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ABSTRACT: The clockwork mechanism is a novel method for generating a large separation
between the dynamical scale and interaction scale of a theory. We demonstrate how the
mechanism can arise from a sequence of strongly-coupled sectors. This framework avoids
elementary scalar fields as well as ad hoc continuous global symmetries, both of which are
subject to serious stability issues. The clockwork factor, ¢, is determined by the consistency
of the strong dynamics. The preserved global U(1) of the clockwork appears as an acciden-
tal symmetry, resulting from discrete or U(1) gauge symmetries, and it is spontaneously
broken by the chiral condensates. We apply such a dynamical clockwork to construct mod-
els with an effectively invisible QCD axion from TeV-scale strong dynamics. The axion
couplings are determined by the localisation of the Standard Model interactions along the
clockwork sequence. The TeV spectrum includes either coloured hadrons or vector-like
quarks. Dark matter can be accounted for by the axion or the lightest neutral baryons,
which are accidentally stable.
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1 Introduction

The principle of naturalness [1] has been one of the most important guidelines in searching
for physics beyond the Standard Model (SM). According to this principle, small parameters
are not expected in a theory unless the theory becomes more symmetric in the limit that
those parameters vanish. By applying this principle to higher dimensional interaction terms
in a low energy theory resulting from new dynamics, interaction scales are usually identified
as the energy scales of the dynamics. The pion decay constant and the Fermi constant are
good examples of where interaction scales are close to the energy scales of the underlying
dynamics.

The clockwork mechanism in [2—4] provides a novel method of circumventing the prin-
ciple of naturalness (see [5] for an earlier work in the context of natural inflation). It allows
a large separation between the interaction scale and the dynamical scale in a theory with
only O(1) parameters. Recently, this mechanism has been harnessed in models of QCD
axion [6-8], inflation [9], composite Higgs [10], WIMPs [11], and the relaxion [12-14].



The basic clockwork idea involves many sites of spontaneous U(1) symmetry breaking
at a scale f, each of which is associated with a Nambu-Goldstone boson (NGB). The U(1)
symmetries are also explicitly broken down to a single U(1) symmetry, U(1)o, by couplings
between the sites. Accordingly, only one linear combination of the NGBs remains massless.
Remarkably, the effective decay constant of the remaining NGB, F', can be much larger than
f when the U(1)( charges are appropriately chosen. In particular, the clockwork mechanism
is achieved by a very efficient arrangement of the symmetry, which leads to an exponentially
enhanced effective decay constant, F ~ ¢V f, where ¢ > 1 is the clockwork factor and N
the number of sectors.! We note that essentially the same idea of separating the interaction
scale and dynamical scale by multiple U(1) symmetry breaking was previously proposed in
refs. [17, 18], under the name of the phase-locking mechanism. In this mechanism, however,
the charge assignment of the U(1) symmetries was not specified, and hence no exponential
hierarchy was discussed.

The authors of refs. [3, 4] showed how the large number of approximate global U(1)
symmetries, as well as the U(1)g charges in geometric progression with ratio ¢, can be
attributed to extra-dimensional setups. In this paper, we discuss alternative routes to
achieve these important features for the clockwork mechanism by utilising strong dynamics
at each site. In our models, the clockwork factor is solely determined by the consistency
of the strong dynamics. We also discuss models where the global U(1)y symmetry appears
as an accidental symmetry, resulting from discrete symmetries or U(1) gauge symmetries.

As for the phenomenological applications of the dynamical clockwork, we will focus
on the axion solution to the strong CP problem, which requires spontaneous breaking of
a Peccei-Quinn symmetry, U(1)pq, with a decay constant large enough to comply with
experimental /astrophysical searches of the axion, fpq = 4 x 108 GeV ([19, 20] for review).2
It has been known for a long time [23] that strong dynamics can realise this mechanism
with heavy fermions charged under QCD as well as under a new gauge interaction that
confines at scale A 2 fpq: the heavy-fermion condensate breaks U(1)pq spontaneously
and yields a composite axion. By using the clockwork, we will show how A can be lowered
to the multi-TeV scale while keeping the axion sufficiently ‘invisible’.?

It is notable that a low PQ symmetry breaking scale guarantees better protection of the
axion potential against explicit breaking effects from higher-dimensional operators gener-
ated at some cutoff M, that are suppressed by powers of A/M. To fix ideas, one can identify
M with the Planck scale, Mp, even though corrections from quantum gravity are non-
perturbative in nature, and therefore may have a qualitatively different structure [29-33]
(see also [34] for recent discussion). In general, for A in the multi-TeV scale, a A /Mp sup-
pression is close but not quite sufficient to solve the strong CP problem, therefore we will

1Ref. [4] also provides generalisations of the clockwork mechanism to the interactions of fermions, gauge
bosons, and gravitons. The range of applicability of the clockwork idea is discussed in refs. [15, 16].

*Here, we assume for definiteness the KSVZ axion model [21, 22].

3 An additional motivation for strong dynamics in the multi-TeV range is to solve the gauge hierarchy
problem by the compositeness of the Higgs boson. Indeed, the simplest ultraviolet-complete composite
Higgs models (see e.g. refs. [24-28]) have some similarities with composite axion models: they require
heavy fermions charged under the new confining interaction as well as QCD to yield composite top-quark
partners.



discuss additional ways to protect the axion potential, specific to our dynamical clockwork
models. Different ideas to screen quantum gravity corrections can be found in refs. [35-52].
In section 2, we present models where strong dynamics provides both spontaneous
symmetry breaking at each clockwork site and the link between neighbouring sites. In
section 3, we construct alternative models where each strong sector is confined to a single
site and the connection between sites is enforced by other exact symmetries. In section 4,
we discuss the coupling between our dynamical clockwork models and QCD, in order to
realise the axion solution to the strong CP problem. Finally, in section 5, we describe the
phenomenological and cosmological implications of the dynamical clockwork axion.

2 Clockwork linked by strong dynamics

The standard clockwork mechanism [2—4] involves a large number of fields which obey a

U(1)V*! global symmetry that is broken spontaneously. The U(1)V+!

global symmetry is
also broken explicitly to a single global symmetry, U(1)g, by “nearest neighbour” couplings
between the fields. In the simplest case, these fields are N + 1 complex scalars, and the
global U(1)¥*! symmetry is spontaneously broken at some scale, f, then explicitly broken

down to the U(1)p at a much lower scale. The potential takes the form [3]

N N-1

Vie)=> (—m21¢jr2 + i\qul“) Z ( Eldiat +h.c.> ! (2.1)

J=0

such that € < A. It is assumed here that f is the same for each ¢;, and relaxing this
assumption does not alter the implementation of the clockwork mechanism.

Below the scale f, we can rewrite the potential (2.1) in terms of the N + 1 Goldstone
boson fields, ¢; — U; = feimi/ (vV2f ), which are associated with the spontaneously broken
symmetries. This gives

9 N—

= —2¢f* Z cos 2 dTi+1 q j+1 ~ const + -1 Z q7rj+1 . (2.2)
j=0

The theory contains one massless exact NGB, corresponding to the remnant global U(1),
symmetry. Rotating into the mass basis, m; = Ojag, where O € O(N + 1), we denote
the Goldstone boson as ag and consequently O,g o q~J. This is the crucial feature of the
clockwork mechanism: the massless axion component of each 7; shrinks exponentially with
increasing j, for ¢ > 1.

By coupling the SM to one end of this chain of fields (¢ in the case ¢ > 1, ¢ in the
case ¢ < 1), this mechanism can create an effective coupling much smaller than one (¢~
for ¢ > 1, ¢"V for ¢ < 1) from O(1) interactions in the Lagrangian. For ¢ # 1 and large N,
it is possible to generate very substantial differences in scale.

The notable features of the clockwork mechanism are a) the nearest neighbour nature
of the interactions, and b) the large number of approximate global U(1) symmetries. The
nearest neighbour nature of the interactions is technically achieved by a special arrangement
of the U(1)g charges in geometric progression with a ratio q. To make the construction



more convincing, however, some justification of the origin of such a well-organised charge
assignment is required. Besides, given the arguments that all global symmetries are broken
by quantum gravity effects [29-33, 53], models may seem more plausible if they do not rely
on global symmetries.

In the following, we discuss how the well-organised U(1)g charge assignment is achieved
by utilising strong dynamics. The spontaneous symmetry breaking is achieved by the
confinement of asymptotically free gauge theories at each site. In the first class of models,
we find that the U(1)y charges in geometric progression are automatically obtained from
the fermion content of the chain of gauge theories. We also show that such dynamical
clockwork can be realised without imposing any continuous global symmetry.

