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A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS
AMINA MECHERBET

ABSTRACT. In this paper, we consider N clusters of pairs of particles sedimenting in a
viscous fluid. The particles are assumed to be rigid spheres and inertia of both parti-

cles and fluid are neglected. The distance between each two particles forming the cluster

is comparable to their radii % while the minimal distance between the pairs is of or-

der N=1/2. We show that, at the mesoscopic level, the dynamics are modelled using a
transport-Stokes equation describing the time evolution of the position = and orientation
& of the clusters. Under the additional assumption that the minimal distance is of order
N~1/3 we investigate the case where the orientation of the cluster is initially correlated
to its position. In this case, a local existence and uniqueness result for the limit model is
provided.

INTRODUCTION

We consider the problem of N rigid particles sedimenting in a viscous fluid under grav-
itational force. The inertia of both fluid and particles is neglected. At the microscopic
level, the fluid velocity and the pressure satisfy a Stokes equation on a perforated do-
main. The mathematical derivation of models for suspensions in Stokes flow interested
a lot of researches. One of the most investigated question is the effective computations
of quantities such as the viscosity or the average sedimentation velocity, see for instance
[2, 7, 8, [10) 13, 12], 18, 29] 32, B4, [36] and all the references therein. Regarding the anal-
ysis of the associated homogenization problem, it has been proved that the interaction
between particles leads to the appearance of a Brinkman force in the fluid equation. This
Brinkman force depends on the dilution of the cloud but also the geometry of the particles,
see [1, 3,5, 8, 16, 17, B3]. In the dynamic case, the justification of a mesoscopic model using
a coupled transport-Stokes equation has been proved in [24] where authors show that the
interaction between particles is negligible in the dilute case ¢.e. when the minimal distance
between particles is larger than # In [20, B1] the justification has been extended to
regimes that are not so dilute but where the minimal distance between particles is still
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large compared to the particles radii. The coupled equations derived are:

Op +div((kg +u)p) = 0
(1) —Au+Vp = 6mrokgp,
div(u) = 0.

Here u is the fluid velocity, p its associated pressure, p is the density of the cloud. ro = RN,
where R is the particles radii, g the gravity vector. The velocity kg = g¥=g represents the
fall speed of a sedimenting single particle under gravitational force. The derivation of this
model is a consequence of the method of reflections which consists in approaching the flow
around several particles as the superposition of the flows associated to one particle at time,
see [35], [27, Chapter 8|, [30], [11, Section 4], [28], [23] for more details.

In this paper, we are interested in the case where the cloud is made up of clusters i.e
the case where the minimal distance between the particles is proportional to the particles
radii R. The main motivation is to show the influence of the clusters configuration on the
mean velocity fall. A first investigation in this direction is to consider clusters of pairs of
particles where the minimal distance between the particles forming the pair is comparable
to their radii. The cluster configuration is determined by the center  and the orientation
¢ of the pair. Starting from the microscopic model and assuming the propagation in time
of the dilution regime, the first result of this paper is the derivation of a fluid-kinetic model
describing the sedimentation of the suspension at a mesoscopic scaling. The fluid-kinetic
model obtained couples a Stokes equation for the fluid velocity and pressure (u,p) with a
transport equation for the function f(t,z,&) representing the density of clusters centered
in = and having orientation £ at time ¢, see Theorem [0.1} The mean velocity fall of clusters
is formulated through the Stokes resistance matrices while the variation of its orientation
involves the gradient of the fluid velocity. In particular, the presence of the gradient of the
fluid velocity suggests a similarity with the model of suspension of rod-like particles where
the density function depends on the center of the rods x and there orientations n € S?, see
[6, 211, 22] and the references therein.

The second result of this paper corresponds to the case where the orientation of the
cluster is correlated to its center i.e. £ = F(t,x). Under additional assumptions, see The-
orem [0.2] the derived model is a transport equation for p coupled to a Stokes equations for
the fluid velocity and pressure (u, p) and a hyperbolic equation for the function describing
the evolution of the cluster orientation F. A local existence and uniqueness result for the
former system is also presented, see Theorem [0.3

The starting point is a microscopic model representing sedimentation of N € N* particle
pairs in a uniform gravitational field. The pairs are defined as

B':=B(z}{,R)UB(z5,R), 1 <i <N,
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where ¢, x% are the centers of the i*® pair and R the radius. We define (u¥,p") as the
unique solution to the following Stokes problem :

—AuN +VpN = 0, oy | 1t
(2) { . o on R \UB,

divu¥ = 0,

completed with the no-slip boundary conditions :
uY = Ujon dB(z},R),
(3) u = Ulon dB(z, R),
lim [u™(z)] = 0,

|z|—o0

where (U}, Ui) € R* x R*, 1 <4 < N are the linear velocities. In this model, the angular
velocity is neglected and we complete the PDE with the motion equation for each couple
of particles :

xl = U f,
Newton law yields the following equations where inertia is neglected :

F} mg
(5) = )

F} mg

where m is the mass of the identical particle adjusted for buoyancy, g the gravitational
acceleration, I}, F% are the drag forces applied by the fluid on the i*! particle :

He [ s@mde . F= [ s o
0B(z%,R) OB(z%,R)

with n the unit outer normal and X(u,p") = (Vu® + (Vu™) ") — pMT the stress tensor.
In order to formulate our results we introduce the main assumptions on the cloud.

0.1. Assumptions and main results. We assume that the radius is given by R = 7%-. In
this paper we use the following notations, given a pair of particles B(x1, R) and B(xs, R):
1 _
Ty = 5(% +x9), X = %(xl —x), &i=—

Let T > 0 be fixed. We introduce the empirical density p € P([0, 7] x R? x R?):

and set p" its first marginal:

() PN (1 0) = DB ()
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We denote by d,in the minimal distance between the centers xﬁr

dinin () 1= min {dy;(t) == |22 () — 2 ()], i # j}.
We assume that there exists two constants M; > M, > 1 independent of N such that:
(7) My, <|& <My ,i=1,--- N Vte[0,T].

We assume that p’V converges weakly to a measure p in the sense that for all test function
¥ € Cp([0,T] x R x R3) we have:

//R3 R3¢taﬁ§ (tda:d{ahf—>//R3 Rawt:cﬁ) w(t, z, &)dx d€ dt.

We assume that the first marginal of u denoted by p is a probability measure such that
p € L=(R3*)NLY(R3). We introduce W (t) := W (p™ (¢, ), p(t,)) the infinite-Wasserstein
distance between p"v and p, see for a definition. We assume that

(9) sup Wy(t) — 0.

t€[0,7) N—oo
For the first result, we assume that there exists a positive constant & > 0 such that:
W3t
(10) sup sup %() <é&.
tel0,T] NeN* dmm(t)

Regarding the second result, we assume in addition that there exists a positive constant
&y > 0 such that:

W3 (t)
11 sup sup ————= < &s.
( ) te[0,7] NeN* dmin (t) ’

Remark 0.1. Since p € L®(0;T,L>*(R?)), this yields a lower bound for the infinite
Wasserstein distance for all t € (0,T) and all N € N*:

N

(12) m S félﬂgp |(g£’(a;z/&o)(ﬁ))) S Mol zee o o m3))-

On the other hand, the definition of the infinite Wasserstein distance ensures that
(13) Woo(t) > dimin(t) /2,

which yields according to @

(14) sup din(t) — 0.

te[0,7] N—oo

Assumption (11)) is only needed for the second Theorem- Precisely, under assumption
. the mzmmal distance is at least of order f and R < dyi,. Indeed using . .
we have for all N € N*

1 1/2 o
\/N =~ HPH 0 (0;T,L> (R3)) Edeln

Whereas under the additional assumption (11] , the threshold for the minimal distance is

of order N1/3
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Our main results read:

Theorem 0.1. Let yip € L' (R¥*xR*)NL>(R*xR?) a probability measure. Assume that (7)),

) 1/3 2/3
and are satisfied. If ro max(||p|| zoe (0,r;100 (R3))s H,o||L/Oo((]7T;LOO(R3))7 ||p||L{>°(0,T;L°°(R3)))
1s small enough, p satisfies the following transport equation :

(15)
Oppr + divy [(A()) T hg + w)p] + dive[Vu - Eu] = 0, on [0,T] x R3 x R3,
—Au+Vp = 6mrorpg, on[0,T] x R3,
div(u) = 0, on [0,T] x R3,
w(0,) = po, on R3 x R3.

Remark 0.2. In the case where g 1s compactly supported with respect to the second vari-
able & uniformly in the first variable x, local existence and uniqueness of the above kinetic
equation can be shown following the result of [19, Chapter 8] for the model of suspension of
rod-like particles. In particular, the L* norm of the spatial density p is conserved in time

while the L norm of p(t,-) is bounded by sup|supp(u(t,z, )|||x(t,, )||c- This ensures
z€R3
existence and uniqueness for a small time T' and ||p|| Lo 0,1;100®3)) is controlled by || 10|

and sup | supp(po(z, -)| -

z€R3
Remark 0.3. The matriz A is defined as A := A1+ Ay where Ay and Ay are the resistance
matrices associated to the sedimentation of a couple of identical spheres, see Section[I.]] for
the definition. The term (A)~ kg represents the mean velocity of a couple of identical par-
ticles sedimenting under gravitational field. We assume herein that A™', Ay, Ay € L>=(R?).

The second result concerns the case where the vectors along the line of centers &; are
correlated to the positions of centers z, .

Theorem 0.2. Assume now that p € WH(R3) N WHLHR3), A~ A € W2*(R?) and con-
sider the additional assumption (11). Assume that there ezists a function Fy € W1 (R?)
such that &(0) = Fy(2",(0)) for all 1 <i < N. There exists T > 0 independent of N and
unique FN € L>(0,T; WH*(R3)) such that for all t € [0,T] we have:

N = pN ®@6pn  and FN(0,-) = F.

