m +§3> <& < T — E (m +§3) . (3.21)

Let (Dy)nen be a regular sequence of staggered discretizations of £ as defined in Definition 3.3. Then
there exists N € N such that for all n > N, there exists a solution (pn,un) € L, (2) x Hag,, 0(2) to the
numerical scheme (3.4) with the discretization Dy, and the obtained density py, is positive on 2. Moreover,
there exist (p,u) € L2O0~1(Q) x H}(Q) and a subsequence of (pn,n)n>n, denoted (pn,tn)nen such that:

The sequence (up)nen converges to w in L1(Q) for all q € [1,6),

The sequence (pn)nen converges to p in LI(Q) for all ¢ € [1,3(y — 1)) and weakly in L>O~1(Q),

(€2),

3(v—=1)

The sequence (p))nen converges to p7 in LL(Q) for all q € [1, @) and weakly in L

The pair (p,u) is a weak solution of Problem (1.1)-(1.2)-(1.3) with finite energy.
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Remark 3.1 (Some remarks on Theorem 3.1).

e Let us mention that the convergence result of Theorem 8.1 can be extended to the cases d =3, v > 3
and d = 2, v > 2 with the mass stabilization term defined as

1 o]
< _ 6
—h Amp(x) = hiy Z |K|( Z o] D] (pK—PL)) X (z),
KeM c€&E(K)NEint
o=K|L

and without the artificial pressure term. The required constraints on (£1,&2) are the following:

&E>14fd=3 and & >04fd=2,

3

= 2.

5 <&y <

In the case d =2, 1 < v < 2, we expect a convergence result with the stabilization term proposed in
[7] combined with an artificial pressure term.

o The upper bound on & is required when passing to the limit in the effective viscous flux at the
discrete level (see Subsection 5.3.1 and (5.25)). The lower bound on & is required for the control
on the momentum convective term when deriving the discrete estimate on the density (see (4.19)),
which explains why this constraint was not introduced in [7] for the Stokes equations.

The following sections are devoted to the proof of Theorem 3.1. In Section 4.1, we introduce some
notations and properties of the discretization. In Sections 4.2 to 4.5, we derive a priori estimates on
the solution of the scheme and prove its existence provided a small enough space step ha¢. Finally, in
Section 5, we prove Theorem 3.1 by successively passing to the limit in the discrete mass and momentum
equations, and then in the equation of state.

4 Mesh independent estimates and existence of a discrete solu-
tion

4.1 Discrete norms and properties

We gather in this section some preliminary mathematical results which are useful for the analysis of the
numerical scheme. Similar results have been previously used by Gallouét et al. in their study [14] which
also relies on a mixed FV-FE discretization. The interested reader is also referred to the books [5], [6], [4]
and to the appendix of [17].

We start with defining the piecewise smooth first order differential operators associated with the
Crouzeix-Raviart non-conforming finite element representation of velocities u € H((2) :

Vmu(z) = Z Vu(x) Xk (x), (4.1)
KeM
divpa u(z) = Z div u(x) Xk (), (4.2)
KeM
curly u(x) = Z curl u(x) Xk (x). (4.3)
Kem

Note that on each element K € M, Vu i € R? is actually a constant and the divergence defined in (4.2)
matches the finite volume divergence defined in (3.5) for p = 1.
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We then define for ¢ € [1,+00) the broken Sobolev W!¢ semi-norm ||.||; q.m associated with the
Crouzeix-Raviart finite element representation of the discrete velocities. For any w € H () it is given
by:

lull?, op = /Q IV el dr.

Lemma 4.1 (Discrete Sobolev inequality). Let D = (M, €E) be a staggered discretization of Q such that
O < Oy (where Opq is defined by (3.1)) for some positive constant 8y. Then, for all ¢ € [1,+00) if d =2
and for all g € [1,6] if d =3, there exists C = C(q,d,00) > 0 such that:

”u”Lq(Q) <cC Hqu,Q,M? Vu € Ha0(9).

A consequence of this Sobolev embedding is a discrete Poincaré inequality. Note that the semi-norm
llw|l; 5 rq is in fact a norm on the space Hayo(€2).

Lemma 4.2 (Discrete Poincaré inequality). Let D = (M, &) be a staggered discretization of Q0 such that
O < Oy (where Opq is defined by (3.1)) for some positive constant 6y. Then there exists C = C(d, bp)
such that

lullLe ) < Cllully g p Y € Hago(2).

It will be convenient in the analysis of the scheme to handle several representations of the discrete
velocities. We define an interpolation operator IIg which associates a piecewise constant function over the
cells of the dual mesh to any function w € Ha(Q2) as follows:

Mew(m) = Y us Xp, (). (4.4)

0€Eint

The constant value of IIgu over the cell D, is u, defined in (3.3). The mapping u — Igu is a one-to-
one mapping which is continuous with respect to the LZ-norm, for all ¢ € [1,+00]. Indeed, we have the
following result.

Lemma 4.3. Let D = (M, &) be a staggered discretization of Q0 such that Ox < 0y (where Opq is defined
by (3.1)) for some positive constant 6. Then, for all q € [1,+00], there exists a constant C = C(q,d,00)
such that:

||H€uHLq(Q) <C ||u||Lq(Q)'

We also define a finite-volume type gradient for the velocities associated with the dual mesh. This
gradient is somehow a vector version of the gradient V¢ defined in (3.17) for scalar functions in L a4 ().
For u € Hy(Q) and K € M, denote ux = > (i) {k Uo where {F is defined in (3.10). The finite-
volume gradient of u is defined by:

Veuw) = 3 (lgl () D )xpn(m). (4.5)
0&&iny 7
oc=K|L

We also introduce the following other discrete W14 semi-norm given for u € Hp(2) by:

d—
HuH;I,q,g = Z hy Z [ug — |7

KeM o,0'€E(K)
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This semi-norm may be shown to be equivalent, over a regular sequence of discretizations, to the usual
finite volume W' ¢ semi-norm associated with the piecewise constant function IT¢u. It is possible to prove
that this semi-norm, as well as the semi-norm defined by the L? norm of V¢u are controlled on a regular
discretization by the finite-element W'¢ semi-norm. Indeed, we have the following lemma.

Lemma 4.4. Let D = (M, &) be a staggered discretization of Q such that Opg < 6y (where Opq is defined by
(3.1)) for some positive constant 6y. Then for all g € [1,400) there exist two constants Cy = C1(q,d, 6p)
and Cy = Ca(q,d, ) such that:

||V5U||Lq(ﬂ)d <Ch ||U||1,q,€ <Oy ||U||1,q,/v1a Vu € Hum(2).

Lemma 4.5 (Inverse inequalities). Let D = (M, &) be a staggered discretization of Q@ such that O, < 6
(where 00 is defined by (3.1)) for some positive constant . Let u be a function defined on Q) such that for
all K € M, i belongs to a finite dimensional space of functions which is stable by affine transformation.
Then, for all q,p € [1,+o0], there exists C = C(q,p, 0o,d) such that (with 1/o0 =0):

d(i-1
ey < O Pl VK € M. (16)
Hence, for all p € [1,+00), there exists C = C(p,0y) such that :

_d
lull ey < Chixd Nl ey (4.7)

For ¢ € [1,+00), we introduce a discrete semi-norm on L(£2) similar to the usual W4 semi-norm
used in the finite volume context:

ERY
01t = Ve ey = > |DU|(|D |) oK — prl?.
g gint g
G’EKIL

It will be convenient in the analysis of the scheme to handle another representation of the discrete
densities associated with the upwind discretization of the mass flux. For w € Hag0(2) we define an
interpolation operator Pg which associates a piecewise constant function over the cells of the dual mesh
to any function p € Ly () as follows:

Pep(x) = D poXp, (). (4.8)

0€Eint

The constant value of Pgp over the cell D,, o0 = K|L € Eipt is p, the upwind value with respect to u,,
i.e. po = PK IS Uy - MK, > 0 and p, = pr, otherwise.

Lemma 4.6. Let D = (M, &) be a staggered discretization of Q0 such that O < 0y (where Opq is defined
by (3.1)) for some positive constant 6y. For all ¢ € [1,+00], there exists a constant C = C(q,60p) such
that:

IPepllia) < Cllollua): Yo € La(€2).
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4.2 Positivity of the density and discrete renormalization property

We begin this subsection with the next proposition which states the positivity of the discrete density
p € Lam(Q) if (p,u) is a solution of the discrete mass balance (3.4a).

Proposition 4.7 (Positivity of the density). Let D = (M, &) be a staggered discretization of Q. Let
(p,u) € Ly () x Hag(Q) be a solution of the discrete mass balance (3.4a). For K € M, denote div(u)k
the constant value of divaq w over K. Then

o*
PK = pi= >0 VK e M.

1+ hj_\/fl max (0, max div(u)K)

We skip the proof. A similar proof can be found in [16] (Appendix A).

Next, we state a discrete analogue of the renormalization property (2.6) satisfied at the continuous
level. The proof is given in Appendix A.

Proposition 4.8 (Discrete renormalization property). Let D = (M, E) be a staggered discretization of ).
Let (p,u) € La(Q2) x Hag0() satisfy the discrete mass balance (3.4a). We have p > 0 a.e. in Q (ie.
pr >0, VK € M). Then, for any b € C*([0,+0c0)):

div(b(p)u) . + (V' (px )k — b(px))div(u)k + Rjc + Ry + Rk =0 VK € M, (4.9)
where )
dlv(b(p)u)K = W Z |U| b(po)uo ‘NMKo,s
c€e&(K)
and

1
Ric = K| > lolrkote - nxo and Tro =V (pK)(pe — px) + blpK) — blps),
oc€&(K)
1

ol \n 1_
| |)W|PK—PL|" 1(pK—PL),

|Ds|

1
2 _ 182 g E
oce&(K)

Rie = 5V (k) (pxc — p*)-

Multiplying by |K| and summing over K € M, it holds

/ (' (p)p — b(p))divapg ude + Rg + Rz + Ry, =0, (4.10)
Q
with
Ré - Z |U|(TK,0' - TL,U)ua' ‘MK,
gEEint
o=K|L
1
g n 1_
R =05y Y o] (|Jj||) lox = pLl" " (px — pL) (V' (px) = V' (pL)),
(e gint o
G’EKIL
R =0 D 1K (or) (pxe — ),
KeM

and if b is convex then Ré’Q >0 and R?vl > 0.
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1
Remark 4.1. For b(p) = ﬁpﬁ with B > 1, the previous result gives

/pﬁdiVMu dz + Re1(p,u) + Re 2(p,u) <0, (4.11)
Q
with
B g2 g
Re(pyu) =5 > ol min(pi >, pf ) (pr = pxc)? [tto - 7urco| > 0,
o€Eint
G’EK'L
R2 — pée p o] a 19 B—1 A-1y 5
£(pyu) = MBT > ol D, lpx —pLl" ™ (px — pr)(pkc =P ) > 0.
0€E&int 7
o':eK|L

Remark 4.2. As explained in the continuous case, we can extend the renormalization result of Proposition
4.8 to functions b € C°([0, +00)) N C1((0, +00)), under the additional assumption that for all t < 1:

b/ ()] < Ct=2  for some Ao < 1.

4.3 Estimate on the discrete velocity

In order to derive estimates on the discrete velocity and density, we begin with writing a discrete counter-
part of the weak formulation of the momentum balance. The following lemma states discrete counterparts
to classical Stokes formulas. We refer to Sections 3.2 and 4.1 for the definitions of the operators.

