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Abstract

In this work, we study the existence, uniqueness and maximal LP-regularity of the solution of
different biharmonic problems. We rewrite these problems by a fourth order operational equation
and different boundary conditions, set in a cylindrical n-dimensional spatial region €2 of R™. To this
end, we give an explicit representation formula, using analytic semigroups, and invert explicitly a
determinant operator in LP-spaces thanks to H°°-calculus and operator sums theory.
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semigroups, interpolation spaces, maximal regularity.
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1 Introduction

In this article we develop an operator approach to study some properties of the solutions of the
biharmonic problem

Ay = f, (1)

set on a straight cylinder Q = (a,b) x w where w C R""! denotes a bounded domain with a C?
boundary and n > 2 is a given integer while the function f € LP(Q) with p € (1, 00).

Here we are concerned with the existence, uniqueness and LP-maximal regularity of the solutions
of (1) when this problem is supplemented with various types of non-homogeneous boundary conditions
(see below).

Biharmonic problems arise in various applicative fields, including physics, engineering and biology.
In [5], [15], or [26], biharmonic equations are used to model elasticity problem where displacement,
stress, and strain satisfy (1). One may also refer to [3], [12] or [20] for biharmonic models in electro-
static, to [8], [10] or [27] for applications in plate theory where various different boundary conditions
arise. We also refer to [4], [18], [19] or [25] for models in population dynamics.

Coming back to (1), we now specific the boundary conditions that will be studied along this work.
First we assume the homogeneous Dirichlet boundary conditions on the lateral boundary of {2, namely
(a,b) X Ow. This reads as

u(z, () = Au(z,() =0, (z,¢) € (a,b) x Jw. (2)

As far as the boundary conditions on {a,b} x w, we shall study the following five different types

u(a,y) = ¢1(y), u(b,y) = @a(y), yEw, (3.1)

Ozu(a,y) = @3(y), Owulb,y) = ¢aly), yEw, '

896”(0’79) = @1(?/)7 8xu(b7y) = 902(?/)’ Y Ew, (3 2)

Aua,y) = ¢3(y), Aulb,y) = way), y€w, '

" u(a,y) = ¢i1(y), ulbd,y) = ¢2y), yeEw, (3.3)
Opu(a,y) = ¢@3(y), Owulb,y) = ¢a(y), yEw, '



aﬂ?u(avy) = (Pl(y)v amu(bay) = @2(3/)’ yeuw, (34)
Ozzu(a,y) = @3(y), Oweu(b,y) = ¢a(y), yE€w, .
" u(a,y) = ei(y), ulby) = @y), yEw, (3.5)
Aula,y) = ¢3(y), Aulby) = pa(y), yEw. '

In the above boundary conditions, the functions ¢1, w2, @3 and ¢4 are assumed to belong to LP(w)

As mentioned above, in this article we develop an operator theoric approach to handle the bihar-
monic equation (1)-(2) and supplemented with one of the previous boundary conditions. This work
can be viewed as a continuation of the analysis proposed in [19] where the equation

koA%u — k1 Au = f,

has been studied using a suitable operational framework. Note that in the aforementioned work, the
condition k1 # 0 plays a crucial role in this analysis. So that the present work extends this previous
analysis by taking into account this limit case k; = 0.

Here, to handle (1)-(2) and one of the previous boundary conditions, we reformulate this problem
as a suitable fouth order abstract differential equation that allow us to derive existence, uniquess and
also to provide necessary and sufficient conditions on the boundary functions ¢; arising in the previous
boundary conditions, ensuring maximal LP-regularity.

More specifically let us define Ag, the Laplace operator in R"! n € N\ {0,1}, on the Banach
space Li(w), q € (1,+00), with homogeneous Dirichlet boundary conditions on w. Then, Ay reads as:

{ D(Ag) = {1p € W?P(w) : ¢ = 0 on dw} 3
VﬂJ S D(A[)), A0¢ = Ayﬂ)
Thus, equation (1) could be reformulated as the fourth order operational differential equation,

u () + 240u" (z) + Alu(z) = f(z), fora.e. z € (a,b),

where f € LP(a,b; L9(w)), p € (1,400), with u(x) := u(zx,-) and f(x) := f(z,-). Then, we consider
the generalization of this equation with (A4, D(A)), instead of (Ao, D(Ayp)):

u® (z) + 244" (z) + A%u(z) = f(z), fora.e. € (a,b), (4)

where "-A" is a BIP operator of angle 84 € (0,7) on a UMD space X, see Section 2 below for the
definitions of BIP operator and UMD spaces, and f € LP(a,b; X), p € (1,+00).
More precisely, we will study equation (4) under the following boundary conditions:

{JEZ; _ i;: JE?? _ ii: (BC1)
Or {“"@HAIZEZ; _ Zii,i u”(b)+AZEZ§ _ zi: (BC2)
m ERT R
Or Ll Z 2l o B
Or {“"@HAZEZ; _ iii,i u~<b>+AZ§§§ _ zi: (BC5)



where ¢1, @2, 03,04 € X.
Recall that u is a classical solution of equation (4) if u is a solution of (4) satisfying

u € W (a,b; X) N LP(a,b; D(A%)) and " € LP(a,b; D(A)),

Moreover, for i € {1,2,3,4,5}, we say that u is a classical solution of problem (4)-(BCi), if u is a
classical solution of (4) satisfying (BCi).

Our main result is given by Theorem 2.8 in which we give necessary and sufficient conditions for
the existence and uniqueness of a classical solution u of problem (4)-(BCi).

As a byproduct of our analysis, we also obtain an explicit representation formula of the solutions
of (4) and also a regularity result of the terms composed by a polynomial function and an analytic
semigroup.