Moreover, the sequence (F™)y admits a limit F € L>(0,T; WL1°°(R3)). The limit measure
i is of the form p = p @ dp and the triplet (p, F,u) satisfies the following system

( O F +VF-(A(F)'kg+u) = Vu-F,  onl0,T] x R3
Op + div((A(F) kg +u)p) = 0, on [0,T] x R3,
(16) —~Au+Vp = 6mrokgp, on R3,
divu = 0, on R3,
p(0,) = po, on R?,
L F0,) = F on R3.

We finish with a local existence and uniqueness result for the limit model.
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Theorem 0.3. Let p > 3, Fy € W?P(R3) and py € WHP(R3) compactly supported. There
exists T > 0 and unique triplet (p, F,u) € L*>(0,T; W'P(R3)) x L=(0,T; W*P(R?)) x
L0, T; W3#(R®)) satisfying (16)).

As in [31], the idea of proof of Theorem and is to provide a derivation of the
kinetic equation satisfied weakly by p~. This is done by computing the first order terms
of the velocities of each pair:

P (M) R+ T g,
(17) . 7

&~ (%vab(iﬂi —wi)ﬁg> &

J#i

The interaction force ® is the Oseen tensor, see formula (18)). This development is a
corollary of the method of reflections which consists in approaching the solution u¥ of
2N separated particles by the superposition of fields produced by the isolated 2N particle
solutions. We refer to [35], [30], [27, Chapter 8] and [11], Section 4], [28] for an introduction
to the topic. We also refer to [23] where a converging method of reflections is developed
and is used in [20]. In this paper we reproduce the same method of reflections developed
in [31, Section 3]. However this method is no longer valid in the case where the minimal
distance is comparable to the particle radii. The idea is then to approach the velocity
field vV by the superposition of fields produced by the isolated N couple of particles
B' = B(z}, R) U B(x%, R). This requires an analysis of the solution of the Stokes equation
past a pair of particles. In particular, we need to show that these special solutions have
the same decay rate as the Stokeslets, see [31, Section 2.1]. This is proved in Section 1.
The convergence of the method of reflections is ensured under the condition that the
minimal distance d,,;, between the centers xﬁr satisfies

w3 w3
dmin * d12nin =T

and that the distance |2¢ — x5 for each pair satisfies formula ([7)).

In this paper, we focus only on the derivation of the mesoscopic model. Precisely, we do
not tackle the propagation in time of the dilution regime and the mean field approxima-
tion. We provide in Propositions and some estimates showing that the control
on the minimal distance d,,;, depends on the control on the infinite Wasserstein distance
We(p™, p). However, the gradient of the Oseen tensor appearing in equation leads
to a log term in the estimates involving the control of W (p", p), see Proposition
This prevents us from performing a Gronwall argument in order to prove the mean field
approximation in the spirit of [14] [15].

0.2. Outline of the paper. The remaining sections of this paper are organized as follows.
In section 1 we present an analysis of the particular solution of two translating spheres in
a Stokes flow. The main result of this section is the justification of the approximation of
this particular solution using the Oseen tensor and proving some decay properties similar
to the Stokeslets. In section 2 we present and prove the convergence of the method of
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reflections using the estimate of Appendix A. We also present two particular cases of the
application of this method which are useful later. In section 3 we compute the particle
velocities (&, éi)lgig ~ using the estimates provided in the previous section.

Section 4 is devoted to the proof of the first Theorem Precisely, we prove that the
discrete density p” satisfies weakly a transport equation which can be seen as a
discrete version of the limit equation ([15)). In particular, equation is formulated
using a discrete convolution operator K™ p" ~ & x pV defined rigorously in Section 4.
The convergence proof is obtained by showing that K¥p"™ converges to the continuous
convolution operator Kp = ® x p. Convergence estimates of KV p" — Kp are provided in
the Appendix B.

Section 5 is devoted to the proof of Theorems and The first step is to prove local
existence and uniqueness results for the correlation function FV solution of and also
for F' the solution of the hyperbolic equation (54]). The idea is to apply a fixed-point
argument using some stability estimates provided in the last Appendix C. The last part
of Section 5 concerns the convergence of the microscopic model to the mesoscopic model.
This convergence result is obtained by showing that the sequence F'V converges is some
sense to F'.

0.3. Notations. In this paper, n always refers to the unit outer normal to a surface and
do denotes the measure integration on the surface of the particles.

We recall the definition of the Green’s function for the Stokes problem (U, P) where U is
also called the Oseen tensor, See [0, Formula (IV.2.1)] or [27, Section 2.4.1].

(18) B(z) = — (% 4 %) . P(x) = %%

Given two probability measures vy, v5, we define the infinite Wasserstein distance as
Weo(v1, 1) 1= inf{ﬂ —esssup|z — y|, m € II(vy, VQ)},

where II(v1, ) is the set of all probability measures on R? x R? with first marginal v,
and second marginal 5. In the case where v, is absolutely continuous with respect to the
Lebesgue measure, then according to [4] the following definition holds true

(19) Weo(vy,12) := inf{ul —esssup|T'(x) — x|, T :supp v; — R?®, 1, = T#Vl},

In particular, this distance is well adapted to the estimates of the discrete convolution
operator KV p" defined in . Precisely, the infinite Wasserstein distance allows to localise
the singularity of the Oseen tensor and is closely related to the minimal distance dy,;,. We
refer also to [14], (15 [4, [3T] for more details.

Given a couple of velocities (Uy, Uz) € R* x R? we use the following notations

Ui+ Uy U, — U,

U= 2

U, :
+ 2 2
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Finally, in the whole paper we use the symbol < to express an inequality with a multi-
plicative constant independent of N and depending only on 7, ||| Lo (0,7;1° (r3), €1, E2 and
eventually on «|g| which is uniformly bounded, see [31].

1. TWO TRANSLATING SPHERES IN A STOKES FLOW

In this section, we focus on the analysis of the Stokes problem in R? past a pair of
particles. Given z1,z5 € R® and Ry, Ry > 0, such that |z, — 25| > Ry + R,, we consider
two spheres B, := B(z,, Ry) o = 1,2 and focus on the following Stokes problem:

{ —Au+Vp = 0,

(20) on Rg \ Bl U BQ,

divu = 0,
completed with the no-slip boundary conditions:

u = Uy, on 0B, a=1,2,
lim |u(z)] = 0,

|x|—o00

(21)

where U, € R3 for a = 1,2. Classical results on the Steady Stokes equations for exterior
domains (see [9, Chapter V| for more details) ensures the existence and uniqueness of
equations - . In this section, we aim to describe the velocity field u in terms of
the force applied by the fluid on the particles defined as:

F, = / Y(u,p)ndo , o =1,2.
9Ba

We refer to the paper [25] for the following statements. Neglecting angular velocities and
torque we emphasize that there exists a linear mapping called resistance matrix satisfying:

F A A\ (Uy
22 =3r(R+ R ,
(22) (Fz) T 2) (A21 Az ) \ Uz
where A,p, 1 < a, 8 < 2, are 3 x 3 matrices depending only on the non-dimensionalized
centre-to-centre separation:

xT1 — T2
§i=2—
Ri + Ry
and the ratio of the spheres’ radii:
R
A=—,
Ry
each of these matrices is of the form:
sS® s
(23) Aup = ga,B(ISI,A)HJrha,/a(ISIJ)W,

where I is the 3 x 3 identity matrix and g, g, hap are scalar functions. We refer to the
paper of Jeffrey and Onishi [25] where the authors provide a development formulas for g, s
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and h, s given by a convergent power series of |s|~*. Note that the matrices satisfy
Ap(s, ) = Au(s, A7),

(24) A12(87 /\) = A21(37 /\)u
Am(S, /\) = A12<S, )\71).

Inversly, there exists also a linear mapping called mobility matrix such that

(25) Uy _ 1 air a2 F
Uz 3m(R1 4+ Re) \a21 ax) \If2)"

The matrices a, g depend on the same parameters as matrices A, g and satisfy a formula
analogous to . They are also symmetric in the sense of formula .
The resistance and mobility matrices satisfy the following formula:

A A (ann ap _ (T 0
(26) (A21 A22) (a21 a22) B (0 ]I) ’
Again, we refer to [25] for more details.

1.1. Restriction to the case of two identical spheres. We simplify the study by
assuming that Ry = Ry = R i.e. A = 1. This means that the resistance matrix depends
only on the parameter s which becomes:

Ty — T2

TR

=2¢,
and we have:
AQQ(S, 1) = AH(S, 1)

Hence we reformulate the resistance matrix as follows:

) (1) = (2 26 (12):

and the mobility matrix:

Ui\ _ —1 (@) @) (F
29) (2) = ~omm (8 68 (1)
Formula yields the following relations

Ajay + Asay =1,
(29> { Ajas + Asay = 0.

