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Abstract

We study the three-dimensional stationary exterior Stokes problem with non standard boundary con-
ditions corresponding to a slip-without-friction boundary conditions. Because the flow domain is un-
bounded, we set the problem in weighted spaces in order to control the behavior at infinity of solutions.
This functional framework allows to prescribe various behaviors at infinity of the solutions. The results
established are related to the existence and the uniqueness of strong and very weak solutions. Our strat-
egy relies on the fact that due to the boundary conditions, the pressure and the velocity can be decoupled

and, as a result, we solve two separate systems to find these quantities.
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1 Introduction

Let Q' be a simply-connected bounded domain of R® assumed to have a boundary T of class ¢%' and let

Q denote the complement of ', in other words, the exterior of Q. For a prescribed external force f, we



consider the stationary Stokes equations, describing the flow of a viscous and incompressible fluid past the
obstacle Q':
—Au+Vr=f and divu=0 in Q, (1.1)

where the unknowns are the velocity field u and the pressure 7. To these equations, we supplement the

following Navier’s type slip-without-friction boundary conditions:
u-n=0 and curluxn=0 on T, (1.2)

where curl u is the vorticity field and »n is the unit normal vector to the boundary I' pointing outside Q.
As it is now well known, the boundary conditions (1.2) are closely related to the classical Navier boundary
conditions, in which it is assumed that there is a stagnant layer of fluid close to the obstacle Q' allowing the

fluid to slip and the slip velocity is proportional to the rate-of-strain tensor field:
u-n=0 and 2[D(wWn]l;+au;=0 on T, (1.3)

where

D(w) = %(Vu+ vu’)

denotes the rate-of-strain tensor field, « is a scalar friction function and the notation [-]; denotes the tan-
gential component of a vector on I'. The boundary conditions (1.3), proposed by Navier [26] are commonly
used in the presence of rough boundaries (see for instance [2, 21]). We also refer to [27] for a review of
experimental studies that show various situations in which the slip property occurs.

The link between the boundary conditions (1.2) and (1.3) can be highlighted using, on the one hand, the
fact that (1.2) is equivalent to (see [29])

u-n=0 and Vu,-n=0 on T (1.4)
and on the other hand, the fact that the following identity holds (see [28])
2[D(wnl; =Vuy-n—kru; +[V(u-n)l;y on T, (1.5)
where k; is the principal curvature of I'. Indeed we see that (1.2) is then equivalent to
u-n=0 and 2[D(wnl;+k;u; =0 on T,

that is the Navier boundary condition (1.3) where the friction function is replaced by the principal curva-
ture of I'. Moreover, we also see that on flat boundaries, the boundary conditions (1.2) coincide exactly
with the Navier boundary conditions (1.3) without friction. It is therefore interesting to study the exterior

Stokes problem (1.1) with the boundary conditions (1.2). For further discussions on the relationships be-



tween the boundary conditions (1.2) and (1.3), the reader can also refer to [14] or [25] and references therein.

The objective of this paper is to investigate the existence and the uniqueness of strong and very weak solu-
tion of the exterior problem (1.1)-(1.2). Because the domain is unbounded, the data and the solutions are
assumed to belong to adequate weighted Sobolev spaces in order to control and to precise the behaviour
of the functions at infinity. The main contribution of the paper is that the results are established for a very
wide range of behaviour at infinity (growth or decay at infinity). This work follows a previous paper of one of
the authors [5] in which a solution with a particular behaviour at infinity, corresponding to the variational
solution and its regularity, was investigated.

Moreover, this work is also a starting point for the numerical analysis of (1.1)—(1.2), using the so-called in-
verted finite elements method originally developed by Boulmezaoud in [8] (see also, e.g., [7, 9, 10]) where

the use of weighted Sobolev spaces is in the heart of the method.

In order to study (1.1)-(1.2), our strategy is the following: due to the boundary conditions (1.2), we can
look for the pressure 7 separately from the velocity u. This can be done by solving, on the one hand, the

generalized Neumann problem
div(Vi—-f)=0 in Q and (Vz-f)-n=0 on T, (1.6)
and on the other hand, the so-called Hodge-Laplacian problem

—Au=F and divu=0 in Q,
(1.7)
u-n=0 and curluxn=0 on T,

where F = f— Vnx. This gives the opportunity to solve the exterior problems (1.6) and (1.7) that are also
interesting by themselves. Let us emphasize that solving these problems is not straightforward because
we are really interested in various behaviour at infinity of the solutions. Indeed, the method that we use to
solve (1.6) and (1.7), relies on the properties of the Laplace operator in the whole space R3. But these proper-
ties naturally bring out compatibility conditions that the data necessarily satisfy when looking for solutions
that decay faster than the variational solution. As a result, the solutions defined on Q that we already have in
hand (generally the variational solution) must be extended to the whole space in an appropriate manner in
order to satisfy the compatibility conditions. Observe that these difficulties can be avoided when studying
the standard exterior Laplace problem with Dirichlet boundary conditions, by the use of duality arguments
(see, e.g. [18]). But this approach can not be used for problem (1.7) due to the fact that the Hodge-Laplacian
operator is not a self adjoint operator.

Observe also that, in [5], the study of (1.1)-(1.2) was also based on the resolution of (1.7). But, because the
study was focusing on the variational solution, then using the variational formulation, the pressure = was

obtained thanks to de Rham theorem and characterizations of distributions by means of their gradients.



We would like to mention that, to the best of our knowledge, the exterior problem (1.1)—(1.2) has not been
considered by many authors, apart from [5]. This is also the case for the exterior problem (1.1)—(1.3), where
as far as we know, we can only mention the work of two of the authors have done in [15]. On the other hand,
in bounded domains, one can refer for instance to [6, 11, 12, 13]. Still in the case of bounded domains, we
can also mentioned some numerical studies that go through the resolution the Hodge-Laplacian problem

(see, e.g., [1, 11]).

The paper is organized as follows. In Section 2, we introduce the Notation, the functional framework based
on weighted Hilbert spaces. Section 3 is devoted to the study of problems (1.6) and (1.7), where we include
the non homogeneous case for the boundary conditions. Finally, in Section 4, we consider the exterior
Stokes problem (1.1)—(1.2). We first start by recall the existence and the uniqueness result of weak solution
proved in [5], then we use the results established in the Section 3 to prove the existence and uniqueness of
strong solutions. We finally end with the study of very weak solutions. We have deferred in the appendices
the proofs of some technical results regarding the density statements or characterization of dual spaces

needed to establish results on the very weak solutions.

2 Notation and preliminaries

2.1 Notation

Throughout this paper we assume that Q' R is a simply connected bounded domain that has a boundary
I of class ¢*!. Let Q be the complement of Q' in R?, in other words an exterior domain. We assume that
the origin of the coordinates is placed in the obstacle Q'. We will use bold characters for vector and matrix
fields. A point in R3 is denoted by x = (x1, X2, x3) and its distance to the origin by

r=lxd= (x5 +x5 +x§)1/2.
Let N denote the set of non-negative integers and Z the set of all integers. For any multi-index A € N3, we
denote by 6 the differential operator of order A,

N 5'M
0 =ﬁ, |//‘,|=Al+12+13.

0,'05%05°
For any a € Z, 2, stands for the space of polynomials of degree less than or equal to @ and 22 the harmonic
polynomials of Z2,. If a is a negative integer, we set by convention 2, = {0}. We denote by 2(Q)) the space
of €*° functions with compact support in Q, 2(Q) the restriction to Q of functions belonging to & (R3).
We recall that 2'(Q) is the space of distributions defined on Q. For m = 1, we recall that H"(Q) is the
well-known Hilbert space W"2(Q). We shall write u € H 1o .(Q) to mean that u € H™(0), for any bounded
domain @, with 0 Q. ForR > 0, we denote by By the open ball of radius R centered at the origin. We



set Qr = QN Bg. For any m € N\ {0}, the space H™1/2(I') denotes the usual trace space on I, of functions
belonging to H™(Qp) and the space H —m+1/12(1y is its dual space. The notation (-,-) will denote adequate
duality pairing and will be specified when needed. We denote by (., -)r the duality pairing between the space
H~Y2(T") and its dual space H 121, Given a space B with dual space B’ and a closed subspace X of B, we

denote by B’ L X the subspace of B’ orthogonal to X, that is
B'1X= {f €B, YveX, (f,v)= o} = (B/X)'.

