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Consistent Regression using Data-Dependent
Coverings

Vincent Margot, Jean-Patrick Baudry, Frederic Guilloux, Olivier
Wintenberger

Sorbonne Université, CNRS, LPSM, F-75005 Paris, France

Abstract

We introduce a novel method to generate interpretable regression func-
tion estimators. The idea is based on data-dependent coverings. The aim
is to extract from the data a covering of the feature space instead of a par-
tition. The estimator predicts the empirical conditional expectation over
the cells of the partitions generated from the coverings. Thus, such esti-
mator has the same form as those issued from data-dependent partitioning
algorithms. We give sufficient conditions to ensure the consistency, avoid-
ing the sufficient condition of shrinkage of the cells that appears in the
former literature. Doing so, we reduce the number of covering elements.
We show that such coverings are interpretable and each element of the
covering is tagged as significant or insignificant.

The proof of the consistency is based on a control of the error of the
empirical estimation of conditional expectations which is interesting on
its own.

Keywords: Consistency, Nonparametric regression, Rule-based algorithm,
Data-dependent covering, Interpretable learning.

1 Introduction

We consider the following regression setting: (X,Y") is a pair of random variables
in R x R of unknown distribution Q such that

Y =g"(X) + Z,

where E[Z] = 0, V(Z) = 02 < 0o and g* is a measurable function from R? to R.
We make the following common assumptions:

e 7 is independent of X; (H1)

Y is bounded: Q(S) = 1 with § = RY x [~L, L] for some

unknown L > 0. (H2)



The accuracy of g : R — R such that E[g(X)?] < oo is measured by its
quadratic risk defined as

L(g):=E[(9(X)-Y)*] .
Then we have

9" (X) =E[Y|X] =argmin L (g) a.s,
9

where the arg min ranges over all the measurable functions g with E[g(X)?] < co.
Given a sample D,, = ((X1,Y1),...,(X,,Y,)), we aim at predicting ¥ con-
ditionally on X. The observations (X;,Y;) are independent and identically
distributed (i.i.d.) from the distribution Q.
Let us denote the empirical measure for any r C R? and I C R

1 n
Qn(r xI):= o Z; 1x,erlyier.

For simplicity of notation, we write Q,(r) instead of Q, (r x R) as well as Q(r)
instead of Q(r x R) for any r C R<.

We consider a set of functions G,. Any g, € argmin,cg £(g) minimizes
the risk over G, but is not an estimator since it depends on the knowledge of
Q. Following the Empirical Risk Minimization (ERM) principle (Vapnik| 2013,
Section 1.5), we define the empirical risk and an empirical risk minimizer over
G, as, respectively,

n

La(g) =~ > (9(Xi) = Yi)? and g, € argergninﬁn(g). (1.1)
i=1 g&In

The aim of this paper is to provide mterpretabldﬂ learning algorithms that
generate weakly consistent empirical risk minimizers g,, i.e. such that their
excess of risk £ (g*, g,,) fulfills

(9", gn) = L(gn) = L{g") = El(gn(X) = g"(X))*] = 0p(1).

Note that P refers to an underlying probability measure of reference that is
unique (on the contrary to Q) and that E corresponds to the expectation under
P.

1.1 Rule-based algorithms using partitions and quasi-coverings

In this paper we consider algorithms generating interpretable models that are
rule-based, such as CART (Breiman et al.l [1984), ID38 (Quinlan| (1986), C4.5
(Quinlan, [1993), FORS (Karali¢ and Bratko, [1997)), M5 Rules (Holmes et al.,

LA formal definition of interpretability convenient to our framework is proposed and dis-

cussed in Section



1999)). In these models, the estimator is explained by the realization of a simple
condition, an If-Then statement of the form:

IF (X €c1) And (X €¢) And ... And (X € ¢p) (1.2)
THEN  g,(X)=p

where ¢; € R? and p € R. The If part, called the condition of the rule, or
simply the rule, is composed of the conjunction of k tests and k is called the
length of the rule. The Then part, called the conclusion of the rule, is the
estimated value when the rule is activated, i.e., when the condition in the If
part is satisfied. The rules are easy to understand and allow an interpretable
decision process when k is small. For a review of the best-known algorithms
for descriptive and predictive rule learning, see|Zhao and Bhowmick| (2003]) and
Furnkranz and Kliegr| (2015]).

Formally the models generated by such algorithms are defined by a corre-
sponding data-dependent partition P, of R?. Each element of the partition is
named a cell. Let us define for any r C R such that Q(r) > 0 and for any h
measurable
E[h(Y)1xer)

EIh(Y) | X €] = “pse oy

and
VY |Xer)=E[Y?|Xer] -E[Y |Xer]

and their empirical counterparts for any r C R? such that Q,(r) > 0 :

" h(Y)1x,er
]En[h/(Y) |X (S r] = Zzz—:ln (1) X; e
i=1 +X€r

and
V(Y | Xer):=E, [Y?|Xer] -E,[Y | Xer].

Any such algorithm following the ERM principle associates to P, the esti-
mator
gn= Y E.Y|XeAl, (1.3)
A€P,
Q. (A)>0
which minimizes the empirical risk among the class of piecewise constant func-
tions over P,.

Those algorithms use the dataset D,, twice: the partition P,, = P, (D,,) is
constructed according to the dataset, and the dataset is used again to compute
the value of g,, on each element of P,, as in .

In this paper, we present a novel family of algorithms by relaxing the con-
dition that the rules constitute a partition of R?. We consider collections of
sets C, = Cn(D,,) which asymptotically cover R? (see . We call such a
collection a quasi-covering, and a quasi-partition if the sets do not intersect,
which we do not need to assume in general. Such a quasi-covering is turned
into a quasi-partition P(C,,) using the definition below and the ERM principle



defines an estimator g, by (|1.3)) associated to P,, = P(C,). The main interest of
quasi-covering estimators compared to partition estimators is the interpretabil-
ity. This will be discussed in Section

Definition 1.1. Let C be a finite collection of sets of R? and letc = |J r. We

reC
define the activation function as

we : R% i 26, pe(x)={reC:xer}.
Then P(C), the partition of ¢ generated from C, is defined as
P(C) := pc ' (Im(pc))-

We introduce the maximal (resp. minimal) redundancy of C as

M(C) := max #pc(x), m(C) := min #pc (X).

xXEc Xec

Moreover, the cells of P(C) which are included in an element of C' C C are
gathered in Pc(C') :

Pe(C):={AeP(C):TIrel’, ACr}.
We provide a more explicit characterisation of P(C) in Proposition
Proposition 1.1. Let C be a finite collection of sets of RY. Then
P(C):{ﬂr\ U r;égc}\{@}.
reC  rec\C

The proof of Proposition [I.1]is deferred in Appendix. Figures[I] and [2] illus-
trate the fact that P(C) can contain (much) more sets than C itself.

]

™
i

Figure 1: The 5 overlapping elementsFigure 2: The 11 cells of the partition
of C. P(C).



As the construction of P(C) can be time consuming, it is noteworthy that
there is no need to fully describe P(C) to compute the value of g, (x) for some
x € R The trick is to identify the unique cell of P(C) which contains x.
By creating binary vectors of size #C, whose value is 1 if x fulfills the rule’s
condition and 0 otherwise, this cell identification is a simple sequence of vectorial
operations. Figure |3|is an illustration of this process (cf Margot et al.| (2018)
for more details).

As compared to ours, the predictors designed by Random Forests (RF) and
other random rule algorithms do not satisfy the ERM principle (L.I): they are
based on the averaging of the activated rules at the point x. This averaging
is justified empirically and theoretically as it lowers the variance of the predic-
tion thanks to the independence of the random rules as explained by [Breiman
(2001). The averaging does not decrease the approximation error of the predic-
tion and there are few results about their consistency, see [Denil et al.| (2013));
Scornet et al.| (2015) for RF only. On the opposite, our estimator defined by
is the empirical conditional expectation on the cell of P(C,,). Under some
conditions, the approximation error of the prediction is low thanks to the ERM
principle. The variance will be controlled through the significance condition (see
Definition below) as in the RIPE algorithm of Margot et al.| (2018)).

