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BERRY-ESSEEN BOUND AND PRECISE MODERATE
DEVIATIONS FOR PRODUCTS OF RANDOM MATRICES

HUI XIAO, ION GRAMA, AND QUANSHENG LIU

ABSTRACT. Let (gn)n>1 be a sequence of independent and identically
distributed (i.i.d.) d X d real random matrices. Set Gn = gngn—1...91
and X? = Gnx/|Gnz|, n = 1, where | - | is an arbitrary norm in R?
and x € R? is a starting point with || = 1. For both invertible
matrices and positive matrices, under suitable conditions we prove a
Berry-Esseen type theorem and an Edgeworth expansion for the cou-
ple (X;,log|Grz|). These results are established using a brand new
smoothing inequality on complex plane, the saddle point method and
additional spectral gap properties of the transfer operator related to
the Markov chain X;,. Cramér type moderate deviation expansions are
derived for the couple (X5,log|Grz|) with a target function ¢ on the
Markov chain X;7. A local limit theorem with moderate deviations is
also obtained.

1. INTRODUCTION

1.1. Background and objectives. For any integer d > 2, denote by
GL(d,R) the general linear group of d x d invertible matrices. Equip R?
with any norm |- |, denote by P4~! = {2z € R%|z| = 1}/% the projec-
tive space in R, and let ||g|| = sup,cpa-1 |gx| be the operator norm for
g € GL(d,R). Let (gn)n>1 be a sequence of i.i.d. d x d real random matrices
of the same law p on GL(d,R), and consider the product G,, = gngn—1--- 91
and the process X? = G,z/|G,x|, n > 1, with starting point = € P41,

The study of the asymptotic properties of the Markov chain (XF),>1 and
of the product (G,,),>1 has attracted a good deal of attention since the
groundwork of Furstenberg and Kesten [14], where the strong law of large
numbers for log ||Gy,|| has been established, which is a fundamental result
for the products of random matrices. Furstenberg [15] proved the following
version of the law of large numbers: for any z € RY,

lim l10g\Gnaz| = lim lI[:?,log\Gna:| =\ P-as,
n—oo n

n—oo n
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2 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

where the real number ) is called upper Lyapunov exponent associated with
the product GG,,. Another cornerstone result is the central limit theorem
(CLT) for the couple (X7 log|Gnz|), established under contracting type
assumptions by Le Page [29]: for any fixed y € R and any Holder continuous
function ¢ : P41 — R, it holds uniformly in 2 € P4~! that

ggngoE[wxm{log|3%m<y}] = v(p)D(y),
where v is the unique stationary probability measure of the Markov chain
XZ on P71, 02 = limy 00 E[(log |Grz| — nA)?] is the asymptotic variance
independent of z, and ® is the standard normal distribution function. The
optimal conditions for the CLT to hold true have been established recently
by Benoist and Quint [2].

A very important topic is the study of large and moderate deviation
probabilities, which describe the rate of convergence in the law of large
numbers. For an account to the theory of large deviations for sums of
independent random variables we refer to Cramér [8], Petrov [30], Strook
[34], Varadhan [35] and Dembo and Zeitouni [11]. For products of random
matrices, precise large deviations asymptotics have been considered e.g. by
Le Page [29], Buraczewski and Mentemeier [6], Guivarc’h [16], Benoist and
Quint [3], Sert [33], Xiao, Grama and Liu [37]. For moderate deviations,
very little results are known. Benoist and Quint [3] have recently established
the asymptotic for the logarithm of probabilities of moderate deviations for
reductive groups, which in our setting reads as follows: for any interval
B C R, and positive sequence (by,)n>1 satisfying %” — 0 and % — 00, it

holds, uniformly in z € P41, that

2
= —inf L (1.1)

log |Gpz| — nA
= €B )
€ ) yEB 202

bn

A functional moderate deviation principle has been established by Cuny,
Dedecker and Jan [7].

The first objective of our paper is to improve on the result (1.1) by estab-
lishing a Cramér type moderate deviation expansion for log |G,x|: we prove
that uniformly in z € P4~! and y € [0, o(yv/n)],

P(log [Gua| —nA > Vnoy) e {1 Lo <y+ 1)} |
1—®(y) vn

where t — ((t) is the Cramér series of the logarithm of the eigenfunction
related to the transfer operator of the Markov walk associated to the product
of random matrices (see Section 2.3). It will be seen that the expansion (1.2)
implies the following local limit theorem with moderate deviations: for any
bounded Borel set B C R with boundary 0B satisfying ¢(0B) = 0, where

. n
A0, 72 108 B(

(1.2)
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¢ is the Lebesgue measure, and for any positive sequence (yy,)n>1 satisfying
Yn — 0 and \/ny, — oo, we have, uniformly in z € P! and y € [y, o(y/n)],

P(log|Gnpz| — nX € B+ V/noy) ~ e 2 vnoivnl,

1.3
oV 2m™n (13)

It is clear that when y = o(n'/6) the term \%((%) tends to 0 and can be

removed in (1.3). Thus (1.3) enlarges the range y = O(y/logn) in the local
limit theorem in [3, Theorem 17.10] established under different assumptions.
Local limit theorems of type (1.3) are used for instance in [1] for studying
dynamics of group actions on finite volume homogeneous spaces.

It is useful to extend the moderate deviation expantion (1.2) for the couple
(X2, log |Gpz|) which describes completely the random walk (Gpz)n>1. We
prove that, for any Holder continuous function ¢ on P?~! uniformly in
z € P! and y € [0,0(v/n)],

E[@(Xﬁ)ﬂ{logml w|—n)\>\/ﬁoy}] ig(i) [ y+1
n > =evao' Vol lu(p)+ O ( )} ;o (14
sl @+o()].

see Theorem 2.3. Our second objective, which is also the key point in proving
(1.4), is a Berry-Esseen bound for the couple (X7Z,log |G,x|): for any Holder
continuous function ¢ on P41,

1
xr —
L ‘E[w(Xn)ll loge%\_mgy}} V(s0)<1>(y)‘ = 0(\/5)7 (1.5)
see Theorem 2.1. This extends the result of Le Page [29] established for the
particular target function ¢ = 1 (see also Jan [26]). We further upgrade
(1.5) to an Edgeworth expansion under a non-arithmeticity condition, see
Theorem 2.2, which is new even for ¢ = 1.

All the results stated above concern invertible matrices, but we also es-
tablish analogous theorems for positive matrices. Some limit theorems for
log |G x| in case of positive matrices such as central limit theorem and Berry-
Esseen theorem have been established earlier by Furstenberg and Kesten
[14], Hennion [19], and Hennion and Hervé [21]. Here, we extend the Berry-
Esseen theorem of [21] to the couple (X}, log |G,x|) with a target function
¢ on the Markov chain X?. We also complement the results in [14, 19, 21]
by giving a Cramér type moderate deviation expansion and a local limit
theorem with moderate deviations.

1.2. Key ideas of the approach. For the moderate deviation expansions
(1.2) and (1.4), our proof is different from those in [3] and [7]: in [3] the
moderate deviation principle (1.1) is obtained by following the strategy of
Kolmogorov [28] suited to show the law of iterated logarithm (see also de
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Acosta [10] and Wittman [36]); in [7] the proof of the functional moder-
ate deviation principle is based on the martingale approximation method
developed in [2].

In order to prove (1.4) we have to rework the spectral gap theory for the
transfer operators P, and R, ., by considering the case when s can take
values in the interval (—n,n) with n > 0 small, and z belongs to a small
complex ball centered at the origin, see Section 3. This allows to define the
change of measure Q7 and to extend the Berry-Esseen bound (1.5) for the
changed measure Q?, see Theorem 5.1. The moderate deviation expansion
(1.4) is established by adapting the techniques from Petrov [30].

It is surprising that the proof of the Berry-Esseen bound and of the Edge-
worth expansion with a non-trivial target function ¢ # 1 is way more dif-
ficult than the analogous results with ¢ = 1. This can be seen from the
following sketch of the proof.

For simplicity, we assume that ¢ = 1. Introduce the transfer operator P,:
for any Hélder continuous function ¢ on P41 and z € C,

P.p(z) = E[e519710(X)], =€ P4, (L6)

Let F' be the distribution function of W and f be its Fourier trans-

form: f(t) = eit\/ﬁ)‘(Pf.t/\/ﬁl)(z), t € R. The Berry-Esseen bound (1.5)

with target function ¢ = 1 is usually proved using Esseen’s smoothing in-
equality: for all T' > 0,

1 (T f(t) — e t/? C
Fy)— @ < = —r ldt+ —. 1.7
sup|P) — o) < - [ [Fo |+ (1.7)
Inserting the spectral gap decomposition
P} =k"(z)M,+ L} (n>1) (1.8)

into (1.7) allows us to obtain the Berry-Esseen bound (1.5) with ¢ = 1:
after some straightforward calculations, it reduces to showing that, with

T = ¢y/n,
T
[ m @) e < oc. (1.9)
The bound (1.9) is proved using Taylor’s expansion L7?1 = L81+zd%(L21)+
o(z) with z = —it/\/n, and the fact that L{1 = 0. However, when we replace

the unit function 1 by a target function ¢ for which in general Ly # 0,
instead of (1.9), we have

T
[ @)/t = oo, (1.10)
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even though |L{p(z)| decays exponentially fast to 0 as n — oo. To over-
come it, we have elaborated a new approach based on smoothing inequality
on complex contours and on the saddle point method, see Daniels [9] and
Fedoryuk [13].

For simplicity, we formulate our smoothing inequality only for y < O:

sup |F(y)~®(y)| <~ sup / fe-erl ‘”/2 “pr(-2)dz

y<0 T y<0

22
sup ‘ / fE) =z ep dz‘ + = (1.11)
T y<0
where the integration is taken over the complex contour C; = {z € C: |z| =
T,3z < 0} and prp is the analytic extension of the Fourier transform of a
smoothing density pr on the real line (see Section 4). An important issue
is to construct the density function pp such that pr has a compact support
on the real line R and can be extended analytically on a domain containing
C; . This enables us to use Cauchy’s integral theorem for establishing (1.11)
and also for the estimation of the integrals therein.

The smoothing inequality (1.11) together with the spectral gap property
(1.8) leads to the estimation of the following integrals:

/7 Kn(Z)MzSO(ZJT) —e )2 eizyﬁT(—Z)dZ, (1.12)
/_ Lgi( ) zzypT( )dz (113)

The integral (1.12) is handled by using the saddle point method choosing a
suitable path for the integration in Section 5.2, which is one of the challeng-
ing parts of the proof. For the integral (1.13) we use the facts that |L?¢(z)|

6zzy

decays exponentially fast as n — oo and that [“~| < % on the contour C,
for y < 0, where T' = ¢y/n. In contrast to (1. 10) this shows that (1.13) is
bounded by Ce™“" uniformly in y.

The case y > 0 is treated similarly, which allows us to establish (1.5).
Note that the non-arithmeticity condition is not needed for the validity of
(1.5). Under the non-arithmeticity condition, in Theorem 2.2 we obtain
an Edgeworth expansion for (X7, |Gyz|) with the target function ¢ on X7,
which is of independent interest.

2. MAIN RESULTS

2.1. Notation and conditions. Let N = {0,1,2,...} and N* = N\ {0}.
The real part, imaginary part and the conjugate of a complex number z are
denoted by Rz, Iz and Z respectively. For y € R, we write ¢(y) = \/%e—yQ/Q
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and ®(y) = [Y_ #(t)dt. For any n > 0, set B,(0) = {z € C: |z| < n} for
the ball with center 0 and radius 7 in the complex plane C. We denote by
¢, C, positive absolute constants whose values may change from line to line.
By ¢, C, we mean positive constants depending only on the index a. We
write 14 for the indicator function of an event A. For a measure v and a
function ¢ we denote v(¢) = [ @dv.

For d > 2,1let M(d,R) := .# be the set of d x d matrices with entries in R.
We shall work with products of invertible or non-negative matrices. Denote
by 4 = GL(d,R) the group of invertible matrices of .#. A non-negative
matrix g € 4 is said to be allowable, if every row and every column of g
has a strictly positive entry. Denote by ¢4, the multiplicative semigroup of
allowable non-negative matrices of .#, which will be called simply positive.
We write &7 for the subsemigroup of ¢, with strictly positive entries.

The space R? is equipped with any given norm | - |. Denote by Sl =
{z € R?% |z| = 1} the unit sphere, and by Sflfl ={z >0: |z =1}
the intersection of the unit sphere with the positive quadrant. It will be
convenient to consider the projective space P?~1 = S¢~1 /4 by identifying
with —z. To unify the exposition, we use the symbol S to denote P~ in
case of invertible matrices and Si‘l in case of positive matrices. For x € S
and g € 9 or g € 4., we write g -z = % for the projective action of g on
S. The space S is endowed with the metric d: for invertible matrices, d is
the angular distance, i.e., for any z,y € P41, d(z,y) = |siné(z, y)|, where
O(x,y) is the angle between = and y; for positive matrices, d is the Hilbert
cross-ratio metric, i.e., for any x = (z1,...,24) and y = (y1,...,yq4) in Si‘l,

d(z,y) = %, where m(z,y) = sup{\ > 0 : Ay; < x;, Vi =

1,...,d}. In both cases, there exists a constant C' > 0 such that
|z —y| < Cd(z,y), forany =z,y€S. (2.1)

We refer to [17] and [19] for more details.
Let C(S) be the space of continuous complex-valued functions on & and
1 be the constant function with value 1. Let v > 0. For any ¢ € C(S), set

lp(z) — p(y)]
= 0o + , o 1= sup |p(x)], = sup —————.
lelly el [‘P]'y el IeSW( )l [90]7 e d'(z, y)

Introduce the Banach space By := {¢ € C(S) : ||¢|, < +o0}.

