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—— Abstract

Spatial constraint systems (scs) are semantic structures for reasoning about spatial and epistemic
information in concurrent systems. We develop the theory of scs to reason about the distributed
information of potentially infinite groups. We characterize the notion of distributed information of a
group of agents as the infimum of the set of join-preserving functions that represent the spaces of
the agents in the group. We provide an alternative characterization of this notion as the greatest
family of join-preserving functions that satisfy certain basic properties. We show compositionality
results for these characterizations and conditions under which information that can be obtained by
an infinite group can also also be obtained by a finite group. Finally, we provide algorithms that
compute the distributive group information of finite groups.
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Keywords and phrases Spatial Information, Distributed Knowledge, Infinitely Many Agents.
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1 Introduction

In current distributed systems such as social networks, actors behave more as members of a
certain group than as isolated individuals. Information, opinions, and beliefs of a particular
actor are frequently the result of an evolving process of interchanges with other actors in a
group. This suggests a reified notion of group as a single actor operating within the context
of the collective information of its members. It also conveys two notions of information, one
spatial and the other epistemic. In the former, information is localized in compartments
associated with a user or group. In the latter, it refers to something known or believed by a
single agent or collectively by a group.
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Reasoning about Distributed Knowledge

In this paper we pursue the development of a principled account of a reified notion of
group by taking inspiration from the epistemic notion of distributed knowledge [12]. A group
has its information distributed among its member agents. We thus develop a theory about
what exactly is the information available to agents as a group when considering all that is
distributed amongst its members.

In our account a group acts itself as an agent carrying the collective information of its
members. We can interrogate, for instance, whether there is a potential contradiction or
unwanted distributed information that a group might be involved in among its members
or by integrating a certain agent. This is a fundamental question since it may predict or
prevent potentially dangerous evolutions of the system.

Furthermore, in many real life multi-agent systems, the agents are unknown in advance.
New agents can subscribe to the system in unpredictable ways. Thus, there is usually no
a-priori bound on the number of agents in the system. It is then often convenient to model
the group of agents as an infinite set. In fact, in models from economics and epistemic
logic [14, 13], groups of agents have been represented as infinite, even uncountable, sets. In
accordance with this fact, in this paper we consider that groups of agents can also be infinite.
This raises interesting issues about the distributed information of such groups. In particular,
that of group compactness: information that when obtained by an infinite group can also be
obtained by one of its finite subgroups. We will provide conditions for this to hold.

L are algebraic structures for the semantics of process

Context. Constraint systems (cs)
calculi from concurrent constraint programming (ccp) [18]. In this paper we shall study cs
as semantic structures for distributed information of a group of agents.

A cs can be formalized as a complete lattice (Con,C). The elements of Con represent
partial information and we shall think of them as being assertions. They are traditionally
referred to as constraints since they naturally express partial information (e.g., © > 42). The
order C corresponds to entailment between constraints, ¢ C d, often written d J ¢, means ¢
can be derived from d, or that d represents as much information as ¢. The join LI, the bottom
true and the top false of the lattice correspond to conjunction, the empty information and
the join of all (possibly inconsistent) information.

The notion of computational space and the epistemic notion of belief in the spatial ccp
(scep) process calculi [15] is represented as a family of join-preserving maps s; : Con — Con
called space functions. A cs equipped with space functions is called a spatial constraint
system (scs). From a computational point of view s;(c) can be interpreted as an assertion
specifying that ¢ resides within the space of agent i. From an epistemic point of view, s;(c)
specifies that i considers ¢ to be true. An alternative epistemic view is that i interprets c as
5;(c). All these interpretations convey the idea of ¢ being local or subjective to agent i.

This work. In the spatial ccp process calculus scep [15], scs are used to specify the
spatial distribution of information in configurations (P, ¢) where P is a process and c is a
constraint, called the store, representing the current partial information. E.g., a reduction
( P,s1(a)Usa(d) ) — ( Q,s1(a) Usa(bUc) ) means that P, with a in the space of agent 1
and b in the space of agent 2, can evolve to () while adding ¢ to the space of agent 2.

Given the above reduction, assume that d is some piece of information resulting from the
combination (join) of the three constraints above, i.e., d = alUbU¢, but strictly above the join
of any two of them. We are then in the situation where neither agent has d in their spaces,
but as a group they could potentially have d by combining their information. Intuitively, d is
distributed in the spaces of the group I = {1,2}. Being able to predict the information that

1 For simplicity we use cs for both constraint system and its plural form.
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agents 1 and 2 may derive as group is a relevant issue in multi-agent concurrent systems,

particularly if d represents unwanted or conflicting information (e.g., d = false).

In this work we introduce the theory of group space functions Ay : Con — Con to reason
about information distributed among the members of a potentially infinite group I. We shall
refer to Ay as the distributed space of group I. In our theory ¢ J Ay(e) holds exactly when
we can derive from c that e is distributed among the agents in I. E.g., for d above, we should
have s1(a) L s2(bUc) 3 Ay 93(d) meaning that from the information s;(a) Ll s2(bU c) we
can derive that d is distributed among the group I = {1,2}. Furthermore, Ar(e) 3 A(e)
holds whenever I C J since if e is distributed among a group I, it should also be distributed
in a group that includes the agents of I.

Distributed information of infinite sets can be used to reason about multi-agent compu-
tations with unboundedly many agents. For example, a computation in sccp is a possibly
infinite reduction sequence v of the form ( Py,co ) — ( Pi,c1 ) —> -+ with g Eeq £ ---.
The result of v is | |,,~ ¢n, the join of all the stores in the computation. In sccp all fair
computations from a configuration have the same result [15]. Thus, the observable behaviour
of P with initial store ¢, written O(P,c), is defined as the result of any fair computation
starting from (P, ¢). Now consider a setting where in addition to their sccp capabilities in [15],
processes can also create new agents. Hence, unboundedly many agents, say agents 1,2, ...,
may be created during an infinite computation. In this case, O(P,¢) 3 An(false), where N
is the set of natural numbers, would imply that some (finite or infinite) set of agents in any
fair computation from (P, ¢) may reach contradictory local information among them. Notice
that from the above-mentioned properties of distributed spaces, the existence of a finite set
of agents H C N such that O(P,c) J Ag(false) implies O(P,c¢) 3 Ay(false). The converse
of this implication will be called group compactness and we will provide meaningful sufficient
conditions for it to hold.

Our main contributions are listed below.

1. We characterize the distributed space A; as a space function resulting from the infimum
of the set of join-preserving functions that represent the spaces of the agents of a possibly
infinite group I.

2. We provide an alternative characterization of a distributed space as the greatest join
preserving function that satisfies certain basic properties.

3. We show that distributed spaces have an inherent compositional nature: The information
of a group is determined by that of its subgroups.

4. We provide a group compactness result for groups: Given an infinite group I, meaningful
conditions under which ¢ J Ay(e) implies ¢ J A j(e) for some finite group J C T.

5. For finite scs we shall provide algorithms to compute A; that exploit the above-mentioned
compositional nature of distributed spaces.

All in all, in this paper we put forward an algebraic theory for group reasoning in the context

of ccp. The theory and algorithms here developed can be used in the semantics of the

spatial ccp process calculus to reason about or prevent potential unwanted evolutions of ccp
processes. One could imagine the incorporation of group reasoning in a variety of process
algebraic settings and indeed we expect that such formalisms will appear in due course.