2.1 Dynamical phase locking

First, we consider a model with an SU(N..)" gauge symmetry containing N + 1 vector-like
fermions, j, j = 0,..., N, which transform as the fundamental, F, of SU(N,);41 and as
some representation, R, of SU(N,); other than the fundamental representation. We note
the “boundary conditions” that 1y and ¥y transform only under a single SU(N.). This
is shown in table 1. We assume that each SU(N,); is asymptotically free and exhibits
confinement at the dynamical scale A;. We also assume that the fermion mass terms
allowed by the gauge symmetries are all vanishing, which is natural in the 't Hooft sense
(we will deal later with global symmetry protection against gravity).

Due to confinement, the axial symmetry, U(l)g), associated with each 1); is sponta-
neously broken by

(i) = Aoy, (2.3)

where we omit gauge indices and define Aj ~ max{Aj, Aj1}, with Ag = Any1 = 0.4

The quantum anomaly of each SU(NN.); gauge symmetry also breaks the axial symme-
tries U(l)g_l) and U(l)g) explicitly. Thus, the Goldstone bosons, 7;, associated with the
chiral symmetry breaking of U(l)%), JijLj ~ ]X?e”j, obtain non-vanishing mass terms
due to the anomalous breaking.” There exists, however, a linear combination of the U(1) 4
axial symmetries which survives the anomalous breaking of SU(N,)". Accordingly, there
is one remaining massless NGB, the axion a. Other pseudo-Goldstone modes, on the other
hand, obtain masses at the dynamical scale A, as in the case of the 1’ meson in QCD.% Note

4More precisely, when the condensate forms at Aj, the naive-dimensional-analysis, large-N. estimate is
(Vi) a(t;)b) = 6:;08 ]\7}]\?/(16%2), where N, is the dimension of ¢; w.r.t. the confining group, while a, b are
‘flavour’ indices of the other SU(N.) group, which confines at a smaller scale. The associated NGB decay
constant is f; = \/Nic/ij /(4m). In the following, we will adopt the schematic notation of eq. (2.3), which is
sufficient for our purposes.

5We denote the four-component Dirac fermions by ¢ and the left-handed two-component Weyl fermions
by Yr and P, with ¢ = (Yr, Pp)"

SNote that in QCD with massless quarks and N; flavours, there are also exact NGBs in the adjoint of
SU(Ny). Analogously, in the present model with ¢; ~ (R;, Fj41), when SU(N.); [SU(N.);+1] confines, one
is left with NGBs in the adjoint of SU(Ny), with Ny = dim(F') [Ny = dim(R)]. However, one can check that
these NGBs are all charged under the other gauge group, which eventually confines as well, giving them a

mass of order A. The only gauge singlets are associated with the U(l)j(? symmetries, as discussed above.



SU(N.): | SUN.)2 | SUNL)s | ... | SUN~ [ SUB)gen

1/10 Nc 1 1 1 1
Y R N, 1 1 1
o 1 R N¢ 1 1
V3 1 1 R 1 1
(N 1 1 1 1 1

: : : : . N, :
PN 1 1 1 - R 3

Table 1. Structure of nearest neighbour couplings embedded in an SU(N,.)" gauge theory.
Fermions in each site are vector-like Dirac fermions. For an application to the invisible QCD
axion model in section 4, we also show the modified boundary condition, where 1y transforms
under the QCD gauge group, SU(3)qcp.

that we here assume Ag ~ A for all k for simplicity. When a gauge group confines, it pro-
vides a dynamical mass to the fermions of the neighbour gauge groups as well. Therefore,
at lower energies the latter groups run towards their Landau pole faster. This mechanism
partially justifies the assumption that the various dynamical scales tend to concentrate in
a relatively small range.

Let us see more closely how the clockwork mechanism is realised. The anomaly-free
U(1)4 is given by a linear combination of the axial currents,

N
= qxjt, (2.4)
§=0
where j;‘ is defined by
w_ 1= I
Jj = 5y (2.5)
The g; coefficients satisfy
1
5 X qo + T(R)NC xqr =0, (26)
1
§d(R)XQj,1+T(R)N6XQjZO, j=2,...,N—-1, (2.7)
1
§d(R) X gN-1 + T(R) xXqn =0, (28)

where T'(R) and d(R) are respectively the Dynkin index and the dimension of the repre-
sentation R, and we used T'(F) = 1/2 and d(F) = N.. The solution to these conditions is
given by

=1, ¢= xqg? (j=1,...,.N—-1), qn=



where

2T(R)N,
- dR)

(2.10)

up to an overall normalisation. In this way, the U(1)4 charge assignment in geometric
progression with a ratio ¢ is obtained.
The fermion bilinear terms contain the axion component as

Gpitory ~ A2 x (2.11)
where the axion field resides in the conserved current of eq. (2.4),
o~ fada, (2.12)

with f, being the axion decay constant. Given the current and charge normalisations in
egs. (2.4) and (2.9), for ¢ > 1 the axion decay constant f, is determined by the dynamical
scale of the first site, therefore one expects f, ~ f ~ A/4rw.” Thus, when the SM couples
to the axion through the N-th site, the axion interactions are suppressed not by f, but by
F, ~ ¢" f,. Thus, our model provides a dynamical realisation of the clockwork mechanism,
where the phase rotations of fermion bilinears are locked by strong dynamics.

We have not yet specified the representation R. Since we assume asymptotically free
gauge theories, we require that the one-loop § functions are negative, that is,

3
g; 11 2

dR) - =T(R)N.| <0. (2.13)
We also require that the clockwork factor is larger than 1,
2T(R)N. > d(R) . (2.14)

From these two conditions, we find that R should be the two-index anti-symmetric repre-
sentation, Ao, with

1 1
T(A2) = §(Nc —2), d(Ag)= §Nc(Nc - 1), (2.15)
and N, =4 or N, = 5. In these cases, we find that the clockwork factor is
4 3
qug (Nc:4), q:*§ (Nc:5)a (2'16)

which provide an exponential separation of scales
100.125><N (Nc — 4) , 100.176><N (Nc — 5) . (217)

Indeed, in this class of models it is difficult to achieve a large clockwork factor, but one
should remark than even a mild separation of scales may have interesting phenomenological
consequences for the axion. The smallness of ¢ is simply due to the group theoretical reasons

"For ¢ < 1 instead, with the normalisation in eq. (2.9), one expects fo ~ gn X f.



above, and replacing SU(N,) with different gauge groups does not change the situation
much. In section 3, we will present a different realisation of the dynamical clockwork with
a larger ¢, which is of order N, or even independent of the strong dynamics.

Before closing this section, let us rephrase the above arguments in terms of the effective

Lagrangian of the NGB modes, 7;, associated with spontaneous U(l)g) breaking. Strictly
speaking, the 7;’s are not well defined since the U(l)(j) symmetries are broken by anomalies
of the strong dynamics. Still, the effective Lagrangian provides us with a convenient
description of the low energy theory below the dynamical scale, as in the case of chiral

perturbation theory with the n’. The effective theory of 7;’s is given by

N
1
L = 5 E ij287rj67rj + Fanom[’”O: cee 77”\7] . (218)
j:

Here, we normalise 7; to be dimensionless variables whose shifts correspond to the axial
rotations of ¥;. The decay constants are expected to be of order f; ~ Aj /(4m). The scalar
potential, Funom, represents the explicit breaking of U(l)g) symmetries by the quantum
anomalies, which depends periodically on ;’s through the combinations

o + 2T(R)Nc X T, (219)
d(R) X mj—1 + 2T(R)Nc X Ty, (2.20)
d(R) X TN-1+ QT(R) X TN, (2.21)

corresponding to the anomalies with respect to SU(N.)1,...,SU(N.)n, respectively. As
expected, the scalar potential has a flat direction, i.e. the axion direction,

a
M= G (2.22)
a

where ¢; is given in eq. (2.9), is in agreement with eq. (2.11). Finally, by substituting
eq. (2.22) into eq. (2.18), we also find that the axion decay constant is

1/2

N
P D (2.23)
=0

for a canonically normalised axion. When the dynamical scale in each site is approximately
the same, i.e. f; ~ f, we find f, ~ f.

2.2 Exact discrete symmetries

So far, we have assumed the global U(l)g) symmetries. These are explicitly broken by non-
zero mass terms for the fermions, which could be induced in general by quantum gravity
corrections. By modifying the model slightly, we can replace the U(l)g) symmetries with
discrete gauge symmetries, which are immune to quantum gravity effects [54-57]. For

this purpose, we change the representation of iy from F to some other representation Ry



and allow 1y to have Ny flavours.® The anomaly-free conditions of U(1)4 in egs. (2.6)
and (2.8) are also changed accordingly.

