N

N

A semiclassical Birkhoff normal form for symplectic
magnetic wells

Léo Morin

» To cite this version:

Léo Morin. A semiclassical Birkhoff normal form for symplectic magnetic wells. Journal of Spectral
Theory, 2022, 12 (2), pp.459-496. 10.4171/JST/406 . hal-02173445v2

HAL Id: hal-02173445
https://hal.science/hal-02173445v2

Submitted on 3 Sep 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02173445v2
https://hal.archives-ouvertes.fr

A SEMICLASSICAL BIRKHOFF NORMAL FORM FOR SYMPLECTIC
MAGNETIC WELLS

LEO MORIN

ABSTRACT. In this paper we construct a Birkhoff normal form for a semiclassical mag-
netic Schrodinger operator with non-degenerate magnetic field, and discrete magnetic
well, defined on an even dimensional riemannian manifold M. We use this normal form
to get an expansion of the first eigenvalues in powers of h'/2, and semiclassical Weyl
asymptotics for this operator.

1. INTRODUCTION

The analysis of the magnetic Schrodinger operator, or magnetic Laplacian, on a Rie-

mannian manifold
Ly = (ihd + A)*(ihd + A)

in the semiclassical limit & — 0 has given rise to many investigations in the last twenty
years. Asymptotic expansions of the lowest eigenvalues have been studied in many cases
involving the geometry of the possible boundary of M and the variations of the magnetic
field. For discussions about the subject, the reader is referred to the books and review [10],
[12], [23]. The classical picture associated with the Hamiltonian

Ip— A(q)

has started being investigated to describe the semiclassical bound states (the eigenfunctions
of low energy) of Ly, in [24] (on R?) and [14] (on R3). In these two papers, semiclassi-
cal Birkhoff normal forms were used to describe the first eigenvalues. In [25], Sjostrand
introduced the semiclassical Birkhoff normal form to study the spectrum of an electric
Schrodinger operator, and some resonance phenomenons appeared. In [5], the resonant
case for the same electric Schrodinger operator was tackled (see also [26] and [27]). In this
paper, we adapt this method to Lj, generalizing the results of [24] to higher dimensions
and manifolds. Our normal forms give a great geometric interpretation of the semiclassical
spectral asymptotics of L;. Indeed, it enlightens the contributions of the cyclotron mo-
tion (the first oscillator) and the variations of the magnetic field near its well (the second
oscillator) in the Weyl asymptotics and the eigenvalue asymptotics. Some normal forms
for magnetic Schrodinger operators also appear in [16]. On a Riemannian manifold M,
the magnetic Laplacian is related to the Bochner Laplacian (see the recent papers [18],
[19] and |20], where bounds and asymptotic expansions of the first eigenvalues of Bochner
Laplacians are given).

In this paper we get an expansion of the first eigenvalues of £; in powers of A'/2, and
semiclassical Weyl asymptotics. It would be interesting to have a precise description of the
eigenfunctions too, as was done in the 2D case by Bonthonneau-Raymond [3] (euclidian
case) and Nguyen Duc Tho [22]| (general riemannian metric). Moreover, we only have in-
vestigated the spectral theory of the stationary Schrédinger equation with a pure magnetic
field ; it would be interesting to describe the long-time dynamics of the full Schrédinger
evolution, as was done in the euclidian 2D case by Boil-Vu Ngoc [2].

Key words and phrases. magnetic Laplacian, normal form, spectral theory, semiclassical limit, pseudo
differential operators, microlocal analysis.
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1.1. Definition of the magnetic Schrédinger operator. Let (M,g) be a smooth d
dimensional oriented Riemannian manifold. We assume that M is compact with boundary,
or that M = R? with the Euclidean metric. For ¢ € M, gq 1s a scalar product on T, M.
Since M is oriented, there is a canonical volume form, denoted either dz, or dg,. If
f € L2(M), we denote its norm by

171 = ([ \ftataa, ) -

If p € TyM™, we denote by |p|gs or [p| the norm of p, defined by

(1.1) vQ € T,M, |QI7, =194(Q, )5

q

We denote by g the associated scalar product. The norm of a 1-form o on M is

fall = ([ tatoPaa,) "

It is associated with a scalar product, denoted by brackets (., .).

We denote by d the exterior derivative, associating to any p-form « a (p 4+ 1)-form da.
Using the scalar products induced by the metric, we can define its adjoint d*, associating
to any p-form « a (p — 1)-form d*a.

We take a 1-form A on M called the magnetic potential, and we denote by B = dA its
exterior derivative. B is called the magnetic 2-form. The associated classical Hamiltonian
is defined on T*M by:

H(qvp) = |p - A(Q)‘E;, pe TqM*

Using the isomorphism T, M ~ T,M* given by the metric, we define the magnetic
operator B(q) : T,M — T,M by:

(1.2) By(Q1,Q2) = 94(B(q)Q1,Q2), VQ1,Q2 € T;M.
The norm of B(q) is
B(q)| = [Tr(B*(¢)B())]/%.

On the quantum side, for A > 0, we define the magnetic quadratic form gj on
D(qp) = {u € L2(M), (ihd + A)u € L*QY (M), upps = 0},
by
gn(u) = /M ((ihd + Ayu[*dg,,

where L2Q! (M) denotes the space of square-integrable 1-forms on M. By the Lax-Milgram
theorem, this quadratic form defines a self-adjoint operator Lj on

D(Ly) = {u € L2(M), (ihd + A)*(ihd + A)u € L2(M), ugp = 0},
by the formula
(Lpu,v) = qplu,v], Yu,v e C3°(M),

where ¢].,.] is the inner product associated with the quadratic form g(.). Ly is the
magnetic Schrodinger operator with Dirichlet boundary conditions.
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1.2. Local coordinates. If we choose local coordinates ¢ = (g1, ..., qq) on M, we get the
corresponding vector fields basis (g, ...,0q,) on TyM, and the dual basis (dgi, ..., dqq)
on T,M*. In these basis, g, can be identified with a symmetric matrix (g;;(q)) with
determinant |g|, and g} is associated with the inverse matrix (g% (q)). We can write the
1-form A in the coordinates:

A= Aydgr + ... + Agdgy,

with A = (A;)1<j<q € C°(R%, R?). We denote

T,A : T,M — T,M"*
the linear operator whose matrix is the Jacobian of A:

(VA(q))ij = 0;Ai(q)-
In the coordinates, the 2-form B is

B = Z B;jdg; N dgj,

i<j
with
(1.3) Bjj = 0;A; — 9;A; = ("VA — VA),;;.
Let us denote (B4;(q))1<i j<d the matrix of the operator B(q) : T,M — T,M in the basis
(0q1, ...,0qq). With this notation, equation (1.2) relating B to B can be rewritten:
VQ,Q €RY, > giBriQiQ; = Y Bi;QiQ;,

which means that

(1.4) Vi, j, Bij = E 9k Bi-
k
Also note that:

(1.5) @B = Z Bij (Qidg; — Q;dg;) = Z (Z BijQi) dg;

1<j J
(1.6) =Y [('VA-VA)Q], dg; = ('T,A-T,A)Q
J
Finally, in the coordinates H is given by:

(1.7) H(g,p) =Y 9" (q)(pi — Ai(9))(p; — 4A;()),
1,
and Ly acts as the differential operator:
d
(1.8) L5 = 3" g7V (im0 + A) g gV (ihd) + Ay).
k=1

1.3. Pseudodifferential operators. We refer to [21] and [29] for the general theory of
h-pseudodifferential operators. If m € Z, we denote by

S™(R") = {a € C®(R™),1090/a| < Capl€)™ 1, Va,B e N}

the class of Kohn-Nirenberg symbols. If a depends on the semiclassical parameter h, we
require that the coefficients C, g are uniform with respect to i € (0, ho]. For a; € S™(R*"),
we define its associated Weyl quantization Opy'(ap) by the oscillatory integral

Anale) = Opan)ute) = s [ ehem9a (25,6 utgpands
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and we denote:
an = op(An).

A pseudodifferential operator A, on L2(M) is an operator acting as a pseudodifferential
operator in coordinates. Then the principal symbol of A; does not depend on the coordi-
nates, and we denote it by oo(.A;). The subprincipal symbol o1(Aj) is also well-defined,
up to imposing the charts to be volume-preserving (in other words, if we see A, as acting
on half-densities, its subprincipal symbol is well defined).

