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Abstract
Weuse a combination of experiments, numerical analysis and theory to investigate the nonlinear
dynamic response of a chain of precompressed elastic beams.Our results show that this simple system
offers a rich platform to study the propagation of large amplitude waves. Compressionwaves are
strongly dispersive, whereas rarefaction pulses propagate in the formof solitons. Further, we find that
themodel describing our structure closely resembles those introduced to characterize the dynamics of
severalmolecular chains andmacromolecular crystals, suggesting that ourmacroscopic system can
provide insights into the effect of nonlinear vibrations onmolecularmechanisms.

1. Introduction

Following the seminal numerical experiment of Fermi–Pasta–Ulam–Tsingou [1], whichwas related by Zabusky
andKruskal to the propagation of solitons [2], a variety ofmodel equations, solutionmethods and experimental
platforms have been developed to investigate the dynamics of discrete and nonlinear one-dimensional
mechanical systems acrossmany scales [3–8]. At themacroscopic scale, propagation of solitary waves has been
observed in a variety of nonlinearmechanical systems, including chains of elastic beads [9–14], tensegrity
structures [15], origami chains [16], wrinkled and creased helicoids [17] andflexible architected solids [18–21].
Moreover, it has been found that even at themolecular scale solitons affect the properties of a variety of one-
dimensional structures, includingmacromolecular crystals [22], polymer chains [23–26], DNA and protein
molecules [27–30]. Since detailed experimental investigation of the dynamic behavior of thesemicroscopic
systems is limited by their scale, the identification ofmacroscale structures capable of describing their response is
of particular interest as those offer opportunities to visualize the underlyingmolecularmechanisms.

In this work, we focus on a chain of pin-joined elastic beams subjected to homogeneous static
precompression and use a combination of experiments, numerical simulations and theoretical analyses to
investigate the propagation of nonlinear pulses.Wefind that, while large amplitude rarefactionwaves propagate
in the chainwith constant velocity while conserving their spatial shape, the excited compressionwaves are
strongly dispersive. Further theoretical analysis via a continuummodel reveals that the system supports solitary
solution only for rarefaction pulses—a behavior that roots from the softening behavior of the beams upon
compression. Remarkably, we also find that themodel describing our system closely resembles those introduced
to characterize the dynamics of severalmolecular chains andmacromolecular crystals [22, 24–26]. As such, since
the propagation of pulses in our system can be easily visualized, we envision ourmodel to provide opportunities
to elucidate hownonlinear vibrations and pre-deformation affect themacroscopic properties of polymers and
othermacro-molecular chains.
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2. Experiments

Our sample consists of a long chain ofN=40 elastic beams free to rotate at their ends, but constrained tomove
only in longitudinal direction (see figure 1(a)). All beams aremade of polyester plastic sheets (Artus
Corporation,NJ) and have thickness t=0.75 mm, length lb=50 mm,width b=60 mmandYoungʼs
modulus E=4.3GPa. Four pairs of screws and nuts are added along theirmiddle line to increase theirmass,
therefore reducing the speed of the propagating pulses and facilitating their tracking (see figures 1(a), (b)).
Moreover, both ends of the beams are connected via plastic clamps (McMaster-Carr part number 8876T11) to
LEGOaxles (LEGOpart number 3708) covered by sleeves (LEGOpart number 62462 and 6590) that serve as
hinges. The resulting unit cell has length a=75 mmand the beamoffset by a distance e=5.2 mm from the the
line of action of the applied axial load (see figure 1(b)). Finally, to constrain the chain tomove only in
longitudinal direction, all LEGOhinges are confined to slide in ametallic rail, lubricated tominimize friction.

All our experiments consist of two steps and are conducted on the chainwith the left-end connected to a
heavy and rigid body and the right-one fixed (see figure 2(c)). First, we compress the structure by slowlymoving
the heavy rigid body at the left end towards the right by a distanceΔx. Such applied displacement induces a
longitudinal pre-strain

x

N a
, 1ste = -

D ( )

in all beams (with only small variations of∼5%between the units along the chain) and bends them (see
figure 2(a)). Infigure 2(b)we show the experimentallymeasured force required to apply a pre-strain εst to our
beams.Wefind that the response of the beams is continuous (buckling snap-through is absent due to the
eccentricity e) and that their stiffnessmonotonically decreases as the precompression increases. As such, our
pre-deformed elastic units exhibit a strain-softening behavior if further compressed and a strain-hardening
response under stretching.