2 Background

We presuppose basic knowledge of domain and order theory [3, 1, 6] and use the following
notions. Let C be a poset (Con,C), and let S C Con. We use | |S to denote the least
upper bound (or supremum or join) of the elements in S, and []S is the greatest lower
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bound (glb) (infimum or meet) of the elements in S. An element e € S is the greatest
element of S iff for every element ¢’ € S, ¢/ C e. If such e exists, we denote it by maz S.
As usual, if S = {c,d}, cUd and ¢ d represent | | S and []S, respectively. If S = ), we
denote | | S = true and [ ]S = false. We say that C is a complete lattice iff each subset
of Con has a supremum in Con. The poset C is distributive iff for every a,b,c € Con,
al(®nNe) =(aUb)MN(alUc). A non-empty set S C Con is directed iff for every pair of
elements x,y € S, there exists z € S such that x C z and y C z, or iff every finite subset
of S has an upper bound in S. Also ¢ € Con is compact iff for any directed subset D of
Con, ¢ C | | D implies ¢ C d for some d € D. A self-map on Con is a function f from Con to
Con. Let (Con,C) be a complete lattice. The self-map f on Con preserves the join of a set
S C Conift f(||S)=[1{f(c)]|ce S} A self-map that preserves the join of finite sets is
called join-homomorphism. A self-map f on Con is monotonic if a C b implies f(a) T f(b).
We say that f distributes over joins (or that f preserves joins) iff it preserves the join of
arbitrary sets. A self-map f on Con is continuous iff it preserves the join of any directed set.

3 Spatial Constraint Systems

Constraint systems [18] are semantic structures to specify partial information. They can be
formalized as complete lattices [2].

» Definition 1 (Constraint Systems [2]). A constraint system (cs) C is a complete lattice
(Con,C). The elements of Con are called constraints. The symbols U, true and false will be
used to denote the least upper bound (lub) operation, the bottom, and the top element of C.

The elements of the lattice, the constraints, represent (partial) information. A constraint
¢ can be viewed as an assertion. The lattice order C is meant to capture entailment of
information: ¢ C d, alternatively written d J ¢, means that the assertion d represents at
least as much information as c¢. We think of d 3 ¢ as saying that d entails ¢ or that ¢ can
be derived from d. The operator U represents join of information; ¢ Ll d can be seen as an
assertion stating that both ¢ and d hold. We can think of LI as representing conjunction
of assertions. The top element represents the join of all, possibly inconsistent, information,
hence it is referred to as false. The bottom element true represents empty information. We
say that c is consistent if ¢ # false, otherwise we say that c is inconsistent. Similarly, we say
that ¢ is consistent /inconsistent with d if ¢ Ul d is consistent/inconsistent.

Constraint Frames. One can define a general form of implication by adapting the
corresponding notion from Heyting Algebras to cs. A Heyting implication ¢ — d in our
setting corresponds to the weakest constraint one needs to join ¢ with to derive d.

» Definition 2 (Constraint Frames,[7]). A constraint system (Con, C) is said to be a constraint
frame iff its joins distribute over arbitrary meets. More precisely, cU[]S =[|{cUe|e € S}
for every ¢ € Con and S C Con. Define c — d as[|{e € Con|cUe 3 d}.

The following properties of Heyting implication correspond to standard logical properties
(with —, U, and J interpreted as implication, conjunction, and entailment).

» Proposition 3 ([7]). Let (Con,C) be a constraint frame. For every c,d,e € Con the
following holds: (1) cU (c = d)=cUd, (2) (c—=d)Cd, (3) c—d=true iff c 3 d.

Spatial Constraint Systems. The authors of [15] extended the notion of c¢s to account for
distributed and multi-agent scenarios with a finite number of agents, each having their own
space for local information and their computations. The extended structures are called
spatial cs (scs). Here we adapt scs to reason about possibly infinite groups of agents.
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A group G is a set of agents. Each i € G has a space function s; : Con — Con satisfying
some structural conditions. Recall that constraints can be viewed as assertions. Thus given
¢ € Con, we can then think of the constraint s;(c) as an assertion stating that c is a piece of
information residing within a space of agent i. Some alternative epistemic interpretations of
s;(c) is that it is an assertion stating that agent ¢ believes ¢, that ¢ holds within the space of
agent 4, or that agent i interprets ¢ as s;(c). All these interpretations convey the idea that ¢
is local or subjective to agent 7.

In [15] scs are used to specify the spatial distribution of information in configurations
(P, cy where P is a process and c is a constraint. E.g., a reduction ( P,s;(c) Us;(d) ) —
( @Q,s5;(c)Us;(dUe) ) means that P with ¢ in the space of agent ¢ and d in the space of
agent j can evolve to ) while adding e to the space of agent j.

We now introduce the notion of space function.

» Definition 4 (Space Functions). A space function over a cs (Con,C) is a continuous self-
map f : Con — Con s.t. for everyc,d € Con (S.1) f(true) = true, (S.2) f(cUd) = f(c)Uf(d).
We shall use S(C) to denote the set of all space functions over C = (Con,C).

The assertion f(c) can be viewed as saying that c is in the space represented by f. Property
S.1 states that having an empty local space amounts to nothing. Property S.2 allows us to
join and distribute the information in the space represented by f.

In [15] space functions were not required to be continuous. Nevertheless, we will argue
later, in Remark 18, that continuity comes naturally in the intended phenomena we wish
to capture: modelling information of possibly énfinite groups. In fact, in [15] scs could only
have finitely many agents.

In this work we also extend scs to allow arbitrary, possibly infinite, sets of agents. The
continuity requirement in addition to S.1 and S.2 makes space functions to preserve arbitrary
joins.

» Proposition 5 ([7]). Let f be a space function over a c¢s (Con,C). Then (1) f is monotonic
and (2) f preserves arbitrary joins.

A spatial cs is a cs with a possibly infinite group of agents each having a space function.

» Definition 6 (Spatial Constraint Systems). A spatial cs (scs) s a ¢s C = (Con,C) equipped
with a possibly infinite tuple s = (8;);cc of space functions from S(C).

We shall use (Con,C, (s;)icc) to denote an scs with a tuple (s;)icc. We refer to G and
s as the group of agents and space tuple of C and to each s; as the space function in C of
agent i. Subsets of G are also referred to as groups of agents (or sub-groups of G).

Let us illustrate a simple scs.

» Example 7. The scs (Con, C, (s;);cq1,2y) in Fig.1 is given by the complete lattice My and
two agents. We have Con = {pV —p,p, —p,p A —p} and ¢ C d iff ¢ is a logical consequence
of d. The top element false is p A —p, the bottom element true is p V —p, and p and —p
are incomparable with each other. The set of agents is {1,2} with space functions s; and
s9: For agent 1, s1(p) = —p, s1(—p) = p, s1(false) = false, s1(true) = true, and for agent 2,
52(p) = false = s5(false), s2(—p) = —p, s2(true) = true. The intuition is that the agent 2
sees no difference between p and false while agent 1 interprets —p as p and vice versa.

More involved examples of scs include meaningful families of structures from logic and
economics such as modal algebras with continuous modal operators, Kripke structures and
Aumann structures (see [15]). In Ex.19 we describe the Aumann structure example from
[15]. We shall also illustrate scs with infinite groups in the next section.
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Figure 1 Cs given by lattice M2 ordered by implication and space functions s; and sa.