If M is compact, in any local coordinates, the coefficients A; of A (as a function of
q € RY) are in S°(R?? )). Hence we see from (1.8) that Ly, is a pseudodifferential operator

(a.p
on L2(M). Tts principal and subprincipal Weyl symbols are:

Jo(ﬁh) :H, Ul(ﬁh) = 0.

This is well-known, but we detail the computation of the subprincipal symbol in Appendix
(Lemma A.1).

If M = R%, we assume that A4; € S°(R?) for 1 < j < d. We could also assume that A;
belongs to some standard class of symbol defined by a general order function on R??.

1.4. Assumptions. Since B(q), defined in (1.2), is a skew-symmetric operator for the
scalar product gy, its eigenvalues are in iR. We define the magnetic intensity, which is
equivalent to the trace-norm, by

1 *
bg) = Tr*B(q) = 5 T([B*(¢)B(q)]"/?) = > B
iB;€sp(B(q)),8;>0
It is a continuous function of ¢, but not smooth in general. We also denote

bg = inf b
0= inf (9),

and in the non-compact case M = R¢,

boo = liminf b(qg).

lgl—+o00

We first assume that the magnetic field satisfies the following inequality.

Assumption 1. We assume that there exist hg > 0 and Cy > 0 such that, for h € (0, ko],

Vu € D(qn), (14 hY*Co)qn(u) > /M h(b(g) — hY*Co)lu(q)*dg,.

In [13], Helffer and Morame proved such an inequality in the case M compact. If
M = R?, they prove that it is sufficient to assume that

IVBi; ()| < C(1+[B(q)]), 1<i,j<d
for some C' > 0 to deduce the inequality.

We consider the case of a unique discrete magnetic well:

Assumption 2. We assume that the magnetic intensity b admits a unique and non-
degenerate minimum by at go € M \ OM, such that 0 < by < bso.

Finally, we make a non-degeneracy assumption.
Assumption 3. We assume that d is even and B(qo) is invertible.

In particular, B(g) is invertible for ¢ in a neighborhood of gy, which means that the
2-form B is symplectic near gp. Under this Assumption, the eigenvalues of B(qp) can be
written

+iB1(q0), - - - TiBas2(q0),
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with B8j(go) > 0. We define the resonance order rop € N* U {oo} of the eigenvalues by
(1.9) ro :=minf{la| : o € Z%% a # 0, v, B(q0)) = 0},

with the notations
/2 /2

ol =D layl, (e, B(a0)) =Y i3 (a0)-
J=1 J=1
We make a non-resonance assumption.

Assumption 4. We assume that the eigenvalues of B(qo) are simple (which is equivalent
to assuming that ro > 3).

In particular, there is a neighborhood @ CC M \ OM of gy on which the eigenvalues of
B(q) are simple, and defined by smooth positive functions

B]Q%Rj—

We can choose €2 such that every 3; is bounded from bellow by a positive constant on €.
We can also find smooth orthonormal vectors on €2:

u1(q),v1(q); - - - uay2(q), vas2(q) € TyM,

such that:

(1.10) B(q)u;(q) = —0(9)vi(9), Blg)vi(qa) = Bi(q)u;(q)-

We take

(1.11) r € NN[3,r.

Up to reducing 2 (depending on r), we also have (since r is finite), for 0 < |a| < 7:
(1.12) (@, 8(q)) £0, YgeQ.

Under Assumption 2, we can find by < by < beo such that

(1.13) K :={b(q) < b1} C Q.

In the case M = R, using the inequality in Assumption 1, it is proved in [13] that there
exist hy and ¢ > 0 such that, for /& € (0, hg],

spess(ﬁﬁ) C [h(gl - Ch1/4)? +OO)7

and so, for A small enough, the spectrum of L below hb; (for a given by < l~)1) is discrete.
When M is compact, L5 has compact resolvent, and its full spectrum is discrete.

1.5. Main results. On the classical part, we first prove the following reduction of the
Hamiltonian. For z = (2,£) € R? and w = (y,n) € R%, we denote z; = (z;,§;), wj =
(yj,m;), and B.(e) = {|z| < e}. We use the notation R? (or R%) to emphasize that an
element of R? is denoted z (or w).

Theorem 1.1. Under Assumptions 1,2,3 and 4, for Q and € > 0 small enough, there exist
symplectomorphisms
¢:(Q,B) = (VcRL dpAdy),
and
¢ (V xB,(e),dpAndy+d§ Ada) = (U C T"M,w),
with ®(¢(q),0) = (g, A(q)), under which the Hamiltonian H becomes:
d/2
H(w,2) = Ho®(w,z) =Y _ Bj(w)|z* + O(lz]),
j=1
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locally uniformly in w, with the notation ﬁj (w) = Bj o~ (w).

Our next aim is to construct a semiclassical Birkhoff normal form for Ly, that is to say
a pseudodifferential operator A/}, on L2 (Rd), commuting with suitable harmonic oscillators
such that:

UhﬁhU;; = Nh + Ry,

with Uy : L2(M) — L2(R%) a microlocally unitary Fourier integral operator and Rj a
remainder. We will contruct the remainder so that the first eigenvalues of £ coincide with
the first eigenvalues of Ny, up to a small error of order O(h"/2=%), where r is defined in
(1.11). More precisely, we prove the following theorem.

Theorem 1.2 (Semiclassical Birkhoff normal form). We denote by z = (x,§) € T*RY?

and w = (y,n) € T*RZ/Q the canonical variables. For ¢ > 0 and h € (0, ko] small enough,
there exist a Fourier integral operator

U : L2(R{, ) = L*(M),

a smooth function f*(w,[l,...,Id/z,h), and a pseudodifferential operator Ry on R® such
that:

(i) UpLyUn = Ni + Ry,
(id) Ni=Opf (Ho+ f*(w,. 2", ... . )
(ii1) ol (Rp) € O((|z| + hY)") on a neighborhood of w = 0,
(tw) UpUp = I microlocally near (z,w) = 0,
(v)  UpU; = I microlocally near (q,p) = (g0, Aqg )
(vi) (1= C)(Opy Hoth, 1) < (N, v0) < (14 C)(Opy Hoh, ), Vo € S(RY),
with
(4) 2 2 O° 2 & 2
(1.14) Ly =Opi(|5°) = =I5 5 +aj, Ho= > Bji(w)lzl*.
J j=1
We call Ny, the normal form, and Ry, the remainder.

Using microlocalization properties of the eigenfunctions of £y and N4, we prove that
they have the same spectra in the following sense. We recall that by, defined in (1.13), is
chosen such that

{b(q) < b1} C Q.
Theorem 1.3. Let ¢ > 0 and by € (0,b1). We denote
A(R) < Xo(h) < ... and vi(h) <w(h) < ..
the first eigenvalues of Ly and Ny, respectively. Then
An (1) = v () + O(/%79),
uniformly in n such that A\, (h) < hby and v, (h) < hb;.

Thus, the eigenvalues of L are given by the eigenvalues of N}, which we can reduce
since it commutes with harmonic oscillators.

Theorem 1.4. For k > 0, let us denote hy, the Hermite function, satisfying

T hy(25) = 2k + 1)h(x;).
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For n = (n1,...,ng) € N2 there exists a pseudodifferential operator N}En) acting on
L2(RZ/ 2) such that:

Nt @ hy @ e @ Py ) = N (1) @ by @ e @ iy e w € SRY?).
Its symbol is:
d/2
"w) =hY Bi(w)(2ny + 1) + f*(w, h(2n + 1), h),

and we have:
= JspAy"

Moreover, the multiplicity of \ as eigenvalue of Ny is the sum over n of the multiplicities
of X as eigenvalue of./\f,én).

Finally, we deduce an expansion of the N > 0 first eigenvalues of £ in powers of h'/2.

Theorem 1.5 (Expansion of the first eigenvalues). Let € > 0 and N > 1. There exist
ho > 0 and co > 0 such that, for h € (0, ko], the N first eigenvalues of Ly : (Nj(h))i<j<n
admit an expansion in powers of h*? of the form:

Aj(h) = hby + B2(Ej + co) + 12 2¢j5 + . + BTV 2¢; . + O(R/279),
where hEj is the j-th eigenvalue of the d/2-dimensional harmonic oscillator
Op¥(Hessp(bo o™ 1)).

