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A SEMICLASSICAL BIRKHOFF NORMAL FORM FOR
SYMPLECTIC MAGNETIC WELLS

LEO MORIN

ABSTRACT. In this paper we construct a Birkhoff normal form for a semiclassical
magnetic Schrodinger operator with non-degenerate magnetic field, and discrete
magnetic well, defined on an even dimensional riemannian manifold M. We use
this normal form to get an expansion of the first eigenvalues in powers of i'/2,
and semiclassical Weyl asymptotics for this operator.

1. INTRODUCTION

The analysis of the magnetic Schrédinger operator, or magnetic Laplacian, on a

Riemannian manifold
Ly = (thd + A)*(ihd + A)

in the semiclassical limit 2~ — 0 has given rise to many investigations in the last
twenty years. Asymptotic expansions of the lowest eigenvalues have been studied in
many cases involving the geometry of the possible boundary of M and the variations
of the magnetic field. For discussions about the subject, the reader is referred to the
books and review [7], [8], [18]. The classical picture associated with the Hamiltonian

p = Ala)l?

has started being investigated to describe the semiclassical bound states (the eigen-
functions of low energy) of L, in [19] (on R?) and [10] (on R3). In these two
papers, semiclassical Birkhoff normal forms were used to describe the first eigenval-
ues. In [20], Sjostrand introduced the semiclassical Birkhoff normal form to study
the spectrum of an electric Schrédinger operator, and some resonance phenomenons
appeared. In [4], the resonant case for the same electric Schrodinger operator was
tackled (see also [21] and [22]). In this paper, we adapt this method to Ly, following
the ideas of [19]. Some normal forms for magnetic Schrodinger operators also appear
in [12]. On a Riemannian manifold M, the magnetic Schrédinger operator is related
to the Bochner Laplacian (see the recent papers [14] and [15], where bounds and
asymptotic expansions of the first eigenvalues of Bochner Laplacians are given).

In this paper we get an expansion of the first eigenvalues of L; in powers of
h'/2, and semiclassical Weyl asymptotics. It would be interesting to have a precise
description of the eigenfunctions too, as was done in the 2D case by Bonthonneau-
Raymond [3] (euclidian case) and Nguyen Duc Tho [17] (general riemannian metric).
Moreover, we only have investigated the spectral theory of the stationary Schrédinger
equation with a pure magnetic field ; it would be interesting to describe the long-
time dynamics of the full Schrédinger evolution, as was done in the euclidian 2D
case by Boil-Vu Ngoc [2].

Key words and phrases. magnetic Laplacian, normal form, spectral theory, semiclassical limit,
pseudo differential operators, microlocal analysis.
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1.1. Definition of the magnetic Schréodinger operator. Let (M, g) be a smooth
d dimensional oriented Riemannian manifold, either without boundary or with smooth
boundary. In particular we can take M = R? with the Euclidean metric, or M com-
pact with boundary. For ¢ € M, g, is a scalar product on T, M. Since M is oriented,
there is a canonical volume form, denoted either dx, or dg,. If f € L*(M), we denote

its norm by
1/2
1l = ( / |f(q)|2dqg) |

If p € T,M", we denote by |p|s: or |p| the norm of p, defined by
(1.1) VQ € T,M, |Ql;, = 194(Q, )

We denote by g; the associated scalar product. The norm of a 1-form o on M is

lall =/ latorda, "

It is associated with a scalar product, denoted by brackets (., .).

We denote by d the exterior derivative, associating to any p-form a a (p+ 1)-form
da. Using the scalar products induced by the metric, we can define its adjoint d*,
associating to any p-form a a (p — 1)-form d*a.

2
95"

We take a 1-form A on M called the magnetic potential, and we denote by B = dA
its exterior derivative. B is called the magnetic 2-form. The associated classical
Hamiltonian is defined on T*M by:

H(q,p) = [p — Alq)

Using the isomorphism T, M ~ T, M* given by the metric, we define the magnetic
operator B(q) : T,M — T,M by:

(12) Bq(QlaQQ) :gq(B(Q)QlaQZ)’ leaQZ S TQM
The norm of B(q) is

>, peT,M".

937

1B(q)| = [Tx(B*(¢)B(q))]"/>.

On the quantum side, for A > 0, we define the magnetic quadratic form ¢; on
D(qn) = {u € L*(M), (ihd + A)u € L*Q' (M), ugpr = 0},
by
() = [ [(ihd+ A)ufda,

where L2Q! (M) denotes the space of square-integrable 1-forms on M. By the Lax-
Milgram theorem, this quadratic form defines a self-adjoint operator £; on

D(Ly) = {u € L3(M), (ihd + A)*(ihd + A)u € L*(M), ugps = 0},
by the formula
(Lru,v) = qulu,v], Yu,v e Cy(M),

where gy]., .] is the inner product associated with the quadratic form g(.). L is the
magnetic Schrodinger operator with Dirichlet boundary conditions.
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1.2. Local coordinates. If we choose local coordinates ¢ = (g1, ...,qq4) on M, we
get the corresponding vector fields basis (9, ..., d,,) on T,M, and the dual basis
(dgi, ...,dgq) on T, M*. In these basis, g, can be identified with a symmetric matrix
(9ij(¢)) with determinant |g|, and g is associated with the inverse matrix (¢"(q)).
We can write the 1-form A in the coordinates:

A= Aldq1 + ...+ Adde7

with A = (Aj)lgjgd € COO(Rd, Rd) We denote

T,A:T,M — T,M*
the linear operator whose matrix is the Jacobian of A:

(VA(q))i; = 9;Ai(q)-
In the coordinates, the 2-form B is

B = Z szdqz A dqj‘,

i<j

with
(1.3) Bij = 0;A; — 0;A; = ('VA = VA);;.

Let us denote (B;j(¢))1<ij<d the matrix of the operator B(q) : T,M — T,M in
the basis (9qi, ..., 0qq). With this notation, equation (1.2) relating B to B can be
rewritten:

vQ,Q € R, ngjBkiQin = Z B;;Q:Q;,
ij

ijk

which means that

(1.4) Vi.j, Bi=Y_ guBu:
k
Also note that:

(1.5) 1B =Y Bj; (Qidg; — Q;dg;) =Y <Z Bz‘jQi) dg;

1<J J

(1.6) => [('VA-VA)Q],dg; = ('T,A—T,A)Q
J

Finally, in the coordinates H is given by:

(1.7) H(q,p) = Zg“(Q)(m — A:(0))(p; — A3(q)),

and L acts as the differential operator:

d
(1.8) Lyt =" g 2Ry + Ar)g*|g (iR, + Ay).

k=1
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1.3. Pseudodifferential operators. We refer to [16] and [24] for the general theory
of h-pseudodifferential operators. If m € Z, we denote by

S™(R*™) = {a € C*(R™), 1070/ a| < Cap(€)" I, Va, 5 € N}

the class of Kohn-Nirenberg symbols. If a depends on the semiclassical parameter
h, we require that the coefficients C,4 are uniform with respect to i € (0, fg]. For
ap € S™(R?"), we define its associated Weyl quantization Op}’(ay,) by the oscillatory
integral

1 i
Avla) = O (an)u(e) = (5o /R ety (a: —5 y g) N

and we denote:
ap = 0 h(Ah)-

A pseudodifferential operator A, on L?(M) is an operator acting as a pseudodiffer-
ential operator in coordinates. Then the principal symbol of A; does not depend on
the coordinates, and we denote it by o¢(.A;). The subprincipal symbol o4 (.A;) is also
well-defined, up to imposing the charts to be volume-preserving (in other words, if
we see A, as acting on half-densities, its subprincipal symbol is well defined).

In any local coordinates, the coefficients A; of A (as a function of ¢ € R?) are
in SI(R?;{ ). Hence we see from (1.8) that L, is a pseudodifferential operator on

L2(M). Its principal and subprincipal Weyl symbols are:
O'0<£h> = H, O'l(ﬁh) =0.
This is well-known, but we detail the computation of the subprincipal symbol in

Appendix (Lemma A.1).

1.4. Assumptions. Since B(q), defined in (1.2), is a skew-symmetric operator for
the scalar product g,, its eigenvalues are in tR. We define the magnetic intensity,
which is equivalent to the trace-norm, by

ba) =T B() = STH(B @B = Y 4
iB;€sp(B(q)),B;>0

It is a continuous function of ¢, but not smooth in general. We also denote

by = inf ().
boo = liminf b(q).
lg|—=-+oc0 (CI)

We first assume that the magnetic field satisfies the following inequality.

Assumption 1. We assume that there exist hg > 0 and Cy > 0 such that, for
i€ (0, ),

Vue Dig). (1+ Y Co)an(u) > /M B(b(q) — BYACo)|u(q) dg,.

In the Appendix (Lemma A.4), we describe cases when Assumption 1 holds. In
particular, it holds if M is compact. If M = R?, it is true if we assume that

IVBi;(g)]| < C(1+[B(g))),
for some C' > 0. These results are adapted from [9].
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We consider the case of a unique discrete magnetic well:

Assumption 2. We assume that the magnetic intensity b admits a unique and non-
degenerate minimum by at go € M \ OM, such that 0 < by < by

Finally, we make a non-degeneracy assumption.
Assumption 3. We assume that d is even and B(qo) is invertible.

In particular, B(q) is invertible for ¢ in a neighborhood of ¢, which means that
the 2-form B is symplectic near go. Under this Assumption, the eigenvalues of B(qp)
can be written

:l:,lﬁl <QO)7 R izﬁd/? <QO)7
with 3;(go) > 0. We define the resonance order ry € N*U{oo} of the eigenvalues by

(1.9) ro :=min{|a|: a € ZY? a # 0, (o, B(qo)) = 0},

with the notation
/2

(@, Ba)) = a36(ao).

We make a non-resonance assumption.

Assumption 4. We assume that the eigenvalues of B(qo) are simple (which is
equivalent to assuming that ro > 3).