We are interested in providing a formula for the velocity w and showing some decay prop-
erties. In this paper we use the notation (U[Uy,Us], P([Uy,Us]) for the unique solution
to

o
divU[U. U, = 0, PRABIUB,

completed with the no-slip boundary conditions:
{ UlUy,Us] = U, on 0By, a = 1,2,

{ _AU[Ul,UQ}—i_VP[Ul,UQ] — 0,

lim |U[U1,U2](I)| = 0,

|z|—o00



10 AMINA MECHERBET

The main result of the section is the following

Proposition 1.1. Denote by § := “&. Assume that there exists My > 1 such that |{| < M;.
There exists a vector field R[Uy, Us] depending on Uy, Us, &, x4 such that for all |x — x| >
4 M, we have

(30) U[Ul, UQ](QI) = —@(l’_,. — I‘)(Fl + Fg) + R[Ul, Uz](x),

Moreover, there exists a positive constant independent of Uy, Uy, &, x4 and depending only
on My such that for all |x — x| > 4M; we have

\U1| + |Us|
|z — zy |28
The unique solution (U[Uy, Uy, P[Uy, Us)) satisfies the following decay property with C'(M;)
independent of vy, &, Uy and Us.

|Uy| + |Us|
|z — x|

(31) |VPR[UL, Us](z)| < C(My)R® VB e N,

|U1| + |Us|
|z — .y |28

VOUIUSZR) )| < C(M)R VP PUL, Us)(@)] < COM)R
Proof. We first consider the case where x; = 0 and R = 1, the generalization to arbitrary
x, and R can be obtained by scaling arguments. In what follows we use the short cut
(u,p) = (U[Uy,Us], P|Uy, Us]) and extend uw by U, on B(z,,1), @ = 1,2 and we have

u € H'(R?). We consider a regular truncation function y = 0 on B(0,2M;) D B(zy,1) U
B(z2,1) and x = 1 on °B(0,3M;) and we set

u = ux = Boar san [uVX],

p = DX,

where Bos, sas, 1 the Bogovskii operator on the annulus B(0,3M;) \ B(0,2M;), see [16]
Appendix A. Lemma 18] for instance, and satisfies

div (Baas, sar [uVX]) = uVy,

[REPRYAEIY [UVX]||L2(B(0,3M1)\B(0,2M1)) < C(M)[[uV x| 2(B03m)\BO20))-

Using Stokes regularity results, see [9, Theorem IV.4.1], combined with some Sobolev
embeddings we have @ € C*°(R?) and satisfies a Stokes equation on R?® with a source term
f = —divX(a,p) having support in B(0,3M;) \ B(0,2M;)). Hence we can apply the
convolution formula with the Green function ® and write

ia) = [ @z =)y

Note that u = u on °B(0,3M;). We may then apply a Taylor expansion of ®(- — y) for
|z| > 3M; and get

ulw) = w) = 0(a) [ 1)y~ / 3 / (1= )[V(x — ty)y]f (y)dyd.

VB eN
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An integration by parts for the first term yields

Fly)dy = / div(X(u, p)),
R3 B(0,3M1)\B(0,2M}))

=— / Y (u, p)ndo,
2B(0,3M))

= —/ Z(u,p)nda—i—/ Y (u, p)ndo,
9B(z1,1) 0B(z2,1)
== _Fl - FQa

we recall that in the above computations the unit normal vector n is pointing outward. It
remains to estimate the error term, we recall that using the Bogovskii properties and the
embedding H'(R?) C L2 .(R?) we have

(33) ||f|’H71(B(0,3M1)\B(0,2M1)) = ||77||H1(B(o,3M1)\B(0,2M1))
< C(My)(lull g rsy + lull2sosvnso2my)) < COM)|[ull g gs),
on the other hand, an integration by parts together with yields
IVUll 22\ (Bl 1) UB2,2)) = —F1 - Ur = F2- Uy < (|AL(E)] + [A2(E))*(|Un]| + |Ua])?.

For the remaining term we introduce G(x,y)

1
Glay) = 0ly) [ (1= 0V ~ ty)t

0
where ¢ = 0 on “B(0,7/2M,) and ¢ = 1 on B(0,3M;). With this construction and since
supp f € B(0,3M;) \ B(0,2M;) we have

[ [ a-omet - = [ 56
R R
Moreover, we have for all t € [0, 1], || > 4M;, > 7/2M; > |y| > 2M;
1
@ = tyl 2 |o| = tlyl = [o] =yl = glal,

this yields using the decay property of the Oseen tensor for all |x| > 4M; and y €
B(0,7/2M,) \ B(0,2M;)
C(M)

x>

IGC )l <

Hence

o f(y)G(x,y)dy‘ < ||f||H*1(R3)||G('ax)||H&(B(0,7/2M1)\B(0,2M1))
(JA1(§) + A2 ([UL] + |Ua))
|z [? ’

we conclude by using the fact that |£| < M; and the uniform bounds on A; + Aj, see
Remark [0.3] O

< C(My)
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2. THE METHOD OF REFLECTIONS

In this section, we aim to show that the method of reflections holds true in the special
case where the minimal distance and the radius R are of the same order. The idea is to
approach the velocity field uV by the particular solutions developed in the section above.
We recall that «”V is the unique solution to the following Stokes problem :

AN N _ N
{ Au® + Vp 0, on B\ | B

divu¥ = 0,
i=1

completed with the no-slip boundary conditions :

uY = U, on 0B(2%, R),
uY = Ui, on OB(z%, R),
lim [u™(z)] = 0,
|z|—o0

where (Ui, Ul) € R? x R®, 1 <4 < N are such that:

FY my
_  Y1<i<N,
F; myg

Thanks to the superposition principle, the sum of the N solutions Zf\il U[U}, Ul] satisfies

N
a Stokes equation on R?\ |J B?, but does not match the boundary conditions. Hence, we
i=1
define the error term:
N

Ul = u— U[U}, U],

i=1

which satisfies a Stokes equation on R3? '\ UBZ completed with the following boundary
conditions for all 1 <i < N, a =1 2andx€B( ,R) :
= - U[U;. Us](x)
J#i
We set then fora =1,2 and 1 <7 < N:

and reproduce the same approximation to obtain:

N
U] == 3 (U[vg,vg] + Uy, 05 ™)),

=1



A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS 13

which satisfies a Stokes equation with the following boundary conditions for all 1 <17 < N,
a=1,2 and z € B(z!,, R):

i i(1) 77,1
ulP(2) = ul () —ul (@) = Y U0, UV (@).
J#i
By iterating the process, one can show that for all k£ > 1 we have:

U—ZZU Uy ) 4 U],

p=0 =1
where for all a =1,2, 1 <¢ < N and p > 0:
(@) = uf@) —uf (@) = DU, UpP)(w),
J#i
N

us{()) — Z U{ 1B(m§,R) + U; 1B(:v§,R) )

i=1
U = (),
(34) vk = UL
The convergence is analogous to the convergence proof in [31], Section 3.1]. We begin by
the following estimates that are needed in the computations.
Lemma 2.1. Under assumptions , we have for all1<i#j< N, 1< a,p <2:
i j Lo j

(35) o} — o3| > oot — |

The first step is to show that the sequence max(max(|Uf’(p)|, |U2i’(p)|)) converges when p
goes to infinity.

. . 1/3
Lemma 2.2. Under assumptions (7)), (8), and the assumption that 7“0||p||L/oo(0,T;LOO(R3))
is small enough, there exists a positive constant K < 1/2 satisfying for all 1 < i < N,
p=0 | | | |
mexx(max(|Uy 7], [0y 7)) < Kmax(max(|Uy®], [0; 7)),

for N large enough.
Proof. According to formulas and Lemma we have foralla=1,2and 1 <¢ < N:

S U, uF ()

J#i

CT’o (Zd )max ’Uj(p)‘ ’UJ(pD

J#i

|U(§’(p+1)] <

W, 1/3
< Cry (HpHLoo(o,T;Loo(RS)dmm +lp HL/°° 0TL°°(]R3))
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where we used Lemma[A ] for £ = 1. Hence, the first term in the right-hand side vanishes
according to ((10)) and ({14]).

Finally, if we assume that TO||p||i/o§(07T;Loo(R3))
positive constant K < 1/2 such that:

maxx(max(|Uy ], [0 7)) < Kmax(max(|0y 7], [U;7)))).

is small enough, we obtain the existence of a

We have the following result.

Proposition 2.3. Under the same assumptions as Lemmal2.2, we have for N large enough:

: (k+1) < i
Jim [[VUu,™ ]l S R max U]
a=1,2

Proof. The proof is analogous to the convergence proof of [31, Proposition 3.4]. This is
due to the fact that the particular solutions have the same decay rate as the Oseen-tensor,
see ([32]). O

2.1. Two particular cases.
2.1.1. First case. Given W € R3 we consider in this part w the unique solution to the
Stokes equation ([2) completed with the following boundary conditions :

W on B(xi,R),
(36) w=<¢ —W on B(zi, R),
0 on B(z},R)UB(z4,R), i # 1.

We denote by WQ(’”, a=1,2,1<1< N, pe N the velocities obtained from the method
of reflections applied to the velocity field w. In other words :

k
w = ZZU[W?(Z)% W;(P)] + U[wgﬁ—l)]

p=0 1

We aim to show that, in this special case, the sequence of velocities W(i’(p ) and the error
term U [wﬁk)] are much smaller than before. This is due to the initial vanishing boundary
conditions for ¢ # 1. Indeed we have :

Proposition 2.4. There exists two positive constants C > 0 and L = L({|p|| Lo (0,11 ®3)))
such that for N large enough:

, R|z?
max [WLPHD| < C(2Cr,L)P 1|—J [W|,i#1,p>0,
a=1,2 oy — 2 [?

R
max| Wy < C2 T (o CLY et |o— W, p > 1,

min

max|WoO| + maxWh | = 0,4 # 1.
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Proof. We show that the statement holds true for p = 0 then we prove it for all p > 1 by
induction. According to formula we have for p = 0:

Wé’(o) = Wéal - Wga?a
and fori # 1, a =1, 2, Us© — . Using , this yields for i # 1, a = 1, 2:

Wil = U@ oWy (),

(e}

= —®(xy — ) (F) + Fy) + RW, =W](x),
where:
F} = —6mR(A\(s') — Ay(s")W, Ff = —67R(Ax(s') — Ay(st))W.
Hence, Fj = —F} we have then using Lemma and the decay rate for R[W, —W]

wio) < gl < gy By
’ [0} ’ ~Y d?l ~ ’ —’ d121

where we used the fact that R is comparable to |z!| thanks to (7). Thus, we denote by
C' > 0 the maximum between the global constant appearing in (32]) and the one in the
above estimate.