Lemma 4.9. Let D = (M, &) be a staggered discretization of Q). The following discrete integration by
parts formulas are satisfied for all (p,u) € Ly(Q) x Hpg,0(Q2). One has for all v € Hpg,0(0Q):

— [ Agu-Ilgvde = | Vayu: Vyvde, (4.12)
Q Q
- / (Vodiv)gu - llgvde = / div g udiva v de, (4.13)
Q Q
Ve(p) - gvde = — / pdivag vde. (4.14)
Q Q

Proof. To exemplify, we prove (4.12). We have:

—/QAgu-Hgvdwz Sy /K(Vu.vg,)-v,,dm

0€Einy KEM

> Z/KVu:(ng@VCg)dm

0€Einy KEM
Z / Vu: Z (v, ® V() da.
Kem’ K 0€E&int

Since v(x) = ), c¢ Volo(®) and v € Haq,0(S2), it is easy to check that Vv =37 . (v, ® V() wherever
v is smooth. Hence:

—/Agu-Hgvdwz Z / Vu:V’udw:/VMu:VMvdw.
Q Rem 'K Q
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Thanks to these formulas we easily show the next lemma which corresponds to a discrete counterpart
of the weak formulation of the momentum equation.

Lemma 4.10 (Weak formulation of the momentum balance - first form). Let D = (M, &) be a staggered
discretization of Q. A pair (p,u) € Lap(Q) x Ha () satisfies the discrete momentum balance (3.4b) if
and only if:

/dng(pu®u)-Hgvdw+u VMu:VMvd:B—l—(u—i—)\)/diVMudivadw
Q Q Q

—a/ p’Ydivadw—hf\il/deivadw: [ -Hegvde, Vo € Ha0(02).  (4.15)
Q Q Q

From this point, we assume that I" and (&1, &2, &3) satisfy the conditions (3.19)-(3.20)-(3.21).

Proposition 4.11 (Estimate on the discrete velocity). Let (p,u) € La(Q) x Hpg,0(2) be a solution of
the numerical scheme (3.4). Then, we have p > 0 a.e. in Q (ie. pxg >0, VK € M), and if hpg < ho
(with ho depending on u, p*,Q,00), there exists C1 = C1(f, u, p*,Q,&1,00) such that:

||u||?2M < Ch. (4.16)

Proof. We take v = u as a test function in (4.15):

/ dive (pu @ u) - Mewdz + plull; v+ (1 + N diva iz,
Q

—a/deivMudm—hﬁaprdivMudm: f - Heudz.
Q Q Q

Applying Remark 4.1 on the discrete renormalization with § =~ > 1 and f =T > 1, the last two terms
in the left hand side of this equality are seen to be non-negative. We thus obtain:

. 2
/QdIVE(PU ®u) - Heude + pllully 5 o < [ FllLzq) Mewllpeq)- (4.17)

Recalling that in the definition of the convection term, u, = 3 (u, + o) for € = Dy|D,/, we get:
/ dive(pu @ u) - llgudx =
Q

Y (X )Py (N Fedow) wo ),

0E€Em  ccé(Dy) €& e€é(Dy)
e=Dgs|D/

and the last term in the right hand side vanishes thanks to the conservativity of the dual fluxes (3.13).
Using the mass conservation equation satisfied on the dual mesh (3.15) in the first term, we get (denoting
p the piecewise constant scalar function which is equal to pp, on every dual cell D,, and which satisfies
p >0 (because p > 0) and [, pdx = [, pdx = |Q|p*):

1
‘/Qdng(pu@)u) -ngdw‘ = §h§\1/1

/Q (5 — p*) Meuf? da| < K, 19] p* [Teull2m -
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Injecting in (4.17) yields:

2 2
/LHuHLz,M < Hf”m(sz) HHSU||L2(Q) + hf\l/l|Q| P*HHSUHLoo(Q)-

Thanks to the continuity of operator le: |[Heullr, ) < Cllullpi(q). the inverse inequality [[u|pwq) <

1
hat [wllgs(q), and the discrete Sobolev inequality [lullysq) < Cllull; 5 o (With C only depending on (2
and 6y), we obtain:

2 -1 2
N”u”l,z/vl < O(HfHL2(Q) [l 12M T hf\lxl €| P*HUHLZM)-

Applying Young’s inequality, we get that for all k > 0:

C
- * 2 2
(1= O = OH 190 0°) Jull p pn < o 1 F1 e
Since & > 1, taking haq and x small enough yields:
2
”u”l,z,M < Cy,

where C only depends on f, u, p*, 2, & and 6.

4.4 Estimates on the discrete density

One remarkable property of the staggered discretization is the existence of a discrete analogue to the
Bogovskii operator, which is also equivalent to an LY inf-sup property satisfied by discrete functions (see
for instance [15] for a proof which concerns the MAC scheme).

Lemma 4.12 (Discrete L? inf-sup property). Let D = (M, &) be a staggered discretization of Q such that
O < by (where Opq is defined by (3.1)) for some positive constant 6y. Then, there exists a linear operator

Bt : Lato(€2) — Hato(€2)
depending only on Q and on the discretization such that the following properties hold:

(i) For all p € La0(92),

/rdivM(BMp)dwz/rpdw, Vr € La(92).
Q Q

(ii) For all q € (1,+00), there exists C = C(q,d,Q,0), such that

1Brplly g < CllpllLeoy-

Before deriving the control of the discrete pressure, we first present a second form of the weak formu-
lation of the momentum equation which will be more convenient to handle.

Lemma 4.13 (Weak formulation of the momentum balance - second form). The discrete weak formulation
of the momentum balance (4.15) can be rewritten in the following form:

—/(ng)(ng) ® (ng) :Vevdx
Q
+ VMu:VMvdm+(u+/\)/divMudivadcc
Q Q

— a/ pTdivyvde — hi"i{ / pt divapvde + Reonv(p,u,v) = | f-Tevdax, (4.18)
Q Q Q
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where

Rconv(ﬂv u, 'U) = /

dive(pu @ u) - Hgvde + / (Pep)Ilgu) @ (Igu) : Vevde.
Q

Q

The remainder term satisfies the following estimate for some constant C = C(Q,~,T,6)):

1+n+53)H

1
T 2
‘RconV(Paua'U)‘ < Ch2 h%PF|‘El+n(gz)||u||1,2,M HvHLz,M (4.19)

+ Ohi?/[—g—*(1+n+53)|

Proof. This result is proved in Appendix B. O

Remark 4.3. Note that in the previous inequality (4.19), under the conditions (3.20)-(3.21) (since 1 <
1), we guarantee that:

3 n 5 (3
) =ty Sy
(1+n 53) 1+n 4T (1+n 53)
1 3 1 5 3
n <1+n €3> @ nAnl (1+77 53)
so that the exponents of hay appearing in (4.19) are positive under the assumptions (3.20)-(3.21).

We may now prove the following result which states mesh independent estimates satisfied by the discrete
density when (p,u) € La(2) x Haq,0(92) is a solution of the numerical scheme (3.4).

Proposition 4.14. Let (p,u) € La(2) x Hpg,0(Q) be a solution of the numerical scheme (3.4). Then,
we have the following estimates:

o There exists Co = Co(f, u, A, p*, 7y, T, &1, &2,&3,00) such that:
llollac- vt Hh p HL1+n(Q) < Cy. (4.20)

o There exists C3 = C3(f, i, A, p*, 7, T, &1, &2, &3, 00) such that:

5 3
- (=4
S7 Jol (pr — o) s ol + B ol | < Cohipgs 7). (4.21)
gEEint m
oc=K|L

Remark 4.4. Note that from (4.20) we can easily deduce by interpolation between Lebesgue spaces that
for all p with 1 < p < 1+, there exists r € [0,1) depending on p and v (with r =0 if p = 1) such that:

(1—r 1—r
1B ey < Ao Ity 0% Iy < BS " o gy 5" y < b, (4.22)

with C4 — C4(.f7/1‘7)\7p*79777P7517§27§37907p)'
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Proof. Let us set P(p) = ap” + hiilpp. We apply Lemma 4.12 to P(p)"— < P(p)" > and we define
v € Hp0(Q) by v =Bm(P(p)"— < P(p)" >). There exists C = C(£,,0y) such that

lolly 2,01 < CIP()"= < P(p)" >0
1 1
< 212 n
<C(IPE" i @)+ G 1P o)
S C”P(p)Han(Q)

where in the last step we have used Holder’s inequality in both terms (we recall that n = # < 1 for
v < 3). With the same arguments, we have

[vlly, 120 0q < CUP O

Taking v as a test function in (4.18), we obtain:

[y nae = < Py > ([ i) aa)

—/(ng)(ng)@)(ng):Vg'vdw—i—u/VMu:VMvd:c
Q Q
—i—(u—i—)\)/divMudiVMvd:c—/ f-HUgvdx + Reonv(p, u, v)
Q Q
=T+ +Tg. (4.23)

We estimate the T; as follows. First for 73, following the same calculation as before we have C' =

C(a,$,7,00) such that:
1l = ([ Plde) < oy >
Q

<c( [ P ) IPOI e
The integral is controlled as follows
I
| Po)dz < aloli o+ b Iolke
1 r r 1 r
< C (1ol 105 sy + B2 oIS Mol )

where we have used interpolation inequalities with r1, ro € (0,1) such that

1 T1 1
—=(1—17r + — —
e r

T2

:(1—T2)+m.

Hence, by a Young inequality, we have C = C(Q,~,T, &3, 6p) such that:

|Ty| < C(HWHQM(Q + he(1=r2) || pSa b HL1+n(Q )”P( )”Zun(g)

1
< O+ £l PO -
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The second term is controlled as follows, with C' = C(£2,~, 6)):

7 =| [ (Pep)ttew) © (Tew)  Vevda
Q
<C ||P5p||L‘v(l+n)(Q) ||H5u||i6(9) vl At M

1
< CUIPI 0 Il Zegey 1P e

1
S O"' EHP( )Hi—li_fn ()"
Next, observing that [|diva v|[j2(q) < V3 0] 5 ¢ for all v € Ha((2), we have C = C(2,, ) such that:

I Ts] + 1Tl < (n+3( 4+ 2) [[ully o a0l 201 < CC1 (4 3(0+ M) [P I 10 ()
By the discrete Poincaré inequality, the term T5 satisfies with C = C(Q,~, 6p):

|T5| < ||f||L2(Q) ||H€”||L2(Q) <C ||f||L2(Q) ||”||L2(Q) <C ||f||L2(Q) ||”||1,2,M <C ||f||L2(Q) 1P (p )||L1+n
Hence we get:
1
Tol + T3] + IT5] < C + 2 P(o) [

The last term Tg is the remainder term Rcony(p, w, v) in the weak formulation of the momentum balance
(4.18). We have thanks to (4.19), with C' = (2,~,T, 8p):

|Ts| = |Reonv(p, u,v)| < Ohjzv( ”h P ||L1+n Q)||u||1 2,M ”"7”1 2. M

Ea— 4 —or (75 +€3) g
+Chy " e ||h£3 F||ﬂf+n(g)||u||1,2,/\/l ||'U||1,2,M-

As a consequence of Remark 4.3, there exists v > 0 such that

nF

| Ts| < Chiyy ||u||1 2,M ||h P ||L1+n Q)Hle om T Chiy ||u||1 2 MHh,gAe)lp ||L1+n Q)H”HLQ,M
< O llullf g uq 1550 ||L1+n PO ssag) + CPA ]y o pllRSp ||L1+77 o IPO) L1400
< O Il g g 1P )+ Ol g 1P
< C 4 1P 0

since F and —= are both less than 1 (consequence of (3.20)). Gathering the bounds on T7,..,T and coming
back to (4. 23) we get:

n 4 n
/Q(P(p))1+ deC-f—g/Q(P(p))H' de.

This achieves the proof of (4.20).