Let (gn)n>1 be a sequence of i.i.d. random matrices with the same law p,
defined on some probability space (2, F,P). Set G, = g, ...g1, n > 1, then
for any starting point x € S, the process

Xyg=z, X,=Gpz, n=1

forms a Markov chain on §. The goal of the present paper is to establish a
Berry-Esseen bound and a Cramér type moderate deviation expansion for
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the couple (X7¥,log|G,x|) with a target function ¢ on the Markov chain
(XE), for both invertible matrices and positive matrices.

For any g € 4, set ||g]l = sup,cs lgz] and i(g) = infoes |g2] > 0, where
t(g) > 0 for both g € 4 and g € ¥;. In the following we use the notation
N(g) = max{||gl,¢(g)"'}. From the Cartan decomposition it follows that
the norm ||g|| coincides with the largest singular value of g, i.e. ||g|| is the
square root of the largest eigenvalue of gTg, where g7 denotes the transpose
of g. For an invertible matrix g € 4, 1(g) = |lg~ |7}, hence ¢(g) is the
smallest singular value of g and N(g) = max{||gl,|l¢g~*||}. We need the
two-sided exponential moment condition:

Al. There exists a constant ng € (0,1) such that E[N(g1)™] < +o0.

We denote by Iy, := [supp u| the smallest closed semigroup of .# gener-
ated by supp u, the support of u.

For invertible matrices, we will need the strong irreducibility and proxi-
mality conditions. Recall that a matrix g is said to be prozimal if g has an
eigenvalue A, satisfying |Ag| > |/\/g| for all other eigenvalues /\/g of g. The
normalized eigenvector vy (|vg| = 1) corresponding to the eigenvalue A, is
called the dominant eigenvector. It is easy to verify that A\, € R.

A2. (i)(Strong irreducibility) No finite union of proper subspaces of R is
I, -invariant.
(ii) (Proximality) I',, contains at least one prozimal matriz.

For positive matrices, we will use the allowability and positivity condi-
tions:

A3. (i) (Allowability) Ewvery g € ', is allowable.
(ii) (Positivity) I', contains at least one matriz belonging to 9.

It follows from the Perron-Frobenius theorem that every g € ¢7 has a

dominant eigenvalue Ay > 0, with the corresponding eigenvector v, € Sflfl.

Under conditions A1 and A2 for invertible matrices, or conditions A1l
and A3 for positive matrices, there exists a unique p-stationary probability
measure v on S ([17, 5]): for any ¢ € C(S),

(o v)( // ©(g1-)u(dgr)v(dx) /go =v(p). (2.2)

Moreover, for invertible matrices, supp v (the support of v) is given by

V(L,) ={vy € P¢-1:geTl,, gisproximal}; (2.3)

for positive matrices, supp v is given by

V(Fﬂ) = {Ug S Sifl 1g € FH’ g€ %j;} (24)



8 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

In addition, for both cases, V(I',,) is the unique minimal I',-invariant subset
(see [17] and [5]).

For positive matrices, it will be shown in Proposition 3.14 that under
conditions A1l and A3, the asymptotic variance

1
2 _ oo b 2
o” = lim nE[(log|anv| nA)?]

exists with value in [0, 00). To establish the Berry-Esseen theorem and the
moderate deviation expansion, we need the following condition:

Ad4. The asymptotic variance o° satisfies 0> > 0.

We say that the measure p is arithmetic, if there exist ¢t > 0, 5 € [0, 27)
and a function ¥ : S — R such that explit log |gz| — i +i9(g-x) —id(x)] = 1
for any g € T'), and o € V(I',). To establish the Edgeworth expansion for
positive matrices, we impose the following condition:

A5. (Non-arithmeticity) The measure p is non-arithmetic.

A simple sufficient condition introduced in [27] for the measure p to be
non-arithmetic is that the additive subgroup of R generated by the set
{logAg:g €T, g€ ¥4} is dense in R, see [6, Lemma 2.7].

We end this subsection by giving some implications among the above
conditions. For invertible matrices, it was proved in [18] that condition A2
implies condition A5. For positive matrices, conditions A1, A3 and A5
imply condition A4, see Proposition 3.14.

2.2. Berry-Esseen bound and Edgeworth expansion. In this subsec-
tion we formulate the Berry-Esseen theorem and the Edgeworth expansion
for (X7 log|Gnx|). We first state the Berry-Esseen theorem with a tar-
get function on X. Through the rest of the paper we assume that v > 0
is a fixed small enough constant so that the spectral properties stated in
Proposition 3.1 hold true.

Theorem 2.1. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A4 for positive matrices. Then, there exists
a constant C > 0 such that foralln >1, 2 €S,y € R and p € B,,

lelly
-

The proof of this theorem follows the same line as the proof of the Edge-
worth expansion in Theorem 2.2 formulated below, and will be sketched at
the end of Section 5. The presence of the target function in Theorem 2.1
turns out to be crucial in the study of the asymptotic of moderate devia-
tions of the scalar product log |(f, Gnx)|, which will be done in a forthcoming

paper.

‘E{W(Xz)]l wgy}] - V(@)fb(y)' <C (2.5)
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Theorem 2.1 extends the Berry-Esseen bounds from [29, 26] for invertible
matrices, and [21] for positive matrices to versions with target functions on
XZ. Note that the results in [26, 21] have been established under some poly-
nomial moment conditions. However, proving (2.5) with the target function
© # 1 under the polynomial moments is still an open problem.

The following result gives an Edgeworth expansion for log |G,,z| with the
target function ¢ on X7. To formulate the result, we introduce the necessary
notation. Consider the following transfer operator: for any s € (—n,n) with
n > 0 small, and ¢ € C(S),

Psp(z) = E[eSk’g |glz‘g0(gl-x)] z €S.

It will be shown in Proposition 3.1 that there exist a measure v; and a
Holder continuous function rg on S such that

vsPs = k(s)vs and  Psrg = k(s)rs, (2.6)

where £(s) is the unique dominant eigenvalue of Ps. Set A(s) = logk(s). It
is shown in Lemma 3.10 that for any ¢ € B,, the function

by(x) = lim E[(log|Gna| —n\)p(X;)], z€S (2.7)

is well defined, belongs to B, and has an equivalent expression (3.39) in
terms of derivative of the projection operator Il ., see Proposition 3.8.

Theorem 2.2. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A5 for positive matrices. Then, as n — 00,
uniformly inx € S, y € R and ¢ € By,

E[e(xi1 Wgy}] (2.8)

A™(0) 2 by (2) 1
V(@) [2) + g5 (=10 + 220w = lelho( 7).
The proof of this theorem is postponed to Section 5 and is based on a
new smoothing inequality (Proposition 4.1) and the saddle point method.
Even for ¢ = 1, Theorem 2.2 is new.

2.3. Moderate deviation expansions. Denote v, = A(k)(O), k> 1,

where A = log k with the function x defined in (2.6). In particular, 3 = A

and v = 02, see Propositions 3.12 and 3.14, where we give also an expres-

sion for 3. Throughout the paper, we write ¢ for the Cramér series of A
(see [8] and [30]):

v, 2 =3, 1575 — 1074372 + 1593

C(t) = 32 3 LT 9/2 t

675 2473 1207,

which converges for |¢| small enough.

+.- (209)
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We start by formulating a Cramér type moderate deviation expansion for
the couple (X7, log|Gpz|) with target function on X?Z, for both invertible
matrices and positive matrices.

Theorem 2.3. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A4 for positive matrices. Then, uniformly
inzeS,yel0,0(yn)] and p € By, as n — oo,

Ele(XF)1 >Vino FAp e
“ Ll ot e i i) + et ()

E[‘P(Xﬁ)]l{log |G x|—n)\<—\/ﬁay}] *iC(*L) y+1
n S —e VT Vm —
e e ve) +lelho(* =)

Note that the above asymptotic expansions remain valid even when v(y) =
0. In this case, for example, the first expansion becomes

- P y+1
E (X)L 1o Gral-moviont) = (1 — @) ] ,0(£5=).

vn
It is an open question to extend the results of Theorem 2.3 to higher order
expansions under the additional condition of non-arithmeticity. We refer to
Saulis [32] and Rozovsky [31] for relevant results in the i.i.d. real-valued case.
In the case of products of random matrices this problem seems to us chal-
lenging because of the presence of the derivatives in s of the eigenfunction
rs and of the eigenmeasure v in the higher order terms.
In particular, under conditions of Theorem 2.3, with ¢ = 1 we obtain:

() oty
n

1—(y)
log |Gnx|—nA
]P( |‘7\/'71 <_y)_e \fC( ﬁ)|:1+0(y+]—)j|
®(—y) vn
When ¢ € B, is a real-valued function satisfying v(¢) > 0, Theorem 2.3
clearly implies the following moderate deviation principle for log |G, x| with
target function on X7T: for any Borel set B C R, and positive sequence

(bn)n>1 satlsfylng — 0 and \b} — 00, uniformly in z € P41,

2

— inf Y < hmlnfalog]E{ (X7 )]l{log\cn;c\—meB}}

yeB° 20 n—00 b
y?
llrrgsogpb?logE[ (XY ):[].{log|Gl:7‘nz|fn)\€B}:| < —;2}2 552" (2.10)

where B° and B are respectively the interior and the closure of B. In fact it is
enough to show (2.10) only for the case where B is an interval, the result for
general B can be established using Lemma 4.4 of Huang and Liu [24]. With
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¢ =1, (2.10) implies the moderate deviation principle (1.1) established in [3,
Proposition 12.12] for invertible matrices. The moderate deviation principle
(2.10) with target function on X7 is new for both invertible matrices and
positive matrices; (1.1) is new for positive matrices. Note that in (2.10) the
function ¢ is not necessarily positive.

2.4. Local limit theorem with moderate deviations. In this subsec-
tion we state a local limit theorem with moderate deviations for log |Gy x|,
which is a consequence of Theorem 2.3. Recall that ¢ denotes the Lebesgue
measure on R, and dB denotes the boundary of a set B on the real line.

Theorem 2.4. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A4 for positive matrices. Let B be a bounded
Borel set on R such that {(0B) = 0. Let (yn)n>1 be a positive sequence sat-
isfying yn — 0 and \/ny, — oo. Then, as n — oo, uniformly in z € S,

Y € lyn,o(v/n)] and ¢ € B,,

2 3
o T TR

Elp(X7) L {1og|Gal-nie B yiioy)) = LB(9)+]pll0(1)]-

Taking ¢ = 1, we have, uniformly in x € S and y € [yn, 0(y/n)],

oV 2mn

2 3
Jim ov27n e TR TRp (log |Gpx| — nX € B + /noy) = {(B).

In the case of invertible matrices, a similar local limit theorem has been
established in [3] in a more general setting and plays an important role in
studying dynamics of group actions on finite volume homogeneous spaces,
see [1, Proposition 4.7]. Specifically, from [3, Theorem 17.10], by simple
calculations we deduce that for any a; < as, it holds uniformly in z € P41
and y € [0,0(y/logn)] that, as n — oo,

[

Yy

[ 2

oV2mn
Theorem 2.4 extends the range of y in (2.11) beyond O(y/logn) and more-
over, allows a target function ¢ on the Markov chain X. Note also that in
[3] the group SL(d,R) is considered instead of GL(d,R), and the proximal-
ity condition A2(ii) is replaced by the condition that I', is unbounded. For
positive matrices, Theorem 2.4 and its consequence (2.11) are new.

P(log |Gpx| — nX) € [a1,as]+/noy) = [ag—al + 0(1)}, (2.11)

3. SPECTRAL GAP THEORY

This section is devoted to investigating the spectral gap properties of some
operators to be introduced below: the transfer operator P,, its normalization
Qs which is a Markov operator, and the perturbed operator R; ., for real-
valued s and complex-valued z. The properties for these operators have
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been intensively studied in recent years, for instance in [29, 5, 17, 6, 3],
where various results have been established under different restrictions on s
and z, which are not enough for obtaining the results of the paper. We shall
complete these results by investigating the case when s € (—n,n) with n > 0
small, and z belongs to a small ball of the complex plane centered at the
origin. The case of s < 0 turns out to be more difficult than the case s > 0
and requires a deeper analysis. We also complement the previous results
with some new properties to be used in the proofs of the main results of the

paper.

3.1. Properties of the transfer operator P.. Recall that the Banach
space B, consists of all the v-Holder continuous complex-valued functions
on §. We write l’)”7 for the topological dual of B, endowed with the norm
[vllB;, = supjg,=1 [(#)|; for any linear functional v € BY. Let L(By,B,)
be the set of all bounded linear operators from B, to B, equipped with the
operator norm ||'HBW_>BW' Denote by o(Q) the spectral radius of an operator
Q € L(By,B,), and by Q| its restriction to the subspace E C B,.