Now, we impose a ZN*+! discrete symmetry, where the left-handed components of the
1’s transform as

Y ¥
VYL = Vi = e mp, (2.24)

under ZY). The ZN+1 symmetry is free from SU(N, )"V anomalies when

zO) . 2T(Rg) =0 (mod m), (2.25)
29  N,x2T(R)=0 A dR)=0 (modm), (2.26)
zZN) . Ny x2T(R) =0 (mod m), (2.27)

where R = As. Thus, for N. = 4, the model admits an anomaly-free Zév 1 symmetry when
2T (Ry) is even. For N. = 5, on the other hand, the model admits an anomaly-free Zév +
symmetry when 27(Rg) and Ny are multiples of 5. Once we impose Z%H symmetries, the
U(1)4 symmetry appears as an approximate accidental symmetry.’

The model with N, = 5 is particularly interesting for Ro = Adj and Ny = 5.1 In this
case, the one-loop beta functions of all the SU(N,);j=1,... n become the same, with which
all the confinement scales Ay are approximately the same, as long as all the gauge coupling
constants are similar at the ultraviolet scale. In section 4, we will construct an invisible
QCD axion model by identifying a subgroup of the flavour symmetry of 5 with SU(3)qcp
without additional, unwanted NGB modes.

3 Clockwork with connected strong-dynamics modules

In the class of models in subsection 2.1, the dynamics of every gauge group was intrinsically
linked by a chain of fermions charged under both SU(N.); and SU(N,);+1. This nice feature
can perhaps be considered the gauge group equivalent to the nearest neighbour coupling
of fields outlined in the original clockwork model. In this class of models, however, the
clockwork factor is rather small due to the requirement of asymptotic freedom of the strong
dynamics at each site. In this section, we discuss alternative links between the sites which
also permit the clockwork mechanism. Each site is associated with a module of strong
dynamics, and the connection is realised with the help of discrete ‘gauge’ symmetries, or
U(1) gauge symmetries, such that the axion U(1) 4 arises as a residual, accidental symmetry.

3.1 Contact connection

As a module of strong dynamics, we consider a model with an SU(N,) gauge symmetry
containing two vector-like fermions, ) and 1, which transform as the representations R

8For Ny > 1, the chiral symmetry breaking by SU(N.)n confinement leads to multiple NGB modes, in
the adjoint of SU(Ny). We will discuss this in section 4.

9The exact discrete symmetries forbid the fermion mass terms, but they may allow higher-dimensional
operators, suppressed by powers of Mp, that will break U(l)fAj) at some level.

10Here 1 has independent left-handed and right-handed components, both in the adjoint representation.



Q1| Rg Q2| Rg Q3| Rg o QN Rg
P Ry |77 |2 Ry, |77 |3 R, |~ RN Ry

Table 2. The structure of connected modules of strong dynamics in the contact-connection model.
The fermions, @ and v, transform as the representations of Rg and Ry, of SU(N,), respectively.
The dashed lines show the links between modules via the interactions in eq. (3.3).

and Ry, of SU(IV,), respectively. Several modules, numbered from 1 to N, are illustrated
in table 2. As in the previous section, we assume that each SU(N.); gauge theory is
asymptotically free and exhibits confinement at the dynamical scale, A ;.

In each module, there is an anomaly-free axial current,

. . . . 1— ) 1—
i = 4Qj Ity + dwi Jy; (Jé‘gj =507 Q5 Jy; = 2%757”%) , 31

where the charges gg and gy satisfy the anomaly-free condition
1QiT(RQ) + quiT(Ry) =0 . (3.2)

Here the axial charges are defined by ¢ = ¢(fr) = —q(fr), for f = Q,%. Due to confine-
ment, this anomaly-free axial U(l)g) symmetry is broken spontaneously, and we obtain a
massless NGB in each module.

In order to connect the modules with each other, we introduce higher-dimensional
contact-interaction terms,

-1

1
L=

W@ijjL)T(@RjHQLjH) + h.c., (3.3)
=1

where M, denotes a dimensionful parameter which is larger than the dynamical scale. In
the presence of the contact interactions, the U(1)% symmetries are broken down to a single
U(1) 4 symmetry, whose charge assignment satisfies

Qyj = qQj+1 - (3.4)
By solving egs. (3.2) and (3.4), we obtain the conserved U(1)4 current,

N

i = Z(QQj Jg; Qs Jy) s (3.5)
i=1

where the charges are in geometric progression,

=1,  ag=q¢", -, qn=¢ N, (3.6)
wi=q" @e=q7 -, @n=q¢7",
up to an overall normalisation, with the clockwork factor
T(Ry)
1= 20 (3.8)
(Re)



As in the models of the previous section, the fermion bilinear terms contain the axion
component as

— 3 100y -4 — 3 10, -
QRjQLj ~ Aj X eZqQJ fa | iji/JLj ~ Aj X equ fa | (39)

where the axion field resides in the conserved current in eq. (3.5), with j% ~ f,0ta, fo
being the axion decay constant. Thus, again, when the SM couples to the axion through
the N-th site, the SM-axion interactions are suppressed by F, ~ ¢" f,.

We may rephrase the above clockwork mechanism in terms of the effective theory of
the Goldstone modes,

N 1 = f 1
L~ [ijzaﬂjﬁﬂj + 5 17040 + K[ (mj = } +) K MH —mit1)?. (3.10)
j=1

Jj=1

Here, the 7’s and £’s are the dimensionless NGBs associated with the axial rotations of Q)’s
and 1’s, respectively. The decay constants in each module are estimated to be f; ~ A; /4.
The k-term represents the explicit breaking due to the SU(N,) anomaly, while the x’-term
describes the explicit breaking due to the contact interactions in eq. (3.3). The coefficients
k and k' parametrise our inability to calculate the strong dynamics effects (one expects
K ~ k' ~ (47)2, up to order one numbers). Those terms give masses to 2N — 1 Goldstone
modes, while leaving the axion massless.

From the effective Lagrangian, we find that the massless axion is distributed in the
2N Goldstone modes according to

a a
Wj:quT+"" ngQ¢jT+..., (3.11)
a a

where ¢’s are given in eq. (3.6). By substituting these solutions in the NGB kinetic terms,
we obtain the axion decay constant,

N

f2= Z(Qéj + Q?pg)ff . (3.12)

=1

The other 2N — 1 pseudo-NGBs obtain non-zero masses: N pseudo-Goldstone modes with
masses of O(A), and N — 1 pseudo-Goldstone modes with masses of O(Af/M,).

Let us discuss how the nearest neighbour contact interactions in eq. (3.3) are organised

(@) g 70)

by discrete symmetries. For that purpose, we consider Z, groups, under which

the left-handed components of @); and v, transform as

2mi
Qi = Qi = em Qjr, (3.13)

27

i = i = em i, (3.14)

respectively. The anomaly-free conditions for these transformations are

Z@) . 2T(Rg) =0 (mod m), (3.15)
ZW9 . 2T(Ry) =0 (mod m), (3.16)

~10 -



which can be satisfied by choosing R, R, and m appropriately. Then the contact inter-
actions are restricted to the ones in eq. (3.3) by imposing invariance with respect to the
subgroup ZN-1 ¢ Z,(g N Zg}fj N symmetry, defined by

729 Qi = Qi =em Qiuan, WLl =emiy, j=1-N-1. (3.17)
It should be noted that the axial U(1)4 symmetry is now regarded as an accidental sym-
metry once the exact ZN~! symmetry is imposed.

As an example, let us consider the case with Rg = A and Ry = Adj:
2T'(Rg) = N. — 2, 2T (Ry) = 2N, . (3.18)

If, for instance, N. = 4, the Zév ~1 symmetry is anomaly-free and hence it can be regarded
as a gauged discrete symmetry. Incidentally, this choice leads to a rather large clockwork
factor,

2N,
N.—2

q=-— 4. (3.19)

As another example, we may consider Rg = Ay and Ry, = As, where
1
2I'(Rg) = N. — 2, 2T (Ry) = §(NC —2)(N.—3) . (3.20)

If, for instance, N, = 11, the Zév_l symmetry is anomaly-free, with again ¢ = —4. In both
examples one can easily check that the SU(N,) gauge theory is asymptotically free.

