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THE GEOMETRY OF SPARSE ANALYSIS REGULARIZATION *

XAVIER DUPUISt AND SAMUEL VAITER?

Abstract. Analysis sparsity is a common prior in inverse problem or machine learning including
special cases such as Total Variation regularization, Edge Lasso and Fused Lasso. We study the
geometry of the solution set (a polyhedron) of the analysis ¢! regularization (with ¢2 data fidelity
term) when it is not reduced to a singleton without any assumption of the analysis dictionary nor the
degradation operator. In contrast with most theoretical work, we do not focus on giving uniqueness
and/or stability results, but rather describe a worst-case scenario where the solution set can be big in
terms of dimension. Leveraging a fine analysis of the sub-level set of the regularizer itself, we draw a
connection between support of a solution and the minimal face containing it, and in particular prove
that extremal points can be recovered thanks to an algebraic test. Moreover, we draw a connection
between the sign pattern of a solution and the ambient dimension of the smallest face containing it.
Finally, we show that any arbitrary sub-polyhedra of the level set can be seen as a solution set of
sparse analysis regularization with explicit parameters.

1. Introduction. We focus on a convex regularization promoting sparsity in
an analysis dictionary in the context of a linear inverse problem /regression problem
where the regularization reads:

1 N
(1.1) min Sy — @[3 + A[D"z],

where y € R? is a observation/response vector, ®: R™ — RY is the sensing/acquisition
linear operator, D: RP — R™ is a dictionary and A > 0 the hyper-parameter used as a
trade-off between fidelity and regularization. Note that at this point, we do not make
any assumption on the dictionary D or the acquisition operator .

This convex regularization is known as analysis £!-regularization [3] in the inverse
problem community or generalized Lasso [22] in statistics. Let us mention that it
includes several popular regularizers as special cases such that (anisotropic) total
variation [17] when D is a discrete difference operator, wavelet coefficient analysis [19]
using a wavelet transform as an analysis dictionary or fused Lasso [20] when using
the concatenation of the identity matrix and a discrete difference operator, i.e., using
a Lasso regularization with an additional constraint on the (discrete) gradient. In
the noiseless context, when y € Im @, the following constrained formulation is used
instead of the Tikhonov formulation (1.1) as

(1.2) min |[D*z|; subject to Px =y.
TER™
We focus here on the noisy version of the regularization in order to keep our discussion
concise. The purpose of this paper is to answer the following question:
When the solution set of (1.1) is not reduced to a singleton, what is
its “geometry”?

1.1. Previous works.

Uniqueness certificate of analysis reqularization. Among several theoretical issues,
sufficient condition for the uniqueness of the solution set of (1.1) have been extensively
studied, see for instance |25, 15, 1, 26]. Several uniqueness conditions can be proposed,
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where the simplest is for instance requiring n < ¢ and ® having full rank: the ¢2-loss
term is strictly convex, and uniqueness follows from it. The task of studying the case
when the solution set is not reduced to a singleton can be seen as rather formal since
most of the time the solution set is reduced to a singleton [22, 25], but nevertheless,
it exhibits interesting properties of sparse analysis regularization.

Solution set of generic convexr program. Describing the geometry of the solution
set in convex optimization has been a subject of intense study starting from the work
of [13] and its generalization to non-smooth convex program [7]. Several extensions
have proposed such as [10] for pseudo-linear programs or in a different setting (min-
imization of concave function), [12] shows that one can describe one solution with
minimal sparsity level.

Representer theorems. We shall also remark that coming from the statistics com-
munity, [11] (and popularized in [18]) initiates a line of work coined as representer
theorems, culminating recently in [6] and [23]. The basic idea of these kinds of results
is to show that under some assumption, one can write every element of the solution
set of a convex program as a sum of elementary atoms.

Description of polytopes. Convex polytopes and polyhedrons are central objects
in geometry [27] and convex analysis. A part of our results provides a connection
between faces and signs of vector living in the analysis domain. We can draw a
connection with the study of oriented matroid [4] and zonotopes [5] (analysis ¢!-ball
are zonotopes) as described in [27, Lecture 7], in particular in section 7.3.

1.2. Contributions. In contrast to these last lines of work, we take here a more
direct and specific approach. We give below an overview of our contributions.

Geometry of the analysis £*-ball. The first part of our work (section 2) is dedicated
to studying the geometry of the analysis ¢'-ball. We study across several results the
direction and the relative interior of the the intersection between the sub-level set of
the regularizer and another set. We refine our analysis progressively starting from
any convex component of the level set, then looking to sub-polyhedra of the sub-level
set ending by the faces itself of the level set. We show several specific results:

e The sign pattern defines a bijection between the set of exposed faces of the
analysis ¢!-ball and the set of feasible signs in the dictionary D as proved
in Proposition 2.24.

e The extremal points of the analysis £'-ball can be recovered with a purely
algebraic result thanks to Corollary 2.25. We draw a link between our result
and a remark in [6] which is a topological argument

e We show that from a theoretical perspective (but unfeasible from a numeri-
cal point of view in high dimension), the geometry of the analysis ¢!-ball is
summarized by the Hasse diagram of the feasible signs.

