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A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS
AMINA MECHERBET

ABSTRACT. In this paper, we consider N clusters of pairs of particles sedimenting in a
viscous fluid. The particles are assumed to be rigid spheres and inertia of both particles
and fluid are neglected. The distance between each two particles forming the cluster is

comparable to their radii % while the minimal distance between the pairs is of order 7

N1/3 .
We show that, at the mesoscopic level, the dynamics are modelled using a transport-Stokes

equation describing the time evolution of the position and orientation of the clusters. We
also investigate the case where the orientation of the cluster is initially correlated to its
position. A local existence and uniqueness result for the limit model is provided.

INTRODUCTION

We consider the problem of N rigid particles sedimenting in a viscous fluid under gravi-
tational force. The inertia of both fluid and particles is neglected. At the microscopic level,
the fluid velocity and the pressure satisfy a Stokes equation on a perforated domain. In the
analysis of the associated homgenization problem, it has been proved that the interaction
between particles leads to the appearance of a Brinkman force in the fluid equation. This
Brinkman force depends on the dilution of the cloud but also the geometry of the particles
(see [I, B, 8, @]). In the dynamic case, the justification of a mesoscopic model using a
coupled transport-Stokes equation has been proved in [12] where authors show that the
interaction between particles is negligible in the dilute case i.e. when the minimal distance
between particles is larger than ﬁ In 10, [I7] the justification has been extended to
regimes that are not so dilute but where the minimal distance between particles is still
large compared to the particles radii. The coupled equations derived are:

Op+div((kg +u)p) = 0
(1) —Au+Vp = 67mrokgp,
div(u) = 0.

Here u is the fluid velocity, p its associated pressure, p is the density of the cloud. ro = RN,
where R is the particles radii, g the gravity vector. The velocity kg = g*=g represents the
fall speed of a sedimenting single particle under gravitational force. The derivation of this
model is a consequence of the method of reflections which consists in approaching the flow
around several particles as the superposition of the flows associated to one particle at time,
see [18], [14, Chapter 8|, [16], [5, Section 4], [15], [I1] for more details. This approximation
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2 AMINA MECHERBET

is possible in the case where the minimal distance between particles is larger than the
particles radii. Consequently, the velocity of each particle corresponds to the fall speed
of one sedimenting particle kg to which we add the velocity contribution of all the other
particles which is smaller but of order one.

In this paper, we are interested in the case where the cloud is made up of clusters. The
main motivation is to show the influence of the clusters configuration on the mean velocity
fall. A first investigation in this direction is to consider clusters of pairs of particles where
the minimal distance between the particles forming the pair is comparable to their radii.
The cluster configuration is determined by the center x and the orientation £ of the pair.
Starting from a microscopic model, the first result of this paper is the derivation of a meso-
scopic fluid-kinetic model describing the fluid velocity and pressure (u, p) and the function
f(t, z, &) representing the density of clusters centered in x and having orientation £ at time
t. The mean velocity fall of clusters is formulated through the Stokes resistance matrices.
The second result of this paper corresponds to the case where the orientation of the cluster
is correlated to its center i.e. £ = F(t,z). We obtain a system of coupled equations on p
the first marginal of f, the fluid velocity and pressure (u, p) and the function F' describing
the evolution of the cluster orientation. A local existence and uniqueness result for the
former system is also presented.

The starting point is a microscopic model representing suspension of N € N* identical
particle pairs in a uniform gravitational field. The pairs are defined as

B':= B(z}{,R)UB(z}, R), 1 <i <N,

where ¢, % are the centers of the i*® pair and R the radius. We define (uV,p") as the
unique solution to the following Stokes problem :

—AuN +VpN = 0, 3 N
2) { dive = 0, on R \L_JIB’

completed with the no-slip boundary conditions :

uY = Ujon dB(z},R),
(3) uY = UiondB(zy, R),
‘ llim luN(x)| = 0,
T|—r0o0

where (U}, Ul) € R3 x R*, 1 <4 < N are the linear velocities. In this model, the angular
velocity is neglected and we complete the PDE with the motion equation for each couple
of particles :

i = UL
(4) { o~ UL

w2
)
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Newton law yields the following equations where inertia is neglected :
F} mg
(5) 1=-1
Iy mg
where m is the mass of the identical particle adjusted for buoyancy, g the gravitational
acceleration, I, Fi are the drag forces applied by the fluid on the i® particle :

Fi= / o, gy | Fi= / o,y ),
0B(z%,R) OB(z%,R)

with n the unit outer normal and o (u’¥, p™) = (Vu" + (Vu™) ") — p™T the stress tensor.
In order to formulate our results we 1ntr0duce the main assumptions on the cloud.

0.1. Assumptions and main results. We assume that the radius is given by R = 5%. In
this paper we use the following notations, given a pair of particles B(x;, R) and B(xq, R):

ry= St w), =g —w), =

5
Let T > 0 be fixed. We introduce the empirical density p € P([0, 7] x R? x R?):

Nt w, &) = NZ(MM z,€),

and set p” its first marginal:
1
(6) PN (t,x) = Nzésci(t) (x)

We denote by d,;n the minimal distance between the centers xﬂr

duin(£) i= min {diy (1) = |2, (1) — (1), # j}.
We assume that there exists two constants M; > My > 1 independent of N such that:
(7) My <|& <My ,i=1,--- N Vte0,T].

We assume that ' converges weakly to a measure p in the sense that for all test function
¥ € Cp([0,T] x R3 x R3) we have:

//R Ut on (tdxd&dt%//RS O it o, ) g di.

We assume that the first marginal of u denoted by p is a probability measure such that
p € WhenNWhl We use the shortcut W (t) := W (p" (¢, ), p(t,-)) to define the infinite-
Wasserstein distance between p™ and p, see [2] for a definition.
We assume that there exists a positive constant & > 0 such that for all N € N* and
t € [0,77:

3

W.
9) sup —> < &.
NeN*Upin



4 AMINA MECHERBET

Finally, we assume that there exists a positive constant & > 0 such that for all N € N*
and t € [0,T]:
W3
(10) sup —— < &s.
NeN*Upin

Remark 0.1. Note that, formula ensures that:

(11) sup Wyo(t) — 0.

te[0,7) N—oo
Since p € L™, this yields a lower bound for the infinite Wasserstein distance:

A g s BT
MWL S S B wp ~

oo

(12)

The definition of the infinite Wasserstein distance ensures that
(13) Woo 2 dmin/27
which yields according to

(14) sup dmin(t) — 0.
te[0,7) N—oo

Assumption 1s only needed for the second Theorem .
Our main results read:

Theorem 0.1. Assume that , and @D are satisfied. If rol|pol|inpe s small enough,
1 satisfies the following transport equation :

Ot + div [(A(€))tkg + w)p] + dive[Vu - &u] = 0, on [0,T] x R3 x R3,
—Au+Vp = 6mrokpg, on R3,
div(u) = 0, on R3.

Remark 0.2. Analogously to the model , global existence a uniqueness result can be
shown for the former model following the result of [10].

The second result concerns the case where the vectors along the line of centers &; are
correlated to the positions of centers z*,.

Theorem 0.2. We consider the additional assumption . Assume that there exists a
function Fy € W such that §(0) = Fy(2'.(0)) for all 1 < i < N. There exists T > 0
independent of N and unique FN € L>*(0,T; W) such that for all t € [0,T] we have:

pN = pN ®6pn  and FN(0,-) = F.
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Moreover, the sequence (FN)y admits a limit denoted F € L>(0,T; W1*°). The limiting
measure i is of the form pu = p ® dp and the triplet (p, F,u) satisfies the following system

( O F +VF-(AF)'vg+u) = Vu-F, on [0,T] x R3,
Op + div((A(F) kg +u)p) = 0, on [0,T] x R3,
(15) —Au+Vp = 6rrokgp, on R3,
divu = 0, on R3,
p(0,-) = po, on R?,
L F(0,:) = F on R3.

Remark 0.3. The matriz A is defined as A := Ay + Ay where Ay and Ay are the resistance
matrices associated to the sedimentation of a couple of identical spheres, see Section |1.1
for the definition. The term (A)"'kg represents the mean velocity of a couple of identical
particles sedimenting under gravitational field. We assume herein that A=1 € W2,

We finish with a local existence and uniqueness result for the limit model.

Theorem 0.3. Let p > 3, Fy € WP and py € WP compactly supported. There exists
T > 0 and unique triplet (p, F,u) € L®(0,T; W'P) x L>(0,T; W*P) x L>(0,T; W3P)
satisfying .

As in [I7], the idea of proof of Theorem and is to provide a derivation of the
kinetic equation satisfied weakly by p”. This is done by computing the first order terms
of the velocities of each pair:

A @ X LR AT
(16) | 7

& ~ (%vai —wi)ng) &

J#
The interaction force ® is the Oseen tensor, see formula (17). This development is a
corollary of the method of reflections which consists in approaching the solution uv of
2N separated particles by the superposition of fields produced by the isolated 2N particle
solutions. We refer to [18], [16], [14, Chapter 8] and [5, Section 4], [15] for an introduction
to the topic. We also refer to [11] where a converging method of reflections is developed
and is used in [10]. In this paper we reproduce the same method of reflections developed
in [I7, Section 3]. However this method is no longer valid in the case where the minimal
distance is comparable to the particle radii. The idea is then to approach the velocity
field vV by the superposition of fields produced by the isolated N couple of particles
B' = B(z!, R) U B(x%, R). This requires an analysis of the solution of the Stokes equation
past a pair of particles. In particular, we need to show that these special solutions have
the same decay rate as the Stokeslets, see [17, Section 2.1].
The convergence of the method of reflections is ensured under the condition that the
minimal distance d,,;, between the centers xfk satisfies
w3 w3

. + —d2°° < 400,

min
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and that the distance |z} — x%| for each pair satisfies formula ([7]).