4  Distributed Information

In this section we characterize the notion of collective information of a group of agents. We
begin with some intuition. Roughly speaking, the distributed (or collective) information of a
group [ is the join of each piece of information that resides in the space of some i € I. The
distributed information of I w.r.t. ¢ is the distributive information of I that can be derived
from c. We are interested in formalizing whether a given e can be derived from the collective
information of the group I w.r.t. c.

The following examples, which we will use throughout the paper, illustrate the above
intuition.

» Example 8. Consider a scs (Con,C, (s;);cc) where G = N and (Con,C) is a constraint
frame. Let ¢ " sy (a) Usao(a — b) Uss(b — ). The spatial constraint ¢ specifies the situation
where a,a — b and b — e are in the spaces of agent 1, 2 and 3, respectively. Neither agent
holds e in their space in c¢. Nevertheless, the information e can be derived from the collective
information of the three agents w.r.t. ¢, since from Prop.3 we have all(a — b)U (b — e) Je.
Let us now consider an example with infinitely many agents. Let ¢’ et |l;en 5i(asi) for some
increasing chain ag E a; C .... Take e’ s.t. ¢/ C | |, ya;. Notice that unless e’ is compact
(see Section 2), it may be the case that no agent ¢ € N holds €’ in their space; e.g., if ¢/ T a;
for any i € N. Yet, from our assumption, ¢’ can be derived from the collective information
w.r.t. ¢ of all the agents in N, i.e., | |,y ai-

The above example may suggest that the distributed information can be obtained by
joining individual local information derived from c. Individual information of an agent i can
be characterized as the i-projection of ¢ defined thus:

» Definition 9 (Agent and Join Projections). Let C = (Con, C, (s;)icc) be a scs. Given i € G,
the i-agent projection of ¢ € Con is defined as m;(c) = LI{e | ¢ ds;(e)}. We say that e is
i-agent derivable from c iff m;(c) D e. Given I C G the I-join projection of a group I of ¢ is
defined as mr(c) = | {mi(c) | i € I}. We say that e is I-join derivable from c iff mr(c) Je.

The i-projection of an agent ¢ of ¢ naturally represents the join of all the information of
agent 7 in ¢. The I-join projection of group I joins individual i-projections of ¢ for ¢ € I. This
projection can be used as a sound mechanism for reasoning about distributed-information:
If e is I-join derivable from ¢ then it follows from the distributed-information of I w.r.t. c.
Consider the following example.
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» Example 10. Let ¢ be as in Ex.8. We have m1(c) J a, m2(c) J (a — b), m3(c) 3 (b — e).
Indeed e is I-join derivable from c since 7y 233(c) = m1(c) U ma(c) U mz(c) 3 e. Similarly
for ¢’ as in Ex.8 we conclude that e’ is I-join derivable from ¢’ since my(c’) = | ];cy mi(c) 3

I_lieN a; Je'.

Nevertheless, I-join projections do not provide a complete mechanism for reasoning about
distributed information as illustrated below.

» Example 11. Let d < s, (b) Ms(b). Recall that we think of L and I as conjunction and
disjunction of assertions: d specifies that b is present in the space of agent 1 or in the space
of agent 2 though not exactly in which one. Thus from d we should able to conclude that b
belongs to the space of some agent in {1,2}. Nevertheless, in general b is not I-join derivable
from d since from 7y; 93 (d) = 71 (d)Uma(d) we cannot, in general, derive b. To see this consider
the scs in Fig.2a and take b = —p. We have 7y 93 (d) = 71 (d) Uma(d) = trueUtrue = true 2 b.
One can generalize the example to infinitely many agents: Consider the scs in Ex.8. Let
a = [;en 5:(0"). We should be able to conclude from d’ that ' is in the space of some agent
in N but, in general, b’ is not N-join derivable from d'.

4.1 Distributed Spaces

In the previous section we illustrated that the I-join projection of ¢, 7r(c), the join of
individual projections, may not project all distributed information of a group I. To solve
this problem we shall develop the notion of I-group projection of ¢, written as IT;(c¢). To do
this we shall first define a space function A; called the distributed space of group I. The
function A; can be thought of as a virtual space including all the information that can be in
the space of a member of I. We shall then define an I-projection II; in terms of A; much
like 7r; is defined in terms of s;.

Recall that S(C) denotes the set of all space functions over a cs C. For notational
convenience, we shall use (f7)7cq to denote the tuple (fr);ep () of elements of S(C).

Set of Space Functions. We begin by introducing a new partial order induced by C. The
set of space functions ordered point-wise.

» Definition 12 (Space Functions Order). Let C = (Con,C, (s;)iec) be a spatial cs. Given
frg € S(C), define f Cs g iff f(c) T g(c) for every ¢ € Con. We shall use Cs to denote the
partial order (S(C),Cy); the set of all space functions ordered by Cs.

A very important fact for the design of our structure is that the set of space functions
S(C) can be made into a complete lattice.

» Lemma 13. Let C = (Con,C, (s;)icc) be a spatial cs. Then Cs is a complete lattice.

4.2 Distributed Spaces as Maximum Spaces.

Let us consider the lattice of space functions C; = (§(C),C). Suppose that f and g are
space functions in Cg with f Cg g. Intuitively, every piece of information ¢ in the space
represented by g is also in the space represented by f since f(c) C g(c) for every ¢ € Con.
This can be interpreted as saying that the space represented by g is included in the space
represented by f; in other words the bigger the space, the smaller the function that represents
it in the lattice Cs.

Following the above intuition, the order relation Cg of Cg represents (reverse) space
inclusion and the join and meet operations in Cg represent intersection and union of spaces.
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The biggest and the smallest spaces are represented by the bottom and the top elements of
the lattice Cg, here called A\ and At and defined as follows.

» Definition 14 (Top and Bottom Spaces). For every ¢ € Con, define \j(c) = true,

A1 (c) f true if ¢ = true and At (c) EF false if ¢ # true.

The distributed space A of a group I can be viewed as the function that represents the
smallest space that includes all the local information of the agents in I. From the above
intuition, A should be the greatest space function below the space functions of the agents in
I. The existence of such a function follows from completeness of (S(C), Cg) (Lemma 13).

» Definition 15 (Distributed Space Functions). Let C be a scs (Con,C, (s;)icc). The dis-
tributed spaces of C is given by A = (Ar);ce where

A; det max{f € S(C) | f Css; for every i € I}.

We shall say that e is distributed among I C G w.r.t. ¢ iff ¢ 3 Ar(e). We shall refer to each
A7 as the (distributed) space of the group I.

It follows from Lemma 13 that A; =[]{s; | ¢ € I} (where [] is the meet in the complete
lattice (S(C),Cs)). Fig.2b illustrates a scs and its distributed space Ay g).

Compositionality. Distributed spaces have pleasant compositional properties. They
capture the intuition that the distributed information of a group I can be obtained from the
the distributive information of its subgroups.

» Theorem 16. Let (Ar)rcq be the distributed spaces of a scs (Con, T, (s;)icq). Suppose that
K, JCICQG. (1) A=At ifl = @, (2) Ar=s; if[ = {Z}, (3) A,](G)HAK(b) - A[(a L b),
and (4) Aj(a) U Ag(a — ¢) 3 Ar(c) if (Con,C) is a constraint frame.