Finally, as usual, C > 0 denotes a generic constant the value of which may change from line to line and even
at the same line.
2.2 Weighted Hilbert spaces

We introduce the weight function

px) =(1+r2)".

For a € Z, we introduce
W@ ={ue '@, p"ue @)},

which is a Hilbert space equipped with the norm:

||u||Wg(Q) = ||Pau||L2(Q)-
Let m = 1 be an integer. We define the weighted Hilbert space:
We©) = {ue 2@ VAN 0< Al < m, p* Mot ue 12,

equipped with the norm

1/2
- AlAA . 12
Nl wm oy = lp&m*Ary )2, .
L7 (Q)

0<|AIsm

We define the semi-norm

1/2
|u|WO§"(Q):( > ”PaaAU”LZ(Q)) .
[Al=m

Let us give examples of such space that will be often used in the remaining of the paper. For m = 1, we have
W) = {u €2'(Q), p* Lue I2(Q), p*Vue LZ(Q)}

and for m =2,
W2, (Q) = {u e WlQ), p**'o%ue L2(Q)}.

For the sake of simplicity, we have defined these spaces with integer exponents on the weight function. But



naturally, these definitions can be extended to real number exponents with eventually some slight modifi-
cations (see[3] for more details). Observe that the space 2(Q) is dense in W2H(Q) (see [18] or [20]). All the
local properties of the space W, (Q2) coincide with those of the standard Hilbert space H” (Q). Hence it also
satisfies the usual trace theorems on the boundary I'. The closure of 2(Q2) in W*(Q2) is denoted by W(;” Q)

and, as in bounded domains, can be characterized by
W(,’Z"(Q) = {ue W), you=0,y1u=0,-+,Ym-1u=0on F}.

The dual space of Wl;" (Q) is denoted by W= " (Q2) equipped with the usual dual norm. This allows to extend
the definition of the space W/} (Q2) for any @ and m belonging to Z.

We shall now give some basic properties of those spaces:

Proposition 2.1.

1. Foranya, me€ Z and for any A € N3, the mapping
ue W) —otue wr M) 2.8)

is continuous.

2. Foranya, me Z, we have the following continuous embedding:

wrQ) — w Q. 2.9)

3. Forany a, m € Z, the space P p,_q—» is the space of all polynomials included in W]'(Q) and if m = 1,

the following Poincaré-type inequality holds:

Yue W(;n(Q), inf ||u+/1||W(;"(Q) < Clulwén(g), (2.10)
/'LE(@]»/

where j' = min(m — a - 2, m - 1). In other words the semi-norm |- |wmqy is a norm on W (Q)/ 2. In

particular, | - IWOI Q isa normon WO1 Q).

4. Forany a € Z, m € N\ {0}, we have the following Poincaré-type inequality:

Vue WNQ), lullwmq <Clulwpq). (2.11)
For more details on the above properties, the reader can refer to [3, 4, 18, 20, 22] and references therein.
The result that we state below was proved by Giroire [18] and extended in weighted LP-spaces in [3]:



Proposition 2.2. For me Z and a € Z, the Laplace operator defined by
A WIHLRS) 28— W RS LS | (2.12)

is an isomorphism.

Remark 2.3. The isomorphism result stated in Proposition 2.2 is the property of the Laplace operator men-
tioned in the introduction, and that will be used to solve problem (1.7). As we also already mentioned, the
main issue is to deal with the compatibility condition that appears in the right hand side of (2.12) when

az=l.

We end this section by introducing the spaces that will be used to study problems (1.7) and (1.1) — (1.2). We

first recall that for any vector field v = (vy, v, v3), the curl of v is defined by

a 6)62 6x3’6x3 6x1'6x1 6)62 '

Next, note that the vector-valued Laplace operator of a vector field v is equivalently defined by
Av=V divv-curlcurlv.
This leads to the following definitions. For a € Z, we define
H,(curl, Q) = {ve W2(Q); curl ve W(SH(Q)},

Ho (div,0) = {ve WP(Q); divoe WE,, (@)}

and we set

Xa(Q) = Hy(curl, Q) n H, (div, Q).
These spaces are respectively endowed with the norms

) ) 9 1/2
1Vl 1, (curt,0) = (”v“Wg(Q) +|lcur v”WO?H(Q)) ’

) . 1/2
1915, v = (190 + v 210 )

and
1/2
_ 2 2 2
1Wlx,i00 = (101500 + iV 0o + leurl vy, ]
Observe that 2(Q) is dense in H, (div,Q) and in Hy (curl, Q). For the proof, one can use the same arguments
than for the proof of the density of 2(Q) in W/ (Q)(see [18, 20]). Therefore, recalling that n is the unit

normal vector to the boundary I' pointing outside (), if vbelongs to H,(div, (), then vhas normal trace v-n



in H~1/2(T'). By the same way, if v belongs to H, (curl,Q), then v has a tangential trace v x n that belongs to
H12(D). Similarly in bounded domain, we have the trace theorems: for any «a € Z, there exists C > 0 such
that

Vve Hy(div,Q), |v- nll g2y < Clvl g, div.o),
Vve Hy(curl,Q), v n|l 121y < Cllvl H, (curl,0)-

Moreover the following Green’s formulas hold. For any ve H,(div,Q) and ¢ € W_la (Q), we have

<v-n,(p>r:va-V(pdx+fQ<pdivvdx (2.13)

and for any ve Hy(curl,Q) and ¢ € W_la (Q), we have

(vx ""P>F:f v-curl(pdx—f curlv- @dx. (2.14)
Q Q
We denote by I—°Ia (div, Q), the closure of 2(Q) in H, (div, Q) that can be characterized as follow:
ﬁa(diV,Q) = {UE H,(div,Q); v-n=0o0n F}.

The dual space of H, (div, Q) is denoted by H~}(div,Q) and is characterized by the below proposition (see [5,
Proposition 2.3]).

Proposition 2.4. Assume that a € Z. A distribution f belongs to H,'(div,Q) if and only if there exist W €
Wg (Q)andy € Wg_l (Q), such that

f=y+Vy.
Moreover we have

||1I/||Wg(g) + ”X”WD?_](Q) < C”f”Hgl(div,Q)'

In the sequel, we will also need the following two subspaces of X, (Q):
Xa'T(Q):{ve Xa(Q);v-n:OOnF} 2.15)

and
Vo, 1(©) = {ve Xg 73 divo=0in 0} (2.16)

Finally, to give a sense on the second boundary condition (1.2), we introduce:

G(A,0) = {ve W (@); Ave H ' (div, Q). (2.17)



This is a Banach space for the norm

IlvllGa,o = | V”WOI(Q) + A v”Hl‘l(div,Q)'

Then we have the following properties (see [5, Lemma 5.1 and Corollary 5.2])
Lemma 2.5.
i) The space 2(Q) is dense in G(A, Q).
ii) The linear mappingy : v— curlv|r x n defined on 2(Q) can be extended to a linear continuous map-

ping
y: G(A,Q) — H V2.

Moreover, we have the Green formula: for anyve G(A,Q) and any @ € V_1, 7(Q),

— AV, @) v, Q)< 1 (div, ) = fQ curlv-curlpdx— (curlv x n, @)r. (2.18)

3 Auxiliary problems

In this section, we deal with the auxiliary problems that are the generalized Neumann and the Hodge-

Laplacian problems.

3.1 Generalized Neumann problem

We consider here the following problem: given f and g, we look for a function r satisfying
div(Ve—f)=0 in Q and (Vz-f)-rn=g on TI. (3.19)

We start by looking for a solution 7 € WO1 (Q) which is equivalent to look for the variational solution. Here, it

is clear that (3.19) is equivalent to:

Find 7 € W} (Q) such that:
(3.20)

fVﬂ~V(pdx=ff-thdx+<g’(P>r-
Q Q

Thanks to the Poincaré-type inequality (2.10), a straightforward application of the Lax-Milgram theorem

allows to establish the following result.
Proposition 3.1. Given (f,g) € L2(Q) x H7Y2(I), then (3.19) has a unique solution i € WO1 Q).