Geometry of the solution set. Thanks to the study of the analysis £!-ball, we give
in a second part (section 3) consequences on the solution set of (1.1). We show that:

e Using Theorem 2.16 and Proposition 2.17, we describe the geometry of the
solution set in Proposition 3.6.

e The solution set of (1.1) admits extreme points if and only if, the condition
denoted by (Hp) and assumed to hold all throughout [25] or [24], namely
Ker ® N Ker D* = {0}, holds. In this case, the extreme points are precisely
those which satisfy the condition denoted by (H ) in [24] at a given solution
to perform a sensitivity analysis, see Proposition 3.8.

e For any affine space which intersect non-trivially the unit-sphere, one can find
®, y such that the solution set is exactly this intersection, see Theorem 3.9
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and Proposition 3.10.

1.3. Notations. For a given integer n, the set of all integers between 1 and n is
denoted by [n] = {1,...,n}.

Vectors and support. Given u € R™, the support supp(u) and the sign vector
sign(u) are defined by

supp(u) = {i € [m] : u; #0} and sign(u) = (sign(u:))icim):

and its cardinal is coined the ¢°-norm |ulo = |supp(u)|. The cosupport cosupp(u)
is the set cosupp(u) = [m] \ supp(u). Given u,v € R™, the inner product is written
(u, v) = > w;v; and the associated norm is written |uls = \/(u, u). We will also
use the (*-norm July = Y7 |u;| and £°-norm |ufe = max;e(m) [ugl.

Linear operators. Given a linear operator D € R"*™_ D* € R™*" is the transpose
operator, DT € R™*™ its Moore-Penrose pseudo-inverse, Ker D C R™ its null-space
and Im D € R™ its column-space. Given I C [m], D; € R™*!l is the matrix formed
by the column of D indexed by I. The identity operator is denoted Id,, or Id. Given
a vector u € R™, x is the vector of components indexed by I. Given a subspace
F C R™, we denote by I1x the orthogonal projection on F'. Given a vector u € R", its
diagonalized matrix diag(u) € R"*™ is the diagonal matrix such that diag(u);; = u;
for every i € [n].

Convez analysis. Given a convex, lower semicontinuous, proper function f :
R™ — R, its sub-differential Jf is given

Of(w) ={neR™ : f(u) = f(v) + (n, u—v)}.

Given a convex set C, the affine hull aff(C) is the smallest affine set containing C,
the direction dir(C') of C is the direction of aff (C') and its relative interior ri(C) is the
interior of C relative to its affine hull aff(C). The relative boundary rbd(C) of C' is
the boundary of C relative to aff(C). The dimension dim(C) of C is the dimension of
aff(C'). We say that = € C is an extreme point if there are no two different 1,22 € C
such that x = %ﬂ The set of all extreme points of C' is denoted by ext(C). For
instance, given two points x1 # zo € R™, the segment C' = [x7, 5] is such that its
affine hull is aff(C') = {z1 +txe : t € R}, its relative interior is the open segment
ri(C) = (x1,x2), its relative boundary and extremal set ext(C) = rbd(C) = {z1, 22},
its dimension is 1 and its direction is dir(C) = R(z1 — x2).

2. The unit ball of the sparse analysis regularizer. This section contains
the core of our results. After giving preliminary results on sign vectors in subsec-
tion 2.1, we show that the unit ball is a convex polyhedron by giving its half-space
representation in subsection 2.2. Then, we study properties of convex subset of the
unit-sphere in subsection 2.3 which lead us to Lemma 2.8 which turns to be the foun-
dation of latter results. Subsection 2.4 contains a sequence of results which represent
our main contribution: Theorem 2.16 which describes in details the affine components
of the unit-ball, Proposition 2.17 which instantiates this result to setting of an affine
components included in the unit sphere, Proposition 2.18 which extends this result
to any exposed faces and finally Proposition 2.19 which gives a necessary and suffi-
cient condition of extremality. Finally, in subsection 2.5, we reformulate our previous
results in order to describe the exposed faces of the unit-ball, and to show that there
exists a bijection between the set of exposed faces and feasible signs. We also draw a
connection to the work of [6].



2.1. Preliminary results on sign vectors. We first define an order on the set
of all possible signs {—1,0,4+1}? along with a notion of consistency of signs which can
be related to the idea of “sub-signs”.

DEFINITION 2.1. Let s,s’ € {—1,0,+1}?. We say that
o s=<s if foralliep], s; #0 = s, =s;;
o s and s’ are consistent if for alli € [p], s; #0 and s, #0 = s, =s;.
The following remarks connect the notion of support/cosupport to this sign pat-
tern. In

Remark 2.2. 1. s X s’ = supp(s) C supp(s’) < cosupp(s’) C cosupp(s);
2. If s and s’ are consistent, then

s < s’ < supp(s) C supp(s’) & cosupp(s’) C cosupp(s);

3. If s X s” and s’ < s, then s and s’ are consistent;
4. The set {—1,0,4+1}? endowed with the order relation < is a poset.

The following lemma gives a characterization of the ¢'-norm which will be used
intensively in latter results.

LEMMA 2.3. Let § € RP. Then for any s € {—1,0,+1}P, (s,0) < ||0]|1, and the
equality holds if and only if sign(f) < s.