In this paper, we focus only on the derivation of the mesoscopic model. Precisely, we do not
tackle the propagation in time of the dilution regime and the mean field approximation.
We provide in Propositions and some estimates showing that the control on the
minimal distance d,;, depends on the control on the infinite Wasserstein distance W..
However, the gradient of the Oseen tensor appearing in equation leads to a log term
in the estimates involving the control of W, see Proposition [B.2l This prevents us from
performing a Gronwall argument in order to prove the mean field approximation in the
spirit of [ [7].

0.2. Outline of the paper. The remaining sections of this paper are organized as follows.
In section 2 we present an analysis of the particular solution of two translating spheres in a
Stokes flow. In section 3 we present and prove the convergence of the method of reflections.
In section 4 we compute the particle velocities (xfH &i)1<i<n. Sections 5 and 6 are devoted
to the proofs of Theorem [0.1] and [0.3] Finally, we gather all the preliminary estimates
in the appendix.

0.3. Notations. In this paper, n always refers to the unit outer normal to a surface.
We recall that the Green’s function for the Stokes problem also called the Oseen tensor is
defined as:

(a7) o) =g (it ).

its associated pressure P reads:
1 =z

P(z) = EW
See [4, Formula (IV.2.1)] or [14, Section 2.4.1].
Given a couple of velocities (Uy, Us) € R® x R? we use the following notations
Ui+ U U U,
2 2
Finally, in the whole paper we use the symbol < to express an inequality with a multiplica-

tive constant independent of N and depending only on 7, ||po||zinre, €1, &2 and eventually
on k|g| which is uniformly bounded, see [17].

U+: 7U_I

1. TWO TRANSLATING SPHERES IN A STOKES FLOW

In this section, we focus on the analysis of the Stokes problem in R® past a pair of
particles. Given z1, 75 € R? and Ry, Ry > 0, such that |z; — 2»| > Ry + R, we consider
two spheres B, := B(z,, Ry) a = 1,2 and focus on the following Stokes problem:

—Au+Vp = 0, 3\ B =
(18) { dive — 0, on R \BlLJBQ,
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completed with the no-slip boundary conditions:

{ u = Uy, on 0By, a=1,2,

(19) lim |u(z)] = 0,

|x|—o00

where U, € R? for a = 1,2. Classical results on the Steady Stokes equations for exterior
domains (see [4, Chapter V| for more details) ensures the existence and uniqueness of
equations - . In this section, we aim to describe the velocity field u in terms of
the force applied by the fluid on the particles defined as:

F, ::/ olu,p)n , a =1,2.
9Ba

We refer to the paper [13] for the following statements. Neglecting angular velocities and
torque we emphasize that there exists a linear mapping called resistance matrix satisfying:

Fi\ An Ap) (U
(20) (1) =-srtre o (30 32) (17)

where A,p, 1 < o, < 2, are 3 x 3 matrices depending only on the non-dimensionalized
centre-to-centre separation:

r1 — X2
§i=2—
Ri + Ry
and the ratio of the spheres’ radii:
Ry
)\ = 5
Ry
each of these matrices is of the form:
S s
(21) Aap = 9a,6(|5|a)\)ﬂ+ha,ﬁ(‘5|7>‘)W7

where I is the 3 x 3 identity matrix and g, g, ha g are scalar functions. We refer to the
paper of Jeffrey and Onishi [I3] where the authors provide a development formulas for g, s
and h, s given by a convergent power series of |s|~*. Note that the matrices satisfy

A22(87 )\) == A11(37 Ail)a
(22) Alg(S, )\) = Agl(s, )\),
A12<8, )\) = A12<8, )\_1).

Inversly, there exists also a linear mapping called mobility matrix such that

(23) Uy _ 1 ai; Q12 F
Us 3m(Ry + Ry) \a: axn) \F2/’

The matrices a, g depend on the same parameters as matrices A, g and satisfy a formula
analogous to . They are also symmetric in the sense of formula .
The resistance and mobility matrices satisfy the following formula:

A A (a1 e I o0
24 p—
( ) (A21 Agz) (a21 agg) (0 ]I) ’

Again, we refer to [I3] for more details.
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1.1. Restriction to the case of two identical spheres. We simplify the study by
assuming that Ry = Ry = R i.e. A\ = 1. This means that the resistance matrix depends
only on the parameter s which becomes:

Ty — T2

R

= 2¢,

S =

and we have:
AQQ(S, 1) = A11<S, 1)

Hence we reformulate the resistance matrix as follows:

(25) (%):—Mﬂ(igiﬁﬁg)(%>’

and the mobility matrix:

& (1) = (0 28 (5):
Formula yields the following relations

A1a1 + AQCLQ = ]I,
(27) { A1a2 + AQCLl = 0.
We are interested in providing a formula for the velocity v and showing some decay prop-
erties. In this paper we use the notation (U[Uy,Us], P([Uy,Us]) for the unique solution
to
—AU[UL, Us] + VP[ULL U] = 0, 3\ B | P
{ divU[U, Uy = 0 O RABLUDB,

completed with the no-slip boundary conditions:

U[Ul, UQ] = Ua, on aBa, o = 1,2,
r|—o00

We have the following preliminary result:

Proposition 1.1. For all x ¢ By U By the following formula holds true:

@) @)= [ eEe-a) ol [ o) lowmlE

B1 Ba
Proof. Without loss of generality we assume that the pair of particles is centered in the
origin i.e. xy = 0. In what follows we use the following shortcut

(u,p) = (U[Uy, Us), P[Uy, Us)).

In order to prove the main property we need some preliminary decay rates. We keep the
notation u for the extension of the velocity field on R® by U, on B,, a = 1,2. Since
Vu € L*(R3), the classical steady Stokes regularity results (see [4, Theorem IV.4.1]) com-
bined with some Sobolev embeddings ensures that (u,p) € C*(B(0,3d/2) \ B(0,d)) x

CY(B(0,3d/2) \ B(0,d)), where d is large enough to have By U B, C B(0,2|z_|) € B(0,d).
Hence, the idea is to consider v = yqu, m = ygp Where x4 a regular truncation function
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such that x4 =0 on B(0,d) and x4 = 1 on B(0,3d/2). The couple (v, 7) satisfies a Stokes
equation with a source term f and a compressible condition ¢ depending on the data and
supported in B(0,3d/2) \ B(0,d). Hence, the convolution formula with the Oseen ten-
sor(see [4, Formula (IV.2.1)]) holds true and we emphasize that for |z| large enough we

have:

(29) (o) = u@)| S 7. 17(0)] = Ip(o)] S

The proof of formula (28] relies on the Lorentz reciprocal theorem, see [14, Section 2.3],
which stands that for a given domain Q C R? and two divergence free vector fields v, v’ on
), there holds

(30) / v-(a’n)+/v-div0'+/ U’-(Jn)+/v’~diVU:O,
20 Q 20 Q

where o, o’ the respective stress tensor of v and v’. On the other hand, we recall the
definition of the Oseen tensor ® and its associated pressure P:

_i i Tz = L1 z_
o0 =g (g + o) P =k

We denote by ¥ its (triadic) associated stress tensor :

T,
Sijk = (Pijp + Bpji) — 0Py = —6——"

x5

where ®;;, = 0,,®;;. Since ® is the Green’s function, its stress tensor satisfies

leZ Z 8“21];@ )(52']',

in the sense that for all regular dlvergence—free vector field v

: | v(0) if0eq,
(31) /leva—{ 0 if0¢Q.

We apply the reciprocal theorem, formula (30)), for v = u and v = ®(x — -), we obtain for
all domain €2 and all x € Q:

u(z) = — / (¢~ ) olup)n))()do(e) - / S(E —a)n(€) u(©)do(©)

We may then apply this formula by choosing = B(0, R)\ B, U B, with R large enough
to satisfy By U By C B(0, R). We obtain then for all x € {2

u(r) = — /({)Blu%2 (¢ — ) [o(u, p))n)](§)do(§) — /a X(§ — 2)n(&) u(§)do ()

B1UO By

—/ (6 —x)[o(u,p))n)](§)do(€) —/ 2§ — z)n(§) u(§)do(§)
8B(0,R) 8

B(0,R)

The two last terms on the right hand side vanish when R — oo. This is due to the fact
that ® (resp. ) scales like O(f) (resp. O(75)) and, according to the decay rate (29),
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u, Ro(u,p) — 0 for large R .
For the term involving the stress tensor X and the velocity field v on 0B, U 0By we recall
that u(z) = U, on 0B, v =1,2. And as ¢ ¢ By U By we have then:

| se-amio=o.
0Ba
Finally for all z ¢ B; U By the following formula holds true:

ulz) = — / a6 =)ol — [ als— o) lotup)m] e

0B>

Corollary 1.2. The following development holds true up to order 2:

(32) UlU, Us](z) = —@(x — x1) Fy — $(20 — ) Fo.