We continue by looking for a solution 7 € W(; +1(Q) for @ # —1. The case a < —1 can be solved in a straight-
forward manner using the isomorphism result of the Laplace operator (2.12) in R® and the standard exterior

Neumann problem.



Theorem 3.2. Let a < —1 be an integer and assume (f,g) € W2, (Q) x H"V/2(T'). Then problem (3.19) has at

least a solution 7 € W;H Q).

Proof. Extend f by zero in Q' and denote by f the extended function that belongs to Wg i1 (R3). As a result,
div f belongs to W (R%) (see (2.8)) and since @ < —1 there exists 7 € W), | (R%) satisfying (see Proposi-
tion 2.2)

—Af=divf in R

Thus it is clear that, on T, (Vﬁ +}) -nbelongs to H ~12(I"). Therefore there exists a unique z € WO1 (Q) satis-

fying (see [18] or [17, Lemma 3.7]):
Az=0 in Q and Vz-n=(Vi+f)-n+g on T.

Because a < —1, we deduce that z also belongs to Wéﬂ (Q). Now setting n = z— 7|, then w € W;H (Q) and
satisfies (3.19).
O

Finally, let us solve problem (3.19) when @ > —1 and to that end, we first introduce the space
A2 @={cew;@); AC=0inQ and V¢-m=0onT},

that is the null space of the exterior Neumann problem for the Laplace operator. The below characterization

has been established by Giroire [18].
Proposition 3.3. Assume a € Z. Then we have
A2 @={wny -2, 12}
where w(A) € WO1 (Q) is the unique solution of the Neumann problem
AwA)=0 in Q@ and VwA)-n=VA-n on T. (3.21)

In particular /(Q) = {0} when a =0 and A5 (Q) =R.

Remark 3.4. Observe that, since we are dealing with an exterior domain Q that has its boundary of class
€', then regularity results on the exterior Neumann problem for Laplace show that if { € />(Q), then {
also belongs to Wj‘ +2(Q) (see [18] or [17, theorems 3.9 and 3.10)).

Theorem 3.5. Let a > —1 be an integer and assume (f, g) € Wg (@) x H -2 satisfies the necessary com-

patibility condition

Voe /% 1(Q), - fQ FVpdx={(g,¢);. (3.22)

10



Then problem (3.19) has at least a solution i that belongs to Wé +1 Q).

Proof.

COMPATIBILITY CONDITION. Let us first prove that (3.22) is indeed a necessary condition. Consider
TE W;H (Q) a solution of (3.19) and ¢ € JV_A(X_I (Q). On the one hand, using (2.13), we have

<g"P>r:<(V7T—f)'n»<.0>rZL(Vﬂ—f)-V(pdx

:f Vn-V(pdx—ff-V(pdx.
Q Q

On the other hand, using again (2.13) and the fact that ¢ € JV_Aa_I (Q), we can write

0=(Ve-nm); =fQVn~V(pdx.

Summarizing, we get (3.22).

EXISTENCE. Let us now prove the existence of a solution to (3.19). Because a > —1 and f€ Wg +1(Q),
then falso belongs to L?(Q). Hence Proposition 3.1 insures the existence of 7 € WO1 (Q) satisfying prob-
lem (3.19). It remains now to prove that 7 actually belongs to Wé 4+1(©) and this is done using Propo-

sition 2.2. To that end, let n’ € H' (Q') be the unique solution of

An'=0 in Q and #a'=7 on T. (3.23)
Setting now
m in Q,
= (3.24)
' in Q,

then 7 belongs to WO1 (R3). In order to use (2.12), we need to prove that A7 belongs to w, +11 (IR{?’)J_QZ‘{?.

For any ¢ € 2(R%), we have

(Aﬁ,(p)@/(Rs)X@(Rs):f ﬁA(pdxzf ﬂA(pdx+f n' Apdx. (3.25)
R3 o} o4
Observe that
fﬂA(pdxz(V(p-n,mr—f Vo -Vrdx
o o (3.26)
:(V(p-n,mr—f (Vn—f)-Wpdx—ff-V(pdx.
Q Q
Besides
@) = (Vi) m)r = fQ (Vi—f) Vodx. (3.27)

11



Combining (3.26) and (3.27), we obtain

anA(pdx=(V(p~n,ﬂ)r—(g,(p)r—fo'V(pdx. (3.28)

Now, thanks again to (2.13) and (3.23), we have

f ' Apdx=—(Vo-nn)r +(Va'-n,q@)r. (3.29)
Q/

Adding (3.28) and (3.29), we arrive at

(AT, ) g wsyxa@s) = (V' m,@)r — (g, @)1 — fQ f-Vodx. (3.30)

From here, because fe W2, | (Q), then for any ¢ € 2(R®), we have the estimate

+1
(AT, @) ws)xa@)| < Cll@lly @)

which proves that A7 belongs to w,. 431 (R3).

Consider now A € 9’5 and let us prove that (A7, 1) WL ®)x W, (®S) = 0, which according to (3.30),
amounts to prove that
ff- VAdx+{g,Ayr — (V' -n,A)r = 0. (3.31)
Q

Let w(A) € WO1 (Q) be the unique solution of (3.21). Thanks to proposition 3.3, w(A) — A belongs to
JV_Aa_l (Q). Besides, because a > —1, w(A) also belongs to wl a-1). Then taking the first two terms

of (3.31), we can write
fo-Wde+(g,/l>r:fo-Vw(/l)dx+(g,w()l))r—foV(w()L)—ﬂl,)dx—(g,w(/l)—/br.

But because w(A) — A belongs to JV_A{)L_l (©Q), then thanks to the compatibility condition (3.22), the last

two terms of the above equation satisfy
f f-V(w®) - ) dx+ (g, wd) — Ayp = 0.
Q
Hence (3.31) is reduced to prove that

ff-Vw(/l) dx+ (g, wA))r —(Va'-n,A)yr =0. (3.32)
Q

For the second term of (3.32), using (2.13) and the fact that w(A) satisfies (3.21), we can write

12



(g,w(/l))rZ((Vﬂ—f)-n,w(/l»r:/ (Vn—f)-Vw(/l)dx:(Vw(/l)-n,mr—ff-Vw(/l)dx. (3.33)
Q Q

Next, for the third term, using again (2.13), (3.21) and also the fact that 7 = 7’ on T', we have

(Vr' -, Dy :f vra' -VAdx=(VA-nar = (Vw)-n,1)r. (3.34)
Q/

Then (3.32) follows from the combination of (3.33) and (3.34).

This shows that A7 is orthogonal to polynomials of 222, which implies that A% belongs to W, |, (R*) LZ22.

Thanks to Proposition 2.2, there exists q € Wé +1 (R3) satisfying

Ag=A% in R3.

It follows from a > —1 and Proposition 2.2 that 7 — ¢ is a polynomial of W (R*). But this space does

not contain non zero polynomials (see Proposition 2.1). Thus, we deduce that 7 belongs to W{i +1(Q).

O
3.2 The Hodge-Laplacian problem with Non Standard Boundary Condition
In this section we study the following Laplace problem: given f, k, y and g, we look for u satisfying
—Au=f and divu=y in Q,
&7)

u-n=g and curluxn=hxn on T.
For a € Z, we introduce here the space
Yo, 7(Q) = {ve Xa,7(Q), dive=0 and curl v=0 in Q}.
Observe that this space can be characterized as follow (see [24, Proposition 4.8])
Yo @ ={Vo, ve 2@},

In particular, if @ > —1, then we have Y, 1(Q) = {0}.
The result that we state below regarding the existence and the uniqueness of weak solution to problem (&£'7),

was established in [5] (see Proposition 5.3).

Proposition 3.6. Assumey =0, f € WIO(Q), ge HY2(), he HY2(DD), satisfying

divf=0,

13



f-n=divr(hxn) on T, (3.35)

and

VeeY_y7(Q), f fodx+{(hxne)r=0, (3.36)
Q
then problem (£ 1) has a unique solution ue WO1 Q).