1.2 Interpretability

In many fields, such as healthcare, marketing or asset management, decision
makers prefer interpretable models rather than models with better accuracy
but uninterpretable. As explained in |Lipton| (2018)), there are several meanings
of interpretability depending on the user’s desiderata and the expected proper-
ties of algorithms. In this paper, we embrace the intuitive definition of model
interpretability of [Biran and Cotton| (2017): Interpretability is the degree
to which an observer can understand the cause of a decision. Inter-
pretable models should provide a parsimonious characterization of an estimator
of g*. Nowadays, the most popular and accurate algorithms for regression, such
as Support Vector Machines, Neural networks, Random Forests,. . .are uninter-
pretable. The lack of interpretability comes from the complexity of the models
they generate. We refer to them as black box models. We assert that the novel
family of (quasi-)covering algorithms described in Section can achieve another
interpretability-accuracy trade-off by reducing the complexity of the generated
models while keeping weak consistency guarantees.

There exist two ways of constructing interpretable models. The first one
is to create black-box models and then to summarize in a so-called post-hoc
interpretable algorithm. Recent researches propose to use explanation models
such as LIME (Ribeiro et al., [2016), DeepLIFT (Shrikumar et all 2019) or
SHAP (Lundberg and Lee, |2017)), to interpret black-box models. These expla-
nation models measure the importance of a feature on the prediction process
(see|Guidotti et al.|(2018) for a survey of existing methods). The second way to
interpretability is to use intrinsic interpretable algorithms that only generate
interpretable models.
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Figure 3: Evaluation steps of the cell containing x = (0.1,0.7) of the parti-
tion generated from the covering of [0,1]%, C = {ri,re,r3}. Using partition
from a covering allows to generate complex cells with a simple interpretation
(r1 And rs), where a classical partitioning algorithm cannot. Note that the
condition x satisfies (r; And rs) implicitly implies that x does not satisfy rs.

The interpretability of the rule-based estimator is achieved when the length &
of each rule and the number of rules are small, i.e. when the associated collection
of rules is simple. Considering that a collection C with one rule of length & is as
interpretable as a collection with k& rules of length 1 since they consists in the
same number of tests, interpretability gets some additivity property. With this
in mind, we are able to quantify the interpretability index of a collection C.

Definition 1.2. The interpretability index of a collection of rules C is defined
by
Int(C) := > length(r). (1.4)

reC

By convention, we define the interpretability index of the estimator g, gen-
erated by a set of rules C,, as Int(g,) = Int(C,).
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Figure 4: Partitions generated by fully deployed decision tree algorithm without
pruning for a maximal depth A € {1,2,3,4}. Here the number of rules satisfies
22\ €{1,2,3,4}.

Remark 1. The interpretability index Int(g,) does not take into account the
notion of interaction described in |[Friedman and Popescul (2008). Indeed, a low
interpretability index does not inform whether g,, exhibits interactions between
variables or not. Many interactions may exhibit from a set of &k rules of length
1 whereas it is less the case for a unique rule of length k. Due to the additivity
property, both cases have the same interpretability index.

We aim at designing estimators which combine consistency guarantees keep-
ing an interpretability index as small as possible. In order to prove the con-
sistency of a partition-based estimator g,, one usually applies results such as
Theorem 13.1 in |Gyorfi et al| (2006), which is a generalization of Stone’s The-
orem to data-dependent partitioning estimates (i.e. such that the partitions
can depend on the Y;’s). Then, “it is required that the diameter of the cells
of the data-dependent partition [...] converge in some sense to zero” (Condi-
tion (13.10) in |Gyorfi et all [2006). However, as illustrated in Figure {4 such




approaches based on fine partitions have a high interpretability index. A cell
shrinkage condition such as Condition (13.10) in |Gyorfi et al. (2006) implies
necessarily that the number of elements in the partition P, tends to infinity
and that the interpretability index tends to infinity as well.

For an estimator defined on a data-dependent quasi-covering, we can get rid
of this condition and avoid the condition of shrinkage of the sets in the collection
Cn. Each prediction can potentially be explained by a small set of rules which are
interpretable: see Table[d]in Section [4 for an example. The partition generated
may be finer and more complex than a classical data-dependent partition while
the explanation of the quasi-covering is well understandable by humans.

Despite the fact that we have not proved the parsimony of the selected
set of rules in general yet, the use of quasi-covering rather than partition and
conditions different than the usual ones reduce dramatically the number of rules
in simple cases. This is discussed in detail in Section

We prove the consistency of a quasi-covering based estimator g,, by carefully
designing the covering elements. The key notion is the one of suitable data-
dependent quasi-covering introduced in Section Proposition provides
rates of convergence of empirical conditional expectations. This preliminary
result of independent interest is crucial to prove the weak consistency of suitable
data-dependent covering estimators stated in Theorem [2.I] Our main result
Theorem is proved in Section [3] whereas proofs of intermediate results are
postponed to Appendix. We apply our quasi-covering approach on real data
using different rule generators and we compare it to common existing algorithms
in Section @

2 Consistent prediction based on suitable quasi-
coverings

In order to ensure the consistency of quasi-covering based algorithms we have
to introduce the notion of suitable sequence of data-dependent quasi-coverings.

2.1 Suitable data-dependent quasi-coverings
2.1.1 Definition
We use the classical notation zy = max{x,0} for any = € R.

Definition 2.1. Let o € [0,1/2). We call a sequence (Cy,)n>1 of data-dependent
finite collections of sets r of R? a-suitable if it satisfies:

1. The set coverage condition (H3)
Qn(r) > n™ 9 reCy,,n>1.
2. The collection coverage condition (H4)



where ¢, = Uree, T.

3. The significance condition (H5)

2

For some consistant estimator (c2) of 0® and sequences B, = op(1) and

en = op(1), it holds for allm > 1
C,=CiuC

where the significant sets C; are defined by

c: = {r €Cy: BulEnY|X € 1]-E,[Y]| > V(V,(YX €1) o—,%)+}

(2.1)
and the insignificant sets C, are defined by
C = {r €C\Cien >/ (VoYX ET) — ag)+} L (2.2)
4. The redundancy condition (H6)
The redundancies of C3 and C¢, satisfy
M(C;) -2, 1/2—
= @ 2.
and )
M(C;, -2, 1/2—a
nL = . 2.4
el = orlen® Ant) (24)

A few remarks on the conditions of Definition 2.I] are in order. The set
coverage condition controls the minimal number of observations in a set of
the collection C,,, ensuring that the empirical conditional expectation is close to
the conditional expectation given any of the sets in C,. The collection coverage
condition guarantees that C,, covers a sufficient part of R?. The significance
conditions control the variance of the rules in two different ways; The
significant rules are predicting significantly differently than the average and may
have a large variance, the insignificant rules are not significant and have a small
variance. The redundancy condition controls how far from a partition
the collections C$ and C}, can be. This condition is fulfilled if the sets in these
collections are mutually disjoint.

Remark 2. The significant condition is not related to a condition on the
diameter of the set r. It is intended to detect areas of the feature space where
the conditional expectation of Y is noticeably different from its unconditional
expectation over the whole feature space. See Example[l] The insignificant con-
dition can be proved to hold under a shrinkage condition on the diameter
of the set, see Proposition [3.3] This is not a necessary condition.



Remark 3. We may assume in the following that the noise variance o2 is known
or that a good enough estimator o2 exists. Theorem proves the consis-
tency of the procedure under the assumption that |02 — | = Op(n®~/2). One
refers to |Liitidinen et al.| (2009)) as a reference on the difficult question of the
bias-variance trade-off of some residual variance estimators. Most of the exist-
ing estimators are based on Nearest-Neighbor methods. Random forests were
not used for residual variance estimation until recently, see Ramosaj and Pauly
(2019). None of these results is satisfactory in our setting of rule-based proce-
dure. We let for a future work the study of a good enough estimator o2 based
on a covering algorithm. We will use on real data in Section {4| the smallest of
the empirical variances of the rules.