Remark. When M is compact but the 2-form B is not exact, one can not define the mag-
netic Laplacian Ly, but one can consider the Bochner Laplacian on a complex line bundle
L endowed with a connexion of curvature ¢B. Then, the semiclassical limit corresponds to
the high tensor product limit of L. Using quasimodes, Kordyukov [?] proved asymptotic
expansions of the first eigenvalues of the Bochner Laplacian, in the case of non-degenerate
magnetic wells. Thus, his result is closely related to Theorem 1.5. When M is compact,
our case corresponds to the Bochner Laplacian of a trivial line bundle. However, our nor-
mal form gives a geometrical interpretation of the coefficients, and also describes higher
eigenvalues (semi-excited states).

Note that, from Theorems 1.3 and 1.4, we deduce Weyl estimates for £;. Some similar
formulas appear in [16]. Here N (L, b1h) denotes the number of eigenvalues A of £ such
that A < b1 A, counted with multiplicities.

Corollary 1.1 (Weyl estimates). For any by € (bg, b1),

Bd/2
N(‘Cha blh) 27Th d/2 Z /
neNd/2
where
d/2
br(g) = (20 + 1)B;(a)-
j=1

The sum is finite because the B; are bounded from below by a positive constant on Q. In
particular, if M = R%, we get

N(Lp,bih) ~ 7rh oa > /[1 - ).--Bay2(q)dg

neNd/2 1
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Remark. In their works Demailly [7, 8] and Bouche [4] proved similar Weyl asymptotics
for Bochner Laplacians on a compact complex manifold. They used an expansion of the
associated heat kernel and an local approximation of the magnetic field by a constant.

1.6. Organization and strategy. In section 2, we construct a symplectomorphism which
simplify H near its zero set ¥ = H~!(0) (Theorem 1.1). In the new coordinates, H

becomes:
/2

H(g,2) =) Bi(@)lz]* + O().
j=1

In section 3, we construct a formal Birkhoff normal form: in the space of formal series in

variables (z, &, h), we change H into H° 4+ k + p, with H® = Z?fl Bilz;|?, K a series in

2j|> (1 < j < d/2), and p a remainder of order r (Theorem 3.1). In section 4, we quantify
the changes of coordinates constructed in section 2 and 3, and we get the semiclassical
Birkhoff normal form (Theorem 1.2). In section 5, we reduce N} (Theorem 1.4) and we
deduce an expansion of its first eigenvalues. It remains prove that the spectra of £ and
N3 below by h coincide. Before doing it, we need microlocalization results proved in section
6. We prove that the eigenfunctions of £; and N} are microlocalized near the zero set of
H, where our formal construction is valid. In section 7, we use the results of section 6, to
prove that £; and A} have the same spectrum below b1h (Theorem 1.3). This Theorem,
together with the results of section 5, finishes the proof of Theorem 1.5. We also prove the
Weyl estimates (Corollary 1.1) here.

2. REDUCTION OF THE CLASSICAL HAMILTONIAN
2.1. A symplectic reduction of T*M. The zero set of H:
S=H10)={(e, A(q)) € T"M : g € O},

is a d-dimensional smooth submanifold of the cotangent bundle T*M. We denote j : Q —
T*M the embedding

Ji(q) = (¢, Aq))-
The symplectic structure on T*M is defined by the form

w=dpAdg=da, a=pdq.
In other words, for p € T,M* and V € T(,,)(T*M),
(2.1) gm (V) = p(r.V),
Where the map 7y : T{g,,) (T M) — Ty M is the differential of the canonical projection
m:T"M — M, w(q,p)=q.
Using local coordinates with the notations of section 1.2, at any point (gq,p) € T*M with
p =p1dq1 + ... + padqa,
the tangent vectors V € T(,,,)(T* M) are identified with (Q, P) € Ty M x Ty M*, with
Q= @Q10q + ... + Qadqq, P = Pidq1 + ... + Pydgq.
With this notation,
m(Q, P) = Q,
a(gp)(Q; P) = p(Q),
Wi (@, P), (Q', P)) = (P, Q) — (P,Q),
where (.,.) denotes the duality bracket between T, M and T, M*.
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Lemma 2.1. ¥ is a symplectic submanifold of (T*M,w), and
j*w = B.

In particular, at each point j(q) € X,

(2.2) Ty (T"M) = Ty & Tjig) =

where 1 denotes the symplectic orthogonal for w.

Proof. To say that X is a symplectic submanifold of T*M means that the restriction of w
to X is non-degenerate. Written with the embedding j, this restriction is j*w. Actually,
using the definition (2.1) of o with p = A, and V = dj(Q), we get

VQ € TyM, (5 a)q(Q) = Ag(mdej(Q)) = Ag(Q).
Hence
jfa=A4A, so j*(da)=dA=B.
[l

Since any j(q) is a critical point of H, the Hessian of H at j(q) is well defined and
independant of any choice of coordinates. We now compute this Hessian according to the
decomposition (2.2):

Lemma 2.2. The Hessian T? \H, as a bilinear form on T, (T*M), can be written:
3(a) i(a)

sz(q)H(V,V) =0 if VeTjy,

sz(q)H(V, V) = 2|B(q)mV\§q if VeTjsh.

Proof. Using local coordinates on M, we will denote every V € T{g (T*M), as (Q, P) €
TyM x Ty M*. In these coordinates, with the notations introduced in section 1.2,

Y ={(¢;Ag)), ge€RY
so that
(2.3) T2 =1{(Q,P) € TuM x T, M*, P =T A-Q}.
We can also describe Tj(q)Z}L using these coordinates. Indeed,
(Q.P) € Ty =t & ¥Qo € T,M, w((Q,P),(Qo,TyA Qo)) =0
a4 VQO € TqM7 <P7 Q0> = <T¢ZA : Q07 Q>
& P="T,A Q.
Hence
(2.4) TjEt ={(Q,P),P = '"T,A-Q}.

From the expression (1.7) of H in coordinates, we deduce that:

TamH(Q P) =23 69 (0)(pi = A@)(F; — ;- Q)

ij
+ ) 0k (0)Qk(pi — Ai(@)(ps — As(q)),
ijk
so that the Hessian of H in coordinates is:
T2 H(Q,P),(Q,P) =2 g7(q) (P — V4Ai - Q)(P; — V44, - Q)
]
=2|P - T,A-Qf;..
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It follows from (2.3) that
¥(Q,P) € Ty, T H((Q,P),(Q,P)) =0,
and from (2.4) and (1.5) that
Y(Q,P) € Typ=t, T2, H((Q.P).(Q.P))=2|('T,A~T,A)Q

2
9aq

Let us rewrite this using B. Note that:

i@Bly; = > 97(q) (Z BkiQk) > ByQe| => | Y. 97BrBy | QrQe,
ij ki 4

k¢ i

and keeping in mind that (¢%) is the inverse matrix of (g;;) together with the relation (1.4)
between B and B, we have

> 9"BiiBy = Y 9”7 grigeiBriBee = > gweBriBo,
i Gk K
and so

|LQB|§; = ng/z/ (Z Bk’ka) (Z Bé’fQé) = [B(q)Ql7,-
k 7

ke

We endow Q x R? with the symplectic form:

/2
wo(q,2) = B® dej A dz;,
j=1

with the notation z = (x,&). (3, B) is a d-dimensional symplectic submanifold of (7% M, w).
The following Darboux-Weinstein lemma claims that this situation is modelled on the
submanifold ¥g = Q x {0} of (2 x RZ, wy).

Lemma 2.3. There exists a local diffeomorphism
Do: QxR - T*M
such that
Diw =wp, and Po(Xg) = X.

In order to keep track on the construction of ®g, we will give the proof of this result.

Proof. Again, we use local coordinates on M to denote every V € T(, ) (T*M) as (Q, P) €
TyM x T; M. For g € Q, using the vectors u;(q),vj(q) € TyM defined in (1.10), we define
the vectors

ei(q) = ;(q) (ui(0), ‘TyA us(0) . f(a) = ﬁl(q)

which are in Tj(q)EL by (2.4). These vectors satisfy

(2.5) wig)(ei(q), fi(a)) = dijy  wjq(ei(a),e;(q)) =0, wjq(fila), fi(q)) = 0.