There exists a function [ independent of the data such that the unique solution
(U[Uy, Us), PlUy, Us)) satisfies the following decay property for all x ¢ B(x,2|x_]):
U0, Us] ()| max (U1, |Us])

|7y — | |zy — ]

(33) + [VU[Uy, Uo] ()| + |P[Uy, Un] ()] S 67 RF(I€])]

Precisely, we have for all x ¢ B(xy,2|x_|):

(31) Ut U(x) < 67 RIF(€]) (

U Uil + (U=
A CATTANY
|I+—I‘| |x+—l‘|

where £ = |m—§/‘ and U, = %’ U = U1;U2'

Proof. As in [14, Section 2.5], we take the Taylor series of ®(z — &) in £ to obtain an
approximation of the velocity field u that holds true up to the order 3. We recall that if
we neglect the torque we have:

(35) /a olw ) = F.
(36) / o)) x (€ = o) = 0

Replacing ®(z — &) by its development:
Q¢ —2)=D(rg —2) + V(24 — ) (£ —24) + ...

in formula , we thus obtain the following formula which is exact up to second order:

u(z) ~ — Z O(z — x4)Fa,

recall that the forces are given by the following formulas:
F = 67R(A U, + Ayls),
F2 = 67TR(A2U1 + AlUQ).
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We have then the existence of a scalar function f independent of the data such that:

|Fol < 6mR|f(I€])] max([[U4], [Us]).

This yields the following decay rate for all x ¢ B(zq, R) U B(z2, R):

(37) |u<x>\,s6wR( o, 1 )\f<|§|>|max<||U1|,\U2|>.

|z — 21| |x — 22

The remaining estimates are obtained using direct computations and the following formu-
las:

(38) F=F.+F, F,=F, —F_.

2. THE METHOD OF REFLECTIONS

In this section, we aim to show that the method of reflections holds true in the special
case where the minimal distance and the radius R are of the same order. The idea is to
approach the velocity field u” by the particular solutions developed in the section above.
We recall that "V is the unique solution to the following Stokes problem :

—AuN+V N - 0, N i
{ deN -0 on R\ [ JB",
’ i=1

completed with the no-slip boundary conditions :

ulN U!, on OB(z!, R),
u = Ui, on OB(x%, R),

lim [u(z)] = 0,

|z|—o00

where (U},Ui) € R3 x R3, 1 <4 < N are such that:

F mg
__ CV1<i<N.
F; mg

Thanks to the superposition principle, the sum of the N solutions S~ | U[U}, Ui] satisfy

N

a Stokes equation on R\ |J B, but do not match the boundary conditions. Hence, we
i=1

define the error term:
N

U] =u—Y U[U;, U],

i=1
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N
which satisfies a Stokes equation on R?\ |JB? completed with the following boundary
i=1

conditions for all 1 <7 < N, a=1,2 and x € B(x’,R) :

u(x) = = U[U}, Us)(x).
J#i
We set then fora =1,2 and 1 <¢ < N:
U =M (a),

«

and reproduce the same approximation to obtain:

N
U] ==Y (vluf,ug) + v, o)),

=1

which satisfies a Stokes equation with the following boundary conditions for all 1 < i < NV,
a=1,2 and z € B(z!,, R):

u@(z) = D (z) — V(@) = > Uy, Uy ().
J#i

By iterating the process, one can show that for all £ > 1 we have:

k
w= Y UL, 037 + U],

where for alla =1,2, 1 <i < N and p > 0:

W) = uP (@) — uP(al) = S U, Uy (@)

ji
N
ul? = > " Ullpei g+ Uilpeig) .
=1
Us® = P (zl),

The convergence is analogous to the convergence proof in [I'7, Section 3.1]. We begin by
the following estimates that are needed in the computations.

Lemma 2.1. Under assumptions (7)), (O) we have for all1 <i#j<N,1<a,f<2:
. . 1, .
(40) |7 — 73] Zé\xgr—xi].

The first step is to show that the sequence max(max(|U-®], |[U2")])) converges when p
(2

goes to infinity.



A MODEL FOR SUSPENSION OF CLUSTERS OF PARTICLE PAIRS 13

Lemma 2.2. Under assumptions , , @D and the assumption that rol||pol|inre 18
small enough, there exists a positive constant K < 1/2 satisfying for all1 <1< N, p >0

maxx(max(|Uy "], [0y 7)) < Kmax(max(|Uy @], [0; 7)),
for N large enough.
Proof. According to formulas and Lemma we have foralla =1,2and 1 <¢ < N:

UL < DU, v

J#i

6mr f¢; i i
< 0 Z‘ (|j|>’ InaX(‘Uf(p)|,|U§(p)|)
N d;j J

J#

W
< Cnilplunes (52 +1)

where we used Lemma and the fact that for all 1 < j < N and N € N*
FUGDI < sup  [f(Is])],

2<|S|§M1

according to assumption @ Hence, the first term in the right-hand side vanishes according

to @D and .

Finally, if we assume that 7¢||p||L:nz~ is small enough, we obtain the existence of a positive
constant K < 1/2 such that:

maxx(max(|Uy "], [0 7)) < Kmax(max(|0y 7], [U;7)))).

We have the following result.

Proposition 2.3. Under the same assumptions as Lemma|2.4, we have for N large enough:

lim || VU[u*V]||, < R max |UY).
k—o00 1<i<N
a=1,2
Proof. The proof is analogous to the convergence proof of [I7, Proposition 3.4]. This is due
to the fact that the particular solutions have the same decay rate as the Oseen-tensor. [J

2.1. Two particular cases.
2.1.1. First case. Given W € R? we consider in this part w the unique solution to the
Stokes equation completed with the following boundary conditions :

W on B(zi,R),
(41) w=1{ —W on B(z}, R),
0 on B(xi,R)UB(z4,R),i# 1.
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We denote by Woi;(p), a=1,2,1<17 <N, pe N the velocities obtained from the method

of reflections applied to the velocity field w. In other words :

k
w= ZZU[WIi’(p)7 ng,(p)] + U[wik—i_l)].

p=0 1

We aim to show that, in this special case, the sequence of velocities W(fj(p ) and the error
term U [wﬁk)] are much smaller than before. This is due to the initial vanishing boundary

conditions for ¢ # 1. Indeed we have :

Proposition 2.4. There exists two positive constants C; L > 0 such that for N large

enough:
max [WEPH)| < C(2CT L pol peerrr ) Ll_’
a=1,2 |z} — 2 |2
max| WL | < €27 (roCL ol ienss Pl |
m3X|W;’(O)] + mgx\Wolé’(l)] = 0,1#1

W\, p>1,

Proof. We show that the statement holds true for p = 0 then we prove it for all p > 1 by

induction. According to formula we have for p = 0:
Wi(()) = W5a1 - W(SaZ;
and fori # 1, a =1, 2, UsY = 0. This yields for i #£ 1, a = 1,2:

Wt = o wy ),
= O(ai — i) P+ B(oy = ) Fy,

where:

F! = —67R(A;(s") — Ay(s")W, F} = —67R(As(st) — A (sh))W.

Hence, Fy = —F we have then using Lemma :

Wa) < |@e} - at) - @(a —at)| |F],

1
r_
5%ﬂﬁmuﬁ—@wmwu
11

thus, we denote by C' > 0 the global positive constant appearing in the estimate above.
This shows that the first statement holds true for p = 0. For the second estimate we have
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|Wi’(1)| = 0 and for p = 1 we have:

WEC | = S U, Wi ah)|
i#1
R 7,(1) 7,(1)
SCZImaX(H/Vl (W5,
1Y
CRQ 1
<oy (S wi
i#1 1
1
R
< o Ceny

where we used Lemma for £ = 2 and assumption @ In what follows we define the
constant L > 0 as the constant satisfying:

1 1 1 1 1
InlaX (NZ (d—2> + Nz <d_ + I)) < LHp(]HLoole.

g N W j#LE N J

Now for all p > 1, i # 1 we have:

\Wé’(p+1)| _ ZU[W%(I))’ Wg’(p)](xé)
j#i
R A .
< O max((WP L W),
j#i

R
< C(Z —C(2CroL] poll Lerrr)"™

sz
R R|z! |
dil dmin

R|x!|
a3,

C22(r0CLllpo o)™ ) W,
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using the fact that #dkj < ﬁ (% + ﬁ) we obtain

()| < ( 2070 L poll oers )P | — —+ - Z
Wit < O(F=oein im0 (Tt )+
i1 g#i1
R R|z!
diy d|mm|02p 2(roC Ll pollzsoncr)P 1>’W‘
1
<C | |<C(20T0L|’PO|’L°°mL1)p_1 M
dll dli

R
+ ——C2 (0O L pollser) ) W,

R|x! . Rd; _ _
< T (Cntlmllimnw 2 + ZR 2Ll ) 71,
71 min
Since Z4 < roL||po||p=nrt, the second term can be bounded by (CroLl|pol|peenz:)? 2772
which yields the expected result because 2P~ + 2P=2 < 2P,
We prove now the second estimate. Let p > 1 :

|Wi,(p+1)’ _ ZU[W%(M,W;@)](QJQ) :
A1
<C’Z—max(|Wj | \Wj(p)D
i
Rzt
<C (Z C(2CroL||pol| poonrr )P~ %) W,
J#1 &

< CQ2CroLlpolLens)PHC ’ L <Zd2 > W,

- R
< C27H(CroLl|poll ezt )

dmm|x1_||W|.