Second, we initiate an elastic pulse at the left end of the precompressed chain.We strike the heavy rigid body
with a hammer toward the right to excite compression pulses, whereas we simply release the rigid body to
generate rarefaction pulses (see figure 2(c)).We then record the elastic wave propagation through thefirst 30
units of the chainwith a digital camera (SONYRX100) at 480 fps (seemovie S1 is available online at stacks.iop.
org/NJP/21/073008/mmedia) and use digital image correlation [31, 32] tomonitor the displacement qi (see
figure 2(c)) of the ith hinge induced by the pulse. Finally, we calculate the longitudinal strain induced by the
propagating pulse in the ith beamas

q q

a
, 2i

i i1

st

e =
-+ ( )

where ast=(1+òst)a is the unit cell length after precompression.

Figure 1. (a)Our system consists of a chain of pin-joined precompressed elastic beams. (b) Schematic of our system. Both top view and
side view are shown.
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Infigures 2(d)–(g)we focus on twodifferent experiments conducted on a chain pre-compressed by applying
εst=−0.1 and report both the displacement signal prescribed by the impactor to the first joint, q1(t), and the
spatio-temporal evolution of the strain εi.Wefind that, whenwe initiate a rarefaction pulse (see figure 2(d)), the
wave propagates in a solitary fashion,maintaining both its shape (with an amplitude max 0.11ie ~( ) ) and
velocity (∼10.4 m s−1

—see figure 2(e)). By contrast, when the impactmoves thefirst beam rightwards (see
figure 2(f)), the excited compression pulse disperses as it travels through the structure (see figure 2(g)). As such,
in full agreement with previous studies onmechanical chains exhibiting strain-softening [16, 33], our
experimental results suggest that large amplitude rarefactionwaves are stable, whereas compression pulses
disperse. Finally, wewant to point out that, while the experimental results reported infigures 2(d)–(g) are for a
chainwith a pre-strain εst=−0.1, qualitatively similar behaviors are observed in our tests for εst=−0.2 (see
figures 2(h), (i)). However, using our setupwe could not test propagation of pulses in chains subjected to larger
compressive pre-strains, as these result in failure of the beams.

Figure 2. (a) Schematic of the experimental setup used tomeasure Fst as a function of the applied precompression. (b) Fst–εst relation
measured in our experiments. (c) Schematic of the experimental setup used to characterize the propagation of large amplitudewaves.
(d) Input signal q1(t) and (e) strain distribution εi for a rarefaction pulse propagating in a chain characterized by εst=−0.1. (f) Input
signal q1(t) and (g) strain distribution εi for a compression pulse propagating in a chain characterized by εst=−0.1. (h), (i) Strain
distribution εi for a (h) rarefaction and (i) compression pulse propagating in a chain characterized by εst=−0.2.
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3.Discretemodel

To test the validity of our experimental observations, we establish a discretemodel inwhich each elastic beam is

modeled as two rigid rodswith length l e a 4 38 mm2 2= + = initially rotated by a small angle
e aarctan 2 0.140q = =( ) to account for the eccentricity e (see figure 3(a)). Each pair of rods is connected at the

center by a rotational springwith stiffness kθ=EI/lb= 0.22Nm (I=bt3/12 being the areamoment of inertia of
the beams) that captures the bending stiffness of the elastic beams, while their other two ends are free to slide and
rotate (see figure 3(a)).Moreover, we assume that themassm of the beams is concentrated at the ends of the rigid
rods. Specifically, we place amassm(1)=αm at the ends connected by the torsional spring (withαä[0, 1]) and
twomassesm(2)=(1−α)m/2 at the other ends (seefigure 3(a)). Since in our structure themass of the beams,
hinges and screws/nuts is 3 g, 7 g and 8 g, wefind that for the considered systemm=18 g andα= 0.56. It

Figure 3. (a) Schematic of our discretemodel. In step 1, the structure is statically deformed by applying εst. (b)Comparison between
the Fst–εst relation predicted by equation (5) andmeasured in experiments. (c) Schematic of our discretemodel. In step 2, we excite the
propagation of nonlinear waves in the pre-deformed chain. (d), (e)Distribution of strain for the two pulses considered infigure 2 as
predicted by our experiments (squaremarkers), numerical analysis (triangularmarkers) and theory (continuous line) at three different
times. (f), (g)Phase-space plots for the pulses considered in (d) and (e), respectively.
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should also be noted that our discretemodel is similar to the one proposed to describe solitons propagation in
polyethylenemacromolecules [24–26], providing an interesting analogy betweenmechanical beams and
molecular units.