(vi(q), T, A vi(q)),
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Indeed, the first equality follows from

1
wj(g) €y f) = ———={( T, A — T, A)u;, v;)
q

/BiB;
1
= —7%iﬁjB(ui,’Uj>
_ ﬁjg

1

(B(q)ui, Uj)

B
= \/gi—ﬁgq(%vj)
iFj
= 6137

and the two others fron similar calculations.
Let us construct a ®g : © x RY — T*M such that:

(2.6) 0o(q,0) = j(q),
(27> 8z(i)0(Q7 0) = LQ7

where L, : R? — Tj(q)El is the linear map sending the canonical basis onto

(e1(q), f1(q)s s €ay2(q)s fay2(q))-

For this, we take local vector fields é;(q, p), fj(q, p) € T(qp) (T M) defined in a neighborhood
of X, such that

¢(i(a) = ei(a),  fi((@) = f5(a)-
In other words, if we see e; and f; as vector fields on ¥ using j(g), we extend them to a

neighborhood of Y. Then we consider the associated flows, defined on a neighborhood of
> by:

9" |

aqii (q’p) = é]((b:]v] (Qap))v T € R,

O L

5o (@p) = [ @), &eR,
J

¢(¢,p) = ¢} (a,p) = (¢, ).
Then
Bo(q,2) = 67" 0wt o0 Gyt o U1 (7(a)
satisfies (2.6) and (2.7). Hence, if ¢ € ©, the linear tangent map

. .
Tiq0)P0 : TeM & R® = T X @ T}

T 0
0 L)

In particular, ®fw = wy on {z = 0} by (2.5) and lemma 2.1. By Weinstein lemma A.2
(Appendix), for € > 0 small enough there exists a diffeomorphism S : Q@x B, () — Qx B,(¢)
such that S(q,2) = (¢,2) + O(|z]?) and S*®jw = wy. Then &y = Py o S is the desired
symplectomorphism. O

1
(@)%

acts as:
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2.2. Proof of Theorem 1.1. Now we can prove the normal form for the classical Hamil-
tonian. Up to reducing €2, we can take symplectic coordinates w = (y,71) € R% to describe
), thanks to the Darboux lemma:

0:Q—=VCcRY.
We get a new symplectomorphism
®:V xB,(e) >UCT"M,
defined by
d(w, z) = o 1 (w), 2).

It remains to compute a Taylor expansion of H in these coordinates. Using the Taylor
Formula for H = H o &, we get:

A A A 1 A
(2.8) H(w,z) = H(w,0) + 0. H|.—o(z) + §8§H|Z:0(z, 2) + O(|z3).
By the chain rule, we have (with ¢ = p~(w)):

@Zf{|z:0(z) = Tj(q)H(aZ(I)LZZO(Z)) =0,
because Tj,H = 0, and

8319'|z:0(27 Z) = 71]2(q)]J(a»’v’(Iﬂz:O(z)a 8ZCI)|Z:0(Z))

But 0.®|,—y sends the canonical basis onto (e1(q), f1(q), .- ,ea/2(q), fas2(q)), so we get
from Lemma 2.2:
/2

8H‘Z o(z, 2) Zﬁj ‘ZJP

Hence (2.8) gives:

d/2
H(w,z) = Ho®(w,z) Zﬁj )z % + O(|2]*).

3. THE FORMAL BIRKHOFF NORMAL FORM

3.1. The Hamiltonian H. In the new coordinates given by Theorem 1.1, we have a
Hamiltonian H (w, z) of the form:

df2
H(w,z) = H(w,2) + O(|z®), where H(w, z) Z w)|zi|%.

HY is defined for w € V, but we extend the functions Bj to R% such that:

d/2

(3.1) > Bi(w) = by for we VE
j=1

This is just technical, since we will prove microlocalization results on V' in section 6.
Then we can construct a Birkhoff normal form, in the spirit of [25] and [24], with w as a
parameter.
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3.2. The space of formal series. We will work in the space of formal series
We endow & with the Moyal product %, compatible with the Weyl quantization (with

respect to all the variables z and w). Given a pseudodifferential operator A = Op}’(a) we
will denote J;:LU’T(A) or [a] the formal Taylor series of a at zero, in the variables z, £, A.

With this notation, the compatibility of * with the Weyl quantization means
o T(AB) = o T(A) x 0T (B).

The reader can find the main results on i-pseudodifferential operators in [21] or [29].

We define the degree of 2%¢7h to be |a| + || 4 2¢. Hence, we can define the degree and
valuation of a series x, which depends on the point w € R¢. We denote Oy the space of
formal series with valuation at least N on V', and Dy the space spanned by monomials of
degree N on V (V C R is given by Theorem 1.1). We denote zj the formal series x; +14¢;.
Thus every x € £ can by written

K= Z Comp(w)2*ZVRE,

ayl
with the notation
2% = zf‘l...zj/df.
For k1, ke € &, we denote ady, ke = [K1,Kk2] = K1 * kg — K2 * k1. It is well known that
[k1, ko] is of order A, so for N1 + No > 2, we have
1
(3.2) 710N, ON,] € Ongvy 2.
Explicitly, we have
h
(3.3) [k1, 2] (2, w, h) = 2sinh (2[]) WHCRTN D ITC-AR TN 1) )| A ——
)
where [f] = k1, [g] = K2, and
d/2
0= 2:1 (859 8:%/ — 890} 6,5;/ + 8773 Gy}/ — 8y; 8,7;/) .
]:

From formula (3.3), a simple computation yields to
i
h
3.3. The formal normal form. In order to prove Theorem 1.2, we look for a pseudodif-
ferential operator Qy such that

(3.5) e%QhOp}fﬁe_%Qh

(3.4) ad|zj|2(z°‘25hﬁ) = {|2% 22270} = (aj — ;)22 2R

commutes with the harmonic oscillators I}gj ), (1 < j <d/2) introduced in (1.14). At the
formal level, expression (3.5) becomes

(3.6) e (H + ),
where Hy + v is the Taylor expansion of H ,and 7 = U%U’T(Qh). Moreover,
7T j
o (@) = |5l

so we want (3.6) to be equal to H® + k, where [k, |z;|?] = 0, which is equivalent to say
that x is a series in (]z1]?, ..., ]zd/2]2,h). This is possible modulo O,, as stated in the
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following theorem. We recall that r is the non-resonance order, defined in (1.11), and that
we assumed 7 > 3.

Theorem 3.1. If v € Os, there exist T,k, p € O3 such that:
° e%adT(HO +7) — HO + H‘i‘p,
o [r,]2]%]=0 forl1<j<d/2,

e peO,.

Proof. Let 3 < N <r — 1. Assume that we have, for a 7y € Os:

e%adTN(HO +9)=H’+ K3+ ..+ Ky_1 + Rv + Oni1,

where K; € D; commutes with |z;|? (1 < j < d/2) and where Ry € Dy. Using (3.2), we
have for any 7" € Dy:
e%adTN+f’(H0 + ) = endd (H+ K3+ ...+ Kn—1 + Ry + Ony1)
=H'+ K3+ ...+ Ky_1+ Ry + %adT'HO + On41.
Thus, we look for 7/ and Ky € Dy such that:

(3.7) Ry =Ky + %adHoT' modulo Oy 1.

To solve this equation, we need to study adgo. Since HY = > Bj(w)|z?,

. d/2 . .

1 ~ 1 1

ﬁadHOT/ = Zl (B](W)hadzjl2(7'/) + ﬁadBj (T/>‘Z]‘2) .
J:

Since Bj only depends on w,

i /
ﬁadéj (T ) S ONfl,

(see formula (3.3)). Hence
i < i
ﬁadHoT/ = ;ﬁj(w)had|zj2(7") + Ony1.

Thus equation (3.7) can be rewritten
(3.8) Ry :KN—i-T(T/)—l—ON_H,

with the notation
/2 .

A 4
T = Zﬁj(w)ﬁadm‘z.
j=1

From formula (3.4) we see that T acts on monomials as

(3.9) T(e(w)222") = (o — 7, Blw))e(w)="2".
Thus, if we write
Ry = Z Tarye(w) 222V RE,
|ae|+|y[4+20=N
we choose

Ky = Z Tarye| 22 RE,
a=y
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which commutes with |z;|* (1 < j < d/2). The rest Ry — Ky is a sum of monomials of
the form 74,227 with a # . As soon as 0 < |a — 7| < 7, we have (o — 7, B(w)) # 0
(by (1.12) because r is lower than the resonance order (1.9)), so we can define the smooth
coeflicient
Taye(w)
Caye(W) = ————.
<a -7 ﬂ(’(l]))
Thus (3.9) yields to
T(c(wgzo‘zvhg) = rmg(w)zaﬁf/,

so Ry — Ky is in the range of T' modulo Ony1 because N < r — 1. Hence we solved
equation (3.8), and thus we can iterate until N = r — 1. The series p is the O, that
remains:

e Madey (O 4 ) = HO + Ky + ... + Ko_1 + p.