Recall that At corresponds to the empty space (see Def.14). The first property realizes the
intuition that the empty subgroup @ does not have any information whatsoever distributed
w.r.t. a consistent ¢: for if ¢ J Ag(e) and ¢ # false then e = true. Intuitively, the second
property says that the function Aj for the group of one agent must be the agent’s space
function. The third property states that a group can join the information of its subgroups.
The last property uses constraint implication, hence the constraint frame condition, to express
that by joining the information a and a — ¢ of their subgroups, the group I can obtain c.

Let us illustrate how to derive information of a group from smaller ones using Thm.16.

» Example 17. Let ¢ = s1(a) Usa(a — b) Usz(b — e) as in Ex.8. We want to prove that e
is distributed among I = {1,2,3} w.r.t. ¢, i.e., ¢ 3 Ay 333(e). Using Properties 2 and 4
in Thm.16 we obtain ¢ J 51(a) Usa(a — b) = Aiy(a) U Agay(a — b) 3 Agy 23(b), and then
c I Aq103(b) Usz(b— e) = Ag103(b) UA3(b— e) I Aqy 231 (e) as wanted.

» Remark 18 (Continuity). The example with infinitely many agents in Ex.8 illustrates well
why we require our spaces to be continuous in the presence of possibly infinite groups. Clearly
= |iensi(ai) 3 ey An(a;). By continuity, | |;cny An(a;) = An(| ;e @i) which indeed
captures the idea that each a; is in the distributed space Ay.

In Thm.16 we listed some useful properties about (A;);cq. In the next section we shall
see that (Aj)rce is the greatest solution of three basic properties.

We conclude this subsection with an important family of scs’s from mathematical eco-
nomics: Aumann structures. We illustrate that the notion of distributed knowledge in these
structures is an instance of a distributed space.
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Lol o
H Ar

(a) Projections 71 and 72 given s1 and sa. (b) Ar with I = {1,2} given s; and so.

Figure 2 Projections (a) and Distributed Space function (b) over lattice Mo.

» Example 19. Aumann Constraint Systems. Aumann structures [13] are an event-based
approach to modelling knowledge. An Aumann structure is a tuple A = (S, P1,...,Py)
where S is a set of states and each P; is a partition on S for agent i. The partitions are
called information sets. If two states t and u are in the same information set for agent
1, it means that in state ¢t agent i considers state u possible, and vice versa. An event in
an Aumann structure is any subset of S. Event e holds at state ¢ if ¢ € e. The set P;(s)
denotes the information set of P; containing s. The event of agent i knowing e is defined as
Ki(e) = {s € S| Pi(s) C e}, and the distributed knowledge of an event e among the agents
in a group I is defined as Dr(e) = {s € S | (;c; Pi(s) C e}.

An Aumann structure can be seen as a spatial constraint system C(.A) with events as
constraints, i.e., Con = {e | e is an event in A}, and for every ej,es € Con, e; C ey iff
ez C ey. The operators join (1) and meet (M) are intersection (N) and union (U) of events,
respectively; true = S and false = (). The space functions are the knowledge operators,
ie., s5;(c) = K;(c). From these definitions and since meets are unions one can easily verify
that Ar(c) = Dy(c) which shows the correspondence between distributed information and
distributed knowledge.

4.3 Distributed Spaces as Group Distributions Candidates.

We now wish to single out a few fundamental properties on tuples of self-maps that can be
used to characterize distributed spaces.

» Definition 20 (Distribution Candidates). Let C be a scs (Con,C, (s;)icc). A tuple § =
(01r)1cc of self-maps on Con is a group distribution candidate (gdc) of C if for each I,J C G:
(D.1) 61 is a space function in C, (D.2) 6y =s; if I = {i}, (D.3) 6y s 05 if I C J.

Property D.1 requires each d; to be a space function. This is trivially met for §; = Aj.
Property D.2 says that the function §; for a group of one agent must be the agent’s space
function. Clearly, d;;; = Ay;y satisfies D.2; indeed the distributed space of a single agent
is their own space. Finally, Property D.3 states that 6;(c) 3 ds(c), if I C J. This is
also trivially satisfied if we take §; = Ay and §; = A;. Indeed if a subgroup I has some
distributed information ¢ then any subgroup J that includes I should also have ¢. This also
realizes our intuition above: The bigger the group, the bigger the space and thus the smaller
the space function that represents it.
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Properties D1-D3, however, do not determine A uniquely. In fact, there could be infinitely-
many tuples of space functions that satisfy them. For example, if we were to chose §y = AT,
0riy = s for every i € G, and §; = AL whenever |I| > 1 then D1, D2 and D3 would
be trivially met. But these space functions would not capture our intended meaning of
distributed spaces: E.g., we would have true 3 ;(e) for every e thus implying that any e
could be distributed in the empty information true amongst the agents in I # (.

Nevertheless, the following theorem states that (A;);ce could have been equivalently
defined as the greatest space functions satisfying Properties D1-D3.

» Theorem 21 (Max gdc). Let (Ar)ica be the distributed spaces of C = (Con,C, (s;)icc)-
Then (Ar)ice is a gde of C and if (0r)ica is a gdec of C then 6; Ts Ay for each I C G.

Let us illustrate the use of Properties D1-D3 in Thm.21 with the following example.

» Example 22. Let ¢ = 51 (a)Usz(a — b)Usz(b — e) as in Ex.8. We want to prove ¢ J Aj(e)
for I ={1,2,3}. From D.2 we have ¢ = A1y(a) U Az (a — b) UAgzy(b — e). We can then
use D.3 to obtain ¢ J Ar(a) U Ar(a — b) UAf(b — e). Finally, by D.1 and Proposition 3 we
infer c J Aj(aU(a = b)U (b —e)) JAs(e), thus ¢ J Aj(e) as wanted. Now consider our
counter-example in Ex.11 with d = s1(b) M s2(b). We wish to prove d 3 Af(b) for I = {1,2}.
Le., that b can be derived from d as being in a space of a member of {1,2}. Using D.1 and
D.3 we obtain d 3 d’ = A{l}(b) I A{Q}(b) | A{l,Q}(b) r A{l,g}(b) = A{LQ}(b) as wanted.

The characterization of distributed spaces by Thm.21 provide us with a convenient proof
method: E.g. to prove that a tuple F' = (f1);cq equals (Ar)rcg, it suffices to show that the
tuple is a gdc and that f; Js Ay for all I C G. We use this mechanism in Section 5.

4.4 Group Projections

As promised in Section 4.1 we now give a definition of Group Projection. The function II;(c)
extracts exactly all information that the group I may have distributed w.r.t. c.

» Definition 23 (Group Projection). Let (Ar)ica be the distributed spaces of an scs C =
(Con,C, (s;)icq). Given the set I C G, the I-group projection of ¢ € Con is defined as
I (c) = | {e | ¢ 3 As(e)}. We say that e is I-group derivable from ¢ iff T;(c) 2 e.

Much like space functions and agent projections, group projections and distributed spaces
also form a pleasant correspondence: a Galois connection [3].

» Proposition 24. Let (Af);cq be the distributed spaces of C = (Con, T, (s;)ieq). For every
c,e € Con, (1) c 3 Ar(e) iff Mi(c) de, (2)Ur(c) I y(c) if J C I, and (3) ;(c) d 7r(c).

The first property in Prop.24, a Galois connection, states that we can conclude from
c that e is in the distributed space of I exactly when e is I-group derivable from c. The
second says that the bigger the group, the bigger the projection. The last property says that
whatever is I-join derivable is I-group derivable, although the opposite is not true as shown
in Ex.11.