The contact interaction terms in eq. (3.3) can be replaced straightforwardly with heavy
mediator interactions. For that purpose, one can introduce N — 1 complex scalar fields,
¢;, with Yukawa couplings to the fermions,

N-1
Lo=> yid; (rjtor; + Qrjs1Qrjt1) + hc. . (3.21)
j=1
Here, we assume that ¢;’s are appropriately charged under the ZN=1 symmetry in eq. (3.17).

Then the contact interactions in eq. (3.3) are obtained by integrating out the scalar fields
with masses of O(M,).

3.2 WiFi connection

We may consider axial U(1) gauge interactions as another way to connect modules. For this
purpose, in each module there are two fermions, ); and 1);, which are in the fundamental
representation of an SU(N.);, as illustrated in table 3. Thus, there are 2N axial phase
rotations of the fermions, of which N are broken by SU(N,)" anomalies. In each module,
there is an anomaly-free axial current,

: 1 _
jg)u =3 Q17" Q; — V157" b5) (3.22)

The associated U(1)g) is also free from cubic and gravitational anomalies, as @); and ;
have opposite charges.
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My AVAVAVA Mo AVAAVA Ms AVAVAVARCIERAVAVAVA My

M; = Qj Ne¢ 1 N/ 1
Y, N, -1 N -1

Table 3. The structure of the modules of strong dynamics in the WiFi-connection model. The

wavy lines show the link between the modules via the axial gauge interactions U(l)g) - qU(l)Eﬁr
Each module consists of two fermions, @; and v;, transforming under a gauge interaction SU(N.);.

We also show two possible auxiliary interactions, SU(N/); and U(l)g), which forbid Q;v; terms.

For reasons that will be clear in a moment, one needs an additional interaction to
forbid bilinears Qrvr, and ¥rQr. A technical way to achieve this goal, without affecting
the anomaly cancellation conditions, is to assign (); and v; to the fundamental and anti-
fundamental representation of an auxiliary symmetry SU(N/) that also confines at some
dynamical scale, A’ ~ A. An alternative way is to gauge a vector symmetry, U(1)y, defined
by the current ji; = (Q"Q —py"1p) /2. Either way, one enforces that the vacuum direction
satisfies (Qpvr) = (YRrQL) = 0. These auxiliary symmetries are also shown in table 3.

To connect the modules with each other, we introduce U(l)éj) = U(l)g) - qU(l)gH)
gauge interactions, where the charges are arranged so that the corresponding currents are

Once the U(l)gj =1-N-1) gauge symmetries are imposed, no fermion mass terms are al-

lowed, and an additional global U(1) 4 symmetry appears as an accidental symmetry. Due
to the chiral condensation of SU(/V;); in each module, the axial U(l)gjzlmN_l) gauge sym-
metries are spontaneously broken by (QzQr) and (¥ ptp). The corresponding NGBs are
absorbed by the gauge bosons via the Higgs mechanism. At the same time, the global
U(1)4 symmetry is also broken spontaneously, which results in a massless axion.

To find out the axion direction, it is particularly transparent to use the effective field

theory of the Goldstone modes. In the WiFi model, the effective Lagrangian is given by

N
1 2
L~ Z ifJQ [auﬂ'j + (qgj,lAé‘_l — ngy)}
j=1

N N
1 2
+> 587 [a“sj — (qgj—1 Al — ng§-‘>} +Y RfH G (3.24)
=1 i=1
Here, A?:l---Nfl denote the gauge fields of the U(l)gjzlmN_l) symmetries, and g; denotes

the gauge coupling constant.'’ The NGBs, m; and &j, correspond to the axial components

"'We set Ay = Ak = 0 identically.
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of Q; and 1);, respectively. The last term shows the effect of the SU(IV.); anomalies, where
k parametrises our inability to calculate the effects of strong dynamics.
From the effective Lagrangian, we find the axion components in each Goldstone mode,

f2

= 4Q; 75 f2f +.o, (3.25)
a

fia
- da 7 4 3.26
Y=y, (320)

which are not absorbed by the Higgs mechanism. The U(1)4 charges, qq 4, are given by

qu =1 ) qQQ - qil ) Tty QQN - qi(Nil) ) (327)
qp, = —1, Qyy = _q_17 Ty Gy T _q_(N_l) : (3'28)

We are guaranteed that U(1)4 is free from all anomalies because each U(1 )(A') is anomaly-
free by construction. For a canonically normalised axion, the decay constant is selected

to be

~1/2
N /

fo= | (ad; + a0 15 : (3.29)

J=1

which is dominated by the highest charge contribution, assuming f; ~ f for all sites.

As in the previous models, the axion interactions are suppressed not by f, but by
F, ~ ¢" f,, if the SM couples to the axion through the N-th site. It should be noted that
the axion clockwork factor, ¢, is not given by a dynamical reason, rather by the choice of
the charge ratio between the neighbouring sites.

We now confirm that the axion direction is gauge invariant. Recalling that the Gold-
stone modes, fjm; and f;§;, have canonically normalised kinetic terms, the relation in
eq. (3.25) can be reverted to

N
a = Z <QQ] 7 (fymj) + (MJJ; (f]f])) = faz (aQimj + au;&j) - (3.30)
j=1

Thus, the axion is invariant under the gauge transformations

T — T+ o — qQj—1, fj —>§j — o +qo-1, (331)
where «; denotes the gauge transformation parameter of U(l)gj ),

Finally, let us discuss how the global U(1) 4 symmetry can be broken explicitly. Higher
dimensional terms localised at each site necessarily preserve it, because U(1) 4 charges are
proportional to the gauge U(1 )( 7) charges in each module. In fact, the global U(1)4 is
broken only by “non-local” terms such as

N .
Lugyz o H@RJ-QLJ-)‘IN*J : (3.32)

j=1
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N-1

which carry a U(1)4 charge of order ¢ ~*. Therefore the explicit breaking of the global

U(1) 4 symmetry is highly suppressed, guaranteeing in particular a strong protection against

quantum gravity corrections.?

4 Clockwork extension of invisible axion models

The dynamical clockwork models discussed above may have different applications. Here we
discuss the possibility of implementing the axion solution of the strong-C'P problem [58-61].
For successful models, the axion coupling to QCD should be suppressed by a large decay
constant, F, > 4 x 10® GeV, to evade a number of constraints imposed by extensive axion
searches ([19, 20] for review). Conventionally, the large decay constant is tied to the scale of
the spontaneous symmetry breaking scale of the Peccei-Quinn (PQ) symmetry, U(1)pq. In
the clockwork mechanism (and more generally in the phase-locking mechanism), however,
the decay constant can be hierarchically different from the scale of the actual dynamics.
In the following, we discuss dynamical models where F, > 4 x 10® GeV is obtained as an
effectively enhanced decay constant, F, ~ ¢ x f, while the actual dynamics occurs at the
much lower scale, f.

For our discussion, it is useful to recall the main features of the KSVZ invisible axion
model [21, 22]. In the simplest KSVZ model, the PQ symmetry is spontaneously broken
by the VEV of a complex scalar, ¢, whose phase plays the role of the QCD axion,

Fy ia/F,
~ —=ee 4.1
¢ 7 (4.1)
with the PQ charge of ¢ being 1. The complex scalar couples to Ny vector-like quarks in
the fundamental representation of SU(3)qcp,

L =ydQrQL + h.c. . (4.2)

The PQ symmetry is identified as the axial U(1) symmetry of the @’s. Below the scale of
spontaneous breaking of the PQ symmetry, the axion couples to QCD as
g: Nya -

= @TGGG’ (4.3)
due to the U(1)pq anomaly with respect to QCD. Here, g; denotes the QCD gauge coupling
and G is the QCD field strength, whose Lorentz and colour indices are understood. As long
as the PQ-symmetry is not broken by other sources than the QCD anomaly, the strong
C'P problem is successfully solved. In particular, the vector-like quarks, ), should have no
bare mass.

The KSVZ axion model can also be realised as a composite Goldstone mode [23]. To
this end, an SU(N,) gauge theory is introduced with vector-like fermions charged under
SU(N.) x SU(3)qcp according to table 4. This model possesses an axial U(1) symmetry
with charges

qQ = 17 qs = _37 (44)

12Here, we assume ¢ is an integer for simplicity.
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SU(N¢)n | SU(3)qep
Q N. 3
S Ne 1

Table 4. The charge assignment of the vector-like fermions, ¢ and S, in the composite axion
model.

which is free from the SU(NV,) anomaly but broken by the QCD anomaly.'® Therefore, this
symmetry is a PQ symmetry, which is spontaneously broken due to the chiral condensation
of SU(N,) at scale F,, where the axion appears as a composite NGB.'*

As we will see shortly, these KSVZ axion models are implemented in the dynamical
clockwork models straightforwardly by identifying the unbroken U(1)4 symmetry of the
previous sections with the PQ symmetry. By appropriately introducing fields charged
under QCD, U(1) 4 is broken only by the QCD anomaly and the associated pseudo-NGB
plays the role of the QCD axion. The effective coupling of the axion to QCD is suppressed
by F, ~ ¢~ x f if the QCD charged states couple to the axion through the N-th site.