4. THE SEMICLASSICAL BIRKHOFF NORMAL FORM
The next step is to quantize Theorems 1.1 and 3.1.
4.1. Quantization of Theorem 1.1. Theorem 1.1 gives a symplectomorphism & reduc-

ing H to H = Ho®. We can quantize this result in the following way. The Egorov
Theorem (Thm 5.5.9 in [21]) implies the existence of a Fourier integral operator

Vit L2(RY, ) — L2(M),

associated to the symplectomorphism @, and a pseudo-differential operator Eh with prin-
cipal symbol H on V' x B,(e) and subprincipal symbol 0, such that:

(4.1) Vi Ly Vi = Eﬁ,

(4.2) ViV =1 microlocally on V' x B,(¢),
and

(4.3) ViV =1 microlocally on U.

4.2. Proof of Theorem 1.2. By (4.1), we are reduced to the pseudodifferential operator
Ly, which has a total symbol of the form

(4.4) op=H+ 1, onV x B,(e).

In particular, UZ”T (Eh> = Hgy + « for some v € O3, with the notation of section 3.2. We
want to construct a normal form using a bounded pseudodifferential operator Qp:

(4.5) e Lre 9 = Ny + Ry
In Theorem 3.1, applied to ~, we have constructed formal series 7, x, and p such that
e (HO 4+ ~) = HO + 1 + p.

The idea is to choose pseudodifferential operators Qp and A such that o;.f’T (Qp) =71

and U%U’T (Ni) = K, and to check that they satisfy (4.5). Following this idea, we prove the
following Theorem.
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Theorem 4.1. For h € (0, ko] small enough, there exist a unitary operator
Up: L*(R?) — L*(RY),

a smooth function f*(w, I, ..., 132, 1), and a pseudodifferential operator Ry such that:
() UFLaUn = £+ 0p¥ f*(w, 2", ..., T ) + Ry,
(4) f* has an arbitrarily small compact (11, ..., 1q/2, h)-support (containing 0),
(iii) o (Rp) € O, and o (UpRWU;) € O,.

with I(J) Opy(|z;]?) and L) = Opy' (H®). We call

(4.6) Ny = L3+ 0p¥ f*(w, V., T\? p)

1
the normal form, and Ry the remainder.
Proof. The pseudodifferential operator EAh defined by (4.1) has a symbol of the form
op=H+ 1, onV x B,(e),

so o = HO 4 rp, with 7 := [r3] € O3. We apply Theorem 3.1 with this v € O3. The formal
series £ € O3 that we get commutes with |2;]? (1 < j < d/2), so by formula (3.4) we can

write it
K= Z Z cLm(w)] 2 2™ ]zd/2\2md/2hl
k>21+|m|=k

and we can change the coefficients to get
k=Y > a2 (2R
k>2 1+|m|=k
We define functions:

f(w, I, ..., Iq/2, h) with Taylor series Z Z (W) T2 R

/2
k>2 1+ |m|=k

m l

[ (w, I, ..., Iq/9, h) with Taylor series Z Z L m (W)™ d/;/Qh
k>2 1+|m|=k

and arbitrarily small compact support in (11, ..., Iq/2, i) (containing 0).
Let ¢(w, z, h) be a smooth function with compact support with Taylor series 7, given by
Theorem 3.1. Then by the Taylor formula, we have:

r—1
i w ) w 1
e PR Op} (HO + rp)e” 1P = 3 7 —adif 1o () OPK (HO +71)

a
n!
n=0

1
1 r—1 ztﬁ LOp¥(c) w( 70 —ith~10p¥(c)
Jr/o m(l 2 P a1 op (o) OPH (H + Tn)e PriCde.

By the Egorov Theorem and the fact that ad, h1opr(c) P € = Or (see (3.2)), the integral
remainder has a symbol with Taylor series in (9 Moreover,

r-l r—1
o (Z %ad?hflop;f(c)op%u(Ho + Tﬁ)) => - ! —adf 1 (H' +7)
n=0 —on
=i (HO +4) + O,
=H' +k+0,.
Thus, by the definition of f, there exists s(w, z, i) such that [s] € O, and:

e PR O0pi (HO + ry)e” 1P = Opj (H®) + Opf (f (w, 211, -, |za/al*, 1)) + Op} (s).
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Using the compatibility of the quantization with the Moyal product, we have
w,T 1 /2
o T w 5 TP ) = [Fw, 21 s 2 1),
so we get:
e OPH O} (HO + 1) #OPHE) = Op (1) + Opf (17 (w, T, .. T, 1)) + 01 (5),
for a new symbol §(w, z, h) with [§] € O,. Hence we get
Ui LyUn = Opy (H®) + Op (f*(w,Z,", .., I, 1)) + Op} (),

with Uy = e~ #9PF(©). To prove (iii) with Ry = Op}'(5), note that

o T(R) =[] € O,

and ,
o T (UsRRUR) = 72 ([3]) € O,
O

Theorem 1.2 follows with the new operator Uy = V,3Uj, given by (4.1) and Theorem 4.1.
Point (i7) of Theorem 1.2 is remaining. We prove it here, using that the function f* can
be chosen with arbitrarily small compact support.

Proposition 4.1. For any ¢ € (0,1), up to reducing the support of f*, the normal form
N4 of Theorem 4.1 satisfies for h € (0, hy] small enough:

(1= (LR, w) < (Ni, ) < (1+ O (Lhew), Vo € S(RY).
Proof. For a given K > 0, we can take a cutoff function x supported in {\ € R¥2 : ||)| <
K}, and change f* into x f*. Thus, for \; € sp(I;])),

1

XS (w, AL, ey Agya, )| < CK A

Hence, using functional calculus and the G?xrding inequality, we deduce that
w px d ~
P f*(w, IV, TP Ry )] < CK (LR, ) + chll|?
< (Lh, ),
for K and A small enough. O
5. SPECTRAL REDUCTION OF N},

In this section, we prove an expansion of the first eigenvalues of N in powers of hl/2.
In order to prove Theorem 1.5, it will only remain to compare the spectra of N and Lj.
This will be done in the next sections.

Let 1 < j <d/2. For n; > 0, we denote hn]. : R — R the nj-th Hermite function of the
variable x;. In particular, for every 1 < j < d/2 we have:
(5.1) I b, () = (205 + 1)k, ().
Moreover, (hn,)n;>0 is a Hilbertian basis of L*(Ry;):

L*(Ra;) = @D ()

n;>0
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On Rg/Z, we define the functions h,, for any n = (n1,...,nq/2) € N%/2 by
hn($) = hnl ® ... h”d/Q(x) = hnl(xl)"'hnd/g(xd/Q)'

We have the following space decomposition:
LRY*) = €D (ha).
neNd/2
In particular, we have:
(5:2) C®RE,) = @ (@YY eh).
neNd/2

Since N}, commutes with the harmonic oscillators I;Lj ) (1 <j<d/2), it is reduced in
the decomposition (5.2). More precisely,

Lemma 5.1. For n = (nl,...,nd/z) e N2, there exists a classical pseudodifferential
operator Nfgn) acting on LQ(RZ/2) such that:
Ni(u® by @ oo ® by ) = N (1) @ By @ oo @ Ty, Vu € S(RY?).

Its symbol is:
/2
FM(w) =k Bi(w)(2n; + 1) + f*(w, h(2n + 1), ),
j=1

and we have:
sp(Ni) = [ Jsp(V;™):
n
Moreover, the multiplicity of \ as eigenvalue of Ny is the sum over n of the multiplicities
of X as eigenvalue of./\/}gn).

This follows directly from (5.1) and (4.6). Moreover, we can prove the following more
precise inclusions of the spectra.

Lemma 5.2. Let by € (by, 51) There exist ho, maz, ¢ > 0 such that, for any h € (0, hy):
(5.3) sp(Nw) N (—oo,bihl € | spV™),

0<|n|<nmax
and for any n € N2 with 1 < [n| < nmaz:

(5.4) sp(N™) C [A(bo + ¢ln]), +00).

Proof. Remember that the functions Bj are bounded from below by a positive constant.