4.5 Group Compactness.

Suppose that an infinite group of agents I can derive e from ¢ (i.e., ¢ J Ay(e)). A legitimate
question is whether there exists a finite sub-group J of agents from I that can also derive e
from c. The following theorem provides a positive answer to this question provided that e is
a compact element (see Section 2) and I-join derivable from c.
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» Theorem 25 (Group Compactness). Let (Aj)ica be the distributed spaces of an scs
C = (Con,C, (8;)icc). Suppose that ¢ I Ar(e). If e is compact and I-join derivable from ¢
then there exists a finite set J C I such that ¢ 3 Aj(e).

We conclude this section with the following example of group compactness.

» Example 26. Consider the example with infinitely many agents in Ex.8. We have
¢ = | J;en5i(a;) for some increasing chain ag C a; C ... and €’ s.t. € C | |;cya;. Notice
that ¢ J An(e’) and my(¢’) 3 ¢’. Hence € is N-join derivable from ¢. If ¢’ is compact, by
Thm.25 there must be a finite subset J C N such that ¢/ J A (€’).

5 Computing Distributed Information

Let us consider a finite scs C = (Con, C, (s;);cq) with distributed spaces (Ar)rce. By finite
scs we mean that Con and G are finite sets. Let us consider the problem of computing Aj:
Given a set {s;},cr of space functions, we wish to find the greatest space function f such
that f C s; for all i € I (see Def.15).

Because of the finiteness assumption, the above problem can be rephrased in simpler
terms: Given a finite lattice L and a finite set S of join-homomorphisms on L, find the
greatest join-homomorphism below all the elements of S. Even in small lattices with four
elements and two space functions, finding such greatest function may not be immediate, e.g.,
for S = {s1,52} and the lattice in Fig.1 the answer is given Fig.2b.

In this section we shall use the theory developed in previous sections to help us find
algorithms for this problem. Recall from Def.15 and Lemma 13 that A; equals the following

maz{f € S(C) | fCsiforallic I} =| [{f€S(C)|fCsiforallicl}=[|{si|iel}

A naive (meet-based) approach would be to compute A;(c) by taking the point-wise meet
construction o7 (c) = [{si(c) | i € I} for each ¢ € Con. But this does not work in general
since Ar(c) =[{s; | ¢ € I}(c) is not necessarily equal to or(c) = [ |{s;(c) | i € I'}. In fact
or Jds A7 but o7 may not even be a space function as shown in Fig.3a.

A brute force (join-based) solution to computing A;(c) can be obtained by generating the
set {f(c) | f € S(C) and f C s; for all ¢ € I'} and taking its join. This approach works since
the join of a set of space functions S can be computed point-wise: (| |S)(c) = L{f(c)|f € S}.

However, the number of such functions in S(C) can be at least factorial in the size of Con.

For constraint frames, which under the finite assumption coincides with distributive lattices,
the size of S(C) can be non-polynomial in the size of Con.

» Proposition 27 (Lower Bounds on Number of Space Functions). For every n > 2, there
exists a ¢s C = (Con,C) such that |S(C)| > (n —2)! and n = |Con|. For every n > 1, there
exists a constraint frame C = (Con, C) such that |S(C)| > nl°82" and n = |Con|.

Nevertheless, in the following sections we shall be able to exploit order theoretical results
and properties of distributed spaces to compute Aj(c) for every ¢ € Con in polynomial
time in the size of Con. The first approach uses the inherent compositional nature of Ay
in distributed lattices. The second approach uses the above-mentioned ¢ as suitable upper
bound of A to compute Aj(c) by approximating it from above.

5.1 Distributed Spaces in Distributed Lattices

Here we shall illustrate some pleasant compositionality properties of distributed spaces that
can be used for computing A; in distributed lattices (constraint frames). These properties

11
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o1 51,59

(a) For I = {1,2}, o1(c) =[1,c;si(c) isnot a  (b) For I = {1,2}, 6] (Lemma 28) is not a space
space function: or(p L —p) # o1(p) Uor(—p). function: §F(b) LT (e) =b#a =57 (bUe).

Figure 3 Counter-examples over lattice My (a) and the non-distributive lattice M3 (b).

capture the intuition that just like distributed information of a group I is the collective
information from all its members, it is also the collective information of its subgroups. The
following results can be used to produce algorithms to compute Aj(c).

We use X7 to denote the set of tuples (x;);cs of elements x; € X for each j € J.

» Lemma 28. Let (Aj)ice be the distributed spaces of a finite scs C = (Con,C, (s;)icc)-
Suppose that (Con,C) is a constraint frame. Let (5}”‘ : Con — Con, with I C G, be the

function &7 (c) et [ HUicr5i(ai) | (ai)ier € Con' and ;s ai 2 c}t. Then Ap =67 .

The above lemma basically says that Aj(c) is the greatest information below all possible
combinations of information in the spaces of the agents in I that derive ¢. The proof that
(5}" s Ay uses the fact that space functions preserve joins. The proof that 5}" Cs A; proceeds
by showing that (67 );ce is a group distribution candidate (Def.20). Distributivity of the
lattice (Con, C) is crucial for this direction. In fact without it A; = ;" does not necessarily
hold as shown by the following counter-example.

» Example 29. Consider the non-distributive lattice M3 and the space functions s; and
sy in Figure 3b. We obtain 67 (bU¢) = 67 (e) = a and 6 (b)) Ud} (¢) = bUa = b. Then,
§F(bUe) # 07 (b)Ldf(c), ie., 67 is not a space function.

Lemma 28 can be used to prove the following theorem which intuitively characterizes the
information of a group from that of its subgroups. Each of the following results will be used
to generate algorithms to compute Aj(c), each an improvement on the previous one.

» Theorem 30. Let (Af)ice be the distributed spaces of a finite scs C = (Con, C, (s;)icc)-
Suppose that (Con,C) is a constraint frame. Let J, K C G be two groups such that I = JUK.
Then the following equalities hold:

1. A](C)
2. A1(c) = [ [{As(@)UAK(a—c)|ac Con}. (2)
3. Ar(e) = |_|{Aj(a) UAg(a—c¢)|ae€ Con and aC c}. (3)

[[1{As(a) UAK(®D) | a,be Con and alib D c}. (1)
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The above properties bear witness to the inherent compositional nature of our notion of
distributed space. This nature will be exploited by the algorithms below. The first property
in Thm.30 essentially reformulates Lemma 28 in terms of subgroups rather than agents. It
can be proven by replacing A (a) and Ak (b) by 61 (a) and 65 (b), defined in Lemma 28 and
using distributivity of joins over meets. The second and third properties in Theorem 30 are
pleasant simplifications of the first using heyting implication. These properties realize the
intuition that by joining the information a and a — ¢ of their subgroups, the group I can
obtain c.

5.2 Algorithms for Distributed Lattices

Recall that At represents the empty distributed space (see Def.14). Given finite scs C =
(Con,C, (s;);cc) with distributed spaces (Ar)rcq, the recursive function DELTAPART3(Z, ¢)
in Algorithm 1 computes Aj(c) for any given ¢ € Con. Its correctness, assuming that (Con, C)
is a constraint frame (i.e., a distributed lattice), follows from Thm.30(3). Termination follows
from the finiteness of C and the fact the sets J and K in the recursive calls form a partition
of I. Notice that we select a partition (in halves) rather than any two sets K, J satisfying
the condition I = J U K to avoid significant recalculation.