Remark 4. An easy way to ensure is to constrain the proportion of any
element of C,, which can be included in the union of the others to be small. Let
(C) be a sequence of collections of sets r of R? that fulfills and v € (0,1).
We consider (r;)1<i<#c, any ordering of C,,. If

Qn(ri+1ﬂ{ U I‘j})SVQn(riﬂ)» 1 <i<#C, -1,

1<j<i

then the cardinality of C,, is upper bounded by % for n sufficiently large.
Indeed, by the inclusion-exclusion principle we get

#C,
1> Qn(Ui<i<se, i) = Z Qn(r; \ Uigj<i—1ry) > #Cp (1 —y)n™ .
i=1
Thus |(H6)| can be checked for any a € [0,1/4), using the fact that M (C2) and

M(C!) are smaller than 1":; and setting 8, = op(n~%/?) and ¢,, = op(n~/?).

2.1.2 Advantages of suitable quasi-coverings

We discuss how our approach can provide estimators with low interpretability
indices by considering quasi-coverings instead of partitions on the one hand
and by introducing conditions on the elements of the quasi-coverings which
are completely different from Condition (13.10) in [Gyorfi et al.| (2006) on the
partition cells on the other hand.

We already discussed and illustrated in Figures[I]and 2] that a quasi-covering
C,, contains less elements than the quasi-partition P(C,,). Then its interpretabil-
ity index is lower.

Moreover, P(C) contain more complex elements than those of a partition-
based algorithm: the cells in P(C) in Figure[2]are not necessarily conjunctions of
simple tests on coordinates as the sets in Figure[l] Our covering-based approach
generates complex cells without sacrificing interpretability since the algorithm
keeps small the number of elements of C which have to be designed.

Let us illustrate this point in the following example considering rules de-
signed as hyperrectangles which is usual, see Remark [0}

Proposition 2.1. Let C = [0,1]? C R%.

10



1. The minimal cardinality of a partition P of R by hyperrectangles such
that C € P is 2d + 1.

2. The minimal cardinality of a covering C of R% by hyperrectangles such that
C e P(C) is 2.

The proof of Proposition [2.1|is deferred to Appendix and is a consequence
of the fact that R%\ [0,1]? is a more complex set than an hyperrectangle.

On the other hand, our Condition suits better the requirement of inter-
pretability than Condition (13.10) of |Gyorfi et al.| (2006) as they do not imply
any shrinkage of the sets in the collection C,, and the number of sets in C,, does
not necessarily have to grow with n. We illustrate in the following example
this point when g* itself is rule-based with a low interpretability index: in this
important situation, an estimator with low interpretability index is expected.

Example 1. The condition involved in can hold for a set r with arbi-
trary diameter that does not satisfy Condition (13.10) of |Gyorfi et al. (2000).
Consider the case g* = 14 for some Borel set A such that 0 < P(X € A) < 1
and assume that o is known. Then r = A is a significant set as it satisfies
the condition involved in for some well-chosen B,, = op(1). Indeed, from
the Strong Law of Large Numbers k,, := #{i : X; € A} ~nP(X € A) a.s. as
n — 0o. Then repeated application of the Central Limit Theorem yields

[EA[Y|X € A] — B[] > E,[Y|X € A] - E,[Y]

k, 1 — 1 &

=1-P(X € A) + Op(n~/?)
and

(Vo (YIX € A) -0, <[V, (VX € A) —0o?

1 1 2
= k— ZZ?]'XiGA — (F ZZilxiGA) — 0'2
" i=1 " i=1
= O]p(nilﬂ).
It follows that (2.1) holds for r = A with

X EeA -7
En[Y[X € 4] - E,[V]
For similar reasons (2.1) also holds for r = A¢ with

L NRVREA =

Bn = Op(n™7).

Finally it can easily be checked that C,, = {r € {4, A°} : Q,(r) > n~“} defines
an a-suitable sequence of quasi-partitions for any a € (0, %) The number of
rules in C,, tends to 2.

11



Remark 5. In Section [4] and for many usual procedures, only hyperrectangles
are considered as rules. In Example [1} if A is assumed to be an hyperrectangle
itself, A° can be written as the union of a set of hyperrectangles as in the
proof of Proposition 2:1] and similar arguments as above apply to prove that
an a-suitable sequence of quasi-coverings which are all subsets of a small set of
hyperrectangles can thus be defined accordingly.

Note that in Proposition Example [, and Remark [5] the number of
elements of the quasi-coverings and the interpretability index are bounded as d
or n grows whereas they would need to tend to infinity for any method partition-
based or relying on Condition (13.10) of |Gyorfi et al.| (2006)).

Besides, another advantage is that the check of the conditions involved in
and for elements of a quasi-covering can be done simultaneously
with parallel computing on the contrary to any condition on partition cells that
depend on each other.

2.2 Consistency of data-dependent quasi-covering algorithms
2.2.1 Generalization of the partitioning number

Conditions are required to control the complexity of the family of partitions
P(C,) that the algorithm can generate. These conditions use some concepts
introduced in (Nobel, 1996 Sec. 1.2) (see also (Gyorfi et al.| {2006, Def 13.1)).
The standard definitions have to be adapted since we consider collections which
do not necessarily cover R%. To discriminate with the standard definitions for
partitions we denote these quantities with tildes.

Definition 2.2. Let II be a family of finite collections of disjoint sets of R®.

1. The mazimal number of sets in an element of I1 is denoted by
MV(H) =sup{#P:Pell}.
2. For a set X} = {x1,...,%X,} € (RO, let

AT = #{{xiNA: AcP}\ {0} : P e}

3. The partitioning number A, (IT) of II is defined by

A,(I) := max A7, ).
(1) IS (x1,10)

The partitioning number is the maximal number of different collections of
disjoint non-empty subsets of any n-point set that can be induced by elements
of IT and is smaller than or equal to (n + 1)", which is an upper bound of
the number of collections of disjoint subsets of x}' as the number of maps from
{1,...,n} to {0,...,n}.

Classical consistency theorems require to control the partitioning number of
the family of partitions II,, over which the estimators are defined (see (13.7)

12



and (13.8) in |Gyorfi et al., 2006, Theorem 13.1). As illustrated in Figure 2| the
complexity of the sets in P(C,) may be high even if the complexity of the sets
in C,, is low. This fact makes the partitioning number of the family of partitions
tough, if not impossible, to bound because no control on the shape of the cells
is available.

Usually II,, is chosen as {P(C,(d,)) : d,, € S™}. It can be useful to take
into account the building process of the family of sets C,,(d,) in the evaluation
of the partitioning number when the partitioning number of {P(C,(d,,)) : d,, €
8"} cannot be controlled easily. This is what the definition below enables by
considering II,, as a refinement of {P(C,(d,,)) : d,, € S™}.

Definition 2.3. Let F and F' be two families of finite collections of disjoint
sets. F' is called a refinement of F if

VFeF, IFeF, VAeF, A= |J A,
A’€F":A/CA

2.2.2 Main result

Our main result provides the consistency of estimators based on suitable quasi-
covering sequences.

Theorem 2.1. Assume that g* and Q satisfy|[(H1), [(H2) Let o € [0,%) and
(Cn) be an a-suitable sequence of finite collections of sets of R? such that:

Q(c;) = Op(n*~1/?) (H7)
where ¢, = Uree, T;

M(Hn) = o(n) and log(A,(11,,)) = o(n) (HS)
where I1,, is a refinement of {P(C,(dy)) : dy, € S"};

Yn e N*vd, e ", {rxR,re(C,(d,)} CB (H9)

where B is a Q-Donsker class.
Assume moreover that the estimator (02) involved in Deﬁmtion 1s such that

02 — 02| = Op(n®~1/2).

Then
gm= Y. E.Y|XcAl,
A€P(Cr)
Qn(A)>0

s weakly consistent:
€(g", gn) = op(1).

Remark 6. Many algorithms as CART generate rules as in (|1.2) where each
simple condition (X € ¢) consists in some distinct coordinate of X belonging
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to an interval of R. In Section {4| we use such rule generators for which |(H9)| is
automatically satisfied. Indeed let H be the set of all hyperrectangles of R%:

H = {Il X ...x I; CR?: I, is an interval of R} U {0}.

Any set of rules C, such that C, C H, which is always the case of the sets of
rules considered in Section [ fulfills[(H9)|since it is a VC class (see[Wenocur and
Dudley, |1981) and VC classes are Q-Donsker (see for example [Van der Vaart,
2000, Lemma 19.15 and comments).