The paper is organised as follows:

In Section 2, we detail our hypotheses on a UMD Banach space X and on the operator A. Then,
we give our main results. As a consequence, we obtain Corollary 2.9 which establishes the existence
and the uniqueness of the solution u in W*4P(Q2) of problem (1)-(2)-(3.3).

In Section 3, we recall some well-known results useful for the next sections.

In Section 4, we establish some preliminary results. First of all, in Section 4.1, we make explicit,
in Proposition 4.1, a general representation formula for classical solutions. In Section 4.2, we give
a very useful technical result in Proposition 4.2 concerning the regularity of the product between
a polynomial function and an analytic semigroup. In Section 4.3, we give some traces result in
Proposition 4.3. Then, in Section 4.4, we use functional calculus to prove an invertibility result in
Proposition 4.6 which is very useful for the last section.

Finally, in the last section, we prove our main result, Theorem 2.8, which completes Theorem 2.6 by
showing the existence and the uniqueness of the classical solution u of problems (4)-(BC2), (4)-(BC3)
and (4)-(BC4).

2 Assumptions and statement of results

2.1 Hypotheses

Throughout the article, (X, || -||) is a complex Banach space. We first give some useful definitions
before stating our hypotheses.

Definition 2.1. A Banach space X is a UMD space if and only if for all p € (1,+00), the Hilbert
transform is bounded from LP(R, X) into itself (see [1] and [2]).

Definition 2.2. A closed linear operator T3 in X is called sectorial of angle w € [0, 7] if
Z) O'(Tl) C ST,,
ii) Vo' € (wm), sup{|AA—T) g 0 AEC\Sy} < +oo,

where

S, =

z€C:2+#0 and |arg(z w} if we (0,7,
{{6 # |arg(z)| < w} € (0, )

(0, 4+00) if w=0,
see [13], p. 19.

Definition 2.3. We denote by BIP(X,6), 6 € [0,7), see [23], p. 430, the class of sectorial injective
operators 17 in X such that

i) D(T1) =R(Ty) = X,
ii) VseR, T eL(X),
iii) 3C>1,VseR, [[T¥|gx) < Cellf.



We are now in position to describe our assumptions:
(Hy) X is a UMD space,
(Hy) Ais a closed linear operator in X and 0 € p(A),
(H3) -Ae€ BIP(X,04) for some 04 € (0,7),

Some of our results need a supplementary hypothesis:

(Hy) o(A) C (-00,0) and VOe€ (0,m), sup |[[MA]— A)_lHE(X) < 400,
AESy

Note that (H4) means that -A is a sectorial operator of angle 0. Let us give some consequences of our
assumptions.

Remark 2.4.

1. It is known that operator Ay, given by (3), satisfies all the previous hypotheses with X = L4(w),
q € (1,400).

2. If we consider the real case (with -A > 0), then we can solve equation (1) with the help of the
roots +v/-A of the characteristic equation

ot 4+ 2422 + A2 =0,
this is why, in our operational case, we consider the operator
M = -V-A.
From (H3), since -A is a sectorial operator, then the existence of M is ensured, see [13], p. 25.
3. Due to (Hz) we deduce that 0 € p(M), from [13], Proposition 3.3.1, p. 62.
4. From [13], Proposition 3.2.1, p. 71 and (H3), we deduce that
_M € BIP(X, 0,4/2).
5. Since 64/2 € (0,7/2), from [23], Theorem 2, p.437, M generates a bounded analytic semigroup,
(exM >x>0' Moreover, for all n € N\ {0}, from [23], Theorem 4, p. 441, nM generates a bounded

analytic semigroup, (e”zM ) o The last results use the works of [6] and [7].

>

2.2 The main results

We first need some definitions and results concerning real interpolation spaces, the definition of which
is given in [21]. We consider here the following particular case:

Definition 2.5. Let 75 : D(T3) C X — X be a linear operator such that

(0,400) Cp(Tz) and IC>0:Vt>0, [t(To—tD) " rx) <C. (6)
Then, for 6 € (0,1) and ¢ € [1, +0o0], we can define the real interpolation space

(D(T), X)oq := {w € X : £ — 70| To(Ty — t1) 9| x € LI(0, +00) },

see [11], p. 665, Teorema 3. In [28], p. 78, this space is denoted by (X, D(7%))1-¢,4-
We set also, for any k € N\ {0}

(D(T3), X)ks0q = {v € D(TF) : THY € (D(T3), X)oq }
(X, D(T2))kroq = {0 € D(TF) : THp € (X, D(T))gq } -

Note that for an operator Ty satisfying (6), T4 is closed for any k& € N\ {0} since p(T%) # 0;
consequently we can consider (D(T%), X)p,q = (X, D(T%))1-0,4-

(7)
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We recall the following Theorem obtained in [19] (this result is given for k # 0 but clearly remains
true if k = 0).

Theorem 2.6 (see [19]). Let f € LP(a,b; X) with a,b € R, a < b and p € (1,400). Assume that
(H1), (H2) and (H3) hold. Then

1. there exists a unique classical solution u of (4)-(BC1) if and only if

P1,92 € (D(A)vX)H-Lp and 3,4 € (D(A)aX)Lp (8)
2p? 2p

This unique classical solution is called Fg ¢ with ® := (1,2, 3, 94) and is explicitly described
by
Fp ¢(x) = @Mz, 1 b-OM 70,

b
—%e(z*“)MZMfl/ eB=IMyi(s) ds

b
—%e(b*‘”)MZMfl/ =My (s) ds

1

x b
+§M_1/ @My (s) ds + ;M_l/ emIM g (s) ds 9)

b—a:)Me(b—a)M x—a)Me(b—a)M

©2

b
+;e(za)MZe(b“)MM1/ e(b*S)MUO(s) ds

1 b
+§e(b*x)MZe(b*“)MM*1/ e=IMyo(s) ds, x € [a,b],
where

vo(z) = eTTIMZ (o34 Apy) + eCTIMZ (04 4+ Aps)

b b
_;e(x—a)MZM—l/ els=DM f(g) ds_;e(b—x)MZM—l/ =M f(g) s

x b
+;M_1/ e@=IM £(5) ds + ;M_l/ DM £(5) ds

(10)
_b—2)M (b—a)M (o3 + Apy) — ele—a)M (b—a)M (4 + Apy)

—}—%e(m_a)MZB(b_a)MM_l /b e(b_s)Mf(s) ds

1 b
+§e(b_$)MZe(b_“)MM_1/ e(s_“)Mf(s) ds, € [a,b),

-1
and Z = (I — e2(b=a)M )

The existence of Z is ensured from [22], Proposition 2.3.6, p. 60.