0

According to these estimates, if we assume that rg||po||p=nz1 is small enough to have
2L pol|lonr:Cro < 1 then the following result holds true :

Corollary 2.5. Under the assumption that rol|po||Leenrr is small enough we have :

[e.9]

R 1
max W] < #lg’ |, i # 1,
Lol |zl — 2|
R|z!
Zmaxrw o g By,

Y
a=1,2 Aonin
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for N large enough.

This result shows that we can obtain a better estimate for the error term of the method
of reflections in this particular case:

Proposition 2.6. We setn := 2C||po||penriLro < 1 the constant introduced in Proposition

(2.4 For alli+# 1 we have

va>$<k)HL°°(Bz) 5 dg_ ‘W|7
il

~Y

R .
| ooy S R||Vw§f“)||L<>°(B@->+d—z|963|77"c Hwl.
12

And for i =1 we have :

R Wi
V0Bl & 7olet | (= + log Wil ) 7],
R

min
(k+1
dmin

[w ey S RIVW®|| L8 +

| [ W,

Proof. Estimate for HVwik)Hoo.
Let € B(x', R), with a = 1,2 and i # 1, formula (39)) yields:

IVl ()] < [Vo® (@) + > [VU D we®) (),
J#i

k
< VU WP ()],

p=0 j#i

k k
< SV Wi @)+ > Vo wy P )|
p=1

p=0j#i,1

+ VOO w92,
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We estimate the first term applying Corollary 2.5

k
, , R
SN VU, WP (@) < 0§ > ( | ) W
VU WS 2 )| ] — |xé_%|2 a%}§| .

p=0j#1,1 p= 0#1 1

<QCZZ (d2) x W30,

p=0j#i,1

<y (RRW) -

J#i,1 &

_ Rl 1| LR

We reproduce the same for the second term applying Corollary [2.5;

k
SIvu W wy (@) < 202 (

p=1

)max<|w ), (W),

|$+
R

~ |x+ 2% |? dinin

e,

For the last term we recall that:
VU W, (z) = Vo(af — 2) F + Vo(x} — 2)F},
as (Wll’(o), W;’(O)) = (W, —=W) we have:

{Ff = —6mR(A:(& §
Fy = —6mR(A (&)W — A ()W),

Thus Fy = —F}' and we obtain since z € B(z', R), i # 1:

VU O W Ol@)| = (V! - o) - V(b - @)
R|z! |

S ———= Wl
ST e
Gathering all the inequalities we have for i # 1:
R|z! |
IV ey S 5751V
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Analogously for ¢ = 1 we obtain:

Vol (@) < [Vw® (@) + Y |VOw®, wi ),
J#1

k
<M Ivumw® wiP) (),

p=0 j#1

<zczz< )max (W@ Wi @),
p=0j#1
R R\xl_\
J#1
R|x1|

min

Estimate for \|w£k)|]oo. Let x € B(x!,R), « = 1,2, i # 1. We have according to formula

(B39 :

D (@) = [P (2) — w (@l) = S owE®, W) ()
J#i
< RIVe® + > |0 ®, wi®) @)
J#i
< RIVO® oo + €32 max((WEO W %))
_ * d b) )

g#i

?

)

R R R R
< k—1 At v g LWL
Manm+Q#ﬂw 7t ¢m>mu |

where n = 2Cr¢L < 1 is the constant appearing in Proposition [2.4. Reproducing the same
computations as before yields:

R .
w5y S RIVWO oo + 2|22 [ W],
17
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In the case ¢ = 1 we have:

()] = [w®(2) — w® () — S UWFS, WEO) ()|
i
R . ,
i

R
SRIVUE Lo Xt P 7,
1

< RVl + dflxilnk_llwl-

min

Thanks to these estimates we have the following convergence rate:

Proposition 2.7.
i [ VU] S Ria® W]
k—o0

Proof. Reproducing exactly the same proof as in [I7, Proposition 3.4], the main difference
appears in the last estimate where we apply Proposition [2.6}

1 2
IVUw® )3 < RYY <||Vw»(<k+l)l|mo(3i> + EHMi’“H)HLM(Bi)) ,

<R[y B ey
: a,

i£1

R (W3 ?
b (= g W) o

min min

d?

min

R R L,y (W2
S (d3_+d_-”2(k ”) <d3 +]log W |) | [P W2

min

2.\ d3 dz,;

min min min

5 3 2 3
T (W +log Wi r) B v e,

Taking the limit when k goes to infinity we get:

RZ W3 R3 WS 2
IVUw k+1>1\|2<32|x1|2rww2{d3 (d3 +|log W |) = (d3 +|log Wi \)}

min min min min
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The term inside brackets is bounded as follows:

R (W3 R (W3 2

2 W3 R [ R W3 ?
SciQ_-cF_.+R|IOgW°°|+d2. (d — +R|10gWOO|) ,

3
we recall that % < 400 and Z- < %]|p0\|meL1§2V—?° according to (12]). O

2.1.2. Second case. Given W € R? we consider in this part w the unique solution to the
Stokes equation completed with the following boundary conditions :

W on B(ri, R),
W on B(xl, R),
0 on B(z},R)UB(z%, R), i # 1.

(42) w

Denote by U(i’(p), a=1,2,1<17< N, pée N the velocities obtained from the method of
reflections applied to the velocity field w. In other words :

w=>>">"UW? Wy + O(R).

p=0 1

We aim to show that, in this special case, the sequence of velocities Wi are also smaller
than the general case. This is due to the initial boundary conditions which vanish for ¢ # 1.
Indeed we have :

Proposition 2.8. There exists two positive constants C, L > 0 such that :

: R
Wz,(p-‘rl) < CQC L o p—.
max W0 < CRCo Ll

max|WC{’(”+1)\ < C2 Y roCL|pollpoorrt)PRIW|, p > 1,

(W, i#1,p=>0,

max|WEW| = 0,
for N large enough.
Proof. The proof is analogous to the one of Proposition [2.4] O

According to these estimates, if we assume that rq||po||r=~nz1 is small enough to have
2LCro||pol|Lnrt < 1 then the following result holds true:

Corollary 2.9. Under the assumption that ro||pol|resnrr is small enough we have for N
large enough:
S i.(p 1) R :
max [WoP ™| S ———— W], i#1,
a=1,2 |z} — 2%
=0

> max[WyPt| < RIW.
k=0
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3. EXTRACTION OF THE FIRST ORDER TERMS FOR THE VELOCITIES

In this section, we apply the method of reflections to the velocity field u”" as presented
above and we set :

YU =U®1<a<2,1<i<N,
p=0

we also use the following notations for the forces associated to the solutions U [Uf’oo, U;’Oo]:
F = —6mR(AL(&)UT™ + As(&)Uy™),

(43) Fy® = —6mR(Ax(&)UT™ + A(&)UY™).

3.1. Preliminary estimates.

Proposition 3.1. If assumptions (7)), () hold true and rol|pol|psnrr is small enough
we have for N large enough and for all1 <i < N

Ui + Ul .m
! 5 2= (A1(&) + As(&)) 1ﬁ9
52 (U, U3)(@h) + UV, U3™](x})) + O(R) max |UL].
i a=12
U’i,OO + Ui,OO 3 m :
% = (A1(&) + Ax(&)) 1%9 + O(R)lrgfnga‘-
a=1,2

Proof. We prove the formula for ¢ = 1 and the same holds true for all 1 <7 < N. We set

w the unique solution to the Stokes equation completed with the following boundary
conditions :

W on B(x}, R),

(44) w=1<{ W on B(z},R),

0 on B(z!,R)UB(z%, R), i # 1,

with W an arbitrary vector of R®. We use the method of reflections to obtain :

2mg-W:2/D(uN):Vw

= —(F™ + Fy®)- W + lim 2/D (Uul]) : V.
k—o0

For the last term we apply again the method of reflections to the velocity field w, see

Section 2.1.21 We set:
kN

wy, = ZZU[WIZ,(IJ)’ V[/;,(p)]7
p=0 i=1
with
IV = Vo | sqeons, < BRI
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We obtain :
/D W) - v = Q/VU[uff“)] : D (wy) +2/D (UudD]) = V(w = w).

Thanks to the method of reflections, the second term on the right hand side can be bounded
by R2|W]1132?]<V |U?| (see Proposition . For the first term we write :

a=1,2

lim 2/D (U[uikﬂ)]) :Vuwy, =

_ Z ZZ/ (U[lev(iﬂ)’ Wg}(l’ n Ulul (k+1) ]

p= 0 j i B(:E R)UBB
We have
. . R ; . .
oIV WDl ot moomgmy S g max(WE L W) Vi
(|Wi,(p)| |Wi7(p)|)
max{|W; |, [Wa

AN

||U(U[W117(p)7 sz’(p)]) | L (0B (@i, R)LOB (i, R)) R

for the sake of clarity we set

Lij = ZHU(U[Wf’(p), Wéj’(p)]) | Lo (0B (@t ,R)LOB (2, R)) -

We have then

lim ‘/VU DT D (wn)| S

k—o0

< 47 R? <ZZF”> lim Hu EHD) || so.