It remains to prove (4.21). Taking 8 = 2 in the discrete renormalization identity (4.11), we get:

S 101 on = o o il 4 Wlolu < = [ divauda
Q

0€Eint
o=K|L
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with

/pzdiVMudw < /p%p%divMudw
Q Q
5 3
1 I :
< ol e ol g vt 2l

_ 5 i-i—f 5 3 .
<C(Q,~,T, Qo)hM‘m(Hn 3) ||h§\3/lpr||ﬁg+n(g) ||p|‘ﬁ3(771)(ﬂ) [|div aq UHL2(Q)-

This achieves the proof of (4.21). O

4.5 Existence of a solution to the numerical scheme

The existence of a solution to the scheme (3.4), which consists in an algebraic non-linear system, is obtained
by a topological degree argument. Its proof is based on an abstract theorem stated for instance in [13]
(Theorem 2.5) which relies on linking by a homotopy the problem at hand to a linear system.

Let N = card(M) and M = d card(Eipy); we identify L, (Q) with RY and Hago(Q) with RM. Let
V =RY x RM. We consider the function F : V x [0,1] — V given by:

1 il &1 *
5@ Z FK,g(p,U)—I—hM(pK—p), KeM
c€e&(K)
_ 1
F(p;u,d) = 5W S Feclpowuc+5a(Ve(p)p, + 005 (Velp"))in, (4.24)
7 ec€(Dy)
—p(Agu)p, = (n+A) (Vodiv)eu) , - (e f)\p, 0 € Ein.

Solving the problem F(p,u,d) = 0 is equivalent to solving the following system analogous to (3.4):
Solve for p € Ly () and u € Hpygo(2):

§ divaq(pu) + By (p— p*) — B Arin \(p) =0, (4.25a)

n

§dive(pu ®@ u) — pAgu — (u+ \)(V odiv)su + 6 aVe(p?) + 6 5 Ve(p') = Te f. (4.25D)

Note that system (3.4) corresponds to F(p,u,1) = 0. An easy verification shows that any solution
(p,u) of the problem F(p,u,d) = 0 for § in [0, 1], satisfies the same estimates as stated in Propositions 4.7
(positivity of p) and 4.11 (estimate on [ul|; , 1) uniformly in 6. However, the positivity of the density is
not sufficient to apply the topological degree theorem .We need to prove that there exists a positive lower
bound on p, if (p,u) is a solution of (4.25), which is uniform with respect to § € [0,1]. For the lower
bound, we use Proposition 4.7 and the fact that |[ul|, , \4 < C1 uniformly with respect to ¢ € [0, 1] which
implies that the quantity max div(u)k is also controlled uniformly with respect to § € [0,1] as follows:

there exists K € M such that
1

di = |di Ll = — di d

max iv(u) k| = |div(u) | T4 '/K ivu de

A1 A — 1 _
< VIIKI T2 [V gy < VBIKT2 [Vl o) < /3 max [K[~1 Cy.

Thus, a positive lower bound on p, if (p, u) is a solution of (4.25), which is uniform with respect to ¢ € [0, 1],
is given by:

oA | .
< K] H|div g g,

*

_ p
Pmin = .
1+ht . /3 K|-1C
RRCTIRTAS SR
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We also obtain a uniform upper bound on p by remarking that:
-1 -1 L=
||pHL°°(Q) < I{:neal\)fl || Hp”Ll(Q) = I{:neal\)fl |K| [ p* = Pmax-

We then have the next theorem (see details in [13] previously cited).

Theorem 4.15 (Existence of a solution). Let D = (M, &) be a staggered discretization of 1 in the sense
of Definition 3.1. The non-linear system (3.4) admits at least one solution (p,u) in La(2) x Haq0(),
and any possible solution satisfies the estimates of Propositions 4.7, 4.11 and 4.1}.

5 Proof of the convergence result

Let (Dy)nen be a regular sequence of staggered discretizations of 2 as defined in Definition 3.3. We denote
h,, instead of ha, in order to ease the notations. Similar simplifications will be used thereafter.

Theorem 4.15 applies and without loss of generality (assuming h,, is small enough for all n € N), we
can assume that for all n € N there exists a solution (p,,u,) € L, (2) X Haq, 0(2) to the numerical
scheme (3.4) with the discretization D,,. In addition, the obtained density p,, is positive a.e. in . Since
Orm,, < Oy for all n € N, the sequence (pn, U, )nen satisfies the following estimates. There exist Cy > 0,
p€ (1,14 n) and r € (0,1) such that:

5 3 1+n
ltnlly e, + 12l @) + IS PRy + s T4 | 2

n

o (3
+h, 0 T)”h%spZ”Lp(Q) + hér(l” «) Z o (pr. — pK)? [t - Mi 0| < Co, VneN. (5.1)
G'egn,int
oc=K|L
In order to ease the notations, the subscript n has been omitted in the above summation on the internal
faces of &,.

Thanks to these estimates, there is a subsequence of (D,,)nen, still denoted (D,,)nen such that (p,)nen

3(y—1)
weakly converges in L30~1(Q) to some p € L30~1(Q), and (p},)nen weakly converges in L & (Q) to
_ (-1
some p7 € L5 (Q). The compactness of the sequence of velocities relies on the following theorem which

is a compactness result for the discrete Hj-norm similar to Rellich’s theorem. We refer to [14] (Theorem
3.3) for a proof. See also [32].

Theorem 5.1 (Discrete Rellich theorem). Let (Dy)nen be a sequence of staggered discretizations of §2
satisfying O, < Oy for alln € N. For all n € N, let uy, € Hpq,, 0(2) and assume that there exists C € R
such that |[un|l; 5 pq, < C, Vn €N. We suppose that hy, — 0 as n — +oo. Then:

1. There exists a subsequence of (Un)nen, still denoted (wn)nen, which converges in L2 () towards a
function u € L*(Q).

2. The limit function uw belongs to H{() with [Vl < C.

3. The sequence (V pm, Un)nen weakly converges to Vu in L2(Q)3.

Hence, upon extracting a new subsequence from (D, ),en, we may assume that there exists u € H}(Q)
such that the sequence (u,)nen converges to w in L?(Q). By the discrete Sobolev inequality of Lemma
4.1, we can actually assume that (w,)nen converges to w in L(Q) for all ¢ € [1,6) and weakly in L5(Q).

Following the same steps as in the continuous setting, we first pass to the limit n — +o00 in the mass
and momentum equations in Sections 5.1 and 5.2 and then pass to the limit in the equation of state in
Section 5.3, by proving the strong convergence of the density.
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5.1 Passing to the limit in the mass conservation equation

Proposition 5.2. Under the assumptions of Theorem 3.1, the limit pair (p,u) € L30~1(Q) x H}(Q) of
the sequence (pn,Wn)nen satisfies the mass equation in the weak sense:

—/ pu-Vodx =0, Vo € C°(Q). (5.2)
Q

Let us first state the following lemma which will be useful in the proof of Proposition (5.2).

Lemma 5.3. Let ¢ € C2°(2). Forn € N define ¢, € Liaa,, () by ¢njx = ¢ the mean value of ¢ over
K, for K € M,,. Denote ¢, = |o|™ [ ¢(x)do(x) for all o € &, and define a discrete gradient of ¢n by:

Vibo@ = Y (Vo (@), with (Vo) =z 3 lalornics.

KeM, c€E(K)

Then for all q in [1,00], there exists C = C(82,q, ®,60) such that:

||an¢n - VQbHLq(Q) S Chn (53)

Proof. Let q € [1,+0c). We have ||V aq, o — V(;SHZIQ(Q) =Y ke, IV rm, dn — V¢||iq(K) with for K €
My

_ v 1 q

IV M, &0 — V¢||LQ(K) = ~/K m Z o] ¢ .o — V¢(:I})‘ da

ce&(K)

- /K ﬁ > [ o) o) nic, - Vo) de

ccE(K)V

1 q
[ | | ooty ni - Vo) az

< [ (g 1960 - Vot@l )" .

By a Taylor expansion, we have for all y, * € K, |[Vo(y) — Vé(x)| < hn |dly2.0(q)- Thus we have:

IV M, dn — V¢Hiq(K) < hi |¢|%v2w°°(9) | K| which concludes the proof for ¢ € [1,+00). The proof is similar
for ¢ = +o0. O

We can now give the proof of Proposition (5.2).
Proof of Proposition (5.2). To prove this result we pass to the limit n — 400 in the weak formulation of
the discrete mass balance. Let ¢ € C°((2) and for n € N define ¢, € L, (R2) by ¢ = ¢k the mean

value of ¢ over K, for K € M,,. Multiplying the discrete mass balance (3.4a) by |K|¢x Xk, summing
over K € M,, and performing a discrete integration by parts (i.e. reordering the sum) yields:

- / (Pe, pn) (e, un) - Ve, dn dw + Ry + Ry = 0, (5.4)
Q
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with
Ry =h§ Y |Kl|(px — p") éx,
KeM,

=h > ( > ||(|j|;||) |PK—pL|%_1(PK_pL))¢K7

KeM, oce&(K)
where V¢ is the discrete gradient defined in (3.17) and Pg is defined in (4.8).
In order to prove Proposition 5.2, we want to pass to the limit in the first term of (5.4). It is possible
to prove that Ig, u, — u strongly in L?(Q). However, the discrete gradient V¢, ¢, is known to converge
only weakly towards V¢ because locally on a dual cell D, it is supported by only one direction, that of

the normal vector nk , Thus, it is not possible to pass to the limit in (5.4). Instead, we use the discrete
gradient V aq, ¢, introduced in Lemma 5.3, which is known to converge strongly towards V¢.

We have:

—/Q(Psnpn) (e, un) - Ve, dn de=— Y |o]ps (60 — $x) o Mo

0€En, int
oc=K|L
== Y loli(px +pr) (b1 — ¢K) Us - k.o + RY, (5.5)
Uegn,int
oc=K|L
with
5= Z lo| (3(px + pL) — po) (B — oK) Uo - Tk .
0€En int
oc=K]|L

Reordering the sum in the first term of (5.5) we get:

—/Q(P,Snpn) (Ilg,un) - Ve, ¢, dx = —% > pK( > ol (or — dK) uo 'nK,a) + Ry,

KeM, gc&(K)
o=K|L
1
-3 Z PK UK - ( Z lo| (¢r — ¢K)nK,g) + R} + R}, (5.6)
KeM, G’GS(K)
o=K|L

where here, ug is the mean value of u,, over K and

> o X 1ol(6r = éx) (ure —ug) - mics )-

KeM, ce&(K)
o=K|L

Back to (5.6), we have:
- / (Pgnpn) (H€nun) ' Vgn(bn dz
Q

Z PKUK'( Z |0|%(¢L+¢K)nk,a)+R§+RZ+RQ
KeM, c€eE(K)
oc=K]|L

Z pKuK'( Z |U|¢onK,U)+Rg+RZ+Rg+Rg

KeM, oc€e&(K)
_/pnun.an¢dm+Rg+Rz+Rg+Rg. (5.7)
Q
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where :

5= Z pKUK¢K'( Z |0|nK,a)7

KeM,, oEE(K)
RE= Y purc (X 1ol (00 — 2o+ om)) mice).
KeEM.,, oEE(K)
o=K|L

Replacing (5.7) in (5.4) we get:
—/pnun-an¢dm+R?+R§+R§+RZ+RQ+RQ:O. (5.8)
Q

Since u, — u strongly in LY(Q) for all ¢ € [1,6), and Vo, ¢ — V¢ (by (5.3)) in L6(Q)3 as n — +oo,
we have u,, - V a1, ¢n — u- V¢ strongly in L379() for all § € (0,2]. Furthermore, we have p,, — p weakly
in L3O0=Y(Q) with 3(y — 1) > £ (since v > 2), which yields:

n—-+4oo

lim P Un - V M, On dmz/pu-V(bdw.
Q Q

It remains to prove that Z?Zl R} — 0 as n — +o00. In the following, in order to ease the notations, we
denote A,, < B, when there is a constant C, independent of n, such that A, < C B,. We easily prove
that R — 0 and RS — 0 as n — 400. Indeed, one has:

IR} < 208 190" 6]l -

which proves that R} — 0 since £ > 0. For R%, reordering the sum, we get:

1

n 13 |U| n _ 1 _
|R3| < hy Z |o| (—|Dg|) lpr = prl|" 9K — &1
0€En int
oc=K]|L
< &2 |o| 7 1
SIVOllpe (o) b Z | Do (|D |) lpx — prl|™-
0€En, int i
o=K|L

Applying Holder’s inequality (with coefficients 1 + 7 and (1 +n)/n) to the sum, we get:
e 1
[R5 S VOl (o QT e lpl Ty M
L1 Mo
%

5 (G2 pr (735, 4€8)) () 1ty (G2t 41 (15 +63))
< h1+n 4nl \14n (h/ 1+n 4 V147 )
Thanks to (5.1) and to assumption (3.21), we have R} — 0 as n — +00. Let us now turn to R%. Recalling
the upwind definition of p,, we get:

n 1
[Rs| < 5 > lollex = prllér — ¢kl lue -k ol.