2. there exists a unique classical solution u of (4)-(BC5) if and only if
e1,02 € (D(A), X)), 1, and @3,04 € (D(A), X)1 . (11)
2p? 2p

In this case the unique solution is u = F(y, oy os-Ap 0i-Aps),f-

Remark 2.7. In the previous Theorem, statement 2. is obtained from statement 1. in the following
manner: condition (BC5) could be written as follows

u(a) = o1, u(b) = o,
u(a) = @3—Ap1, u'(b) = ps— Apa.



From statement 1., there exists a unique classical solution u of problem (4)-(BC5) if and only if

P12 € (D(A%X)H%,p and 3 — Ap1, 4 — Aps € (D(A), X)

P’
which is equivalent to (11). Thus, we deduce that u = F(y, vy o5 Ap pa-Aps),f-

Now, we give our main results.

Theorem 2.8. Let f € LP(a,b; X) with a < b, a,b € R and p € (1,+00). Assume that (Hy), (Hs)
and (Hs) hold. Then

1. there exists a unique classical solution u of (4)-(BC2) if and only if

P1,p2 € (D(A)yX)H%JF%,p and 3,01 € (D(A), X)L . (12)

Moreover, if (Hy) holds, then

2. there exists a unique classical solution u of (4)-(BC3) if and only if

w1,p2 € (D(A)vX)1+i,p and 3,44 € (D(A)’X)1+%+i7p’ (13)

3. there exists a unique classical solution u of (4)-(BC4) if and only if

prop2 € (D(A), X)1p1, 1, and @394 € (D(4), X)L

2p”

- (14)

As a consequence of Theorem 2.8, we can make explicit our problems (4)-(BC%) with A = A and,
for instance, we do it for (4)-(BC3) and solve problem (1)-(2)-(3.3):

Corollary 2.9. Consider a cylindrical domain Q = (a,b) X w of R™, where n > 2, a,b € R, a < b
and w is a bounded open set of R"™, where n € N\ {0,1}, with C? boundary. Let f € LP(Q) with
p € (1,4+00) and p > n. Then, there exists a unique solution u € W*P(Q) of

Au(z,y) = fla,y), (z,y)€Q
u(z, () = Au(z,() = 0, (z,¢) € (a,b) x Ow
uwa,y) = wi(y), yEeEw
ulb,y) = ¢2(y), yeEw
du(a,y) = ¢@3(y), yeEwW
dpu(b,y) = wa(y), yEw,

if and only if
1,02, 93,00 € WHP(w) N WP (w)

Apy, Aps € W2_%’p(w) NWyP(w)
Aps, Apy € Wl_%’p(w) N Wol’p(w).

Proof. The proof is quite similar to the one of Corollary 2.7 in [19], see also Corollary 3.6 in [18]. O

Taking into account the result of Theorem 2.8, we can also obtain anisotropic result by considering
f € LP(a,b; LY(w)) with p,q € (1,400).



3 Prerequisites

In this section, we recall some well-known facts, useful in our proofs.

Lemma 3.1 ([11]). Let T be a linear operator satisfying (6). Let u such that
w e WP (ay,by; X) N LP(a1, by; D(TY)),

where ai,by € R with a1 < by, n,k € N\ {0} and p € (1,400). Then for any j € N satisfying the
Poulsen condition 0 < % +j<nands € {a, b1}, we have

u(s) € (D(T§),X) s, 2 .
n ' np

This result is proved in [11], Theorem 2’.

Lemma 3.2. [28] Let ¥ € X and T be a generator of a bounded analytic semigroup in X with
0 € p(Tz). Then, for any n € N\ {0} and p € [1,+00], the next properties are equivalent:

1.z @Oy ¢ WP (a, b; X)
2. x> Tyel®= T2 ¢ LP(a,b; X)

o

z = @Oy € WP (g, +00; X)
z = Te@=T2) ¢ [P(a, 400; X)

5. ¢ € (D(TQ)aX)n-l—‘r%,p

-:K

Obviously, statement 1. is equivalent to statement 2. and also statement 3. is equivalent to state-
ment 4. Furthermore, 4. is equivalent to 5., see [28], Theorem, p. 96. Finally, since T3 is a generator
of a bounded analytic semigroup with 0 € p(72), we have

wr, :=sup{Re(\) : A € 0(1T2)} <0,
so from Proposition 2.3.1. in [22], p. 56, we have

M
AM>1,36>0, Vae>=b |[TRe™ 9T ¢ — ¢ 9@=a),
(z —a)

from which we deduce that statement 2. is equivalent to statement 4.

Lemma 3.3 ([19]). Let V € L(X) such that 0 € p(I + V). Then, there exists W € L(X) such that
IT+V)t=1-W,

and W(X) C V(X). Moreover, if T is a linear operator in X such that V(X) C D(T) and for
Y e D(T), TVy = VT, then
Vi€ D(T), WTy = TWih.

This result is proved in [19], Lemma 5.1.