Proof. We prove the result component-wisely. Let o € R. Then for any s €
{-1,0,4+1}, sa < |a|. Suppose now that sign(a) =< s. If & = 0, then sa = |a], and if
a # 0, then s = sign(a) and sa = |a|. Conversely, suppose that sign(a) A s. Then
a # 0 and s # sign(w), i.e. s =0 or s = —sign(a). In both cases, sa < |a|. d

2.2. Half-space representation of the unit ball. We denote by B (resp.

0Bj) the unit ball (resp. the unit sphere), or sub-level set (resp. level set) for the
value 1, of the sparse analysis regularizer R: x +— ||D*z||1:

By ={z eR":||D"z|1 <1},
0B; ={z € R" : |[D*z|1 = 1}.

Since R is one-homogeneous, the results of this section apply to all sub-level sets for
positive values.

PROPOSITION 2.4. The unit ball By is a full-dimensional convex polyhedron, a
half-space representation of which is given by

Bi= (] {ze€R":(Dsaz)<1}.
se{—1,0,1}»

Proof. First note that B; has a nonempty interior (in particular 0 € By), namely
{z € R" : || D*z||y < 1}, which is equivalent for a convex set to be of full dimension.

Second denote A = (,c(_1 9130 {z : (Ds, 2) <1}. Let € By. By Lemma 2.3,
(Ds,z) = (s,D*x) < ||D*z||y <1 for any s € {—1,0,1}? so z € A. Conversely, let
x € A and s = sign(D*z). By Lemma 2.3, |[D*z||; = (s,D*z) = (Ds,z) < 1 so
x € By. Then By = A is a convex polyhedron. 0

Note that this half-space representation is redundant. The general question of
the minimal representation of H-polyhedron is known to be hard, we shall leave it
to future work. However, we can use this proposition to derive a way to construct
exposed face of B; as claimed in the following lemma.
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LEMMA 2.5. Let 5 € {~1,0,1}7. Then
Bin{xz eR":(Ds,z) =1} = 9By N{z € R" : sign(D*z) < 5};

it is either empty or an exposed face of By.

Proof. Let x € By. Then by Lemma 2.3, (D§,z) = 1 if and only if 1 = (5, D*z) <
|[D*z||; < 1, if and only if | D*z||; = 1 and sign(D*z) < 5. If the intersection is
nonempty, then {x € R™ : (D3, z) = 1} is a supporting hyperplane of By by Proposi-
tion 2.4, and thus its intersection with B; is an exposed face of the polyhedron. 0O

For a given §, the set {z € R™ : sign(D*x) < 5} looks hard to describe. In fact,
there exists a linear representation as told in the following lemma.

LEMMA 2.6. Let 5§ € {—1,0,1}P. Then
{z € R" :sign(D*x) <5} = {x € R" : D5z = 0 and diag(57) D7z > 0}

where J = cosupp(3) and I = supp(3).
Proof. Tt is a straightforward rewriting of sign(D*z) < 5. Indeed,

sign(D*z) < 5« D%z =0 and 5;(D*z); > 0,
& D%5r =0 and diag(5;) D7z

Note that we can exchange the role of § and D*x, and we also obtain that
{z € R" :sign(D*z) < 5} = {x € R" : D5z = 0 and diag(D7jx)5; > 0}.

2.3. Convex components of the unit sphere. In this section we consider
nonempty convex subsets C C 0Bj. All the results will hold in particular for exposed
faces of Bj.

We begin with a lemma on general convex sets.

LEMMA 2.7. Let X be a nonempty convex set and C C X be a nonempty conver
subset. Suppose that there exists an exposed face G of X such that ri(C) NG # 0.
Then C C G. Moreover, if G is exposed in aff (X), then G C rbd(X).

Proof. Recall that an exposed face of X is defined as G = XN{x : (o, z) = B} with
{z : (a,x) = B} a supporting hyperplane of X, i.e. such that X C {z : (a,z) < 5}.
Suppose that C' ¢ G and let z € C\ G C X and z € 1ri(C) N G (nonempty). Then
(a,z) < B and (a,Z) = . Let d =& — x € dir(C). Since 7 € ri(C), T+ed € C C X
for |e] small. But (o, Z+ed) = S+e(8— (o, z)) > § for € > 0, which is a contradiction.
Then C C G.

It is a classical result that G C bd(X), see e.g. [9, Part III, Section 2.4]. If G
is exposed in aff (X)), we get that G C rbd(X) by considering aff (X) as the ambient
space. 0

The following lemma is the first result of a long number of consequences which
study the direction and relative interior of the intersection of the unit ball with another
set.

LEMMA 2.8. Let T € OBy, § = sign(D*z), J = cosupp(D*Z), and
F=Bn{zeR":(Ds,z)=1}.

(i) F = 0By N{z € R" : sign(D*z) = 5} and it is an exposed face;
5



(ii) C C F for any nonempty convex subset C C By such that T € ri(C);

(iii) dir(F) = (D5s)* N Ker D*;

(iv) 1i(C) C 1i(F) for any nonempty convex subset C C By such that T € 1i(C);
(v) 1i(F) = By N {x € R" : sign(D*z) = 5}.

Proof. (i) The expression for F is given by Lemma 2.5. It follows that Z € F' and
thus F is an exposed face of B;.

(ii) Let C be a nonempty convex subset of By such that Z € ri(C). Then ri(C) N
F # 0, and by Lemma 2.7, C C F.