For any z € C with |z| < ng, where 79 is given in condition A1, define
the transfer operator P, as follows: for any ¢ € C(S),

P.p(x) = E[ezmg‘glxhp(glm)] xeS. (3.1)

The transfer operator P, acts from C(S) to the space of bounded functions
on S. The following proposition gives the spectral gap properties of the
operator P, for z in a small enough neighborhood of 0 in the complex plane.

Proposition 3.1. Assume that i satisfies either conditions A1 and A2 for
invertible matrices, or conditions A1 and A3 for positive matrices. Then,
P, € L(B,,By) for any z € B%o (0), and the mapping z — P, : B%o 0) —
L(B.,By) is analytic for v > 0 small enough, where 1y is given in condition
A1. Moreover, there exists a small n > 0 such that for any z € B,(0) and
n = 1, we have the decomposition

P =k"(z)M,+ L7, (3.2)

z

where the operator M, := v, ® r, is a rank one projection on By defined by

M.p = V”ZZ((Z)) r. for any ¢ € By, and the mappings on By(0)
z—=hr(2)€C, zmr.€By, zmv.eB, z— L.eL(B),B,)

are unique under the normalizing conditions v(r,) = 1 and v,(1) = 1, where
v is defined in (2.2); all these mappings are analytic in B,(0), and possess
the following properties:

(a) for any z € B,(0), it holds that M,L, = L, M, = 0;

(b) for any z € By(0), P.r, = k(2)r, and v, P, = k(2)v;;
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(c¢) k(0) =1, 19 =1, vy = v, and k(s) and rs are real-valued and satisfy
k(s) > 0 and rs(x) > 0 for any s € (—n,n) and x € S;

(d) for any k € N, there exist 0 < a1 < ag < 1 such that |k(z)] > 1 — a1
and | L L2|, 5, < Cr(1 — az)™ for all z € By(0).

Let us point out the differences between Proposition 3.1 and the previous
results in [29, 5, 3]. Firstly, we complement the results in [29, 3] by giving

the explicit formula M,p = :j((é)) r, in (3.2), for z € B,(0), which is one
of the crucial points in the proofs of the results of the paper. Basically, it
permits us to deduce the spectral gap properties of the operators )5 and
R, . from those of P,. In particular this will enable us to obtain an explicit
formula for the operators N, and N, . in Propositions 3.4 and 3.8, and the
uniformity of the bounds (3.36) and (3.37). Secondly, for positive matrices,
some points of Proposition 3.1 have been obtained in [5] only for real z > 0.
The difficulty here is the case when z € R is negative and when z is not real,
so Proposition 3.1 is new for positive matrices when |z| < 1. Thirdly, we
show that k(z) and r, take real positive values when z is real, which allows
to define the change of measure Q7 for real s, for both invertible matrices
and positive matrices. Previously it was shown in [3] that x(z) is real-valued
for real z € (—n,n) for invertible matrices.

In the sequel, without explicitly stated, we always assume that v > 0 is
a sufficiently small constant.

Remark 3.2. Define the conjugate transfer operator P} by
Plp(z) = Ele? el el . 2)] z e,

where z € C with Rz € (—n9,7m0), and g denotes the transpose of the
matrix g;. One can verify that P} satisfies all the properties of Proposition
3.1: under conditions of Proposition 3.1, we have the decomposition

P" =r™M(2)v; @r; + L", z€ By(0), n>1, (3.3)

and all the assertions in Proposition 3.1 hold for P}, k*(z), v}, r}, L} instead
of P,, k(z), Vs, 75, L.

Proof of Proposition 3.1. We split the proof into three steps. In steps 1
and 2 we concentrate on the case of positive matrices, since for invertible
matrices the results of these steps have been proved in [29, 3]. In step 1
we follow the same lines as in [29, 3]. In step 2 we follow [22] to prove
the spectral gap property of the operator Py and we use the perturbation
theory to extend it to P,. In step 3 the proof is new and is provided for both
invertible and positive matrices by complementing the results in [29, 5, 3].

Step 1. We only need to consider the case of positive matrices. We will
show that there exists v € (0,®) such that P, € L(B,,B,), and that the
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mapping z — P, is analytic on B%o (0). For any m > 0, z € B%O(O) and
p € By, let

P{Mo(x) = E|(log lgia) g1 *p(g1-2)], = € ST

It suffices to show that for z € Bm (0) and 0 € B?()(O)

oo gm "
Pas= 3 S 30
m=0 """

and that there exists a constant C' > 0 not depending on # and z such that
o

>

m=0
From (3.5) we deduce that PO = p ¢ L(B,,By). Moreover, the bound
(3.5) ensures the validity of (3.4) which implies the analyticity of the map-
ping z — P, on B%O(O).

1P o]l < Cllell. (3.5)

It remains to prove (3.5). We first give a control of HPZ(m)cpHoo. Since
|log|gz|| < logN(g) for g e I'y and = € S‘fl, we get

Z [

m=0

P glloo < llollooB [P NE)| < Ol (36)

(m)

To control [P;"¢l,, note that for any ¢ € B,,

(m) r(log |g1z[)™ — (log |g1y)™
Pely < s [E] & (x,y)

gl (1)) |
zyeSi ety

m 912 — |g1y[*

dV(z,y) 90(91'56)} ‘

+  sup  |E[(log|gry])
x,yESi_l,;t;éy

mi, 12 £1) — o(g1-y
+  swp [E[(log|giy) gyl (1d3( ; )H
z,y€eSt z £y Y

= Il,m + I2,m + I&m. (37)

We then control each of the three terms Iy ., 12 m, 13.m-
Control of I y,. Since for any a,b € C, m € Nand 0 <~ < 1,

[a™ = b < 2mmax{lal™ 7, b }Ha = b, (3.8)
we get
log N(g1))™~ 7N (g1)®! .
Iim <2m|lplls sup E[( & (91)7) (91 |91 |H
x,yESi_l,x;Ey d (.%, y) |gly|
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Using (2.1), we deduce that for any g € T';,,

lgz[| _ |g(z —y)| -1 1
log < < llgllelg)™ [z — Clligle(g)™ d(z,y), (3.9
tog 01| < S < lgll9) e =yl < Clgl(o) ™ )
and hence
o™ 1=y, (6]+R2]+29) log N (g1)
Z ——T1m < 2[|¢llcE|(log N(g1)) e . (3.10)
= m!
Control of Iy y,. Using (3.8), we deduce that for any 21,22 € C,
le*t —e*2| < 2max{|z1|' 77, |zt Y max{e®, €2} |2y — 2|7, (3.11)

By this inequality, we find that for any g € T,

e 1o lorl _ ¢=1olovl] < 2 log N (g))! e ™1 N) | log |ga| — log |gy|".

Combining this with (3.9) implies that

Z ’9‘ Izm < 2||¢|locE {(logN(gl))l v€(|9|+\9%\+27)10g1\7(g1)} (3.12)
m=0 !
Control of I3 ,,. Since ¢ € By and d(g-z,g-y) < d(z,y) for any g € T',,,
we get

o~ 1™ (161+[R=|+27) log N(g1)
>l < [l¢lhE[e ]
— m:

Combining this with (3.6), (3.7), (3.10) and (3.12), we obtain (3.5).

Step 2. Again we need only to consider the case of positive matrices.
We will prove the decomposition formula (3.2) together with parts (a), (b)
and (d). Our proof follows closely [22]. Define the operator M on B, by
My =v(p)l, p € B,. Set E = ker M NB,. We first show that ||¢]|ec < [¢]5
for any ¢ € E. Since v(p) = 0 for any ¢ € FE, there exist x1,x9 € S‘fl such
that Rp(r1) = Sp(x2) = 0. Since d(zx,y) € [0, 1], it follows that

lolloo < sup [Rep(z) = Rep(w1)] + sup [Sp(w) = Sp(az)] < 2[ely- (3.13)
:cES - xeS -
We next show that o(P|g) < 1, where P = Py (see (3.1)). For any z,y €
S‘fl, x #y, and ¢ € By, there exists a € (0,1) such that for large n > 1,

Pro(e) ~ Pro()| _ i (Goow,Gay)
< llelhE| ]

d7(z,y) d7(z,y)
where for the last inequality we use [19, Lemma 3.2]. Observe that for any

¢ € By, we have ¢ — My € E, thus P"(p — My) € E for any n > 1 since
vP = v. Combining this with (3.13) and the above inequality, we get

| P"(p — Mo)|ly < 2[P"(¢ — My)], < 2a"[¢]y < 2a™||o|ly,

< ”SDH'Yanv
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which implies o(P|g) < 1. This, together with the definition of E and the
fact that P1 = 1, shows that 1 is the isolated dominant eigenvalue of the
operator P. Using this and the analyticity of P, € L(B,,By), and applying
the perturbation theorem (see [20, Theorem IIL.8]), we obtain the decom-
position formula (3.2) with M, () = c1v.(p)r, for some constant ¢; # 0, as
well as parts (a), (b) and (d). Using P,r, = k(z)r,, we get ¢; = 1/v,(r,)
and thus M,p = ;/Vj((ri)) r, for any ¢ € B,.

Step 3. We prove part (c) for invertible matrices and positive matrices.
From P1 = 1, we see that x(0) = 1 and 79 = 1. Letting z = 0 in v, P, =
k(2)v,, we get 9P = 1y and thus vy = v since v is the unique p-stationary
probability measure. Now we fix z € (—n,n) and we show that x(z) and
r, are real-valued. Taking the conjugate in the equality P,r, = k(2)r,, we

get P,7, = k(2)T7, so that x(z) is an eigenvalue of the operator P,. By the

uniqueness of the dominant eigenvalue of P,, it follows that x(z) = k(z),
showing that k(z) is real-valued for z € (—n,n). We now prove that r,
is real-valued. Write r, in the form r, = u, + iv,, where u, and v, are
real-valued functions on . From the normalization condition v(r,) = 1, we
get v(uy) = 1 and v(v,) = 0. From the equation P,r, = x(z)r, and the
fact that x(z) is real-valued, we get that P,u, = k(z)u, and P,v, = k(2)v,.
By part (a), the space of eigenvectors corresponding to the eigenvalue k(z2)
is one dimensional. Therefore, we have either u, = cv, for some constant
c € R, or v, = 0. However, the equality u, = cv, is impossible because we
have seen that v(u,) =1 and v(v;) = 0. Hence v, = 0 and r; is real-valued
for z € (—n,n). The positivity of x(z) and r, then follows from x(0) = 1,
ro = 1 and the analyticity of the mappings z — k(z) and z — r,. This ends
the proof of part (c), as well as the proof of Proposition 3.1. O

3.2. Definition of the change of measure Q. Proposition 3.1 allows
us to perform a change of measure. Note that this change of measure for
positive s has been extensively studied in [5, 6, 17]; however, for negative s
it is new. For any s € (—,7n), + € S and g € I, denote

s _ gzl rs(g - )
Qn(xﬂg)_ K,n(S) T'S(QZ) bl

Note that (g} ) verifies the cocycle property: for any n,m > 1and g1, g2 € 'y,

n>1. (3.14)

00 (%, 91)85 (91-, 92) = G (€, g291)- (3.15)

Since k(s) and rg are strictly positive, ¢} (z, Gn)u(dgi)...p(dgn), n > 1, is a
sequence of probability measures, and forms a projective system on .#ZN .
By the Kolmogorov extension theorem, there is a unique probability measure
Q% on . with marginals ¢3(z, G,)p(dgi)...pu(dgy). Denote by Ege the
corresponding expectation. For any n € N and any bounded measurable
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function h on (S x R)"*! it holds that
[Ts(Xff)\Gnﬂ?P

K" (s)rs(x)
= Eqe [h(X§,log |z],..., X}, log |Gpra|)] . (3.16)

h(X§,log 2], .., X7, log| G

3.3. Properties of the Markov operator Q)s. For any s € (—n,n) and
¢ € By, define the Markov operator ()5 by

1
Qsp(r) = w(5)ra(@)

Under the changed measure Q?, the process (X¥),en is a Markov chain with
the transition operator given by Q).

The following assertion will be useful to prove that the function k is
strictly convex (see Lemma 3.15). Recall that V(I',) is the support of the
measure v (cf. (2.3), (2.4)).

Py(prs)(xz), z€S.

Lemma 3.3. Assume the conditions of Proposition 3.1. Let s € (—n,n)
where n is small. If ¢ < Qsp for some real-valued ¢ € C(S), then p(x) =

supyes ¢(y) for any x € V(I'y).

Proof. We use the approach developed in [17]. Set M = sup,cs ¢(y) and
St ={x € 8:p(x) =M}. From the condition ¢ < Qsp and the fact that
[ @5 (z,g1)p(dgr) = 1, we get that if x € ST, then g-z € ST for any g € T,
so that I',ST C 8T. Since V(T',) is the unique minimal T',-invariant set
(see [17] and [5]), we obtain V(I',,) C 8T and the claim follows. O

We state the spectral gap property of the Markov operator (s, whose
proof is postponed to Section 3.5.