Thus, the ngrding inequality implies that there are fig, ¢ > 0 such that, for every i € (0, hg),
(5.5) (O} (Bj)usu) = cllull?,  vue LRy
For any n € N%2 we have:
(/\/}En)u, u) = Np(u®@hy),u®hy)
> (1 - O{(LYu®hy,),u®h,) by Proposition 4.1

d/2

= (1=¢) Y h(2n; +1){Op} (B;)u, u)
j=1
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because £ = Zj Op}f(ﬁj)féj). Thus using (5.5) and the Garding inequality,

Ny, u) = (L= ¢)(2elnl[[ul]® + (Op}; (B)u, u))
> h(1 = ¢)(2cln| + by — eh)ul|*.
This proves (5.4) for a new ¢ > 0. Moreover, if you take any eigenpair (\,v) of Nj with
A < b1h, it is an eigenpair of some ./\/}En), with ¥ = v ® h,,, and:

h(1 = C)(2cln] + bo — &h) ull? < (N u,u) = (Noep, ) < buhl|]>
Thus, there is a nq, > 0 independent of A, A, ¢ such that
In| < npmaz-
We deduce (5.3). O

Using the previous Lemma and the well-known expansion of the first eigenvalues of
Opy (b), we deduce an expansion of the first eigenvalues of Nj.

Theorem 5.1. Let € > 0 and N > 1. There exist hg > 0 and cg > 0 such that, for
he (0, hol, the N first eigenvalues of Ny, : (A\j(h))i1<j<n admit an expansion in powers of
B2 of the form:

\;j(h) = Tibg + h2(Ej 4 co) + 1% %¢j5 + Bicjg + ..,
where hEj is the j-th eigenvalue of the d/2-dimensional harmonic oscillator associated to
the Hessian ofl; at 0, counted with multiplicity.

Proof. The smallest eigenvalues of N}, are those of N, (0), which has the symbol
hb(w) 4+ f*(w, h, ..., B) = h(b(w) + fico + O(h?)).

The first eigenvalues of a semiclassical pseudodifferential operator with principal symbol b
(which admits a unique and non-degenerate minimum) have an expansion of the form:

(5.6) pi(h) = bo + hE; + 1¥* > " ajmh™?,
m>0
where hEj is the j-th eigenvalue of the d/2-dimensional harmonic oscillator associated to

the Hessian of b at the minimum. Let us recall the idea of the proof of this result. Since
the minimum of b is non degenerate, we can write

. 1 A
b(w) = by + 5Hessob(w, w) + O(|w|3).

A linear symplectic change of coordinates changes Hessob into
/2
> vyl +m3),
j=1
for some positive numbers (v;)1<;<q /2. In these coordinates the symbol becomes
/2
b(y,m) =bo+ > vi(yl +n}) + O(Jwl*) + O(h),
j=1
and Helffer-Sjostrand proved in [15] that the first eigenvalues of a pseudo-differential opera-
tor with such a symbol admits an expansion in powers of h/2. Sjéstrand [25] recovered this

result using a Birkhoff normal form in the case where the coefficients (v;); are non-resonant.
Charles and Vu Ngoc also tackled the resonant case in [5]. O
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6. MICROLOCALIZATION RESULTS

In section 4, we have proved Theorem 1.2: We have constructed a normal form, which
is only valid on a neighborhood U of ¥ = H~!(0) since the rest R; can be large out-
side this neighborhood. Hence, we now prove that the eigenfunctions of £; and N} are
microlocalized on a neighborhood of 3.

6.1. Microlocalization of the eigenfunctions of L;. We recall that
K ={b(qg) <b}cQ.
For £ > 0, we denote

(6.1) ={g:d(g, K) <e}.

For ¢ > 0 small enough, K. C Q.

The following Theorem states the well-known Agmon estimates (see Agmon’s paper [1]),
which gives exponential decay of the eigenfunctions of the magnetic Laplacian L£j outside
the minimum ¢g of the magnetic intensity b. In particular, these eigenfunctions are localized
in Q.

Theorem 6.1 (Agmon estimates). Let o € (0,1/2) and by < by < b1. There exist C, hg > 0
such that for all h € (0, ko] and for all eigenpair (A, %) of Ly with A < hby, we have:

[ et yzag < i

In particular, if xo : M — [0,1] is a smooth function being 1 on K,
¥ = xot + O(h®) in L*(M).

Proof. If ® : M — R is a Lipschitz function such that e®¢ belongs to the domain of g,
the Agmon formula (Theorem A.3 in Appendix),

an(e®P) = N[e®9||* + 12| dPe® ||,
together with the Assumption 1,

(14 ACoan(e*0) = [ hbla) — 1Co)le®u g,
yields to:
[ [n0a) = 1/1C0) = 1+ ACO) O+ 12100 e gy <o,
We split this integral into two parts:

[ [nbi@) — 1/1C) = (1 + G O+ 1210 *ofPdg,
KC

< /K [—(bg) = B1Co) + (1 + BACo) (A + F2|ad[2)] |4 dg,.

We choose ®:
®,,(q) = xm(d(q, K))h™ for m > 0,

where x,(t) =t for t < m, xm(t) = 0 for t > 2m, and x/,, uniformly bounded with respect
to m. Since ®,,(¢q) =0 on K and b(q) — i'/*Cy > 0, we have:

[ [Hb@ ~ 1/1C0) = (1 RGO+ B2ld )] e 0Pday < Ch.
Morever, A < bifi and |d®,,|? < Ch—2:

[ [hb(@ ~ 1/4C) = (14 BAC) Buh+ )] e ufPdg, < ORly]®
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Thus, up to changing the constant Cj:
/ h(by — by — h'/4Cy — CR' ) ey Pdg < Ch|y >,
Since by > by, we have by — by — h/4Cy — Ch'™2 > 0 for h small enough. Hence

/ ey 2dg < CfJo|2,
and since ®,,, =0 on K:
/ Pmap2dg < (C + 1))

By Fatou’s lemma in the limit m — 400,

[ 1R gpag < (€ + 1)

To prove the second result, notice that

I = xo¥|l? = / SOUE / p[2dg
X0 X

0#1
s/|w%q
K¢

< 626?1_(’/ ‘ed(q,K)h_QIMqu
K¢

< Ce™ > ||y|* = O(n).

Now we prove the microlocalization of the eigenfunctions of £y near .

Theorem 6.2. Lete >0, § € (0,%), and 0 < by < by. Let xo : M — [0,1] be a smooth
function being 1 on K. Let x1 : R — [0, 1] be a smooth compactly supported cutoff function
being 1 near 0. Then for any normalized eigenpair (X, ) of Ly such that A < hb; we have:

¥ = x1(h"*Ly)xo(q)¥ + O(h>®) in L2(M).

Proof. Using Theorem 6.1, we have 1) = xo1 + O(h*®) in L2(M). Since x1(h™20Ly) is a
bounded operator, we get:

X172 Ly = xa (W™ Ly)xot + O(h) in L*(M).
In fact,
v =1 (L)

Indeed, there exists a C' > 0 such that

x1(h™%.)=1 on B(0,Ch?),
and for h € (0, hp) small enough,

X € B(0,b1h) C B(0,Ch?).

Thus,

(B2 Ly = xa (b Ny = ¢.
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6.2. Microlocalization of the eigenfunctions of Aj;. The next two theorems states the
microlocalization of the eigenfunctions of the normal form. We recall that if ¢ is defined
by Theorem 1.1, we have:

oK) ={w eV :bw) <b},

with b(w) = bo ¢! (w). We also recall the definition (6.1) of K.. This first lemma gives a
microlocalization result on the w variable.

Lemma 6.1. Let i € (0,hg] and by € (0,b1). Let xo be a smooth cutoff function on RE
supported on V' such that xo = 1 on ¢(K.). Then for any normalized eigenpair (X, 1) of
N, such that X\ < hby, we have:

¥ = Opj(x0)p + O(F™) in LA(RY,).
Proof. Let x = 1 — xo, which is supported in ¢(K.)¢. The eigenvalue equation yields to
(6.2) NROPE (X)¥, Opi (x)¥) < biil|Opi ()9 [I* + ([Nh, O ()1, 0P} (x)¥).