(iii) The inclusion dir(F) C (D35)* follows from the definition of F. Moreover, for
any = € F, sign(D*z) =< 3, which implies that J C cosupp(D*x), i.e. D%z = 0. Then
F C Ker D%, and dir(F) C Ker D*%. Conversely, let d € (D5)* N Ker D*%. Since d €
Ker D% and sign(D*Z) = 5, cosupp(D*Z) C cosupp(D*d) and sign(D*(z+ed)) < 5 for
le| small. Then by Lemma 2.3, |Z+ed||; = (8, D*(T+ed)) = (D3, T+ed) = (Ds§,Z) = 1
since d € (D3)*. Then 7 + ed € F for |¢| small, and d € dir(F).

(iv)-(v) First, we prove that 9B; N {z € R™ : sign(D*z) = 5} C 1i(F) (thus in
particular Z € 1i(F)). Let z € 0B; be such that sign(D*z) = 5. By (iii) and its
proof, for any d € dir(F),  + ed € F for |¢| small. Thus z € ri(F'). Second, let C
be a nonempty convex subset of B; such that € ri(C). By (ii), C C F C 0B;. Let
& € 1i(C) and § = sign(D*#). Note that § < 5 since & € F. Let F' = By N{z € R":
(D3,z) = 1}. Applying (i) to # and C = F, we get that F C F, which implies that
5 = §. Thus sign(D*z) = 5 and ri(C) C 0B N{x € R™ : sign(D*x) = 5}. This proves
(iv) as well as the missing inclusion of (v) by setting C' = F' (recall that z € ri(F)).

The following proposition is a direct consequence of Lemma 2.8 which allows to
characterize faces of By by an arbitrary convex subset of it.

PROPOSITION 2.9. Let C be a nonempty convex subset of 0By. Let T € ri(C),
5 =sign(D*z), and
F=B n{xeR":(Ds,z)=1}.

Then C C F and ri(C) C ri(F). Moreover, F is the smallest face of By such that
ri(C) N F # 0 and the unique face of By such that ri(C') Nri(EF) # 0.

Proof. By Lemma 2.8 (i) and (iii), C C F and ri(C) C ri(F). Let F be a face such

that 1i(C)NF # (. If = By, then I' C I; otherwise I is an exposed face since B is
a polyhedron, and by Lemma 2.7, C' C F. It follows that () # ri(C)Nri(F) C Fnri(F),
and by Lemma 2.7 again, F' C F. Suppose now that ri(C)Nri(F) # (. Then permuting

F and F, we get that ' C F, thus F = F. 0

Remark 2.10. The uniqueness actually holds with the same proof for a general
nonempty convex set X: given a nonempty convex subset C' C rbd(X), there exists
at most one exposed face G of X such that ri(C) Nri(G) # 0. The existence reduces
to the existence, for any = € rbd(X), of an exposed face G of X such that = € ri(G).

For a singleton C' = {Z}, the previous proposition becomes the following.

COROLLARY 2.11. Let & € OBy and 5 = sign(D*z). Then F = By N{x € R :
(D3,z) = 1} is the smallest face of By such that T € F and the unique face of By
such that T € ri(F).

We can also derive from Proposition 2.9 and Lemma 2.8 the following properties
about the mapping x — sign(D*z).
COROLLARY 2.12. Let C' be a nonempty conver subset of the unit-sphere 0B; .
Then max,cc sign(D*x) is well-defined and this mazimum is altained everywhere in
6



ri(C). In particular sign(D*-) is constant on ri(C).

For any z,2’ € C, [x,2'] is a nonempty convex subset of B, and thus sign(D*-)
is constant on |z, z'[. Moreover, since s = sign(D*x) and s’ = sign(D*z’) are both <
max,ec sign(D*x), they are consistent (see Remark 2.2). It follows that the constant
value s of sign(D*-) on |z, 2'[ can be given explicitly:

S; if S; 75 0,
" 12 . 12
s; =9, ifs; #0,

0 otherwise.

It is also the maximum of sign(D*:) over [z, z'].
Finally we get a general sufficient condition of extremality.

COROLLARY 2.13. Let C' be a nonempty convex subset of 0B,. Let x € C and
5 =sign(D*z). If T is the unique x € C' such that sign(D*z) < 5, then & € ext(C).

Proof. Let 1,29 € C such T = % Then [21, 2] is a nonempty convex subset
of B;. By Corollary 2.12, sign(D*z) = § for any = €]z1,22[. By uniqueness of Z,
Jx1, z2[= {Z}, i.e. 21 = 9 = T and thus T is an extreme point. |

Observe that the uniqueness condition in the Corollary 2.13 can be written as C NEF =
{z} with F'= By Nn{x € R" : (D5, z) = 1} the smallest face of B; containing z.

2.4. Sub-polyhedra of the unit ball. In this section we consider nonempty
convex polyhedra of the form AN By with A an affine subspace. The results on convex
components of the unit sphere apply to such sets if AN B; C 9B, and in any case,
as we will see, to exposed faces of such polyhedra. Again, the results of this section
will hold in particular for exposed faces of Bj.

We begin with a useful lemma.

LEMMA 2.14. Let A be an affine subspace and C' be a nonempty convex set such
that ANri(C) # 0. Then

riANC) = ANri(C) and dir(ANC) = dir(A) Ndir(C).