Proposition 3.4. Assume the conditions of Proposition 3.1. Then there
exists n > 0 such that for any s € (—n,n) and n > 1, we have

Q? = I + Nga
where the mappings s — Il;, s — Ny € L(By,B,) are analytic and satisfy
the following properties:
(a) with ms(p) := %;3), we have for any ¢ € By,

() (@) = ms(p)1, N (9)(x) = Knl(s) L?(sz“ii(w)

where v, rs, Ls are given in Proposition 3.1;
(b) IIsNs = NiIIy = 0, and for each k € N, there exist constants Cj, > 0
and a € (0,1) such that
k

(P

, TES

sup

N5, -5, < Cra™ (3.17)
56(777777
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3.4. Quasi-compactness of the operator Q.;. For s € (—n,n) and
t € R, define the operator Qs as follows: for any ¢ € B,,

1
Qs+itp(T) = WP st (7s) ()

= e o). ves
The spectral gap properties of the operator Qsyi; for |¢| small enough can
be deduced from Proposition 3.1. However, this approach does not work for
large |t|. In order to investigate the spectral gap properties of the operator
Qs for t € R, we first prove the Doeblin-Fortet inequality and then we
apply the theorem of Ionescu-Tulcea and Marinescu [25] to establish the
quasi-compactness of the operator Q1. Based on this property, we shall
use the non-arithmeticicty condition A5 to prove that the spectral radius
of Qg4 is strictly less than 1 when ¢t is different from O.
The following is the Doeblin-Fortet inequality for the operator Qs ;.

Lemma 3.5. Assume the conditions of Proposition 3.1. Then, there exist
constants 0 < a < 1, and n > 0 small enough, such that for any s € (—n,n),
teR,n>1and € B,, we have

[Q?ﬂt@]v < Cs,tm”‘%’”oo + Csan[SD]’y- (3.18)

For positive-valued s, analogous results can be found in [17] for invertible
matrices and in [6] for positive matrices. The proofs in [17, 6] rely essentially
on the Holder continuity of the mapping x — ¢} (z,g) defined in (3.14).
However, this property doesn’t hold any more in the case when s is negative.
Our proof of Lemma 3.5 is carried out using the Holder inequality and the
spectral gap properties of the operator Ps established in Proposition 3.1.

Proof of Lemma 3.5. Using the definition of Qs and (3.15), we get that
for any n > 1,

i _ 1 pn _(ors)(x T
QSJFit('O(x) - HH(S)TS(:L‘) Ps+zt(90 s)( )7 €S.

It follows that
|Q?+z’t90(x) - Q?Htso(y)l

S < Jin) + 2 (n), 3.19
T,yES, x#y d¥(z,y) 1(n) (n) ( )
where
1 1 1
Ji(n) = sup _ P (ors) ()]
1) vyesaty AV (2, y)k"(s) Irs(x) Ts(y)M it (P75) (@)
1 . .
Jo(n) =  sup )‘Psﬂ-t((prs)(x)—PSHt((PTs)(y)"

z,y€S,x#y s (y)d7(1'7 y)ﬁn(s
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Note that by Proposition 3.1, for any s € (—n,n), we have minges rs(x) > 0,
maxzes rs(z) < oo and k(s) > 0.
Control of Ji(n). Observe that uniformly in z € S,

1 Pgyie(ors) (@)] < PJolrs) (@) < [[ollook™ (8)I7s]loc < Csllpllock™(5)-
Since 7 € B,, this implies that for any s € (—n,7) and t € R,
Ji(n) < Csll¢lloo- (3.20)

Control of Jo(n). Using the definition of Ps;; and taking into account
that ry is strictly positive and bounded on S, we have

JQ(n) < C’S(ng(n) + ng(n) + JQg(n)), (3.21)
where
n) = su 1 T s+it s+it x
Jam) = swp S [B[(1Gual Y = Gayl e (X3
1 s+t T
Jn(n)zzwyzgziyagazgﬁggaglE“G%y\+'(@(Xﬁ)“¢ﬂxﬁn},
()= s [B{ |Gyl (XY (X — (XD}

z,YyE€S,x#Y d'y(x’ y)’%n(s)

Control of Ja1(n). Using (3.11) and the inequality logu < u®, u > 1, for
€ > 0 small enough, we obtain

Gl it — |Gyl < 2N (G)) 1 log | Grace| — log | Guyl". (3.22)
From the inequality (2.1), by arguing as in the estimate of (3.9), we get
| log |G| — 1og |Gagl|” < ClGal["(Gn) " (z, ).
Using first (3.22) and then the last bound, we deduce that

Cllollso
K" (s)

Ja1(n) < {E[(N(g) g1l elg1) 7]} < Connligllonr  (3.23)

where the last inequality holds by condition Al.
Control of Jaa(n). Since ¢ € B, applying the Hélder inequality leads to

CS[SO]’V d7(Xy, XY)
Joa(n) < sup E||Gpy|’——"2—"~
2(n) <50 s ElIGwl g

E[|Gay[2] )% d2v(XT, XY
< Cslply  sup {E] ny‘ ) 2(7 )
z,y€S,x#Yy oY (S) d (a:,y)

}1/2. (3.24)

Since v > 0 is small enough, by [29, Theorem 1] for invertible matrices and
[19, Lemma 3.2] for positive matrices, there exists a constant ag € (0,1)
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such that for sufficiently large n,
d2V(XZ XY)1/2
sup {EdQ(W n ")} < ag
z,y€S,x#y (.TC, y)
In view of Proposition 3.1, we have
E[|Gny[*] = K" (25)(Mas1)(y) + L3, 1(y), y€S.

Since, by Proposition 3.1(d), ||[Mas1||s is bounded by some constant Cj,
and || L5,1]| is bounded by Csk™(2s) uniformly in n > 1, it follows that

Supsup E[|Gry|*]
n>1yes K"(25)

(3.25)

< Cs. (3.26)

As k is continuous in the neighborhood of 0 and x(0) = 1, one can choose n >
0 small enough and a constant « € (0,1/ag) such that £™/2(2s)/x"(s) < a”,
uniformly in s € (—7n,n). Substituting this inequality together with (3.25)
and (3.26) into (3.24), we obtain that for any s € (—n,n) with n > 0 small,
there exists 0 < a < 1 such that uniformly in n > 1,

Jaa(n) < Csa"[ply, (3.27)

Control of Ja3(n). Using (3.26) and the fact that r, € By, and applying
similar techniques as in the control of Jse(n), one can verify that there exists
a constant 0 < a < 1 such that uniformly in n > 1,

Ja3(n) < Csa”[|glloo[rs]y < Csa”(|¢l|co- (3.28)
Inserting (3.23), (3.27) and (3.28) into (3.21), we conclude that
J2(n) < Cspnll@lloo + Csa™[ply.
Combining this with (3.20) and (3.19), we obtain the inequality (3.18). O

From Lemma 3.5 and the fact that ||Qs+it¢|lcc < Cs|l¢llco for any s €
(—n,n) and t € R, we can deduce that Qs1i+ € L(By,B,). We next prove
that the operator Qs4; is quasi-compact. Recall that an operator @) €
L(B,,By) is quasi-compact if B, can be decomposed into two () invariant
closed subspaces By = E@® F', such that dim E' < oo, each eigenvalue of Q|g
has modulus o(Q), and o(Q|r) < 0(Q) (see [20] for more details).

Proposition 3.6. Assume the conditions of Proposition 3.1. Then, there
exists a small n > 0 such that for any s € (—n,n) and t € R, the operator
Qs+t s quasi-compact.

Proof. The proof consists of verifying the conditions of the theorem of Ionescu-
Tulcea and Marinescu [25]. We follow the formulation in [20, Theorem II.5].

Firstly, by the definition of Q)s44, there exists a constant Cs > 0 such
that ||Qstit¢lleo < Cs||¢|loo for any s € (—n,m), t € R and ¢ € B,.
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Secondly, by Lemma 3.5, the Doeblin-Fortet inequality (3.18) holds for
the operator Q4.

Thirdly, denoting K = Qstit{¢ : |l¢|ly < 1}, we claim that for any s €
(—n,n) and t € R, the set K is conditionally compact in (B, || - [|). Since
|Qs+itplloc < Csl|¢lloo for any ¢ € B, we conclude that K is uniformly
bounded in (By, || - [|s). Moreover, by taking n =1 in (3.18), we get that
uniformly in ¢ € B, with [j¢||, <1,

|Qstitp(x) — Qsriro(y)] < Cspd? (2, y).

|
This shows that K is equicontinuous in (B, || - ||s). Therefore, we obtain
the claim by the Arzela-Ascoli theorem.
The assertion of the proposition now follows from the theorem of Ionescu-
Tulcea and Marinescu. O

The following proposition shows that the spectral radius of the operator
Qs is strictly less than 1 when t is different from 0. The proof which
relies on the non-arithmeticity condition A5, follows the standard pattern
in [17, 6]; it is included for the commodity of the reader.

Proposition 3.7. Assume either conditions A1 and A2 for invertible ma-
trices, or conditions A1, A3 and A5 for positive matrices. Then, for any
s € (—nm,n) with small n > 0, and any t € R\{0}, we have o(Qs+it) < 1.

Proof. By the definition of Qs¢, we have 0(Qs1it) < 0(Qs) = 1. Suppose
that o(Qstit) = 1 for some t # 0. Then, applying Proposition 3.6, there exist
¢ € By and B € R such that Q.1 = e’Pp. From this equation, we deduce
that |¢| < Qs|p|. Using Lemma 3.3, this implies that [p(z)] = sup,es [¢(y)]
for any 2 € V(T'},), so that p(x) = ce™”@), where ¢ # 0 is a constant and ¥ is
a real-valued continuous function on §. Substituting this into the equation

Qsitp = B¢ gives that for any x € V(T,),

Eqz explitlog [g1z| — i8 + (g1 -z) — id(z)] = 1.
Since ¥ is real-valued, this implies exp|itlog |gz| —if + V(g -z) —id(z)] =1
for any € V(I',) and p-a.e. g € I'y, which contradicts to condition AS5.

Therefore o(Qs+i¢) < 1 for any t # 0. Recalling that condition A2 implies
condition A5, the proof of Proposition 3.7 is complete. O

3.5. Spectral gap properties of the perturbed operator R, .. For any
s € (—n,n) and z € C such that s + Rz € (—no,no), define the perturbed
operator R, . as follows: for any ¢ € B,,

R -p(x) = Bog [Foslnr-NDp(xy)|, zes. (3.29)
With some calculations using (3.15), it follows that for any n > 1,
R?,zSO(JU) — EQ§' {ez(log|Gnr\—nA/(S))SO(X£)} , TE S. (330)
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The following formula relates the operator R , to the operator P, , and is
of independent interest: for any ¢ € By, n > 1, s € (—n,n) and z € By(0),

reqy P r
Ry (p) = e N0 ;Zz(gr;). (3.31)
The identity (3.31) is obtained by the definitions of R, . and P, using the
change of measure (3.16).

There are two ways to establish spectral gap properties of the operator
R, .: one is to use the perturbation theory of operators [20, Theorem IIL.§],
another is based on the Ionescu-Tulcea and Marinescu theorem [25] about
the quasi-compactness of operators. The representation (3.31) allows us to
deduce the spectral gap properties of R, . directly from the properties of
the operator P,. This has some advantages: it ensures the uniformity in
s € (—n,n), allows to deal with negative-vaued s and provides an explicit
formula for the projection operator Il , and the remainder operator Ng',
defined below.

Recall that A = log k, where & is defined in (2.6).

Proposition 3.8. Assume the conditions of Proposition 3.1. Then, there
exist n > 0 and § € (0,n) such that for any s € (—n,n) and z € Bs(0),

Rg, =g s+ Ny, n>1, (3.32)
A (3.33)
and for p € B,
Vst2(9Ts) Tstz

1,2 () = , 3.34
( ) Verz(Terz) Ts ( )
N_(p) = e-nlA@+Ao):] Drez(P7s) (3.35)

4 Ts )

where r,, v, and L, are given in Proposition 3.1. In addition, we have:
(a) for fized s, the mappings z +— Il . : Bs(0) = L(By,B,), 2 — N, :
Bs(0) = L(B,,By) and z — X, , : Bs(0) — C are analytic,
(b) for fized s and z, Il . is a rank-one projection with Ilso(p)(z) =
7s(p) for any p € By and x € S, and I N, = N, Il . =0,
(c) for k € N, there exist 0 < a <1 and Cy > 0 such that

dk
sup sup Hiﬂ&zug LB, < Cf, (3.36)
se(—n) z€B;(0) 2" R
k
sup  sup |5 Ng.llB,—5, < Cra™. (3.37)
se(—ny) #€B;(0) 2" T

Note that, for s > 0, similar results have been obtained in [6]. The novelty
here is that s can account for negative values s € (—n, 0] and that the bounds
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(3.36) and (3.37) hold uniformity in s € (—n,n). This plays a crucial role in
establishing Theorem 2.3.

Proof of Proposition 3.8. The proof is divided into three steps.
Step 1. By Proposition 3.1,

Vs+2(¢Ts)
Vs—&—z(rs—l—z)
Substituting this into (3.31) shows (3.32), (3.33), (3.34) and (3.35).

Step 2. We prove parts (a) and (b). The assertion in part (a) follows
from the expressions (3.33), (3.34) and (3.35), and the analyticity of the
mappings z — k(z), z — 15, 2 — v, and z — L, defined in Proposition
3.1. To show part (b), by (3.34), we have that II; , is a rank-one projection
on the subspace {w™= : w € C}. The identity Ilso(¢p)(z) = 7s() follows

from (3.34) and the fact that 75(¢) = %. Using Proposition 3.1, we get

Pg—l—z(‘PTS) = ~K"(s+ 2) Ts4z + L?+z(90r8)~

Vs
that L,r, = 0 and v,(L.¢) = 0 for any ¢ € B,. This, together with (3.34)
and (3.35), shows II; N, , = N, .II, , = 0.