Algorithm 1 Function DELTAPART3(!, ¢) computes Aj(c)

1: function DELTAPART3(Z, ¢) > Computes Aj(c)
2 if I =0 then

3 return A7 (c)
4 else if I = {i} then
5: return s;(c)
6 else

7 {J, K} < PARTITION(]) > returns a partition {J, K'} of I s.t., |J| = [|I|/2]
8 return [ |{DELTAPART3(J, a) U DELTAPART3(K,a — ¢) | a € Con and a C c}.

Algorithms. Notice DELTAPART3(, ¢) computes Az(c) using Thm.30(3). By modifying
Line 8 with the corresponding meet operations, we obtain two variants of DELTAPART3
that use, instead of Thm.30(3), the Properties Thm.30(1) and Thm.30(2). We call them
DELTAPART1 and DELTAPART2. Finally, we also obtain a non-recursive algorithm that
outputs Az(c) by computing 6?(0) in Lemma 28 in the obvious way: Computing the meet
of elements of the form | |,.; 5:(a;) for every tuple (a;)ie; such that | |;.; a; 3 c. We call it
DELTA+.

Worst-case time complexity. We assume that binary distributive lattice operations M, L,
and — are computed in O(1) time. We also assume a fixed group I of size m = |I| and express

icl

the time complexity for computing Aj in terms of n = |Con |, the size of the set of constraints.

The above-mentioned algorithms compute the value Ar(c). The worst-case time complexity
for computing the function Ay is in (1) O(mn'*™) using DELTA+, (2) O(mn!+21982™) ysing
DELTAPART1, and (3) O(mn!*1°82™) using DELTAPART2 and DELTAPART3.

5.3 Algorithm for Arbitrary Lattices

Let (Ar)rce be the distributed spaces of a finite scs C = (Con, C, (5;)iec). The maximum
space function A; under a collection {s;},c; can be computed by successive approximations,
starting with some (not necessarily space) function known to be less than all {s;};c;. Assume
a self map o : Con — Con such that ¢ J Ay and, for all : € I, 0 C s;. A good starting

13
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point is o(u) = [ |{s;(uw) | i € I}, for all u € Con. By definition of M, o(u) is the biggest
function under all functions in {s; };cr, hence ¢ 3 A;. The algorithm computes decreasing
upper bounds of A; by correcting o values not conforming to the space function property
o(u)Uo(v) =o(ulwv). The correction decreases o and maintains the invariant o J Aj.

There are two ways of correcting o values: (1) when o(u) U o(v) C o(u U v), assign
o(ulv) <+ o(u) Uo(v) and (2) when o(u) Uo(v) Z o(ulv), assign o(u) < o(u) MNo(uUwv)
and also o(v) « o(v) Mo(uUw). It can be shown that the assignments in both cases should
decrease o while preserving the o J Ay invariant.

The procedure (see Algorithm 2) loops through pairs uw,v € Con while there is some pair
satisfying cases (1) or (2) above for the current 0. When there is, it updates o as mentioned
before. At the end of the loop all u,v € Con pairs satisfy the space function property. By
the invariant mentioned above, this means o = Aj.

Algorithm 2 DELTAGEN finds Aj

o(u) «+ [{si(u) | i € I} > for all u € Con
while u,v € ConAo(u)Uo(v) # o(ullv) do
if o(u)Uo(v) C o(uUv) then > case (1)
o(uldv) <+ o(u)Uo(v)
else > case (2)

The complexity of the initialization of DELTAGEN is O(nm), where n = |Con| and m
is the number of space functions. Each element in Con can be decreased at most n times.
Identifying an element to be decreased (in the test of the loop) takes O(n?). Since there are
n? possible decreases, worst time complexity of the loop is in O(n?).

6 Conclusions and Related Work

We developed semantic foundations and provided algorithms for reasoning about the dis-
tributed information of groups in multi-agents systems. We plan to develop similar techniques
for reasoning about other group phenomena in multi-agent systems from social sciences and
computer music such as group polarization [4] and group improvisation [17].

The closest related work is that of [15] (and its extended version [16]) which introduces
spatial constraint systems (scs) for the semantics of a spatial ccp language. Their work is
confined to a finite number of agents and to reasoning about agents individually rather than
as groups. We added the continuity requirement to the space functions of [15] to be able to
reason about possibly infinite groups. In [7, 8, 9, 10] scs are used to reason about beliefs, lies
and other epistemic utterances but also restricted to a finite number of agents and individual,
rather than group, behaviour of agents.

Our work is inspired by the epistemic concept of distributed knowledge [5]. Knowledge
in distributed systems was discussed in [11], based on interpreting distributed systems using
Hintikka’s notion of possible worlds. In this definition of distributed knowledge, the system
designer ascribes knowledge to processors (agents) in each global state (a processor’s local
state). In [12] the authors present a general framework to formalize the knowledge of a
group of agents, in particular the notion of distributed knowledge. The authors consider
distributed knowledge as knowledge that is distributed among the agents belonging to a
given group, without any individual agent necessarily having this knowledge. In [13] the
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authors study knowledge and common knowledge in situations with infinitely many agents.
The authors highlight the importance of reasoning about infinitely many agents in situations
where the number of agents is not known in advance. Their work does not address distributed
knowledge but points out potential technical difficulties in their future work.
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A Proofs

Proof of Lemma 13.
Let C = (Con,C, (s;);ec) be a spatial cs. Then Cg is a complete lattice.

Proof. We are going to prove that the set of space functions over (Con, C) forms a complete
lattice.

Let S = {s;}icr be a family of space functions with arbitrary indexing set I C G. For
every constraint ¢ € Con, we let (| |S)(c) = | J;c;5i(c). We shall show that | | S is a space
function.

(LUS)(true) = | |;c; 5i(true) = | | true = true.
(LUS)(eud) = (LUS)(e)u(US)(d).

(]S cud) =] |si(cud)
el
= |(si(e) Usi(a))
el
=(|_|si(e)) L (| ]si(@))
icl el

=(9)u( 9@

Continuity: (| |S)(]D) = |zep(LlS)(d) for any directed set D.
Suppose that D is a directed set. From definition (|| S)(|| D) = | ],c; s:(L| D). By the con-
tinuity of each space function s;, | |;c;s:(L1D) = ;e Uiep 5:(d) = Ugep Uicr 5i(d) =
sen(LIS)(d), as required.

<

Proof of Theorem 16.
Let (Ar)rce be the distributed spaces of a scs C = (Con, T, (s;)icq). Suppose that
ICG.
1. A[:)\T ifI:(b,
2. A[ =5; if I = {l},
3. AJ(G) (] AK(b) _ A[(a (] b) if K,JClI,
4. Aj(a)UAk(a—c) T3 Af(c) if K,J C T and (Con,C) is a constraint frame.

Proof. The proof of part (1) follows from definition of At (see Definition 14) and the fact that
mazx 0 = true. Part (2) is immediate from Definition 15 of A;. For property (3), recall that
the bigger the group the smaller the space function associated to it. Thus, if K, J C I note
that Ay(a) J Ar(a) and Ag(b) 3 Ar(b), then Aj(a) U Ak (b) I Ar(a) WA (D) = Ar(aUDb).
To prove (4), we use part (3) with ¢ = a and b = a — ¢, and Proposition 3. <

Proof of Theorem 21.
Let (As)rce be the distributed spaces of a scs C = (Con,C, (s;)iec)- Then (1) (Af)ica
is a gdc of C and (2) if (d7)rc¢ is a gdc of C then d; Cg Ag for each I C G.