Identically to our experiments, all our simulations consists of two steps. In the first stepwe statically
compress the structure by reducing the unit cell length to a(1+εst) (see figure 3(a)). Such reduction in unit cell
length increases the angle between all rods and the horizontal line from θ0 to

, 30 stq qQ = + ( )

where θst is the rotation induced by the precompression, which can be expressed as a function of εst using

a

l
cos

2
1 . 4steQ = +( ) ( )

Note that the precompression of the beams requires application of a force Fst that satisfies

F l ksin 0. 5st stqQ - =q ( )
Infigure 3(b)we compare the Fst–εst relation predicted by equations (3)–(5)with experimentalmeasurements
andfind that the static response of the beams is well captured by the discretemodel.

In the second step, we then simulate the propagation of nonlinear waves in the pre-deformed chain (see
figure 3(c)). To this end, we define the Lagrangian of the system

L m u v m q k
1

2

1

2

1

2
2 2 , 6

i

N

i i i i
1

1 2 2 2 2
st

2å q q= + + - +q
=

( ˙ ˙ ) ˙ ( ) ( )( ) ( )

where ui and vi are the longitudinal and transverse displacements of the ithmassm(1) excited by the pulse and θi
denotes thewave-induced rotation of the ith pair of rods (seefigure 3(c)). Since in our discretemodel each unit
has only one degree of freedom, ui, vi and θi can be expressed as a function of the longitudinal displacement of the
hinges, qi, as

u q q a
1

2
, 7i i i1= ++( ) ( )

v l
q q l

l b
2 cos

2
sin , 7i

i i2 1
2

= -
- + Q

- Q+⎛
⎝⎜

⎞
⎠⎟ ( )

q q

l
carccos

2
cos . 7i

i i1q =
-

+ Q - Q+⎜ ⎟⎛
⎝

⎞
⎠ ( )

By using equations (7), (6) can bewritten only in terms of qi and qi̇, and the discretemotion equations of the
system can then be obtained via the Euler–Lagrange equations as

t

L q q

q

L q q

q
i N

d

d

, ,
0, 1, .., . 8i i

i

i i

i

¶

¶
-

¶

¶
= =

⎡
⎣⎢

⎤
⎦⎥

( ˙ )
˙

( ˙ )
( )

For a chain comprisingN beams, equation (8) result in a systemofN coupled differential equations, which
we numerically solve using the 4th order Runge–Kuttamethod (via theMatlab function ode45—see supporting
information for theMatlab code). To test the relevance of our discretemodel, infigures 3(d) and (e)we focus on
the two tests presented infigure 2 and compare the evolution of εi along the chain as extracted from experiments
(squaremarkers) and simulations (triangularmarkers) at three different times.Moreover, infigures 3(f) and (g)
we show the numerically obtained phase-space plots for the two pulses. Note that in our numerical analysis we
consider a chain comprisingN=40 units, assign εst=−0.1 to all beams (as in our experiments), apply the
experimentally extracted displacement signal q1(t) (see figures 2(d) and (f)) to thefirst beam and implement
fixed boundary conditions at the right end. Remarkably, the numerical results nicely capture the behavior
observed in our experiments. As shown infigure 3(d), the numerical analyses indicate that the excited
rarefaction pulse propagates without apparent distortionwith a velocity of∼9.8 m s−1. This prediction is very
close to the experimentallymeasured value of∼10.4 m s−1

—with the discrepancymostly arising because our
simplemodel underestimates the stiffness of the beams upon loading (see figure 3(a)).Moreover, the phase-
space plot for rarefaction shows a clear homoclinic orbit (seefigure 3(f)), which is consistent with a solitary wave
solution. By contrast, the compressive pulse is not stable (see figure 3(e))—a feature that is also captured by the
chaotic trajectories emerging in the phase-space plot (see figure 3(g)).