Step 8. We prove part (c). By Proposition 3.1, there exists n > 0 such
that the mappings z — k(z), z — r,, 2 — v, are analytic and uniformly
bounded on By, (0). Combining this with (3.34), we obtain (3.36). We now
prove (3.37). Since the function r, is strictly positive on the compact set
S, by Proposition 3.1(d), we deduce that there exists 0 < ag < 1 such that
uniformly in ¢ € B,,

Ln
sup sup H s+z (907“8)
s€(—n,m) 2€By(0) T's

|, < Cllglhag. (3.38)

Using the fact that the function A is continuous and A(0) = 0, there exist a
small n > 0, § € (0,7) and a constant a; < % such that

—n[A(s)+A(5)2]

sup  sup ‘e < Caf.

s€(—n,n) 2€B5(0)
Combining this with (3.38) proves (3.37) with £ = 0. The proof of (3.37)
when k > 1 can be carried out in the same way as in the case of kK =0. [

Proof of Proposition 3.4. The assertion is obtained from Proposition 3.8
taking z = 0. g

Proposition 3.9. Assume the conditions of Proposition 3.7. For any com-
pact set K C R\{0}, there exist a constant Cx > 0 and small n > 0 such
that for any n > 1 and ¢ € B,,

sup supsup |RY o (z)| < e g5
s€(—n,n) teK z€S
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Proof. Set pu(s,t) = | R20l| 4" Using the inequality [on(s1, t1)—pn (52, )] <
|R2 .. o — RY <p\|cl>én, Proposition 3.1 and the definition of the operator

S1,it S9,it
Rs,i;, vlve get t1213t2 for any fixed n € N and ¢ € B,, the function p,, is con-
tinuous on the compact set I, x K, where I,, = [—n,n]. This implies that
the function p := limsup, .., pn is upper semicontinuous on I, x K, so
that p attains the maximum at the point (so,to) € I;, x K. By Proposition
3.7, we have p(so,t0) < 0(Rsy+ity) = 0(Qso+ity) < 1 and thus the assertion

follows. U

We now give some properties of the function b, defined as follows: for
any s € (—n,n) and ¢ € B,,

bs,p(x) = lim Eqy [(log |Gpx] — nA\)p(X7)], z€S.
In particular, with s = 0, by, = by, which is defined in (2.7).

Lemma 3.10. Assume the conditions of Proposition 3.1. Then the function
bs,, s well-defined, b, , € B, and

dIl,
bs,@(x) = dzv

Proof. In view of Proposition 3.8, we have that for any ¢ € B,,

o(r), xeS. (3.39)

Egs [ez(log|Gn$‘—nA’(S))Sp(X$)} = )\?7ZHS7290(."E) + N;fzgo(x), Tz €S.
From (3.33), we have A\;9 = 1 and d/c\fz’z |.=0 = 0. Differentiating both sides
of the above equation w.r.t. z at the point 0 gives that for any x € S,

x dHSZ dN;lZ
Bz [(0g G| — ()0 (X3)] = “2| o) + =2

Using the bounds (3.36) and (3.37), we find that the first term on the right-
hand side of (3.40) belongs to B,, and the second term converges to 0
exponentially fast as n — oco. Hence, letting n — oo in (3.40), we obtain
(3.39). This shows that the function by, is well-defined and b, , € B,. O

Z:ng(m). (3.40)

For any s € (—n,n) with > 0 small, define Q, = [3 Q%7 (dz). The
following result will be used to prove the strong law of large numbers for
log |Gx| under the changed measure Qs.

Lemma 3.11. Assume the conditions of Proposition 3.1. There exist n > 0
and ¢,C > 0 such that uniformly in s € (—n,7n), ¢ € By andn > 1,

[Eq, [(1og|Gna| = nA'())p(X3)]| < Cllillye ™. (3.41)
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Proof. We follow the proof of the previous lemma. Integrating both sides of
the identity (3.40) w.r.t. m,, we get, for any ¢ € B,,

Eq, [(log|Gnz| — nA'(s))p(X})]

st,z dN;fZ
- Trs( = Z:[)go) +7r8( - Ziog&). (3.42)
Since Hich = I, .¢, it follows that ZHS,O(%b:o(ﬁ) = dgjz |.=0p. Inte-

grating both sides of this equation w.r.t. ¢ and using the fact that Il o = 7,
we find that

dll
o o Zzogo) = 0. (3.43)
It follows from (3.37) that uniformly in ¢ € B, and s € (—7,n), the second
term on the right-hand side of (3.42) is bounded by C||¢||ye~“". Therefore,
from (3.42) and (3.43) we obtain (3.41). O

We now establish the strong laws of large numbers for log|Gyz| under
the measures Qf and Q,, which are of independent interest.

Proposition 3.12. Assume the conditions of Proposition 3.1. Then, there
exists n > 0 such that for any s € (—n,n) and z € S,

1
lim —log|Gpz| = A'(s), QI-a.s..

n—oo n,

Proof. By the Borel-Cantelli lemma, it suffices to show that for any € > 0,
s € (—n,n) and x € S, we have

i Q¢ (| 10g|Gra| — nA'(s)| > ne) < oo, (3.44)

n=1

Now let us prove (3.44). By Markov’s inequality, we have for small § > 0,
Q?(] log |Grz| — nA'(s)| > ns)
< einés]EQx (66(10g |an\—n/\/(s))) + efnésEQm (efé(log |Gna:\7n/\’(s))> )

From (3.30) and Proposition 3.8, we deduce that there exist positive con-
stants ¢, C independent of s, z,d such that

EQT (@6(10g |an‘*n/\'(s))> + EQT (effs(log |an|an’(s)))
< Cen[A($+6)—A(S)—A’(s)6] + Cen[A(s_(S)_A(S)J'_A/(S)é} + Ce_cn‘
Using Taylor’s formula and taking 6 > 0 small enough, we conclude that
68

Q§(| log |Gpz| — nA'(s)| > ne) < Ce 2%,

which implies the assertion (3.44). O
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Proposition 3.13. Assume the conditions of Proposition 3.1. Then, there
exists n > 0 such that for any s € (—n,n) and x € S,

1
lim —log |Gpz| = A'(s), Qs-a.s..
n

n—oo

Proof. Taking ¢ = 1 in (3.41) leads to
1 ,
Jim #EQS log |Gpz| = A'(s). (3.45)

Let Q = M(d,R)N" and Q = 8§ x Q. Following [17, Theorem 3.10], define the
shift operator 0 on Q by g(x,w) = (g1-x,0w), where w € Q and @ is the shift
operator on 2. For any z € S and w € €, set h(x,w) = log |g1(w)z|. Then h
is Qs-integrable. Since log |Gpz| = Zz;é(h o @“)(w,w) and Q; is f-ergodic,
it follows from Birkhoff’s ergodic theorem that %log |Gpz| converges Qg-a.s.
to some constant ¢s as n — oo. If we suppose that c; is different from A’(s),
then this contradicts to (3.45). Thus ¢ = A’(s) and the assertion of the
lemma follows. 0

Now we give the third-order Taylor expansion of A, defined by (3.33),
w.r.t. z at the origin in the complex plane.

Proposition 3.14. Assume the conditions of Proposition 3.1. Then, there
exist n > 0 and § > 0 such that for any s € (—n,n) and z € Bs(0),

2 AIN
Aeo =14 %22 + 6(8)23 +o(lz}) as |z =0, (3.46)

where

(a) 02 =A"(s) =0 and A"(s) € R;

(b) for invertible matrices, o5 > 0 under the stated conditions; for posi-
tive matrices, os > 0 if additionally o = og > 0 or if the measure p
is non-arithmetic;

(c) uniformly in s € (—n,n) and x € S,

1 2
2 _ 1 - _ /
o; = lim nE@g [log |Gpx| — nA'(s)]
.1 10 N12
=l —Eq, [log|Grz| - nA'(s)]";
(d) wniformly in s € (—n,n),
1 3
" Qi & . /
A"(s) = lim nEQS[log|an| nA'(s)]".
The proof of Proposition 3.14 is based on the following lemma.

Lemma 3.15. Assume the conditions of Proposition 3.1. Then the func-
tions A and k are convex on (—n,n) for n > 0 small enough. Moreover, A
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and k are strictly convex for invertible matrices under the given conditions,
and for positive matrices under the additional condition AS5.

Proof. The proof follows [17]. Since A = logk, it suffices to prove Lemma
3.15 for the function A. For any t € (0,1), s1,82 € (—n,n), set s’ = ts1 +
(1 — t)s9. Using Holder’s inequality and the fact that Psrs = k(s)rs,

Py (rt r178) < k(1) (s9)rt rl 7t (3.47)

S1° 82 §1° 82

Since £(s) is the dominant eigenvalue of the operator Py, we obtain k(s’) <
k!(s1)k'7(s2) and thus A is convex.

To show that the function A is strictly convex, we suppose, by absurd,
that there exist s1 # s2 and some ¢ € (0, 1) such that x(s) = x!(s1)k! 7(s2).
Using this equality, the definition of Qs and (3.47), we get Qsl(r;r;?—t/rs/) <
rt ri-t/rg. By Lemma 3.3, this implies that r% rl-* = cry on V(') for
some constant ¢ > 0. Substituting this equality and the identity x(s') =
ki(s1)k*"t(s2) into (3.47), we see that the Holder inequality in (3.47) is
actually an equality. This yields that there exists a function ¢(z) > 0 such
that for any g € I'), and « € V(I',), we have

g™ s, (g-2) = c(x)|ga|*rs,(9-7). (3.48)

K(s1 )rsl (z)

K(82)7sq ()
Substituting this into (3.48) and noting that s; # s2, we find that there exist
e(g-z)
o(z)

for any g € 'y, and € V(I',). This contradicts to condition A5. Recall
that condition A2 implies condition A5 for invertible matrices. Hence A is

strictly convex for invertible matrices under stated conditions. O

Integrating both sides of the equation (3.48) w.r.t. u gives c(x) =

a constant ¢; > 0 and a real-valued function ¢ on S such that |gz| = ¢;

Proof of Proposition 3.14. The expansion (3.46) follows from the identity
(3.33) and Taylor’s formula.

For part (a), by Lemma 3.15, we have A”(s) > 0. Since A = logx and
it is shown in Proposition 3.1 that the function « is real-valued and strictly
positive on (—n,7n), we get A" (s) € R.

For part (b), recall that it was shown in [6] that o9 > 0 for invertible
matrices under the stated conditions, and for positive matrices under the
additional condition of non-arithmeticity. Hence, using the continuity of the
function A”, we obtain that o > 0.

For part (c), by Proposition 3.8, we get that for |z| small,

Eg: {ez(log|an|—nA/(5))} = AL (IL 1) () + (N, 1) (). (3.49)
It follows from (3.46) that for |z| = o(n_1/3),
22 23
AL =1+ naf; + nA"'(s)E + o(n|z?). (3.50)
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Using Taylor’s formula, the bound (3.36) and the fact II; o1 = 1, we obtain
(T 1) (2) = 1+ cs w12 + Cs202” + cs.032° + 0(|2]%), (3.51)

where the constants ¢, 4.1, Cs 2.2, €5 2.3 € C are bounded as functions of s and
x. Similarly, using the fact N;o1 = 0 and the bound (3.37), there exist
constants Cs 2 n1, Cszn2, Csazn3 € C which are bounded as functions of
s,z and n such that

(N2-1)(@) = Coam1z + Comn2z” + Coams?® +o(|2]?). (3.52)

Taking the second derivative on both sides of the equation (3.49) with re-
spect to z at 0, and using the expansions (3.50)-(3.52), we deduce that

Eqs log |Gpz| — nA/(s)]2 = na? +2¢522+2Cs 2. (3.53)

This, together with the definition of Qs and the fact that the constants c; 4 2,
Cs z.n,2 are bounded as functions of s, z,n, concludes the proof of part (c).

For part (d), integrating both sides of the equations (3.49), (3.51) and
(3.52) with respect to the invariant measure 7s, and using the property
(3.43) with ¢ = 1 (thus the second term on the right-hand side of (3.51)
vanishes), in the same way as in the proof of (3.53), we get

Eq, [log|Gna| —nA'(s)]” = nA"(s) + 6ca3 + 6Csn3.
This implies the assertion in part (d). O

Remark 3.16. Inspecting the proof of Proposition 3.14, it is easy to see that
the results in parts (c) and (d) can be reinforced to the following bounds:

1
sup sup |—Eq:[log|Gpz| — nA’(s)]2 — 02 < g,
se(—nn) z€S T n
1 3 C
sup ’ﬁEQS [log |Grz| — nA'(s)]” — A’"(s)’ < o

s€(=n,m)
The first bound above also holds with the measure Q7 replaced by Q.

4. SMOOTHING INEQUALITY ON THE COMPLEX PLANE

In this section we aim to establish a new smoothing inequality, which
plays a crucial role in proving the Berry-Esseen theorem and Edgeworth
expansion with a target function ¢ on X¥; see Theorems 2.1, 2.2, 5.1 and
5.3.