As noted before, we assume that the dynamical scales in each site are close to each
other for simplicity. In this case, the axion decay constant f, is close to the dynamical
scale of the first site (see eq. (2.23)). When we assume a random distribution of scales,
on the other hand, the axion decay constant can be dominated by the contribution from
the site with the largest g;f;. The following arguments can be applied to those cases by
replacing f and A with f; and A;.

4.1 Invisible QCD axion in the dynamical phase-locking model

In the clockwork model of section 2 linked by strong dynamics, the massless axion appears
as the NGB associated to the U(1) 4 current in eq. (2.4). To couple the axion to QCD, we
slightly modify the N-th site, so that ¢ is charged under SU(3)qcp as the fundamental
representation. This has been already indicated in table 1.

Consequently, U(1) 4 is broken by the QCD anomaly,

g2 a -
L= 327r2d(R)qNﬁGG . (4.5)

Here, gn denotes the U(1)4 charge of the N-th site, which is given by

1 N, _y

wW=amy 3l (4.6)

!3The corresponding axial currents are normalised as Qy57"Q/2 and Sysv"S/2, respectively, so that
eq. (4.3) holds with Ny = N..

1 As there are 4 flavours charged under SU(N,), S and the three colours of @, the chiral symmetry
breaking of the axial SU(4) flavour symmetry leads to 15 pseudo-Goldstone modes. The QCD-singlet one
is the axion, while the 14 additional modes become massive due to the explicit breaking of the axial SU(4)
by the QCD gauge interactions.
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which is slightly modified from the one in eq. (2.9). As a result, the effective coupling of
the axion to QCD is suppressed by an enhanced decay constant,

3
Fo=—¢V x fo> fn, (4.7)
N,

for N large. For example, the number of sites is assumed to be
N>45 (N.=4), N>32 (N.=5), (4.8)

to obtain F, > 4 x 108 GeV from f = O(1) TeV (see eq. (2.17)).
The model predicts a QCD octet NGB, associated with the chiral symmetry breaking
of the axial SU(3) flavour symmetry of ¢y, that obtains a mass from QCD loops,
3C
m% = T;QSAQ ) (49)
where o = g2/4m and the quadratic Casimir for the adjoint representation is Cy = 3. The

model also predicts baryonic states charged under QCD, such as

B ~ynYn YN, (4.10)
N,

whose mass is expected to be O(N.Ax).'® Additional coloured hadrons including ... N1
are also possible (note that v;-number is a conserved quantity, for each j).

Let us comment on the explicit breaking of the PQ symmetry. In general composite
axion models, the U(1) 4 symmetry, and hence the PQ symmetry, can be explicitly broken
by the vector-like fermion mass terms. This easily spoils the PQ mechanism. As we
discussed in section 2.2, however, the model allows discrete gauge symmetries which forbid
the mass terms, so that the PQ symmetry appears as an accidental symmetry, at least at
the renormalisable level.

In the N, = 4 model of section 2.2, the lowest dimensional operators which are allowed
by the Zév 1 symmetry are

1 —
Lper ~ MT%WRM? + h.c., (4.11)

with Mp ~ 2.4 x 10'® GeV. Such higher dimensional terms lead to additional terms in the
axion potential,

e
V/BQ ~ M]% cos (7‘[‘1' + 5%@) s (412)

where dpg; denotes the phase of the coefficient of the term in eq. (4.11). According to
section 2, m; = qa/f + ... with ¢; ~ ¢~%, therefore the most relevant correction to the
axion potential comes from the 0-th site, and we will implicitly take ¢ = 0 below. This

15Here, we suppressed the Lorentz and gauge indices. For example, when ¢ transforms in the SU(N:)n
representation, R = Aa, the gauge indexes are contracted with two e-tensors.
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correction should be added to the QCD-anomaly contribution, Vpg ~ m2F2 cos(a/F,). As
a result, the effective QCD theta angle at the minimum of the axion potential is shifted,

1 1 1 fYA%bpey
Ao = —Aa ~ — — htac]
F, F,m2 M3 f
A 2 f 3 F,
~ 10785 S — a4 ) 4.1
0 %(1O3Ge\/> <1O3GeV> <1O9GeV> (4.13)
where we used
\/E fﬂ'mﬂ'
o~ , 4.14
m 1+2z F, ( )

with z ~ 0.6 denoting the ratio of the up and down quark masses, and f; ~ 93 MeV and
my =~ 135 MeV the decay constant and the mass of the neutral pion, respectively. This
result shows that the low scale dynamics of the clockwork axion guarantees a better pro-
tection of the axion potential against the quantum gravity effects with respect to ordinary
invisible axion models. For a dynamical scale as low as O(1) TeV, one needs only a mild
suppression of the operators in eq. (4.11) to satisfy the current limit, < 1071 [62].
Similarly, in the N, = 5 model of section 2.2, the lowest dimensional operators which

N+1
ZS

are allowed by the symmetry are

1 —
Lper ~ MTE(Q’DRWL"P + h.c. . (4.15)

In this case, the effective theta angle of QCD at the minimum of the axion potential is
shifted by

1 1 1 f1OA5 5py
Meg = —Aa ~ ——L1 22
f =7, F,m2 MU f

AN f %7 F
~3x 10717 a .41
310 6%<103Ge\/> (103GeV> (109Ge\/> (4.16)

which is highly suppressed, allowing for a dynamical scale as large as A ~ O(10'2) GeV.

A caveat is that the SU(3)qcp symmetry is identified with a subgroup of the flavour
symmetry of ¢y, e.g. SU(3)qcp € SU(INy = 5) for the model with the Zévﬂ symmetry.
In this case, there are 24 Goldstone modes in addition to the axion. Among them, one
colour octet and four colour triplets become massive due to QCD radiative corrections. The
remaining four colour-singlet Goldstone modes can be lifted by also gauging the SU(Ny —
3) = SU(2) subgroup of the flavour symmetry, with a dynamical scale much larger than
QCD. Then an SU(2) triplet NGB receives a mass from SU(2) radiative corrections and
the remaining singlet NGB receives a mass from the SU(2) anomaly.!

161t is tempting to embed the minimal gauge symmetry of the grand unified theory, SU(5)cur, into the
SU(5) flavour symmetry of ¥n. In this case, however, there appears another axion mode from the SU(N)n
sector: one of the 24 NGBs is a singlet under SU(3)gcp X SU(2)4, it receives only a GUT-suppressed mass,
and it couples to the QCD anomaly with a decay constant f. Therefore, the QCD axion is dominated by
this mode, rather than the one with the enhanced decay constant ¢* f.
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We note in passing that the dynamical clockwork model is different in many respects
to the composite accidental axion model [51] based on the moose theory [63]. In the latter
model, the fermions are chiral and QCD couples to both ends of the chain: these two
features achieve the PQ symmetry as an accidental symmetry. Instead, in the dynamical
clockwork, the fermions in each site are vector-like and QCD couples to one end of the chain
of sites only. In this case, the accidental PQ symmetry is a consequence of the external
Z,]XH symmetry. At the same time, the above features prevent the composite accidental
axion model from achieving the clockwork mechanism. The continuum limits (i.e. N — 00)
of these models are also different. As discussed in refs. [4, 16], the continuum limit of the
clockwork mechanism corresponds to a model in 5-dimensional spacetime where the zero-
mode axion is localised at one endpoint of the extra dimension while QCD is attached to
the other end. In the composite accidental axion model, the continuum limit corresponds
to a 5-dimensional model where the zero mode axion has a flat configuration in the extra
dimension, and QCD also propagates in this extra dimension.

4.2 Invisible QCD axion in the contact-connection model

The invisible QCD axion can be implemented in the clockwork model of section 3.1 by
identifying the U(1)4 symmetry in eq. (3.5) as the PQ symmetry. A simple way to break
U(1) 4 by the QCD anomaly is to introduce a (N +1)-th module, comprising of N; flavours
of vector-like fermions, Qn41, in the fundamental representation of SU(3)qcp, as shown
in table 5. This last module interacts with ¢ via a contact interaction, as in eq. (3.3),
that implies gy, = gyn = g V.