In particular, there is a neighborhood Q@ CC M\OM of gy on which the eigenvalues
of B(q) are simple, and defined by smooth positive functions

We can choose 2 such that every 3; is bounded from bellow by a positive constant
on 2. We can also find smooth orthonormal vectors on {2:

ul(Q)7 Ul(Q)u ceey ud/2(Q)7 Ud/2<Q) € TqM7

such that:

(1.10) B(q)u;(q) = =Bi(0)vi(0),  Bla)vi(a) = Bi(q)u;(q).

We take

(1.11) re NA[3,7)

Up to reducing €2 (depending on ), we also have (since r is finite), for 0 < |a| < 7:
(1.12) (0, B(0)) £0, Vgeq

Under Assumption 2, we can find by < by < bso such that

(1.13) K = {b(q) < b} C Q.

Using the inequality in Assumption 1, it is proved in [9] that there exist iy and ¢ > 0
such that, for i € (0, hy),

Spess(ﬁﬁ) C [h(gl - Ch1/4)’ +OO)’

and so, for i small enough, the spectrum of £, below hb; (for a given b; < 51) is
discrete.
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1.5. Main results. On the classical part, we first prove the following reduction of
the Hamiltonian. For z = (z,£) € RY, we denote z; = (z;,&;) and B, () = {|z| < e}.

Theorem 1.1. Under Assumptions 1,2,3 and 4, for  and € > 0 small enough,
there exist symplectomorphisms

p:(Q.B) = (V C R, dypAdy),
and
¢ :(VxB,(e),dpAndy+dEANda) - (U C T"M,w),
with ®(p(q),0) = (¢, A(q)), under which the Hamiltonian H becomes:

d/2

H(w,z) = H o ®(w, 2) Zﬁj )22+ O(|2]*),

locally uniformly in w, with the notation Bj (w) = Bj oo~ Hw).

Our next aim is to construct a semiclassical Birkhoff normal form for £;, that is to
say a pseudodifferential operator AV}, on L2(R?), commuting with suitable harmonic
oscillators such that:

U LUy = Ny + Ry,

with Uy : L2(M) — L2(RY) a microlocally unitary Fourier integral operator and
Ry a remainder. We will contruct the remainder so that the first eigenvalues of Ly,
coincide with the first eigenvalues of A}, up to a small error of order O(h"/27¢),
where 7 is defined in (1.11). More precisely, we prove the following theorem.

Theorem 1.2 (Semiclassical Birkhoff normal form). We denote by z = (x,§) €

T*RY? and w = (y,m) € T*RZ/2 the canonical variables. For ¢ > 0 and h € (0, hg)
small enough, there exist a Fourier integral operator

Uy : L’ (RY,,)) = L2(M),

a smooth function f*(w,I,...,1a2,h), and a pseudodifferential operator Ry, on R
such that:

(i) UpLaUp = L9+ 0pY f*(w, 2.7, ... " ) + Ry,
(i) (1= (L, v) < Nih, ) < (1+ (LR, v), Vo € S(RY),
(ii7) o (Ry) € O((|z| + Y)Y on a neighborhood of w = 0,
() UpUp = I microlocally near (z,w) = 0,
(v)  UnU; = I microlocally near (q,p) = (qo, Ay, ),
with
‘ e d/2
(L14) TV =0p(lzf) = R +af. L£h=0pf | Y 5wzl
J j=1
We call
No= L3+ Opy f*(w. IV .. T )

the normal form, and Ry the remainder.
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Using microlocalization properties of the eigenfunctions of £; and ./yﬁ, we prove
that they have the same spectra in the following sense. We recall that b;, defined in
(1.13), is chosen such that

{b(q) <bi} c .
Theorem 1.3. Let e > 0 and by € (0,b,). We denote
A(h) < X(h) < ... and vi(h) <w(h) < ..
the first eigenvalues of Ly and Ny, respectively. Then
M (B) = v (R) + O(R/?79),
uniformly in n such that A\, (h) < hby and v,(h) < hb;.
We also reduce N}, according to harmonic oscillators.
Theorem 1.4. For k > 0, let us denote hy the Hermite function, satisfying
T () = h(2k + 1)hy(x;).

Forn = (ny,...,n42) € N2 there exists a pseudodifferential operator Nh(") acting
on L2RY?) such that:

Nt @ by @ e @ By ) = Ny (W) @ Ty @ oo @ gy w € S(RY).

Its symbol is:

d/2
F™(w)=hY" Bi(w)(2n; + 1) + f*(w, h(2n + 1), h),

and we have:

sp(Ni) = (Jsp (V™).
Moreover, the multiplicity of \ as eigenvalue of Ny, is the sum over n of the multi-
plicities of \ as eigenvalue of/\/,én).

Finally, we deduce an expansion of the N > 0 first eigenvalues of L£; in powers of
R'/2.

Theorem 1.5 (Expansion of the first eigenvalues). Let ¢ > 0 and N > 1. There
exist by > 0 and cog > 0 such that, for h € (0, hy|, the N first eigenvalues of Ly, :
(\j(R)1<j<n admit an expansion in powers of h/? of the form:

Nj(B) = hib + B2(Ej + co) + B %cj5 + . + KO 2¢; 4 O(R*79),
where hE; is the j-th eigenvalue of the d/2-dimensional harmonic oscillator

Op} (Hessg(bo ™ 1)).

Note that, from Theorems 1.3 and 1.4, we deduce Weyl estimates for £;. Some
similar formulas appear in [12]. Here N (L, b1h) denotes the number of eigenvalues
A of L such that A < bih, counted with multiplicities.
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Corollary 1.1 (Weyl estimates). For any by € (by, by),

Bd/2
N(Lp, bih) ~ &r hm Z / o @

neNd/2
where
/2
b(q) =Y (2n; + 1)B;(q)-
j=1

The sum is finite because the [3; are bounded from below by a positive constant on
Q. In particular, if M = R?, we get

N(Lp,bih) ~ 27rh oaa Z /[n] - )---Bas2(q)dq

neNd/2 1

1.6. Organization and strategy. In section 2, we construct a symplectomorphism
which simplify H near its zero set 3 = H~!(0) (Theorem 1.1). In the new coordi-
nates, H becomes:

/2

Zﬁ’y (D)2 + O(=).

In section 3, we construct a formal Blrkhoff normal form: in the space of formal
series in variables (z, &, k), we change H into H® 4 k + p, with H® = Ed/z Bilz?,
Kk a series in |z;]? (1 < j < d/2), and p a remainder of order r (Theorem 3.1). In
section 4, we quantify the changes of coordinates constructed in section 2 and 3, and
we get the semiclassical Birkhoff normal form (Theorem 1.2). In section 5, we reduce
N, (Theorem 1.4) and we deduce an expansion of its first eigenvalues. It remains
prove that the spectra of £, and N} below b;h coincide. Before doing it, we need
microlocalization results proved in section 6. We prove that the eigenfunctions of L,
and N, are microlocalized near the zero set of H, where our formal construction is
valid. In section 7, we use the results of section 6, to prove that £ and N}, have the
same spectrum below b (Theorem 1.3). This Theorem, together with the results
of section 5, finishes the proof of Theorem 1.5. We also prove the Weyl estimates
(Corollary 1.1) here. Finally, in section 8 we discuss what we can get in the case
g = OQ.

2. REDUCTION OF THE CLASSICAL HAMILTONIAN
2.1. A symplectic reduction of T*M. The zero set of H:
Y ={(q,Alg)) €T"M : q € Q},

is a d-dimensional smooth submanifold of the cotangent bundle T*M. We denote
j Q@ — T*M the embedding

J(a) = (a. Aq))-
The symplectic structure on T*M is defined by the form

w=dpAdg=da, «=pdg.
In other words, for p € T,M* and V € T{4,) (T M),
(2.1) (V) = p(mV),
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Where the map 7, : T(q,)(T*M) — T,M is the differential of the canonical projection
m:T"M — M, =(q,p)=q.
Using local coordinates with the notations of section 1.2, at any point (¢, p) € T*M
with
p=pidq + ... + padqa,
the tangent vectors V € T{, (1 M) are identified with (Q, P) € T,M x T,M*, with
Q=0Q10q + ... + Qadqq, P = Pidq: + ... + Pydqq.
With this notation,
m(Q, P) = Q,
gp)(Q, P) = p(Q),

wep (@, P), (@, P) = (P, Q) — (P.Q"),
where (.,.) denotes the duality bracket between T,M and T,M*.
Lemma 2.1. ¥ is a symplectic submanifold of (T*M,w), and

j'w = B.

In particular, at each point j(q) € 3,
(2.2) T (T*M) = Tjp X & Ty S,
where 1 denotes the symplectic orthogonal for w.

Proof. To say that X is a symplectic submanifold of T*M means that the restriction
of w to X is non-degenerate. Written with the embedding j, this restriction is j*w.
Actually, using the definition (2.1) of o with p = A, and V = d,j(Q), we get

VQ € TyM,  (572)4(Q) = Ag(mdej(Q)) = Ag(Q).
Hence
jfa=A, so j*(da)=dA=B.
(]
Since any j(q) is a critical point of H, the Hessian of H at j(q) is well defined and

independant of any choice of coordinates. We now compute this Hessian according
to the decomposition (2.2):

Lemma 2.2. The Hessian Tf(q)H, as a bilinear form on T (T*M), can be written:
Ti yHOV, V) =2|B(gm V2 if VeTips'

Proof. Using local coordinates on M, we will denote every V € T{,,)(T*M), as
(Q,P) € T,M x T,M*. In these coordinates, with the notations introduced in
section 1.2,

¥ ={(¢,A(q)), q€RY
so that

(2.3) Tip> = {(Q, P) € T,M x T,M* P =T,A-Q}.
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We can also describe Tj(q)Zl using these coordinates. Indeed,
(Q.P) € Typ=* & VQo € T,M, w((Q,P),(Qo, T,A- Qo)) =
< VQO S TqM7 <P7 Q0> = <TqA ' Q07 Q)
& P="T,A-Q.
Hence
(2.4) TSt ={(Q, P),P = 'T,A-Q}.