3 Proof of Theorem 2.1]

In order to prove the main theorem, we need some preliminary results based
on the notions of Q-Donsker class and outer probability. The outer probability,
defined for A C Q by P*(A) := inf {]P’(A) CACAAc .A}, is introduced to
handle functions which are not necessarily measurable. The usual notion of
boundedness in probability for sequences of random variables is generalized
because sequences of maps are considered with values in metric spaces which
are not Euclidean spaces (thus bounded and closed sets need not be compact)
and which are not guaranteed to be measurable. See (Van der Vaart| [2000|
Chapter 18) for details.

Definition 3.1. (Van der Vaart, 2000, Chapter 18) A sequence (My)nen of
maps defined on Q and with values in a metric space (D, d) is said to be asymp-
totically tight if

Ve > 0,3K C D compact, V5 > 0, limsup P*(M,, ¢ K°) < ¢,

n—oo
with K% = {y € D : d(y, K) < §}.
Remark 7. f D =R, (M,,) is asymptotically tight if and only if

Ve > 0,3M > 0 such that limsup P*(|M,| > M) < e.

n—oQ

The notation Op-(1) stands for asymptotically tight instead of the usual
Op(1) (bounded in probability).

For f: S — Rin £1(Q) we define v,, f := v/n([ fdQ, — [ fdQ) and consider
the empirical process indexed by a set F of such functions: {v,f: f € F}.

Definition 3.2. (Van der Vaart, 2000, Section 19.2) A class of functions F
is called Q-Donsker if the sequence of processes {v,f : f € F} converges in
distribution to a tight limit process in the space (> (F).

The limit process is then a Q-Brownian bridge.

Definition 3.3. A class of sets B C Bs is called Q-Donsker if Ig := {14 : A €
B} is a Q-Donsker class of functions.
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If F is a Q-Donsker class of functions, then the empirical process ((vn f) feF)nen
is asymptotically tight as a sequence of maps with values in ¢°°(F) (this is a
consequence of Prohorov’s Theorem adapted to this framework — see [Van der
Vaart, [2000, Theorem 18.12). Keeping in mind that a compact set in £*°(F) is
bounded, we have:

Proposition 3.1. Let F be a Q-Donsker class of functions. Then
1Qn — Q7 = O (n1/2),

where for any v : F = R, |[v]|z = sup ez [v(f)].

Remark 8. If B C Bs is a Q-Donsker class of sets, where Bg is the Borel set on
S, then

1Qn — Qllg = Op-(n1/2),
where for any v : B = R, [[v||z = sup s¢p [v(A)].

Remark 9. It can be checked that if (Z,)nen is a sequence of non-negative
random variables, (an)neny € (RT)N such that a, = op(1) and (M,,)nen is a
sequence of maps (non necessarily measurable) such that M, = Op~(1) and

Zy < ap M, for any n, then Z, L 0.
n—

+oo

3.1 Empirical estimation of conditional expectations

We shall also prove and use the following proposition, which is inspired by the
work of |Grunewalder| (2018)) (Proposition 3.2).

Proposition 3.2. Let B C Bs and let Fg := {f1a: f € F,A € B} where F
is a set of functions in L1(Q) uniformly bounded. If B and Fps are Q-Donsker
classes then for any a € [0,1/2) and with B, := {A € B,Q,(A) > n™*} we
have

sup sup |]En [f I A] —E [f ‘ A] | = O]P’* (nail/Q)'

fEF AeB,
Corollary 3.1. Let B C Bs be a Q-Donsker class. If Y is bounded then for
any i € N and any o € [0,1/2), with B, := {A € B,Q,(A) > n~*} we have

sup [E, [V (X,Y) € A] ~E[Y*| (X,Y) € 4] | = Op- ("), (3.1)
AeB,

and

sup |V, [Y | (X,Y) € Al - V[Y | (X,Y) € A]| = Op«(n®~1/2). (3.2)
AeB,

Proofs of these results are postponed in Appendix.

It seems that the result of Corollary which is of independent inter-
est, does not appear as such in the existing literature. As a first applica-
tion of Corollary we show that any sequence of partitions with shrinking
cell diameters is a suitable covering. We define the diameter of a cell r as
Diam(r) = supye,, xer [[X — X'[|, where | - || is any norm of R4
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Proposition 3.3. Consider a sequence (Pp)nen of data-dependent partitions
that satisfies the coverage condition|(HS3) with o € [0, ) and such that

U U {rxR:ireP.d.)}

neN* d,, e(R4)n

is a.s. a Q-Donsker class. Suppose that o2 is known, g* is uniformly continuous
and

max Diam(r) = op(1). (3.3)

reP,

Then the sequence (Py) is a-suitable.

Proof. Let us show that each cell is either significant or insignificant. Thanks

to Condition |(H3)| Corollary (Eq. (3:2)) and Remark [9]
max [V, (Y|X € 1) - V(Y | X € )| = Op(n®1/2), (3.4)
rekly

Moreover V(Y | X € r) = V(¢*(X) | X € r) + 0. Thus, as the redundancy

condition|(H6)|is automatically satisfied for cells of a partition, the desired result
will follow if we check that e, = op(1) with

En 1= Iax VIV, (Y[XeEr) —0o2),.
rekln

From (3.4) we remark that

en < max \/V(g*(X) [ X € 1) + Op(n/71/1) .
rcP,

For all n, if r € P,,, then r xR € Bs. We denote X, and X!, two independent
variables distributed as X given that X € r. We obtain

V(g"(X) | X er) =V(g"(X;))
V(g*(Xe) — g% (X}))
E[(¢"(X:) — g"(X}))?] -

Thus, if we denote w the modulus of continuity of g*, we get

NI= N

<

VV(g*(X) | X er) < 272w (Diam(r)).

By uniform continuity, the condition (3.3)) implies that

£, <2712 max <w(Diam(r))) + Op(n®/?71/4) = 0p(1) .
rePn,

Thus, from (2.2), each cell which is not significant is insignificant and the cor-
responding covering sequence is a-suitable. O
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3.2 Estimation-approximation decomposition

Let G,, denote the set of piecewise constant functions on the partition P(C,,) U
{c¢} such that Vg € G,,,Vx € R?, |g(x)| < L and Vg € G,,,Vx € c¢, g(x) = 0.

The excess risk £(g*,g,) can be decomposed into two terms mimicking
Lemma 10.1 of |Gyorfi et al| (2006). First notice that under the conditions
of Theorem [2.1] on g,, we have

1 n
—Z gn(Xs) = Y1)’ Le, (X EZ Yi)1e, (Xi), Vg € Gn. (3.5)
Now, since moreover g,, € Gn,
Ug*, gn) = E[(gn<x> “(X))7]

E[(g"(X) ~ )]

~yg
=E[(9.(X) =V)*] -
~Y)’] ~ inf E[(9(X) -Y)7

= 5o

<2 sup [B[(9(X) - ¥)7] - | > (0(X0) - Yoy
13 (0a(X0) — Y01 (X)

<4L2Qn(cg)
. N 2
+ glengfn E[(g(X) —g (X)) ]

Up to the term 4L%Q,,(c¢) which converges to zero by assumption, this is the
standard decomposition of the risk into the estimation error and the approxi-

mation error. To prove the theorem it is sufficient to prove that

nf E[(9(X) - g"(X))*] = 0x(1) (3.6)

and .
sup [B[(900) = V)7] = 1 (%)~ V]| = oelD). (87

g&Yn i=1



3.3 Approximation error
Let us define C.\* = {r\cg :r € C.} where ¢ = Upecs . Notice that P(Cfl\s) =
{A \ci:Ae P(C;)} Indeed, by Proposition

P ={Nr\ U r:ccaly
reC rGC;\S\é

~{Neveny U o\ep:cice}

reci reCi\Ci

:{(ﬂr\ U r)\c;:éigc;}

reCt  reCi\C!
—{a\e;ae P} (3.8)

So that, by Proposition again, P(C,) is a partition of c,, finer than P(C3)U
P(C.\). Hence, with

Gn = > E[Y|X € A]1,4,
AEP(C2)UP(CLN®)
Q(A)>0

we have g, € G,, and

inf \/E [(g<X) - g*(X))z] < \/JE [(gn(X) —g*(X>>2}

9€Gn

< B [3000) ~ 07 (016,00
+E[g(X)?1e; (X))
<L\/Q(es)
Thus, to prove (3.6), it suffices to show that W,, = op(1) where

W = E[(3(X) - 9" (X)1e, (X))°].