Our aim here is to establish the existence of strong solutions to (&) that belong to the space Wlf +1(Q), for
any a € Z. We begin by stating results regarding the necessary conditions that the data of problem (§7)
satisfy .

Proposition 3.7. Ifuc W§+1(Q) is a solution of (&), with data f € Wgﬂ(Q), XE€E W;H(Q), g€ H3'2(T) and

he H'?(I), then necessarily we have

div(f+Vy) =0 in Q, (3.37)
(f+Vy)-n=divr(hxn) on T. (3.38)
andifa >0,
VpeY_g_1,7Q), f fodx+(hxn,@)r=0. (3.39)
Q

Proof. The necessary condition (3.37) is straightforward by taking the divergence of the first equation
of (67). Next, in order to establish the second necessary condition (3.38), let u € W2, (Q) be a solution

of (67) and consider z = curl u. It is clear that zbelongs to Hy (div, Q) and we can write

Ve D(Q), (curlz-n,q))r:fcurlz-V(pdx
Q

=—(zxn,Vo)r
= (divr(zx n), )1
= (divr(hx n), p)r.

As a consequence,
(Vdivu— Au) - n,@)r = (divr (h x n), p)r

and

(f+Vy) -n@)r =(divr(hx n),p)r.

Then (3.38) holds in the H~1/2(I') sense due to the density of 2(Q) in Wé (Q) forany a € Z.

Finally, let us prove (3.39). Observe that because of the characterization of the space Y_;_4 7(Q2), the com-
patibility condition (3.39) only appears for the case @ > 0. Let u € ch +1(Q) be again a solution of (£7).
Multiplying the first equation of (1) by ¢ € X_,_1,7(2) and integrating, give

L—Au-(pdx:fgf-(/)dx
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which can be writing as
f curl curl u-([)dx—f Vy-¢pdx= f [f-pdx.
Q Q Q
It follows from (2.13) and (2.14), that

fcurlu-curlt[)dx:ff-([)dx—f)(div¢dx+<h>< n@)r.
Q Q Q

As aresult, we see that the data f, y and h satisfy the necessary condition

VpeX o4 1,7(Q),st.curlp =0, ff-¢dx—f)(div¢dx+(h>< n,¢)r=0. (3.40)
Q Q

Then for any ¢ € Y_4-1,7(Q) € X_4-1,7(Q2), we clearly have (3.39). Conversely, if (3.39) holds, then (3.40)
also holds. Indeed, let ¢ be in X_,_; 7(Q) such that curl ¢ = 0. Then, because a > 0, the problem

Av=divp in Q and Vv-n=0 on T,

has a solution v € W2, (Q) (see [17, Theorem 3.9]). Set now ¢ = ¢ — Vv, then obviously ¢ € Y_,_1 7(Q) and,

thanks to (3.39), we can write

f f-(pdx—ff-Vvdx+ (hxn,¢)r—(hxnVv)r=0. (3.41)
Q Q
It follows from (3.37), (3.38) and (2.13), that
—(hxn,Vv)r =(divr (hx n),v)r ={(f+Vy) -nv)r
:f (f+V)()-Vvdx+f vdiv (f+ Vy)dx
Q Q

=f (f+Vy - -Vvdx.
Q

This shows that
—ff-Vvdx—(hx n,VU)rzf Vy-Vvdx. (3.42)
Q Q

Moreover, using (2.13) and the fact that Vv - n =0 on I" allow to obtain

fV)(-Vvdxz—f)(diV([de. (3.43)
Q Q

Then (3.40) follows from the combination of (3.41), (3.42) and (3.43).
O

Remark 3.8. In the course of the latter proof, we can observe that, on the one hand, condition (3.40) is natu-
rally satisfied by the data, and on the other hand, we showed the equivalence between (3.39) and (3.40). The

choice of using (3.39) in order to express the necessary condition that satisfy the data, is motivated by the study
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of the exterior Stokes problem (1.1)—(1.2) where it will be more convenient to verify (3.39).
Before stating results on strong solutions, let us make a further remark.

Remark 3.9. Let R > 0 be a real number large enough so that Q' Bgr. We recall that Qg = QN Bg. In what

follows, we shall use the fact that ifue H' (Qr) solves the following mixed boundary value problem:

—Au=f and divu=y in Qp,
u-n=g and curluxn=hxn on T, (3.44)

u=a on OBpg,

with data f € L*(Qg), x € H'(Qg), g € H¥?('), he H/*(T') and a € H'?(0Bg), then we have u € H*(Qg).
Indeed, because the two components I' and 0Br of the boundary are completely disconnected, we can use a

partition of unity to establish the regularity result. The proof'is postponed in Section A.

We now split the statements on the existence of strong solutions into two parts, depending on the values

of a.

Theorem 3.10. Let a < 0 be an integer. Assume f € WO, (Q), y € W), ,(Q), g € H'*(I') he H'*(T) satisfy-
ing (3.37) and (3.38). Then problem (§1) has at least a solution u e Wé 1 Q).

Proof. We divide the proof into two steps.

o STEP 1. This step is dedicated to the proof of the existence of ue W; (Q) solution of (&71).
We first consider the case y = 0. Then the key point is to construct an extension of the datum f in such
a way that the extension is divergence free which in turn allows get a divergence free solution of the
Hodge-Laplacian in the whole space R3. To that end, observe that in view of (3.38), for all ¢ € H*(Q'),

we have
(f-n,@)p=(dive(hxn),@). =—(hxn, V). (3.45)
In particular, if ¢ = 1, we get:

(fm,1).=0. (3.46)

Consider now the following Neumann problem in the bounded domain Q'

AO=0 in Q and VO-n=fn on T. (3.47)
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Owing to condition (3.46), problem (3.47) has a solution 8 € H'(Q'). Let us now set

~ |f in Q,
f:
Vo in Q.

Then, on the one hand, clearly]~P belongs to Wg +1 (R3), and because a < 0, Proposition 2.2 yields the
existence of e W2, | (R%), satisfying

—Av=f in R® (3.48)

On the other hand, for any ¢ € 2(R3), we can write
divf, Q)o@ xom) = —fRJ'W’dx
= —ff-V(pdx—f VO-Vedx
Q o
=—(f-ne)r+(Vo-n@r
=0

which implies that div }‘: 0 in R3. Therefore, taking the divergence of (3.48) and thanks again to
Proposition 2.2, we deduce that div 7is a harmonic polynomial of Wé +1 (R3) which means that there
exists p € QV’_A“_Z such that div 7 = p. Using now a characterization of harmonic polynomials (see [16,
Lemma 4.1]), there exists g€ 9_%_1 such that p = div q. Hence, settingu=7-qe¢ Wj 1 (R3), then we
have

~At=f in R® and diviz=0 in R

Next, let us introduce the following problem

Az=0 and divz=0 in Q,
(3.49)
z-n=-u-n+g and curlzxn=(-curlzi+h)xn on T.

In order to apply Proposition 3.6, we need to prove (3.35) and (3.36) for the above problem. For any
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¢ € 2(Q), we can write:

(divr(—curl wx n+hx n),¢); = (divr(—curl &x n), ), +(divr(hx n), ),

= (curl e x n, Vo). +(divr(hx n),¢);

= —f curl curl - Vo dx+ (divr (h x n), @)
Q

f AtV dx+ (divr(hx n), @)
Q

_f f‘-V(pdx+ (divr(hx n)»‘l)>r
Q

=—(f-n@)p+(divr(hx n),p);

=0.

Then (3.35) follows from the density of 2(Q) in Wé (Q) for any B € Z.
Next, to prove (3.36) for problem (3.49), let us take ¢ € Y_; 7(Q2). Owing to the characterization of the
space Y_;,7(Q), we have ¢ = Vw(A), for A e Rand w(A) € WO1 (Q) is the unique solution of (3.21). Then

using the above relations, we can write

((—curl e+ h) x n,@)r = ((—curl u+ h) x n, Vw(A))r
= —(divr((—curl + h) x n), w(A))r

=0.

Consequently, thanks to Proposition 3.6, problem (3.49) has a solution z € Wo1 (Q) € W) (Q) since a < 0.

Setting now u = z+ ulg, then ubelongs to Wé (Q) and satisfies (&7).