From now on, for any integrable function h : R — C, denote its Fourier
transform by h(t) = [pe “Wh(y)dy, t € R. If h is integrable on R, then

using the inverse Fourier transform gives h(y) = 5= [ ™R (t)dt, for almost



LIMIT THEOREMS FOR PRODUCTS OF RANDOM MATRICES 29

all y € R with respect to the Lebesgue measure on R. Denote by hy * ho the
convolution of the functions hi, hs on the real line. For any r > 0, set

D,={2€C:|z|<r,S2#0} and D,={z€C:|z| <7}
We have the decomposition D, = D;" U D", where
Df ={2€C:|z|<nS2>0} and D, ={2€C:|z| <73z <0}

Following [37], we construct a density function py which plays an im-
portant role in establishing a new smoothing inequality. Specifically, on

-
the real line define ¢(t) = e =2 if t € [—1,1], and ¢ = 0 elsewhere. Let
p = 27[¢ % S(0)]~'s%. By the inversion formula,

ply) = 217r(/1 o T dx)_l(/l cos(ya:)eiﬁda:f, yeR.

-1 -1

Then p is a non-negative Schwartz function with [; p(y)dy = 1. Its Fourier
transform p is given by

R 1 2 -1 1 S T —
p(t) — (\/716 11—z df) <[16 1-(t-y)* e 1-y ﬂ-{|t—y‘<1}dy>7 tER

We see that p is compactly supported on [—2,2]. Moreover, it is proved in
[37] that p has an analytic extension on the domain D; := {z € C: |z| <
1,32 # 0} and has a continuous extension on the domain Dy = {z € C :
2| < 1}. The Hélder inequality implies that p is bounded by L. Since p is
a density function on R and p is non-negative, we have 0 < p < 1 on R.

For any T > 0 and the fixed constant b > 0 satisfying ffb p(y)dy = 3/4,
define the density function

pr(y) = gp(gy - b), y €R,

whose Fourier transform pr is given by pr(t) = e 2/T5(2t/T), t € R. We
see that on the real line pr is compactly supported on [T, 7] since p is
compactly supported on [—2,2]. Since p has an analytic extension on the
domain D, we can extend the function pr analytically to the domain Dp
as follows:

pr(z) = e 2%*/T5(22/T), =z € Dr. (4.1)

Note that pr has a continuous extension on the domain Dr since p has a
continuous extension on Dj.

Now we are ready to establish a new smoothing inequality. Its proof is
based on the properties of the density function pr, Cauchy’s integral theorem
and some techniques from [12, 30].
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Proposition 4.1. Assume that F' is non-decreasing on R, and that H is
differentiable of bounded variation on R such that sup,cg |H'(y)| < oo. Sup-
pose that F'(—o0) = H(—00) and F(00) = H(o0). Let

£(t) = /R e MWAF(y) and h(t) = /R e MWAH(y), tER.

Suppose that r > 0 and that f and h have analytic extensions on D, and
have continuous extensions on D,.. Then for any T>r,

f lZ o
sup [F(y) ~ 1) < sup [ "or(-e
yeR y<0
L / f e pr(—2)dz|
T y>0
) _
+ = sup Memy r(z )d’z’
T y<0 Cr z
) _
+ —sup e —he) epr(z )dZ’
T y>0 C;L z
1 t) — h(t 6b
4_7/ ‘M‘dt—F—supUI/(y)L
T T<|t‘<T t T yER

where b > 0 is a fized constant satisfying ffb p(y)dy = 3/4, and the semi-
circles C;- and C are given by

C,=1{z€C:|z|=n92<0}, CF={2€C:|z|=r,S2>0}. (4.2)

Proof. Let T > r From the definition of pr and the choice of the constant

b, we have fo pr(y)dy = 3/4. Since p < 1/, the function pr is bounded
by T'/2x. The proof of Proposition 4.1 consists in establishing first an upper
bound and then a lower bound.

Upper bound. Since the function F' is non-decreasing on R and pr is a
density function on R, we find that for any y € R,

F(y) < § /+ F(u)pr(u — y)du
4 y+%
= H(y) + 5 / (F(u) = H(w)pr(u—y) + (H(u) — H(y))pr(u - y)|du

2 ) - Bt pdus Lo ) @)
Y yeR

Let Fi(y) = Jg F(u)pr(u — y)du, and Hi(y) = [p H(u)pr(u —y)du, y € R.
Elementary calculations lead to

e ari) = f0pr(-, [ e am) = hepr(-1), e R
R R
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Restricted on the real line, the function pr is supported on [—7',T]. By the
inversion formula we get

1

T ezty_eztv
——f()pr(—t)dt R
o | I Wer=0d, yueR

Fi(y) — Fi(v) =

2T it
We shall use Cauchy’s integral theorem to change the integration path
[T,T] to a contour in the complex plane. In order to estimate the dif-
ference |Fy(y) — H1(y)|, we are led to consider two cases: y < 0 and y > 0.

Control of |Fi(y) — Hi(y)| when y < 0. Let C- = C,p UC,, where
Crr = [T, —r|U[r,T] and the lower semicircle C,” is given in (4.2). Since the
functions f, h and pr are analytic on the domain D,., and have continuous
extensions on its closure D,., applying Cauchy’s integral theorem gives

Fl( Hl( ) — (Fl( ) — Hi(v)) =

27T / f lzy/\ ( )dz _ f(Z) _ h(Z) ezsz ( )dz} (4'4)

c_ 12

1 T ezty —e t N
()~ Hi(v) = o [ hOpr(-ndt yoer

where the integration is over the complex curve C_ oriented from —T to
T. The second integral in (4.4) converges to 0 as v — —oo, by using the
Riemann-Lebesgue lemma on the real segment C,r and by applying the
Lebesgue convergence theorem on the semicircle C;. Note that Fj(—o0) =
H(—00) since F(—o0) = H(—o00). Consequently, letting v — —oo in (4.4),
we get,

Fi(y) — Hi(y) = ! M e pr(—2z)dz,

271' 1z
and hence
1 t) — hit
sup!Fl(y)—Hl(y)KT/ ‘M‘dt
y<0 T Je, -
P ’/ T2 M) vy 2)dz|. (4.5)
271' y<0
Control of |Fi(y) — Hi(y)| when y > 0. Let Cy+ = C,p UC,, where
Crr = [-T,—r]U[r,T] and the upper semicircle C," is given in (4.2). In an

analogous way as in (4.4), we have
Fi(y) — Hi(y) — (Fi(v) — Hi(v)) =
1 —h —h
7[ f(Z) . (Z) ezzy’\ ( )dz _ f(Z) . (Z) ezzv/\ ( )dz} (46)
2T 12 Ch 12
where the integration is over the complex curve C, also oriented from —7 to
T. The second integral in (4.6) converges to 0 as v — —+o00, by using again
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the Riemann-Lebesgue lemma on the real segment C.7 and by applying
the Lebesgue convergence theorem on the upper semicircle C;F. Note that
F1(00) = Hji(oo) since F(oco) = H(oo). Hence, letting v — +o0 in (4.6),
similarly to (4.5), we obtain

suplFi(y) ~ i)l < 5 [ [0 o

y>0 2m Je

+21 s +Mewy r(—2)dz]. (4.7)
T y>0"'JC/! z

As a result, putting together (4.5) and (4.7) leads to

sup |Fi(y) — Hi(y)| < 1/C ‘M‘dt

y€ER 2
sup‘/ e’zy r(— )dz‘
27r y<0
sup‘/ J2) = hz) eV pp(— )dz‘ (4.8)
27T y>0

Denote A = sup,cg [F(y) — H(y)|- Then, taking into account that pr is a
density function on R, using (4.8) and the fact that | 46/T pr(y)dy = 3/4,

we get

| /yy+4Tb<F<u> ~ H(u)pr(u — y)dul

< |F1<y>H1<y>|+A(1/4b/TpT< )i )

< 1/ ‘f ‘dt—i—z sup‘/ Fz) = hz) e pp(— )dz‘
T y<0
+2i ’ f()_h( )ezzy dz‘_"_i
7Ty>0 et z

Substituting this inequality into (4.3), we obtain the following upper bound:

F(y) - H(y) < 3/ ‘M‘dt

1) =) iy
zz —2)d
el ) pri=)ts
f Y~ A 4b ,
ZZ —2\d = _ H . 4.9
+ sl [ pri=2)dz| + 3 + psup H' (). (49)
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Lower bound. Similarly to (4.3), we have for any y € R,

F(y) > § ", Pty =
% [ )~ Hprty — wd . sup )
Let Fa(y) = (F * pr)(y) and Hy(y) = (H % p7)(y), y € R, then

Joe iR = SO0, [ e b = WO, 1€
R R

Proceeding in the same way as in the proof of ( 8), we get

1 f(®)
sup Faly) — )| < 5 [, |[FE \dt
yeR
- o2y d
+2wsyli%‘/ pr(2) Z‘
zzy d
27T y>0’/ pr(z) Z’
Following the proof of (4.9), we obtain the lower bound:
F(y) — H(y)
2 ft) = h(t) / F(z) = (2) iy
> -2 AL . e 5p(2)d
sw/c = 37rsylig‘ pr(:)dz
2 f(2) = 2) sy A 4b ,
- — L] i dz| — — — —= H . (410
I pr()dz| - 3 ngg ()l (4.10)

Combining (4.9) and (4.10), we conclude the proof of Proposition 4.1. [

5. PROOFS OF BERRY-ESSEEN BOUND AND EDGEWORTH EXPANSION

5.1. Berry-Esseen bound and Edgeworth expansion under the changed
measure. We first formulate a Berry-Esseen bound under the changed mea-
sure Q7F.

Theorem 5.1. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A4 for positive matrices. Then there exist
constants n > 0 and C > 0 such that for alln > 1, s € (-n,n), x € S,
yeRand p € B,,

o]l

Zl'

Ba [N stcnav | = ml@)2)| < CT72. (51)
The following result gives an Edgeworth expansion for log |G,,z| with the

target function ¢ on X7 under Qf. The function bs,(x), z € S, which

will be used in the formulation of this result, is defined in Lemma 3.10 and
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has an equivalent expression (3.39) in terms of derivative of the projection
operator II; ., see Proposition 3.8.

Theorem 5.2. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A5 for positive matrices. Then there exists
n > 0 such that as n — oo, uniformly in s € (—n,n), x € S, y € R and
¢ € By,

Ege [0(XP) 1} 1og 0malnars
Qs [4!’( n) {lgwcas%/\()gy}}

A" (s) b, () B 1
6o2\/n oo/n - HQOHWO(\/H)'

The following asymptotic expansion is slightly different from that in The-
orem 5.2, with the term Egq [p(X7)] replaced by 7s(¢).

— Eg: [p(X3)][(y) + (1=y)o(y)] + 6(y)

Theorem 5.3. Under the conditions of Theorem 5.2, there exists n > 0
such that, as n — oo, uniformly in s € (—n,n), x € S, y € R and ¢ € B,

’EQf {%(Xﬁ)l{logmnzl—nms) gy}] (5:2)

osv/n
bs,s@(@

~m([00) + k- 1200)] + 2D o(0)] = lelho( ).

With fixed s > 0 and ¢ = 1, the expansion (5.2) has been established
earlier in [6].

The assertion of Theorem 5.3 follows from Theorem 5.2, since the bound
(3.17) implies that there exist constants ¢,C' > 0 such that uniformly in
v € By,

sup sup [Eqz [o(X5)] — ms(0)| < Ce™ |||l (5.3)
SE(_U777) zes

Theorems 2.1 and 2.2 follow from the above theorems taking s = 0 and
recalling the fact that A’(0) = A, o9 = ¢ and by, = by,.