Recall that ||u(k+l loo = O(R)lrgax |U!| when k goes to infinity. Thus, we focus only on

a=1,2
the remaining terms by splitting the sum as follow :

DI O SLITIRTHES I
i i#1 \j#Li j#1
For the first term, we have thanks to Corollary [2.9 and the estimates for I'; ;:
RR 1R R
D+ T+ Tar | S 3 ( e - R) W],
(S ) SE (S gt it g
£l \j#l,i i#l j#Li ij e

<Zd wl
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For the second term we have:
R R

PRITEDS 2 WIS Wl

: ; 15 Y1y

J#1 T
The third term gives finally:

1
Lo S S RIWI S W]

Gathering all the inequalities we obtain:

1 . .
lim ‘/U[ufkk+1)] : le‘ <R (Z —) (W max |U!| < R*|W| max |U’|.
k—o0 — d;q 1<i<N 1<i<N
i#1 a=1,2 a=1,2
Finally, we have:
2mg - W = —(F\'™ + Fy™) - W + O(R*)|W| max |Uy |
a=1,2
This being true for all W € R? it yields:
2mg = —(F"™° + Fy™) + O(R*) max |U|.

1<i<N
a=1,2

Using the definitions of F}"™ and F,*™, see (43), this becomes:
2mg = 67 R(A1(€1) + A2(§)) (U7 + Uy™) + O(R?) max |Ug |-

a=1,2
Recall that A;(§) and Ay(§) are of the form hy(|¢])I + hg(lﬁ\)%. Moreover, according
to formulas Ay 4+ Ay (resp. Ay — Ag) is invertible and its inverse is (a; + az) (resp.
a; — CLQ). Thus :
. . am 1 _ i
(45) U™ +Uy™ = 2(A1 (&) + Aa(&)) 1@9 + a(Al(&) + As(61)) lO(R)fél%}J(v‘U“"
a=1,2
We use the fact that ||(A;(&) + Aa(&1))7Y| is uniformly bounded independently of the

particles and N to get

1,00 loo 1 m i
U™+ Uy =2(A1(&) + A2(&)) _67ng+O(R)1I£¢a§}1(V|Ua|'
a=1,2

On the other hand, as (U3, UJ ) = (UL, U2) we rewrite formula as :

> m
UL+ 03 = =D (U0 + U ) + (i) + Ax(62) 7 55

p=1

1 - i
+ QG—W(Al(fl) + Az(&1)) IO(R)ITSHZ%}](\AUJ'
a=1,2
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Using again formula this yields :

UL+ Uy =Y > UoP® Y o3 V) (@) + U[o? 0, 3 Y] (23),

p=1j#1
_1£ i -1 i
+2(A1(&1) + A2(&1)) i’ + 67T(A1(£1) + As(&)) O(R)lrgzng l,
a=1,2
j,00 J,00 ,00 ,00 m

=D (UIU™, U] (ay) + UUT™, U™ (3) + 2(As (&) + Aa(61) ' 559,

J#1

1 - (2
+ 6_7T<A1(§1) + As(&)) 1O(R)1rgla<)J<V|U .

a=1,2
We conclude by emphasizing that ||(A; + A3)™!|| can be uniformly bounded. O

Applying the same ideas we obtain the following result:
Proposition 3.2. for all 1 < < N we have :
T Tt 7,00 7,00 AN 7,00 7,00 i i 7
Ui = Uy = (UIUP™,U3](a}) = UU°, U3 (3)) + O(R|a" |) max [Ug -
i a=12
U™ = U™ = O(R|2L|) max |U,|.
a=1,2
Proof. The proof is analogous to the one of Proposition[3.1} The idea is to consider this time

w the unique solution to the Stokes equation completed with the following boundary
conditions :

W on B(zi,R),
(46) w=< —W on B(zi, R),
0 on B(z},R)UB(z4,R), i # 1,

with W an arbitrary vector of R®. Using the method of reflections, Propositions and
2.3l we obtain the desired result. O

3.2. Estimates for i’,. Propositions and yields the following result:
Corollary 3.3. For all 1 <i < N we have :

= (AE) " g + TS (g + O(R),
J#i

where A = A, + As.

Proof. First of all, from Propositions and we can show that the velocities U! are
uniformly bounded with respect to N forall1 <7 < N and o = 1, 2. Indeed, using formula



26 AMINA MECHERBET

together with the decay properties and Propositions and we have :
max [Uy| < max (|UL]+|UZ)),
1<i<N
< 1,00 1,00 7
S 1+ max (JU™] + [UZ7]) + O(R) max [Uy,
1<i<N
S 1+ O(R) max [Ug].
1<i<N
This allows us to bound the terms max |U¢| by a constant independent of N in the esti-

1<i<N

mates of Propositions - 3.1l and 3.2 From Proposition [3.2] we have

UL = (Ai(&) + Aa(&)™ g + Z UUT™, US> (1) + UIUP™ + UF™)(23)) + O(R),
1751
with:
UlUP™, U™ (1) + U[UT™, U™ (3) = —®(ay — o) F{™ — ®(a1 — a3) FJ™
— @y — 2} F{™ — ®(xy — a}) FJ™,
= —(P(z1 — #]) + P(y — 27)) FT™
— (®(a} — a3) + (g — 23)) F™,
recall that: . ' ' .
Ff’w = F]r’oo + Fl’oo Fi’oo = —mg+ O(R?)
Fy* = FP™ —F?>* 7 F>* = O(R?)
see proof of Propositions and . Hence, we replace Ff and FZJ by their formula and
bound the sum of terms involving the error term O(R?) by O(R). We get

(47) Y UUP™, U] (a) + U[UP™, US> (w3) =
i
67TRZ — )+ O(x) — 2]) + Bzl — 2d) + (2l — 2)))kg + O(R),
J#i

where mg = 6mRkg. Now the idea is to replace each of the four terms by ®(z} — xi)
Direct computations shows that for all 1 < o, 8 < 2 we have:

|z} —xﬁ—x++x+|<\x1\+\x |

which yields for all 1 < o, 8 < 2:

1 J
1 ‘ 1 j 21|+ |2l |
|©(z,, — 37?3) — Oz —2})| S m
+ T3

Hence the error term can be bounded by (|z* | + |27 |) which is of order R. O
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3.3. Estimates for i . Analogously, Propositions and yields the following result:
Corollary 3.4. For all 1 <1 # N we have:

En ( Y-V, — ) ) L0 (o).
JF#i

Proof. The first formula of Proposition together with the uniform bound on the veloc-
ities (UL, U"), see proof of Corollary [3.3] yields:

Ui = Uy = Y UUP™,U§™)(a}) = UIUT™, U™ () + O(R|2 ).

J#i
We want to estimate the first term, we have:
UIUT™, Us™)(a) = U[UP™, U3 (23) = —@(2) — af) FT™ — ®(2} — a3) F3™
+ @y — 2] Y™ + (wy — 03) Y,

— — (@(a} — o) - 0o — o)) F/™
- (@(a} — a}) — (ah — ) ™,

= 2[V®(zh — x) - 2® |F)
+2[VP(zh — ) - 2 [FP™ + £l

= —2[VO(a, — o) - al)(F{™ + F™) + &5 + &

Now recall that, from the proof of Proposition we have:
FI>° 4 FP® = —2mg + O(R?).
Thus, we get the following formula:
U[O7>, U3 (@y) = U7, U3™)(ah) = 2[Ve(a', — o) - allmg + & + £ + &,
with , , , . .
£ = =2[Vo(x, —al) - 2" J(FI™ + FI™ + 2mg).
Finally we obtain:

L 5 2 =N Vo, — o)) 2l Jmg + 5 Ze{j +EL + 3+ O(Rz' ).
jF#i J#Z
It remains to bound the error terms. We begin by the first one:

€05l <2 ( - (IV2@(2] — )| + [V (a} — y)\)) [ [P FP>] + F)).
y€lr],z}
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We emphasize that for all y € [z}, z}]:

ly =1l > oy — 2] = |21 =yl =2 fa) — @] = 202l | > Zlad — 2],

where we used the fact that
’1’1 - ${|-|7
and
i J 1 i J
|z} — 21| > §|$+ - ZE+|>
This yields :
R
Sl < 0N it PRAlg] < Clat | (S ) <
J#i j#i i Ainin j#i Y

For the second error term we have:

i
min’x_|-

& = —2(VO(zh — x]) — VO(z', — )] -2’ - FP™
_ [V@(ZL‘ZQ — x%) — VCI)(xfF — xi)] cxt FQj’oo

where

; 1 1 ) )
|V (s, —xl) VCD( -2 )| <C - j3+ - s |z’ + 2 |
|zt — 1] |x+—x+\

As |27 | ~ R ~ |#".| the second error term is bounded by:
> lel< CZ et Relg)
Ji i
which yields the same estimate as for the first error term. Finally, the last error term gives:
D IEL < 2Ave(at, — )| |a” | [FP™ + FY™ + 2myg|,

JFi
< CR%

where we used the fact that Flj’OO + F2j’°° = —2mg + O(R?) and |2 | ~ R. 0

4. PROOF OF THEOREM [0.1]

In order to derive the transport-Stokes equation satisfied at the limit, the idea is to
show that the discrete density p!V satisfies weakly a transport equation. We introduce the
following notations. Given a density p, we define the operator Kp as:

Kp(r) := 6mrg / ®(z — y)rg p(dy).

R?)
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The operator is well defined and is Lipschitz in the case where p € L' N L>. Moreover,
note that ICp satisfies the Stokes equation

—AK(p) + Vp = 6mrokgp,

on R®. Analogously, we define KV p" as:

KN pN (z) := 67Tr0/ X®(x — y)rg p™ (dy),

R3

where x®(-) = x ( '

dmin

x =1on“B(0,1/2).