We will repeatedly make use of the following equalities:

Elg"(X)1e,(X) | X er] =E[g"(X) | X er] =E[Y | X € 1], (3.9)
V(g"(X)1e,(X) [ X er)=V(¢"(X) | X€T), VrCec, '
and
VY|Xer)=V(g* (X)X er)+0%, VrCRL (3.10)
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Let us first remark that

2

W, =E > E[Y | X € A]14(X) — g"(X)1e, (X)
AEP(C5)UP(CLY)

= > E > Elg*(X)1e, (X) | X € A]14(X)

A EP(C5)UP(CE ) Ufes } AEP(C)UP(CLY)
~g"(X)1e, (X))’ La (X)}

- > E|El (X) | X € A] = g"(X)1e, (X)) 14(X)|
A’eP(C3)UP(CLY*)U{es }

- 3 E (X) | X € 4] - ¢*(X)1e, X)ﬂXeA'}
A’eP(C3)UP(CL*)Ufes }
xP(X € A) (3.11)

which shows that W,, is a within-group variance for the variable ¢*(X)1., (X)

and the groups P(CS) U P(Cfl\s) U{c}.
According to the decomposition

W= > E[(E[|Xe4] _g*(X)1cn(X))2]x eAlP(Xe 4

AeP(Cs)
o
+ > E[EY|Xe4 -y X, X))Q\XeA}P(XeA)
AeP(CLN)
Wile

+E [ (Elg"(X)1e,(X) | X € ¢f] = g" (X)L, (X))?| X € ¢ P(X € cf),

0

i\s

it is sufficient to prove that W3 % s0and W, —> 0.
n—oo

To deal with W? | we start from the decomp081t10n of the total variance into
the within-group and the between-group variances:

W3, = El(g"(X)1e, (X) — E[g" (X)L, (X)])1e; (X)] - B;

n

< V(g (X)L, (X)) - B;, (3.12)

B, = > (E[g"(X)Le,(X)|X € A] - E[g"(X)1c, (X))’ P(X € A).
AEP(Cs)
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The between group variance B} will be lower estimated by a function of W?
from which a lower bound of W will follow. The key point of this lower bound
is to use the definition of C; in To make the terms controlled by this
significant condition appear, we lower bound B; by a sum over the elements of
C: instead of elements of P(C:) and the expectations is replaced by empirical
expectations. After applying the inequality provided by the significant condition
we’ll have to do the reverse operation to make W7 appear again.

Let us first lower bound B; by a sum over the elements of C; instead of
elements of P(C3) and replace the expectations by empirical expectations:

Z Z #@c #ocs (A) ) [Y|X€A]*E[g*(x)lcn(X)])QP(XeA)

recC; A€Pes (r)

zzm S (B 1K A B 0] POXE A

recs ™7 A€Pes (r)

Cs S Y EYIXeA-E[f(X)le,x]) P(XeA|Xer)P(Xer)

3 reC; AePes (r)

2

> 1 =Y | Y ENV|XecAP(XeA|Xer)-E[g"(X)le,x)] | P(Xer)
M(Cn) recCs AGPCfL (r)
1 ) ,
) ; (ElY X er]-E[y (X)L, 0]) P(Xer)
1 2
S @) ;cn (Vs = ) PO €2) (3.13)

where we applied Jensen’s inequality for the third to last inequality and where

Ay = sup {V7 4, —UJ A}

AcB,
with for any A € B,
Una=E[Y | (X,Y) € A] - E[g"(X)1c, (X)]
Vooa =E, Y] (X,Y)e Al -E, [Y]

and B, = {4 € Bs.t. Q,(A) >n"}.
Continuing (3.13) with the definition of C; in in mind,

S 1 —
B2 gy 2 (VYK €5) o) - 80) POX 1)
2 M(lcfl) rEZCS (B»;Z(Vn(Y|X S I') —_ 0'2) _ B;2|0.3L _ 0_2| _ An) P(X c r).
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Since W? EAGPC cx) V(9" (X)1e, (X)X € A)P (X € A), this last term
can be 1ower bounded by W“ if the empirical variances are replaced by variances
and the sum over C$ by a sum over P(C?). Let us then define

Al = sup {|[V(Y|(X,Y) € A) = V,(Y[(X,Y) € 4)|}

AeB,
and write
1
5S> —2 2 ATy p=21.2 2]
() ; (B2(V(Y | X €1) — 02— AL) = B2]0% — 02| — A,) P(X €1)
1 72 .
- ((X)Le, (X) | X €1) = A) = 8,207 — 0% - A,) B(X
Vg 2 (a (Ve (016, (X0 | X €)= 80) = 7] — 7| - &) PX &)
by (.9) and (3.10)
Bz )
~ M(C) XZ( [ Y | X er]—g"(X)1L, (X)) |Xer}

reCs
—(A’ + o2 —o?|+ BEA,))P(X € 1)

> Yy (E[(E[Y|X6r]—g*(X)1Cn(X))2\XGAD]P’(XEA)
reCs AePes (r)
— (ﬁ*ZA' + B %02 = o?| + Ay) since 3-,c0. P(X €1) < M(C})
S D DS (E[(E[Y|XeA]—g*(X)lcn(X))Q|X€ADP(X€A)

reCs AG”Pca (r)
- (ﬂizAl + 6n2|0n - 02| + An)

> fn M(Cs) x > (B[EN X e - g (X)L, (X)) | X € A] ) FX € 4)
( ) A€eP(Cs)

- (ﬁ;2A, +ﬂ7:2|0-72L - ‘72| +An)

— B e Y~ (a7 + Bl o)+ A,

Together with (3.12)), this yields

e < V0 001, (X) + %A% + 52)0% — 0% + A,
n = 2m(Cy)
L+ 6n” 37ty
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Under |(H3)| and [(H9)l Corollary applies and we obtain

Ap = sup {(Voa —Una)(Vaa+Upna)}

AeB,

< sup {IEl | (X,Y) € A] - ElY | (X,Y) € 4]

+ |Elg*(X)1e, (x)] — En[YH} x 4L

<AL x (sup [E,[Y|(X,Y) € A] - E[Y|(X,Y) € A]|
AeB,

+ [Elg*(X)1e, (X)] — E[g*(X)]| + [Elg" (X)] —En[Y]])
E[Y]
< 4L x (Op- (n*71%) + LQ(c;,) + Op(n™'/?))
= Op- (nafl/Q)

since Q(c¢) = Op-(n®~1/2). Corollary also yields
Al = Op- (n®1/2).

Since it is moreover assumed that |02 —o2| = Op(n®~2), (2.3) of Condition
and Remark [9] lead to

P
W —— 0.
n—oo
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To deal with Wib\s, remember ([3.8) and write

Wils =

IA

IN

IA

IN

IN

IN

IN

IN

> E[EY X e g (X)L, (X))’ 14(X)]
AeP(C;™)

> E[EY[XeA\c] - ¢ (X)le, (X)) Laye; (X))
AeP(C})

> E[EIY X e -g (X)L, (X)) Lare; (X)]
AeP(Ch)

n

> E[EY X e - g (X)L, (X))’ 14(X)]
> Y E|EYXE A - g (X)L, (X)) 14(X)]
rec;, A€Pe; (1)

T X X E[EN X er g (X1, (0 14(X)

"/ recCi AEP,; (r)

m(Cy,)

—_

reC
1
@) Y (VyXer)-o?)P(Xer) by (3.9) and (3.10)
"’ rech
1i Z (Vo(YIX€r) =0l + |02 —0?|+AL)P(X €T1)
m(cn) reci
1
() > (24t -0’ +A,)P(XEr) under [(H5)
" reci
M(C;) 2 2 2 / P
(e tlon ol A) S0 0

under (2.4) of Condition and with Remark [9]

3.4 Estimation error

The proof of is inspired by (Gyorfi et al., 2006, Theorem 13.1) and its
proof. It is not needed here to truncate the functions in G,, nor Y since they are
all bounded by assumption. Thus the assumptions do not need to involve
the truncation constant.