4 Preliminary results

We first note that Fp s defined in Theorem 2.6 is a particular solution of equation (4), this will
be used, in the following subsection, to build a general representation formula of the solution of
equation (4). Then, in the next subsection, we give a result which allow us to study the regularity of
this representation formula. In the third subsection, we give a result on traces of classical solution of
(4). Finally, in the last subsection, we give some invertibility results using functional calculus.



4.1 Representation formula

Theorem 2.6 furnishes results of existence and uniqueness of a classical solution of problem (4)-(BC1)
and (4)-(BC5). With other boundary conditions, the equation (4) is not easy to study: the first step is
to state a representation formula of the solution of equation (4). A similar representation formula has
been given in [8] without details, this formula gives a formal solution of equation (4), nevertheless, it
has not been proved that this formula leads to formal solution of all the classical solutions of equation

(4).

Proposition 4.1. Under (Hy), (Hs), (Hs), if u is a classical solution of (4), then there exist K; € X,
i=1,2,3,4, such that, for all x € [a,b], we have

w(z) = e@IME 4 (1 — a)e@ My 4 bmOM s 4 (h— g)ebmIM K, 4 Fo ¢(x), (15)
where Fy 5 is defined in Theorem 2.6.
Proof. Let u be a classical solution of (4). From Theorem 2.6, there exists a classical solution Fy ¢ of

(4)-(BC1). Thus
Fo,p(a) = Foz(b) = Fy s(a) = Fy ;(b) = 0. (16)

Set up, := u — Fy 5. Then, uy is a classical solution of
ugf) (z) + 2Au) (z) + A%up(z) =0, a.e. z € (a,b).

Now, it remains to determine the expression of uj,. To this end, we have to solve the previous
homogeneous equation. For all z € [a, b], we set

v(z) = up (z) + Aup(z).
Since uj, € W4P(a,b; X) N LP(a, b; D(A?)) with u} € LP(a,b; D(A)), we deduce that
v e W?P(a,b; X) N LP(a,b; D(A)).
Then, for a.e. z € (a,b), we have
V() + Av(z) = ul? (x) + 240 (z) + A%up(z) = 0.
Using results in [9], we obtain that the solution v of the previous homogeneous equation reads as
v(z) = @My 4 C=2)IMey - forall x € [a, b],

where Cy,Cq € X.
Now, we solve the whole equation

uy (z) + Aup(z) = v(z), for all z € [a,b].

Using again results in [9], we obtain that, for all = € [a, ], the solution uj reads as

x b
up(z) = e OMoy 4 b-OMe, 4 ;M‘l/ @My () ds + ;M‘l/ emIMy (s ds

a x
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where Co, C'5 € X. Then

up(x) = @My, oMy ;M'I/

a

e(z—s)M (6(s—a)MCO +€(b—s)Mcl> ds

1 b
+§M'1/ els—)M (e(s_“)MCo +e(b_S)M01) ds

_ e(a:fa)Mcz_'_e(bfm)MCg_’_%M—l/

a

1 T
=My ds + EM_I/ e(FH0=25)M g

a

b b
+;M'1/ eZs—r—a)M e ge 1 ;M'l/ =M g

xT

— e(a:fa)MC«2 + (.’E - a)e(mfa)M%M—lco - %M—Q (e(bfz)M - e(atfa)Me(bfa)M> o)

1 1
+e(b—x)M03 + 1M-2 (e(b—x)Me(b—a)M o e(x—a)M) Co+ (b— x)e(b—z)MiMqu

1 1
— e(w—a)M <02—|—4M— ( (b— a)Mcl CO)) +( ) (z—a)M §M—1CO

+elb-0M <03 + iMQ ( (b—a)M 01 ) + (b — x)elbt—M %M'lcl.

So, we set
Ly o ( (b—a)m |
=Ca+ (M (e 01—00), Ky = MG,
and
Lo ( (b-a)m |
K3203+1M (6 Co—Cl), K4:§M .

We conclude that, for all = € [a, b], we have
up(@) = "MK 4 (2 — a)e "IN + eIV 4 (b — 2)etTIM Ky,

Thus, u satisfies (15), which gives the result. O

4.2 Regularity of polynomial exponential terms

We state below a result which concerns the regularity of the terms composed by a polynomial function
and an analytic semigroup. This result improves the ones obtained in [8], Lemma 3.2 and Proposition 1.

Proposition 4.2. Let T be the infinitesimal generator of a bounded analytic semigroup, p € [1,+o0]
with 0 € p(T). For all x € [a,b] and ¢ € X, we set

vy(2) = (z — a)e®= Ty and wy(z) = (b— 2)e®=0) Ty,
Then, we have
1. vy € LP(a,b; D(T)).
2. Forn € N\ {0,1}, vy € LP(a,b; D(T™)) if and only if ¢ € (D(T),X)n_2+%7p
3. Forn € N\ {0}, if vy € LP(a,b; D(T™)) then vy € W™P(a,b; X).

Moreover, these three statements hold if we replace vy by wy.

9



Proof.
We begin by statement 2. From [28], Theorem, p. 96, for § € (0, 1), we know that

b€ (X, D(T"))y

+oo dt
, = / ||t"(1'9)T"etT¢Hp " < 400
’ 0

“+o00
— / 10057t T 1P dt < oo,
0

Moreover, for n > 2, we set

11
f=1——-——€(0,1),

nonp

1
since n(1 —#) — — = 1, we obtain that
p

+o0
b e (X, D(T"),, / LT T Y|P dt < +o00
0

P
= tr— 1Ty € LP(0, +o0; X).
Replacing t by z — a, we have
t s tT"eTep € LP(0, +00; X) <= vy € LP(a, +o0; D(T™)),
and from Lemma 3.2, we deduce that
vy € LP(a,4+00; D(T")) <= vy € LP(a,b; D(T™)).
From the reiteration Theorem, we obtain

(Xv D(Tn))e,p = (X’ D(Tn))l—l—i,p

= (X,D(T))

-1-1
nlp,p

= (D<T)7X)n—2+%,p'

Thus, it follows that

¥ e (D(T), X) = vy € LP(a,b; D(T™)). (17)

n-2+2.p
Statement 1. is easily deduced from statement 2., indeed
Tvy = (z—a)Te™ DTy
— (2 —a)T2eE-aTT 1y,
= T?up-1y(a).
Since T4 € D(T) c (D(T), X)1 p» from statement 2., for n = 2, we obtain that

p7
T2’UT—1¢ € LP(a,b; X).