0€En, int
oc=K|L

Applying the Cauchy-Schwarz inequality, we infer that:

L1 3
B <5 (0 Jollox = pullus - mucal)” (D lollor — oxl? o - mico )

1
2

0E€En, int 0E€En, int
oc=K|L o=K|L
—5 (8 e 3
SO (S ooy - ok i)
0E€En, int
oc=K|L
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by estimate (5.1). By Taylor’s inequality applied to the smooth function ¢ and the regularity of the
discretization, we have |¢1, — ¢x|? < hy |Dol/|o] ”V(b”iw(sz)' Hence:

& (4r-5 -« L € T 1
Ry O me) (5 o) < O

0€En, int
oc=K]|L

5 %p,i,g 1
s Grmel

< i (r-r-e)
since [|un |6 (q), and thus || ||y (q), is controlled by [|un||; 5 o4, Which is bounded by Cjy. Since (I',&3)
satisfy (3.20) we get RY — 0 as n — +00.

We now turn to R}. By a Taylor inequality on the smooth function ¢ and the regularity of the discretiza-
tion, we have: (¢, — ¢x| < hn [|V@llye (o). Hence:

RS > px D olluk — uol. (5.9)
KeM, c€e&(K)

The vectors ux and u, are the mean values of w over K and o € £(K) respectively. By the Cauchy-
Schwarz inequality, we can prove that:

11
ux = ol < i [ [ ) - @) dwdo)

Since u,, is smooth over K we have for x, y € K:
1
() = wn(@)? < [y - 2 [ [Vunlty+ (102 dr
0

2
Bounding |y — x| by hx we obtain, using Fubini’s theorem that |ux — u,|? < %HvunHi?(KP' Injecting
in (5.9), and invoking the regularity of the discretization we get:

" 1
|RY| < o Z K2 prc || Ve [l 2 ey
KeMy

1-30=1) 1 3=1)
§hnHPnHLoo(Q§ Z |K[2pg ® Hvun||L2(K)3
KeM,
5-3y 3(v—
S ha HanLOz(Q)||anL3(ifl)(Q)||un|

1,2,Mp"

_ 1
Thus, by the inverse inequality [|pnllp i) S hn” " [[onllis¢-1) (o) and since the sequence (pn)nen is
bounded in L3~ (Q) and the sequence ([[wnlly 2 a4, Jnen is bounded we get:

1 5-3y 5y—7

1—
—1~ 2 2(v—1
|RZ|Shn Y :hn(v )'

Since, v > % > %, we deduce that R} — 0 as n — 4o0.
The fifth remainder term satisfies Rf = 0 since }, ¢ () [0| nK,o = 0 for all K € M,,. Let us conclude

with the control of R?. Denoting ¢, = 3(¢L + ¢x) for o = K|L, we may write R§ = Rf | + Rf 5 with:

Rg,l = Z pK( Z |U| (¢o — (l;a) (ur — uo) 'nK,o)a

KeM, c€E(K)
g,Q = Z PK( Z |U| (¢a’ - éa’) Uy - nK,a’)-
KeM, UES(K)
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The term Ry, can be controlled the same way as R} and we obtain Rg; — 0 as n — +o00. Reordering
the sum in Ry, we get:
6,2 = Z lo| (px — pL) (Po — Po) Uo " TE o

G'Egn,int

oc=K|L
Hence R{ 5 can be controlled the same way as R3 and we obtain Rf, — 0 as n — +00 and this concludes
the proof of (5.2).

O

5.2 Passing to the limit in the momentum equation

Proposition 5.4. Under the assumptions of Theorem 3.1, the limit triple (p,w, p7) € L3O~ (Q)x H}(Q) x
(-1
L3 = (Q) of the sequence (pn,Un, p))nen satisfies the momentum equation in the weak sense:

—/pu®u:Vvdw+,u/Vu:Vvdcc—l—(,u—l—)\)/divudivvdm
Q Q Q

—a/p_Vdivv dw:/f-vdw, Vv € C(Q)%. (5.10)
Q Q

Moreover, we have the following energy inequality satisfied at the limit:
u/ |Vul?dz + (A + ,u)/ (divu)? de < / f-ude. (5.11)
Q Q Q

For D = (M, ) a staggered discretization of €2, we define x4 the following Fortin operator associated
with the Crouzeix-Raviart finite element:

Wh(Q) — Hum(Q)

I v — Iyv = ng Coy  with v, = |o| ™ / vdo(x) for o € £. (5.12)
o€l 7

The following lemma states the main properties of operator Ir(. We refer to the appendix of [17] for a
proof.

Lemma 5.5 (Properties of the operator Ix). Let D = (M, E) be a staggered discretization of Q0 such that
O < 0o (where Opq is defined by (3.1)) for some positive constant 8y. For any q € [1,+00), there exists
C = C(0,q) such that:

(i) Stability:
1,
[Lrmuelly g i1 < C Julwrag) Vu € Wy (Q).

(i1) Approximation: For all K € M:
lu— IMu”Lq(K) +hg |V (u - IMU)HLq(K)3 <Ch¥k [ulwez.a(x), Vu € WH(Q) N W(l)"q(Q)~

(i11) Preservation of the divergence:

/pdivM(IMu) de = / pdivude, Vp € Ly(R), u e Wy(9).
Q Q
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Lemma 5.6. Let v € C°(Q)3. Let (Dy)nen be a reqular sequence of staggered discretizations as defined
in Definition 3.3. For n € N define v, € Hpq,, 0(Q2) by vy, = Inm,v. Then, for any q € [1,400), there
exists C' = C(Q, q,v,0p) such that:

[vn = vllgaiq) < Cha, (5.13)
HVann - VUHLQ(Q)S < Ohn7 (514)
TLe, vy, — 'UHLq(Q) < Chp. (5.15)

In addition, denoting v, = |o|™! [ vdo(x) for all o € &, we define a discrete gradient of v, by:
— 1
Vamvn(@) = Y (Vo) (@), with (Vo)== > |o|v,®nk,.
K]
KeM, c€e&(K)

Then for all q in [1,00], there exists C = C(£2,q,v,00) such that:

Proof. The estimates (5.13) and (5.14) are direct consequences of the approximation properties of the
interpolation operator Iy, . The proof of (5.16) is similar to that of Lemma 5.3. To prove (5.15) we write:

[Le, vy — vn”%q(g) = Z Z [vo — vn(z)|? dz

KeM, ce&(K) Dk.o

DD DI M PR SRt

KeM,, oc€(K) "’ PK.o o' €E(K)

S Y[ te-vew

KeM,, oc€(K)” Pro greg(K)

< hy Z h?(_q Z |'UU_'UU’|2'

KeM, o,0'€E(K)

q

dx

q
dx

Hence we have [|Ile, vn — nllpoq) S hnllvallige, S hnllvalligag, S hnlvlwiag)s- Combining this

~

with (5.13) yields the result. O
We can now give the proof of Proposition (5.4).
Proof of Proposition 5.4. To prove this result, we pass to the limit n — 400 in the weak formulation of

the discrete momentum balance. Let v € C°(Q)% and for n € N, define v, = In, v € Hpy, 0(Q). We
have [|vall; , g, < Cla) ||'U||W(1),q(Q) for all ¢ € [1,400) by Lemma 5.5. Taking the test function v, in the

weak formulation of the discrete momentum balance (4.18), we get for all n € N:

- / (Peopn) (e, un) © (e, 1) : Vi, vy dz
Q

+pu VMnun:Vanndw—i—(u—i—)\)/dian Uy, divpg,, v, da
Q Q

- a/ P div g, vy de — / 2 pE div g, v 4 Reony (Pry Un, V) = / f-Ug v,dx. (5.17)
Q Q Q
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The term involving the artificial pressure tends to zero as n — +oc since (h$? pl )en converges strongly
to 0 in LP(Q) for some 1 < p < 147 (see (5.1)) and (divaq, Up )nen is bounded in LZ(Q) for all ¢ € (1, +00).
On the other hand, Lemma 4.13 gives

3 (rtetes) ey rp 2
|RconV(pnaumvn)‘ < Chn [ p HL1+"(Q)H’U’"“1,2,M” [V

n

1,2,My,

E2— 7711‘ (%ﬂ"_&’) &3 I 7%1"
+Ch IS anL1+n(Q)||un||1,2,/v1n ”'Un”l,z,an

with C' independent of n, s0 Reonv(pn, Un,vs) — 0 as n — +oo using Remark 4.3. We also easily obtain
the convergence of the diffusion and pressure terms. Since (V aq, Un)nen (resp. (divag, Un)nen) weakly
converges to Vu (resp. divu) in L%(Q)3, (p))nen weakly converges to p7 in L*(Q) and (V am, v )nen
(resp. (div g, Un)nen)) strongly converges to Vo (resp. divv) in L4(Q)3 for all ¢ € (1, +00) we obtain:

n—-+oo

lim (u/ V m, tn Vg, vndz + (14 A) / div g, wy, divag, v, de
Q Q
- a/ prdiva, vpde — [ f-1lg v, d:c)
Q Q

=u Vu:Vvdcc—l—(,u—l—)\)/divudivv dcc—a/p_’Ydivv de— [ f-vdx
Q Q Q Q

where the convergence of the source term is given by (5.15).