) ®(-), x is a truncation function such that x = 0 on B(0,1/4) and

4.1. Derivation of the transport-Stokes equation. The transport equation satisfied
by uV is obtained directly using the ODE system derived for each couple (z', &). We
recall that:

UL = (A&)) kg + KNV (@) + O(R),
Ut
R

Following the idea of [17, Section 5.2], one can show that we can construct two divergence-
free velocity fields EY and EY such that :

VICNpN(l’:_> . 51 + O (dmin) .

(48) UL = (A(&) kg + KNpN (2h) + BN (a),
i i )
== VK@) & BV (8,
and there exists a positive constant independent of N such that
(49) IEY oo = O(R), |EN oo = O (dmin) » [IVEY[|oo + [VEY]|oo < C.

This construction yields the following result

Proposition 4.1. u"V satisfies weakly the transport equation:
(50) .
O™ + div, [(A(€)) trgp® + KN p™ (@)™ + BN p™] 4 dive[VEN p () - €™ + BN ] = 0.

We can prove now Theorem [0.1]

4.2. proof of Theorem [0.1I] The proof is a corollary of Proposition [1.1 Indeed, we want
to show that for all ¢ € C>°(R?) we have:

50 [ [ {0l + Tuotn,) - [(AEO) kg + 2Kp(a))]

+ Veb(t,@,€) - [VKp() - € pult, do, dE)dt.
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which is obtained directly by passing through the limit in each term of formula . Indeed
we recall that we have the following estimates:

1YY = Kplloo S Wee
IVEYp™ = VEplloo S Wao(1 + [log Wa]),
1E¥lo =O(R) . [E]lc = O (dunin)

5. PROOF OF THEOREM AND

This section is devoted to the proof of Theorem[0.2)and [0.3] The Lipschitz-like estimates
proved in Proposition [B.3] suggests a correlation between the vectors along the line of
centers & and the centers 2’,. In this section, we show in particular that this correlation
is well propagated in time.

5.1. Derivation of the transport-Stokes equation. We assume now that there exists
a lipschitz function Fj such that

&(0) = Fy(2'.(0)), 1 <i<N,

which means that u) = p) ® 0g,. In order to propagate this correlation we search for a
function FN(¢,-) € Wb* such that for all ¢ € [0, 7] we have

&Gt)y=FN(t,2'(t)), 1<i<N.
According to the ODE satisfied by &;, see , FN must satisfy the following equation

OFN +VEN  (A(FN) kg + KNpN + EN) = VNN . FN 4 EN(FN),
FN0,) = F.

The following proposition shows the existence and uniqueness of FV.

Proposition 5.1. There exists T >0 such that for all N € N*, there exists a unique (local)
solution FN € L>(0,T; WL°°(R3)) of the following equation

OFN + VFN . (A(FN) kg + KNpN + ENY = VKENpN . FN 4+ EN(FN),
(52) N\ —
F (Oa ) - F0~
Proof. The idea is to apply a fixed-point argument. We define the mapping A which
associates to any F' € L>(0,T; W*°(R?)) the unique solution A(F) = F' to the transport
equation
OE +VE - (AF) kg + KNpN + EN) = VKNpN . F 4 EN(F),
(53) :
F(0,-) Fy.

We define X? as the characteristic flow satisfying :
0, XN (s,t, 1) = A(F (s, XN (s,t,2))) g + KN pN (s, XN (s,t,7)) + BN (s, XV (5,1, 7)).

XN(t,t,x) = .
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The Lipschitz property of A™', F, K¥p" and EV ensures the existence, uniqueness and
regularity of such a flow, see Proposition and formula . Moreover, direct estimates
show that for all 0 < s < t¢:

(54) [VXY(s,t, )]l <
exp([[kgl| VAT ool [Fll oo 0, rswre) + 1KY 0N 4+ BN || oo o mywricey] (= 5)).
Hence, we can write
F(t,z) = Fy(XN(0,t, x))
+ /t VENpN (s, XN (s,t,2)) - F(s, XN (s,t,2)) + E(s, F(XN(s,t,2)))ds.
Direct computationos yield

JAE) |2 om:20) < [ Folloo + TIIVEN oV (| zoo 0,700 | F | 2% 0,722y + 1 EN || oo (07520,

and
IVA(F)| o120y < [[[Foll1,00 + T{||V/CNPN||L00(0,T;W17°°)

+ BN | oo o w1.) } 1P| o, VXY (8, ) | Lo,

Gathering all the estimates and using Proposition and the uniform bounds , there
exists some constants independent of N such that:

(55) MAE) |0 e )y < (1 Follwro + TCLIF || oo ziws e zey) )e ™"

On the other hand, given Fy, Fy € L>®(0,T; WH>*(R3)) we set X; the associated charac-
teristic flow and we have

LAt ) — A(F)(E,)]|oe <
(I Folloo + I Fill e o) 1Y ¥ | e . 720) ) 11 (0, ) = X (0,8, o
+ || VKN oM || oo 07000y |1 F1 = Fo| oo 0,700 (R3)) -
The characteristic flows satisfies
t
Xy(5.1,2) — Xa(s,t,0)] < VA / IFu(r, ) — Fy(r, ) loct
(||F1||Loo(07T;Loo)|/<ag| + 2||V/CN,0N + VEN||LOO(O7T;LOO))|X1<T7t, x) — Xo(7, t,2)|dT,
hence
t
16:05,8,) = Xa(ort e < ([ IVAlIFir.) = Fafr, )ty ) <0
This yields
(56)  [A(F1) = A(F2) |l 0,100 ®3y)y < C(||Fillpooo,mwrce@sy)) T || Fi — Fo|| Lo 0,110
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We construct the following sequence (Fj)gen C L(0,T; WH>°(R?)) defined as

FHl — A(F¥) keN,
FO - Fo.

For T small enough and independent of N, using estimates and , the sequence

(F*);, is bounded in L>(0,T; W1*°(R3)) and is a Cauchy sequence in the Banach space

L>=([0,T], L>(R3)). There exists a limit F' € L>(0,T;W'*°(R3)) such that F* — F

in LOO(O T,L>*) and VF¥ — VF weakly-* in L>*(0,7T,L*>). It remains to show that
A(F). The weak formulation of the transport equation writes

/ [ @+ div (0 17 (PR)g 7)) P = /0 A

for all ¢ € C}((0,T) x R?). Using the strong convergence of FV to F and the weak-*
convergence of its derivative, we get

T T
/ / (O + div (¢ - [AT (F)kg + KV pN])) F = / / (VICNpN -F+ EN(F)> -,
0 R3 0 R3
Uniqueness of the fixed-point is ensured thanks to estimate and . [l
Proposition and formula yield the following result

Corollary 5.2. There exists a unique solution of FN e L>=([0,T], W1*°) such that
= (id, FN)#pN and pN satisfies weakly

(57) Aip™ + div[(A(FY)) kg + KN pN (2) + EN)p"] = 0.

5.2. proof of Theorem and In the previous part we showed the existence of a
unique function F¥ such that:

(vchpN L FF 4 EN(F’“)) P,

& = FN(x').
In order to provide the limiting behaviour of the system, we need to extract the limiting
equation satisfied by F' = hm FN and to estimate and specify the convergence. It is

straightforward that the hmlt functlon F' should satisfy the following equation:

(58) OWF +VFEF-(AF) 'kg+Kp) = VKp-F, on[0,T] x R
F(0,)) = F.

We begin with the proof of local existence and uniqueness of the solution to system ([15]).
Proof of Theorem[0.3 Let p > 3, Fyy € W?P, py € WP having compact support. The idea
is to apply a fixed-point argument. We define the operator A which associates to each
u € L>(0,T;W?3?) the following divergence free velocity

ur F(u) = pu) = A(u),

where F(u) € L>(0,T; W?*P) is the unique solution, see Proposition to the following
equation
OF +VF - (A" (F)kg+u) = Vu-F, on|0,T]xR3
{ F(0,) = F, on R3.
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p(u) € L>(0,T; W) is the unique solution, see Proposition to the transport equation

{ Oyp + div((A~Y(F (u))kg + u)p) 0, onl0,7T] x R3,
p(0,:) = py, onR3

and A(u) = Kp(u) = 6mro® * (kp(u)g). The mapping is well-defined, indeed, since py €
WP we have p € L>(0,T; W), see Proposition|[C.2} Consequently, applying [4, Theorem
IV.2.1] shows that V3A(u), V?A(u) € L? and we have

IV A@)lp < ClIVp)l,, V2 A@)ll, < Clip(u)ll,.

On the other hand, since p(t, -) € LP and is compactly supported, see Remark , we have
in particular p(t,-) € L9 N L% with

3p

3p B
3+ 2p

q1 6]3/273[7 q2 6]173/2[

We apply again [4, Theorem IV.2.1] for ¢ = ¢; (resp. ¢ = ¢2) to get VA(u) € LP (resp.
A(u) € LP) and we have according to [4, Formula IV.2.22] (resp. [4, Formula IV.2.23])

VA, < Cllp@)llg, 1AW, < Cllp(w)llg

Hence, since ¢, q2 < 3 < p, Holder’s inequality yields

VA, + A, S ([Soug\ supp p(u)(t, )" + ?ou%?' supp p(w)(t, )%l p(w)ll,

where [sup]\ supp p(u)(t,-)| depends on T, ||A™ o, ||F||1oe(o,mw2ry and ||u]| Lo (o, w20y ac-
0,7

cording to Remark

(59) diam(supp(p(u)(t,)) < Clpo, T, |ull Lo,y || oo 0,mm20) ),

Finally we have

(60) | A(w) || oo (0,75w3.)
(61) | A(w) || oo (0, 75w2.)