For statement 3., we begin by the case n > 2: if vy, € LP(a,b; D(T™)) then from statement 2.,

Y € (D(T),X),-5,1,, this ensure by Lemma 3.2 that we have
I

z— T @ Ty, ¢ [P(a,b; X).

We conclude that
vfpn)(-) = nT”_le('fa)Tw +T"vy () € LP(a,b; X).

Now, we consider the case n = 1. If vy, € LP(a,b; D(T)) then we have
vy (-) = et=Ty 4 Tvy(-) € LP(a,b; X).
To prove that these three statements hold if we replace vy, by wy, it sufficient to use a variable

change: wy(z) = vy(b+a — ). O

10



4.3 Traces result

Proposition 4.3. Assume that (Hg), (Hs) hold. Let u be a classical solution of (4), then, for
s € {a,b}, we have

u(s) € (D(M), X)y 1, W(s) € (DM), X1, and u'(s) € (DOM), X1, (18)
Moreover, we have

(D(M), X)gi1, = (DAL X)ii gy (DOM),X)yp1, = (D(ALX)141is

(D(M), X)y i1, = (D(A)X) 1, (DOM),X)s, = (D(A)X)y,1, )

Proof. Since A? = M*, we have u € W*P(a,b; X) N LP(a,b; D(M*)). Then, from Lemma 3.1, for
s € {a, b}, we obtain

u'(s) € (D(M*),X)1, 1 and 4(s) € (D(M*), X):

Lo L 1i 1
4p7p 4+4p7p 2+4p7p

u(s) € (D(M?), X)

which leads to (18) by using the reiteration theorem. Noting that A = M?, again by the reiteration
theorem, we obtain (19). O

Note that the result remains true if (Hs) is replaced by a sectoriality assumption on A.

4.4 Functional calculus

Throughout the paper, we set
c=b—a>0.

We will need the invertibility of U and V given by

U = I-e*My2cMe™
(20)
V o= I—e*M _2cpMeM,
To this end, we need a result from functional calculus. To state it, we have to set some notations and
give some technical lemmas.
Let 6 € (0,7), we denote by H(Sp) the space of holomorphic functions on Sy, the sector of angle 6
(see (5)) with values in C. Moreover, we consider the following subspace of H(Sp):

Ex(Sy) == {f € H(Sp) : f=0(z27) (|z]| = +0o0) for some s > 0} .

In other words, £4(Sp) is the space of polynomial decreasing holomorphic functions at +o0o. Let T’
be an invertible sectorial operator of angle Oy € (0,7). If f € E5(Sp), with § € (67, 7), then we can
define, by functional calculus, f(T) € L(X), see [13], p. 45. In this work, we use functional calculus,
as classicaly done, see for instance [14], [16], [17] or [24].
For z € C, we set
{ (
(

Note that, we can write formally U

{(m

(z
Lemma 4.4. For all z € (0,4+00), @(z) and 9(z) do not vanish.

1— e 20VZ _9¢\/ze ¢V
= 1—e 2V% 4 90\ ze V5,
u(-A) and V = 0(-A). For z € (0,400), we have

IS
~—
|

[SH] =3

N
~—

=31

1—e 2V _ 26\/56_6\/5
1— e 2V% 4 2c/ze Ve,

~_  —

S3

11



Proof. We want to show that @ and ¢ do not vanish on (0, +00). Since for z > 0, @(z) < 0(x), we just
study the positivity of .

i) = Cm2evE _ C meVE y 2ameVE _ € —eVE (pmeE _q
o' () ﬁe \/56 + c’e \/56 (e + c\/§> .

We set
h(z) = e V% — 1+ cy/z.

Then, we deduce

o C ez c _ ¢
h(x)= 2\/56 +72\/§ NG

Thus, h is a strictly increasing function on (0, +o00) and h(0) = 0, so h(x) > 0. Moreover, we have

(1 — efcﬁ) > 0.

i (z) = %efcﬁh(x) > 0.

Then, we have shown that @ is a strictly increasing function on (0, 4+00) and since %(0) = 0, we deduce
that for > 0, 0 < a(x) < 0(z). O

We recall, for the reader convenience, the following useful technical result from [19], Lemma 5.3:

Lemma 4.5 ([19]). Let P be a sectorial invertible operator in X of angle ¢, for all 0" € (0,7). Let
f € H(Sy), for a given 8 € (0,7). If

(1) 1= f € &x(S),
(i1) f(xz) #0 for z € (0,+00),
then, f(P) € L(X), is invertible with bounded inverse.
We obtain the following result:

Proposition 4.6. Assume that (H3), (Hs) and (Hy4) hold. Then U and V, defined by (20), are
invertible with bounded inverse.

Proof. Let 6 € (0,7) fixed. It is clear that @ € H(Sy), v € H(Sp), 1 — @ € Ex(Sp) and 1 —0 € Ex(Sp).
Moreover, from Lemma 4.4, @ and ¢ do not vanish on (0,+00). From (Hs) and (Hy), we can apply
Lemma 4.5 with P = -A to deduce that U = a(-A) and V = 0(-A) are invertible with bounded
inverse. O

5 Proof of Theorem 2.8

Note that from Proposition 4.3, in Theorem 2.8, we just have to prove the reciprocal implications.
For each boundary conditions, the proof of Theorem 2.8 is divided in two steps. First, using the
representation formula obtained in Proposition 4.1, we show the uniqueness of the classical solution.
Then, in a second step, we state that the solution given by the representation formula is a classical
solution.