Since Qn4+1 does not participate in strong dynamics other than QCD, this model
corresponds to the original KSVZ axion model, with the scalar ¢ replaced by (N ).
The axion coupling to QCD is

2

gs a ~
L= 327T2 quQN+1 EGG’ (417)

therefore the effective axion decay constant is enhanced by a factor ¢V with respect to
fo ~ f. For example, F, > 4 x 10®GeV is achieved from f = O(1)TeV for N > 9
in the model with |g| = 4 (see e.g. eq. (3.19)). The quality of the PQ symmetry can be
guaranteed by imposing an exact Z%:L"N) symmetry, which requires Ny = m, as discussed
in section 3.1.!7 Since Q41 does not participate to the strong dynamics, the model also
predicts vector-like coloured fermions with masses O(A%;/M?2), therefore A should be well
above the TeV scale if Ay/M, < 1.

There is another simple way to couple the contact-connection clockwork axion to the
QCD anomaly that mimics the original composite axion model. It consists of modifying
the N-th module by charging @) under QCD, as shown in table 6, which indeed has the

"For example, the model with N, = 4 allows a Zév ~! symmetry which is not strict enough to suppress
the effective theta angle. The model with N. = 11 is on the other hand, compatible with a Z) ~! symmetry
under which the lowest dimensional U(1)pq breaking operator is suppressed by M323 . In this case, the
effective theta angle is highly suppressed.
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SU(N,
(Ne)w SU(3)qcn
| QN Rq -0 3
S wN R¢ L N+1

Table 5. The termination of the chain of connected modules, which breaks the U(1) 4 symmetry
by the QCD anomaly. The model can be made consistent with a zG=1N symmetry, defined in

section 3.1, by introducing Ny = m flavours of Qny1.

SUNo)~ | SUB)qen
Qv | Rg 3
- wN R¢ 1

Table 6. Another possible termination of the chain of connected modules, which breaks the U(1) 4
symmetry by the QCD anomaly.

same structure as in table 4. In this case the anomalous coupling of the axion to the QCD

is given by
£— 9% d(Ro)4on —GG (4.18)
- 3272 Q)9QN fa ’ '
with qg, = q_(N _1), where ¢ is given in eq. (3.8). Indeed, this realisation resembles closely

the one of section 4.1 (compare with eq. (4.5)) and @x’s form coloured hadrons with mass
O(An) or larger.

4.3 Invisible QCD axion in the WiFi-connection model?

In the WiFi-connection model of section 3.2, the global U(1)4 symmetry cannot be broken
by effects localised in a single module. This is because the U(1)4 charge assignment is

the same as for the gauged symmetry, U(l)gzl"”’N*1

, at each site j. Therefore no gauge
invariant term localised in one site can break the U(1)4 symmetry. This implies that the
unbroken U(1)4 cannot be identified with U(1)pq if QCD is coupled to just one site.

To explicitly illustrate the impossibility of breaking the U(1) 4 symmetry, we introduce
a (N 4 1)-th module as in table 7, connected to the clockwork chain by a gauged U(l)(gN)
symmetry. Once this module is introduced, the axial rotations are broken by the QCD

anomaly,

gz

3272

L= (Nemni1 + Nebni1) GG . (4.19)

The effective Lagrangian of the NGB modes contains

1 2
L~ —gn falagn = Gun )0 Al + 5 i (0"7n 1 + agn AY)

1 2
+5 81 (0"€n1 — agn AR)” + 54 (T + Ex)” (4.20)

where the first term comes from the N-th site contributions after substituting the axion
(N)

components of mn and £y in eq. (3.25). Thus, U(1)y ’ gauge invariance implies that the
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SUNo) w41 | UM | SUB)qep
VW Mivg = | QN+t Nc 1 3
VN1 N, -1

ol

Table 7. The termination of the chain of WiFi-connected modules.

axion components in w41 and &xy1 are

_ 2 a _ 2 a
TN+1 = ¢ 1qQNf27af7+ y €N+l:q 1quf27af7+ . (421)
N+1 Ja N+1Ja

Since g, = —qyy, the axion does not couple to the QCD anomaly.

We conclude that in the WiFi-connection model it is not possible to couple the U(1) 4
axion to QCD through the last site of the clockwork. Nonetheless, independently from
QCD, the WiFi models provides a clockwork axion mode that is exponentially localised
with decay constants decreasing from f, in the first site to F, ~ ¢ x f, in the last one.
Due to the gauge protection, this axion potential is extremely flat, which may have different
applications.

5 Phenomenological and cosmological implications

As we have discussed above, the dynamical clockwork mechanism can be used to achieve in-
visible QCD axion models, for which the effective decay constant is F, >4x10% GeV [19, 20].
Due to the possibly large separation between the dynamical scale and F,, it is obviously
interesting to ask whether the models are directly testable at collider experiments by taking
the dynamical scale to be O(1) TeV. We first outline the relevant collider searches, before
describing the cosmological features of the models.'®

5.1 Collider phenomenology

In the dynamical phase-locking model discussed in section 4.1, the extra quarks required
for the QCD axion, which are charged under SU(3)qcp, are also charged under the new
strong dynamics. So the model predicts hadronic states with colour charges.

In particular, the SU(3)qcp-octet scalar meson, which corresponds to the pseudo-
Goldstone mode, is expected to be rather light compared to the dynamical scale, according
to eq. (4.9). It is pair produced at the LHC through SU(3)qcp gauge interactions, and
it decays into a pair of gluons. In addition, the octet could be singly produced by gluon
fusion (see e.g. [64]), via the higher dimensional operator

92 o

181f too large a hierarchy between the scales exist, some of the pseudo-Goldstone modes, i.e. 7’s, in
addition to the axion can be much lighter than the dynamical scales. Those light particles could affect the
collider phenomenology and cosmology, although we do not discuss those possibilities in detail.

—90 —



Here, we have used naive dimensional counting [65, 66]. From the di-jet searches at the
LHC Run-I, the production cross section of an octet scalar with a mass around 1TeV is
constrained to be O(1) pb [67, 68]. The Run-I upper limit is much larger than the actual
pair production cross section [69] as well as than the single production rate via eq. (5.1).1?
The di-jet searches in Run II have improved the constraint on the production cross section
down to O(0.1) pb, with which an octet in the TeV range could be testable. A more
detailed, recent analysis can be found in ref. [70].

Besides the octet scalars, the model also predicts the stable coloured baryons of
eq. (4.10),%° Once these stable particles are produced inside colliders, they leave visible
tracks, whose production cross section is constrained to be O(1072) pb for masses in the
TeV range [71]. However, the masses of the baryons are O(N.A), which goes beyond the
reach of the LHC for f ~ A/4m = O(1) TeV. Several other coloured hadrons are predicted,
either stable or not, but in any case with masses of O(A) or higher.

In the contact-connection model of section 4.2, with the last module charged only other
QCD as in table 5, one predicts elementary, vector-like quarks (Qn+1, whose masses are
of the order of O(A3/M2). The vector-like quarks can, for example, decay into the SM
particles via the interactions

Emix ~ Ef@R,N—&-lHqL,f + h.c. s (52)

where g7, and H denote the doublet quark and the Higgs boson in the SM.?! Here, we
assume that the U(1)y hypercharge of @R, Ni1 is —2/3, corresponding to up-type singlet
vector-like quarks. We may also assume down-type singlet vector-like quarks by taking
the hypercharge to be 1/3. The coupling constants, €7, can be taken to be much smaller
than the Yukawa coupling constants in the SM and still allow the extra quarks to decay
quickly. For an analysis of electroweak precision constraints on vector-like quarks with
generic charges, see ref. [72]. ATLAS and CMS have performed analyses on the production
of vector-like quarks [73-76]. Assuming that there is no other physics that affects their
branching ratios, ATLAS set a 95% CL lower limit of my > 800 GeV and mp > 735 GeV
from 20.3 fb~! of 8 TeV data, where T is an up-type quark and B is down-type. Its analysis
for mp from 3.2fb~! of 13 TeV has not surpassed this bound. CMS set a 95% CL lower
limit of mz > 750 from 2.3fb~! of 13 TeV data, which has already outstripped its result
from 8 TeV data. Looking to the future, CMS expects to rule out an up-type quark of mass
less than 1.85 TeV at 95% C.L. with 3000fb~! of \/s = 14 TeV data at the HL-LHC [77].
The spectrum of the lightest resonances in the contact-connection model is radically
different if the last module takes the form of table 6. In this case, the heavy coloured
quarks, @)y, are confined within composite states. These have masses of the order of
the dynamical scale A or larger, with the exception of the pseudo-NGBs. These are a
colour octet, whose phenomenology has been already sketched above, as well as colour

9The limit on the octet mass in [67] is based on the higher dimensional interaction in eq. (5.1) with the
coefficient g2 /(4w A) replaced by 1/ms.