Proof. Since ri(A) = A, we have 1i(A) N1i(C) # @. Then by [9, Part III,
Proposition 2.1.10], ri(AN C) = ri(A) N1i(C) = ANr1i(C). Let us now prove that
dir(ANC) = dir(A)Ndir(C). Let d € dir(ANC) and Z € ri(ANC) (nonempty). Then
Z+ed € ANC for || small, and d € dir(A)Ndir(C). Similarly, let d € dir(A)Ndir(F)
and Z € ri(A) Nri(C) (nonempty). Then Z 4+ ed € AN C for |¢] small, and d €
dir(ANC). |

The following lemma will be used in Theorem 2.16.

LEMMA 2.15. Let A be an affine subspace such that 0 #ANBy C OBy. Let
Z € ANOBy, §=sign(D*Z), and J = cosupp(D*Z). Then
(i) dir(A) C U, {d € R : (Ds,d) > 0};

(ii) dix(A)* 0 (S5 R Ds) # {0}
(iii) dir(A) NKer D% C (D5)*, i.e. dir(A) N (Ds)* N Ker D% = dir(A) N Ker D*.
(iv) AN{x € R" : sign(D*z) <X §} C 9By, i.e. ANIByN{x € R™ : sign(D*x) =
5t =An{z € R" :sign(D*x) = 5};
(v) An{z € R" : sign(D*z) = 5§} C 9By, i.e. ANIB;N{x € R : sign(D*x) =
5} = An{x € R" : sign(D*z) = 5}.



Proof. (i) Suppose that the inclusion does not hold and let d € dir(.A) such that
(Ds,d) < 0 for all s = 5. Then (Ds,Z + ed) < 1 for all s and € > 0 small. Indeed,
by Lemma 2.3, if s = §, then (Ds, T +ed) < 1 for € > 0; otherwise, (Ds,Z +ed) < 1
for € small. Still by Lemma 2.3, ||z + ed||; < 1 for & > 0 small, i.e. Z+ed € AN By,
which is in contradiction with AN By C 9B;.

(i) Suppose that the intersection is reduced to {0} and consider the dual cone of
both sides of the expression (we denote by C* = {y € R" : Vo € C, (y,z) > 0} of a

subset C' C R™). Since dir(A)* and (Zszg R+Ds) # {0} are two polyhedral cones,

we get that
dir(A (Z R+Ds> =R",

sr35

where dir(A)+* = dir(A) and (Zs§§ R+Ds) = (Vg5 Ds*. It follows from (i) that

R™ C U,s s Ds*, which is not true (note e.g. that d =« — z with z € By is such that
(Ds,d) <0) for all s = 5).

(iii) First note that for d € Ker D%, (Ds,d) = (Ds,d) for all s = 5. Indeed,
(D*d)z =0 if S§; = 0 and S; = 8 if S; # O, thus Sz(D*d)Z = gz(D*d)Z for all ¢ and
(s,D*d) = (5,D*d). Let now d € dir(A) N Ker D*%. Since by (i) there exists s = 3
such that (Ds,d) > 0, it follows that (D35,d) > 0. And since —d € dir(A) N Ker D%
too, we get that (D3, d) = 0, which proves the inclusion and the equivalent equality.

(iv) Let € A such that sign(D*z) < 5 (in particular, J C cosupp(D*x)) and let
d =z —z. Then d € dir(A) N Ker D* (recall that Z € A and J = cosupp(D*z)), and
by (ii), d € (D3)t. By Lemma 2.3, |D*z||; = (5, D*z) = (D5,7 +d) = (D5,7) =
||[D*z||; = 1, which proves the inclusion and the equivalent equality.

(v) The proof is the same as for (iv). |

The following theorem is similar to Lemma 2.8 when we replace convex subset by
sub-polyhedra (here of the unit sphere).

THEOREM 2.16. Let A be an affine subspace intersecting OB;. Let T € AN OBy,
§ = sign(D*Z), J = cosupp(D*Z), and F = By N{x € R™: (D5, z) = 1}. Then
G=ANF

(i) is the smallest face of AN By such that T € G and the unique face of AN By
such that T € 1i(G) (G is possibly equal to AN By itself);
(ii) satisfies the following:

G =ANoB; N{x € R":sign(D*r) < 5},
1i(G) = AN OBy N {x € R" : sign(D*z) = 5},
dir(G) = dir(A) N (D3)* N Ker DF;

(iii) satisfies the following, in the case where AN By C 0B :

7 =An{z € R" : sign(D*x)
(G) .A N{x € R" : sign(D*z)
dir(G) = dir(A) N Ker D%.

A

s

5},

I3

Proof. (i) First note that G = (AN By) N {z : (Ds,x) = 1} is an exposed face of

AN By (in particular it is a convex subset of AN By) and is such that z € ri(G) =
8



ANri(F) by Lemma 2.14. Let G be a face of AN By such that 7 € G. If G = AN By,
then G C G; otherwise G is an exposed face since AN B; is a convex polyhedron, and
by Lemma 2.7, G C G. Suppose now that Z € 1i(G). Then permuting G' and G, we
get that G C G, thus G = G.
(ii) By definition, G = ANF and z € ANri(F). By Lemma 2.14, 1i(G) = ANri(F)
and dir(G) = dir(A) Ndir(F). The expression of these sets follows from Lemma 2.8.
(iii) We proved the strengthened expression of the previous sets in Lemma 2.15.0

We get the next result on A N By itself in the case where it is a subset of 0B;.