This shows that the first statement holds true for p = 0. For the second estimate we have

|Wolj(1)] = 0 and for p = 1 we have using the decay rate

WL = SO Wi V)l
i1
R j ’
< Czd_ max(W |, wgt)),
1Y
CR?|x! |
<oy ()
j#1 Y
2L |R
S C . C’I"()(ngpHoo + ||p||§é3) |W| )

where we used Lemma for £k = 2 and assumption (10). We define then the constant
L > 0 as the constant satisfying:

1 1 1 1 1
(37) max (— (—) + — (— + —))
i N; d?] N ;Z dij dlj

J
1/3 2/3
S €1||'0||L°°(07T%L°°(R3)) + HpHL/oo(o,T;Loo(R%) + ||p||L/OO(O7T;Loo(R3)) = L.
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Now for all p > 1, i # 1 we have using again ([32)

W = S U Wi (o)
i
R . .
< O = max(IW) W] W),
g#i
R _, Rlzt|
J#i,1 J
R R|:z:1 |
C2P2(ryC L)1) W
dzl dmln (TO ) >| |7
using the fact that dkg < t (% + i) we obtain

R|zt | 1 R R R
i,(p+1) < p—1( — o b bl
W] < € (=00 L) (dMZ (d, +d1j) + Zd2.>

j#i,1 N j#i1 L
RR| | p—2 p—1
IO Oy )W
| 1| 1 TOL
2 L|)?
<o (cecmoLll T
R

i 02p—2(r00L)p—1) W,
R|zt _
=C (|12 | ((CToLW Ly

i1

Rd;

min

C2p—2(r00L)p—1) [W.

Since % < 1oL, the second term can be bounded by (CroL)P2P~2 which yields the
expected result because 2P~1 + 2P=2 < 2P, We prove now the second estimate. Let p > 1,
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using the decay rate (32) :

WD = U W)
J#1
< CZ— max (| W/ ) E |W§’(p)‘)’
i
1
<C Z C(2CT,L i W1,
Jj#1 1] dlj
< CRORLP O i (Zcﬂ > "
m1n j#£1 1y
. R
< o (CroL)pd —[z_[[W].

g

According to these estimates and the definition of L , if we assume that ro max(||p|| zoo (0,7; (r3))
HpHi/j, 0.7 Lo (B3))> HpHLOO (0.7:L0(r3))) 18 small enough to have 2LC'rg < 1 then the following

result holds true :

Corollary 2.5. Under the assumption that ro max(||pl| Lo (o,7;100 (&3)) ||p||Loo 0.T:Lo0(B?)) ||p||i{,i(07T;Loo(R3)))

18 small enough we have :

maX|WZ’(p)| < #{H W, i#1,
per G |z} — 2|
R 1
Zmaxw o) g By
a=1,2 Aein

for N large enough.

This result shows that we can obtain a better estimate for the error term of the method
of reflections in this particular case:

Proposition 2.6. We set n:=2CLry < 1 the constant introduced in Proposition[2.]]. For
all i # 1 we have up to a constant depending on ||p||s

||Vw ||L°°(B) 5 dg_ |W|7
i1l

Y

R .
[ sy S RIVWP () + 25 22 [0 W],
1e
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And for i =1 we have :

V0 ez < |1|( = ¢ |log Wi |) wl,
R _
w1 By S RHVU%(F]C)||L°<>(Bl)Jr |zt [ W,

dmin

Proof. Estimate for HVwik)Hoo.
Let x € B(2',, R), with a = 1,2 and 7 # 1, formula yields:

V()] < [Vu® ()] + > IvO W wi®) (),

J#i
< ZZWU WP Wi ()],
p= 03#%
< ZZ]VU wiv |+Z|VU Wi® wir®)(2)]
p=0j#1,1 p=1

+ VOO Wy O ().

We estimate the first term applying Corollary and the same arguments as before

k
ZZ |VU[W{7(p),W%’(p) | < CZZ <_> (Iln%}g |WJ |

p=0,#i,1 p=0j7i,1 ~
R R|x1 |
<3 (35 )W
j#i,1 7’3
R|x1 |
dQ d2 |W’
17, ]7511
R|z!|
S W,
di;

We reproduce the same for the second term applying Corollary [2.5

k
S IVUW Wy P ()] < CZ (
p=1

R

™ ey = L] duin

) max(WEO|, A0,

|z} —

et .
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For the last term, according to (30 we have :
VU Wy V() = Ve - a)(F! + F) + VEW Y Wy V@),
as WO WOy = (W, =W) we have:

{ Fl = —6mR(A (&)W — Ay(&)W),
Fy = —6rR(A(&)W — Ai(&)W).

Thus Fy = —F! and we obtain using the decay rate of R together with the fact that
|zl | is comparable to R thanks to assumption ([7]) :

R|x! .
VU[W%‘O%W;“)}@)\ S L\ v e B, B)i £ 1

T—aiP

Gathering all the inequalities we have for ¢ # 1:

R|z! |
IVl ez, S [W.

Sl =P

Analogously for i = 1 we apply Lemmal[A.T|for £ = 3 and obtain up to a constant depending
on [|pleo:

V()] < [Val® (@) + D [VUWED Wi (),

J#1
k . .
< VWP WP (),
p=0j#1
i R . ‘
<O S (g ) mas (W21 ),
p=0j#1 L
RRya:1|)
< (— W,
; &, &

~ dmin d3

min

R 1 3
< Bl <%+Hogwoo|) W,
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Estimate for ||w£k)||oo. Let x € B(x',R), « = 1,2, i # 1. We have according to formula

B9 :

D (2)] = | (@) — w® (@l) = S UWEE WiB) ()]

J#i

< B Vol + 3 [pW W Wi P)(a)
J#i
< RVt uoo+oz—max<w ® g™,
J#i

R R R
< R (k) - k-1 *Y k 1 1 W
< R|Vu®| ];ldmn S Al L1114

where n = 2Cr¢L < 1 is the constant appearing in Proposition [2.4. Reproducing the same
computations as before yields:

[ D) e () S RIVWPloe + =5 2L 1 W],

—|:13
di;

In the case ¢ = 1 we have:

D (@)] = [P (2) — wP (@) = S P WiB) ()|,
J#i

< R[Vw®]| +oz—max<|w5< 1, ™),
J#1

R
< R|Vuw ||oo+z " 1d2 |z |[W],
15

S RI|IVuP||o + |x£|n’“—1|W|.

dmin

Thanks to these estimates we have the following convergence rate:
Proposition 2.7.

i [VUTw D)2 < Rt |[W].
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Proof. Reproducing exactly the same proof as in [31, Proposition 3.4], the main difference
appears in the last estimate where we apply Proposition [2.6}

1 2
VULl RS (Il i + 1 imiey )

%

<R3[Z RQ+ L o)
~ a5,

i£1
R* (W3 2
+d2—(d3 + |log Wi |> 2D 2L P,
R* R? _ W3
S (d3 + . - 2k D) <d3 + | log Wy \) |zt 2w ]2

R (W3 2R3
+|acl,|2|W|2d2 (d3 + |log W, |> o (k_l)]x1,|2|W|2.

min min min

Taking the limit when k goes to infinity we get:

R (W2 R (W3 2
VUL S Rl 1|21W|2{d3 (G log i) + 7 (5= + o 0 \)}

min min min min

The term inside brackets is bounded as follows:

R (W3 R® (W3 2
B (d3 + | log W4 |> o (d3 + | log W ])

R2 W3 R R W3 i
= d?nm .t RllogWoel + 55 (dmm 2, Tl Wee |) ’
< Bl = according to () -

2.1.2. Second case. Given W € R? we consider in this part w the unique solution to the
Stokes equation completed with the following boundary conditions :
W on B(zi, R),
(38) w=4q W on B(ry R), ‘
0 on B(x},R)UB(x}, R), i # 1.

Denote by Wﬁ,’(p), a=1,2,1<i< N, pe N the velocities obtained from the method of
reflections applied to the velocity field w. In other words :

w =3 Wy + O(R).
p=0 1

We aim to show that, in this special case, the sequence of velocities W(i’(p ) are also smaller
than the general case. This is due to the initial boundary conditions which vanish for i # 1.
Indeed we have :
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Proposition 2.8. There ewists two positive constants C' > 0 and L = L(||p|| oo (0,7;10(=3)))
such that :

max (WD < C(2CTL)P h

a=1,2 |zt — 2|

max|WhPH | < C2P7 Y (ngCLYPR|W|, p > 1,

‘W|,Z#1,p207

max| WL = 0,
for N large enough.
Proof. The proof is analogous to the one of Proposition [2.4] O

According to these estimates, if we assume that 7o max(||p[| Lo (0,75 (r3)) ||,0||2/o§(0 T.Loo (B2’

[ pHi/oi 0T Lo (Rg))) is small enough to have 2LC7ry < 1 then the following result holds true:

Corollary 2.9. We have for N large enough:

o R
i(p+)| < v 3
max WS |$1+_xi+||W|7Z#1,

SSnas W] < R
k=0

3. EXTRACTION OF THE FIRST ORDER TERMS FOR THE VELOCITIES

This section is devoted to the computation of the velocities U%, U™ for 1 <i < N. The
idea of proof is to apply the method of reflections to the velocity field u" as presented
above and we set :

DU =U®1<a<2,1<i<N,

we also use the following notations for the forces associated to the solutions U[U;*, Uy*]:
FI™ = —6rR(A(&G)UT™ + As(&)U5™),
(39) Fy™ = —6mR(A(&)Ur™ + Ai(&)UL™).

3.1. Preliminary estimates.

Proposition 3.1. Ifro||p|| oo (0,700 (R3))5 ||pHLo<> 0715 (B9)) ||p\|i/i’, (07210 (r3))) 1S small enough

and assumptions (7] . . . ) hold true we hcwe for N large enough and for all1 <1 < N
Ui +Uj
2

= (A1(&) + A2(f¢))_1#9

1 oo 1ric01s i 00 7130017 i
+§Z£_(U[Uf’ U3¥)(ah) + UIUE™, U3 )(a5)) + O(VR) max U]
7 a=1,2
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U;,OO + U;,OO

; "+ O(VR) max |UL.