Using Lemma 5.1, we can write ¢ = u ® h,, for some n € N2 o ¢ |_2(Ri/2)7 with
0 < |n| < Nynae- Then

Wi, Op (01w = [N, Opp (x)]u @ hy,

d/2
=h | _(2n; +1)Op}(B;), Opy (x) | ¢ + O(h?),
j=1

because the principal symbol of J\/}En) is E?fl h(2n; + 1)3]-. Since the symbol of the
commutator is of order A and supported in suppy, we have

(6.3) (Wi, Opyy ()], Opyy (X)) < CR?[|Opyy (X)¥II?,

where ¥ is a small extension of y, with value 1 on suppy and 0 on a neighborhood of ¢(K.).
Moreover using Proposition 4.1,

(NROPY ()1, Opy (X)) > (1 — O)(LROPK (x)¥, OpK (X))
> (1 — Q)hbi]|Opy ()% |12,

where we used the Gzoxrding inequality because, the symbol of E?L is greater than b, on
suppx. Together with (6.2) and (6.3), we get

B (1= by — b)) [0pK ()wl? < CR2|OpE (V)

For 7 small enough, (1 —¢ )51 > b1. Hence, dividing by A and iterating with Y instead of
X, we get

10p () l* = O(R™).
0

Now we prove the microlocalization of the eigenfunctions of N} on a neighborhood of
e(X) = {(z,w) : 2 = 0}.

Theorem 6.3. Let h € (0,ho], by € (0,b1), and § € (0,1/2). Let xo be a smooth cutoff

function on Ri/Q supported on' V' such that xo =1 on p(K.) and x1 a real cutoff function
being 1 near 0. Then for any normalized eigenpair (X, 1)) of N such that X < hby, we have:

b = xa (BB (2T )0p (xo(w) v + O(B®) in L2(RY).
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Proof. According to Lemma 6.1,
¥ = Opj (x0)¢ + O(h™).
Since X‘f/Q(h_%Iﬁ) = Xl(h‘Q(SI}SLl))...Xl(h_%Ié/d/m) is a bounded operator, we have

P2 T ) = Y22 T)0pl (xo)tb + O(B).

It remains to prove that ¥ = Xd/ 2( _25Ih)1/1 for A small enough. Using Lemma 5.1, ¢ =
u ® hy, for some u € L2(RZ/2), € N2 with 0 < |n| < Nyas, and so

X2 (L) = xa (7220 + 1)eoxa (B (20472 + 1)),
But x1 = 1 on a neighborhood of 0, so there is iy > 0 such that, for any A € (0, iig] and
any 0 < |n| < nmaz,
x1(E72 (201 + 1)).oxa (B2 (240 + 1)) = 1.
Thus,
=122
O

6.3. Rank of the spectral projections. We want the microlocalization Theorems 6.2
and 6.3 to be uniform with respect to A € (—oo, b1h]. That is why we need the rank of the
spectral projections to be bounded by some finite power of A~!. If A is a bounded from
below self-adjoint operator, and o € R, we denote N (A, «) the number of eigenvalues of
A smaller than «, counted with multiplicities. It is the rank of the spectral projection

1}—00,04} ('A)

The proof of the following estimate is based on the inequality of Assumption 1, together
with a magnetic Lieb-Thirring inequality, which can be found in [11] for instance.

Lemma 6.2. Let by < by < l;l. There exists C > 0 and hg > 0 such that for all h € (0, hy],
we have:

N(Lp, hby) < Ch™2,

Proof. In this proof C denotes a large positive constant. First, using the inequality in
Assumption 1, we have for all € € (0, 1),

() > (1— )an(®) + (1 + Ch)R /M b)) Pl

Thus,
N(Lp,bih) < N(Lp+e(l—e)~ (14 Ch)hb, (1 — )~ b1h)
=N(Lp+hte(l—e) 11+ Ch)b,h (1 — &)~ by) =: Ny,
where £, = (id + hi~'A)*(id + h~'A). Moreover, a Lieb-Thirring inequality for the non-
magnetic operator —A + g(1 — e)"'h~Y(1 + Ch)b, yields a Lieb-Thirring inequality for
Ly +e(1—¢)"th71(1 + Ch)b, which is (see [11] for instance) :

Eh

Z X () — A < L/(e(l — &) U1+ Ch)b(z) — V)Y da,

for A > 0, and N.j» = N(Lp+e(1—¢) (1 4+ Ch)b,\). We apply this inequality with
A= (1+n)h 11 —¢e)"tby for some n > 0:

shn

Z A () — A7 < L/()\ —e(1—&) ' (1 + Ch)b(x)Y* T da.
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Moreover, N ; x > Ne p, so:

(Mh~t(1—¢)7'b1) N, < L(h(l_g))—d/z—'y/
b(e)< e

(14n)b1 —e(14+CR)b(x))¥ >V dz.

The right hand side integral is bounded, and finally N, 5 < Ch~4/2, Il
The same result holds for Nj:
Lemma 6.3. Let b; € (0, 131) There exists C > 0 and hg > 0 such that
for all e (0,hy), NN, hb) < Ch™%2,
Proof. By Lemma 4.1, we have:
Noth, ) > (1= O£, ) > (1 — OBy, ),

with By = Op}{’(i)) Using the min-max principle, it follows that

N (Nj, hbr) < N(Bp, (1 = ¢)~'by),
and using Weyl estimates ([9] Chapter 9, or [17]), we get

N(Bp, (1 =) b1) = O 9?).

7. COMPARISON OF THE SPECTRA OF L; AND N}
7.1. Proof of Theorem 1.3. We denote
A1(h) < Xo(h) < ...
the smallest eigenvalues of £p and
vi(h) <w(h) < ..

the smallest eigenvalues of Aj;. The goal of this section is to prove the following theorem,
using the results of section 6.

Theorem 7.1. If by < by and § € (0,1/2), then
An(h) = vn(h) + O(hér)v
uniformly in n such that Ay, (h) < hby and vy, (h) < hb;.
Together with Theorem 5.1, this theorem concludes the proofs of Theorems 1.3 and 1.5.

Proof. We will prove that v,(h) < \,(h) + O(R"), the other inequality being similar.
Let 1 < n < N(Ly,hby), and let us denote 91 p, ..., ¢ 5 the normalized eigenfunctions
associated to the first eigenvalues of L;. We also denote

Vn = span{x1 (R~ 2 L) xo(q)thjn: 1 < j < n},
where xo and x; are defined in Theorem 6.2. We have the normal form:
(7.1) Ui LhUy = Ny + Ry,
where

Uy = ViUp, s given by (4.1) and Theorem 4.1.

We will use the min-max principle. For ¢ € span; <<, ¢, we denote
b =x1(h"*La)xo(9)Y € Vi
Such a 1 is microlocalized on Q € U C T*M, where
Q= {(q,p) €T*M : |p — A(q)|? < ch®,q € Q}.
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(Indeed, the symbol of x1(h=20Lp) is O(h>®) where x1(h~2°|p — A(q)|?) = 0). Thus, since
ViV = I microlocally on U (4.3) and U}, is unitary, we deduce from (7.1) that:
(7.2) NaU5, Upd) = (L, ) — (RuUpad, Upd) + O(R%) |41,

On the first hand, by Theorem 6.2, we can change 1 into ¢ up to an error of order i*.
Indeed, by Lemma 6.2, the estimates of Theorem 6.2 remain true for ¢». We get:

(L, ) = (Latp, ) + OR[> < (An(h) + O(h)) ][9]
On the other hand, the remainder is:
(RuUih, Upah) = (UnRpUR Vi, Vi ).
The function V}* 1/; is microlocalized in
Vi ={(w,2) :w €V, |2* < ch™},

because V; is a Fourier integral operator with phase function associated to the canonical
transformation ®, which is sending € (where 1 is microlocalized) on Vj. Moreover, the
symbol of the pseudo-differential operator Uy RpU; on V' is O((li+|2|?)"/?) (Theorem 4.1),
so we get:

UnRyU Vi) = O(R).
Thus equation (7.2) yields to:

NO0, Uiy < (Aa(h) + OB 1012,

for all 1/; € Vip- Since V,, p, is n-dimensional, the min-max principle gives

V() < An(R) + O(R").
The same arguments give the opposite inequality, replacing Theorem 6.2 and Lemma 6.2

by Theorem 6.3 and Lemma 6.3. g

7.2. Proof of Corollary 1.1. Let us prove the Weyl estimates stated in Corollary 1.1. The
proof relies on the classical Weyl asymptotics for pseudo-differential operators with elliptic
principal symbol ([9] Chapter 9, [17] Appendix). Let us first prove the Weyl estimates for

the normal form. For any n € N%/2, Nén) is a pseudo-differential operator with principal
symbol
/2

b (w) = 1Y~ (20, + 1)3j(w).
j=1

Note that

V,, i= {1 (w) < by}

is empty for all but finitely many n. For these n, the Ggering inequality gives
NV, ) = h(by = ch)[wll, ¥ € SRY2),
so that

n 1 n
NG buh) = NGNG™, b= b b))

which is o(h_d/ 2) by the classical Weyl asymptotics. For the other finitely many n,
Vi C {b(w) < b1}
is a compact set with positive volume and thus the classical Weyl asymptotics gives

n ]' n
N (Né ),b1h> - N <hN,§ ),bl> ~ Vol (V,,) .