PROPOSITION 2.17. Let A be an affine subspace such that ) # AN By C OB;.
Then
ANBy=ANF
with F = By N{x € R" : (D5, x) = 1} and 5§ = max,c4np, sign(D*x) (or equivalently
5 = sign(D*) for some T € ri(ANBy)). In particular, the results of Theorem 2.16 (iii)
hold for AN B;.

Proof. Since A N By is a nonempty convex subset of 0B;, 5 is well-defined by
Corollary 2.12. Let € ri(AN By) C AN &B;. Then by Theorem 2.16 (i), AN F is
the unique face of A N B; containing % in its relative interior; it is thus equal to the
face AN By. 1]

In the general case, we can describe all the exposed faces of AN Bj.

PROPOSITION 2.18. Let A be an affine subspace such that § # AN By # aff (AN
Bi). Let G be a face AN By exposed in aff (AN By). Then

G=ANF

with F = By N{x € R" : (D5, z) = 1} and § = max,cg sign(D*z) (or equivalently
5 = sign(D*z) for some T € 1i(G)). In particular, the results of Theorem 2.16 (i)
(or (i) if AN By C 9By) hold for G.

Proof. By Lemma 2.7, G C tbd(ANB;). Let us show that rbd(ANB;) C ANIB;.
We distinguish two cases: if AN By C dB;, there is nothing to prove; otherwise,
AN B; # 0. By Lemma 2.14 applied the full-dimensional convex By, ri(AN By) =
ri(A)Nri(B;) = ANBy. Then rbd(ANB;) = ANB;\ANB; = ANJB;. In particular,
G is a nonempty convex subset of 0By, thus 5 is well-defined by Corollary 2.12.

Let z € 1i(G) C AN dB;. Then by Theorem 2.16 (i), AN F' is the unique face of
AN Bj containing Z in its relative interior; it is thus equal to the face G. 0

In this setting, we get a necessary and sufficient condition of extremality. Note
that the notion of extremality can be related to the topology of the set, here our
condition only use an algebraic characterization.

PROPOSITION 2.19. Let A be an affine subspace intersecting 0By. Let z € AN
0By, § =sign(D*z), and J = cosupp(D*z). Then
z € ext(AN By) < dir(A) N (Ds)" NKer D% = {0}
& dir(A) NKer D% = {0} in the case where AN By C 0B;.

Moreover, AN By admits extreme points (that necessarily belong to ANIBy) if and
only if it is compact (i.e. is a convex polytope), if and only if dir(A) NKer D* = {0}.

Proof. Since AN By is a convex polyhedron, # € ext(AN By) < {7} is a face
AN By & {z} = G of Theorem 2.16 < dir(G) = {0}.
9



Recall that extreme points belong to rbd(.ANBy), and that as in Proposition 2.18,
rbd(AN By) C AN 9dB;. Note also that we always have dir(A) N Ker D* C dir(A) N
(Ds)*-NKer D%. Thus if ANB; admits extreme points, then dir(A)NKer D* = {0} by
the beginning of the corollary, which implies that 4N Bj is bounded and thus compact,
which in turn implies the existence of extreme points [9, Part III, Proposition 2.3.3].0

Remark 2.20. It is possible to show directly (via Corollary 2.13) that the condi-
tion above is sufficient. Indeed, assume that dir(A) N (Ds)* N Ker D% = {0}. Let
x € AN JBy such that sign(D*z) = 5; let us show that + = Z: « — Z € dir(A);
by Lemma 2.3, (3, D*z) = ||[D*z||; = |D*z|1 = (5, D*¥), thus # — & € (D3s)*; by
Remark 2.2, J C cosupp(D*z), thus  — 7 € Ker D?%. Then § is minimal, and by
Corollary 2.13, & € ext(AN By).

2.5. Consequence results on the unit ball. The previous results will be at
the core of our study of the solution set of (1.1) in section 3. Nevertheless, we can also
dive deeper into this analysis in order to fully characterize the faces of the unit-ball
as a byproduct.

A first consequence or reformulation of the previous results is that all the exposed
faces of By are of the form B; N {z € R™: (D3, x) = 1}.

PROPOSITION 2.21. Let F' be an exposed face of B1. Then
F=Bin{zxeR":(Ds,z)=1}

with § = max,cpsign(D*x) (or equivalently 5 = sign(D*Z) for some T € ri(F)).
Moreover,
F =0B;Nn{x € R" : sign(D*x) = 5}
={z eR":(Ds,z) =1} n{x € R" : sign(D*z) < §},
ri(F) = 0B; N{x € R” : sign(D*z) = §}
={z e R":(Ds,z) =1} Nn{x € R" : sign(D*z) = §},
dir(F) = (D5)*" N Ker D% (where J = cosupp(3) ).
Proof. Since F' is a nonempty convex subset of 0B, § is well-defined by Corol-
lary 2.12. The first statement is a consequence of Corollary 2.11. The next statements
follow from Lemma 2.8 and Proposition 2.17 with A = {z € R" : (D3, z) = 1} a sup-

porting hyperplane of B; defining the face F' (recall or note by Lemma 2.7 that
AN By C 9B, for any A supporting hyperplane of By). d

Remark 2.22. Any exposed face F of By satisfies Ker D* C dir(F) C (Ds)*
with equality if and only if (D3)* N Ker D% = Ker D* (for the left inclusion) and
(D5)* C Ker D* (for the right inclusion).