4. Continuummodel

Having verified the validity of our discretemodel, we then simplify equations (8) to derive an analytical solution.
To this end, we first introduce a continuous function q that interpolates the discrete variables qi as
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q x x q , 9i i= =( ) ( )

where xi=(i−1)ast denotes the position of the left end of the ith beam in the chain after static precompression.
Then, we assume that: (I) 1ie  , so that equations (7b) and (7c) can be approximated as

v
q q q q

l
q q

l

q q

l

2 tan 8 sin
,

2 sin

cos

8 sin
, 10

i
i i i i

i
i i i i

1 1
2
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1 1
2

2 3
q
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Q
-
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Q
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Q
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Q -

Q

+ +

+ +

( )

( )
( )

and (II) thewidth of the propagating pulse ismuch larger than the unit cell length a, so that the displacement of
the (i−1)th and (i+1)th joints can be expressed using Taylor expansion as

q q a q
a

q
a

q
a

q

q q a q
a

q
a

q
a

q

2 6 24

2 6 24
, 11
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=

⎛
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⎛
⎝⎜

⎞
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where qx=∂q/∂x. Substitution of equations (10), (11) into equation (8) yields the continuumgoverning
equation

q c q
l

q l q

c q q

1 cot
12

cot 1 4

3 cot 3 cot cot , 12

tt xx xxxx ttxx

x xx

0
2

st

2
2 2

0
2
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⎞
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( ) ( )

where c a k m2 cot0 st= Q q denotes the characteristic velocity of the system. Finally, we take the derivative of
equation (12)with respect to x and then introduce the continuum strain distribution ε=∂q/∂x to obtain

c
l

l

c

1 cot
12

cot 1 4

2
3 cot 3 cot cot , 13

tt xx xxxx ttxx

xx
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st

2
2 2
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2
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⎞
⎠⎟( ) ( )

( ) ( ) ( )

which has the formof a double-dispersion Boussinesq equation [34]with the double-dispersion term εttxx
introduced because of the intertia coupling betweenm(1) andm(2) (ifm(1)=0, thenα=0 and the coefficient in
front of εttxx vanishes). Note that the double-dispersion Boussinesq equationwasfirst derived by Boussinesq in
the 19th century to account for both the horizontal and vertical flow velocity in the description of nonlinear
waterwaves [34] and has subsequently been used to describe nonlinear waves in a variety of systems, including
microstructured solids [35, 36] and polyethylene [24].

Remarkably, it has been shown that the Boussinesq equation admits the solitary wave solution [37, 38]

A
x ct

W
sech , 142e =

-⎜ ⎟⎛
⎝

⎞
⎠ ( )

where c is the velocity of the pulse andA andW are its amplitude and characteristic width, which are given by

A
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Finally, the displacement distribution q(x) can be obtained as

q x x x AW
x ct

W
Cd tanh 16ò e= =

-
+⎜ ⎟⎛

⎝
⎞
⎠( ) ( ) ( )

whereC is the integration constant that is found asC=−AWby imposing q x 0 ¥ =( ) .
Using equation (15), wefind that forA=0.11 (i.e. for a pulsewith the same amplitude as the one excited in

the experiment offigures 2(d) and (e)), a solitary wavewith c=9.31 m s−1 andW=91.6 mmpropagates
through the system, in good agreementwith both our experimental and numerical observations (see
figure 3(d)). By contrast, for a compression pulsewithA=−0.11 (i.e. for a pulsewith the same amplitude as the
one excited in the experiment offigures 2(f) and (g)), equation (15) yields an imaginaryW, confirming that our
solitary wave solution is not valid anymore.
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Having verified the ability of the analytical solutions to capture our experimental observations, we nowuse it
to investigate how the pre-strain εst affects the propagation of the pulses. Infigures 4(a) and (b)we report the
evolution ofW and c predicted by equation (15) as a function ofA and εst. Remarkably, wefind that, irrespective
of εst, our structure supports solitons only ifA>0. ForA<0 thewidthW predicted by equation (15) is an
imaginary number and our solitary solution is not anymore valid.We alsofind that thewidthW of the supported
rarefaction solitons ismostly affected by the amplitudeA, whereas the pulse velocity cmonotonically decreases
with the increase in precompression (−εst)—a dependency that is consistent with the strain-softening behavior
of the unit cells under compression. Finally, we note that the predictions of our continuummodel are in
excellent agreement with those obtained by directly integrating the systemof ordinary differential equations
given by equation (8). As an example, infigures 4(c)–(h)we compare the results given by our continuumand
discretemodels forA=±0.11 and three different levels of applied pre-strain (i.e. εst=−0.1,−0.2 and−0.3).