-
(27h)d/2
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Using
= JspAq"
we deduce that
(Nr,bl d/2 ZVO]
Moreover,
Vol(V,,) = / dydn = / ©* (dydn),
n 0= 1(Va)

where ¢ is defined in Theorem 1.1. Since ¢ is a symplectomorphism, we have

B = ¢*(dn A dy)

and thus
Ba/2 . » *
(d/2)! ~ (d/2)” ((dn A dy)™7) = ¢*(dydn).
Hence .,
BI/2
Vol(V, :/ S
W) binl (g)<by (d/2)!
so that /
Bd 2
N b h
(Nﬁa 1 ) d/2 Z / (q <b1 d/2 '7

neNd/2
where the sum is finite. It remains to compare

Ny := N(Np,b1h) and Ny := N(Lp, bih).

If we apply Theorem 1.3 with some b; + § > b1, we get a ¢ > 0 such that for & small
enough,

N (Nj, hby — ch'/?7¢) < Ny < N (Ny, by + ch’/?7°),
so:

|Ny — No| < N(Nj, [Aby — ch"/?7% hby + ch™/?7¢)).
Classical Weyl asymptotics gives

N [aby — b2~ by + ch"/275])) = o(h™%?),

for any n € N2, so [Ny — Na| = o(h~%?2), and the proof is complete.

APPENDIX A
Lemma A.1. The principal and subprincipal symbols of the operator
Ly = (ihd + A)*(ihd + A)

are

oo(Ln) = Ip— Aa)[}

Proof. We will compute these symbols in coordinates, in which £ acts as:

L5 =" g7V (ihdy, + Ar)g™ g2 (ihdy + Ay).
ke

7@ and o1(Ly) =0.

The principal symbol is always well-defined. The subprincipal symbol is well-defined if we
restrict the changes of coordinates to be volume-preserving. This amounts to conjugating
5%"0”1 by | g\l/ 4. Thus the subprincipal symbol is defined in coordinates by:

o1(Ln) = ou(|gl' 1Ly g 7).
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The total symbol of —ihdy — Ay is
o(—ihdy — Ag) = pr. — Ay,
so we can use the star product * on symbols to compute the symbol of Lj:

a(lgIM Lo gl 7 ) = g1t g1 (pr — Ag) + gF gl x (pe — Ag) % 1g)TV*,
ke

Now we will use the formula

o[ x9) = Fo+ 5:(f.9} + O(?)

several times to compute the symbol, where { f, g} denotes the Poisson brackets. Of course,
we directly deduce the principal symbol:

ool L5 g7 ) =D " (o — Ar)(pe — Ar)
%

so that
oo(Ln) = |p— Ag)|?

To compute the subprincipal symbol, we will use:

olglM 250 g =) = 3 [lgl ™ (i — Ax) ¢ g4 5 g [Ig1 ¢ (e — Ae) x lgl 771
14

g*(q)

Let us compute ap = |g!71/4* (P — Ag) * ‘9‘1/4-

= (o~ Ak) + g [{lal ™k — A g} + Llol ™% pi — A lal] + 0(?)
ol a0lglt dlg ™t
4 1/4 _ 1/4 2
= (= A) 5 (ol T = TG gl O)
h 0
= e a0+ g M o

We also get the similar result for by, = \g|1/4 * (pe — Ag) * ’g‘*1/4;

o 31/4
be= (o0 = A0) = 21l o)

Thus we can compute

arx 9" = g"(pr — Ar) + o; {pk_Aka g+ | N 1/48’8(’11/ g* +0(1?)
:ngA>+§%f .H*“%§“+om%
and
an x g xbe = 0" ok — A)(p1— A+ (5™ — A)pe — A}~ g (i — Awlgl ”485('1;
D0 e a0+ Do I ) 4 00
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Summing over k, £, we get

h
Zak g™ by = Zgu(pk — Ap)(p — A1) + Z{gke(]ﬂk — Ak),pe — Ae}
Kt

ke
Z?:(m — Ag) + O(h?)
= %:gkz(pk — A (pe — Ag) + %gkl 3(132%14@) B Z@gke(]g;é Ap)
+ ;%’:(m — Ag) + O(h?)
= "ok — Ax)(pe — Ar) + O(R?).
ke

Since
oo L7 g ) = 3 aix g x b,
ke

we deduce that:
a1(lgM*Lgerd|g) 7 = 0,
and
o1(Ly) = 0.

O

The following Lemma due to Weinstein [28] tells that, if two 2-forms coincide on a
submanifold, they are equal up to a transformation tangent to the identity. We recall the

proof.

Lemma A.2 (Relative Darboux lemma). Let wo and wy be two 2-forms on Q x RS which
are closed and non degenerate. Assume that wg,—g = wi|,—¢- Then there exists a change

of coordinates S on a neighborhood of Q x {0} such that
S*wr=wy and S=1T+0(z?).
Proof. First we recall how to find a 1-form ¢ on a neighborhood of z = 0 such that:
Ti=w —wo=do, and o= 0(z?).
We define the family (¢¢)o<t<1 by:
di(z,w) = (tz,w).

We have:
(A1) ¢o7 =0 and o7 =T
Let us denote by X; the vector field associated with ¢;:

_ d¢y

Xt = E O(bt_l = t_l(Z,O)

The Lie derivative of 7 along X; is given by ¢; Lx, 7 = %(ﬁfr From the Cartan formula

we have:
Lx, 7= u(Xy)dr + d(e(Xy)).
Since 7 is closed, d7 = 0, and:
d * *
(A.2) Egbﬂ = d(¢7¢(X¢)7).
We choose the following 1-form (where (e;) denotes the canonical basis of R%):

d
ot 1= (b:L(Xt)T = sz7¢t(z,w)(€j7 V¢t()) - OOZP)

j=1
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Equation (A.2) shows that ¢ — ¢;7 is smooth on [0,1]. Thus, we can define o = fol ordt.
It follows from (A.2) and (A.1) that:

d .
&gbﬂ' =do; and 7 =do.

Then we use the Moser deformation argument. For ¢ € [0,1], we let wy = wp + (w1 — wp).
The 2-form w; is closed and non degenerate on a small neighborhood of z = 0. We look
for 14 such that:

Yiwp = wo.
For that purpose, let us determine the associated vector field Y;:

d
al/}t = Yi(¢r).

The Cartan formula yields:

0= vt = o S+ oV + A(H)er))
So :
wo — wi = d(e(Ye)wy),
and we are led to solve:
(Y wy = —o.

By non degeneracy of wy, this determines Y;. v exists until time t = 1 on a small enough
neighborhood of z = 0, and ¥jw; = wg. Thus S = 11 is the desired diffeomorphism. Since
o= 0(]z]?), we get S =1+ O(|z|?). O

The next Lemma states the Agmon formula (see [1]).

Lemma A.3 (Agmon formula). Let ¢ be an eigenfunction of Ly associated to A\, and
® : M — R is a Lipschitz function such that e®i be in the domain of qn, then d® is
defined almost everywhere and:

an(e®¥) = Me®y || + 7|y do|.
Proof. First note that:
an(e®P) = (Lne® P, e®PYaary = Me®V[I” + ([Ln, €], €% 12(ar),

so we need to compute the bracket.

<[£ﬁa €q>]7/17 e©¢>

= / ((ihd 4+ A)*(ihd + A)e®1p, eep)dq — / (e®(ihd + A)*(ihd + A)1p, e®9)dg
M M

= / |(ihd + A)e®|?dg — / ((ihd + A, (ihd + A)e*®h)dg
M M

On the one hand,

/ ((ihd 4 A)ip, (ihd + A)e?®4p)dg = / (le®(ihd + A)y|? + 2¢** ((ihd + A)y, ikpd®)) dg,
M M

and taking the real part:

/ ((ihd 4 A)ap, (ihd + A)e?®4p)dg = / (le®(ihd + A)y|? + 2Re*®((ihd + A)y, ihpd®)) dg.
M M
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On the other hand,
/ |(ihd 4+ A)e®y)?dg = / le® (ihd + A)Y|? + |ifpe®d®|?
M M

+ 2R(e® (ihd 4+ A)vp, ihape®d®)dg,

so we finally get:
(Ln, €N, eP) = 2|l pde”.
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