6mR 1<i<N

a=1,2
Proof. We prove the formula for ¢ = 1 and the same holds true for all 1 <i < N. We set
w the unique solution to the Stokes equation completed with the following boundary

conditions :

= (A1(&) + Asx(&) !

W on B(ri, R),
(40) w=<{¢ W on Bzl R),
0 on B(x%, R)U B(z}, R), i # 1,

with W an arbitrary vector of R®. We use the method of reflections to obtain :

2mg-W:2/D(uN):Vw
k—o0

= —(FC + Fy®) - W+ th/D (UulF]) : V.

For the last term we apply again the method of reflections to the velocity field w, see
Section We set:

k N N
wi = S UMW W)= U Wy,
p=0i=1 i=1
with
[V = V|| o gy < RIW
We obtain : Z

/D [u{F7) Vw—Q/VU (k1] w1+2/D ulFtV]) -V (w — wy).
Thanks to the method of reflections, the second term on the right hand side can be bounded
by R2|W|1E1%}1<v |U| (see Proposition. For the first term, direct computations using

a=1.2
show that

IV 2oy < Z VUM IV poggon )

-3 / S (UIWE™, Wi, PIWVE™, WiT) n - UIWE™, Wi do)
OB(zi,R)UOB(zh,R)

. , N 1/2
+ 67 R (Ay(E)WI + Ay (&)™) - W;"’O)
< C\/EZ (vee] + ™)) -

1/2
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Using Corollary [2.9) we get that || Vw:|| o gs\gs;) < € VR|W|. Finally, we have:

2mg - W = —(F™ + F,™) - W + O(R\/E)|W|lrg%>]<v|(];|.
a=1,2
This being true for all W € R? it yields:
_ 1,00 1,00 7
2mg = —(F"° 4+ Fy ™) + O(R\/ﬁ)@%way
a=1,2

Using the definitions of F}"™ and F,*™, see (39), this becomes:
2mg = 67 R(A1(&1) + A2(6) (U™ + Uy ™) + O(RVR) max [Ug |

a=1,2

Recall that A;(§) and A2(&) are of the form Ay (|€])I + hz(’f‘)%. Moreover, according

to formulas Ay + Ay (resp. Ay — Ag) is invertible and its inverse is (a; + az) (resp.
a; — CLQ). Thus :

6TR R 6 (A1(£1>+A2(£1)) (\/E)lgli)flel|

a=1,2

(41) U™ +Uy™ = 2(A1(&) + Aa(&))

We use the fact that ||(A;(&1) + A2(&1)) 7Y is uniformly bounded independently of the
particles and N to get

UP™ 4+ Uy™ = 2(41(6) + 4a(6)) gm0 + OVE) ma U |

a=1,2

On the other hand, as (Ull’(o), U;’(O)) = (U}, U;) we rewrite formula as :

U%+U§:—Z(Uﬁ‘p’w;’(p’wml<£1>+A2<£1>> F gt (A (6)+Ax(6)) OV R) max UL,

a=1,2

Using again formula ((34)) this yields :

Ul—l—Ul ZZU U{(p 1) UJ (p— 1)](x1)+U[UJ p—1) UJ (p— 1)](332)

p=1j#1

F2AAE) + () gy + o (A(E) A2<51>>-1o<¢ﬁ>1%|w|

= (I, V) + U, D) + 20060 + Al et}
J#1

b (&) + A2<51>>*10<¢ﬁ>1glg>;v|w|

We conclude by emphasizing that [|(A; + Ag)_l || can be uniformly bounded. O
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Applying the same ideas we obtain the following result:
Proposition 3.2. for all 1 < i < N we have :
U= Uy =) (U™, U3™)(ah) — U7, U3 (3)) + O(VR|a|) max |U5.
jF#i a=1,2
U™ = Uy = O(VR|a |) max Uy
a= 12

Proof. The proof is analogous to the one of Proposition[3.1] The idea is to consider this time
w the unique solution to the Stokes equation completed with the following boundary
conditions :

W on B(zxi,R),
(42) w=1<{ —W on B(z}, R),

0 on B(xi,R)UB(z4,R), i #1,

with W an arbitrary vector of R3. Using the method of reflections, Propositions and
2.3 we obtain the desired result. O

3.2. Estimates for @’ . Propositions and yields the following result:

Corollary 3.3. For all1 <i < N we have :

6
= (A(&)) 'kg + T ZCD " )6g 4+ O(dmin),
J#i

where A = Ay + As.

Proof. First of all, from Propositions and we can show that the velocities U’ are
uniformly bounded with respect to N forall 1 <7 < N and a = 1, 2. Indeed, using formula
together with the decay properties and Propositions and we have :
i < i i
max [Uy| < max (U] +|U2)),
1<i<N
<14 max (JU®| + [U]) + O(VR) max |UL],
1<i<N a=1,2
1<i<N
S 1+ O(VR) max |U,].
1<i<N
This allows us to bound the terms max |U!| by a constant independent of N in the esti-

1<i<N
mates of Propositions - 3.1 and [3.2] From Proposition [3.2] we have

Ul = (A1(&) + As(&))” g + Z UUP™, U3™)(2}) + UIUT™ + US> (23)) + O(VR).
J#z
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We recall that using we have

UUT™, U3)(21) + U[UP™, U3 (23) = —(@(«, — 1) + D(a — 25))(F}™ + F3°)

+ RIUP™, UF](24) + RIUT™, U3~ (5)

recall that [’ ioo = —mg + O(R\/E), see proof of Propositions and . Hence, we
replace F} + F3 = 2F]™ by —2mg with 67 Rrg = mg and bound the error terms using
the decay properties of the Oseen tensor ® and the field R, see
S |@( — a) + @2, — ab)| O(RVR)+|RIUP™, UF™|(a}) + R[UT™, US> (24)| < CVR+CR.
J#
Now it remains to replace both terms ®(z/, — z%), ®(2?. — 23) by P(z', — 7). Direct

computations show that for all 1 < o < 2 we have |2/, — z/| = |2" |, which yields for all
1<a, <2

' i |z* |R
Z’q)(xi- —Ty) — CI)(x — $U+)’67TR|/<;g| < Zﬁ <

J#L i xy
which is comparable to R according to assumption (|7 . Gathering all the estimates, the

error term is of order v/ R which is of order d;, according to assumption and Remark
01

g

3.3. Estimates for i’ . Analogously, Propositions and yields the following result:
Corollary 3.4. For all 1 <i# N we have:

U 6 ) )
—2: ( WTOZVQ —x+ ﬁg) -mi+0(|x’_|dmin).
J#
Proof. The first formula of Proposition together with the uniform bound on the veloc-
ities (U%,U™), see proof of Corollary [3.3] yields:
Ui = Uy = Y UUP™, U§>](a}) — U[UP™, U3>](wh) + O(VRa|).
J#i
We want to estimate the first term, we have using
UuP™, Ug™)(«y) — UUT™, U3 (x3)
= (e} — L) + ™) + (e — o (R + F™),
= —A[VO(zh — ) - 2’ |FI
1

—2 [ > (@)’ DP®(ah — o, + ta’ )FI7dt

= —AVO(al — ) - 2l [P 4 £ + £
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Now recall that, from the proof of Proposition we have:
FI™ = —mg + O(R?).
Thus, we get the following formula:
UIUT=, U3 (2}) — UIUP™, U3 (ah) = 2[VO(2', — ) - 2 Img + €}, + £, + &,
with ' 4
Er = —AVO(z, —2) - 2 J(FI™ + myg).

167rg

5 9. Finally we obtain:

We recall that mg = 6rRkg =
U{ — lj2Z . 67'['7"0
2 N

) . . 1 )
S Vo(rh — )2 kg + ézgi{j + &L+ E+ ORIz ).
i i
It remains to bound the error terms. We begin by the first one:
€55l <2 ( sup  (|V?® (2}, — y)l)) |22 [P F)).
yelr],h]

We emphasize that for all y € [z}, z):

ly— ] > Jad — | — |k — gl > i — o] = 20| > flat, — 2,

where we used the fact that

and .
|27 — 2% | > §|9Ci — k],

This yields :
1 . R R R .
1 7|2 7 7 7
D& < O Zrlat PRrlgl < Clal|— (Zd—2> < Clat|7— < Cduinlal |
J#i VR #i 4
For the second error term we have:

51.2,]- = 2[V®(x) —a) — V(' — w )]t - FP

where

. . . . 1 1 ,
VO(ah —27) — VO, — 7)) < C ( " ) )

1P | el

Since |27 | ~ R ~ |z’ | the second error term is bounded by:

L.
SOIER | < O3l P Relgl,

i it
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which yields the same estimate as for the first error term. Finally, the last error term gives:

STIEL| < 2Vt )| lot | [FE + mg| < OR
J#
where we used the fact that F?>® = —mg 4+ O(R?) and |2" | ~ R. O

4. PROOF OF THEOREM (0.1

In order to derive the transport-Stokes equation satisfied at the limit, the idea is to
show that the discrete density p!V satisfies weakly a transport equation. We introduce the
following notations. Given a density p, we define the operator Kp as:

Kp(z) := 6mro /RS ®(z — y)rg p(dy).

The operator is well defined and is Lipschitz in the case where p € L' N L>. Moreover,
note that ICp satisfies the Stokes equation

—AK(p) + Vp = 6mrokgp,
on R®. Analogously, we define KV pV

(43) KN ™ () = 67 / X®( — y)rg p” (dy),

RS

where x®(-) = x ( '

dmin

x =1on°B(0,1/2).