Proof. To prove (1) consider the properties (D.1)-(D.3) in Definition 20 for A;. Property
(D.1) follows from definition of A; (Definition 15). Property (D.2) is proven in Theorem 16
part (2). Property (D.3) is a consequence of: the bigger the group the smaller the space
function associated to it. To prove (2) note that d; is a space function and A; is the maximum
of the space functions below s; for every i € I. <
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Proof of Proposition 24.
Let (Aj)rce be the distributed spaces of an scs C = (Con, C, (8;)icq)- (1) ¢ 3 Ag(e) if
and only if II;(c) Je, (2) Uy I I, if J C I, and (3) II; Jg 7.

Proof. For (1), firstly assume that ¢ 3 Aj(e). From Definition 23, II;(c¢) = | |[{d | ¢ 3 Ar(d)}.

Then, II;(c) J e. Secondly, assume II;(c) J e and let S = {d | ¢ I Ar(d)}. Note that
¢ J| {Ar(d) | d € S}. From continuity of Ay, we know that | [{A;(d) | d € S} = Ar(LS)
and by monotonicity ¢ I A;(US) = Ar(I;(c)) 3 Ar(e).

Property (2) follows from Theorem 21. If J C I, then Ay Js A;. Then {d | cJ A;(d)} C
{d| ¢33 Ar(d)} and thus ITI; Jg II;.

Finally, to prove property (3), by part (2) it is true that for every {i} C I, TI; g ;.

Therefore, TI; Js | |;c; ;3. Now, for every ¢ € Con, | ];c; 1 (c) = ;e {LHd | ¢ 3

App(d)}} = Lie ALHd | ¢ 2 si(d)}} = e {mi(e)} = m1(c). Therefore, IT;(c) I mr(c), for
every ¢ € Con. <

Proof of Theorem 25.

Let (Ar)rce be the distributed spaces of an scs C = (Con, C, (8;);ec). Suppose that
¢ J Ajg(e). If e is compact and I-join derivable from ¢ then there exists a finite set J C T
such that ¢ J Aj(e).

Proof. Suppose that ¢ J Aj(e). If I is finite then take J = I. If I is not finite, since e is
I-join derivable from ¢ we have m;(c) =| | S J e where S = {m;(c) | i € I'}.
Define S; = {m;(c) | J C I and J is finite }. Take any 7g(c), 7k (c) € S;. Since H and

K are finite, their union K U H must also be finite and included in I. Hence mgyi(c) € S.

Therefore, Sy is a directed set.

Since S = {mi(c) | i € [} = {m3(c) | i € I} is included in S7, we obtain [ |S; I | |S Je.

But e is compact and Sy directed hence there must be 7;(c) € Sy, with J a finite set, such
that 77(c) Je. From Prop.24 (3) and Prop.24 (1), we conclude ¢ J Aj(e) as wanted. <

Proof of Proposition 27.

(1) There exists a family of scs C = (Con,C, (s;);cc) such that |S(C)| > (n — 2)! where
n = |Conl|. (2) There exists a family of scs C = (Con,C, (s;)icq), with (Con,C) being a
constraint frame, such that |S(C)| = n'°82" where n = |Con|.

Proof. For (1) take the complete lattice M,, obtained by adding a top and bottom to the
poset n obtained by giving N = {1,2,...,n — 2} the discrete order (z C y iff x = y). Any

function preserving top and bottom and permuting the elements of IV is a space function.

Hence, there are (n — 2)! such functions. So |S(C)| > (n —2)L.

For (2) take the powerset P(S) of some finite set S ordered by inclusion (join is set
union). Suppose n = |P(S)|. Let F' = {f : P(S) = P(S)} be the family of functions that
satisfy (a) f(T) = |,er f({t}) if |T| > 1 and (b) f(@) = 0. One can verify that f is a space
function. The set P(S) has log, n singletons. Since there is no restriction on how f should
map singletons we conclude |F| = nlos2m, <

Proof of Lemma 28.
Let (Ar)rce be the distributed spaces of a finite scs C = (Con, C, (s;)iec). Suppose that
(Con,C) is a constraint frame. Let 6I+ : Con — Con, with I C G, be the function

57 (c) = |—|{|_|5i(ai) | (ai)ier € Con' and |_| a; Jc}

icl el

for every ¢ € Con. Then A; = 6.
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Proof. Firstly, we are going to show that 5? is a group distribution candidate.

(D.1) 6§ is a space function.

. 67 (true) = true.

se1 @i 3 true}, therefore 6] (true) = true.

. 6f (cud) =8F () U s (d).

We prove that 87 is monotonic: If ¢ J d then 67 (c) 3 67 (d). Assumec D d. If| |;c;a; D,

then | |;c; ai 3 d. Therefore, {| |;c;5:(ai) | |ierai 3 ¢} € {[U;er5i(as) | Lierac 3 d}
which implies 67 (c) J 67 (d).

Since 67 is monotonic, &7 (cUd) I 67 (c) and & (cLid) I §F(d), thus 6] (cd) 3
57 (c) U6/ (d).

The other direction follows from this derivation for (a;)ier, (b;)icr, (¢i)ier € Con':

07 (c) U (d)

= (Definition of 5}‘_(d)>

s Ul H =) | |6 2}

icl el

= (U distributes over M)

[ @] Jsiva) | | o 2

el iel

= (Definition of 6; (c))

[ sitai) || e 2 cFu] | st | | ]bi 2 a}

i€l iel iel el

= (U distributes over 1)

[ KL siCa) U] | si@a) | | Jai 2 e | | o 2d}

i€l i€l i€l i€l

= (Associativity of 1)

|_|{|_|(5i(ai) Us;(bi)) | |_|ai Jcand |_| b; Jd}

il i€l i€l
Nz Jyand w 3D z implies x Uw Jy U z;¢; = a; Wby s;(a;) Usi(b;) = s;(a; U b))

[ siteo) | | e 2eud

i€l i€l

= (Definition of 6} (cU d))

§F (cud)

3. 6? is continuous.

Similar to proof of part (2). Since (Con,C) is a finite scs, continuity follows from
preservation of finite joins.

(D.2) 67 =s;, if I = {i}.
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Assume I = {i} and let ¢ € Con.
0 (€)
=(Definition of 6+, 1 ()

|_|{|_| si(a;) | (a;) zE{}EC’on{}and |_| a; Jc}
ie{i} ie{i}

=(Simplification)

|_|{5i(ai) | a; € Conand a; Jc}
=(c 3 ¢;s; is monotonic)

si(c)

(D.3) 6+ . 6 ,if I CJ.
Assume I C J and let ¢ € Con.

)
=(Definition of 6+(c)>
|_|{|_|51 a;) | (a;)ier € Con! and |_|aZ Jdc}

i€l el
| Jaia| a
iel jed
|_|{|_|51 a;) | (a5)jes € Con” and |_| aj < c}
jeJ 1<
=(Definition of (5}L(C)>
50

Therefore, 67 (¢) 3 61 (c) for all ¢ € Con.

Finally, from Theorem 21 since §; is a gdc, then §; Cg Ay.