We now consider the case where y € Wé (Q). Let us introduce the following problem:

+1

—-Av=yx in Q and Vv-n=0 on T.

Since a < 0, this problem has at least a solution v € W(f +1(Q (see [17, Theorem 3.9]). Consider the
following problem:

-Az=f+Vy and divz=0 in Q,
(3.50)
z-n=g and curlzxn=hxn on T.

Because the data satisfy (3.37) and (3.38), then the previous case allows to establish the existence of

ze W}, ,(Q) solution to (3.50). We thus deduce that u=z— Vv € W, (Q) is a solution of problem (& 7).

STEP 2. In this step, we prove that the solution u € W} (Q) established in the first step, also belongs
to Wlf +1(Q) due to the assumptions on the data and the fact that the boundary I is of class €>!. The
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regularity result can be established by combining the Laplace problem in the whole space R® and the
mixed boundary value problem for Laplace discussed in Remark 3.9. So let R > 0 be a real number

large enough so that Q' c By and consider the following partition of unity:

YL Y2 € E€C°RY), 0<yy,y2<1l, y1+y,=1 in R’
(3.51)

w1=1 in Bg, suppyi<Bg4i.

Next, extend f by zero in Q' and denote by? € WC? +1([R{3) the extended function. Moreover, let & €

WL (R®) be an extension of u. Then # can be written as:
U=y u+yru=1u +up.
Next, one can easily observe that 7, satisfies:
Al =f, in R®

where fz =y f— Ay, Ti— 2V, - Vii. Owing to the support of v, fé has the same regularity as fand so

belongs to Wg +1 (R3). It follows from Proposition 2.2 that there exists Z€ W(f +1 (R3) satisfying
-AzZ=f, in R

This implies that &, —Z € W, (R%) is a harmonic tempered distribution and therefore a harmonic poly-

nomial that belongs to @fa_l. The fact that ‘@—Aa—l c WU% 1 (R%) yields that i, also belongs to W§ 1 (R3).

In particular, we have %, = u outside Bg.1, so the restriction of # to 6Br; belongs to H3'2(T"). There-
fore, u satisfies:

—Au=f and divu=y in Qpgi,
u-n=g and curluxn=hxn on T,
u=ﬁ2 on dBR+1,

It follows from Remark 3.9 and the assumptions on the data and on the boundary I', that u belongs to
H?(Qpg4+1), which in turn shows that 7, also belongs to H?(Qg.1). Thus we can conclude that u also
belongs to W2, | (Q).

We now look for strong solutions of problem (£7), when a > 0.

Theorem 3.11. Let a > 0 be an integer and assume f € WC?H(Q), Y€ W;H(Q), ge H3'2(T') and he HY2(ID)
satisfying (3.37), (3.38) and (3.39). Then problem (1) has at least a solution ue W‘fH(Q).
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Proof. Observe that it enough to prove the existence of a solution u that belongs to W} (Q). Indeed, one can
then proceed as in the step 2 of the proof of Theorem 3.10 to show that u also belongs to Wof +1(Q).

Now, to prove the existence of a solution u that belongs to W (Q), we split the proof in two cases

o THE CASE g =0. Because a > 0, then f € L2(Q), Y€ WO1 (Q) and by virtue of Theorem 3.10, problem (£ 1)
has a solution #in WO2 (Q). It remains now to prove that ubelongs to W} (Q). This is again based on the
properties of the Laplace equation in the whole space R3. To that end, let & € H?(Q') be the unique

solution of

Au=0 in Q and “=u on T. (3.52)
Set now
_ u in €,
u= (3.53)
u in Q.

It is clear that @ belongs to W_l1 (R3). Set F= —Amand let us prove that Fbelongs to W, 1(R3). For any
@ € 2(R3), we have

(F, )9 ®3)x2 (R3) —‘[R3T£~A(pdx

—f u~A(pdx—f u-Apdx
Q U

f u- (curl curl ¢ — V divg)dx+ f i/ - (curl curl ¢ — V div ¢) dx
Q (o)

= fcurlu~curl(pdx+f curlu’-curl(pdx+f)(diV(pdx+f dive/ div ¢ dx
Q ' Q o

Q

fﬂprdx-k(hx ng)+{(p-nx)— (@ -ndivi' ). — (curl ' x n, ).

Due to the density of the space 2(R®) in W!,(R%) and since fbelongs to W2, (Q), we deduce that
F belongs to W;1(R3). In order to apply Proposition 2.2, the main point is now to show that F is
orthogonal to harmonic polynomials of W, (R?), namely to the space 2} ,. Solet A be in 222 | and

in view of the above computations, we need to prove that
(FEA) ey« @) = f f-Adx+(hxnA)r+(A-nx) —(A-ndive' ). —(curl u' x n, A1) =0. (3.54)
a - Q

But, on the one hand, computations in Q' using (2.13), (2.14), the fact that u= ' on T and so u-n=

w-n=0onT, show that

0= A-Addx
Q/

=—(curl  x n, M)t +{(curl A x n, ) — (A - n,div /),

=—(curl ' x n, A)r + (curl A x n, wyr — (A - n,div /)1,
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which implies that

—(curl &/ x B, A)r — (A-n,div /)y = —(curl A x n, w)r. (3.55)

On the other hand, similar computations in Q2 show that

ff~Adx=—f Au-Adx
Q Q
=—f u-AAddx+(curl A x n,uyr —(hx n, A)r —(A-n, Y)r,
Q

which implies that
/ fAdx=(curl A x n,u)r —(hx n,A)r —(A-n, ¥)r. (3.56)
Q

Combining (3.55) and (3.56) allow to prove (3.54). It follows from Proposition 2.2 that there exists
e W) (R3) satisfying

Av=AT in RS
As aresult, since a > 0, the difference u—-v e WO1 (R3) is a harmonic polynomials and therefore & = 7

which in turn shows that u € WU% Q).

THE CASE g #0. Let w be in W§+1 (Q) such Vw - n = g. Next consider the problem:

-Az=f+AVw and divz=y-Aw in Q,
(3.57)

z-n=0 and curlzxmr=hxn on T.

According to the previous case, problem (3.57) has a solution z € Wé (Q) if the following conditions

are satisfied:

div (f+AVw+Vy-VAw)=0 in Q, (3.58a)
(Ff+AVw+Vy—-VAw)-n=divr (hxn) on T, (3.58b)
f(f+ AVw)-pdx+(hxn,@)r=0, VpeY_4_171(Q). (3.58¢)
Q

Conditions (3.58a) and (3.58b) follow immediately from (3.37) and (3.38) respectively. Besides, if ¢ €
Y_q-1,7(Q), then using (2.13), we clearly have

f AVw-@dx=0.
Q

Then (3.58c¢) follows from (3.39). We deduce that there exists z € W; (Q) satisfying (3.57) and u =

z+Vwe Wé (Q) is the required solution of (7).
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4 Exterior Stokes problem with Non Standard Boundary Conditions

In this section, we study the following exterior Stokes problem: given f, k, y and g, we look for a pair (u, )

that satisfies:

-Au+Vrn=f and divu=y in Q,
(<1)
u-n=g and curluxn=hxn on T.

We first recall the result on the existence and the regularity of the variational solution of (/1) proved in [5]

(see Corollary 5.2 and Theorem 6.1).

Theorem 4.1. Assume that f € Hl_1 (div,Q), x € I2(Q), ge HY2(T) and he H™Y2(). Then problem (¥r) has

a unique solution (u, ) € WO1 (Q) x L2(Q) and there exists a constant C such that:

||u||W01 o T ||7T||L2(Q) < C(”f”Hl‘l(div'Q) + 1k x n||H71/2(r) + ||)(||L2(Q) + ||g||H1/2(r)) . (4.59)

Moreover if f e WL (Q), x € WL (Q), g€ H¥'*(T') and he HY?(T), then (u, ) € W2 (Q) x W} (Q).