Figure 4. (a), (b)Analytically predicted evolution of (a) thewidthW and (b) the velocity c as a function of the amplitudeA and the
applied pre-strain εst. The gray area highlights the region inwhich thewidth predicted by the continuummodel is imaginary. (c)–(h)
Numerical (markers) and analytical (lines) results for a chain characterized by (εst,A)= (c) (−0.1, 0.11), (d) (−0.1,−0.11), (e) (−0.2,
0.11), (f) (−0.2,−0.11), (g) (−0.3, 0.11) and (h) (−0.3,−0.11). All numerical results are for a chainwithN=80 beams towhich the
analytical solution given by equation (16) is applied to thefirst unit. Note that the results for the compression pulses are obtained by
applying the solution given by equation (16)withW=100 mmand c=10 m s−1. Although the choice ofW and c is completely
arbitrary, qualitatively identical results are obtained for any realW and c.
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The numerical results confirm that only forA>0 the pulses are stable (and characterized bywidth and speed
very close to those predicted by equation (15)), whereas forA<0 they are strongly dispersive.

Lastly, we use our analytical solution to investigate the influence of the structural parameters (α,m, kθ and
θ0) on the characteristics of the supported nonlinear waves.Wefind that, whilem and kθ (which can be altered by
changing the dimensions andmaterial properties of the beams) only affect the characteristic velocity of the
system c a k m2 cot0 st= Q q ,α (which can be altered by adding or removing screws and nuts along the center
line of the beams) and θ0 (which can be tuned by changing the offset distance e) alter both c andW (see figure 5).
Furthermore, an exhaustive search in all combinations of structural parameters predicts that nonlinear pulses
are stable if and only ifA>0 (see figure 5)—indicating that this system can support rarefaction solitons but not
compression ones.

5. Conclusions

To summarize, we use a combination of experiments, numerical analyses and theory to investigate the
propagation of solitary waves in a 1D chain of precompressed elastic beams. First, we have conducted
experiments on a centimeter-scale system to characterize the propagation of large amplitude compression and
rarefaction pulses and found that, while the compression pulses disperse, the rarefaction ones retain their shape
and propagate with constant velocity. Second, we have derived a continuummodel that captures the
experimental observations and confirms that the system supports rarefaction solitons only. It is important to
emphasize that such behavior is consistent with the static behavior of the precompressed beams (see figure 3(b)),
since it has been shown that a chain of units exhibiting softening behavior only supports the propagation of
rarefaction solitarywaves [33].

This study represents thefirst step towards the investigation of large amplitudewaves in beam lattices in 2D
and 3D.While periodic lattices have recently attracted considerable interest because of their ability to tailor the
propagation of linear elastic waves through directional transmissions and band gaps (frequency ranges of strong
wave attenuation) [39–43], comparatively little is known about their nonlinear behaviors under high-amplitude
impacts [20]. The results presented in this paper provide useful guidelines for future explorations of the
propagation of nonlinear waves in latticematerials. Finally, since the derivedmodel shares strong similarities
with those established to describe the dynamics of polymer andmacromolecular crystals [22–27], we believe that
our experimental platform (which gives direct access to all parameters and variables of the system) could provide
insights into a range of nonlinear wave effects relevant at themolecular scale. In particular, the extension of the

Figure 5.Analytically predicted evolution of thewidthW and the velocity c as a function of the amplitudeA and the applied pre-strain
εst for a chain characterized by (a), (b)α=1 and θ0=0.14 and (c), (d)α=0.56 and θ0=0.3. The gray area highlights the region in
which thewidth predicted by the continuummodel is imaginary, so that the solitarywave solution is not valid.
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present system to a bistable one inwhich the beams could bend up and down (in our current setup the bending
direction is limited by the surface onwhich the system is placed) could elucidate the dynamics of topological
solitons in polyacetylene [23].
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