From the expression (1.7) of H in coordinates, we deduce that:

TiynH QP—2ZQ” () (P — V4; - Q)

+28kg q)Qr(pi — Ai(9))(p; — A;(q)),

ijk
so that the Hessian of H in coordinates is:

T2, H((Q.P),(Q.P)) —229” V(P — VAi - Q)(P; — V,4; - Q)

It follows from (2.3) that
Y(Q.P) € TjpZ, Tj,H((Q,P).(Q P)) =
and from (2.4) and (1.5) that
V(Q,P) € Ty=", TjnH((Q, P),(Q,P)) =2|('T,A~T,A)Ql;

Let us rewrite this using B. Note that:

0 = Zgij (q) <Z Bm%) (Z B@Qﬁ) =D <Z gijBkiBej> e

k¢ i

lLoB

and keeping in mind that (¢%) is the inverse matrix of (g;;) together with the relation
(1.4) between B and B, we have

Y 9"BiiBy =Y 97 9igeiBriBee = Y gweBiiBey,
.. ijlz/ k:/é/

and so

\LQB|2 ngw (Z Bk’ka) (Z Bé’f@f) = \B(Q)Q‘zq
¢

ke

We endow Q x R? with the symplectic form:
/2
wo(g,2) = B@ Y d&; Aday,

Jj=1
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with the notation z = (x,¢). (X, B) is a d-dimensional symplectic submanifold of
(T*M,w). The following Darboux-Weinstein lemma claims that this situation is
modelled on the submanifold ¥y = 2 x {0} of (Q x R%, wy).

Lemma 2.3. There exists a local diffeomorphism
Dy: QxR =T M
such that
Piw = wpy, and Py(Xy) = 2.

In order to keep track on the construction of ®,3, we will give the proof of this
result.

Proof. Again, we use local coordinates on M to denote every V € Ty (T*M) as
(Q,P) € TyM x T M. For q € Q, using the vectors u;(q),v;(q) € T,M defined in
(1.10), we define the vectors

1 1
¢j(a) = ——== (u;(q), "T4A u;(q)), fi(a) = vi(a), "ToA v(q))
J 6](q) ( J q J ) J 6]<q> ( J q J )
which are in T, X+ by (2.4). These vectors satisfy
(2:5)  wi(eila), f5(0) = dij, - wjg)(€i9), €5(0) =0, wii(fi(a), fi(q)) =0
Indeed, the first equality follows from

( l’f])

1

=

1

= \/ﬁTﬁ] B(u;, v;)
1
\/67911 ulvvj)
Bi

BiB;
= 52]7

("T,A —T,A)u;,v;)

gq U“ 'U]

and the two others from similar calculations.
Let us construct a <I>0 Q x Rd — T*M such that:

(2.6) (g, 0) = j(q),
(2.7) 0:®0(g,0) = Ly,

where L, : R4 — Tj(q)EL is the linear map sending the canonical basis onto
<€1<q>7 fl(q)7 EE) ed/2<Q)7 fd/2<Q))

For this, we take local vector fields é;(q, p), f;(¢, p) € T(qp)(T*M) defined in a neigh-
borhood of ¥, such that

&(i(a) = e5@),  f3i(a) = fi(a)-
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In other words, if we see e; and f; as vector fields on X using j(g), we extend
them to a neighborhood of ¥. Then we consider the associated flows, defined on a
neighborhood of ¥ by:

D¢’ 5
Oz, (¢,p) = &(¢;"(¢,p), x; €R,
o o

w], (0.p) = ;W (q.p), & €R,
¢

03(q,p) = ¥} (q,p) = (¢, p).
Then . c
By (g, 2) == ¢ 0 Ut 0.0 9y 00,k (5(4))
satisfies (2.6) and (2.7). Hence, if g € ), the linear tangent map
Tq0®o : TLM & RY = Tjiy B & Ty

T,j 0
0 L)

In particular, ®}w = w on {z = 0} by (2.5) and lemma 2.1. By Weinstein lemma A.2
(Appendix), for ¢ > 0 small enough there exists a diffeomorphism S : 2 x B, (¢e) —
Q x B, (e) such that S(q, z) = (¢, 2) + O(|z[*) and S*®}w = wy. Then &y = Py o S
is the desired symplectomorphism. O

acts as:

2.2. Proof of Theorem 1.1. Now we can prove the normal form for the classical
Hamiltonian. Up to reducing €2, we can take symplectic coordinates w = (y,7) € R4
to describe €2, thanks to the Darboux lemma:

0:Q—V CRY
We get a new symplectomorphism
®:V xB,(e) >UCT"M,
defined by
(I)(wa Z) = ‘1)0(90_1(1”), Z)
It remains to compute a Taylor expansion of H in these coordinates. Using the
Taylor Formula for H = H o &, we get:

A A A 1 A
(2.8) H(w,z) = H(w,0) + 0.H.—o(2) + §@§H|Z:0(z, 2) + O(|z]).
By the chain rule, we have (with ¢ = ¢! (w)):
az]:ILz:O(Z) - Tj(q)H(az(I)\zz(J(z)) =0,
because T} H = 0, and

a§ﬁ|z:0<zvz) J(q <a (I)|Z 0( )’azq)|'z:0<z))'

But 0,®|.—o sends the canonical basis onto (e1(q), fi1(q), .- ,eq/2(q) fa/2(q)), so we
get from Lemma 2.2:
d/2

0 H‘Z —o(z,2) ZBJ (q)]2]?



A SEMICLASSICAL BIRKHOFF NORMAL FORM 13

Hence (2.8) gives:

/2

H(w,z) = Ho ®(w,>2) Zﬁj )zl + O(l2]).

3. THE FORMAL BIRKHOFF NORMAL FORM

3.1. The Hamiltonian H. In the new coordinates given by Theorem 1.1, we have
a Hamiltonian H(w, z) of the form:

d/2
H(w,z) = H(w, 2) + O(|2)?), where H(w, z) Zﬁj NETR

HY is defined for w € V, but we extend the functions Bj to R such that:

/2

(3.1) > Bi(w) =by forwe Ve

This is just technical, since we will prove microlocalization results on V' in section
6. Then we can construct a Birkhoff normal form, in the spirit of [20] and [19], with
w as a parameter.

3.2. The space of formal series. We will work in the space of formal series
£ =C*(Ry)[[x, & .

We endow &£ with the Moyal product %, compatible with the Weyl quantization
(with respect to all the variables z and w). Given a pseudodifferential operator
A = 0p¥(a) we will denote " (A) or [a] the formal Taylor series of a at zero,
in the variables x, £, A. With this notation, the compatibility of * with the Weyl

quantization means
w, T w, T w, T
oy (AB) = 0y, (A) x o3, (B).

The reader can find the main results on A-pseudodifferential operators in [16] or [24].

We define the degree of z*¢7A* to be |a| + |y| + 2¢. Hence, we can define the
degree and valuation of a series s, which depends on the point w € R%. We denote
Oy the space of formal series with valuation at least N on V', and Dy the space
spanned by monomials of degree N on V (V C R¢ is given by Theorem 1.1). We
denote z; the formal series x; + i§;. Thus every x € £ can by written

K= Z Care(w)2°Z7RE,
ayl
with the notation
o a1 xd/2
2 =2z,

For k1, ko € &, we denote ad,, ky = [K1, k2| = K1 * ke — Ko x k1. [t is well known that
[K1, ko] is of order A, so for Ny + Ny > 2, we have

(32> %[O]\h?ONQ] - ON1+N2*2'
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Explicitly, we have

h
(3.3)  [K1, Ke)(z,w, k) = 2sinh (Q_ZD) (f( 0w h)g(2",w" W) | et = s ot = =0

where [f] = k1, [g] = Ko, and
d/2
0= Z (85; 8353/ — 8363 853/ + 877;_ @,3_/ — 8% @ﬁ) .

j=1
From formula (3.3), a simple computation yields to
i oz oz oz
(3.4) ﬁadwz(z PR = {|2]% 2220} = (o — ;)2 2R
3.3. The formal normal form. In order to prove Theorem 1.2, we look for a
pseudodifferential operator Qj such that
(3.5) e%Q"Op%”FIe’%Q”L
commutes with the harmonic oscillators I,(ij), (1 <j <d/2)introduced in (1.14). At
the formal level, expression (3.5) becomes
(3.6) en?dr (HO + ),
where Hy + 7 is the Taylor expansion of H,and 7 = CT;%UJ—(QH). Moreover,
w,T j

o (@) = Il
so we want (3.6) to be equal to H® + k, where [k, |2;]?] = 0, which is equivalent to
say that  is a series in (|z1|%, ..., |24/2|?, h). This is possible modulo O,, as stated

in the following theorem. We recall that r is the non-resonance order, defined in
(1.11), and that we assumed r > 3.

Theorem 3.1. If v € Os, there exist T, k, p € O3 such that:
o i (H' ) =H'+r+p,
o [k} =0 forl<j<d/2,

e pecO,.

Proof. Let 3 < N <r — 1. Assume that we have, for a 7y € Os:
ehddry (H+9)=H°+ K3+ ...+ Ky_1 + Ry + Ony,
where K; € D; commutes with |z;|* (1 < j < d/2) and where Ry € Dy. Using
(3.2), we have for any 7/ € Dy:
eitdrn e (HO 4 ) = enadw (H°+ K3+ ...+ Ky_1+ Ry + Oy 1)
1

hadT/HO -+ ON—l—l-

=H°+ K3+ ..+ Ky_1+ Ry +
Thus, we look for 7" and Ky € Dy such that:

(3.7) Ry = Kn + %adHoT’ modulo Oy 1.
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To solve this equation, we need to study adgo. Since H® =3 B;(w)]z?,
i d/2 . i
ﬁade-’ = Z <BJ( ) ad\Z]|2( ) ﬁadéj (T’)|Z]‘|2) .
j=1
Since Bj only depends on w,

1
E,adBj (7'/) € ONfl,

(see formula (3.3)). Hence
/2
—adHoT Zﬁj ad‘zﬂg )+ Oni1.