C(1+ M(T))|lp(w) || oo 0,rw10),

<
< OO+ M(T)llp(w)ll =r:Lr),

M(T) = [sup]l supp p(u)(t, )|V (1 + [SUI?! supp p(u)(t, )|'?).
0,7 0,7

We recall the following bounds, see Proposition and Proposition

L, O = C(IF @) oeo.rwzys 1ull oo mwss)).

(62) [lp(w)]| e rwiey < llpoll1pe”
According to Proposition [C.1] for a small time interval we have for a fixed A > 1

(63) IE@)]l2p < Ml Eoll2-
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On the other hand, gathering the stability estimates of Proposition and Proposition

and we get for u; € W3P, i =1,2
[A(u1) — Auz)|| 2 (0,r5m2

N

P)

< C(1+ M(ur,u) (1)) p(ur) — (Uz)HLoo (0.T:L7)

< C(1+ M(uy,u)(T))T (| F(ug)| zos (o,mswiey + [Jur — Uzl Loo (0,11 P))
< C(1+ M(up,u)(T))T(1 4+ T)||u1 — Us|| oo OT.WZ,p)GCIT,

T

where C' depends on ||| ze 0.7y, || F (wi)|| oo o, w2y, ||p(wi) || oo o,mwrey and
M (u1, ug)(T) == [Sup]l supp(p(u1)) U supp(p(us)| /(1 + [Sup}l supp(p(u1)) U supp(p(uz)['/?),
0,T 0,T
S C(T, HW||L<><>(0,T;W2@), HFz’“L‘X’(O,T;W?’P)a supp(po))-

We consider the following sequence
ubtt = A(uF), k€N,
uw = Kpo.
We set F* = A(u), pF := p(u*). Previous estimates show that the sequences (uy)ien,
(Fi)rens (pr)ren are uniformly bounded in L>(0, T; W3P), L>(0, T; W?P), L>(0,T; Wtr),
respectively, and are Cauchy sequences in L>(0,T;W?P), L>°(0,T; Wl?), L>(0,T;Lr),
respectively for 7' small enough. Consequently, there exists (u, F, p) such that

uf = in L(0,T; W?P),

FF = F  in L™(0,T; W),

p" —p in L®(0,T; LP).
This allows to pass through the limit in the weak formulations of ©* and p*. In addition,
we use the fact that VF}, converges weakly-* in L°°(0,7T"; L*°) in order to pass through the
limit in the weak formulation of F*. Hence, the triplet (u, p, F) satisfies equation . We

recover the regularity of each term using the a priori bounds. Uniqueness is a consequence
of the previous stability estimates. U

5.3. Proof of Theorem [0.2l

Proof of Theorem[0.3 Since p¥ — p weakly in the sense of measure, this yields that
Wao(pN, p) — 0. We want to show that the triplet (p™, FN, KN pV) converges to (p, F, Kp)
the unique solution of equation . From Proposition and using the same arguments
as in Proposition we have

W (s)
d2

min

1Y) — F(t, ) < C / W (1+|1ogwoo<s>|>+

where W (s) := Wi (pV (s, ), p(s,-)). Hence F¥ — F in L>(0,T; L) and KV p" — Kp
in L>°(0, T; W) if the Wasserstein distance is preserved in finite time. This allows us to

) B+ 1B
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pass through the limit in the weak formulation of pv

/ / (0 + V- (A (FM) kg + KV o)) oV = 0.
0 R3

APPENDIX A. SOME PRELIMINARY ESTIMATES

This section is devoted to the proof of the following lemma which is analogous to [12]
Lemma 2.1].

Lemma A.1. There exists a positive constant C' such that for k € [0, 2]

1 1 W3
S < Ol (dk—ﬂ),

j#i 1] min
1 1 W3

Proof. We introduce a radial truncation function y such that x =0 on B(0,1/2) and y =1
on °B(0,3/4). We have for all £ > 0:

T, — Y 1 N
t,d

JF
_ /R3X (a: ;mii;(y)) — _1T(y>|kp<t,dy),

z; —T(y) 1
(/B(xi,SWOO) cB(x;,3Woo) Aimin |z — T'(y)|* ( )

Recall that W, > dpnin/2. Since x (zl (y)) = 0if |z; — T(y)| < dumin/2, the first term
yields:

3

i — T(y)) 1 W
X t,dy) < C|lplloe—=2

min

For the second term, we have |z; — T(y)| > |z; —y| — |y — T'(y)| > @ and we get:

1
T, —Y 1 1
X pt’dygpw/ =z dr + el
[B(Ii,3Woo) ( dmin ) |z; — T'(y)|* ( ) = lpll gy TR2 ol

oo

which yields the desired result. O
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APPENDIX B. ESTIMATES ON K¥p", Kp AND CONTROL OF THE MINIMAL DISTANCE

In this part we present some estimates for the convergence of the velocity field KV p™v
and its gradient towards Cp and its gradient. We estimate the oo norm of the error using
the infinite Wasserstein distance between p™ and p in the spirit of [6], [7].

We recall that, according to [2][Theorem 5.6], at fixed time ¢ > 0, there exists a (unique)
optimal transport map 7' satisfying :

Weo := Wes(p(t,-), p"(t,-)) = p - esssup |T'(z) — ],
with pN(¢,-) = T#p(t,-). This allows us to write KV p" as follows

KV o () = 6y / @ (& — T(y))p(y)dy.

This important property allows us to show the following results.

Proposition B.1 (Boundedness). Under the assumption that p € WhH 0 W1 there
exists a positive constant C' > 0 independent of N such that:

WL WL W
I Vs € (322 52 4+ 5 s

Remark B.1. The term ZE—?O appears only for the second derivative of KN p™N which is
needed for the proof of Theorem [0.3

Proof. Let x € R3, we have :
KV N (2)] < C/ IX®(z — T(y))p(y)dy| ,
< C\Iplloo/ Ix®(z —T(y))] +/ Ix®(x —T(y))| p(y)|dy.
B(%,3Woo) ¢B(z,Wso)

Recall that for all y € B(z,3W,) such that |t —T'(y)| < dpin/2 we have x®(z—T(y)) = 0.
Hence in all cases we have the following bound for all y € B(z,3W,,):
C

Ix®(z —T(y))| < .

this yields the following bound
W5
[ -tz og=
B(z,3W) min

For all y °B(xz, W) we have that |z — T(y)| > |z — y| — |T'(y) — y| > 2We > dpin. This
ensures that y®(z —T(y)) = ®(x — T'(y)) on °B(x, W4,). Moreover we have

1
v —=T(y)| > |z —y| — We > 5|z —yl,
2
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which yields

dy
/ IX®@(x —T(y))|[p(y)dy < Cllplloo/ — + oz,
¢B(z,Weo) ¢B(z,Woo )NB(x,1) lz — |

< Cllpllpinzee-

Analogously we obtain a similar bound for VY. We focus now on the bound for V2KV pV.
We have

V2 0V ()] < Ol / V2 x@(x — T(y)| dy

B(z,3W)

+

Vix®(z —T (y))p(y)dy‘ :

CB($7WOO)

We use the same estimates as before to bound the first term by ||p]]oo 5= d3 . For the second
term we write

(64) Vixd(a —T<y>>p<y>dy\ < V2o (s - y)p(y)dy\
¢B(z,Weo) ¢B(z,W)
w9V - T) - Vel - )] oyl
cB(z,Wso)

Using an integration by parts for the first term in the right hand side of we get

Vi0(z — y)ﬂ(y)dy‘ <

V(s - y)vmy)dy]

¢B(z,Wso) ¢B(z,Wso)

T / Vo (z — )| |p(y)ldoty)
OB(z,Wx)
< OV oz + ol

Finally, for the second term in the right hand side of we have

[ VR - Tw) - Vet - )| olw)ldy

B(z,Wso)

</ < L1 )| T(y)loy)ld

< Yy — y)py)ay
S \ Py P YR

< CllpllLrapee-

The following convergence estimates are used in the proof of Theorem
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Proposition B.2 (Convergence estimates). The following estimates hold true:

Woo(pN,p)Q) |

I = Kpllim 5 DollaWocls. ) (14 2=

Woo N’ 2
IVE¥pY = VEplle < llplleWas(p™, 0) (|10ng(pN,p)\+%+1).

min

Proof. We use in the proof the shortcut Wy, := Wy (p", p). Let x € R?, we have

¥ oY (2) — Kp(a)| < 6 / X®(z — T(y)) — B(x — y)| p(y)dy.

supp p

We split the integral into two disjoint domains J := {y € suppp, |r — y| < 3W,} and its
complementary. Note that on J, according to the definition of the truncation function Yy,
we have y®(z — T'(y)) = 0 for all y € J such that |z — T(y)| < %2 . We can then bound
directly the first integral as follows

/J IX®(z —T(y)) — ®(x — y)| p(y)dy < /J Ix®(x —T(y))| p(y)dy + /J |®(z —y)| p(y)dy

4 1
Sl (I [ ).