Together with Lemma 2.6, the previous proposition gives the following half-space
representations of the exposed faces of Bj.

COROLLARY 2.23. Let F be an exposed face of B1. Then
F={xcR": (D5 x)=1,D%x = 0,diag(57) Dz > 0}
with 5 = max,ep sign(D*x), J = cosupp(5), and I = supp(5).

By Lemma 2.8 and Proposition 2.21, the mapping F +— max,ep sign(D*z) is
a bijection between the set of exposed faces of B; and the set of feasible signs
{sign(D*z) : © € 0B;1}. The next observation is that this bijection preserves the
partial orders (i.e. it is an order isomorphism).
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PRrOPOSITION 2.24. Let Fy; and Fy be two exposed faces of Bi and
$; = max,ep, sign(D*x), i = 1,2. Then

Fy C Fy & s1 <X so.
In this case, denoting by J; = cosupp(si),

Fy,=Fn{xeR":J Ccosupp(D*z)},
ri(Fy) = Fon{x € R" : J; = cosupp(D*z)},
dir(F1) = dir(Fs) N Ker D7, .

Proof. Suppose that Fy C Fy and let x € ri(Fy) C Fy; then s; = sign(D*z) < so.
Conversely, suppose that s; < so and let @ € Fp; then sign(D*z) < s; =< s2, thus
r € Fs.

Assume now that these two conditions hold. Then, we have F; C FoN{x: J; C
cosupp(D*x)} since Fy C {z : J; C cosupp(D*z)} (recall Remark 2.2: sign(D*x) < s;
implies that J; C cosupp(D*xz)). Conversly, let z € Fo N {zx : J; C cosupp(D*x)}.
Since sign(D*z) and s; are both < so, they are consistent and thus the converse is
true: J; C cosupp(D*z) implies that sign(D*x) =< s;. And since x € Fy» C 0By,
x € Fy. The same proof holds for ri(Fy) and {z : J; = cosupp(D*z)}. For dir(F}),
note that Ker D% C Ker D7, (since J = cosupp(sz) C Ji). Then dir(F2)NKer D} =
(Ds3)*tNKer D%, (and dir(Fy) = (Ds1)=NKer D% ). By the proof of Lemma 2.15 (ii),
for d € Ker D% , (Ds,d) = (Dsy,d) for all s = s1. In particular, (Ds1)*= N Ker D3 =
(Ds3)* NKer D% , which concludes the proof.

In the spirit of [6], we consider the compact polyhedron (Ker D*)* N By, which
is isomorphic to the projection of By onto the quotient of the ambient space by the
lineality space Ker D*. Proposition 2.19 gives the following necessary and sufficient
condition of extremality.

COROLLARY 2.25. The convex polyhedron (Ker D*)* N By is compact (i.e. is a
convex polytope). It admits extreme points that belong to (Ker D*)* N dBy. Given
z € (Ker D*)X N 0By, 5 = sign(D*z), and J = cosupp(D*Z),

z € ext((Ker D*)* N By) & (Ker D*)* N (D3)* NKer D% = {0}.

Remark 2.26. In [6, Section 4.1.3], the authors notice that since (Ker D*)*+ N By
and Im D* N By are in bijection through D* and its pseudo-inverse (D*)*, it holds
that

7 € ext((Ker D*)* N By) < & = (D*)*0 with 0 € ext(Im D* N Bp).

Thus we have two conditions of extremality, which are of different nature but of course
equivalent, as it can be shown directly. We have already derived in Remark 2.20 that
if (Ker D*)* N (D5)* NKer D% = {0}, then Z € ext((Ker D*)* N By); it follows that
0 = D*7 € ext(Im D* N By1) and is such that (D*)*0 = & (recall that (D*)* D* is the
orthogonal projection onto Im D = (Ker D*)*). Conversely, let 6 € ext(Im D* N By)
and z = (D*)*0 (note that D*T = @ since D*(D*)* is the orthogonal projection
onto Im D*). Let d € (Ker D*)* N (D5)* N Ker D%. Note that cosupp(d) = J C
cosupp(D*d). Then sign(f+eD*d) = 5 for |¢| small, and by Lemma 2.3, ||§+eD*d||; =
(5,0 + eD*d) = (5,0) + e(D5,d) = ||0]|1, i.e. §+eD*d € By for for |¢| small (and
§+eD*d € Im D*). By extremality of §, D*d = 0, i.e. d € Ker D*N(Ker D*)* = {0},
which ends the proof.
11



2.6. Testing the extremality. In this subsection, we aim to show that the
results of subsection 2.5 can be exploited to numerically test the extremality of a
point.

Our first definition formalize the idea of feasible sign, i.e., signs which are attained
by some vector in the ambiant space.

DEFINITION 2.27. We say that a sign s € {—1,0, 1} is feasible with respect to D
if there exists © € R™ such that s = sign(D*z).