5.2. Proof of Theorem 5.2. Without loss of generality, we assume that
 is non-negative. Denote

F(y) = Eq: [‘P(Xﬁ)ﬂ{logwcnw\—w(w gy}}, y R,

osv/n

A/// (8)
603\/n

H(y) = Boslp (XD [0() + 5L (1 - ()] - 22D gy, yer
Define

£t) = /R MWAR(y),  h(t) = /R A (y), tER.
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By straightforward calculations we have

oy —itlog|Cnal—na’(s) "
1) = Bgr[p(Xi)e ™o T =R o p(@), tER,  (54)
e g A7(s) b ()
h(t) = e~ {[1- (it 607 \/ﬁ]RSW(x)—nW}, teR.  (5.5)

It is clear that F'(—oo) = H(—o0) = 0 and F'(co) = H(oc0). Moreover, one
can verify that the functions F, H and their corresponding Fourier-Stieltjes
transforms f, h satisfy the conditions of Proposition 4.1 for r = §;/n, with
some 01 > 0 sufficiently small. Then, for any real T' > r,

1
sup [F(y) — H(y)| < — (I + L2 + I3), (5.6)
yER T

where

67b t) — h(t
n="apir), b=/ (MO
T yer r<|t|<T t

I3 = sup ‘ /c* f(z)zh(z)eizyﬁT(—z)dz‘

y<0
—h(z) ..
+ 81;13 . f(Z) - (Z) GZZypT(*Z)dZ’
Yy r
_h .
+ Sli% /_ f(z) . (Z) ezzypT(Z)dZ‘
ys r
—h(z) ..
+ Sl;}g /C+ f(z) . (Z) elzypT(Z>dZ’
Yy r
= Ig1 + 32 + I3z + I34, (5.7)

with the constant b > 0 and the complex contours C,~,C;" defined in (4.2).
By virtue of (5.6), in order to prove Theorem 5.2 it suffices to show that
uniformly in s € (—n,7), x € S and ¢ € B,,

1
oy Ay ||souwo(%)- (5.8)
Control of I;. From (5.3) we deduce that uniformly in ¢ € B,,
sup sup [Eqz [o(X7)]| < Cllells- (5.9)
s€(—n,n) z€S

By the formula (3.39) and the bound (3.36), we get that uniformly in ¢ € B,,
sup sup |bs,o(2)| < Cllell- (5.10)

s€(—n,n) €S

Using the bounds (5.9) and (5.10), and taking into account that o2 > 0 and
A" (s) € R are bounded by a constant independent of s € (—n,n), we obtain
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that |H'(y)| is bounded by c1|¢lly, uniformly in s € (—n,7), z € S,y € R
and ¢ € B,. Hence, for any € > 0, we can choose a > 0 large enough, such
that, for T' = a+/n, uniformly in ¢ € B,, we have

67bcy €
sup sup l1 < ——[lolly < —=lloll5- 5.11
s€(—mn,n) z€S T K \/’ﬁ K ( )
Control of I. Since oy, = inf,c(_y,yos > 0, we can pick 4; small

enough, such that 0 < §; < min{a, do,,/2}, where the constant § > 0 is
given in Proposition 3.8. Then with r = §14/n we bound I as follows:

I </ ‘f(t)‘dt—l-/ ]@‘dt. (5.12)
sivn<l|tl<aym !t s1vn<|tl<aym | T

Let oy = Supge(_y,) 0s < o0. On the right-hand side of (5.12), using
Proposition 3.9 with K = {t € R: 6;/op < |t| < a/on}, the first integral
is bounded by Ce™"||¢|,, uniformly in s € (—=n,7), v € S and ¢ € B,; the
second integral, by the bounds (5.9) and (5.10) and direct calculations, is
bounded by Ce=V"| ||, also uniformly in s € (—n,7), z € S and ¢ € B,.
Consequently, we conclude that uniformly in ¢ € B,,

sup sup Iz < Ce_c\/ﬁ||g0||7. (5.13)

Control of Is. Recall that the term I3 is decomposed into four terms in

(5.7). We will only deal with I31, since Isg, I33, I34 can be treated in a similar

way. In view of (5.4) and (5.5), by the spectral gap decomposition (3.32),
we get

f(z) = h(z) = J1(2) + J2(2) + J3(2) + Ja(2), (5.14)
where
() = m(@){AL - %1 (12)352%} s (5.15)
n . b& (‘/L‘)
Do) = N, s [T, i (o) —mali) iz ], (5.16)
- bs () (1, _z
J3(z) =iz Jj\/ﬁ (Asvc,;ij; —e 2 ), (5.17)
B = N7 p(o) + Mop)e F [1= i 5 h]. (59

With the above notation, we use the decomposition (5.14) to bound I3; in
(5.7) as follows:

4
I31 < Z A, where Aj =sup
k=1 y<0

/C 7 sz(z)e”yﬁT(—z)dz . (5.19)
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We now give bounds of Ay, 1 < k < 4, in a series of lemmata. Let us start
by giving an elementary inequality, which will be used repeatedly in the
sequel. Let [z1, 23] = {21 +0(22 — 21)) : 0 < 0 < 1} be the complex segment
with the endpoints z; and z».

Lemma 5.4. Let f be an analytic function on the open conver domain
D CC. Then for any z1,2z0 € D, andn > 1,

=1 ph)
‘f(z2) -y ! k:(' 1)(ZQ —21)

k=0

k‘ < SUPz¢(21,22] |f(n) (Z)|

! ’22 — 2’1’”.

Proof. The proof of this inequality can be carried out by induction. The
inequality clearly holds for n = 1 since for any z1,29 € D,

F(z2) = f(z)] = | /{leﬂf%z)dzk swp |f'()llz2 =zl (5.20)

z€[z1,22]

For n > 2, applying (5.20) to F(z) = f(2) — S7=1 fUc) )(z —2)k 2 e D,
leads to the desired assertion. O

Now we are ready to establish a bound of each term Ag. The proof
is based on the saddle point method. To be more precise, we deform the
integration path, which passes through a suitable point related to the saddle
point, to minimise the integral in Ay (see (5.19)).

Lemma 5.5. Let C. be defined by (4.2) with r = d1y/n and 61 > 0 small
enough. Then, for T = a/n with a > 0 large enough, uniformly in x € S,

€ (—nm) and ¢ € B,

A =sup
y<0

[P vy < il
Cr

z

Proof. In view of (3.33), using A = log x and Taylor’s formula, we have
o AR i
AV = e_éen s )(_osﬁ)k
S oevn

(5.21)

For brevity, for any z € C,, denote

%) A(k) (s) iz

n
o = LB et g

6o3\/n

Then, in view of (5.15), the term A; can be rewritten as

|pr(=2).  (5.22)

A =7s(p sup’/ 'szhl )dz‘ (5.23)

y<0

The main contribution to the integral in (5.23) is given by the saddle point
z = 4y which is the solution of the equation d%(—% + izy) = 0. Denote by
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D, = {z € C:|z| < 2r,Sz < 0} the domain on analyticity of h;, where

r = d1y/n. Set
Yn = min{—y, 1v/n}. (5.24)

When —d;1y/n < y < 0, the saddle point iy belongs to Ds,.. By Cauchy’s
integral theorem, we change the integration in (5.23) to a rectangular path
inside the domain on analyticity D, which passes through the saddle point.
When y < —d14/n is large, the saddle point iy is outside the domain D5, . In
this case we choose a rectangular path inside D, which passes through the
point —iy, = —id1/n. Note that 7s(¢) is bounded by ¢1]|¢|loo uniformly
in s € (—n,n) and ¢ € B,. Since the function h; has an analytic extension
on the domain D,, with r = §;1/n, applying Cauchy’s integral theorem, we
deduce that

-1 \/ﬁ_iyn 01 \/’E
+

A< el supl{ [ |
y<0 d1vn 1Vn—iyn
51\/ﬁ Yn
+ealglle sup| [
01/ N—iyn

= c1[l@lloo(Ar1 + Ai2). (5.25)

Control of A11. Using a change of variable, we get

}e‘é“‘”yhl (z)dz’

22 .
e~ ()i

52 Yn 42 ,
A = e~ m sg% ‘ / et7+ty_151‘/ﬁ(t+y)h1(—51\/ﬁ —at)dt
y\
Yn 42 ,
- / ez VRt b (5 /n — it)dt‘
0
62 YUn
< e 2"sup ‘/ ez +ty{]h1( S1vn —it)| + [ha(1v/n — it)| }dt’ (5.26)
y<0

We first bound |h;(+d14/n — it)|. Since t € [0,y,] and y,, < d14/n, direct
calculations give

R[(—i)3(x£d1v/n — it)®] = 3620t — 13 < 263n°/2,
which implies that for d; > 0 sufficiently small,

2 AR (s) (=i)k(£b/m —it)ky 1

Rin Y - < —6in. (5.27)
{ i K (osy/n) } 4

Observe that there exists a constant ¢ > 0 such that uniformly in ¢ € [0, y,]

and s € (_77777)7

1 c /l

1
‘Z‘Z‘i&\/ﬁ_it‘g(sl\/ﬁ’ ‘ (F01v/n—it)*

,\H (5.28)
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Since the function pr has a continuous extension on the domain D, we
infer that |pr(£014/n + it)| is bounded uniformly in ¢ € [0,y,] and n > 1.
Combining this with the bounds (5.27) and (5.28), uniformly in s € (—n,7),

IRy (=81v/m — it)] + |he (S13/n — it)] < — (e§"+cn> < G
1 1 1\91 \51\/ﬁ \\/ﬁ .

2
In view of (5.24), we have t < y, < —y and thus eTtW < 1 for any
t € [0,y,). Note that y, < d14/n by (5.24). Consequently, we obtain the
bound:
5

<cs e 2" (5.29)

Y o 5%
sup A < 051\/—716_7" an
s€(—=n,m) n

Control of A12. Using a change of variable z = t — iy, leads to

e

51\/ﬁ 2
Ajg = sup e%yrzz“/“y/ e*%“t(y"*y)hl(t - iyn)dt‘
y<0 —d1v/n
1,2 s1v/n 2
< sup eiynﬂ/ny/ e 2 |hi(t —iyn)|dt|, (5.30)
y<0 —51\/ﬁ

where the function h is defined by (5.22). To estimate the term Ajo, the
main task is to give a control of |hi(t — iyy)|. It follows from Lemma 5.4
that et — e?2| < em™{®zrRabyy — 2o and |6 — 1 — 29| < 3z0)%el! for
any z1, 22 € C, and hence

1
€%t — 1 — z9|  emaxiRzRazh) ) o) 4 §|ZQ|26|22\‘ (5.31)

We shall make use of the inequality (5.31) to derive a bound of |h1(t —iyy,)|.
Since % < 01 where §; > 0 can be sufficiently small, for any [t| < d14/n, we

get that uniformly in s € (—n,7),

AB () oy (32— y2)A¥(s) 1
T 3 _ Yn n 242

R{[~i(t — iyn)] 603\/5} NG 603 <4t (5.32)
Rl 3> AN (i imy (62— A0

i os\/n S Vn 6o

Moreover, elementary calculations yield that there exists a constant ¢ > 0
such that uniformly in s € (—n,7),

2 AR (s (T — tyn . . @) (s
‘”l;A k!( )(_ (7508\/71% ))k_ [—z(t—wn)]?)ga?\(/%‘

Z\”i (k’)(s)(_i(t—iyn))k’gct‘l—i—yﬁ‘ (5.34)

= K osv/n n

1 2
< =t2 (5.
1 (6:33)
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It is clear that

AG)(s)
sup | [=i(t — iya)]®

s€(=n,m) ‘ " 6ody/n
Taking into account that both |¢t| and vy, are less than d1+/n, and the fact
61 > 0 can be small enough, it follows that

t°+ 5
o,

2
‘ <c (5.35)

A(?)) (5) 142 2
supexp {|[=i(t — iyn) Py 2|} < ede ),
s€(—n,m) { Godv/n }
Combining this with the bounds (5.32), (5.33), (5.34) and (5.35), and using

the inequality (5.31), we conclude that

o AB() i g AB)
sup ’en LT (—i2)’ 7 (8)‘
s€(—n,m) Godv/n
t4 4 tG 6 t4 4 tﬁ 6

Since the function pr has a continuous extension on the domain Dp, we
get that |pp(—t + iy, )| is bounded uniformly in |t| < d14/n and n > 1.
Combining this with (5.36) and the fact | 1yn| =1/\/t? + y2 leads to

t_
t3 3 t5 5
sup |t —iyn)] < U EHEF0n tety
s€(—n,m) n

Therefore, noting that y < —y,, and 0 < y,, < d1/n, we obtain

c
sup Ajp < —

se(—n,m) N y<0
c

sup e (L yd 4 yl) < -
" yn€[0,61v/m] n
Substituting this and (5.29) into (5.25), we conclude the proof. O
Lemma 5.6. Let Jo(z) be defined by (5.16), and C,~ be defined by (4.2) with

r = 01y/n and 61 > 0 small enough. Then, for T = a/n with a > 0 large
enough, uniformly inx € S, s € (—n,n) and ¢ € B,

3 div/n t2
e;y?ﬂryny/ e T (|t +yd + [t + yg)dt‘
—d1v/n

Ay = sup
y<0

Ja(z) . c
et —2)dz| < = )
[ E e (=2te] < Sl

Proof. Denote

bol) =),

n S A(k><s>(_ iz _yk
ho(2) = " s T CRE L i () - m(p) — iz
z

v os\/n
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Using (5.21), we rewrite A as
Ay = sup ‘/ -5 +Zth2 )dz’.
y<0

As in the estimation of Lemma 5.5, the solution of the saddle point equation
d%(_§ +izy) = 0is z = iy. Set y, = min{—y,d1y/n}. Since y, € D,
where 7 = §14/n, and the function hg is analytic on the domain D,,., by
Cauchy’s integral theorem we obtain

—61y/n—iyn d1v/n 2
Az < Sup‘{/ +/ }6_7+1th2(z)dz’
y<0 d1vn d1v/n—iyn

d1v/n—iyn 22 .
+ sup ‘ / 2 +Zzyh2(z)d2” = A21 + A22.
y<0 Vn—iyn

Control of Ag;. Similarly to (5.26), we use a change of variable to get
A9 < e 2"sup ‘ / e +ty[[hg( d1v/n — it)| + |ha(61v/n — it)| }dt‘
y<0

Using Lemma 5.4, the formula (3.39) and the bound (3.36), for any z =
+614/n — it with t € [0,y,], we get that uniformly in s € (—n,n), x € S and
p € By,

bs,e

2, = () - (o) — i \\cz'usouv\ <llell (537

Tosy/n
Recall that the function pr is continuous on the domain Dy, so that |pr(—2)]
is bounded uniformly in z = +40;+/n—it, where t € [0, y,]|. Therefore, taking
into account of the bound (5.27), we get that uniformly in s € (—n,n),z € S
and ¢ € By,

Cc

n
=4l

2
Since y < 0, for any ¢ € [0, y,], it follows that %—i—ty < 0 and thus eT Y <1
Combining this with the above inequality yields that uniformly in ¢ € B,,

H»—tw

|[ha(=d1v/n — it)| + [h2(01v/n — it)| <

5, yn O 5
sup sup Ag; <ce” 2"==e1"|plly < ce” 2" (5.38)

s€(—n,n) T€S

Control of Asgs. Similarly to (5.30), we use a change of variable to get

Agy < sup
y<0

51\/5 +2
ezynﬂny/ &7 [t — iy ]

d1v/n
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We first estimate |ha(t—iy,)|. In the same way as in (5.37), with z = t—iy,,
we obtain that uniformly in s € (—n,7), z € S and ¢ € B,,

EHH —iz p(x) — ms(p) _izl)(ji:p\(/:%)‘ =

S’(rs\/ﬁ

MEl Uty +yn

|
el < el

Combining this with the bound (5.33), we get that uniformly in ¢ € B,,

c 1,2 ivn g2
sup_sup A < gl sup e [ (1] 4 )
s€(—n,n) €S n y<0 —51/n
C

1,2 &
< —llelly - supem2¥n (14 yn) < —llglly. (5.39)
ynE[Oaél\/a n

Putting together (5.38) and (5.39) completes the proof. O

3

Lemma 5.7. Let J3(z) be defined by (5.17), and C;~ be defined by (4.2) with
r = d1/n and 61 > 0 small enough. Then, for T = a\/n with a > 0 large
enough, uniformly in x € S, s € (—n,n) and ¢ € B,

A =sup| [ BEcvpr(—)iz| < Lol
Proof. Denote
h(z) = 1 { > A(k)(s) (5520 _ 1]ﬁT(—Z). (5.40)
ogs\/n

Using the expansion (5.21) and the bound (5.10), we have that uniformly in
€ (—n,n), z €S and ¢ € By,

< el sup] / e T Ty (2)dz].