Direct computations yields

[ ete =1 — 0 =) S ol (2 402 )

We focus now on the remaining term, note that for all y € ¢J := “B(z,3W,,) we have
[z =T(y)| > |z =yl = |T(y) =yl = 2Wwx > dmin,

which yields that y®(z—T'(y)) = ®(z—T'(y)) on °J. Moreover, we have |z—T(y)| > 5|z —y|
on “J. We have then

[ WO = T(3) ~ 0o —y)] = / 10 = T() = 0l — )]

1 1
< KL (|x TR o ylg) ly —T(y)|p(y)dy,

1
SWalldle [ =
< Wl

In the last line we use the fact that F—y is integrable on “B(x,3W). The proof for
the second estimate is analogous to the first one. The main difference occurs for the last

estimate where the [og term appears. This is due to the fact that we integrate ;y|3 on

|z—
“B(z,3Ws).

1
T
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We present now an estimate for the conservation of the particle configuration. This esti-
mate combined with Proposition shows that the dilution regime is conserved provided
that we have a control on the infinite Wasserstein distance.

Proposition B.3. For all1 <i < N and j # i we have
&l S IVENpN oo 1€l + O (dunin)
3t =& S IIVEYpV|oo 2y — 24| + 1€ — &1 + O(R),
<

&= IVEN pMloo 16— &1 + IIV2EN oV [loo |2 — 2| + O (dunin)

where
Woo = WOO(p(ta ')7ﬁN(t7 )) = p - esssup ’E(Jj) - SL’|

We remark that the conservation of the infinite Wasserstein distance, which is initially
of order ﬁ, ensures the control of the particle distance. Unfortunately, due to the log
term appearing in Proposition we are not able to prove the conservation in time of the
infinite Wasserstein distance.

AprPENDIX C. EXISTENCE, UNIQUENESS AND SOME STABILITY PROPERTIES

In this section we present some existence, uniqueness and stability estimates.

Proposition C.1. Let p > 3. Given Fy € WP and u € L®(0,T; W3P), there exists a
time T > 0 such that F € L>(0,T; W??) is the unique local solution of

(65)

HF +VF - (A" (F)kg+u) = Vu-F, on[0,T] x R3,
F(0,-) Fy, on R3.

We have the following stability estimates

|71 — FZ“LOO(O,T;WLP) < CTluy — U2||Loo(0,T;W2vP)€CQT,
with Cy and Cy depending on [|A™ o0, ||willLoeo.rswaeys [|Fill oo o.w2e).-
Proof. Since p > 3, we have Fy, € W?? — W and u € W?>. We can apply the
existence proof analogous to the existence proof of Proposition to get a unique solution
F e L>(0,T; W) for a given T > 0. It remains to show that F' € L>(0,T; W*P) for a

finite time interval. We have for a« = 0,1, 2

OD*F +VD*F (A" (F)kg +u) = =VF - D* (A" (F)kg + u) + (D*Vu)F + (Vu)D"F.
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Multiplying by |[D*F|[P~1 and integrating by parts the second term using the fact that
div(u) = 0, we get

/|DC“F|” /|Da Pdiv (A7/(F)) + VF - [D*FP~ (D* [A~'(F)] g + D*u)
+ (D*Vu)F|DF|P~! + (Vu)D*F|DF|P~1,
SNFIB, (IVA ol Fll1eo + [Vl

HIIDFIP (A 200 + 1) (HVFHOO {IVEl + IVEll<lVEll + V2 Fll, + [ Dull, }

+IPL 109l ).
Since [|Fll1.00 S Fl2p, 100 S || Fll2,p, We get up to a constant depending on [|[A™! |2,

d (63 (63 (0% -
ZNDFIE S IDFIE (1Fll2p + llellsp) + 1D FIE N llop (1 2 + ullsp) -

Applying Young’s inequality and summing over o = 0, 1,2 we get

P e L) e

which shows that F' € L>(0,T; W?*?) for a finite time 7' > 0. Now consider two divergence
free velocity fields uy, us € L°°(0,T; W3?) and denote by F; the solution to . We have

Of(F, — Fy) + (VF, — VE) (A (F)kg + uy)
=VF (A™(F) — A (F) + wi — u) + (Vug — Vus) Fy + (Fy — F>)Vus.
Multiplying by |F; — F3|P~! and integrating by parts the second term in the left hand side
using the divergence free property of u, we get
CIF = B2 S 17~ B2 (VA IV Eils + IV Fllc) + [V o)
+F = Bl un — uallap([VE oo + [V E2[|oo)-
For the derivative we have
O(VF, —VE)+V(VF — VE) (A (F)kg + u;)
—(VF, — VE) (VA (F)VFikg + Vu,) + V*F, (A’l(Fl) — AN EF) +up — u2)
+ VE ({[VA™(F) = VATY(F)] VFi + VAT () (VF — V) } kg + Vg — Vu)
+ (V2uy — V) F) + (Vuy — Vuy)VF + Vus(VF, — VE) 4+ Vuy(F) — F).

Using the same estimates as previously, we obtain
d
£||F1 — R}, < CllF — B}, + Co||Fy — B, un — usl|2,p,

where C, Cy depend on [[A™ |20, [[till3ps || Fill2p. We conclude by integrating with respect
to time and apply Gronwall’s inequality. U
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Proposition C.2. Let T > 0, p > 3. We consider py € W', u € L>(0,T; W>P) and
F € L>=(0,T;W?P). There exists a unique solution p € L>®(0,T; W'P) to the transport
equation
Op + div(A Y (F)rg +u)p) = 0,
(66)
p(ou) = Po,
for all T > 0. p satisfies

1o(t, )|z orwrey < [lpollipe,

where C depends on p, |A a0, || Fllz=@rw2ey, [tlleorw2e). In addition, we have
the following stability estimate

CoT

o1 = polleo.iory < C1T ([lur — uzl| L iy + [ F1 — Fallne o,y ) €27,
with constants depending on |A™ |1 0o, [|pill Lo 0.0, 10), | Fill oo (0, 75m 1) -
Remark C.1. If we assume in addition that py is compactly supported then classical trans-
port theory ensures that p(t,-) is compactly supported and using the characteristic flow,

which is well defined since F', u € W1, one can show that

diam(supp(p(t, -))) < diam(supp(po))e’,

’lUZth C = C(HVAil”OO, ||VF||L°°(O,t;L°°)7 ||Vu||L°°(O,t;L°°))-
Proof. Since g = —|g|es, we have the following formula
div(A~Y(F)xg) = —VA;'(F) - VFrg],

where Az is the third column of A~'. Note that since p > 3, we have the following Sobolev
embedding

(67) 1Moo S TTEN2ps Nullice S lellzp llolle S Mol

The idea is to apply a fixed point argument. We define the operator A which maps any
p € L>(0,T; W?) to the unique density A(p) solution of

(68) O A(p) + VA(p) - (AN (F)kg +u) = (VAgl(F) . VF/—@\g\) p.

Thanks to , u € WhH* and F' € W, hence DiPerna-Lions renormalization theory
ensures the existence of A(p) € L>(0,7; L?). Multiplying by |A(p)|P~!, integrating
by parts and using Young’s inequality we get

1 1 1 /[t B b _
];HA(p)HZ < 2_7”p0”£+1_9/0 Ao |5l A 1HooHVFHoo+/O A IV F ool Alp) 127,

1 t 71 1 -1
< - ”+C/ (—A P ZpllP + ——||A p),
p||po||p i p|| V2l p||p||p P [A()I5

—_

¢
C

<l +C [ NAWIE+ Sl

with C' = C(||A™ |, | VF| Lo (0,1;1>)). Hence, Gronwall’s inequality yields

1A < (lpoll, + TCllpllp)e "
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Moreover, we have
0V A(p) +V(VA(p)) - (A7 (F)rg + u)
= —VA(p)V(A™ (F)kg + u) + VA (F)k|g|VFV Fp
+ VA Y (F)k|g|V2Fp + VA (F) - VFk|g|Vp.
Multiplying by |[VA(p)|P~! and reproducing the same computations as before we get
VA, < (IVpolly + TC1llpll1p)e”,
where we used (67). Hence, the constants C;,Cy depend on p, ||A™! 200, ||t]| oo (0. 7w20),
| F|| oo 0,720y and || p]| Lo 0. 7;w10). Gathering the two estimates we obtain
(69) 1A =010y < (l0ll1p + TCullpll1 )™

Given pq, p2, since equation is linear, A(p1) — A(p2) satisfies the same equation with
po = 0. Consequently, for 7' > 0 small enough, estimate shows that the mapping A is
a contraction and hence there exists a unique fixed point. Estimate shows also global
existence.

Let u; € L>(0,T,W3?) and F; € L>(0,T,W??) for i = 1,2. Denote by p; the unique
solution to equation . We have

Oi(p1 — p2) + V(p1 = p2) - (AT (F1)kg + w1)

= —Vpy - ([AY(F) — A7 (Fy)]kg + wi — u)

+(p1 = p2) VA (F1)slg]

+p1 ([(VAT'(F1) — VAT (F))] VE + VA (F)(VE — VE)) kgl
Multiplying by |p1 — p2[P~! and integrating we get

d .
giler=r2lly S Cillor=pallp+C (llur = walloe + 171 = Folloo + [IVEL = VE2[p) 1= p2ll; Y

with constants depending on [|A™|1 0, 1010,/ Fill1p- We conclude using again the em-
bedding ||F} — Fllee < C||Fy — Fll1, and analogously for ||u; — ua]|oc- O
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