To complete the proof, we want to show that A;(c) C §; (c) for all ¢ € Con. Let
(ai)ier € Con® be an arbitrary tuple such that | l;c;ai 2 c. Since {i} C I for every i and A;
is a gdc, Ar(c) E Agy(c) = si(c), thus | |;c; Ar(c) E | ;¢ 5i(c). Additionally, | |, si(c) T
|lics5i(Ll;c; @i) from monotonicity of every s;. Therefore, As(c) T | |;c;5:(|;c; @i). Since
each s; is continuous s;(| |;c; ai) = | J;c;5i(a:), then Ar(c) C | ;o si(a;) for any (a;)ier €
Con', thus A;(c) is a lower bound of {Liersiai) | (ai)ier € Con' and |l;c; @i 2 ¢} and so
Aj(c) C 6f (c) for every ¢ € Con. <

Proof of Theorem 30.

Let (Af)rce be the distributed spaces of a finite scs C = (Con, T, (s;);ec). Suppose that
(Con,C) is a constraint frame. Let J, K C G be two groups such that I = J U K. Then the
following equalities hold:

LAfe) = [[As(@UAk®)|aubIe}. (4)
2.A1(c) = [ {As(a)UAk(a— o)} (5)
3.A1(c) = [ {As(@)UAk(@—c)|alch (6)

Proof. 1. Let a,b € Con. From Lemma 28

|_|{|_|5J a;) | (aj)jes € Con’ and Llajga}

JjeJ jeJ
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and

|_|{|_|5k br) | (br) kGKEOOTl and Ubkjb}
kEK keK
Thus, Aj(a) UAK (D) = [ Hics5i(ci) | (ci)ier € Con' and |l;cr ci 2 alb} where for
every s; = 5, §;(¢;) = 5;(a;) Usg(by) and ¢; = a; Uby. If 5; # sy, either s;(c;) = 5;(a;)
or 5;(c;) = 5x(bg). Now, given ¢ € Con consider the set {Aj(a) UAk(b) | allb 3 c} for
any a,b € Con.

{_]{ZXJ’ LJZ&;(( )l allb ;]C}
=(Construction of A;(a) U Ag(b))
|_|{|_|{|_|5Z ¢) | (¢ zEIEC’on and |_|c,3a|_|b}|a|_lbjc}
i€l i€l
:<Associativity of M)
|_|{|_|51 ¢) | (a) 1€[€C’on and Llczgal_lbandaubﬂc}
el i€l
=((2) x Jy and w J z implies  Lw J y U z; (C) construction of ¢;)

|_|{|_|51 (¢i) | (¢i)ier € Con' and |_ch Jdc}

i€l el
=(Lemma 28)

A[(C)

2. This property can be seen as a simplification of the first one: recall that a — ¢ represents

the least element e such that alle 3 c¢. Take any b such that allb J ¢. Then b J a — c and
since space functions are monotonic A (a) U Ak (b) I Aj(a) U Ak (a — ¢). From this it
follows that [ [(SU{Aj(a)UAk(a — ¢) ,As(a)UAK(D)}) =[1(SU{As(a)UAK(a — ¢)})
for any S C Con. This shows that A j(a) U Ak (b) is redundant since A j(a) UAk(a — ¢)
is included in the set on the right-hand side of equality in the second property.

. Similarly, this property can be seen as a simplification of the second one. Take any a’ IZ c.

It suffices to find a C ¢ such that Ay(a’) UAk(a’ — ¢)  Ay(a) UAk(a — ¢) since then
[NSU{As(a) UAK(a —¢) ,Ay(@)UAK(d = c)}) =[1(SU{As(a)UAK(a — ¢)}) for
any S C Con.
Since a’ [Z ¢ either (a) o’ O ¢ or (b) @’ and ¢ are incomparable w.r.t. C, written a’ || c.
Suppose (a) holds. Then take a = ¢ thus a — ¢ = true. By monotonicity we have
Aj(@)UAg(a" = ¢) I Aj(a) UAK(a — ¢) as wanted. Suppose that (b) a’ || ¢ holds.
Notice that @’ — ¢ C ¢. Suppose that a’ — ¢ = ¢. Then we can take a = true, and thus
a — ¢ =c¢=d — ¢. By monotonicity we have A ;(a’)UAk (¢ — ¢) DA (a)UAk(a — ¢)
as wanted. Suppose a’ — ¢ C ¢ holds. In this case, which is more interesting, we can
build a poset L = ({a’ Uc, d, ¢, @’ = ¢, ' M(a" — ¢) },E) and verify that L is a
non-distributive sub-lattice of (Con, C), isomorphic to a lattice known as N5 (see Fig. ?7).
But from order theory we know this cannot happen since we assumed (Con,C) to be
distributive, and distributive lattices do not have sub-lattices isomorphic to N5 ([3]).

<

Proof of Complexity for Algorithms in Section 5.2.

The worst-case time complexity for computing the value Ay(c) for each algorithm is in (1)

O(mn™) for DELTA+, (2) O(mn?1°82™) for DELTAPART1, (3) O(mn!°82™) for DELTAPART2,
DELTAPART3 and DELTAPART3+.
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Proof. (1) DELTA+ checks n™ tuples with a cost O(m) for a total of O(mn™). (2) The worst-
case time complexity of DELTAPART1 is given by the recurrence equation T'(m) = n?(1 +
2T(m/2)) and T(1) = 1 whose solution is O(mn?!°82™). (3) The worst-case time complexity
of DELTAPART2, DELTAPART3 and DELTAPART3+ is given by T'(m) = n(1 4 2T(m/2)) and
T(1) = 1 whose solution is O(mn!°82™).

The worst-case time complexity for computing function A; with each of the algorithms
above is obtained by multiplying the corresponding complexity by a factor of n. |

B Experimental Results
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Figure 4 Experimental results, average time, over n-element powerset lattices with a randomly
generated number of space functions. Note that for the z-axis 5128 means an 8-element powerset
lattice with 512 nodes, and |I| = 8.

Figure 4 shows the results of running each of the proposed algorithms to calculate A; over
a n-element powerset lattice with a varing number of randomly generated space functions,
using Python 3.7.1 on a AC-powered 15-inches MacBook Pro Mid 2014, with an Intel Core
i7-4770HQ CPU at 2.2 GHz, and 16 GB 1600 MHz DDR3 RAM. From a 4-element powerset
lattice with 16 nodes, to a 10-element powerset lattice with 1024 nodes. For each powerset
lattice we generated a set {s;}ics of randomly generated space functions, with |I| =4, 8, 12,
and 16, then we ran each algorithm multiple times, measured the system-clock time and
calculated the average. Missing datapoints in Figure 4 implies that the algorithm took more
than 600 seconds, except for Delta+ wich took more than 1800 seconds but was kept there
for illustration purposes. The same results but only for |I| = 4 are shown in Table 1.
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Nodes Delta+ DeltaPartl DeltaPart2 DeltaPart3 DeltaPart3+ DeltaGen DeltaGen+
16 2.01 0.958 0.0135 0.00127 0.000632 0.00360 0.000603
32 64.6 25.3 0.0990 0.00554 0.00181 0.0633 0.00343

64 1901 600 0.740 0.0216 0.00542 0.948 0.0154

128 >600 >600 5.82 0.0922 0.0160 15.4 0.0860

256 >600 >600 46.2 0.433 0.0483 252 0.361

512 >600 >600 385 2.31 0.166 >600 2.01

1024 >600 >600 >600 12.5 0.547 >600 10.7

Table 1 Average time in seconds for each algorithm over a powerset lattices with |I| = 4
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lattice, 8

A1 (c), smallest space, empty space, top
element of the lattice , 8
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