5.1 Proof of statement 1. (Boundary Conditions (BC2))

Assume that (Hy), (Ha), (Hs) and (12) hold. First of all, we will show that the solution of problem
(4)-(BC2) is unique by determining constants K;, i = 1,2,3,4 of the representation formula (15).
Then, we will prove that this formula is a classical solution.

First step: Uniqueness.

12



If u is a classical solution of problem (4)-(BC2), then from Proposition 4.1, u reads as
u(z) = eT"IME 4 (2 —a)e@IME, 4 =DM ey 4 (h— )M K, 4 Fop(x).

To conclude, it is sufficient to show that Ky, Ko, K3 and K4 are uniquely determined.
Since Fy ¢ satisfies (16), by making explicit the boundary conditions with M u(z), M™1/(z) and
M™'u"(x), we obtain the following system:

Kl + M_lKQ - €CMK3 — (C[ + M_l) GCMK4 = ]\4_1 (gol — F(,]’f(a))
MKy + (el + M) MKy — Ky — MKy = M7 (95— Fy (b))

2Ky +2e MK, = M s
2eM Ky + 2K, = My,

Note that we have considered M~ u(z), M™' «/(z) and M v”(z), because we do not know if

K; e D(M),i=1,2,3,4. We deduce that this system can be written as two uncoupled sub-systems:

Ki— MKy = M (o1 = Fjg(a) = Ks) + (el + M) e K,

(21)
eME, Ky = M} (m — Fy 4 (0) + K4) - (cI + M'l) e MK,
and 1
Ky +eMEKy = §M_1<P3
) (22)
MKy + Ky = §M_1<P4,

which we have to solve. We begin by system (22). We calculate the determinant of the associated
matrix called A;. Hence

det(Ay) = I — *M,
which is invertible from [22], Proposition 2.3.6, p. 60. Thus

Ky — %M'l (I B 62CM>'1 <s03 _ ecMSD4>
K, = %M—l (I _ esz)-l (904 B ecM%) ‘

To determine K and K3 (as function of Ky and Kjy), it is sufficient to remark that system (21) reads

- K —eMKy = M7 (cpl — F} 4(a) - K2> + (cf + M'1> M,

eMK, — Ky = M (cpg - F67f(b) + K4) — (cf—f- M_l) eM K.
Then we compute the determinant of the associated matrix called As.

det(Ag) = — (I — *M)

which is invertible from [22], Proposition 2.3.6, p. 60. Thus K; and K3 are uniquely determined.
Moreover, we have

Ki = M7 (p1—Fjp(a) = Ko) + (el + M) eM Ky + e K
(23)
Ky = =M (o= Fjp(b) + Ku) + (el + M) eM Ky + M Ky,

where e K and e“M K3 are regular terms, see (25) below.

13



Second step: Existence.

From the previous step, if the classical solution exists, it is unique and is given by the representation
formula (15). Note that since Fy y € W4P(a,b; X) N LP(a,b; D(A?)), then from Lemma 3.1, (19) and
(16), we have

Fy (@), Fy g(b) € (D(M), X)y1, = (D(A), X)y 1,1, (24
We have to make explicit constants K;, ¢+ = 1,2,3,4 and to determine their regularity. From
Lemma 3.3, we have

-1
(I+e*M) " =TI+ Ry, where Ru(X)C D(M™):= () D(M*) and RiM = MRy,
k>0

Moreover, for ¢ > 0 and ¥ € X
eMip € D(M®). (25)

Then, from (23), (25) and Lemma 3.3, there exist R; € D(M®), i = 1,2, 3,4, such that
|
K2 = §M @3 + R2

1
Ky = §M1804+R4

Ki = M7 (1~ Fjpa)— Kp) + By

Ky = —M"(py— Fpp(b) + Ku) + Ra.
So, from (12), (24) and (19), we have

Ky, Ky € (D(M), X) = (D(4), X)

1 1 1
245.p I+5+5,.p7

hence, we deduce that

K1, K3 € (D(M), X) = (D(A), X)

1 1.
3+;7P 1+57P

Thus, from Lemma 3.2, we obtain that ups : @ —s e@~IM K, 4 eb-2)M [0 gatisfies

unr € WhP(a,b; X) 0 LP (a, b; D(AQ)) and  ul, € LP (a,b; D(A)). (26)
From Proposition 4.2, we deduce that vy, : x — (z — a)e®~YM K, satisfies

v, € WHP(a,b; X) N LP (a, b;D(A2)) and v, € LP (a,b; D(A)) . (27)
In the same way, vg, : © — (b — z)e®=")M K satisfies

vk, € WHP(a,b; X) N LP (a, b;D(A2)) and v, € LP (a,b; D(A)) (28)

Since Fp ¢ is a classical solution of (4), from (26), (27) and (28), u is a classical solution of problem
(4)-(BC2).

5.2 Proof of statement 2. (Boundary Conditions (BC3))

Now, we assume that (Hy), (Hz), (Hs) and (Hy) hold. For the statement 1., the representation formula
was easily obtained by taking into account the boundary conditions. Nevertheless, for the following
statements, to build the representation formula, we need the invertibility of determinants operators,
defined by (20). This invertibility has been proved in Proposition 4.6 .
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Proof of 2. of Theorem 2.8. Assume that (13) holds. We will show that there exists a unique classical
solution of (4)-(BC3). The proof is divided in two step. First, we prove the uniqueness of the solution
by determining constants K;, i = 1,2,3,4, of the representation formula (15). Then, we show that
the formula obtained is a classical solution.