Thus equation (3.7) can be rewritten
(3.8) Ry = Ky +T(7') + Oy,

with the notation
/2

T = Zﬁ] adwz

From formula (3.4) we see that T’ acts on monomials as

(3.9) T(e(w)2227) = (o — 7, B(w))e(w) 27",
Thus, if we write
RN = Z rayg(w)za?/hé,
|of+[v|+20=N
we choose
Ky = Z Tarye| 2|2 R,
a=y
which commutes with |2;]* (1 < j < d/2 ). The rest Ry — Ky is a sum of
monomials of the form 7,,,2*z7h* with a # . As soon as 0 < |a — | < 7, we have

(a —~,B(w)) # 0 (by (1.12) because  is lower than the resonance order (1.9)), so
we can define the smooth coefficient
T ome (W
Caye(W) = l ~ ) .
(o =7, Bw))
Thus (3.9) yields to

T(Camez® 2 h) = Tane(w)2*2 R,
so Ry — K is in the range of 7' modulo Oy because N < r — 1. Hence we solved
equation (3.8), and thus we can iterate until N = r — 1. The series p is the O, that
remains:

"N (HO ) = HO 4+ Ky + oo+ Koy + p.

4. THE SEMICLASSICAL BIRKHOFF NORMAL FORM

The next step is to quantize Theorems 1.1 and 3.1.
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4.1. Quantization of Theorem 1.1. Theorem 1.1 gives a symplectomorphism
reducing H to H = Ho®. We can quantize this result in the following way.
The Egorov Theorem (Thm 5.5.9 in [16]) implies the existence of a Fourier integral
operator

Vit LR, ) — LA(M),

(z,y)

associated to the symplectomorphism @, and a pseudo-differential operator Eh with
principal symbol H on V' x B,(¢) and subprincipal symbol 0, such that:

(4.1) Vi LVi = L,

(4.2) ViV =1 microlocally on V' x B, (¢),
and

(4.3) ViV =1 microlocally on U.

4.2. Proof of Theorem 1.2. By (4.1), we are reduced to the pseudodifferential
operator L;, which has a total symbol of the form

(4.4) op=H+ 1, onV x B,(e).

In particular, a}f’T (Eh> = Hy+y for some v € O3, with the notation of section 3.2.
We want to construct a normal form using a bounded pseudodifferential operator

Qp:
(4.5) e Lhe 79 = Ny + Ry,

In Theorem 3.1, applied to 7, we have constructed formal series 7, k, and p such
that

e (HO +~) = H® + K + p.
The idea is to choose pseudodifferential operators Q;, and N}, such that O%U’T (Qn) =71

and o7 (N},) = k, and to check that they satisfy (4.5). Following this idea, we prove
the following Theorem.

Theorem 4.1. For h € (0, hy| small enough, there exist a unitary operator
Uy : L*(RY) — L*(RY),

a smooth function f*(w,Iy,...,1q/2,h), and a pseudodifferential operator Ry such
that:

(i) UrLpUy =L+ 0p¥ f*(w, ", ... I h) + Ry,
(it)  f* has an arbitrarily small compact (I, ..., 145, h)-support (containing 0),
(iii) o (Rp) € O, and o (UpRU;) € O,.

with Z,(ij) = Op;(|z*) and L) = Opy(H®). We call

(4.6) Ny = £+ Op f*(w, I, ... T\ p)

the normal form, and R; the remainder.
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Proof. The pseudodifferential operator Eﬁ defined by (4.1) has a symbol of the form
on=H + K7, onV x B.(¢),

so o = H® + ry, with v := [r;] € O3. We apply Theorem 3.1 with this v € Os. The
formal series k € O3 that we get commutes with |z;]? (1 < j < d/2), so by formula
(3.4) we can write it

2 !
K = E E crm(W)] 21 [P | zage| TR
k>2 I+|m|=k
and we can change the coefficients to get
*Mm1 2\xmy l
K=Y > m@) (2™ (2l N
k>2 I+|m|=k
We define functions:

f(w, I, ..., 12, h) with Taylor series Z Z crm (W) 7™M IR

/2
k>2 I+|m|=k

f*(w, I, ..., Iq/2, h) with Taylor series Z Z (W)™ . Igg/th
k>2 I+|m|=k

and arbitrarily small compact support in (11, ..., 142, k) (containing 0).
Let ¢(w, z,h) be a smooth function with compact support with Taylor series T,
given by Theorem 3.1. Then by the Taylor formula, we have:

r—1

i OpW o 1
en %P O0p (HO 4 ry)e nPH(E =3 ﬁad%_loﬁ(C)OP%’)(Ho +75)
n=0
1 1 r—1 _ith~10p¥(c) w( 70 —ith~10p¥(c)
+/ W(l —t)" e Pri9ady, 10p( Oph (H” +1mp)e Pr () dt.
0 - .

By the Egorov Theorem and the fact that adj, - 10py (e : € = O, (see (3.2)), the
integral remainder has a symbol with Taylor series in (9 Moreover,

r—1 r—1
1 1
w, T n w n
T (Z Eadz’h—lop%’(c)oph (H" + Th)) = Z Eadih_lT(HO +7)

n=0 n=0
= ¢ (H +9) + O,
=H+k+ 0O,.
Thus, by the definition of f, there exists s(w, z, k) such that [s] € O, and:
eiOPHI0pY (HO + ry)e” 1P = Opyy (H°) + Opy (f(w, [21%, ..., [z42 |, ) + Oy (5)-
Using the compatibility of the quantization with the Moyal product, we have
w, * d
o (1w, T, T ) = [fw, a2 B,
so we get:
enOPE 0Py (H + 1y)e #1074 = Opl (H°) + Opy (f*(w, I3V, .., ) 1)) + Op} (5),
for a new symbol 5(w, z, ) with [3] € O,. Hence we get
Ui LyUy = Op¥ (H®) + Op¥(f*(w, 2", ..., i | h)) + OpP(3),
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with Uy = e~ 791 To prove (i) with R, = Op¥(5), note that
o (Ry) = [5] € O,
and .
o T (UpRyUy) = e ([3]) € O,.
UJ

Theorem 1.2 follows with the new operator U, = V,Uj, given by (4.1) and Theorem
4.1. Point (i7) of Theorem 1.2 is remaining. We prove it here, using that the function
f* can be chosen with arbitrarily small compact support.

Proposition 4.1. For any ¢ € (0,1), up to reducing the support of f*, the normal
form Ny, of Theorem /.1 satisfies for h € (0, hg] small enough:

(1= (L, ¥) < N, ) < (L4 QL0 ¥), Vi € S(RY).

Proof. For a given K > 0, we can take a cutoff function y supported in {\ € R%¥? :
|All < K}, and change f* into x f*. Thus, for \; € sp(Zé])),

|Xf*<w7 )\17 [EE) )\d/27 h)| < CK”)\H

<CKZ \j

mm j

gCKZﬁjw
J

Hence, using functional calculus and the Gz(irding inequality, we deduce that

(O} (w, I3 T R )| < CE (L3, ) + chlj |
< (L, ),
for K and A small enough. OJ

5. SPECTRAL REDUCTION OF N,

In this section, we prove an expansion of the first eigenvalues of A}, in powers of
RY?. In order to prove Theorem 1.5, it will only remain to compare the spectra of
N, and £;,. This will be done in the next sections.

Let 1 < j <d/2. For n; > 0, we denote hnj : R — R the n;-th Hermite function
of the variable x;. In particular, for every 1 < j < d/2 we have:

(5.1) T b (25) = R(2n; + 1)y, (1),

Moreover, (hy,)n,>0 is a Hilbertian basis of L*(R,):

LZ(ij) = EB <hnj>'

nJZO
On Rgﬂ, we define the functions h,, for any n = (n1,...,n42) € N4/2 by
hn<.§U) = hnl ®..Q hnd/2(:€) = hn1<x1)---hnd/2('xd/2)-
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We have the following space decomposition:

LR = @ (ha).

In particular, we have:

(5.2) L’R:,) = P (PRI @ (h,)).

Since N}, commutes with the harmonic oscillators I,gj ) (1 <j <d/2), it is reduced
in the decomposition (5.2). More precisely,

Lemma 5.1. Forn = (ny,...,n42) € N2 there exists a classical pseudodifferential
operator /\/’én) acting on LQ(RZ/Z) such that:

Nt ® by @ oo @ hiyy) = Ny (W) @ Ty @ oo @ Dy Vu € S(RI?).
Its symbol is:

d/2
F™(w)=hY_ Bi(w)(2n; + 1) + f*(w, h(2n + 1), h),

and we have:

sp(Ni) = [ Jsp(\V™).

Moreover, the multiplicity of \ as eigenvalue of Ny, is the sum over n of the multi-
plicities of A as eigenvalue of./\fén).

This follows directly from (5.1) and (4.6). Moreover, we can prove the following
more precise inclusions of the spectra.

Lemma 5.2. Let by € (bo,gl). There exist hy, ez, ¢ > 0 such that, for any h €
(O, ho) J

(5.3) sp(Nw) N (oo, bl € | sp(A;™),
0<|n|<nmax
and for any n € N2 with 1 < |n| < Npa
(5.4) sp(N™) < [1i(bo + ¢|nl), +00).
Proof. Remember that the functions Bj are bounded from below by a positive con-

stant. Thus, the Ggu"ding inequality implies that there are hg,c > 0 such that, for
every h € (0, hy),

(5.5) (0P} (Bj)u, u) > cllull?,  Vu € L*(RY?).
For any n € N2 we have:
N u) = (Ny(u® hy), u @ hy,)
>(1-O)(LYv®h,),u®h,) by Proposition 4.1

d/2

= (1-0) ) h(2n; + 1)(Opf (3)u.u)
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because L) = . Op}f(ﬁj)Z,(ij). Thus using (5.5) and the Garding inequality,

(NRu,u) > (1= ¢)(2eln ul® + (Opy (b)u, u))
> 11 = ¢)(2cln| + by — ch)|u]*.
This proves (5.4) for a new ¢ > 0. Moreover, if you take any eigenpair (A, ) of N,
with A < bih, it is an eigenpair of some Né"), with ¥ = u ® h,,, and:
h(L = )(2eln| + bo — h)l|ull® < (N, u) = (N, ) < bibfjo”
Thus, there is a n,,4; > 0 independent of A, A, 1 such that
7| < Nnga-
We deduce (5.3). O

Using the previous Lemma and the well-known expansion of the first eigenvalues

~

of Opy’(b), we deduce an expansion of the first eigenvalues of Nj,.