Recall that G, is the set of piecewise constant functions with values in [—L, L]

on the elements of the partition P (C,)U{cS } such that Vg € G,,,Vx € c{, g(x) =
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0. Then G,, is a subset of

G.olIl, = {g:Rd—HR:g:ZfAlA,PEHn,fAEQC},

AeP

where II,, is a refinement of {P(C,(d,)) : d,, € 8™} (see Defintion and G,
is the set of constant functions R — [~L, L]. Then

sup |- 3 (9(Xs) - Y3)? — E[(9(X) — Y)?]
9€Gn —1
1 Z" B 2
N gesglfg)ﬂn ﬁ i=1 ]E[(Q(X) Y) ] 7

According to (Gyorfi et al., 2006, Theorem 9.1 and Problem 10.4) we have,
2

—ne

< 8E {/\/‘1 <32L QCoHn,Xl)} eXP{lQ&(W}7 (3.14)

where X7 = {X;,...,X,}.

Here Vi (g, G, o I1,,, X7) is the random variable corresponding to the minimal
number N € N such that there exist functions gi,...,gy : R? — [-L, L] with
the property that for every g € G. o IL, there is a j € {1, ..., N} such that

*Zlg X;)| <e.

This number is called the e-covering number of G.oIl,,. It can be interpreted
as the complexity of the class. Then using (Gyorfi et al.l 2006, Lemma 13.1)
(it can be checked to hold in the current situation, in particular for a family of
finite collections of disjoint sets instead of a family of partitions of R%) we have

Nl( gcoHn,X1>

32L°

M(I1,,)
S An(Hn) { sup Nl <32L gmzl )} )

21, 2m €{X1,.., X} m<n

According to (Gyorfi et al., 2006, Lemma 9.2) for any set of functions G and
any sample 2z]* we have

N<32Lg ) M1(32ngl>’

24



where Mj (¢,G, 2]") is the maximal N € N such that there exist functions
gi,---,9N € G with

m

7Z|gj Zz — 9k Zz)| > g,

forall 1 <j<k<N. Itis called L, e-packing of G on 27*. See (Gyorfi et al.
2006, Definition 9.4 (c)).
Now, from the definition of G,

2L
sup M (g,G, 27") < [—‘ + 1
21, 02m €{X1,...,. Xp },m<n g
Finally,
. 64L2 H(Hn)
sup Nl( G.oll,, 2" )gAHn G W+1> .
Z1yeeny Z2m €{X1,..., X,},m<n 32L ! ( ) €

(3.15)

According to and (| we have:
{Sélp Z l9(X P-E[lg(X) - Y]?] 6}
9€Gn

~ 6412 M(1L,) ne2
< =
—8An<ﬂn>({ =) e ()
and since

. 6412 M(IL,) ne2
A, (1 1 __ne
84 “)U e % ) eXp( 2()48L4>

- A 4 64L>
w2 egA,myzr MWL log({ %1)

=8exp |~ 77 | 308 n - n :

this concludes the proof of (3.7)) and of Theorem

4 Tllustrations

In this section we propose a simple algorithm to generate data-dependent cov-
erings using either Random Forests (RF, Breiman| (2001))) or Gradient Boosted
tree (GB, [Friedman| (2001))) or Stochastic Gradient Boosting tree (SGB, [Fried-
man| (2002)) as rule generator. The interest is double; First, it exhibits examples
of data-dependent quasi-coverings that are likely to be suitable as in Definition
Second, we observe that the interpretability indices are small when ap-
plying our algorithm predicting real data with significant rules. Note that any
rules considered here are based on intervals of R as in Remark [ and then their
length is automatically smaller than or equal to d.
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4.1 Covering Algorithm

The proposed algorithm generates an estimator using data-dependent quasi-
coverings. It is decomposed into four steps.

1. The algorithm generates an ensemble of trees with a given method among
RF, GB or SGB with a maximal size by tree, tree_size, and a maximal
number of generated rules, mazx_rules.

2. For a chosen a € (0,1/2), the algorithm sets 3, = n®/2~%/% and ¢,, =
BnSn, Where s, is the empirical standard deviation of y1,...,y,. It keeps

all nodes and leaves of all trees generated by the rule generator that have
a length lower than or equal to [_maz € {1,...,d} and that fulfill [(H3)|

3. This set of rules is divided into two sets: The set of significant rules S,
(i.e., rules r that fulfill 8, |E,[Y|X € r]-E,[Y]| > /(V.(Y|X €r) — 02)4)
and I,, the set of insignificant rules (i.e., rules r that are not in S,, and
fulfill &, > /(V,(Y[X €1) —02)4).

4. The algorithm selects a minimal set of rules C, using Algorithm [1] in
Appendix. If, at any step, the set of selected rules forms a covering the
selection process is stopped. A rule is added to the current selected set
of rules if and only if it has at least a rate 1 — v € (0,1) of points not
covered by the current set of rulesﬂ The set S,, is browsed first, sorted
by empirical coverage rate and I,, is browsed next, if necessary, sorted by
increasing empirical variance.

As explained in Definition the set C,, is the union of two sets of rules: The
significant set C3 and the insignificant set C!. In practice the set Cg is the
most interesting one because it identifies the rules where the conditional mean
is prominent.

The datasets and the code of the illustrations are available on (GitHub. The
code mixed Python and R languages.

4.2 Datasets

We consider seven public datasets presented in Table These datasets have
different dimensions and number of observations. For the dataset Student we
have removed variables G1 and G2 which are the first and the second grade
respectively because the target attribute G3 has a strong correlation with at-
tributes G2 and G1. In|Cortez and Silval (2008]) authors argue that, despite the
complexity of the regression model, the prediction of G3 without G2 and G1 is
much more useful in practice.

2This step was already described in Remark [4]in order to fulfill the redundancy condition
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Name

(n x d)

Short description

Diabetes

Prostate

Ozone

Machine

MPG

Boston

Student

443 x 10

97 x 8

330 x 9

209 x 8

Prediction of quantitative measure of disease pro-
gression one year after baseline (Efron et al.

2004]).

Prediction of the level of prostate-specific antigen
based on clinical measures in men who were about

to receive a radical prostatectomy (Hastie et al.

2001)).

Prediction of atmospheric ozone concentration

from daily meteorological measurements (Hastie

et al.| 12001)).

Prediction of published relative performance

Dua and Graffl 2017)).

398 x 8 | Prediction of city-cycle fuel consumption in miles

per gallon

Dua and Graff] |2017).

506 x 13 | Prediction of the median price of neighborhoods,

Harrison Jr and Rubinfeld, 1978)).

649 x 32 | Prediction of the final grade of student based on
attributes collected by reports and questionnaires

Cortez and Silva, 12008)).

Table 1:

Brief description of the public regression datasets used.

4.3 Execution

For each dataset we realize 20 executions. For each execution the data are ran-
domly split into a training set and a test set, with ratios of 70% and 30%, respec-
tively. As a benchmark of accuracy we consider RF (Breiman [2001) and as a
benchmark of interpretability we consider the CART algorithm (Breiman et al.,
[1984). We compare Covering Algorithm with RF as rule generator (CA RF),
GB trees as rule generator (CA GB), SGB trees as rule generator (CA SGB)

with RuleFit

Friedman and Popescu

=

2008)) (with rules only), Node harvest

(Meinshausen,

2010) (Nh) and SIRUS

Bénard et al.l [2020]). These algorithms

are the main existing interpretable rule-based algorithms for regression settings
that are based on tree ensembles.

RuleFit is a very accurate rule-based algorithm. First it generates a list
of rules by considering all nodes and leaves of a boosted tree ensemble ISLE

(Friedman et al) 2003). Then rules are used as features in a sparse linear

regression model obtained by Lasso (Tibshirani, [1996]).
Node harvest uses also a tree ensemble as rule generator. The algorithm
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considers all nodes and leaves of RF as rules and solves a linear quadratic prob-
lem to fit a weight to each rule. Hence, the prediction is a convex combination
of rules.

SIRUS (Stable and Interpretable RUle Set) has been designed to be a stable
predictive algorithm. It uses a modified RF to generate a large number of rules
as nodes and leaves. Then it selects the rules with a rate of occurrence greater
than a tuning parameter pg. To ensure a large number of occurrences on rules
the features are discretized.