Let us now prove the convergence of the convective term. We have:

- / (Pe, pn) g, up) @ (g, uy,) : Ve, v, do
Q

= - Z o] po e @ Uy : (VL —VK) @ NK o

G'Egn,int
o=K|L
= - Z |O'|%(pK—|—pL)ug®ug:(’UL—’UK)@TLKJ—FR?, (518)
0C€En int
o=K|L
with
Ry = " ol (3(px +prL) = po) e @y : (v — Vi) @ MEce
G'Egn,int
oc=K|L

Reordering the sum in the first term of (5.18) we get:

— / (Pgnpn) (Hgn’u,n) X (Hgnun) : Vgn’vn dx
Q

1
=3 Z PK Z lo|us @ Uy : (v —VK) @ K, + RY
KeM, G'Eg(K)
oc=K|L
1
=-3 > prux@uk: Y lof(vr —vk) ®nk o + Ry + Ry, (5.19)

KeM, ce&(K)
oc=K|L
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where u g is the mean value of u,, over K and

1
325 Z PK Z lo| (ug @ UK — Uy @ U,) : (VL — VK) @MKo
KeEM,  oe&(K)
oc=K]|L

Back to (5.19) we get:

- / (Pe, pn) (g, un) @ (g, un) : Ve, vy, de
Q

- Z PK UK @ UK Z lo| 3(ve +vK) ® nK,o + R} + Ry + Ry

KeM, oc€&(K)
oc=K|L

= — Z PK UK QUK : Z |0’|'Ug®nK,g+R?+RS+Rg+RZ
KeMy, oc€&(K)

:—/pnun®unvanvn dx + R + RS + Ry + R},
Q

with
g: Z pKUK®UK’UK®( Z |0|nK,a>7
KeMy c€e&(K)
Ry = Z PK UK QUK : Z |U|(vg—%(vL+vK))®nK)a'
KeM, c€E(K)
o=K|L

Since w, — u in L4(Q) for all ¢ € [1,6), and Vv, — Vo in L7(Q)? for all r € (1,400), we have
Up @ Up 2 Vg, U0 = u®@u: Vo in L379(Q) for all § € (0,2]. Furthermore, we have p, — p weakly in
L30=1(Q) with 3(y — 1) > 2 (since v > 2), which yields:

n—-+oo

lim —/pnun@)un:anvn dwz—/pu@u:V'vd:c.
Q Q

Let us now prove that Z?:l R} — 0 as n — +00. We begin with R}. Recalling the upwind definition of
po and the fact that a@b:c®@d = (a-¢)(b-d) for a,b,c,d € R? we get:

1
[BY <5 > lollpx = prl e - ni ol vr — vi| |ug)-
€En,in
C:7:K|Lt

As a consequence we have

1 1 1
B3 (X Jollew = ol lus - nucal)” (32 lollor = vkl fuol*)”

-

0E€En, int 0E€En int
o=K|L o=K|L
—3 (3 e 3
,Shnsr(Hn %) ( Z |O'| |'UL—'UK|2|UU|3)2
0E€En, int
o=K|L

by estimate (5.1). By Taylor’s inequality applied to the smooth function v and the regularity of the
discretization, we have |vp — vg|? < hy |Do|/|o] ||Vv|\iw(9)3. Hence:

Ry < it (7 (37t -)
~J

—%—5 3 3 ér—%—g 3
1+n 3) HH5nun”E3(Q) 5 hﬁl‘(s 1+n 3) ||unHL2,6(Q) 5 hn
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since [|un [|ys(q) is controlled by [[uyl[; 5 o, which is bounded by Co. Since (I, £3) satisfy (3.20), we get
R? — 0 as n — 400. We now turn to Ry. We write

UK QUK — Uy @ Uy = (Ug — Uy) QUK + Uy @ (UK — Uy ).

Hence, |Ry| < |R% | + |RY 5| with:

1
(B3l =5 S ook D lolluk — uollux| v — vkl
KeM, c€eE(K)
oc=K|L

1
|R3 5| = 3 Z PK Z lo] [ug — uo| |uo| v —vil.
KeM, G'EE(K)
oc=K|L

We only treat |R3 ,|, since the treatment of | Rj 5| is similar. By a Taylor inequality on the smooth function
v and the regularity of the discretization, we have: |[vp — vk| S hn [[V||pe (q)s- Hence:

B3, Sha Y prclux] Y lolluk —uol. (5.20)
KeM, oc€e&(K)

Proceeding as in the proof of Proposition 5.2 (see the computation after (5.9)) we get:

1
IRE| S ha Y K7 pic [uke| | Vn e s
KeM,
3(v—1) 1 3(v—1)
(Q§ ||unHL°°(Q) Z |K[2pg ® Hvun”m(K)S
KeM,

17
S ha ”anLoo

53y
S b ||anL°§(Q) ||unHL°°(Q)'
1 _1
We have the inverse inequalities || pp |y« (o) < hn " lpnllpsc-1 () and [[wn |« o) S hn ® [6nllps - Thus,
since (pn)nen is bounded in L3O~ (Q) and since the sequence (lunllgs (o) Jnen is bounded we get:

1— 1 5—3«y 1 2y—3

IRy | Shn 70 % P =ha

Since, v > 2, we get R3; — 0 as n — +o0. As said previously, the same holds for Ry ,. The third

remainder term satisfies Ry = 0 since >°_ ¢ g |o|nK,o = 0 for all K € M,,. Let us conclude with the
control of Rf. Denoting 9, = (v + vk) for 0 = K|L, we may write R} = R} | + R}, with:

RZl = Z PK ( Z |U| (uK QXU — Uy ®ua') : (vcr - f}g) ®nK,U>;
KeM, c€e&(K)

Ry, = Z PK ( Z lojue @ uo : (Ve — Vy) ®nK,g).
KeM, c€e&(K)

The term R ; can be controlled in the same way as Ry and we obtain R} ; — 0 as n — +00. Reordering
the sum in R}, we get:

RZ,2 = E |0| (pK - pL) Uy @ Uyt (Vg — 'i)a) QNEK.o-
0€En, int
oc=K|L
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Hence R} 5 can be controlled in the same way as R} and we obtain Rj 5 — 0 as n — +o00. This concludes
the proof of (5.10).

It remains to prove (5.11). We proceed as in the proof of Proposition 4.11. Taking u,, as a test function
in the first form of the discrete weak formulation of the momentum equation and using (4.11) with 8 =~
and 8 =T we get:

1
L / (Pn — p*) Mg, wn? dzz + o / IVt | d
2 Q Q

+(u+>\)/

(divag, up)?de < / f -l u,de,  VYneN,
Q Q

where p,, is the piecewise constant scalar function which is equal to pp, on every dual cell D,, and which
satisfies p,, > 0 (because p, > 0) and [, ppdx = [, ppdx = |Q|p*. Since (pp)nen is bounded in L2(Q)
and (Ilg, up,)nen in LO(8), the first term tends to zero as n — +oco. Thus, passing to the limit n — +oo
in the above inequality and recalling that ¥V, u,, — Vu weakly in L2(Q)3 and Ilg, u,, — u strongly in
(say) L2(Q) yields (5.11).

O

5.3 Passing to the limit in the equation of state
5.3.1 Weak compactness of the effective viscous flux

As in the continuous case, the equation of state is satisfied at the limit as a consequence of the compactness
of the so-called effective viscous flux. Indeed, we have the following result.

3(v—1)

Proposition 5.7. Under the assumptions of Theorem 3.1, let (p,u,p7) € LEO-D(Q)xH{(Q)xL™ 7 (Q)
be the limit triple of the sequence (pn,Un, p))nen. For k € N*| define

[t ifte(ok),
Tit) = { ko ifte [k +oo).

The sequence (Ti(pn))nen s bounded in L>°(Q) and, up to extracting a subsequence, it converges for the
weak-* topology in L°(Q) towards some function denoted Ty(p). Then (up to extracting a subsequence)
the following identity holds:

n—-+oo Q

lim (2u+ A) divag, un — ap)) Ti(pn) ¢ de = /Q (2u+ A divu — ap?)Ti(p)pdz, Vo € CZ(Q).

Remark 5.1. As in the continuous case, this result is obtained by taking the test function v = ¢w,
in the discrete momentum equation (4.18), where w,, is computed from Ti(pn) by applying Lemma 2.6,
ie. w, = ATk(pn), and satisfies divw,, = Ti(pn), curlw, = 0. Unfortunately, the discrete gradient,
divergence and rotational operators associated with the Crouzeir-Raviart approximation do mot satisfy a
discrete equivalent of the global identity (2.12), namely

/Vu:Vvdw:/divudivv dw—l—/curlu-curlv dx.
Q Q Q

Instead, one needs to apply (2.11) locally on each control volume K € M,,. The accumulating boundary
terms must then be controlled through an estimate of w, in W%2(Q)). Moreover, it also appears in the
analysis that the control of some remainder terms involving the pressure (which is controlled in L1T"(Q))
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~ . 1tn . . . .
requires an estimate of W, in W " (Q). Since 1 > 2, this latter control is more restrictive. Such
control is what motivates the introduction of the stabilization term

Ts2tab = _h.%/lAHTT’,M (p)

in the numerical scheme. For the MAC scheme, studied for instance in [16], we directly have an equivalent
of (2.12) and T2, is useless.

sta/

The function @, defined in Remark 5.1 is not in W2 " (Q) because Ti(py,) is not in whor (Q). We

rather define w,, = A(im, Tk(pn)) so that divw, = iy, Tk(pn) and curlw, = 0 where iy Ti(p) is a
regularization of T (p), the WL semi-norm of which is controlled by |p|itn o4 The operator iy is
n

specified in the following definition and its properties in Lemma 5.8.

Definition 5.1. Let D = (M, €) be a staggered discretization of @ and S be the set of vertices of the
primal mesh M. For s € S, we denote by Ny C M the set of the elements K € M of which s is a vertex.
Let p € Lpq(Q). We denote i p the function defined as follows:

4 ZMp € CO(Q)7

o for all K € M, the restriction of ipp to K is affine,

1
e forallse S, (iMp)(S):m Z PK-
%) KeN,

Lemma 5.8. Let D = (M, &) be a staggered discretization of Q0 such that Op < 0y, with Opq defined by
(3.1). For all r € [1,+00] there exists C = C(r,0) such that:

llim pHLT(Q) < C”pHLT(Q)ﬂ Vp € La(Q). (5.21)

Moreover, for all p € La(Q) we have ipmp € WH(Q) for all g € [1,+00) and there exists a constant
C = C(q,0y) such that :

HiMp _p”Lq(Q) + hm |ZM p|w1,q(Q) < Chm |p|q)M Vp € LM(Q) (5-22)

Proof. The proof is similar to that of [7, Lemma 5.8]. We skip the details. O

We also have the following technical result which will be useful hereinafter. The proof can be found in
[14, Lemma 2.4].

Lemma 5.9. Let D = (M, &) be a staggered discretization of Q0 such that O < 0y (where Opq is defined
by (3.1)) for some positive constant 0y. Let (ny)qee,,, be a family of real numbers such that for all o € Eing,
Ine| <1, and let u € Ha (). Then, for any q € (1,00) there exists C = C(q,6p) such that:

>

0€Eint

ne [u], fdo(x)

g

S ChM ||u||1,q/,/\/[ |f|W1,q(Q)7 Vf € Wéyq(Q)v

—1
where ¢’ = ‘IT.
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We may now give the proof Proposition 5.7 which is similar to that of [7, Prop. 5.9 and 5.10]. The
main difference is that we here have to handle the additional convective term in the momentum balance.

Proof of Proposition 5.7. Let k € N*. Since (Tk(pn))nen is bounded in L () (by k) we have by (5.21):

limt, Ti(pn)llLe ) S 1- (5.23)

Furthermore, by (5.22) and (5.1) (observing that |Tj(r1) — Tk(re)| < |r1 — r2| for all r1,72 > 0) we have
for all n € N:

i < p-¢ j - < pl—¢
liatn Telon)ll om0 S Ra®s - Nlina Tilpn) = Telpn)| xS P (5.24)

where, by assumption (3.21) on &,

o 5 3
&= m |:§2 + E <m +€3>] < 1. (5.25)

Let (wpy,)nen be the sequence of functions defined from (iaq, Tk(pn))nen by Lemma 2.6. We have
div wy, = im, Te(pn), curlw, =0, [[wallywigq) <1, Vg € (1,400).

Moreover, by the Sobolev injection W14(Q) C L*°(Q) for ¢ > 3, the sequence (wy)nen is bounded in
L>°(Q) and up to extracting a subsequence, as n — —+00, it strongly converges in L%(2) and weakly in
WLa(Q) for all g € (1,+00) towards some function w satisfying:

div w =Ti(p) and curl w =0.