) ®(-), x is a truncation function such that y = 0 on B(0,1/4) and

4.1. Derivation of the transport-Stokes equation. The transport equation satisfied
by u" is obtained directly using the ODE system derived for each couple (2%, &). We
recall that:

Ui = (A(&)) Kg + KN N( ) + O(dmin),

Ut

R
Following the idea of [31], Section 5.2], one can show that we can construct two divergence-
free velocity fields BV and E% such that :

= V’CN N( ) §z+0(mln)-

(44) Uy = (A(&) kg + K p"(al) + EV(a%),
= VKNG 6+ BV (@),
and there exists a positive constant independent of N such that
(45) 1EY oo = Odumin): [1EN]loo = O (duin) , [VEN oo + [VEY | < C.

This construction yields the following result
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Proposition 4.1. pV satisfies weakly the transport equation:
(46)
O™ + div [(A(€))  rgp® + KN p™ (@)™ + BN p™] 4 dive[VEN p () - €™ + BN p] = 0.

We can prove now Theorem [0.1]

4.2. proof of Theorem [0.1] The proof is a corollary of Proposition .1} Indeed, we want
to show that for all ¢ € C2°(R?) we have:

) [ {0t + Tuotn,) - [(AEO) kg + 2Kpa))]

+ Veb(t,@,€) - [VKp() - €] pu(t, o, d€)dt.
which is obtained directly by passing through the limit in each term of formula . Indeed

we recall that we have the following estimates:
1YY = Kplloe S W
IVEY oY = VEplloo S Woo(1 +[log Wil),
1E¥ oo = O (dmin) 1 EVloo = O (dmin) -

5. PROOF OF THEOREM [0.2] AND [0.3]

This section is devoted to the proof of Theorem and[0.3] The Lipschitz-like estimates
proved in Proposition suggests a correlation between the vectors along the line of
centers & and the centers :chF In this section, we show in particular that this correlation
is well propagated in time.

5.1. Derivation of the transport-Stokes equation. We assume now that there exists
a lipschitz function Fj such that

£(0) = Fo(«'.(0)), 1 <i <N,

which means that u) = p) ® 0g,. In order to propagate this correlation we search for a
function FN(¢,-) € W1°°(R?) such that for all ¢ € [0,T] we have

&)= FN(t,2' (t)), 1<i<N.
According to the ODE satisfied by &;, see , FN must satisfy the following equation

OFN £ VEN (A(FN) kg + KNpN + EN) = VKNpN . FN 4 EN(FN),
FN,.) = F,.

The following proposition shows the existence and uniqueness of F*V.

Proposition 5.1. There exists T >0 such that for all N € N*, there exists a unique (local)
solution FN € L>(0,T; W1°°(R3)) of the following equation

OFN +VEN (A(FN) kg + KNpN + EN) = VKNV . FN 4 EN(FN),
(48) FN0O,) = Fo
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Proof. The idea is to apply a fixed-point argument. We define the mapping A which
associates to any F' € L>(0,T; W*°(R?)) the unique solution A(F) = F' to the transport
equation
(49) OE +VF - (AF)'hg + KNpN + EN) = VKNpN . F 4 EN(F),
F(0,-) F.
We define X? as the characteristic flow satisfying :
0. XN (s,t, 1) = A(F (s, XN(s,t,2))) kg + KN pN (s, XN (s,t,2)) + BN (s, XV (5,1, 7)).
XNt t,x) = .
The Lipschitz property of A™!, F', K¥p" and E¥ ensures the existence, uniqueness and
regularity of such a flow, see Proposition and formula . Moreover, direct estimates
show that for all 0 < s <t
(50)
IVX™ (5,8, ) oo < exp([|RglIIVA™ ool Fll oo 0 mmwroe )y + 1KY oV + EN| oo mwice sy ] (£-5))-

Hence, we can write

F(t,z) = Fo(XN(0,t, x))—{—/o VN pN (5, XN (s,t,2))-F(s, XN (s,t,2))+E(s, F(XN(s,t,x)))ds.

Direct computations yield
IACE) |2 0,725 @) < [1FollootTIVEN 0V || oo 0,75200 ) | F | oo 05200 3y FILE™ || oo (0,750 (B3
and

HVA(F)”D"(O,T;L“(RB)) < [IIFo]l1,00 +T{||VICN/ON||L°°(O,T;W1’°°(R3))

+ HENHLoo(QT;WI,oo(RZi)) } ‘|FHL°°(O,T;W17°°(R3))] HVXN(, t’ ) "LOO(O,T;LOO(R3))7

Gathering all the estimates and using Proposition and the uniform bounds , there
exists some constants independent of N such that:

(51) ||A(F)||LOO(O’T;W1,00(R3)) S (||F0||W1,oo(R3) + TCl||F||Loo(07T;W1,oo(R3)))€CQT.

On the other hand, given Fy, Fy € L>®(0,T; WH>*(R3)) we set X; the associated charac-
teristic flow and we have

JACF) () = AB)(E )l <
(19 Folo + I Filloeqo oo I 0 o ravace @y ) 151 (0,,) = Xa(0, 1, ) oo

+ t”V,CNpNHLoo(O’T;Loo(RS)) ||F1 - FQHL"O(O,T;L"O(R?’))'

The characteristic flows satisfies

t
[ Xi(s,1,2) = Xo(s, 8, 2)] < HVAlHoo/ [E2(7, ) = Fo (T ) [loot

(1Pl iz gl + 2IVES pY + VEN | Lo i) | Xa (7,1, @) — Xo(7, 8, 2)dr,
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hence

t
16305,8,) = Xe(ort e < ([ IVAlIFir.) = Fatr, )ty ) 0

This yields

We construct the following sequence (F)gen C L(0,T; W>°(R?)) defined as

FF1 = A(FF) keN,
F' = F,.
For T small enough and independent of N, using estimates and , the sequence
(F*) is bounded in L>(0,T; W1*°(R3)) and is a Cauchy sequence in the Banach space
L>®(0,T; L>°(R3)). There exists a limit £ € L>®(0,T; Wh*°(R3)) such that F¥ — F in
L°O(O T, L>*(R?)) and VF* — VF weakly-* in L>(0,T, L>(R?)). It remains to show that
A(F). The weak formulation of the transport equation writes

/ g (O + div (¢ - [AT (F¥)rg + KNpN])) F* :/0

for all v € CL((0,7) x R3). Using the strong convergence of F'¥ to F and the weak-*
convergence of its derivative, we get

(VK;NpN LFF 4 EN(F’“)> 1,

RB

T T
/ (0w + div (¢ - [AT (F)rg + KNpN])) F = / (VICNpN -F + EN(F)> -1,
0 R3 0 R3
Uniqueness of the fixed-point is ensured thanks to estimate and . U

Proposition and formula yield the following result

Corollary 5.2. There erxists a unique solution of FN € L>(0,T; Wh=(R3)) such
that u¥ = (id, FN)#p"™ and pV satisfies weakly

(53) O™ + div[(A(F™)) kg + KN o () + BY)pM] = 0.

5.2. proof of Theorem and In the previous part we showed the existence of a
unique function FV such that:

&G =F N(l’i)
In order to provide the limit behaviour of the system, we need to extract the limit equation
satisfied by F' = hm FN and to estimate and specify the convergence. It is straightforward
that the limit functlon F should satisfy the following equation:

{ OF +VF - (A(F) 'kg+Kp) = VKp-F, on[0,T] x R3,

(54) FO,) = F

We begin with the proof of local existence and uniqueness of the solution to system ([16]).
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Proof of Theorem[0.3. Let p > 3, Fy € W*P(R3), py € WP(R?) having compact support.
The idea is to apply a fixed-point argument. We define the operator A which associates to
each u € L*(0,T; W3?(R3)) the following divergence free velocity
u— Fu) = p(u) — A(u),
where F(u) € L=(0,T; W?P(R?)) is the unique solution, see Proposition [C.1] to the fol-
lowing equation
OF +VF - (A" (F)kg+u) = Vu-F, on|0,T]xR3
F(0,) = Fy, on R3.
p(u) € L>(0,T; WHP(R3)) is the unique solution, see Proposition , to the transport
equation
Op+ div(A™Y(F(u))kg +u)p) = 0, on[0,T] x R3,
p(07 ) = pPo, O1 R,
and A(u) = Kp(u) = 6mr¢® * (kp(u)g). The mapping is well-defined, indeed, since py €
WLP(R3) we have p € L=(0,T; WP(R?)), see Proposition[C.2] Consequently, applying [9,
Theorem IV.2.1] shows that V3A(u), V?A(u) € LP(R?) and we have
VAW, < ClIVe()p, IV2A@)], < Cllo(w) .
On the other hand, since p(t,-) € LP(R3) and is compactly supported, see Remark , we
have in particular p(t,-) € L% (R3) N L%(R3) with
3p 3p
=P 13/2,3], ¢ =
0= g, B8l e =g
We apply again [9, Theorem IV.2.1] for ¢ = ¢; (resp. ¢ = ¢2) to get VA(u) € LP(R3) (resp.
A(u) € LP(R?)) and we have according to [9, Formula IV.2.22] (resp. [9, Formula TV.2.23])
IVAu)llp < Cllo(u)lla, AWl < Cllp(w)llg,

Hence, since q;,¢2 < 3 < p, Holder’s inequality yields
IVA@)[l, + [[A(W)l, S ([Souql?]| supp p(u)(t, ) + [Sougl supp p(u) (t, ) |**) || o(w) Iy,

€]1,3/2].

where [Sup]l supp p(u)(t, -)| depends on T, [[A™ |oo, [[F'l| oo (o/msmw2rms)) and [[ul| Lo o,rw2r (rs))
0,1

according to Remark

(55) diam(supp(p(u)(t,-)) < C(po, T, HUHLOO(O,T;WZvP(R?’))v ||F||L°°(O,T;W2’P(R3)))u