2Due to the SU(N.)n charges of ¥, higher dimensional operators which make the coloured baryons
decay into the SM particles are highly suppressed.

21These interactions are consistent with the Z{=") symmetry.
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singlets coupled to the QCD anomaly. Indeed, in the limit where the contact interaction
is small, i.e. A < M,, the 2N modes 7;,&;,j = 1,..., N, defined in section 3.1, split
into N modes 7; = (7; — ¢§;)/+/1 + ¢?, that receive a mass of order A from the SU(V);
anomalies, and N massless modes 773 = (qmj+&5)/+/1+ ¢%. Once the contact interaction is
taken into account, the mass matrix for 7'(‘3- can be obtained from eq. (3.10) by integrating
out the heavy 77; states. At leading order in f/M,, one recovers exactly the same mass
matrix as the minimal clockwork realisation in eq. (2.2) (without the site j = 0), with the
identification € = x'(f/M.)? x 2/(1 + ¢*). The matrix diagonalisation [4] issues a massless
axion a = a1, with couplings to gluons given in eq. (4.18), and N —1 massive pseudo-NGBs,
ag, k =2,...,N, whose masses and couplings to gluons are defined by

. <2H'f4>§: 5 (Ro) (\TZ ’“;\f”)aa (5.3)

>(<
where we took the limit ¢ > 1 for simplicity. These states are close in mass (splitting ~ 1/¢,

see [4]) and have all couplings to gluons of the same order. If light enough, they can be
produced in gluon fusion and decay back into two gluons, thus the signature is a set of N —1
close resonances in di-jet searches. A recent analysis for one singlet pseudoscalar coupled
to gluons can be found in ref. [70]. The present LHC bound on the production cross-section
is O(1) pb for m,, = 1TeV, which roughly corresponds to f 2 (d(Rq)/5) TeV, where we
assumed the N — 1 states are not resolved.

5.2 Axion dark matter and cosmology

The invisible axion is of particular interest as it can be a component of cold dark matter.
The coherent oscillation of the axion provides a relic axion density [78],

) ) F, 7/6
Quh* ~0.07¢; (1012GeV> ) (5.4)
where a; € [—m, 7] is the initial misalignment angle. We assume that PQ symmetry
breaking occurs before the primordial inflation, so that the axion takes a unique field value
in the whole observable universe. By assuming a; = O(1), the observed dark matter
density, Qparh? = 0.1197 4 0.0022 [79], can be achieved for F, ~ 1012 GeV.

In the clockwork axion, the effective decay constant is greatly enhanced, F, ~ ¢ f,,
and hence the required axion dark matter can be achieved by dynamics at the TeV scale.
For example, let us set f, = 1TeV. In the dynamical phase-locking model, F, is given
in eq. (4.7) and therefore the dark matter density is obtained when N ~ 75 (54) for
N, = 4 (5). These large values are unsurprising, since the value of ¢ is close to one in
this model. The contact-connection model, on the other hand, produces a larger clockwork
factor (¢ = —4 in both examples given in section 3.1). Consequently, the correct relic
density is achieved with far fewer sites. With the coupling to QCD given in eq. (4.17), for
the case No =4,m =2 (N, = 11,m = 9) we find N = 16 (N ~ 17).

Once can search for axion dark matter using a microwave cavity [80, 81], in which
the axion is converted to a radio wave with the frequency of the axion mass, via the
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axion-photon coupling,

Conar a ~
L="" —_FoppF : 5.5
sn , fernFapp (5.5)
Here Uy is @ model dependent coefficient which, for instance, takes the value
24+ 2)
Copy=——F——= 5.6
oy 3(1+2) (5.6)

when one assumes that the extra quarks in the KSVZ models do not carry U(1)y charges

([19, 20] for review). Again, z is the ratio of the masses of the up and the down quarks.
So far, the ADMX experiment has put a constraint on the axion-photon coupling of

Coyy 1

2w F,

for an axion with a mass of a few peV, assuming that the axion is the dominant component

<107 Gev! (5.7)

of dark matter [82, 83]. The next generation of the ADMX experiment is predicted to search
for axion dark matter in a mass range up to 40 peV.

Remarkably, the clockwork axion can be far more visible than in the conventional axion
models. It is possible that the vector-like fermions in the i-th clockwork site carry a U(1)y
charge of O(1). When ¢ < N, the axion-photon coupling is enhanced by

Cory < ¢V 71 (5.8)

because the contribution to the axion direction from the i-th Goldstone mode is ¢V —*

times larger than the one from the N-th mode, which couples to QCD. Consequently, the
clockwork axion can have a much larger coupling to photons than conventional, single-site
models. This of course enhances the detectability of axion dark matter.

Now we turn to the early Universe cosmology of the models. As we have discussed in
sections 2.2 and 3.1, discrete symmetries play an important role in achieving U(1) 4 charges
in geometric progression. Since the discrete symmetries are assumed to be exact, the axion
potential generated by the QCD axion also respects the discrete symmetries. The discrete
symmetries are spontaneously broken as the temperature of the universe goes below the
QCD scale. Thus, if the PQ symmetry breaking takes place after the end of the primordial
inflation, the axion field takes different field values in each Hubble volume at the QCD
temperature, which causes a domain wall problem. To avoid the domain wall problem, the
PQ symmetry breaking is required to take place before the primordial inflation, and never
to be restored after inflation.??

We note that the domain wall number can be exponentially large in clockwork axion
models when the clockwork factor, ¢, is fractional (see [87] for a general discussion of
topological defects in the clockwork mechanism). Let us consider, for example, the contact-
connection model of section 3.1, where the phases of the quark-bilinear terms rotate by

arg[Qp;Qrj] — argQp;Qrjl + a0, arg[tp;vr;] — arg[tp;vrs] + qy;d (5.9)

22If one allows tiny breaking of the discrete symmetries, the domain walls can disappear and the domain
wall problem is evaded [84-86]. However, this weakens the theoretical grounds for suppressing the quantum
gravity effects by exact discrete symmetries.
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when the axion field is shifted by

%—>%+5. (5.10)

Then the domain of the axion is defined by

2 eo,9), (5.11)
a
where 0 is determined by the requirement that all the factors qg;.; X 6 become a multiple
of 27 for the first time. If the clockwork factor is an integer, we find that the domain of
the axion is given by

fi € [0,¢V x 27) . (5.12)
On the other hand, the axion potential in eq. (4.17) has a period
fi € [0,q"V /Ny x 2) . (5.13)

Hence, the axion potential possesses
Npw = Ny (5.14)

degenerate vacua, which determines the domain wall number. Note that we took Ny = m,
in order for the model to possess an exact Z). symmetry. The degeneracy of the vacua
reflects an underlying discrete symmetry Z,,, which is left after the spontaneous breaking
of ZX. On the other hand, when the clockwork factor is fractional, the domain wall number
becomes exponentially large. Indeed, when ¢ = r/s, with r, s coprime integers, the domain
of the axion is given by

a S
Ja
Thus, we find that the degeneracy of the vacua is given by

(0,7 x 27) . (5.15)

Npw = sV x Ny, (5.16)

which is exponentially larger than eq. (5.14). This larger degeneracy is due to an acci-
dental enhancement of the discrete symmetry of the axion potential, even if the exact Z
symmetry is spontaneously broken to Z,, only. The exponentially large Npy is a generic
feature of clockwork mechanism models with a fractional clockwork factor.