Inequality (5.24) and the properties of operator A yield

S list, Trlp)ll_ s a0 S by (5.26)

Hw"”w2’l+7"(sz) whn () ™

Let ¢ € C(2) and take v, = Iam, (pw,) € Hpq, 0(2) as a test function in the discrete weak
formulation of the momentum balance (4.18). We get for all n € N:

- / (Pe, pn) Mg, uy) @ (g, uy) : Ve, v, de
Q
+ u/ VU 2 Vag, v de + (0 + )\)/ divpa, U divag, v, de
Q Q

- a/ pldivag, v, de+ RY = | f-Tlg v, de, (5.27)
Q Q

where
= —/ hffpg div g, Uy A& + Reony (P, Un, Un).
Q

By Lemma 4.13, we have:

- Chéf%(%m)

|Rconv (Pn; unv vn)‘

1
T 2
thzBPFHEHW(Q) Hun||1,2,/v1n [V 1,2,M,,

- (F5+6) | e, it
+Chy [l A anL1+n(Q)”un”1,27Mn ”'Un”l,z,Mn-
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Since [[vpll o a1, S l9Wn g (o), We can apply Remark 4.3 and we get that |Reony(Prs Un, vn)| — 0

as n — +oo. Moreover, by (5.1), we have h&pl — 0 in LP(Q) with 1 < p < 1 +1n as n — +oo.
Since (divag, Vn)nen is bounded in LP (), we obtain that R} — 0 as n — +4o0o. Hence, denoting
On = vy — Pwy, = Ip, (pwy,) — Ppw,, we have

- / (Peopn) (e, wn) © (e, 1) : Ve, v dz
Q

+u | Vam,u,: Viow,) de + (n+ )\)/ divpa,, up div(dw,) de
Q Q

n—-+oo

- a/ prdiv(ipwy,) de+ Ry + o (1)= | f-(¢w,) de, (5.28)
Q Q

where:

Rgzu/ V M, U VMnéndw—i—(u—i—/\)/ div g, Uy divag, 6, de
Q Q

—a/pldianéndm— f-opde— | (g, v, —vy)de.
Q Q Q

By the properties of the Fortin operator In4,, we have ||5nHL2(Q) < hilow,| s < h27¢ and
W™ n

H5n||111+7n7Mn < h”|¢w"|w2,1ﬁ" @ < hL¢ with 1# > 2. Since ([|unll; 5 aq, Jnen is bounded, (p}))nen is

bounded in L**7(2) (recall that 1 + 71 = 3(7;1)), g, v, — v, — 0in L%(Q) as n — +o0, and € < 1, we
get that RS — 0 as n — +o0.

Applying the identity (2.11) over each control volume, we get:

w | Va,up: V(ow,) de = u/ div g, up, div(pwy,) de + u/ curly, u, - curl(¢pw,) de + R}
Q Q Q

(5.29)

with R% which has the following structure:
Ry=p > / > neigk[(Ua)ile (V(gwn));n do(), (5.30)
0€En it ¥ 7 1<4,5,k<3

where the family of real numbers (N, j k)oee,1<i,j.k<s is uniformly bounded. Injecting (5.29) in (5.28) we
get:

= [ (Pe.p) e, ) @ (1, ) Ve, da
Q
+ (2p+ )\)/ divpm,, up div(dwy,) de + u / curlyg, u, - curl(pw,) de
Q Q

- a/ prdiv(pwy,) de+ R + o
Q n

—+o0

(1) = ., [ (ow,) de. (5.31)
By Lemma 5.9 with ¢ = 2, we have:

|Rg| < hn Hun||1,2,/v1n |V(¢wn)|H1(Q) S hn ”wn”Wz,l_t”l(Q) S h};g'
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The choice of w,, gives div(dw,,) = im, Tk(pn) @ + w, - V¢ and curl(¢pw,,) = L($) w,, where L(¢) is
a matrix with entries involving first order derivatives of ¢. Hence, reordering (5.31) we have:

[ (@ Ndivas, wn = o) Tulpn) 6 da+ B+ o (1)
Q

= / (Pe, pn) Mg, uy) @ (g, uy) : Ve, v, de — (2p+ )\)/ divag, Uy (wy, - Vo) de
Q Q

— / curlyg, uy, - (L(9) wy,) dz + a/ plwy, -Vode+ [ f-(¢pwy) de, (5.32)
Q Q Q

with
Ry = / (20 + X divan, n — apl) (iat, Te(pn) — T(pn))é de.
Q

Since (diva, Un)nen is bounded in L2(2) and (p)))nen in L*7(Q), estimate (5.24) (with HT" > 2) yields
R} — 0 as n — 400. Moreover, we know that divaq, wy, curly, uy, (resp. p)) weakly converge in
L2(Q) (resp. in L1T7(Q)) respectively towards divu, curlw and p7. Since w,, strongly converges in L?()
towards w for all g € (1,+00), we get, passing to the limit n — +o0 in (5.32):

lim (2p+ Ndiva, un — ap)) Ti(pn) ¢ da

n—-4o0o Q

= lim (Pgnpn) (Hgn’u,n) (24 (Hgn’u,n) : Vgn’vn dx

n—-+oo Q

—(2u+)\)‘/Qdivu(w-V¢) dw—u/ﬂcurlu-(L(@w) de

+ a/ pPw-Vode+ | f-(pw) de. (5.33)
Q Q

Let us now determine the limit of the convective term in the right hand side of (5.33). As in the
continuous case, we introduce a mollifying sequence (ws)s>o and the regularized velocities u, 5 = Wy, * w;
and us = u * ws where u,, and u have been extended by 0 outside . We have u, s € L°(Q) with
Hun,5||LG(Q) < Cllunllyso) and for g € (6, +00], un,s € L4(2) with Hun,5||Lq(Q) < Cs||unllg6()- Moreover,
for all m € N and g € [1,+00], up,s € W™9(Q) With [tn,slyym.q < Csl[tnlps(q)- Farthermore, we recall
that

Ung = Us strongly in L{ (R*) Vg € [1,6) uniformly in , (5.34)

Un,5 2 Un strongly in LY (R?) Vg € [1,6) uniformly in n, (5.35)
—

us strongly in LY (R?). (5.36)
—

Denoting s = Im,, Un,s, we have:
= [ Pecon) (e, wn) © (e, w,) - Ve, v, da
Q

=- / (Pe, pn) (e, @in ) @ (e, un) : Ve, v, dz+ Ry (5.37)
Q

with
Rgﬁ — / (P, pn) (Hgnun — (Hgn’ljl,nyg)) ® (g, uy,) : Vg, v, de.
Q
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Since (pntn)nen is bounded in LP () for some p > 2, (Vwy )nen is bounded in L*(Q)3 for any € (1 00),
then the following inequality holds, for some triple (p, g, s), such that p > ,8>1,¢g<6and i i —|— =1:

|Rg76| S ||Pnun||Lp(Q)van”n”Ls(Q)B||H€nun - anﬁnﬁ”m(g)
S 1nttnlpgon  V 0 e s [T, 0 — e sl
S e, uy — Hsnﬁn,éHLq(Q)
S llun — ﬁnﬁHLq(Q)

S (||Un - b “nﬁ”Lq(Q))

where the constants involved in these inequalities are independent of n and §. From Lemma 5.5 we have:
[tn,s = Unsllpa) < < hi|un slweaa) < Cshl [unllps) < Csh,.

Therefore:
limsup |RP°| < lim sup ||u, — Un,sly0 (0 (5.38)
n—-+4oo

n—-+oo

where the involved constant is independent of n and ¢. Let us now deal with the integral in the right hand
side of (5.37). Performing a discrete integration by parts we get:

- / (Pe, pn) g, @n.s) @ (g, uyp) : Ve, v, de
Q

= - Z |U| Po (ﬂn,é)a X Uy - (’UL - ’UK) ®nK,a'

0€En, int
oc=K]|L

== Z |0| Po (ua : nK,U) ((ﬂ"x5)‘7 ’ (vL - vK))

0E€En, int
oc=K|L

S (X lolon (urne) (@6)e) o

KeM, UEE(K)
Injecting (Un,s)e = (Un,s)o — (Un,s)k + (Wn,s) K, Where (@, )k is the mean value of the function @, s
over K, we get:

—/(Penpn) (g, tp,5) @ (g, un) : Ve, vy, de
Q

Z ( Z |U| Po ua’ ng a’) ((ﬁn,é)o - (ﬂn,zs)K)) “VK + Rgé + R?’é (539)
KeM, oce&(K)
where, using the discrete mass conservation equation (3.4a), we have:

Ry =—h§ Y |K|(px — p*) (i) - vk,
KeM.,

RO i S (S 1ol (12l ok = pul i ok = 1)) sl v

KeMy, o€&(K)NEn,int
U:K'L
Since (pn)nen is bounded in L2 (Q), (v,)nen is bounded in L (2) and

[, S1

<
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where the involved constants are independent of n and J, we obtain that:

|Rg’6| — 0 as n — +oo uniformly with respect to ¢ > 0. (5.40)

Reordering the sum in R?"s we get:

1
g n 1 ~ ~
RY = —h% Y ol (—|£||) "lpx = pol" T (o = pr) (Bns)L - v = (B s) K - V)
0€En int 7
o=K|L

where o] .
8 g n 1_ ~ ~
Rl == 37 1ol (1) " lo = pels T (o = pn) on - (@)1 = (ins) )
G'Egn,int 7
o=K|L

1

n g n L ~
Rpy=—hiz > ol ( - )n lox = prl" (pic = pr) (Gns)xc - (V1 — vE).

The first term is controlled as follows:

1
o n |0 ~ -
R < 0 ol 3 1Dl (o = pl)” G~ (@i
0C€En int 7 7
U:K‘L
1+n n
1 ol \ 7 |/~ - LN 14y
S NVes o) iy (5 1071 (50) 7 N@no)s = (@no)x| )
0€En, int 7
oc=K|L

where, following similar steps as in the proof of Proposition 5.2 (see the calculation after eq. (5.9)), we

have:
1+n 1+n 1+n

’(ﬁn,(Y)L - (ﬁn,é)K’ K S ’(ﬂn,é)L - (ﬂn,é)a” T+ ’(ﬁn,J)K - (ﬁn,é)o‘ "

Lin 1in
th N 11,»77 h[{” B 1:7]

S BT ||Vun,5|| 14n + K Hvun,ﬁH ltn
| L] Lo K| Lo (K)3

By the regularity of the sequence of discretizations, we get:
5 1 _
[BZ2 ]S B Ve (om) [ lsn (@) 1t ally 10 aa,

1
S h% |||V5n (pn)| n HL1+T,(Q) |’u,n75|wl’1_?7_(ﬂ)

1
< Céhff 1IVe, (pn)|7 HL1+TI(Q) ||unHLG(Q)
1
< Cghff |||V€n (pn)l K HL1+77(Q)7
where the constants involved in < are independent of n (and §). By the uniform estimate (5.1) we have

1 — 19 (€24 a7 (35 +€3))
Ve, (o)l |14y = Ve, (o) S g TR

1
n
1tn
L7 (Q)

Therefore s s
|Rn,6| < Céhﬁ(fz—m(mﬁ-fs))
(LIPS n
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which yields, with condition (3.21):

|R?)’f| —0 asn — +oo for any fixed § > 0. (5.41)

The second term is controlled in a similar way:

P o] 5 o]
RS W2y D0 Dol (5 lo = pal) " 5 (s = vk)
G'Egn,int g 7
O’:K‘L
~ 1
SN e 1V, ()] D Vvl 22

_ 1
S h%”unﬁ”Loo(Q) Ve, (pn)|" HLHn(Q) ||”n||1,$,Mn

< h%”'&nﬁ”Lw(Q) ”an (pn)” 1_?1(9) |w"|wl’ﬁ(ﬂ)

| uCTTY

_ h#_rn(gr%(%*&))ﬂﬁn sllpee(q)
~J ) ) |

1 (G2 = anr (135 +68)
SC'ghﬁﬁ” 27 AT (T4 763 ,

where the involved constants are independent of n (and 4). Using again (3.21), this implies that

|R?ﬁ’§| —0 asn — +oo for any fixed 6 > 0. (5.42)

Let Q,, 5 and IIxq, vy, be the functions defined by:

Qn,5($) = Z W1|( Z o] po (Uo - TR o) (('&n,é)a - (ﬁn,é)K))XK(fn)u

KeM, c€E(K)

Mg, vn(x) = Z v Xk (@),
KeM,

so that, back to (5.39), we have :

- /Q(P&lpn) (g, @n,5) @ (g, uy) : Ve, v, dz = /QQn,a g, v do+ RY + Ry + Ry, (5.43)

Let us prove that, for a fixed 6 > 0, Q,, 5 weakly converges (up to a subsequence) in L"(€2) for some r > 1
towards p(u - V)us as n — +o00. The sum in @,, 5(z) can be rearranged as follows:

Qn,&(m) = Z Po <% ((ﬂn,é)d - (ﬂn,(?)K) (’U,U "I’LK,U)XK (.’1})
ki
o]

+ m ((ﬂ"x5)0 - (i"n,é)L) (UU "n«LJ)XL(:I:)).