Finally we have

(56) [A(u)|[zrwsr@s)y < C(14+ M(T))|[p(w)]| o o,rwir@s),
(57) | A(u) ||l o,rwze@sy < C(14+ M(T))||p(w)] Lo 0,7;0®3)),
M(T) = [Sup]l supp p(u)(t, -)[V/3(1 + [Sup}! supp p(u)(t,-)['/?).
0,T 0,7

We recall the following bounds, see Proposition and Proposition

(WXU)HLM(O,T;WLP(RS)) < ||Po||1,p€CT= C= O(HF(U)||L°°(0,T;W2vp(R3))7 HUHLOO(O,T;WM(RS)))
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According to Proposition [C.1] for a small time interval we have for a fixed A > 1
(59) () ll2p < AllFoll2-
On the other hand, gathering the stability estimates of Proposition and Proposition
and we get for u; € W3P(R3), i =1,2
[A(u1) = A(uz) || oo 0. 1:w2 (m3))
< O+ M(uy, ug)(T)) |l p(un) — p(uz)l Loe(o,r:0 (r2))
S C(l =+ M(Ul, UQ)(T))T (||F(u1) F(u2)||Loo(0 ;W1 p(RS) + ||u1 — UQHLOO(O,T;WLp(RS))) (&
S 0(1 + M(Ul, UQ)(T))T(l + T)H’Ul — U2||Loo(0 T W2 P(R3)) CIT,

C\T

where C depends on ||UZ ||Loo(0 T; W32 (R3)), HF(uz) HLoo 0,T;W2:P(R3)) Hp(ul) ||L°°(O,T;W1’p(R3)) and
M (uy, us)(T) = ?UI;I supp(p(u1)) U supp(p(uz)|'/*(1 + [SHI?’ supp(p(u1)) U supp(p(uz)|'/?),
0,7 0,7
5 C(T7 HuiHLm(O,T;W?vP(RS)); HEHLOO(O,T;WM(RS))’ supp(po)).

We consider the following sequence

uFtt = AWF) keN,
UO = ICPO

We set F* := A(u*), p* := p(u¥). Previous estimates show that the sequences (uy)ren,

(Fr)kens (pr)ken are uniformly bounded in L= (0, T; W3P(R?)), L>(0, T; W>F(R?)), L>(0, T; W'?(R?)),
respectively, and are Cauchy sequences in L>(0, T; W*P(R3)), L>(0, T; WhP(R?)), L>(0, T; LP(R?)),
respectively for 7" small enough. Consequently, there exists (u, F, p) such that

ub = uin L%°(0,T; W*P(R?)),

F* — F in L>=(0,T; W'P(R?)),

p* —p  in L®(0,T; LP(R?)).
This allows to pass through the limit in the weak formulations of u* and p*. In addition, we
use the fact that V F}, converges weakly-* in L>(0, T; L°(R?)) in order to pass through the
limit in the weak formulation of F’*. Hence, the triplet (u, p, ') satisfies equation . We

recover the regularity of each term using the a priori bounds. Uniqueness is a consequence
of the previous stability estimates. Il

5.3. Proof of Theorem [0.2l

Proof of Theorem[0.2. We recall that W (p", p) — 0 according to (9). We want to show
that the triplet (p~, FN, KN p") converges to (p, F,Kp) the unique solution of equation
. From Proposition and using the same arguments as in Proposition we have

IFN(t, ) = F(t ) [loo < C/o Woo(s) (1 + log Wa(s)]) + eel®)

d2

min

) e + 1B
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where W (s) := W (p™ (s,-), p(s,+)). Hence FV converges to F in L>°(0,T; L>(R?)) and
KN pN converges to Kp in L°(0, T; WH>(RR?)) if the Wasserstein distance is preserved in
finite time. This allows us to pass through the limit in the weak formulation of p¥

/ (O + Vi - (AN (FY)rg + K p™)) p = 0.
0 JR3

APPENDIX A. SOME PRELIMINARY ESTIMATES

This section is devoted to the proof of the following lemma which is analogous to [24]
Lemma 2.1]. We drop the dependence with respect to time in what follows.

Lemma A.1. There exists a positive constant C' such that for k € [0, 2]

1 1 w3 o3
w5 < (g 101°)

e ) min
1 1 w3
T < Clolle (= ow (lE2w) [ +1)
YE) ) min

Proof. We introduce a radial truncation function x such that y =0 on B(0,1/2) and x =1
on °B(0,3/4). We have for all & > 0:

T — Y 1
p (L, dy
NZ z] /]R3 ( diin ) |z — y[* g )

JFi
T — T(?J)) 1
= [ x p(t, dy),
Lo (™) st
T; — T(y) 1
= +/ ) X < ) p(t,dy) .
(/B(xi,SWw) cB(x;,3Woo) inin [z = T(y)|* ( )

Recall that Wy, > dupin/2. Since x (xd_—T(y)) = 0if |z; — T(y)| < dmin/2, the first term

yields:
T; — T(y)) 1 w3
X p(t,dy) < Clipllc—7>=
/B(azi,3Woo) ( dmin ’l'z ( ) ‘k dr .

min

3

For the second term, we have |z; — T'(y)| > |z; —y| — |y — T(y)| > w and we get for

k€ [0,2]:
T — Y 1
X p(t, dy
KB(M,?)WOO) ( dimin > lzi — T'(y)|* ( )

A 1 »
<l ——dr + A7|pll 1,
3Wao T

< [lploeA™™" + AT,




A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS 35
for all constant A > 3W,, and one can show that the optimal constant is A = ||p[|=""
which yields the desired result. We proceed analogously for k& = 3. U

APPENDIX B. ESTIMATES ON KVp", Kp AND CONTROL OF THE MINIMAL DISTANCE

In this part we present some estimates for the convergence of the velocity field KV p™v
and its gradient towards Cp and its gradient. We estimate the oo norm of the error using
the infinite Wasserstein distance between p and p in the spirit of [14] [15].

We recall that, according to [4][Theorem 5.6], at fixed time ¢ > 0, there exists a (unique)
optimal transport map 7' satisfying :

Weo 1= Wos(p(t, ), p"(t,-)) = p - esssup |T'(z) — ],
with p™(t,) = T#p(t,-). This allows us to write KV p" as follows

KV o () = By / @ — T(y))p(y)dy.

This important property allows us to show the following results.

Proposition B.1 (Boundedness). Under the assumption that p € WH1(R?) N Wh(R?),
there exists a positive constant C' > 0 independent of N such that:

We | WE VR
1KY pM [[weee < C (1 T T e TR ) [ollw.oo mayow rs),

where
Wa i= Waa(p(t, ), 5 (t,)) = p - esssup |Ti(x) — a.

Remark B.1. The term 3;30 appears only for the second derivative of K¥p™ which is
needed for the proof of Theorem [0.3.

Proof. Let x € R, we have :
K% (@)] < © [ Ix@le = T)pld.

<Clplle [, =T+ [ = Tw) o)l

Recall that for all y € B(z,3W) such that |z —T(y)| < dwmin/2 we have x®(z—T(y)) = 0.
Hence in all cases we have the following bound for all y € B(x,3W):
C

Ix®(z —T(y))| < .

this yields the following bound
3

WOO
[ -tz og=
B(z,3Wxo) min
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For all y “B(xz, W) we have that |z — T(y)| > | — y| — |T(y) — y| > 2Ws > dpin. This
ensures that x®(z —T(y)) = ®(x — T'(y)) on °B(x, Wy). Moreover we have
1
o =T = o =yl = Wee 2 Sl — ],
which yields

dy
/ @ — Tw)| 1pw)dy < Cllolle / ol
¢B(z,Weo) ¢B(z,Weo )NB(z,1) lz —yl

< Cllpll @y

Analogously we obtain a similar bound for VY. We focus now on the bound for V2KV pV.
We have

V2N N ()| < COllplloo / |V2x®(z = T(y))| dy+ VAx®(z —T(y))p(y)dy| -

B(z,3Wx)

CB(x7WOO)

We use the same estimates as before to bound the first term by ||]co 5= d3 . For the second
term we write

(60) VAX®(z — T(y))p(y)dy‘ < V20(z — y)p(y)dy‘
¢B(z,Weo) “B(z,Woo)
w9 - T() - VPG - )] o)l
¢B(x,Wso)

Using an integration by parts for the first term in the right hand side of we get

ViP(z — y)p(y)dy‘ <

V(s y)Vp(y)dy]

¢B(z,Woo) ¢B(z,Weo)

T / V(@ — )| [p(y)|do(y)
OB(z,Wx)

< CIVpllpr@snrees) + [lollo-
Finally, for the second term in the right hand side of we have

[ 9= Tw) - Ve - )] o)l
¢B(z,Wso)

1 1
< e o e ) b T

< Cllpll @i

The following convergence estimates are used in the proof of Theorem
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Proposition B.2 (Convergence estimates). The following estimates hold true:

Woo(pN,p)Q) |

I~ Kpllow 5 ol ) (14222

Woo N’ 2
IVE¥pY = VEplle < llplleWas(p™, 0) (|10ng(pN,p)\+%+1).

min

Proof. We use in the proof the shortcut Wy, := Wy (p", p). Let x € R?, we have

¥ oY (2) — Kp(a)| < 6 / X®(z — T(y)) — B(x — y)| p(y)dy.

supp p

We split the integral into two disjoint domains J := {y € suppp, |r — y| < 3W,} and its
complementary. Note that on J, according to the definition of the truncation function Yy,
we have y®(z — T'(y)) = 0 for all y € J such that |z — T(y)| < %2 . We can then bound
directly the first integral as follows

/J IX®(z —T(y)) — ®(x — y)| p(y)dy < /J Ix®(x —T(y))| p(y)dy + /J |®(z —y)| p(y)dy

4 1
Sl (I [ ).