Theorem 5.1. Let ¢ > 0 and N > 1. There exist hy > 0 and ¢y > 0 such that,
for h € (0, hol, the N first eigenvalues of Ny : (A\j(h))i1<j<n admit an expansion in
powers of K% of the form:

\;(h) = hby + W (E; + co) + B2 %ci5 + Bcjg + ...,
where hE; is the j-th eigenvalue of the d/2-dimensional harmonic oscillator associ-
ated to the Hessian ofB at 0, counted with multiplicity.

Proof. The smallest eigenvalues of N} are those of N, rfo)’ which has the symbol
hb(w) + f*(w, R, ..., h) = h(b(w) + hcy + O(B2)).

The first eigenvalues of a semiclassical pseudodifferential operator with principal
symbol b (which admits a unique and non-degenerate minimum) have an expansion
of the form:

(5.6) ui(h) = bo+ hE; + B3 ajuh™,
m>0
where hE; is the j-th eigenvalue of the d/2-dimensional harmonic oscillator associ-

ated to the Hessian of b at the minimum. Let us recall the idea of the proof of this
result. Since the minimum of b is non degenerate, we can write

. 1 .
b(w) = by + §Hessob(w, w) + O(|wl?).

A linear symplectic change of coordinates changes Hessob into
/2

> vily; + ),

j=1
for some positive numbers (v;)1<;j<a/2. In these coordinates the symbol becomes
/2
b(y,n) = bo+ > vy +n2) + O(lw]®) + O(h),

j=1
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and Helffer-Sjostrand proved in [11] that the first eigenvalues of a pseudo-differential
operator with such a symbol admits an expansion in powers of i'/2. Sjostrand [20]
recovered this result using a Birkhoff normal form in the case where the coefficients
(v;); are non-resonant. Charles and Vu Ngoc also tackled the resonant case in

14]. O
6. MICROLOCALIZATION RESULTS

In section 4, we have proved Theorem 1.2: We have constructed a normal form,
which is only valid on a neighborhood U of ¥ = H~1(0) since the rest Rj; can be
large outside this neighborhood. Hence, we now prove that the eigenfunctions of L
and N, are microlocalized on a neighborhood of 3.

6.1. Microlocalization of the eigenfunctions of £;,. We recall that
K ={blq) <b}cQ.

For € > 0, we denote

(6.1) K. ={q:d(q, K) <e}.

For € > 0 small enough, K. C Q.

The following Theorem states the well-known Agmon estimates (see Agmon’s
paper [1]), which gives exponential decay of the eigenfunctions of the magnetic
Laplacian L outside the minimum ¢y of the magnetic intensity b. In particular,
these eigenfunctions are localized in €.

Theorem 6.1 (Agmon estimates). Let o € (0,1/2) and by < by < by. There exist
C, ho > 0 such that for all b € (0, hy] and for all eigenpair (X, 1) of Ly with A < hby,

we have:
/ ey 2dg < Oy,
M
In particular, if xo : M — [0,1] is a smooth function being 1 on K.,
Y = xo + O(R™) in L*(M).

Proof. If ® : M — R is a Lipschitz function such that e®v belongs to the domain
of g, the Agmon formula (Theorem A.3 in Appendix),

an(e™y) = Ale®p|* + 7?||dPe® ||,
together with the Assumption 1,
(1+ 11 Co)an(e®) > /ﬁ(b(Q) — h1Co)le¥]*dgy,
yields to:
/ [A(b(q) — BY*Cy) — (1 + BY*Co) (A + h?|d®|?)] |e®|*dg, < 0.
We split this integral into two parts:

[ Th(ba) = 12C0) = (1 4+ 1) -+ R0 )] e,

< /K [—7i(b(q) = BY*Co) + (1 + R Co) (A + 12[d®[*)] |4 |*dg,.
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We choose ®:
D,,(q) = xm(d(q, K))h™* for m > 0,

where . (t) =t for t < m, x(t) = 0 for ¢t > 2m, and y/,, uniformly bounded with
respect to m. Since ®,,(q) = 0 on K and b(q) — h*/*Cy > 0, we have:

/ [1(b(q) — B Co) — (L + BY1Co) (A + 1?|dD|*)] [e® 0 *dg, < Chlly .
Morever, A < byh and |d®,,|> < Ch—2:

[ [ota) — w1C0) — (14 BC) it + O] e g, < Ch
Thus, up to changing the constant Cj:

[ b= by = 1, = Cr e g < Chlu
Since l~)1 > by, we have l~)1 — b, — BY*C, — Ch'=2 >  for h small enough. Hence
|l < cll,
and since ¢, =0 on K:
[1emmuraq < @+ vl

By Fatou’s lemma in the limit m — 400,

/|ed(q,K)h‘“¢|2dq < (C+ D)y

To prove the second result, notice that

I = xou? = / =g < / p[2dg

0#1
< / g
K¢

S 6—26710‘/ |ed(q,K)h*aw|2dq
K¢

< Ce 7 [pl? = O(h).

Now we prove the microlocalization of the eigenfunctions of £ near X.
Theorem 6.2. Let ¢ > 0, § € (0,3), and 0 < by < by. Let xo : M — [0,1] be a
smooth function being 1 on K.. Let x1 : R — [0, 1] be a smooth compactly supported
cutoff function being 1 near 0. Then for any normalized eigenpair (X, ) of Ly such
that A < hb; we have:

¥ =x1(F*Ly)xo(q)¥ + O(h™) in L*(M).



A SEMICLASSICAL BIRKHOFF NORMAL FORM 23

Proof. Using Theorem 6.1, we have ¢ = xo¢ + O(h>) in L2(M). Since x1(h=2Ly)
is a bounded operator, we get:
X1 (B2 L) = xa (B> L) xop + O(A%)  in L2(M).
In fact,
v =xa(h L)y,

Indeed, there exists a C' > 0 such that

xi(F"?.)=1 on B(0,Ch*?),
and for h € (0, fip) small enough,

A € B(0,b,h) € B(0,Ch%).

Thus,

Xi(B2 L)y = xa (BN = 4.

OJ

6.2. Microlocalization of the eigenfunctions of N,. The next two theorems

states the microlocalization of the eigenfunctions of the normal form. We recall that
if ¢ is defined by Theorem 1.1, we have:

oK) ={w eV :bw)<bl,

with b(w) = bo ¢ (w). We also recall the definition (6.1) of K.. This first lemma
gives a microlocalization result on the w variable.

Lemma 6.1. Let h € (0, ) and by € (0,by). Let xo be a smooth cutoff function on
R supported on V such that xo = 1 on o(K.). Then for any normalized eigenpair
(X, ) of Ny, such that X\ < hby, we have:

= 0py (xo)¥ + O(h™) in L*(Rg,).

Proof. Let x = 1— xo, which is supported in p(K.)¢. The eigenvalue equation yields
to

(6.2)  (NaOpy (X)), Opy (X)) < bikil|Opy (x) Y11 + ([N, Opyy (X)), Opyy (X))

Using Lemma 5.1, we can write ¢ = v ® h,, for some n € N¥2, u € LZ(Ri/Q), with
0 < |n|] < Nypge. Then
N2 Opy ()] = NG, Opi (x)]u ®
/2
= h |y (2n; + 1)OR} (), Opil (x) | ¥ + O(R),

j=1

because the principal symbol of Nén) is Zji ° (2n; 4+ 1)5;. Since the symbol of the
commutator is of order A and supported in suppy, we have

(6.3) (W, Opy OO, Opy (X)¥) < CHZ||Op; ()Y I,

where Y is a small extension of y, with value 1 on suppy and 0 on a neighborhood
of ¢(K.). Moreover using Proposition 4.1,

(NHOP} ()0, Oy (x)¥) = (1 — C){(L0p} (x)1, Opyy (X))
> (1 — )by || Opy (x) ||,
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where we used the Ggu"ding inequality because, the symbol of L is greater than by
on suppy. Together with (6.2) and (6.3), we get

B (1= Oby = b1 ) 0B (\)¥I1* < C2Op} ()9

For 7 small enough, (1—¢ )51 > b;. Hence, dividing by & and iterating with y instead
of x, we get

10p; ()¥|I* = O(R).
O
Now we prove the microlocalization of the eigenfunctions of AV}, on a neighborhood

of p(¥) = {(z,w) : z = 0}.

Theorem 6.3. Let i € (0, k], by € (0,by), and § € (0,1/2). Let xo be a smooth
cutoff function on RY? supported on V' such that xo = 1 on ¢(K.) and x1 a real

cutoff function being 1 near 0. Then for any normalized eigenpair (A, ) of Ny such
that A < hby, we have:

=BT (70T (xo(w))w + O(®) - in LA(R).
Proof. According to Lemma 6.1,
¥ = Opy (xo0)¥ + O(h™).
Since x¥*(h™2L,) = x1(FPZM)..x1 (5T is a bounded operator, we have
x (0 T)0 = X1 (07 T)Opy (xo) + O(h).

It remains to prove that ¢ = thi/ 2(h*25Zﬁ)w for h small enough. Using Lemma 5.1,
1 = u® h, for some u € LQ(RZ/Q), n € N2 with 0 < |n| < Nyae, and so

X2 (2T = xa (B2 (200 + 1)).xa (B2 (2040 + 1))9.