First step: Uniqueness.
If u is a classical solution of problem (4)-(BC3), then from Proposition 4.1, the solution u reads as

u(z) = e""IME 4 (z— a)e@ MKy 4 bmOM K 1 (b — 2)eIM K, 1 By 4(2).

To simplify our computations, we set

KK KK

K+ Kj Ky + Ky
5 = =—— and aq:=——.

5 5 (29)

aq a3

Then, u is given by
u(z) = (e(x_a)M — e(b_I)M) ap + ((ZE —a)e@=IM _(p :U)e(b_x)M) Qs

(30)
(46 (0 e 5 ) g+ B,

As Fp s satisfies (16), to make explicit the boundary conditions, we consider M™'u(z) and M™u/(z),
since we do not know if a1, a3 € D(M). Therefore, we obtain the following equations:

(I - eCM) Moy — ce®™M M as + (I + eCM) Mag +ceMM oy = Mg (31)
- (I — ecM) Moy + ce®™MMay + (I + €CM) M ag + ce™M ™ ay = Mgy (32)
(I—i— eCM) a1 + (I—|— (cM+1) eCM) M oy
(33)
n ([ _ ecM) as + (I —(eM + 1) eCM> Mloay = M! (903 - Fé,f(a))
(I—I— eCM) a1 + (I—I— (cM+1) eCM) My
(34)
_ (I— eCM) a3 — (I— (cM + 1) @CM> M'1a4 = M1 (4,04 — F67f(b))
Summing (31) with (32) and subtracting (34) to (33), we obtain the following system
(I—}-eCM) ag+ceMay = L ; 72
(I — eCM> a3 + (I —(eM +1) eCM> Moy = M1tg
— (I - GCM> ar +ceMay = $2— ¥
2
(Tt e™)ar+ (T+ (M +DeM) My = Mg,
where +E () — F(a) 4 F! (a) — F! 4(b)
- ©3 — P4 - a - P3 T P4 — a)—
5y = 0,2f 0.f and @y = Og O£ (35)
We deduce that this system can be written as two uncoupled sub-systems:
(I + €CM) as+ceMay = 2 —; =
(36)

(1=eMag+ (I (eM+DeM) Moy = M7,
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and
w2 —¥1

2 (37)
(I—i— eCM> a1 + (I—i— (cM +1) eCM) Moy = Mg,

— (I—eCM) ap + ceMay =

which we have to solve. We begin by system (36). By summing both lines, we obtain

(I+€CM) as +ceMay = 901-5802
(38)
23 + (I_ecM) Mlay, = Mg + 901-5902'
Then, we calculate the determinant of the associated matrix A,
det(A1) = (I+eM)(1—eM) M= 2ceeM
= M (1= ¢*M — 2cMeM)
= MV,
where V' is defined by (20).
Now, we consider system (37). By subtracting the first line to the second, we obtain
_ (]_ecM) ap+ceMay — P2 — 1
2
B (39)
20 + (I+€CM) Moy = M—1¢2 P2 > 901'
Then, we calculate the determinant of the associated matrix As,
det(Ag) = — (I - eCM> (I + eCM) M — 2ceM

— _M—l (I—eQCM—FQcMeCM)
= —MU,

where U is defined by (20).

From Proposition 4.6, U and V are invertible with bounded inverse. Thus, if u is a classical
solution of (4)-(BC3), then w is uniquely determined by (30), where «;, i = 1,2,3,4 (which the
explicit expression is given in the second step) are the unique solutions of systems (38) and (39).

Second step: Existence.

From the previous step, if the classical solution u exists, it is unique and it is given by (30), (38)
and (39). Now we have to make explicit constants a; and K;, i = 1,2, 3, 4 to determine their regularity.
From (35) and (39), we have

a = %U'l (74 (T + My e™) (o1 = 02) + ceM (05 + 1))

c = C
—5 UM (Fp p(a) + i 4 (0))

o = %U'l ((I—l— ECM) M(p2 — 1) + (I— eCM> (o3 + @4))

LU (1 M) (B o) + By 0)
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In the same way, from (35) and (38), we have

a3 = %V‘l ((I — (I +cM) eCM) (p1 + ) — ce™ (p3 — cp4))
+5 Ve (Ff g(a) - Fy 4(0))

ay = —%V'l ((I - 6CM) M1+ p2) — (I+60M) (3 — <P4))
_%V-l (14 eM) (o 4(a) = Fy () -

From Lemma 3.3, we have
U'=I+Ry and V'=I+Ry.
From (25), since Me®™ = "M M on D(M), for z > 0, Lemma 3.3 implies that
Ry(X),Rv(X)C D(M™®), RyM=MRy and RyM = MRy.

We deduce that there exist R; € D(M®), i = 1,2, 3,4, such that

1
ar = Slpr—g2)+ i
1
az = 5 (Mp2— 1) + (ps+2) = Ff pla) = Fy 4(b)) + Ro
1
az = 5(901+902)+R3
1
= (M(SDI + 02) — (@3 — @a) + Fy f(a) — Fé,f(b)) + Ry.
From (24) and (29), there exist R1,R3 € (D(M), X)3,1 , and Ro, R4 € (D(M), X )y, 1, such that
p’ p’
Ki = o1+ R
Ky = ¢o3—Mp1+Rs
K3 = 92+ Rs
Ky = —Mps— @4+ Ry
Then, from (19) and (13), since ¢1,¢2 € (D(M), X)3, 1, we have
p7
Ki=p1+Ri € (D(M)aX):«H_%m = (D(A)7X)1+%7p’
and
K3 = (102 —|—R3 S (D(M),X)3+%7p = (D(A),X)1+i’p.
From Lemma 3.2, up; : £ —— e(x_“)MKl + e(b_“”)MKg satisfies
unr € W(a,b; X) NI (a,b; D(A%))  and ;€ IP (0,5 D(A)). (40)