Direct computations yields

[ ete =1 — 0 =) S ol (2 402 )

We focus now on the remaining term, note that for all y € ¢J := “B(z,3W,,) we have
[z =T(y)| > |z =yl = |T(y) =yl = 2Wwx > dmin,

which yields that y®(z—T'(y)) = ®(z—T'(y)) on °J. Moreover, we have |z—T(y)| > 5|z —y|
on “J. We have then

[ WO = T(3) ~ 0o —y)] = / 10 = T() = 0l — )]

1 1
< KL (|x TR o ylg) ly —T(y)|p(y)dy,

1
SWalldle [ =
< Walolle

In the last line we use the fact that F—y is integrable on “B(x,3W). The proof for
the second estimate is analogous to the first one. The main difference occurs for the last

estimate where the [og term appears. This is due to the fact that we integrate ;y|3 on

|z—
“B(z,3Ws).

1
T
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We present now an estimate for the conservation of the particle configuration. This esti-
mate combined with Proposition shows that the dilution regime is conserved provided
that we have a control on the infinite Wasserstein distance.

Proposition B.3. For all1 <i < N and j # i we have
&1 S IVEN oV [lso I€] + O (dunin)
7, —d | S IVEYpV |l 2l — 24|+ 16 — &) + O(R),
<

&= & IVEN oMloo 16— &1 + IIV2EY oV [loo |2y — | + O (dunin)

We remark that the conservation of the infinite Wasserstein distance, which is initially
of order ﬁ, ensures the control of the particle distance. Unfortunately, due to the log
term appearing in Proposition we are not able to prove the conservation in time of the
infinite Wasserstein distance.

ApPPENDIX C. EXISTENCE, UNIQUENESS AND SOME STABILITY PROPERTIES
In this section we present some existence, uniqueness and stability estimates.
Proposition C.1. Let p > 3. Given Fy € W*P(R3) and u € L>(0,T; W3P(R3)), there
exists a time T > 0 such that F € L>(0,T; W?P(R3)) is the unique local solution of

(61)

OF +VFE - (AN (F)kg+u) = Vu-F, on0,T] x R3,
F(0,:) = Fp, on R3.

We have the following stability estimates
|1 — FQHLO@(O,T;WLP(RB)) < CTluy — U2”LOO(O,T;W?’P(R?’))eCZT)

with Cy and Cy depending on [|A™ 200, ||will oo (o mwan®a)), [|FillLoeorw2e®s))-

Proof. Since p > 3, we have Fy € W?P(R?) — WH*(R3) and u € W**(R?). We can
apply the existence proof analogous to the existence proof of Proposition to get a
unique solution F € L*°(0,T; Wh>*(R3)) for a given T' > 0. It remains to show that
F € L>(0,T;W?P(R?)) for a finite time interval. We have for a« = 0,1,2

OD*F +VD*F (A" (F)kg +u) = =VF - D* (A" (F)kg + u) + (D*Vu)F + (Vu)D"F.
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Multiplying by |[D*F|[P~1 and integrating by parts the second term using the fact that
div(u) = 0, we get
/ |DYF|P = = / |D*FPdiv (A™'(F)) + VF - [D*F|P~" (D* [A™(F)] kg + D*u)
+ (D*Vu)F|DF|P~! + (Vu)D*F|D*F [P,
SIFIE, (VA sl 10 + V]l )

HIDFP (A 200 + 1) (IIVFIIOO {IVEl, + IVFIVFl, + V2 Fl, + [ D%l §

FIPL 1Dl ).
Since [|Fll1.00 S Fl2ps U100 S ||F |2, We get up to a constant depending on [|[A™ |2

d « a o _
ZIDFIE S IDFIF(1Fll2p + lullsp) + 1D FIFHIE lop (1Fll2p + llullsp)
Applying Young’s inequality and summing over o = 0, 1,2 we get
HF“Loo(O T'Wva(]R3)) 5 ”FOH2pec(p7”F”Q,pv”u”&vaA_l||2,OO)T’

which shows that F' € L*(0,T; W?P(R?)) for a finite time T" > 0. Now consider two
divergence free velocity fields u1, us € L(0,T; W3P(R3)) and denote by F; the solution to

. We have
(9t(F1 — FQ) + (VFl — VFQ)(Ail(Fl)/{g + ul)
= VFQ (A_I(Fl) — A_I(FQ) + Ui — UQ) + (Vu1 — VUQ)Fl + (Fl — FQ)VUQ.

Multiplying by |F; — F3|P~! and integrating by parts the second term in the left hand side
using the divergence free property of u, we get

d -
ZIF = BIES I = B (IVA (Ve + [V F2llo0) + [[Vuz]l)
+H1F = Blp ur — uall2p(IVEilloo + [V E2]loc)-

For the derivative we have
O (VF, —VFy) +V(VF, — VE)(A™Y(F)kg + uy)
—(VF, = VE) (VA (F)VFikg + Vuy) + V2F (AT (F) — A7 (F) + up — )
+ VFE ({[VA™(F) = VA™(F)| VF + VA™Y(F)(VE — VI) } kg + Vug — Vus)
+ (Vu; — Vup) Fy + (Vuy — Vug)VE, + Vua(VE — VE) + Vuy(Fy — F).

Using the same estimates as previously, we obtain
d
I = Bollf, < Gl By = Bolly, + Gl By = Baly, Hlur — |2,

where C, Cy depend on [[A™ |20, [[till3s || Fill2p- We conclude by integrating with respect
to time and apply Gronwall’s inequality. U
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Proposition C.2. Let T > 0, p > 3. We consider py € WHP(R3), u € L>*(0, T; W>P(R?))
and F € L>(0,T;W?*P(R3)). There exists a unique solution p € L>(0,T; WYP(R3)) to the
transport equation
Op + div(A™Y(F)rg +u)p) = 0,
(62)
p(ou) = Po,
for all T > 0. p satisfies

1o(t, )|z o.rwrey < [lpollpe,

where C depends on p, ||A 200, |1 F]| Lo, r;w2ems)), [[tllpeorwzems). In addition, we
have the following stability estimate
eCQT

)

o1 = pall Lo orize@syy < CLT (Jlur — vl oo, rwrvee)) + 1FL = Fall Lo mmwir@s)))
with constants depending on |A™ |1 oo, [10il] Loo (0. 0;w 10 ®3)) | Fi || oo (0,731 0 (R3Y) -
Remark C.1. If we assume in addition that py is compactly supported then classical trans-

port theory ensures that p(t,-) is compactly supported and using the characteristic flow,
which is well defined since F', u € W1, one can show that

diam(supp(p(t, -))) < diam(supp(po))e,
with C = C(IVA™|oo, [V F[| oo (0,600 (R3)) s [ Vtl| Lo (0,110 (R3)) ) -
Proof. Since g = —|gles, we have the following formula

div(A~1(F)rg) = —VA;'(F) - VFrlg],

where Az is the third column of A=, Note that since p > 3, we have the following Sobolev
embedding

(63) 1o S IEl2p: Nullice S llllzp llolle S ol

The idea is to apply a fixed point argument. We define the operator A which maps any
p € L>(0,T; WP) to the unique density A(p) solution of

(64) 0 A(p) + VA(p) - (A (F)rg +u) = (VA3 (F) - VFxlg|) p.
Thanks to (63), u € W'**(R?) and F' € W'*°(R?), hence DiPerna-Lions renormalization

theory ensures the existence of A(p) € L>(0,T; LP(R?)). Multiplying by |A(p)|P~1,
integrating by parts and using Young’s inequality we get

1 1 1 /[t B Lo _
];HA(p)HZ < 2—9||po|!£+]—?/0 Ao |IB]]A 1|IooHVF||oo+/0 AT IVE ool Alp) 27,

1 b1 1 p—1
< - p+0/ (—A Pt —|lpllk + ——||A P),
pHpoHp i pH 2l pHpHp P 1A

1 t C
S—p“rC/ A)B + =t ol oo s
pH olly i AR} p 1o o0 (o)

with C' = C(|A™ oo, [[VF|| 1o (0,715 (r3)) ). Hence, Gronwall’s inequality yields
1Al < (leoll, + TCllpllp)e".
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Moreover, we have
0V A(p) + V(VA(p)) - (A7 (F)kg +u)
= —VA(p)V(A(F)kg +u) + VA (F)k|g|VFV Fp
+ VA (F)k|g|V*Fp+ VA (F) - VFk|g|Vp.
Multiplying by |[VA(p)[P~! and reproducing the same computations as before we get
VA, < (IVp0lly + TChllpll1)e™,
where we used ([63)). The constants Cy, Cy depend on||u|| zoo (o, r:w2e®3), || || L 07020 ®2)),
|A™ 2,00, p and ||p|| oo 0,71 (r3y). Gathering the two estimates we obtain
(65) 1A |z rwrey < (loollip + TCrllpllp)e ™.

Given pq, p2, since equation is linear, A(p1) — A(py) satisfies the same equation with
po = 0. Consequently, for 7' > 0 small enough, estimate shows that the mapping A is
a contraction and hence there exists a unique fixed point. Estimate shows also global
existence.

Let w; € L>(0,T, W3P(R?)) and F; € L>°(0,T, W*P(R?)) for i = 1,2. Denote by p; the
unique solution to equation . We have

A(pr — p2) +V(p1 — pa) - (AT (F1)kg + wy)

=—Vpy- ([Al(Fl) — A Y F)]kg 4+ up — uz)

+(p1 = p2) VAT (F)lg|

+p1 ([(VAT'(F1) — VAT (F))] VE + VA (F)(VE — VE)) kgl
Multiplying by |p1 — p2|P~! and integrating we get

d _
EHM—MHZ S Cillpr=p2|B+Cs (lur — usllse + [|F1 — Falloo + [[VFL = V) lp1—p2|27,

with constants depending on ||A™|1 0, 1010,/ Fill1p- We conclude using again the em-
bedding || Fy — Fallee < C||Fy — Fll1, and analogously for ||u; — ua]|oc- O
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