But x; = 1 on a neighborhood of 0, so there is hy > 0 such that, for any i € (0, fig]
and any 0< |TL| < Nynazs

X1 (B2 (201 +1)).xa (B2 (202 + 1)) = 1.
Thus,

b =XV (BT,
]

6.3. Rank of the spectral projections. We want the microlocalization Theorems
6.2 and 6.3 to be uniform with respect to A € (—oo, byh]. That is why we need the
rank of the spectral projections to be bounded by some finite power of A=!. If A
is a bounded from below self-adjoint operator, and a € R, we denote N (A, «) the
number of eigenvalues of A smaller than «, counted with multiplicities. It is the
rank of the spectral projection 1j_q )(A).

The proof of the following estimate is inspired by the proof of Lemma A.4 in
Appendix, adapted from [9]. The idea is to locally approximate the magnetic field
to a constant.
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Lemma 6.2. Let by < by < by. There exists C > 0 and hy > 0 such that for all
h € (0, hy), we have:

N(Lpy, b)) < Ch™92,

Proof. Take (Xm)m>0 a smooth partition of unity, such that:
Y xalg)=1 and ) |dxm()’ <C, Vge M,
m>0 m2>0

with supp(xm) C Vi, a local chart. Then, by Lemma A.5 (in Appendix), for any
v € D(q"),

= ) = 2D wdxml* =) an(xm) — CR2[[]%.

m>0 m>0 m>0

Since )
K ={b(g) < b}

is compact, there is a my > 0 such that, for m > my:

(6.4) 0 Comtd) > B / (bq) — R/*Co) |xmtbdg,

(6.5) () = by = BAC0) x> = Bbal x|,

for A small enough. For 0 < m < myg, we can work like in R? using the charts, and
we can find a new partition of unity on V,, such that

J
(6.6) Z |><ZLJ-|2 =1, and Z |dX z)|* < Ch™?,
=0

where C' > 0 does not depend on m, and with
supp(x%, ;) C By = {0 ¢ [ — 2| < KO}

Thus we have for 0 < m < my:

J
(67) adn me > Z Xm ﬂ/} h272a”Xm1/}”2'
7=0

On each B,, ;, we will approximate the magnetic field by a constant. Up to a gauge
transformation, we can assume that the vector potential vanishes at z,, ;. In other
words, we can find a smooth function ¢,, ; on B,,; such that

A(Zm,j) = 0,

where A = A + Vo ;. The potential A defines the same magnetic field B as A.
Let us define

Asin(2) = B(2m;). (£ = Zm ),
so that
(6.8) |A2) = Agin(2)] < Clz = 2" on By,
Then if g, denotes the quadratic form for the new potential A, for v € CS°(Bm,j),
Gn(v) = ¢ () + [[(A = Agn)0l|* + 2R((A = Aysn)v, iRV + Agin)0),
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and using (6.8) and the Cauchy-Schwarz inequality,

@n(v) = ¢;"(v) = 2C||z = zm s *vlly/ g (v).

We use 2|ab| < 2a® + e72b? to get:

Gn(v) = (1= CW*) g (v) = Ch™*|[|x — 2n [P0
and so
(6.9) @(v) = (1= CH?) gf(v) — O]
Changing A into A amounts to conjugate the magnetic Laplacian by e ¢im  so:

Gn(v) = qu(e™ Pimu).

Hence, for any v € C3°(B,y, ),
(6.10) @(v) > (1= CH) g (e7 ™ eimy) — CH**2|u]|2.

¢"(v) is the quadratic form associated to a constant magnetic field operator. Now,
we approximate the metric with a flat one:

(6.11)
q%m Z/|g 1/2 kl( )(lhak’l}+Alln )(,Lhal,v+Alzn )d

(6.12) > (1—-Ch%) Z/ 19z )26 (2m) (ihO + A0 (ihOw + Alinv)da,

(6.13) = (1—ChY)g/" (v).
Hence, from (6.7) and (6.5) we get:

mo J mo
>SS ) = S O |2 — CR [P
m=0

m=0 j=0

+ > by = CohM ) x|,

m>mo

and using (6.10) and (6.13):

an(v) = (1= CR*)(1 Cﬂ¥§j§quteﬂ”WMXzﬂo

m=0 j=0

W”ZZMMF

m=0 j=0
— (CH*72 4+ CB? + Col ) [ )* + ) By [l x|
m>mgo
mo J
=1, 7
> (1= CR?) (1= Ch) Y > gl (e myd )+ > hby x|

m=0 j=0 m>mg

— (CH*=% L OR*722 4 CR2 4 Coh/*)|a||%.



A SEMICLASSICAL BIRKHOFF NORMAL FORM 27

Then
(6.14)  gu(¢) > (1 = CE*)(1 = Ch*)ge ((im®)jms (m®)m>mo) — K () ||9]*,
where K (h) = Ch*=28 + Ch*72 + CRh? + Cyh*/* and
qc ((@Z)jm)jm, (m)m>mo)
= Z Z af (") 4 (L= CR) T (L= CRY) ™ Y by [

m=0 j=0 m>mg

is the quadratic form associated to
mo J
- (BDen)o (@ <),
m=0 j=0 m>mg

where L,, ; is a Schrodinger operator with constant magnetic field acting on L*(B,,, ;),
and L, is the multiplication by (1 — Ch*)~1(1 — Ch®*)~1hb; acting on L2(V,,).
We test inequality (6.14) on the N(Ly, byh)-dimensional space V' spanned by the

N(Lp,bih) first eigenfunctions of £, (Corresponding to eigenvalues < hby). For
vev,

(1= CR*°)(1 = Ch*)ac((Xjm®)jms (Xim®)m>mo) < (brh + K (1)) [[v]*.
Then, since

Y = ((XG,m¥)o<m<mo,0<i<ds (Xm¥)m>mo)

is one-to-one, the space

{((ijw)ﬂm Xm¥)m (@ L*(B,j ) (@ L2V, )) (NS V}

m>mo
is N(Lp, byh)-dimensional, and the min-max principle yields to:
N(Lp,bih) < N (z, (hby + K (h)(1 — CR¥)~1(1 — Ch“)‘l) .

Since L,, ; is a magnetic Laplacian with constant magnetic field, we know that, for
h small enough:

N(Lpmj, OB) =0OHR ), 0<m<my, 0<j<,

and
N(L,,, hby +0o(h)) =0, m > my.
With o = 3/8 and 8 = 1/8, K(h) = o(h), so we deduce:

N(Ly, hbi) = O(h=?).

The same result holds for Nj:
Lemma 6.3. Let by € (0,b,). There exists C > 0 and hy > 0 such that
for all h € (0,hy), NN hib)) < Ch™ %2,
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Proof. By Lemma 4.1, we have:

with B, = Op}f(l;) Using the min-max principle, it follows that
N(Nﬁ7 hbl) S N(Bﬁa (]- - g)_lbl)v
and using Weyl estimates (|6] Chapter 9, or [13]), we get

N(By, (1 =)~ 'by) = O(h~Y?).

7. COMPARISON OF THE SPECTRA OF [, AND N,
7.1. Proof of Theorem 1.3. We denote
A(h) < Xe(h) < ...
the smallest eigenvalues of £, and
vi(h) <w(h) <.

the smallest eigenvalues of NVj;. The goal of this section is to prove the following
theorem, using the results of section 6.

Theorem 7.1. If by < by and & € (0,1/2), then
An(h) = va(h) + O(R),
uniformly in n such that A\, (h) < hby and v, (h) < hb;.

Together with Theorem 5.1, this theorem concludes the proofs of Theorems 1.3
and 1.5.

Proof. We will prove that v, (h) < \,(h)+O(R’"), the other inequality being similar.
Let 1 <n < N(Ly, hby), and let us denote 9y p, ..., ¢, ;, the normalized eigenfunctions
associated to the first eigenvalues of £;. We also denote

Vo = span{x1 (A% Ls)xo(q)¥jn : 1 < j < n},
where yo and y; are defined in Theorem 6.2. We have the normal form:
(7.1) UsLyU, = Ny, + Ry,
where

Up = VyUy, s given by (4.1) and Theorem 4.1.

We will use the min-max principle. For ¢ € span,;.,%; s, we denote

b =x1(h"*Li)xo(q) € Vi
Such a 1/; is microlocalized on ; C U C T* M, where
O ={(q,p) €T*M : |p— A(q)|* < ch®,q € Q}.

(Indeed, the symbol of x1(h~2°Ly) is O(h>) where x1(h™%|p — A(q)|?) = 0). Thus,
since V;V;* = I microlocally on U (4.3) and Uj, is unitary, we deduce from (7.1) that:

(7.2) N30, Uy) = (Lath, ) — (R, Upd) + O(R) | 0%,
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On the first hand, by Theorem 6.2, we can change v into 1 up to an error of order
h*°. Indeed, by Lemma 6.2, the estimates of Theorem 6.2 remain true for ¢». We
get:

(Lath, D) = (La, ¥) + OR[> < (An(B) + O(R)) [[]|*.
On the other hand, the remainder is:
(RuU), Uy ) = (UnRaUy Vi, V).
The function Vﬁ*lﬁ is microlocalized in
Vi ={(w,2) :w €V, |2|* < ch*®},

because V}, is a Fourier integral operator with phase function associated to the canon-
ical transformation ®, which is sending Q, (where ¢ is microlocalized) on V. More-
over, the symbol of the pseudo-differential operator U, RyU; on V is O((h+|z|?)"/?)
(Theorem 4.1), so we get:

UnRyUSVih = O(RT).
Thus equation (7.2) yields to:
N3, Uty < (An(B) + O(R) | T30,
for all ¢ € Vi Since V,, 5 is n-dimensional, the min-max principle gives
Un(h) < A (R) + O(RT).

The same arguments give the opposite inequality, replacing Theorem 6.2 and Lemma
6.2 by Theorem 6.3 and Lemma 6.3. 0

7.2. Proof of Corollary 1.1. Let us prove the Weyl estimates stated in Corollary
1.1. The proof relies on the classical Weyl asymptotics for pseudo-differential op-
erators with elliptic principal symbol ([6] Chapter 9, [13] Appendix). Let us first

prove the Weyl estimates for the Normal form. For any n € N2, A/, TE") is a pseudo-
differential operator with principal symbol

l(w) = hZ(anH)Bj(w).