In the same way, from (13) and (19), since 1,2 € (D(M), X)3,1, and @3,04 € (D(M), X)y,1 ,,
P’ p’

we have
KQZ(pg—M(pl —I—RQE(D(M),X) (D(A),X)

1 — 1 1
2+5p I+5+5,0°

and

Ky=-Mp2 — o4+ Ry € (D(M), X)p1 1, = (D(A), X) 1y 141,
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From Proposition 4.2, vk, :  — (z — a)e@~ M [, satisfies

vk, € WHP(a,b; X) N LP (a, b;D(A2)) and v, € LP (a,b; D(A)), (41)
and vk, : ¢ — (b— 2)e" DM K, satisfies

vie, € W'(a,b;X) N 1P (a,b; D(A%)  and v, € LP (a,b; D(A)). (42)

Since Fy, 5 is a classical solution of (4), from (40), (41) and (42), we deduce that u is a classical solution
of (4)-(BC3). O

5.3 Proof of statement 3. (Boundary Conditions (BC4))

We proceed as in the previous proof and we also assume that (H;), (H2), (Hs) and (H4) hold. We
only point out the differences between the two proofs.

Proof. Assume that (14) holds.

First step: Uniqueness.

If u is a classical solution of (4)-(BC4), then from Proposition 4.1, u is given by (30). Since Fp ;
satisfies (16), by using M2u/(z) and M~2u"(z) and following the same computations as done before
to make explicit the boundary conditions, we obtain the two following uncoupled sub-systems:

(I+eCM) a1 + (I+ (I +cM) eCM> Mlay = Mg
(43)
20&1 + (3[ . ecM) ]\4'-1062 — M-l (M‘l (S032S04) + ¢1> ,
and
(1=eM)az+ (1= (I+cM)e™) My = MG
(44)
2a3+<3I+eCM) Mlay = M1 <M'1 <“’3;“’4> +¢2),
where ) ) ) )
4+ @9 — F}) o(a) — Fj ;(b — 9 + F, (b)) — F) (a
5 = P11 T P2 O,f( ) o,f() and Gy = $1 — $2 O,f() o,f( ) (45)

2 2

We calculate the determinant of the associated matrix of system (43) called Aq,
det(A1) = (I + 60M> (3[ — GCM) M9 ([ + (I +cM) 6CM) ML
- ML (I _ p2eM _ 2cMeCM)
= My,
where V' is defined by (20). Then, we do the same for Ag, the associated matrix of system (44),
det(Ag) = (I — 6CM> (3I+ eCM) Ml _9 ([ — (I +cM) eCM> M
= M (I —e*M 4 2cMeCM>
= MU,

where U is defined by (20).
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From Proposition 4.6, U and V are invertible with bounded inverse. Thus, from (43), (44) and
(45), we obtain

o = %M*V'1 ((31 - eCM) (g1 + @2) — (M'1 (3 —pa) + o1+ 902))
—%M'l‘/”l (I+cM) (M‘1 (03— ¢4) + o1 + 902) e
—%M*V'1 (31— M — (14 (I + M) e™M) ) (Fg pla) + Fg 5 (b)) (46)
ag = —%V'l (2(p1+02) = (T+ €M) (M (3 = 0a) + 01+ 92) )
+%V'1 (1= eM) (Fg5(a) + Fy 4 ()
and
as = %M-lU‘1 ((21+ (21 + M) eCM) (01— 92) = M (03 + <P4))
+éM_2U'1 (I +cM) (3 + 1) e™M
+%M'1U'1 (21 + (21 + M) eM) (Ff ((b) = Fy 4(a)) (47)
al = _%U—l ((I—i— ecM) (o1 — @2) — (I — eCM) M (3 + 904))
U (14 (B 4 (0) ~ (@)

Therefore, u is a classical solution of (4)-(BC4), then w is uniquely determined by (30), where coeffi-
cients o, i = 1,2,3,4, are given by (46) and (47).

Second step: Existence.
From the previous step, if the solution u exists, it is unique and it is given by (30), (43) and (44).
From (25), (29) and Lemma 3.3, we deduce that there exist R; € D(M®°), i = 1,2,3,4, such that

Ky = 2M o1 — M g3 — 2M ' F} ;(a) + Ry
K2 = —(p1+M_1g03+F0/7f(G/) +R2
Ks = —2M gy — M@y +2M ™ Fy 1(b) + Rs

Ky = ¢o+ Moy — F)¢(b) + Ra.
Then, from (14), (19) and (24), we have
K1, K3 € (D(M)?X)3+%,p = (D(A)aX)l—i-%,p'

From Lemma 3.2, u1 : ¢ — e~ OMK and ug : 2 — eC~9IM K5 satisfy

ui,u3 € W4 (a,b; X) N LP (a, b; D(AQ)) and uf,ul € LP (a,b; D(A)). (48)
In the same way, from (14), (19) and (24), we deduce

Ky, Ky € (‘D(M)7X)2+%,p = (D(A)7X)1+%+ﬁ,p'

From Proposition 4.2, vg : & — (z — a)e® " YM Ky and vy : @ — (b — 2)eb=?M K satisfy

va,v4 € WHP(a,b; X) N LP (a,b; D(A2)> and vy, vy € LP (a,b; D(A)). (49)
Therefore, since Fy s is a classical solution of (4), from (48) and (49), we deduce that u is a classical

solution of (4)-(BC4). O
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Conclusion

In this work, the biharmonic equation with boundary conditions is studied. This model which is
described by a fourth order operational equation, within a cylindrical n-dimensional spatial region
Q of R™ is analysed using mathematical tools borrowed from interpolation spaces and Dore-Venni
sums theory. The main result could be applied, for instance, to study a transmission problem in two
juxtaposed habitats. In the next important step, we will focus on the nonlinear case.
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