4.1 Strong solutions
As for problem (6 7), we are interested here in looking for strong solution (u, ) € Wé (@) Wé +1(Q) for any
a € Z. Let us first give a characterization of the kernel .#,(Q) defined by:

Fal@ ={(wm) € W, (Q) x W}, (@), ~Au+ V=0, divae=0in Q

u-n=0and curl ux n=0 on F}.
For all a € Z, we introduce the following space:
Ny = {(A,p) € Py x P i diva=0and —AA+ V= 01n[R3}

that is the null space of the Stokes operator in the whole space R3. We recall that N, = {(0,0)}, when a < 0

and Ny = &, x {0}. The reader can refer to [16] for the proof and for more details.
Proposition 4.2. Assume thata € Z.
1. Ifa =0, then ,(Q) = {(0,0)}.

2. Ifa <0, then F,(Q) = {(v()t) +A,0(4) + ,u); A, € N_a_l}, where the pair (v(A),0(A)) € WIZ(Q) x
W (Q) is the unique solution of

—-Av(A)+VOA)=0 and divv(A)=0 in Q,
(4.60)
wA)+A)-n=0 and (curlv(A)+curlA)xn=0 on T.
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Proof.
1. Because a =0, we clearly have 4, (Q) € % (Q). But Theorem 4.1 implies that #(Q) = {(0,0)}.

2. Let (u,m) € .%,(Q) and denote by it and 7 their extensions to R? that belong to Wof L (R3) x Wé (R,
Define
F=-Au+VAa and H=divis in R>.

Then clearly the pair (F, H) belongs to W2, | (R*)x W], | (R®) and has a compact support. Thanks to [16,
Theorem 4.4], there exists (z,0) € le([R3) X W11 (R3) satisfying the following Stokes problem:

—-Az+VO=F and divz=H in RS
It follows that
“Az-W)+VO-7)=0 and div(z—@=0 in R

Because a < 0, we deduce that (z— it,0 — 77) belongs to Wéﬂ (R3) x Wéﬂ (R3). Then thanks again to [16,
Theorem 4.4], we deduce that (z— i,0 — 7) € N_,_1 which means that there exists (A, u) € N_4_; such
that z— #t= A and 0 — 7 = u. Therefore the restriction of (z,0) to Q belongs to W(f +1(Q) x Wi +1(Q) and
satisfies (4.60).

We are now ready to state the existence and the uniqueness of strong solution to problem (.#7).

Theorem 4.3. Let a € Z and assume thatf € W2, (Q), y € W, (Q), g € H¥*(I') and he H"'?(T) such that
V(&) e L q(Q), fﬂf-fdx—fgxndx+ (hxn,&r+{(g,mr=0. (4.61)

Then, problem (#r) has a unique solution (u,w) € W2, ,(Q) x W}, (Q)/#2(Q) and we have the following

estimate:

(5,77)2;%(9) (”u+ f”w{fﬂ(g) + -+l W;H(Q)) < C(”f”wgﬂ(g) + ”X”W;H(Q) + ||g||H3/2(r) + lh x n”Hl/Z(r))-

Proof. Observe first that the uniqueness is a straightforward consequence of Proposition 4.2. We now
divide the proof of the theorem into two parts dedicated to the compatibility condition and the existence

statement.

o COMPATIBILITY CONDITION. Let us prove that (4.61) is a necessary condition. Suppose that (u,7) €
W(f 41 Q) x WO% (Q) is a solution of problem (7). Forany (§,n) € 2 (Q)x2(Q), thanks to (2.13) and (2.14),
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we can write:

ff-fdx:f(—AtHVn)-fdx:—f Au-fdx+f Vr-&dx
Q Q Q Q
:f(curlcurlu—V)()-fdJHf Vra-&dx
Q Q

:—f u-Aédx—f ndivEdx+ (ucurl & x myr — (hx &1+ (X, &-n)p + (1,& - M1
Q Q

and
f)(ndx:—f w-Vndx+(g,n)r.
Q Q

Then making the difference between these relations allows to obtain that for any (£,1) € 2(Q) x 2(Q),
f f-{dx—f yndx= f u-(—A&+Vn) dx—f ndivédx+ (u,curl & x myr — (hx n, &)t
Q Q Q Q
+{(x, & nyp+m&-mr— (g0

Since 2(Q) is dense in W‘f +1(Q) and in W; +1(Q), then the above relation is still valid for any (§,7) €
W2, (Q) x W], (Q). In particular, if (§,7) belongs to #_4(Q), we obtain (4.61).

o EXISTENCE. Let us introduce the following Generalized Neumann problem:

div(Vai—f-Vy)=0 in Q and (Va—f-Vy)-n=-divr(hxn) on T. (4.62)

In order to use Theorem 3.5 if @ > —1, we need to prove that the following compatibility condition is
satisfied
Voe N5 (), —f (f+Vx)-Vodx = (—divr (hx n),@);. (4.63)
Q

First observe that, thanks to (2.13), we have:
Voe /2 (), f Vy-Vodx=0.
Q

Next, owing to Remark 3.4, if ¢ € ,/V_Aa_l(Q), then ¢ also belongs to W_3a +1@). As a result, Vo €
w2 «+1 () and it follows that (V¢, 0) belongs to #_,(Q2). Hence, in view of (4.61) we have:

ff-V<pdx+ (hxn, V). =0,
Q

which implies that
—/ f-Vedx=_(hxnVe),
Q

and (4.63). Then thanks to Theorems 3.2 and 3.5, there exists 7 € W; +1(Q) satisfying (4.62). As a
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consequence, problem (#7) is reduced to

—Au=f-Va and divu= in Q,
! X (4.64)
u-n=g and curluxn=hxn on T.

Thanks again to Remark 3.4 and the characterization of the space Y_,_1,7(Q), if @ € Y_4_1,7(Q), then
¢ belongs to W? «+1 () and as a consequence, (@, 0) € ¥, (Q) and (4.61) implies that

ff-(pdx+ (hxn,@)r=0.
Q
Besides, using (2.13), we have
f Vr-@dx=0.
Q

We therefore deduce that
f (f—Vn)-@pdx+(hx n,@)r=0.
Q

Thus, thanks to Theorems 3.10 and 3.11, there exists u € Wj +1(Q) satisfying (4.64) and this ends the

proof of the theorem.

4.2 Very weak solutions

In this subsection, we study the existence and the uniqueness of very weak solution (&, ) € Wé’ Q) xW, L,
where a € Z, for the Stokes problem (7). The main idea here relies on the use of a duality argument using
the strong solutions obtained in the previous subsection. To that aim, we introduce the following space for
anyaeZ:

T,(Q) = {ve o (div,Q); divve V'V;(Q)},
which is a Hilbert space equipped with the norm
lvllr, @ = ||V||W(2_2(Q) + ||diVV||W0}(Q)-

The next two lemmas give some properties related to the space T, (Q). Their proofs are postponed in Sec-

tion B and Section C.

Lemma 4.4. Assume a € Z. A distribution f belongs to (T,(Q))' if and only if there exist ¢ € Wfa +2(Q) and
foe W_‘; (Q) such that

Ve T (), (ﬁ‘l’)(Ta(Q))'xTa(m=fQ¢'¢de+<f0,diV‘P>w:al(9)xv‘i/;(m- (4.65)
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Moreover, the following estimate holds:

I A= max{Ilwo ol follw-2 o} (4.66)

Lemma 4.5. Let a € Z. Then the following properties hold:

(i) The space2(Q) is dense in T, (Q)). As a consequence, relation (4.65) implies that
f=¢+Vfo. (4.67)
(ii) Foranyve T4 (Q) and x € W_’é (Q), we have
V) @y« = =0V anan - (4.68)
Next, to give a sense to the boundary conditions, we introduce, for any « € Z, the following space:
Ha(A,Q) = {ve WO (Q); Ave (T, (Q))’},

equipped with the norm:

vl 0,0 = 1Vl ) + AV, @)
Lemma 4.6. The space 2(Q) is dense in Hy (A, Q).

The proof of this lemma is given in Section D. Finally, in order to write a Green formula, we define for a € Z:
Za(Q) = {ve ch(Q); divv=0, v-n=0andcurl vx n=0 on F}.