Note that R
V,, := {b"(w) < by}

is empty for all but finitely many n. For these n, the Garding inequality gives
(NG, 0) > h(by — ch)[[gll, Vi € SRY?),
so that
NG, buh) = N(5 LN [y — e b))
which is o(h~%?) by the classical Weyl asymptotlcs. For the other finitely many n,
V,, € {b(w) < by}
is a compact set with positive volume and thus the classical Weyl asymptotics gives

1
N (/\@f"’, b1h> =N (ﬁ\@f“’, bl) ~ Vol (V,,).

1
(27h)/2
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Using

No) = JspN™
we deduce that .

N(Nﬁ, blh) ~ W ;VOI (V )
Moreover,
Vol(Vy) = / dydn = / " (dydn),

n ™1 (V)

where ¢ is defined in Theorem 1.1. Since ¢ is a symplectomorphism, we have

B = ¢*(dn A dy)

and thus »
B 1 § .
@i~ @y (@A ™) = o (dydn).
Hence »
B
Vol(V,,) = / B
W) binl (g)<y (A/2)!
so that

Bd/2
(Nﬁ7b1 2 hd/2 Z / d/2 '7

neNd/2 (q )<b1
where the sum is finite. It remains to compare

Ny = N(N;,bih) and  Ng:= N(Ly, bih).

If we apply Theorem 1.3 with some by +0 > by, we get a ¢ > 0 such that for 4 small
enough,
N(Ny, hby — ch"/?78) < Ny < N(Ny, hiby + ch'/?7¢),
so:
|Ny — Ny| < N(N;, [Aby — b2, Bby + ch™/?79)).

Classical Weyl asymptotics gives
NN, [Rby — eh'/278 By + ch/?7¢]) = o(h™9/?),
for any n € N%2, so [N; — Ny| = o(h~%?), and the proof is complete.

8. THE CASE 719 = 00

If ro = 0o (where 7 is defined in (1.9)), there is no resonances:
/2
(8.1) Zajﬁj(qo) 40, Yae N2 a+#0.
j=1
Of course, we can take any finite r > 3, and construct the corresponding normal

form. From Theorem 1.5 we deduce that
r—1

Vr >4,V > 1M\ (h) = hbo + Y ¢;h"? + O(H/?),
k=4

so we get a complete expansion of A;(h) in powers of h'/?. However, the normal
form depends on r. A natural question is : Could we construct a normal form which
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does not depend on r 7 The answer is yes, but we need to restrict to lower energies.
Let us describe this construction.

The reduction of the classical Hamiltonian does not depend on r, so there is
nothing to change. The first problem appear with the formal normal form (Theorem
3.1). The problem is that the neighborhood V' on which the normal form is valid
must reduce as r goes to infinity. So we slightly change our definition of the space
of formal series Oy (NN > 0). Since the degree of a formal series

7€ & =CRY) [z, & A

depend on w, we define Oy to be the set of formal series with valuation at least
N on a neighborhood of 0. Then this neighborhood might go to zero as N grows.
Then the proof of Theorem (3.1) remains true for r = oo, and we get:

Theorem 8.1. If v € Os, there exist 7,k € O3z such that:
o i (HO+~)=HO+ g,

o [k =0 forl<j<d/2

Then we can quantize this result exactly as in Theorem 4.1, and we get:

Theorem 8.2. For h € (0, hy| small enough, there exist a unitary operator
Uy : L2 (RY) — L%(RY),

a smooth function f*(w,Ii,...,1q/2,h), and a pseudodifferential operator Ry such
that:

(i) UpLyUy =L+ 0pY f*(w, ", ... IY? h) + Ry,
X * has an arbitrarily small compact (I, ..., I/2, h)-support (containing 0),
/
(i1i)) VYN >3, o (Ry) € Oy and o (URWU;) € Oy.
with T9 = Op¥(|2;|2) and L9 = Opl(H®). We call
Ny = £+ Opl f*(w, IV, .. T\ n)
the normal form, and Ry the remainder.

Moreover, up to replacing f* by x(A~*.)f*, (which does not change the properties
of the normal form because f* is defined by its Taylor series), we can adapt the proof
of Proposition 4.1 to get

Lemma 8.1. We can construct the normal form Ny, such that, for h € (0, hg| small
enough and some C' > 0:

(1= Ch(Ly,v) < (Nih, ¥) < (L+ Ch)(L3w,0), Vo € S(RY).

It remains to prove the analog of Theorem 1.3. For this, we need the following
microlocalization results. Their proofs follow the same lines as in section 6. Note
the retriction to energies A\ < h(by + ch”), necessary to localize in a neighborhood of
qo of decreasing size as h — 0. We define, for any fixed ¢ > 0:

(82) Kh = {q e M : b(Q) < b(] + ZChn},
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and its small neighborhood
(83) Koﬁ = {q e M: d(q,Kﬁ) < hn}
Theorem 8.3. Let 6 € (0,%), ¢ > 0, and n € (0,1/4). Let x, : M — [0,1] be

12
a smooth cutoff function being 1 on Koy, Let x1 : R — [0,1] be a smooth cutoff
function being 1 near 0. Then for any normalized eigenpair (A, ) of Ly such that

A < h(by + ch) we have:
b =xa(W P La)xn(@) + O(F=) in L*(M),
uniformly with respect to (A, ).

The proof follows the same lines as Theorem 6.1, with o = 1/4, K replaced by
Kj, K. replaced by Ky, and Theorem 6.2 with no change. The uniformity with
respect to (A, 1) follows from Lemma 6.2.

Similarly, we have the microlocalization Theorem for the normal form A We
denote

‘/h = {w S Rd7 d(w7 @(KO,E)) < h’}

Theorem 8.4. Let h € (0,h], ¢ > 0, n € (0,1/4) and § € (0,1n/2). Let xo be a

smooth cutoff function on RY? supported on V' such that xo = 1 near 0 and x1 a
smooth cutoff function being 1 near 0. Then for any normalized eigenpair (X, 1) of
N, such that X < h(by + ch"), we have:

b =1 (B2 (B2 0py (xo (h~°w)) + O(h®) in L2(RY),
uniformly with respect to (X, 1)).

Proof. We follow the proof of Lemma 6.1. With y(w) = 1 — xo(h™°w), Inequality
(6.2) becomes

(N3OP; (X), Oy (X)¥) < hlbo + ch™)[[0p; )Y I” + ([N, Opi (0)Jw, Oy (X)¥),
And the estimate (6.3) on the commutator becomes
(N3, O ()], 0P (X)) < 1>~ [Op ()P,

because the commutator is of order A1~°. The lower bound becomes
(NOpy (X)¥, Opy (X)¥) > (1 = CR){L,0py (X)), Opy (X)¥)
> (1 — Ch)h(by + CH*)||Opy (x)|1*.
Hence we get
(1= Om)ty + O — (b + )| [OpF (VW1 < B Op (D
Since 20 < 7, we get a new C' > 0 such that for A small enough:
CR?(0py ()1 < B °(|0py (X)¢ |-
Iterating with y instead of y, for § < 1/3 we get
Opy (x)¥ = O(r™).

The end of the proof is the same as the proof of Theorem 6.3. The uniformity with
respect to (A, 1) comes from Lemma 6.3. O
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Since the eigenfunctions of N} and L; are microlocalized on a neighborhood of
the minimum of diameter going to 0 as i — 0, we can follow the proof of Theorem
1.3 (section 7) to get:

Theorem 8.5. Let ¢ > 0 and n € (0,1/4). We denote
A(h) < X(h) < ... and vi(h) < w(h) < ..
the first eigenvalues of L, and Ny. Then
An(h) = vn(B) + O(h%),
uniformly in n such that A\, (h) < h(by + ch") and v,(h) < h(by + ch™).

APPENDIX A

Lemma A.1. The principal and subprincipal symbols of the operator
Ly = (ihd + A)*(ihd + A)
are
oo(Lp) = |p— A(q)|§*(q), and o1(Ly) = 0.

Proof. We will compute these symbols in coordinates, in which £, acts as:

‘C%oord _ Z |g|_1/2(lhak + Ak)gk€|g|1/2(2hag + Ag)
kL

The principal symbol is always well-defined. The subprincipal symbol is well-defined
if we restrict the changes of coordinates to be volume-preserving. This amounts to
conjugating £ by |g|'/%. Thus the subprincipal symbol is defined in coordinates

by:
a1 (L) = on(|g[V L5 g1,
The total symbol of —ihd), — Ay is
o(—ihdy — Ax) = pr — Ag,
so we can use the star product x on symbols to compute the symbol of Lj:

a(lglALseorlgl ™) = gl + gl % (o — Ak) ¥ (gl * (pe — Ae) * |g| 7M.
ke

Now we will use the formula
h
o(f*g) = fg+ 3Af. g} + O

several times to compute the symbol, where {f, g} denotes the Poisson brackets. Of
course, we directly deduce the principal symbol:

Uo(‘9|1/4£%00rd|g‘71/4) = ngé(pk — Ay)(pe — Ar)
ke

so that
oo(Ln) = |p — A(Q)|§*(q)'
To compute the subprincipal symbol, we will use:

olgM 52 g 1) = 37 (g1 (o — Ag) ¢ 9] |91 ¢ (e — ) #1914
kL
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Let us compute a, = |g|™"* % (pr — Ay) * |g|/*.

h _ _
ar = (o = Ax) + 5 [{la74(0x = A), 1"} + (gl ™% i = AHgl] + O(R?)
| | 1/48|g‘1/4 o a‘g|_1/4

_A 1/4 FLZ
= (pk k) + 5 o0 o0 9] + O(h7)
A a 1/4
= (e~ A + g 129 o2y,
t O

We also get the similar result for b, = |g|1/4 * (pe — Ag) * |g| V4

0
b= (= A0 = 2 20
qe
Thus we can compute
aur 0 = 0 = A0+ 2= g+ g e o
hogtt h o _,,0|g
— (e~ A + 5+ Tl 1/4'5,—'g“+0<h2>,

and

h h d|g|*/*
a * g" x by = g (pr — A)(pr — Ar) + —.{gkz(pk — Ay),pe — Ag} — ;gké(pk — Ap)lg) 7V |gl1
h ogM* 1/48|g| 2
+Z—8 (pe — Ag) + | I~ o (pe — Ag) + O(R7).