The maximal number of leaves of CART is set at tree_size = 10 and the num-
ber of tree for RF is et at nb_tree = 1000. For CA and RuleFit we set similarly
the maximal number of rules generated by the rule generator max_rules = 4000
and the size of a tree tree_size = 8. For CA, Node harvest and SIRUS we
set identically the maximum rule length [_max = 3. For CA we also set
a =1/2 —1/100 and v = 0.90. In these applications the real value of o2 is
unknown. We estimate it by o2 the minimal variance of the generated rules
fulfilling the covering condition We have no guarantee that this estimator
is good enough (see Remark. For SIRUS, the hyperparameter p0 is estimated
by 10-fold cross-validation and the maximal number of rules is set at 25. The
parameters setting is summarized in Table 2]

Algorithm Parameters
CART tree_size = 10.
RF nb_tree = 1000.
RuleFit tree_size = 8,

max_rules = 4000.
Node harvest (Nh) | I_maz = 3.

SIRUS l_mazx = 3,
max_selected_rules = 25,
ncv = 10.

CA max_rules = 4000,

tree_size = 8,

alpha = 1/2 —1/100,
gamma = 0.90,
l_max = 3.

Table 2: Algorithm parameter settings.

4.4 Results

Experimental results are gathered in Table |3} For each dataset and algorithm
we present an average over the 20 executions of the number of selected rules (Nb
rules), the empirical coverage rate on the training set (Cov), the interpretability
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index (1.4) (Int) and the mean squared error on the test set divided by the
empirical variance of the target (MSE).

These results emphasize that suitable data-dependent quasi-coverings (see
Definition are very efficient to generate an interpretable rule-based model,
see also Section [4.5] They generate very simple models with an interpretability
index (|1.4) much lower than the other algorithms. Moreover the sets of selected
rules C,, form in most cases a covering of the training set. CA achieves a good
interpretability-accuracy tradeoff with emphasis on interpretability except for
the dataset Student that might be too complex to be interpretable. SIRUS
appears as a good challenger achieving a more balanced tradeoff. Finally, these
results show that the choice of the rule generator for the CA has an impact on
the interpretability index and on the accuracy.

4.5 Examples of interpretation

Any model generated by a CA can be summarized in a table of rules. We present
one selected set of rules by the CA RF in Table [f] for the dataset Ozone. The
measure A,, is the empirical mean deviation ratio of the prediction from the
mean of Y.

Table [4]is a description of the model. Together with Table [5] we are able to
translate in natural language the significant rules in Table [4] accordingly with
the definition of interpretability of |Biran and Cotton| (2017)).

e Rule R1 suggests that if the temp variable is reasonably low then the daily
maximum of the hourly average ozone concentrations in Upland tends to
be low.

e Rule R2 suggests that if the ibt variable is not too high then the target
tends to be low.

e Rules R3 and R4 suggests that CA has detected an interaction between
high ibt and the humidity variable. Indeed, high value of ibt and high
humidity indicate a high hourly average ozone concentrations and high
value of bt and low humidity indicate a low hourly average ozone con-
centrations.

4.6 Comments

In Figure 5] and Figure [] we present boxplots of the MSE over the 20 executions
for each algorithm for the datasets Machine and Ozone. These two datasets
has been chosen to show that CA may have very variable accuracy (Figure [5)
as well as stable and good accuracy (Figure |§[) for two datasets with the same
dimension.

One reason might be that rule generators of CA are random generators of
rules that might not capture the good features at each run. In particular we
identified the problem of the predictions of the empty cells of the partition
generated by the quasi-coverings. Then by convention g,(x) = 0 for x € A
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Figure 5: Boxplots of the ratio mean square error/empirical variance of the
target (MSE) over 20 executions of algorithms for the Machine dataset.
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Figure 6: Boxplots of the ratio mean square error/empirical variance of the
target (MSE) over 20 executions of algorithms for the Ozone dataset.

with Q,(A) = 0. Thus CA accuracy highly depends on the coverage Q,(A)
of the sets A € P(C,,) which can be too small to be stable. In Definition
of suitable data-dependent quasi-coverings only the coverage of the elements of
C, is controlled. The issue might be solved by considering a deterministic rule
generator.
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5 Conclusion and perspectives

In this paper we provide a general setting for studying the consistency of in-
terpretable rule-based estimators. We introduce the notion of suitable quasi-
covering consisting of two kinds of sets, the significant and the insignificant
ones. The significant sets are thought of as interpretable sets by construction.
The insignificant ones are sets which variance tends to zero. We provide Cover-
ing Algorithm that extracts from any rule generator a suitable data-dependent
covering. We apply it to Random Forest (Breiman, 2001), Gradient Boosting
(Friedmanl [2001) and Stochastic Gradient Boosting (Friedman, 2002) and we
compare its result with the ones of CART (Breiman et al) [1984), Random
Forest (Breiman), 2001)), RuleFit (Friedman and Popescul |2008), Node harvest
(Meinshausen| 2010) and SIRUS (Bénard et al., [2020)). The loss of accuracy
in the prediction is the cost to pay to have an interpretable model according
to our definition of interpretability. We broaden the accuracy-interpretability
trade-off of classical algorithms by providing a much more interpretable method
that remains consistent.

Our methodology based on quasi-coverings is very effective for generating
interpretable models. The use of tree ensemble such as RF, GB or SGB as the
rule-generator of Covering Algorithm is questionable; In Section [4.6] we pointed
out the possible negative effect of the randomization procedure, when combined
with the ERM principle rather than averaging, for identifying informative vari-
ables. We observed that the choice of the rule generator has an important effect
on the accuracy, the interpretability and the stability. We look for an algorithm
that generates deterministically significant, insignificant rules and a suitable
sequence of data-dependent coverings satisfying on its own.

In practice the variance o2 is unknown and has to be estimated efficiently
enough. We let for future work the difficult question of defining a rule-based
estimator of the variance with rate of convergence Op(n®~'/?) as required in
Theorem Our setting could also be broadened; unbounded Y may be con-
sidered by introducing a truncation operator as in |Gyorfi et al.| (2006); strong
consistency and rates of convergence of the data-dependent covering estima-
tors may be established under regularity conditions on g*. Finally, the scope
could be easily adapted from the regression setting to the classification one by
adapting the significant condition accordingly.

Appendix

In this Appendix, we gather some proofs and we provide the pseudo-code of the
Covering Algorithm’s selection process.
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Proof of Proposition (1.1

Proof. By the definition of ¢¢, for any x € R?, o' (pc(x)) = MNrceixer T\
UreC:er r. Thus

A€ P(C) =z (Imlpc)) == Ix e RYA=pc (pc(x) = (r\ [ Jr
reC reC
XEr x¢r

«—3ICCC/A= mr\ U r and A # 0.
reC  rec\C

Proof of Proposition [2.1

Proof. 1. e Lower bound: Consider the set & of the points 2 € R? whose
coordinates are all zero except x[i] = 2, for 1 <i < d and the set &
of the points € R? whose coordinates are all zero except z[i] = 1
and z[i+1] = —1, for 1 < i < d (with the convention z[d+1] = z[1]).
If P is a partition by hyperrectangles and C' € P, then no pair of the
2d points of £; U & can be in the same element of P\ {C'}.
Indeed, suppose that (z,y) € £ (or analogously € &) lies in some
D € P\{C}, with z[i] = 2 and y[j] = 2. Since R is an hyperrectangle,

the point z whose coordinates are all zero except z[i] = M =1

and z[j] = M = 11isin R too. Thus C and R intersect. In the
same way, suppose that (z,y) € & x & lies in some D € P\ {C},
with z[i] = 2, y[j] = 1 and y[j + 1] = —1. Then, the point z whose
coordinates are all zero except z[i] = 1 (while z[j] = z[j] = 0 and
z[j+ 1] ==z[j+1] =0) is in R too. Thus C and R intersect.

Thus, the 2d points of & U &; induce 2d distinct elements of P that
are added to C.

e Upper bound: The partition
P ={(-0,0) x R41: (1, 400) x RI7L;
0,1] x (=00,0) x R¥2;[0,1] x (1, +00) x R¥2;
0,1]471 x (—00,0) 5[0,1]4 x (1,+00) ;
[0, 1]}
fulfills the conditions of the proposition.