Lemma 4.7. The linear mappingy : u— curluy x n defined on 2(Q) can be extended to a linear and
continuous mapping

Y Ho(A, Q) — H32(I)

and we have the following Green formula : foranyue Hy(A,Q) andve Z,(Q)
(AU, V) (7, Q) x T, (Q) = f u-Avdx+ (curl u x n, v) -si2(r)x gar2(ry - (4.69)
Q

The proof of this lemma is very similar to that of [6, Lemma 4.14]. But in order to make this paper as self-
contained as possible, we give the proof in Section E.

We now give the definition of a very weak solution of (%r).

Definition 4.1. Let f, y, g and hbe such that

fe(Tq@), xeWl ,(Q), geH Y>() and hxne H3'*(),

+1
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a pair (u, 1) € W2(Q) x W1 (Q) is called very weak solution of (#r) if, for any (¢, q) € Z_4(Q) x W}, (Q), the

relations

— fgz u- A(p dx_ <7[, le (p>W:0% (Q)XVOV& Q) = <f’(p>(T,a(Q))/XT,a(Q) + <h X n, (p>H—3/2(F)XH3/2([‘) (470)
and
f u-Vgdx= —f xqdx+(g q)r (4.71)
Q Q

are statisfied.

Note that Z_,(Q) is included in T_, (), which insures that all the relations are well defined.
Proposition 4.8. Under the assumptions of Definition 4.1, the two following statements are equivalent:

(A) find (u,m) € W2(Q) x W, 1(Q) a very weak solution of (%)

(B) find (u,m) € W2(Q) x W, 1(Q) satisfying (Fr) in the sense of distributions.

Proof. Let us prove that (A) = (B). So consider (u,7) € Wg Q) x W, LQ) a very weak solution of (%r). Then
thanks to relations (4.70) and (4.71), for any ¢ € 2(Q2), we have

—Au+Vrn=f and divu=yx in Q.

Next, using (4.67), it is clear that u belongs to H_4(A,Q). Therefore, thanks to (4.68) and (4.69), for any

@ e Z_,(Q), we can write

_fg w-Apdu=— (A @)1yt (CULUXILQ) s gy ey

=f=V,0) 1y 1o + (UL X @) 1oy ey

= <ﬁ‘p>(T_a(Q))’x T @ F (m,div ‘P>W;1(Q) AN (curl ux n, ‘P>H-3/2(r)xH3/2(r) .

It follows from (4.70) that for any ¢ € Z_,(Q),

<Cur1 uxn, (P>H73/2 (F)XHE'/Z(F) = <h X n, (p>H—3/2(r)XH3/2(I‘) .

Butforany p e H3'2(I"), there exists @< Z_4(Q)such that ¢ = ponT (see proof of Lemma 4.7 in Section E).

Thus for any g € H3?(I"), we can write

<Curl uxn, M)H—SIZ (F)xH3/2 () = <h X n, ”)H—ISIZ (F)XH3/2(F) )

and we deduce that curl # x » = h x n on I'. Finally, from the equation div u = y, we deduce that for any
qge WA
(w-n,q)r =8 q)r
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which yields u-n=gonT.

Let us now prove (B) = (A). So suppose that (u, ) € Wg Q) x Wy, 1(Q) satisfies system (%) in the sense of
distributions. Then using (4.68), (4.69) and the fact that 2(Q) is dense in T_,(Q), it is clear that (4.70) holds.
Finally, from the equation div u = y and (2.13), we easily deduce (4.71).

]
Finally, the main result of this part reads as follows:
Theorem 4.9. Let f, x, g and h be such that
Fe(Ta@), xeWl, (@), geHY*(M), hxneH D)
and satisfy the necessary condition
V(i,n) Ey—a—l(Q), <ﬁ£>(T_a(Q))'><T_a(Q) + (hX n’€>F_LXndx+ <g,T]>H-1/2(1~)XH1/2(1~) =0. (472)

Then, problem (1) has a unique solution (u, ) € W2(Q) x W, 1(Q)/ Fp+1(Q).

Proof.
Observe that, in view of Proposition 4.8, if the pair (u, ) € W2(Q) x W, }(Q) is a solution of (#7), then for
any (@, q) € Z_(Q) x W1, (Q), adding (4.70) and (4.71), we have

fQ u-(—A@+Vq)dx—(m,div ‘P>W:;(Q)XM(Q)
(4.73)

= <f'(p>(T_a(Q))’>< T 7F (hxn@); _fQX qdx+(g, ‘7>H—1/2(r)xH1/2(r) .

In particular, if (@, q) € F_4-1(Q), we obtain (4.72).

It remains now to look for (u, ) € Wo? Q) x W, L) satisfying (4.73). To that end, we proceed in two steps
depending on the datum g.

STEP 1: we assume g = 0. Then let T be the linear form defined by:

T: (WO Q) x Wl (Q)LFoan@ — R
(w,0) — <fr‘P>(T,a(Q))'xT,a(Q) + <h X ”r‘P>r _fQX qdx,
where the pair (¢, q) € W_za Q) x Wl «(Q) is a solution of the following problem (see Theorem 4.3):

-Ap+Vg=w and divge=-0 in Q,

@¢-n=0 and curlgpxn=0 on T

and satisfies the following estimate:

inf(10+& e, +19+ 0w, @) < C (1w lo ) +100w2, @)
EneT o) P w2, @ T TTlw!, WO, Q) W, (Q)
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Then for any pair (w,0) € Wﬁ)a Q) x W_la(Q) and for any (&, 7n) € %, +1(Q), we can write

|T(w,0)] = ’(f,(p>(T_a(Q)),xT_a(Q)+<h><n,(p>r—fQ)(qu

= ’(f,(p+é>(T_a(Q)),xT_a(Q)+(h><n,(p+£>r—fgx(q+n)dx

N

C(I Al ay +Xllwo, @+ I Bx Bl ey ) (1w lye, @) 10w, @)

Hence the mapping T defines an element on the dual space of (Wfa () x W_la(Q)) 1 F+1(Q). Since the
dual space of (W%, (Q) x W_la(Q)) L F1(Q) is (W2(Q) x W;1(Q)) /F+1(Q), from Riesz’ representation
theorem, there exists a unique pair (, ) € W2 (Q) x W, (Q)/ Fp+1(Q) satistying (4.73).

STEP 2: Assume g # 0. Then according to [17, Lemma 3.7]), there exists v € WO1 (Q) satisfying

Av=0 in Q and Vv-mn=0 on T.

Let R be a positive real number large enough so that Q' c Bz and let ¢ € 2(Q) such that 0 <y < 1, supp ¥ < Qp41
and ¥ = 1in Qg. Set now w = vy, then w has obviously a compact support and thus w belongs to W, (Q).
Next, Aw = vAy+2Vv-Vy has acompact support and thus belongs to Wg +1(Q) whichisincluded in W (9)
(see (2.9)). Hence, A(Vw) belongs to (T-,(Q))’. Consider now the following problem:

-Az+Vr=f+A(Vw) and divz=y-Aw in Q,
(4.74)

z-n=0 and curlzxn=hxn on T.

According to step 1, problem (4.74) has a solution (z,7) € Wg Q) x W, L) if the following condition is
satisfied

F+ANVW), & (T Q) xT_o@) —fQ()( —Aw)ndx+<(hxn&)r=0, V(&,neS_o1(Q). (4.75)
But in view of (4.72), if (&,71) € S_4-1(Q), then we have

F+ANVW), &) (1, Q) xT_1 (@) —fQ()(—Aw)ndx+<h>< n,&)r

=—(gMr+{ANVW), &) (T Q) xT_o () +fQA“”7dx-

Furthermore, owing to (4.68), we clearly have

ANVW), &) (T, () T-a (@ = VAW, &) (T (@) x T (@ = — (AW, diV &) -1 ) i) = 0-

29



Next, using (2.13), we can write

[Awndx:—wa-VndJH(g,n)r.
Q Q

It remains to prove that
f Vw-Vndx=0. (4.76)
Q

But, using the fact that (£,n) belongs to S_,_;(Q2) and using (2.14), we can write

wa-Vndx:wa-Afdxz—f Vw-curl curl £ dx
Q Q Q

and

0= (curl & x n,Vw)rzf Vw-curl curl £dx
Q

which proves (4.76). This insures the existence of (z, ) € W2 (Q) x W,; }(Q) satisfying (4.74) which yields that

the pair (u, 1) = (z+ Vw, n) is the required solution of (7).