Summing over k, ¢, we get
Zak*g * by = Zg (P — Ar)(pr — A1) + o {9 ok — Ax)pe — A}
oy
2i Oqy,
= %ka pr — A)(pe — Ae) + th . 5(192%146) B %agM(g;g_ =

A agké )
+ Z—Za—(m Ag) + O(h7)

=" ¢ — A (pr — Ar) + O(1?).
)

(pe — Ag) + O(R?)

Since

ollg L5 gl ) = 3w g b
ke
we deduce that:

o1 (lg|"ALseerd gl ) =0,
and

Ul(ﬁh) =0
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The following Lemma due to Weinstein [23] tells that, if two 2-forms coincide on
a submanifold, they are equal up to a transformation tangent to the identity.

Lemma A.2 (Relative Darboux lemma). Let wy and w; be two 2-forms on 2 x R4
which are closed and non degenerate. Assume that wo.—o = wi.—o. Then there exists
a change of coordinates S on a neighborhood of Q x {0} such that

S*wi=wy and S =Id+ O(|z]*).

For a proof, see for example [19] and the references therein. The next Lemma
states the Agmon formula (see [1]).

Lemma A.3 (Agmon formula). Let ¢ be an eigenfunction of Ly associated to A,
and ® : M — R is a Lipschitz function such that e®y be in the domain of qu, then
d® is defined almost everywhere and:

an () = Ale®y[* + 1*[[e®y dP|*.
Proof. First note that:
an(e®) = (L, eV 2 ary = M|V + ([Ln, €)1, €®9) 20y,

so we need to compute the bracket.

<[‘Cﬁa GCD]??Z)? 6¢w>
= / ((ihd + A)*(ihd + A)e®y, e®p)dg — / (e®(ihd + A)*(ihd + A)y, e®)dq

M

M
= [ |(ihd + A)e®y|*dq — / ((ihd 4 A), (ihd 4+ A)e*®y)dq
M M

On the one hand,

/ ((ihd + A)ap, (ihd + A)e**op)dg = / (le®(ihd + A)y|* + 2e**((ihd + A)ip, ihpd®)) dg,

M M

and taking the real part:

/ ((ihd + A)ap, (ihd + A)e**op)dg = / (le® (ihd + A)Y|* + 2Re*® ((ihd + A)y, ikpd®)) dg.
M

M
On the other hand,

/ |(ihd 4+ A)e®|*dg = / le®(ihd + A)Y|? + |ifnpe®dP|?
M M
+ 2R(e® (ihd + A)y, ilape®d®)dq,
so we finally get:
(L, e®]0, e) = 12|l e®ypdd|?.
O
In [9], the following theorem is proved in the case M is compact or the Euclidean

R?. Here we just adapted their proof for non-compact manifolds, with a possible
boundary.
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Lemma A.4. Assume that (M, g) is either compact or with bounded variations in
the following sense : There exists a compact subset I C M and finitely many charts

U, :U, - VCRY 1<n<ny,
with
no
M\K=|]JU,,
n=1

under which the Riemannian metric satisfies
g”

is bounded for 1 <1i,j,k <d,
83%

and
dlg|'/*?

8:ck

s bounded for 1 < k < d.

Then if B is such that
(A.1) IVB(q)| < C(1+[B(q)]),

there exists hg > 0 and Cy > 0 such that, for h € (0, k],
Vu € D(g), (1+ 1" Co)gn(u) > /M hb(q) — 1 Co)lu(q)*dg.
Proof. Take (Xm)m>0 a smooth partition of unity on M, such that:
Y Xt =1 and ) |dxm(q))’ <C, Vge M,
m>0 m>0

with supp(xm) C Vi a bounded local chart. Then by Lemma A.5 (below), for any
u € D(q"),

gn(w) = an(xmu) = B> Judxm|* > > ga(xmu) — CH?|Jul?,
m>0 m>0 m>0
and we can deal with every ¢;(xmu) in local coordinates © = (x1,...,24): we can
write gn(Xmu) = ¢5°°"(X,nil), where 1 stands for u written in coordinates. We denote
(B(z)) = (1+ |B(2)|?)"/2. Under assumption (A.1), up to taking V,, small enough,
we can find z,, € M and C > 0 such that:

(A.2) CHB(z)) < (B(z)) < C(B(2)), V€ V.
. B(x . B(x
Indeed, by (A.1), if we denote M(e) = supj,_, <. % and m(e) = inf|,_y<. %,

we have:
Viz —y| <, 3ey € [2,y], (B(z)) < (B(y)) + C(Blcwy))|z — yl,

which implies
and for ¢ < 1/2C,

Similarily, we have

(B(x))
(B(y))

(B(cey))
(B(y))

>1-C |t —y| >1—-CM(e)|lx —y| >1—2Ce.
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Rescaling a standard partition of unity on R?, we can find a new partition of unity
(XZm,j)jZO on V,, such that:

(A.3) Yol =1 and Y dxh, (@) < C(B(zm)h
j20 j20

where C' > 0 does not depend on m, and with

(A.4) supp(XZm) C B ={x:|x—yn;| < <B(zm))_1/2h0‘}.
Then for any u € C§°(Vn),
(A.5) an(1) 2D gu(xm, 1) — C(B(2n)) 7> |u]”
J
(A.6) > Z qn(Xmju) — CR*2 /(b(x) + 1)|ul*dz,,
J

because (B(z,,)) < C(B(z)) < C'(b(z) + 1). Since b is continuous, on each B,, ; we
can choose z,, ; such that

(A.7) b(2m,;) > b(x), Yz e B,

On each B,, ;, we will approximate the magnetic field by a constant. Up to a gauge
transformation, we can assume that the vector potential vanishes at z,, ;. In other
words, we can find a smooth function ¢,, ; on B,,; such that

A(Zm,j) == O,

where A = A + V¢m,;- The potential A defines the same magnetic field B as A.
Let us define

Ajin(2) = B(zm;) (2 — 2m,5),

so that

A() ~ Aun(@)] < 5[ VBlls, |~ 2s’. o0 By,
and using (A.1) and (A.2),
(A.8) A (@) = Apin(2)] < C(B(2mg))|z = 2mgl*,  on Bin.
Then if G, denotes the quadratic form for the new potential A, for v € Cs°(Bm,j),

Gn(v) = g" () + [[(A = Agn)0l|* + 2R((A = Aysn)v, iRV + Agin)0),

and using (A.8) and the Cauchy-Schwarz inequality,

@n(v) = 45" (v) = 2C|(B(zm)) |z — 2mgl*vlly/ @i (v).
We use 2|ab] < €%a® + 72V to get:

Gi(v) 2 (1= CP*) g (v) = Ch™*||(B(2m)) & — 2,0

> (1—CRr*) ¢j"(v) — Ch*=28||v]|?> by (A.2) and (A.4).

Changing A into A amounts to conjugate the magnetic Laplacian by e '#im | so:

~ i_l i
Grn(v) = qu(e h Pimy).
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We get for v € C3°(B,,,;):

qh( ) > ( Ch26) lm( 7Zh_1%’mv) _ éﬁ4a726”€ih_1%’mvH2
( ChQﬁ) lm( —Zﬁflcpj7m,v) _ éh4a_26”1}H2.

It remains to estimate ¢/™(v). Using the assumptions on M,

i) =3 / J9(0)]26" (@) Bk + Afo) (RO + AF"0)da

(1-Ch*) Z/ 19z )29 (2 ) (iROp0 4+ A¥™0) (1RO + Almw)da.

For this new Schrodinger operator with constant magnetic field on a flat metric, the
desired inequality is well known:

¢"(v) > (1 - Ch*) h

D20l (2 )l

(1 —Ch) R [ b(x)|v]?]g(2m,)] Y 2da

\\

> (1 — C1h%) h/b ol |lg(z)|V?dz.
because of (A.7) and the assumptions on M. Thus,

(e m0) > (1= G [ o)l Plgle)] V2d,
Finally, we get a Cy > 0 such that, for A small enough,
(1 + Coh® + CL ™) g (u) > h/M b(z)|u|?dz, — CE**~28|ju)? — CR?|u))?
- Gt [ a)fulda, + Jul?),

where the last part comes from (A.6). The desired inequality follows if we choose
f=1/8 and a = 3/8. O

Lemma A.5. If (Xm)m>0 is a smooth partition of unity on M, such that

d =1,

m>0

then for any u € D(qp):

= @lxmu) = B udxm|*

m>0 m>0
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Proof.

() = 3 [ (it + Ay,
-y / (i + A)(xmt) — [iFid + A, xoJul?dg,
= / |(ihd + A) (xmw) — ihu(dxm )| *dg,
-y / [(ihd + A) (xomt0)[2 + B2 ud 2 — 2R((ihd + A) (o), ity g,

= Z an(xXmu) + B2||udxm]|* — /2§R<(ihd + A)(xmu), ithudx,,)dg,.

Moreover,
((thd + A)(xmu), thudx ) = (thudx, + ithx,du + xmuA, ihudy,,)
= B |udxm|® + B (Xmdu, udxm) — ik Ju)*(A, dxm) -
—_————

real

Thus,

qn(u) = (Qh(XmU) — h2|]udeH2) + QHQ%/Z(deu,udxm)dqg

(qh(Xmu) — h2|]udeH2) + h%)?/Z(ﬂdu, 2XmdXm)dgy

NGREINGIEINg

(gn(xmw) = B?[ludxnl®) + ﬁQ?R/(%‘Ldu, 2d (Z Xi) Yda,

=0
(qb<Xmu> - h2HUdeH2)

iNg
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