2. The covering C = {[O7 1]%; Rd} fulfills the conditions of the proposition.
O
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Proof of Proposition
For any f:S — R in £}(Q) we note classically Qf := [ fdQ, Q,f := [ fdQ,.

Proof. Let ¢ > 0. First, for any f € F and A € B, since Q,(A) > 0 and then
Q(4) >0,

[En [f [ Al =E[f | All

:.hﬂ@n_hﬂ@‘
Q.(4)  Q4)
| QA) ([ fdQu — [, FdQ) + (Q(A) — Qu(A)) [, fdQ
Q(A)Qn(4)
[a FAQu — [, 1dQ - [4 40
<[t e e gig | 6

Now, according to Proposition 3.1

/AfdQn—/AfdQ’ = Op-(n~1/2),

sup
feF,AeB

and

sup [ @ (4) = QA)| = Op- (n77).
AeB

Thus, According to Remark [7] there exists M > 0 such that for any n large
enough,

/AfdQ” _/AfdQ’ > Mn—1/2} <<

@u@—@mﬂ>Mmﬂﬂ<

P* sup
feF,AcB

P* < sup
AeB

so that P*(Q,,) > 1 — ¢ with

Q, ::{ sup ‘Afd@n—AfdQ‘SMn_l/z}ﬂ

fer, AeB

and

<
27

{S}lp |Qn(4) —Q(A)| < Mn‘1/2}.

AeB
Then (5.1)) yields, with ¢ := sup |f(x)| < oo and since Q,(A4) > n™¢,

feEF,xES
for n large enough, in the event €,

sup [E, [f | Al —E[f | A]| < Mn*"'2(1 4 0),
fEF,A€EB,
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: Ja £dQ
since <G <ec.

Finally, it has been proved that Ve > 0,3M > 0,dN € N*/Vn > N,

]P’*{ sup En[f|A]IE[f|A]|>Mna1/2}<s,
feF,AeB,

and then Ve > 0,dM > 0 such that

limsup]P’*{ sup IEI,L[f|A]—IE[f|A]|>Mno‘_1/2}<57
n—o0 feF,AcB,

which, together with Remark [7] again, proves the proposition. O

Proof of Corollary
Proof of , Let L =esssupY, i €N, and f; € £L}(Q) be defined by
fi iR x [~L,L) — [-L', LY
(%) =y

fi is bounded and {f;} is finite thus Donsker. The result is then a straightfor-
ward application of Proposition [3.2} O

Proof of (3.2). This part follows from Proposition [3.2[since Y is bounded and

Vo[V | (X,Y)€A:=E, [Y?|(X,Y) € A] -E,[Y | (X,Y) € 4]°.
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Dataset Regression Tree (CART) Random Forest (RF)
Nb rules Int MSE Nb rules Int MSE
Diabetes 10 30.2 1.14 191190.6 | 1070454.75 | 0.58
Prostate 10 25.3 1.11 42047.95 169328.6 0.56
Ozone 10 32 0.5 108082.95 | 572067.75 | 0.28
Machine 10 24.2 0.18 73754.25 319376.45 | 0.06
MPG 10 29.0 0.27 148954.4 623266.0 0.14
Boston 10 26.3 0.29 212961.05 | 1270252.25 | 0.14
Student 10 37.75 | 1.55 199278.65 | 1838107.25 | 0.74
Dataset CA RF CA GB
Nb rules | Cov Int MSE || Nb rules | Cov Int MSE
Diabetes 7.6 0.99 | 17.95 | 0.70 9.1 0.99 19.7 0.74
Prostate 5.8 1.0 | 13.95 | 0.85 6.05 1.0 | 13.35 || 0.86
Ozone 3.3 0.99 | 5.85 0.42 3.95 0.99 | 6.55 0.39
Machine 2.85 0.99 | 5.05 0.40 3.25 0.99 | 6.05 0.50
MPG 3.1 0.99 4.3 0.28 3.65 0.99 | 6.85 0.30
Boston 4.9 0.99 | 10.9 0.45 6.8 0.99 | 15.15 0.45
Student 18.45 0.99 | 514 0.86 32 0.98 | 86.75 1.01
Dataset CA SGB RuleFit
Nb rules | Cov Int MSE || Nb rules | Cov Int MSE
Diabetes 8.75 0.99 19.8 0.67 249.35 1.0 1168.7 | 0.71
Prostate 6.5 1.0 15.05 0.76 78.4 1.0 268.8 0.66
Ozone 4.05 0.99 6.5 0.38 187.45 1.0 851 0.28
Machine 3.2 0.99 6.1 0.52 99.85 1.0 278.15 | 0.08
MPG 3.75 0.99 7.25 0.29 174.7 1.0 745.15 | 0.13
Boston 6.35 0.99 | 13.85 0.46 264.95 1.0 | 1207.65 | 0.12
Student 37.3 0.98 | 100.05 | 1.01 277.95 1.0 1280.4 | 0.90
Dataset NodeHarvest SIRUS
Nb rules | Cov Int MSE || Nb rules | Cov Int MSE
Diabetes 227.15 1.0 | 613.05 | 0.59 21.25 0.99 | 32.35 | 0.57
Prostate 66 1.0 | 160.35 | 0.57 23.25 0.99 33.7 | 0.59
Ozone 181.45 1.0 4729 | 0.29 24.9 1.0 39.4 | 0.32
Machine 67.15 1.0 159.0 | 0.32 13.9 1.0 21.85 | 0.26
MPG 100.15 1.0 | 257.85 | 0.15 25.0 1.0 45.2 | 0.21
Boston 139.85 1.0 345.4 | 0.20 25.0 10.99 | 38.5 | 0.25
Student 78.5 1.0 | 228.45 | 0.76 15.35 1.0 26.2 | 0.77

Table 3: Average of the number of rules (NB rules), the empirical coverage rate
on the training set (Cov), the interpretability index (Int) and the ratio mean
square error/empirical variance of the target (MSE) over 20 executions of usual
interpretable algorithms for various regression public datasets. Best values are
in bold, as well as values within 10% of the best for each dataset.
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Rule Conditions Coverage | Prediction | Std | A,

R1 temp € [30,67.5] 0.65 7.99 4.57 | —0.2

R2 ibt € [—15,191] 0.60 8.02 4.5 | —0.2
ibt € [172, 326]

R3 humidity € [35.5,92] 0.41 18.61 7 0.8
bt € [172,326]

R4 humidity € [19,35.5] 0.08 6.11 2.64 | —0.4

Table 4: Summary of the rules selected by CA RF on the dataset Ozone. All
rules are significant. The temp variable is the Sandburg Air Force base temper-
ature in degrees Fahrenheit, the ibt variable is the inversion base temperature
at LAX in degrees Fahrenheit and the humidity variable is the humidity in

percent at LAX.

Table 5: Description of the variables selected by CA RF for the dataset Ozone.
The Y variable is the daily maximum of the hourly average ozone concentrations

in Upland.

Y temp bt humidity
mean || 11.78 | 61.75 | 161.16 58.13
std 8.01 | 14.46 | 76.68 19.87
min 1.00 | 25.00 | -25.00 19.00
25% 5.00 | 51.00 | 107.00 47.00
50% 10.00 | 62.00 | 167.50 64.00
5% 17.00 | 72.00 | 214.00 73.00
max 38.00 | 93.00 | 332.00 93.00
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Covering Algorithm selection process

Algorithm 1: Selection of minimal set of rules
Input:

e the rate 0 < v < 1;
e a set of significant rules S;
e a set of insignificant rules I;

Output:

e a minimal set of rules C,;

1 C +— argmax,cg Qp(r);

2 S+ S\Cp;
3 while ) . Q,(r) <1do
4 r* « arg maxres Qn(r);
5 if Q,(r*n {UrECn r}) <vQu(r*) then
6 | Cp+CuUr™;
7 S S\r*;
8 if #5 =0 then
9 ‘ Break ;
10 end

e

1 if Y0 o Qn(r) <1 then
12 while > . Q,(r) <1do

13 r* < argmin ; V,(Y|X € r);

14 if Qn(r* N{Urec,r}) < vQu(r*) then
15 ‘ Cp < C,Ur";

16 I I\r*

17 if #1 =0 then

18 ‘ Break ;

19 end

20 return Cy;
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