5.3 Baryonic dark matter

The contact-connection model of section 3.1 also provides the possibility of SU(N,)Y
baryons as dark matter candidates. Since coloured stable baryons are strongly constrained
cosmologically, we focus on the case where strongly-coupled fermions have no QCD charge,
as in table 5. Since there are two fermions, @; and 1, charged under each SU(N.); gauge
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group for j = 1,..., N, there is an exact fermion number symmetry U(l)%,N . Hence, the
j-module bound states divide into classes with given charges under U(1)y,q, x U(1)v,y,-
Since this symmetry is a generalisation of baryon number, we call baryons all bound states
with non-vanishing U(1)y,q, x U(1)y,y, charge. The lightest baryon in each class may be
stable, if the decay into two or more baryons of other classes is kinematically forbidden.
In general, one is left with O(2N) stable baryons.?3

Let us roughly sketch how such baryons can be dark matter candidates alternative to
the axion. As discussed above, to avoid domain walls we require that the PQ-symmetry
is never restored after inflation, so the cosmic temperature after inflation is below A. The
baryon masses are mg ~ O(N.A). Thus, the thermal relic baryonic dark matter is possible
only when the reheating temperature after inflation is in a small window,?*

Tr STRSA, (5.17)

where T is the freeze-out temperature,

mB 1 mB
Tp = — ~ =1 35 —log(—==) . 5.18
P TF g og(zr) + Og(TeV) (5.18)
Here, all the N sites are in thermal equilibrium via scattering with the lighter pseudo-NGBs
7"’s (see the discussion at the end of subsection 5.1).25
Once the reheating temperature is in the window of eq. (5.17), the thermal relic density
of the baryonic dark matter can be roughly estimated as

N mg 2
Qph? ~ 0.1 x — (7) , 5.19

5 “ 15 \20 Tev (5.19)
where we assumed that the 2NV stable baryon states contribute equally and we approxi-
mated the annihilation cross section of B into 7’’s by the unitarity limit [88] (see also [89]),

— 4
(ov) (BB — n'7’) ~ m% . (5.20)

Thus, in a model with, for example, N. ~ 10 and N ~ 15, it is possible to explain the
observed dark matter density by the thermal relic density of the stable baryons.

ZFor definiteness, we assume in the following Q;V ¢ and 1/)§V ¢ stable baryons. In general, stable states may
include both species @; and v;, and Nj constituent fermions with N, # N.. Given the similar annihilation
cross-sections, one expects that the contribution to the relic density is dominated by the heaviest stable
baryons, with mass O(N:A).

24We assume instantaneous reheating at the end of inflation.

25The heavier 7' modes decay into three 7’’s or gluons immediately, while 7'’s decay into QCD jets via
eq. (5.3) in the model in table 6 or into Q n+1 in the model in table 5. Both can also decay into axions. Thus,
each sector does not leave stable particle other than the baryons. Note also that the thermal population of
composite axions, produced via 7’ scattering, has a negligible relic abundance on account of the tiny axion
mass, while its contribution to the number of relativistic degrees of freedom is given by A Neg = 0.026 [90]
well within current bounds, Neg = 3.15 £ 0.23 [79].
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5.4 Further applications

The clockwork mechanism has also been used in models of natural inflation [91] and for
the relaxion mechanism [12]. The application to the magnetogenesis mechanism in natural
inflation models can be particularly interesting. Recently, the existence of cosmological
magnetic fields even in void regions has been suggested by the gamma-ray observations
from blazers, which puts a lower limit on the present magnetic field, Beg > 107 G [92-99).
Although it is generically difficult to generate such magnetic fields with a long correlation
length, there are arguments that it is possible to achieve it in natural inflation models
where the inflaton is an axion-like particle with an anomalous coupling to the U(1)y gauge
field [100, 101]. One needs a hierarchy between the decay constant appearing in the inflaton
potential, and the one in the anomalous coupling to the U(1)y gauge field. Such a hierarchy
can be easily achieved in the clockwork mechanism, as we have shown in section 5.2.

6 Conclusions

We have remarked that a sequence of N strongly-coupled sectors may respect some acci-
dental global symmetries that are collectively carried by the IV sites. We focused on the
case of an anomaly-free, axial U(1) 4 symmetry. When the strong dynamics confine at the
dynamical scale A, the U(1)4 symmetry is spontaneously broken and the decay constant
of the associated Goldstone mode, the axion, a, is exponentially enhanced at the end of
the sequence, F, ~ ¢~ f,, where f, ~ A/(47) and the factor ¢ > 1 is the ratio between
the U(1) 4 charges of neighbouring sectors. Clearly, this is an implementation of the clock-
work mechanism, which induces a separation between the dynamical scale and the effective
interaction scale of the axion due to a geometric progression of the U(1) 4 charges.

In such realisations of the clockwork mechanism, the quantum stability of the dynam-
ical scale is guaranteed by dimensional transmutation, as in QCD. As the N gauge groups
SU(N,) have the same matter content, similar couplings in the ultraviolet nicely imply
similar confinement scales. As an additional bonus, the occurrence of the global symmetry
U(1) 4 is enforced by the (discrete) gauge symmetries of the theory, which guarantee that
any explicit U(1) 4 breaking effect must be suppressed by a large power of the cutoff. Indeed,
such protection of the axion potential is essential for the most relevant applications, such as
the solution of the strong CP problem by a QCD axion, or inflation via an axion-like scalar
field. We presented three different realisations of the dynamical clockwork, which corre-
spond to specific predictions for g, to distinct sets of new physics states close to the scale
A, as well as to different thermal histories. Let us summarise their main features in turn.

In the phase-locking model (table 1), the link between neighbouring sites is provided by
the strong dynamics via fermions charged under different representations of two adjacent
gauge groups. The clockwork factor, ¢ < 2, is completely fixed by group theoretical

coefficients, with the upper bound coming from the requirement of asymptotic freedom.
N

s With m

The sequence configuration is secured by an anomaly-free discrete symmetry Z
also determined by group theory. When the last site of the clockwork is charged under
QCD (table 1), the U(1) 4 Goldstone mode immediately becomes a composite QCD axion

with an exponentially large decay constant. The smallness of the f-parameter is effectively
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protected from gravity corrections by the combined effects of the discrete symmetry and
of the hierarchy of scales, A < Mp. When A is close to LHC energies, the model predicts
a colour octet of NGBs as well as (heavier) stable coloured hadrons, and the observed
dark matter relic density is obtained from the axion misalignment mechanism for N ~ 50.
On the other hand, since the discrete symmetry implies a large domain wall number, one
should not restore U(1) 4 after the end of inflation, and therefore the reheating temperature
should lie below A.

In the contact-connection model (table 2), there are two different representations of
fermions for each strongly-coupled gauge group, and q is the ratio of their respective Dynkin
indices, which can be much larger than one, for example O(N,). The link between adjacent
modules is provided by four-fermion interactions, suppressed by a scale M, > A. The
configuration of these interactions is secured by charging each pair of adjacent modules
under a Z,, symmetry, free from gauge anomalies. By adding a last module charged only
under QCD (table 5), one easily realises a composite QCD axion with clockwork-suppressed
couplings. In this case there are no coloured bound states, rather one predicts elementary
vector-like quarks with mass suppressed by a factor A2/M2 with respect to A. The axion
relic density may match the dark matter density, for e.g. A ~ 10TeV and N ~ 10. In
addition, there are O(N) stable neutral hadrons that also acquire a relic density in the
desired range for dark matter, provided that the reheating temperature is just below A
(not larger, in order to avoid domain walls). Alternatively, the strong-CP problem can be
solved when the last module involves both QCD and the new strong dynamics (table 6).
In this case the lightest states are N — 1 pion-like mesons with masses suppressed by a
factor A/M, with respect to f, which couple to gluons through the QCD anomaly.

In the WiFi-connection model (table 3), the two fermions of each module transform in
the same way under the strong dynamics, but they have opposite charge under an anomaly-
free axial U(1) symmetry. The link between two adjacent modules is provided by gauging
a linear combination of the two U(1) symmetries, with ¢ being the arbitrary ratio between
the U(1) charges of the two modules. In this case, each module contains an exact Goldstone
mode, but N —1 of those are eaten by the U(1) gauge bosons and one is left with a massless
clockwork axion. Remarkably, the accidental axion U(1)4 is extremely well protected by
the sequence of gauged U(1)’s: it can be broken only by operators involving fermions from
all the N sectors at the same time. This phenomenon implies that, even if QCD is coupled
to one sector, U(1) 4 remains free from the QCD anomaly, and therefore this type of axion
cannot be used to address the strong C'P-problem. Still, this WiFi dynamical clockwork
emerges as an outstanding mechanism to generate extremely flat axion potentials.

In summary, we proposed the dynamical clockwork as a flexible mechanism to supply
very light scalars with couplings suppressed by a scale much larger than the strong-coupling
scale. We explored several model-building possibilities and applied the mechanism to the
QCD axion, outlining its main phenomenological features. Clearly, several interesting di-
rections are left to investigate, from the underlying theoretical origin to the connection
with models of strongly-coupled electroweak-symmetry breaking, from a more quantita-
tive study of the QCD axion phenomenology to different cosmological applications of the
dynamical, axion-like particles.
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