Proceeding as above for the control of |(ﬂn15) K— (ﬂnyg)g‘ﬁ, and invoking once again the following estimates

Hi"n,5l|176,Mn N |un,5|w1,6(gz) S C5||un||LG(Q) < C5||un||1,2,/vlna

o1



combined with the estimates on Pg,p,, in L30~1(Q), Mg, u, in L(Q), we can prove that (Qy.5)nen is
bounded in L"(Q2) with r > 1 (because 3(y — 1) > 2). Then, up to a subsequence, Q,, 5 weakly converges
towards some Q; in L"(Q2) as n — +o0.

Let us now identify Qs. Let 9 € C2°(Q)3 and denote v, = I, 1. Since 1 is smooth, we have
g, 2, — % in L7 (Q) (with 1+ L =1). Hence we have (observing that R} — 0 and R — 0 as
n — +oo with v, instead of v,, ):

Q(; - de = lim Qn 5" HM ’l,b de = lim -— / (Pgnpn) (Hgn'fl,nyg) X (Hgnun) : Vgn’l/in dex.
Q n—-+o0o n—-+oo Q

Since @,,s converges strongly as n — +o0o to us in L(2) for all ¢ < 6 (uniformly with respect to 0)

< Gsllunlly 5 py, » We can reproduce the same arguments as those used in the previous

Subsection 5.2 (passing to the limit in the momentum equation) and obtain:

/Q5~1/de:—/pu5®u:V1/de:—/u5®(pu):V1/de.
Q Q Q

Since the limit functions satisfy (p,u) € L30~(Q) x H(Q) and since we have already proved that
div(pu) = 0 in Section 5.1, we infer that:

Qs =p(u-V)us

Back to (5.37) and (5.43) we get :

- / (P, pn) (g, up) @ (Ilg, uy,) : Ve, v, de +/ pu@u: V(ow) de
Q Q

=RY° + Ry + Ry + Ry + Ry® + RS (5.44)
where

R = / Qu s - Tla, v da / Qs - (bw) do
Q Q

R§ = / plu —us) @u: V(pw) do
Q
The function Iy, v, converges to ¢w strongly in L (Q) as n — 4o0. Indeed, we know that in L™ (),
pw, — ¢w and §,, = v, — pw, — 0 as n = +oo and we also have ITr, v, — v, — 0 in L™ (Q) since:

!

It 00— Oallfr iy = 3 / S (o — 00 o ()| da

KeMy, o,0'€E(K)

Sk DT Y e vl

KeM, 0,0’ €E(K)

Hence we have [[IIy, vn — Onllp ) S ha [Vl g, S B llonlly v aq, S haldwalwior @) S ha. There-
fore, by the weak convergence of @,, 5 towards Q; in L"(2) we have:

IRZ°| =0 asn — +oo for any fixed § > 0. (5.45)
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Combining the estimates (5.38)-(5.40)-(5.41)-(5.42)-(5.45) and passing to limit n — +oo in (5.44), we
obtain that:

limsup’/('Pgnpn) (e, un) © (g, un) : Ve, v, dm—/pu®u:V(¢w) da
Q Q

n—-+o0o

5 hmsup ||un - un,é”Lq(Q) + |Rg|a (546)

n—-+oo

for some ¢ € [1,6) and for all § > 0. By (5.36) we have R — 0 as § — 0 and by the uniform in n
convergence (5.35) we finally obtain, letting 6 — 0 in (5.46) that:

lim (Pe,, pn) Mg, uy) @ (g, uy) : Ve, v, de = / pu @ u : V(opw) de.

n—+o0 Jo Q

Going back to (5.33) we obtain:

lim ((2u + N)divm, wy — ap))) Ti(pn) ¢ de

n—-+oo Q

z/pu®u:V(¢w) dw—(2u+)\)/divu(w-v¢) da
Q Q

— i / curlu - (L(¢) w) dz + a/ Pw-Vode+ [ f-(ow) de. (5.47)
Q Q Q

Applying the identity (2.12) to the functions w and ¢w € H}(Q), we get:

lim (2p+ N)divam, wn — ap)) Tr(pn) ¢ da

n—-4o0o Q
:/ ((2,u—|—)\)divu—ap_7)Tk(p)¢dw—l—/pu®u:V(¢)w) dx
Q Q
—p | Vu:V(opw) de — (p+ )\)/ div u div(¢pw) dx
Q Q

+ a/ pTdiv(opw) de + [ f- (pw) d.
Q Q

We have already proved that the limit triple (p, w, p7) € L3 (Q) x H}(2) x L*5 satisfies the momen-
tum equation in the weak sense. Thus, applying Proposition 5.4 to v = ¢w (using the density of C°(0)3
in Wy() for all ¢ € [1,400)) yields

lim ((2p + N)divar, wn — ap)) Tr(pn) ¢ da = / (2p+ N divu —ap?) Ti(p) ¢ de,
n=Too Jo Q

thus concluding the proof of Lemma 5.7. (|

5.3.2 Strong convergence of the density and renormalization property

Properties of the truncation operators 7. We first state two results that are the discrete counter-
parts of Lemmas 2.8-2.9.

Lemma 5.10. For all 1 < q < 3(y— 1), there exists a constant C such that the following inequality holds
for alln € N and k € N*:

_ 1 _1
100 — Pl + ITe(0) = Pllacey + 1 Ts(on) — pullpagey < CHTET.
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Consequently, as k — +oo, the sequences (Tx(p))ken+ and (Tk(p))ken+ both converge strongly to p in LI(2)
for all g € [1,3(y —1)).

Lemma 5.11. There exists a constant C' such that the following estimate holds:

sup Timsup | Ti(pn) — Ti(p)llg1 (0 < C- (5.48)
k>1 mn—4oco

The proofs of these two lemmas follow the same lines as in the continuous case.
Renormalization equation associated with Tj. We first state a discrete renormalization property

for truncated functions which is an analogous of the renormalization property stated in Remark 2.4. The
proof is similar to that of Prop. 4.8 which is given in Appendix A.

Proposition 5.12. For any b € C*([0,+00)), denote bys the truncated function such that

b)) ift< M,
bM(t)_{b(M) ift> M,

and [by]', its discontinuous derivative:

oa' (8) = { A,

Let D = (M, E) be a staggered discretization of Q. If (p,u) € Lp(Q) x Har,0(Q2) satisfy the discrete mass
balance (3.4a) with p > 0 a.e. in Q (i.e. px >0, VK € M) then we have:

div(bar(p)u)  + (bar]’y (P )pr — bur(prc))div(u) ik + Ry + Rk + Ry =0 VK € M, (5.49)
where .
diV(bM(p)u)K = m Z |0| bl\i(po)ua ‘NK,o,
ce&(K)
and
1
R} = = Z lo|rk.o (Ue - nKo) and rro = [buly(pr)(pe — pr) +br(pr) — bar(ps),
ce&(K)
1 o] 0 1_
R2 _ hfz basl - _ -1 _
S barle o) gy 2 ol (7)o = oo (o = o)

c€e&(K)
Ry = h§y[bu)y (0 (pxc — ).

Now, for any & € N* we consider the function Ly introduced in Section 2 and defined as

Ly~ [ =k =), ifee (o),
S if ¢ € [k, +00).

We recall that Ly € CY([0, +00)) N C*((0, +00)) and

tLy(t) — Li(t) = Te(t) Vt € [0, +00).
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Proposition 5.13. Under the assumptions of Theorem 3.1, let (p,u) € L3O=1(Q) x HE(Q) be the limit
couple of the sequence (ppn, Un)nen. Then, for all k € N*, the following inequalities hold:
divau,, (Li(pn)wn) + Tk (pn)div g, tn + Ry, = 0, in D'(R®), V¥n €N, (5.50)
div(Lg(p)u) + Ti(p)divu > 0, in D' (R?), (5.51)

where the discrete function R, satisfies: / R, dx > 0.
Q

Proof. To prove (5.50), we apply Proposition 4.8 (completed by Remark 4.2) with the function b = Ly
which is a convex function satisfying |L; (¢)] < C|Int| for ¢t < 1. We straightforwardly obtain (5.50).

Let M € N*. Applying Proposition 5.12 to the function Tps(t) (i.e. Thr = bpr with b = Id) we obtain:
div(Tw (p)u) , + ([Tn)' (px)px — Ta(px)) div(u)x + R + Rk + Ry =0, VK € M.

Let ¢ € C°(Q2) with ¢ > 0. For n € N define ¢,, € L, () by ¢njx = ¢ the mean value of ¢ over K,
for K € M,,. Multiplying the above identify by |K|¢x and summing over K € M,, yields:

Z Z 10| Tv (po) (Uo * Tkc,0) P K
KeM, UEE(K)

+ > (Il oo — Tarlpx)) oxc (Y lolug - nik, ) + BRI + Ry + Ry =
KeM, ce&(K)

with
Ri= 3 3 1ol(Ialy (o) (po = o) + Tar(pi) = Tar(po) ) (s - Mo

KeM, ce€&(K)

p=1$ S Wl X ol (i) lox = pulS (on ),

KeM, oeE(K)
RE = h) Z |K|[Tm] (pr)dxc (pc — 7).
KeM,,

Since the function T}y is concave and p, is the upwind value of the density at the face o with respect to
U, - Nk, we have R < 0. The second remainder term can be rearranged as follows:

5= 3 1ol (1) o puld ™ (o ) (o o) — (ol o210,
o€ln int
U:K‘L

— n n
= Ry + Ry,

where

=n$ Y o1 (25) o = o1l (e = pu) (Bl o) = T (o))
oc n,int
oc=K|L

g
Ry =15 3 1o (18L) loic =l (oac = ) (Tl o) (6 — 6.
a’ng,int 7
o=K|L
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Since Ty is concave, we have Ry, < 0. Hence we get:

S0 lolTu(pe) (o ko) b

KeM, ce&(K)

+ Z pK)pK TM(pK)) OK ( Z |O'| Uy 'n}(,g) + Rg)g + Rg > 0. (5.52)
KeM, oe€(K)

We want to pass to the limit n — +oco in (5.52). To that end, we show that the remainder terms R , and
R% converge to 0 as n — +o00. Observing that for all K € /\/ln, I[Tam) (prc)| < 1, and since ¢ is a smooth
functlon we get:

n g
REA < b8 3 1ol (12L) loic = gl fonc =l

0€En, int
oc=K|L
< pé2 |0'| % 1
SHEIVllumey o 1Del (7p7) " ose = ool
0C€En int 7
o=K|L

1
S hE Vol ) 11 Ve ()7 1 () -
Since 1 4+ n > 1, Holder’s inequality yields

1 R So3
1196, (o)l sy < COMIVes (o) Tags Sl 7 ST,
n

Therefore . S,
—r —_ ‘_+
|RE,| S hptn @ mr ) g g s oo,
For R% we may write:

RS S hS bl D Kok = p*1 S 2120 0% [l g b
KeM,,

so that RY — 0 as n — 4o00. Coming back to (5.52), it remains to pass to the limit n — 400 in the two
terms

Z Z lo|Th (po) (o - NEk,o)Pr and Z "(pK)pr — Trv(pk)) dx ( Z |0'|Ug'nK,g>-

KeMy, oce€(K) KeM, cEE(K)

On the one hand, we have by a discrete integration by parts

> Z 0|10 (o) (Uo - Tk o) PR = —/(PsnTM(pn)) (g, un) - Ve, ¢y da.