O
Appendices
A Proof of the statement of Remark 3.9
Consider the following partition
01,0, € €°Qp), 0<6;,0,<1, 0, +6,=1 in Qp
01=1 in Qpgs3, suppb;cQopys.
Then we can write u=0;u+ 6>u= u; + up. Now it is clear that
—-Auwp=f; and divu;=y; in Qp, (A.77)

where f, = 01f- u A0, —2Vu-V0, € [*(Qg) and y1 = 0y +u-V0; € H' (Qr). Moreover, under the assumptions

on 0, it is also clear that on the boundaries, we have

uy-n=g , curluyxn=hxn on I' and u;-n=0 , curlu;xn=0 on OJBpg. (A.78)
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Under the assumptions on the data, we deduce that u; that satisfies (A.77)—(A.78) belongs to H 2(Qp) (see [6,

Proposition 4.7]). Similar arguments show that u, satisfies the Dirichlet problem
-Aup=f, in Qp , wp=0 on I' and wp=a on OBg,

where f, = 0,f— u A0 —2Vu- V0, € [2(Qg). This shows that u, € H2(Qp) (see for instance [19] or [23]).

B Proof of Lemma 4.4

Let f € (T, (€)' and consider the space E = ngz Q) x WU} (Q) equipped with the norm

Vh=(hy, )€ E, | hlg=|ho ”WSQ(Q) +lh llw! ()-

The mapping L: ¢ € T4 (Q2) — (¢,div ) € E is an isometric mapping. Set G = L(T(Q)) and S = L1:G6~ T, (),
then the linear mapping defined by

he G~ (f.Sh) 1 <1,

is linear and continuous on G. Therefore thanks to Hahn-Banach theorem, there exists an extension IT of L
which is linear and continuous on E satistying |I1llg =|| f |l (1, )y - From the Riesz’s Representation theorem,
there exists ¢ € W°_,,(Q) and fy € W2} (Q) such that for any h= (ho, h1) € E,

(I B prc = (&, hO>W£’a+2(Q)><W372(Q) +(for h1>w:a1(9)xv‘i/;(ﬂ)

=fﬂ¢.h0dx+ (o m)w-1 @@

and it is clear that ||IT|| z = max{ll o | WO (@) Il follw-1 (Q)}.

C ProofofLemma4.5

(i) Let € € (T,(©Q)) such that
<g""’>(Ta(0))’x T, Q) = 0, Vpez).

Thanks to Lemma 4.4, there exist p € W°__,(Q) and fy € W22 (Q) such that:

€.0) 1, yxt,@) = fQ ¢-@dxt (fo,dv @)ys 0y iy -

Asa consequence

$-Vfo=0 in 2'Q

and this implies that Vfy = ¢ € wo ase (). It follows that (see [17, Theorem 2.7]) if @ = 3, fy belongs to

w! a+2 () and if a < 2, there exist a unique real number ¢ and a unique s € w! a+2 () such that fy =
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s+ c. But because we have the embeddings W! ,,(Q) — W°_,,(Q) — W-1(Q), then s also belongs
to W-1(Q) which in turn implies that ¢ belongs to W-1(Q). Since a <2, the space W—_; (Q) does not
contain polynomial functions and thus ¢ = 0. It follows that f; = s also belongs to W! a2 fora<2.
Therefore, for any ve T,(Q2), we can write:

([, v>(Ta(Q))’XTa(Q) = j;)¢ vdx+ <f(), div v>W:;(Q)><MD/;(Q)

f¢-vdx+ff0divvdx
Q Q
foo-vdx+ff0divvdx.
Q Q

Finally, because ve IZIa_g(diV, Q)and fy e wl a+2), then one can use (2.13) to the first integral of the
last relation to obtain

€, V) (1T, xT =0, YVeT(Q)
which ends the proof.

(ii) Due to the density of 2(Q) in T, (Q), then the Green Formula (4.68) clearly holds.

D Proofof Lemma 4.6

Proof. Let £ € (Hy(A,Q)) such that
(€, 0) (0, < Haa ) =0, YVED(Q). (D.79)

Proceeding as in the proof of Lemma 4.4, we can show that there exists (f g € W(Q (Q) x T, () such that for
any ve Hy(A,Q),

0, V) (H, (0,0 x Hy (8,0) = fﬂf’ vdx+(Av,8) 1 <1, () -

Now, it follows from (D.79), that € = 0 on 2(Q2) and thus
f+Ag=0 in 2'Q).

Let f be the extension by zero of f that belongs to WO (R3) and g be the extension by zero of g that belongs
to Hy_»(div,R3). Then thanks to (D.79), for any @ € 2(R3), we have

ff~¢pdx+[ g-Atpdx:ff~¢pdx+fgoA(pdx=0
RS R3 Q Q

Which yields
-Ag=f in 2'®).
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As a consequence, Ag belongs to W2 (R®) and, due to the density of 2(R®) in W2, (R%), we have

(A P woms)xwo, ®3) = (& AP)wo ,myxwo &) YPE W_2a+2 ®3).

In particular, this shows that Ag € W2 (R?) is orthogonal to polynomials of 3?’5_2. Then, according to Propo-
sition 2.2 there exists A € W2(R®) such that —AA = Ag. Thus the harmonic function A + g belongs to
W(f (R3) + Wg_z(IR{?’) c Wg_z (R3). Then there exists a polynomial K € QZ’_AQ c W(f (R3) satisfyingg=K—-A €
W2(R%). Hence, because g € W2(Q), we deduce that g € W2(Q). Now, due to the density of 2(Q) in W2(Q),
there exists a sequence (g;) ez = 2(Q) such that g, — g in W2(Q) as k — oco. Consequently div g, — divg
in W; () which shows that g;. — gin T (). Thus for any v € Hy (A, Q), we have

€, 0) (H, (0,0 x Hy (8,0) fﬂf' vdx+(Av,8) 1 )T,

- _fQAg'vdx+<A"'g>(Ta(m)'xTa<m

= lim (—fQAgk'de+<Av’gk>(Ta(Q))’XTa(Q))

k—o0

= lim (—f Agk-vdx+f v~Agkdx)
Q Q

k—o0

= 0.

E ProofofLemma 4.7

Let us first recall, that for any given function v defined on I', we denote by v;, the tangential component
of vonT. Let now x be a point on I and 7 be a neighbourhood of x in I' such that there exists two family
of curves of class €2 on 7. The lengths ¢; and ¢, along each families are natural system of coordinates in

V. Let T and T, the unit tangent vectors to each family of curves. We therefore have v; = (v-71)T1+(v-72) T2.

Consider now p € H32(I') such that p-n = 0. Because weighted Sobolev spaces satisfy the usual trace

theorems, there exists ¢ € W2(Q) such that ¢ = g on T and

el W2(Q) < ||Il||H3/2(r). (E.80)
Moreover, we can choose ¢ so that

o,
ol

2
Ve-n=-ndivrp, + Z
j=1

XT]')XI’L
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With this choice and using the following relations

dive =divrgp, + ke (@-m+(Vep-n-n on T,

where k; is the principal curvature of T,

2 0,
curlp=)_ xTj+(Ve-mxn on T
and
((pxn)xn:—(pr,
we have

divgp=0 and curlp=0 on T,

which implies that ¢ € Z, (Q).

Next, if u€ 2(Q), then the Green formula (4.69) holds and, as a result, we can write

|(curl ux n,p)r| = |<curl ux n,(p)r|

< llullwo, o) llellwz ) + 1Aul @y lelr,o

< |lull 7, a,0) ||(P||W{§(Q)

which implies, thanks to (E.80), that
[lcurl u x n||H—3/2(1-) <|| uIIHa(A'Q).

Therefore the linear mapping y : u — curl u|r x n defined on 2(Q) is continuous for the norm of Hy (A Q).
Since 2(Q) is dense in Hy(A,Q), v can be extended by continuity to a mapping still called y defined on
Hy (A, Q) to H73'2(I') and formula (4.69) holds for all ue H, (A, Q) and ¢ € Z, (Q).
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