As in Lemma 5.5, the saddle point equation d%(—% +izy) = 0 has the
solution z = 4y. Set y, = min{—y, d1y/n}. It follows from Cauchy’s integral

theorem that

ol sup[{ [ [ Y g ey
< clle Sup / +/ e 2 3(z)dz
! y<O0 d1v/n d1v/n—iyn

Vn—iyn

2
+ cllelly Sup‘/ _7+Zzyh3(z)dz’ =: A3 + As.

Vn—iyn

Control of Agy. Similarly to (5.26), we use a change of variable to get

2
A < cllplhe™ " sup | [ 5 Ihg(=01vm — i) + (61 — i) ]
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Using the bounds (5.10) and (5.27), we deduce that uniformly in s € (—n,n)
and z € S,

2
hs(—=81v/m — it)] + [ha(61V/ — it)] < ~= (T +1) < —=e 37,

2
Since % +ty < 0 for any t € [0,y,] and y < 0, it follows that eTHY <1
This, together with the above inequality, implies that uniformly in ¢ € B,,

52 52
sup sup Az < cee” 1l < cem gl (5.41)
se(—n,n) z€S vn
Control of Ase. Similarly to (5.30), we use a change of variable to get
51\/1; 2
e%y%J“y"y/ e T |hs(t — iyn)]dt‘.
—61v/n
We first give a control of |hs(t — iy,)|. It follows from Lemma 5.4 that

le? — 1| < e™@{R=0}| 4| for any z € C. Using this inequality and taking into
account of the bound (5.33), we obtain

Azz < ¢y sup
y<0

nye, A iy
sup ’e k=3 k! osvn fl‘éc
s€(=n,m)

3,3
eitQ |t| + Yn ’
Vn
and hence
MES:
sup sup |hs(t —iy,)| < cet 0
s€(—n,n) zES n
It follows that uniformly in s € (—n,7n), z € S and ¢ € B,,

c 1,2 1wn
Az < —llelly SUP’(B 2y"/
n y<0 —d1v/n
Putting together (5.41) and (5.42), we conclude the proof. O
Lemma 5.8. Let J4(2) be defined by (5.18), and C,~ be defined by (4.2) with
r = 01n/n and 61 > 0 small enough. Then, for T = a/n with a > 0 large
enough, uniformly inx € S, s € (—n,n) and ¢ € B,

J .
e e R

_£2 c
e TP +yddt < Slelly.  (5.42)

Ay = sup
y<0

Proof. Since 3z < 0on C,” and y < 0, we have |¢?*Y| < 1. Since the function
pr has a continuous extension on the domain D, the function z +— |pr(—2)]
is uniformly bounded on C;~. Using the bound (3.37) and the fact that §; > 0
can be sufficiently small, we deduce that |J4(2)| < ce™“"||¢||, uniformly in
s € (—n,n), z € S and ¢ € B,. Therefore, noting that || = (§;/n)~! and
that the length of C is wd14/n, the desired result follows. O
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End of the proof of Theorem 5.2. Combining Lemmata 5.5-5.8, we obtain
that I31 < &[]y, uniformly in s € (=7n,7), z € S and ¢ € B,

Now we give a control of the term I3y defined in (5.7). Note that y > 0
in I32 and the integral in I32 is taken over the semicircle C,", which lies in
the upper part of the complex plane. In this case we have the saddle point
equation d%(—% + izy) = 0 whose solution z = iy also lies in the upper
part of the complex plane. Similarly to (5.24), we choose a suitable point
yn = min{y, d14/n}. Proceeding in the same way as for bounding I3; we
obtain that I3z < £ /¢, uniformly in s € (—n,7n), » € S and ¢ € B,.

Let us now bound the terms I33 and I3s4 defined in (5.7). Since the
mapping z — pr(z) is analytic on C,;- and C;F, the estimates of I33 and I34
are similar to those of I3; and I39, respectively. From these bounds, one
concludes that I3 < ¢||¢||/n, uniformly in s € (—n,n), z € S and ¢ € B,.
Combining this with the bounds for I; and I3 in (5.11) and (5.13), and using
the fact that ¢ can be arbitrary small, we obtain (5.8), which finishes the
proof. O

5.3. Proof of Theorem 5.1. Since the proof of Theorem 5.1 is quite similar
to that of Theorem 5.3, we only sketch the main differences. Denote

F(y) = Bge [0(XI) 1 g lonelnr' 1 ]» ¥ ER,
(y) = Egz [0(X3) %gy}} y

H(y) = Eqz[p(X3)] ©(y), yeR

By the definition of the operator R, . in (3.29), direct calculations lead to

f)= [ e AF(y) = R? _u p(w), tER,
R ’Us\/ﬁ

. 2
h(t) = / e "WdH (y) = e_t?R&ogp(.r), teR.
R

One can verify that the functions F, H and their corresponding Fourier-
Stieljes transforms f, h satisfy all the conditions stated in Proposition 4.1.
Instead of using Proposition 4.1 with » < T in the proof of Theorem 5.3,
we apply Proposition 4.1 with » =T = d1/n, where d; > 0 is a sufficiently
small constant. Then we obtain a similar inequality as (5.6) but with the
term I» = 0. Since the non-arithmeticity condition A5 is only used in the
bound of the term I, following the proof of Theorem 5.3 we show that
under the conditions of Theorem 5.1, the terms I; and I3 defined in (5.7)
are bounded by c||¢||y/+/n, uniformly in s € (—=n,n), z € S and ¢ € B,. We
omit the details of the rest of the proof.
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6. PROOF OF MODERATE DEVIATION EXPANSIONS

In this section we prove Theorem 2.3. The proof is based on the Berry-
Esseen bound in Theorem 5.1 and follows the standard techniques in Petrov
[30], and therefore some details will be left to the reader.

We start with the following lemma whose proof uses the analyticity of the
eigenfunction rs and the eigenmeasure v, see Proposition 3.1.

Lemma 6.1. Assume either conditions A1 and A2 for invertible matrices,
or conditions A1 and A3 for positive matrices. Then, there exists n > 0
such that uniformly in s € (—n,n) and ¢ € B,

[7s = Uloo < Cls[ and |vs(p) —v(p)] < Clslllell,-

Proof. According to Proposition 3.1, we have rg = 1, vy = v. In addition,
the mappings s — 75 and s — v are analytic on (—7,7). The assertions
follow using Taylor’s formula. O

Now we prove Theorem 2.3. When y € [0,1], Theorem 2.3 is a direct
consequence of Theorem 5.1, so it remains to prove Theorem 2.3 in the
case when y > 1 with y = o(y/n). We proceed to prove the first assertion
Theorem 2.3. Applying the change of measure formula (3.16), we have

I:= E[@(Xﬁ)]l{log|Gna:\2nA’(O)+\/ﬁooy}} (61)
= ro(@)r"(5)Ege |(prs N (X)e B 100 6 alonr 00+ oo}

Under the assumptions of Theorem 2.3, by Proposition 3.14, 2 = A”(s) > 0,

for any s € (—n,7) and n > 0 small enough. Denote W2 = 108lGnzl-nA’(s)

oo
Recalling that A = log k, we rewrite (6.1) as follows:
I = rs(x)e_n[SA/(S)_A(s)]
x Egp [(ors VXD V™ vmwosial oy ] (62)

By Proposition 3.1, the function A is analytic and hence for s € (—n,7n),
A(s) = 332, Jes”, where 7, = A®)(0). For any y > 1 with y = o(y/n),
consider the equation

Vn[A'(s) — A'(0)] = apy. (6.3)
Choosing the unique real root s of (6.3), it follows from Petrov [30] that
2 3

SN(5) = A(s) = 50 = (), (6.4)
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where ( is the Cramér series defined by (2.9). Substituting (6.3) into (6.2),
and using (6.4), we get

,ﬁ i Y x
[=ry(@)e T O Bg [(prs ) (XY Wiy | (65)

For brevity, denote F(u) = Eq: {(gorgl)(Xﬁ)ﬂ{ngu}], u € R. In view of
(6.5), using Fubini’s theorem and the integration by parts, we deduce that

1= ry(a)e” SRR B (o)) [T L pcwpenson/me V]
0

— ry(z)e” T HVRCR) / VTGP (). (6.6)
0
Letting I(u) = F(u) — 7s(¢r; 1)®(u), u € R, we have
0 —1
*S\/ﬁﬂsudF — I + ﬂ-s(@’rs )I 6.7
/0 e (w) =1 e 2 (6.7)
oo o0 u2

L :/ eVt di(y), I, :/ eIV (6.8)

0 0

Estimate of I,. Integrating by parts, using the fact that r, € B, and
the Berry-Esseen bound in Theorem 5.1 implies that uniformly in s € [0,7),
zeSand g € By,

1] < [1(0)] + sv/no / eV (u)|du < (6.9)
0

el
\/ﬁ Plly-

Estimate of I. The function A is analytic on (—n,7n) and 02 = A”(s) > 0.
By Taylor’s formula, A'(s) — A’(0) = so3[1 + O(s)] and o2 = o [1 + O(s)].
Then, using standard techniques from Petrov [30], we obtain

1 o _ VAl (=M ()], u?
Ip =I5+ 0(%), where I = /0 e % Zdu.  (6.10)

Since o is strictly positive and bounded uniformly in s € (0,7), using
(6.3) and the fact that y > 1, for sufficiently large n, we get that s\/nos >
%Js > ¢; > 0. This implies that C7; < sy/nly < Cy holds for large
enough n, where C < (5 are two positive constants independent of n and
s. Combining this two-sided bound with (6.7), (6.9) and (6.10),

o -1
—sy/nosu _ 778(‘707“5 )
e mar = 5[ 2 s eloe)]. 61
Substituting (6.3) into (6.11), it follows that

00 2 00 -1
fs\/ﬁosudF _ y—/ 7lu2d 7'['5(()0’!”3 )+ 19) .
| e ) = e [ "5 a2 gl 000)]

N
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Together with (6.6), this implies

I =ry(0)e V1= ()] [ra(ers ) + Il Os)], (6.12)

Vs ()
Vs(T's) :
ITs(prst) — v(p)| < Cs|l¢lly, uniformly in s € [0,1) and ¢ € B,. Since
5= O(%), this concludes the proof of the first assertion of Theorem 2.3.

where ms(pr;l) = By Lemma 6.1, we have ||[rs — 1|loc < Cs and

The proof of the second assertion of Theorem 2.3 can be carried out
in a similar way. Instead of (6.3), we consider the equation \/n[A’(s) —
A (0)] = —ooy, where y > 1 and s € (—n,0]. We then apply the spectral
gap properties of operators Py, Qs, Rs . (see Section 3) for negative valued
s to deduce the second assertion by following the proof of the first one. We
omit the details.

7. PROOF OF A LOCAL LIMIT THEOREM

In this section we prove Theorem 2.4. By a general result on the narrow
convergence of measures, it is enough to prove the theorems for intervals
B = [a1, az], where a1, as € R. Without loss of generality, we assume that ¢

is non-negative. Denote y; = y + \/‘%a, i =1,2. From Theorem 2.3, we get

that uniformly in z € S, y € [0,0(y/n)] and ¢ € B,, as n — oo,

E {@(Xg) ]l{log |Grx|—nA€lar ,a2}+\/ﬁay}}

=[1- @(yl)]e%g(%) [’/<<P) + HSOHVO(yl\/—%l)}

1 (e R [v(e) + ||¢||70(y2jﬁl)] (7.1)

Since y € [yn,0(y/n)] and \/ny, — oo, straightforward computations yield
that uniformly in y € [yn, o(v/n)],

y? i 3 2
o) _ ey—ﬁc%)[l +O(y7)}7
n
_ 2
[1— B(y1)] — [1 — B(ya)] = Z—Le™'5 [1 4 o(1)].
2mno

Substituting the above asymptotic expansions into (7.1), we get the result.
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