KeMy oc&(K

Then, using the same arguments as those to pass to the limit in the discrete weak formulation of the mass
equation (see the proof of Proposition 5.2 and replace p,, by Ths(pp) which converges to Thas(p) in L°(Q)
weak-* topology), we deduce that

im Y > oTu(pe)(uo - ko) bk = —/QTM(p) u- V¢ de.

n—-+o0o
KeM, UEE(K)
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This is possible because (Ths(pn))nen is bounded in L(Q) (while (pp)nen is bounded in L3001 with
3(y—1) € (3,6] since y € (3, 3]) and a “weak BV estimate” is available for Ths(p,) thanks to the following
inequality (recall that [Tas(r1) — Tar(re)| < |r1 — 12| for all r1,re > 0):

> 1ol (Tarlpr) = Tr(pr)? [to - il <Y ol (pr = px)* [tho - M.

o€Eint 0€Eint
oc=K|L o=K|L

On the other hand, we have:

Z ([Tad)'y (pr)prc — Tae(pic)) ¢K( Z lo| ws - nK,g)

KeM, ce&(K)
- /Q (ITaals (Pn)pn — Tar(pn)) divag, un & da.

Hence, passing to the limit n — 400 in (5.52) we obtain:

div(Ta(p)u) + [p[Tu)(p) — Trr(p)]divasu >0 in D'(R?) (5.53)

which corresponds to a relaxed version of Equation (2.29) from Section 2. For k € N* and § > 0,
we introduce the regularized function Ly s defined as Ly s(t) = Li(t + 0), the derivative of which is
bounded close to 0 unlike Lj. Applying Lemma 2.1 (and the second part of Remark 2.4) to the pair
(Ta(p), w) (justified since Tar(p) € L=°(Q) for M fixed) with the function Ly s and the source term

9= —[p[Tu)(p) = Tar(p)]divagu € L, (R?), we get:

div(Le,s (Tar(p))w) + Th,s(Tar (p))dive > —Lj, 5(Tar(p)) [p[Tad]’y (p) — Tar(p)]divagw  in D'(R?)

(5.54)
where T}, 5(t) = tL}, 5(t) — Ly,s(t). Now, exactly as in the continuous case, we pass to the limits M — +o0
and then § — 07 (see the proof of Prop. 2.10) to get inequality (5.51).

|

Strong convergence of the density

Proposition 5.14. Under the assumptions of Theorem 3.1, let (p,u) € L3O~1(Q) x H(Q) be the limit
couple of the sequence (pn,Un)nen. Up to extraction, the sequence (pn)nen Strongly converges towards p
in LYU(Q) for all g € [1,3(y —1)).

Proof. Integrating inequalities (5.50) and (5.51) and summing, one obtains:
/ Tr(pr)div g, wy, de — / Tk (p)divude <0, Vn € N. (5.55)
Q Q
Since, |Tx(r1) — Tk(r2)| "™ < (r] — 73)(Tk(r1) — Tk (r2)), for all r1, r9 > 0, we have

limsup [ |Ty(pn) — Ti(p)|"*! dae < 1imsup/ (P% = P")(Tk(pn) — Tis(p)) dz
Q

n—+oo JQ n—-+4oo

< / (" Tr(p) = 7 Tk(p)) dee + / (P = p") (T (p) — Tie(p)) de.
Q Q
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Invoking the convexity of the functions t — t7 and t — —Ty(t), we have p¥ > p7 and Ti(p) < Tr(p) so
that

iimswp [ [Tip) = o) da < | (FTLG) ~ 7 Tidp) de.

n—r—+0o Q

We can now use the weak compactness property satisfied by the effective viscous flux (Prop. 5.7):

limsup [ |Tk(pn) — Te(p)" ' dz
Q

n—-+o0o

2 A —
< =2 lim Sup/ (Tk(pn) — Ti(p))div e, up dz
a n—+oo JQ
2004 A = a- . : :
= (Tk(p) — T(p)) divu dx 4 lim sup ( Ti(pr)div g, un de — [ Ti(p)divu dw)
a Q n—+oo \JQ Q

a

<22 [ (1p) - Tilp) divuda,
Q

thanks to (5.55). The end of the proof is the same as that of Proposition 2.11: thanks to the previous
inequality we show that

lim limsup | |Tk(pn) — Th(p)|" ' da =0,
Q

k—+00 n—+too
and thus ) )
lim_tim sup | 74 (pn) — Tk(p) I gy = 0-

k—=+00 n—+4oo

We conclude to the strong convergence of the density by passing to the limits n — 400, £ — +00 in the
following inequality

llp— Pn”Ll(Q) < llpn — Tk(pn)”Ll(Q) + 1Tk (pn) — Tk(p)HLl(Q) + 1Tk (p) — pHLl(Q)'

A Discrete renormalized equation, proof of Proposition 4.8

Multiplying by b’(px ) Xk the discrete mass conservation equation (3.4a) (together with the definition (3.6)),
one gets

1
Vor) gy D lolpotts - k.o + WY (0x) (oK — p*)

oce&(K)
TN 1 |U| %7 13
+hiab (PK)m > ol (|D |) lpx — pLl" " (px — pr) = 0.
0€Eint 7
cr:eK\L
and then
1 1 ,
W Z |U|b(p0)uo "NKo + m Z |U|(b (pK)pK - b(pK))uG’ "MK,o
c€E(K) o€E(K)
1 . néz p 1 ol — |5t _
+ |K| Z lo|rk.oto - Ko + h3 (pK)|K| Z |o| D, | lpx — pL|" ™ (px — pL)
c€eE(K) UEI%TE 7

+ 5V () (prc — p*) = 0
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with
T, =0 (pK)(pe — pr) + bpK) — b(ps),

which corresponds to Equation (4.9). Multiplying by | K|, summing over K, rearranging the sums, and
using the discrete homogeneous Dirichlet boundary condition on the velocity, we get (4.10).

Let us assume from now on that b is convex, First, we have rg » = 0 when 4, - ng , > 0 (since then
po = pr) and, when u, - nk , < 0, we have rx , < 0 since b is convex. Hence Ré > 0.
Since b is convex, we also deduce that

1
g 7 1_
Ri=hfy > lo |(||D||)’lpK—pL|n (o = p1) (¥ (px) = ¥ (pr)) = 0.
0€E&int
o’:eK\L

Finally for the last remainder term sz\/[, we combine the convexity of b with a Taylor expansion and then
use Jensen’s inequality (recalling that 3, .\ |K|px = [Q]p*) to get:

> 05 S K] (box) — blp ))hf\l/l|ﬂ|<|g12|/b(p)dcc (|é|/pdm)> > 0.

KeMm

B Control of the convective term, proof of Lemma 4.13

By definition, recalling that a @ b: c®d = (a-c) (b-d) for a,b,c,d € R?, we have:

o
/(’ng)(l_lgu) ® (Igu) : Vevde = E |Do| po (o - MK o) Up - (||D | | (v — vK)).
Q2 o€Eint 7
oc=K|L

Reordering the sum and using the definition of the primal fluxes (3.6) we get:

- [(Pepfew e (ew) : Vevda = 3 v X ol (e nica)u

KeM o€E(K)

= Z Vi - Z Fro(p,u)us + Ry

KeMm c€E(K)

where

g
Ri= o Y vk Y |a|(|£'|) o — prF (o — pr)u
KeM ceE(K) 7
oc=K]|L

By assumption (H2) (conservativity of the dual fluxes) we may write :
- / (Pep)Igu) @ (Ilgu) : Vevde
Q

= Z VK - Z Fro(p,u)u, + Ry

KeMm ce&(K)
=Y o Y (Frolpwue+ 3 Folpuju)+ Ry
Kem c€E(K) ec€(Dy),eCK
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Writing vg = v, + v — v, We get:

— /Q(ng)(ﬂgu) ® (llgu) : Vevde

=Y Y v (Frolpwuo+ > Flpwu)+Ri+Rs, (B1)

KeMocE(K) ec€(Dy),eCK
with .
- Z Z ('UK - 'Ud) ' (FK,U(pv u) Ug + Z FG,E(pv ’LL) ué)'
KeMoc&(K) ec€(D,),eCK

By conservativity of the primal fluxes (i.e. using Fx »(p,u) = —Fp ,(p,u) for 0 = K|L) we see that the
first term in the right hand side of (B.1) is equal to [, dive(pu ® u) - Igv da. Hence:

‘/dng(pu(XJu)-Hgvdm—i—/(’ng)(l_[gu)@)(l_[gu):ngdw‘ < |Ri| + |Ry.
Q Q

Proving Lemma 4.13 amounts to bounding |R;| and |Rz].
We begin with |R;|. Reordering the sum in Ry we, get for C = (Q,v,T, 6p):

o] i
[Bal=h% | > o |(|D |) lpx = pL|" 1(PK_PL)UU'('UK_'UL)’
g gint
o':eK|L
o : o}
S2=3 1 0w g
<only b (¥ mnwﬁ) (5 0l (e o) )
0€Eint 0EEint
I3 _1
<Chy " Hp|| @ | Vevll s g s

Therefore

Ea—+
|Ra| < Chyy 3w I3 ||L1+n V€vHL2(Q)3

< Chi\le_%_rr (13377 +53)

Let us now turn to Rs. Recalling that uw. = u, + §(ug/ — u,) and using (H1), we write Ry = Ra1 + Ra2

with:
Ras :% Y wk-v) (Y Fedpu) (ue - u,)),

KeMoeE(K) ccé(Dy),
eCK, e=D,|D.,

Rpp= ) Z (VK — v, 'Uaff'{( > FKa (p,u )

KeMocE(K o' eE(K
The assumption (H3) yields, for C' = C(£, 6p):

§2+1 o hK)

n hK)

|Focp, >|<c(||p|\m S P S 2

Eo+1—
< O (1ol o el oy Bt s + < B
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Since vk is a convex combination of (vs),ee(k):

Yowk-v) (X Feclpw) (e — )|

o€&(K) ec€(D,),
eCK, e=D,|D.,

a+1—
< C(Ipll oy Ity Bt + ol bt ") S0 i [oo — v fitgr — g,
o, 0’
G’II,G’IHGS(K)

and, for o, o’ € £(K), the quantity |u, — uy| (or |[v, — vo|) appears in the sum a finite number of times
which depends on the number of faces of K. Hence, applying the Cauchy-Schwarz inequality and Lemma
4.4, we may write

Eat+1—
B2l £ C (Il o Il ey B+ ey B2 )

&2+1
< C (Il eyl oy Pt + 1ol B0 ) ety ooag 121 2.0

We then get, for C = C(Q,~,T, 6p):

1—1_1(_s_
Roal < ony ) e

A [

The estimation of Ry > follows similar steps. Indeed by definition of v, we have

Y & (v —v,) =0,

oc€&(K)

and we obtain that:

Ryo = Z Z (VK — V) - &% (Ue — UK) { Z Fk o (Pau)}

KeM oceé(K) o’'€E(K)
so, once again, denoting ux = deg(K) % ug:

§+1
(Raal < C (1ol oy sl hne + ol bt ") 32 hae S0 Jo — vl Juso — e
KeM c€E(K)

S e
congHETEE e bl ol

Gl —or (i +6s
+ChM K nF(Hn )”h P ||L1+n Q)H“Hl,Q,MH””LzM'
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