Note that we can replace at no cost R™ by B; or 0B; thanks to the homogenity of
the the /!-norm. Testing if a sign is feasible has the complexity of a linear program
on n variables with p constraints:

LEMMA 2.28. Letc € R", s € {—1,0,1}?, J = cosupp(z), It = {i : (d;, z) > 0}
and I= ={i : (d;, ) < 0}. The sign s is feasible if, and only if, the solution set of

v =0
(2.1) nenRI}L (c, x) subject to e > +1
Di_z <-1

is non-empty. Moreover, if s is feasible, then any solution x of (2.1) is such that
s = sign(D*x).

We defer to section 3 how the choice of ¢ can leads to interesting properties. Here,
we wrote the problem as a linear program to put an emphasis that existing solvers
allow us to test this property. Note that finding all feasible signs is quite costly since
it needs an exponential (in p) number of linear programs.

Thanks to Corollary 2.25, we have the definition

DEFINITION 2.29. We say that a sign s € {—1,0,1}? is pre-extremal if it satisfies
(Ker D*)* N (D3)* NKer D* = {0},

where J = cosupp(s), and is extremal if it feasible and pre-extremal.

Checking if a sign is pre-extremal boils down to compute the null-space of the
matrix

B=(U Ds Djy)

where U is a basis of the null-space of D. In order to find the dimension of Ker B,
one can use either QR reduction or SVD (Singular Value Decomposition). Here, we
used an SVD approach.

We now illustrate these definitions in low dimension (it is known that the study
of the number of faces is a very difficult task in general [14, 3]), when D correspond to
the incidence matrix of a complete graph on n = 4 vertices and p = 6 edges. Among
3P = 729 possible signs, only 75 are feasible, and among them 14 are extremal. We
report in Figure 2.1 the pattern of such signs up to centrosymetry of the unit-ball,
i.e., we only show 7 of the 14 extremal signs.

We can go further, and consider the sub-poset (of the poset of all signs) of feasi-
ble signs and try to represent it with an Hasse diagram associated thanks to Proposi-
tion 2.24. Figure 2.2 depicts such a diagram where purple nodes represent the minimal
element, e.g., the extremal signs whereas yellow nodes are maximal element (every
feasible sign is a sub-sign of a maximal sign). The construction of the diagram is
done by constructing the directed acyclic graph associated to the poset. Note that if

12
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Fig. 2.1: Extremal signs of a complete graph on n = 4 vertices. Red edges correspond
to positive sign, blue edges to negative sign and gray to 0.

such DAG was known, finding extremal points is reduced to the problem of finding
terminal node of the DAG, which can be done by breadth-first search. Such construc-
tion is obviously of a pure theoretical interest since it scales exponentially with the
dimension.

3. The solution set of sparse analysis regularization. This section is an
application of the previous one towards the solution set of (1.1). Remark that a similar
analysis can be performed (in a less challenging way) for the noiseless problem (1.2).
In the first subsection 3.1, we show that the solution set can be seen as a particular
sub-polyhedron of the unit-ball. Using this result, we derive several structural results
in subsection 3.2 on the solution set thanks to section 2. Finally, we show that
arbitrary sub-polyhedra of the unit ball can be seen as solution set of (1.1) with a
specific choice of parameters.

3.1. The solution set as a sub-polyhedron of the unit ball. This section
studies the structure of the solution set of (1.1), that we denote by X:
aer. 1

X = argmin L(x) §||y—‘19$||g+)\\|D*x||1,
rER™

where y € R4, ®: R® — R?, D: RP — R" is linear and A > 0.

THEOREM 3.1. The solution set of (1.1) is a nonempty convex polyhedron of the
form

X=ANSB,

withr > 0 and A an affine subspace such that ) # AN B, C 9B, and dir(A) = Ker ®.
Namely, if v € X, then r = ||D*z||y and A=z + Ker ®.

Proof. Tt is easy to see that the objective function x — L(z) is a nonnegative,
convex, closed continuous function with full domain (in particular proper). However,
it is not coercive, hence existence of minimizers and compactness of the solution set
are not straightforward. Following [16, Chapter 8|, the recession cone R, of £ is given

13
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Fig. 2.2: Hasse diagram of the poset of feasible signs of a complete graph on n = 4
vertices.

R = {z€R" : L(2) <0},
where L, is the recession function of £ given by

Loo(2) < lim @ € RU {+o0}.

t——+o0

It is clear that R, is non-negative, hence the recession cone R, is given by R, =
{z € R" : L(z) =0}. The lineality space L. is the subspace of R” formed by ele-
ments d such that d € Ry and —d € R, i.e, Ly = RN (—R,). The following lemma
characterizes the structure of R, and L.

LEMMA 3.2. The recession cone Ry and the lineality space Ly of L are given by

Ry, =L;=KerD*NKer®.

14



Proof. Let t > 0 and z € R". We have,
1 1 .
SL(t2) = lly — @12l + N|D"2]

1 *
= 5 [I9llz = {y, ®2) + [ @2]|3 + A D"2]1.

Hence,

Loo(2) = —(y, ©2) + Al|D"z[[1 + tker o (2)-
In particular, L..(z) = 0 if, and only if, z € Ker D* N Ker ®. Since Ker D* N Ker ¥ is
a subspace, we have Ry = L. O
The polyhedral structure of X, as we will see, relies on the following lemma.

LEMMA 3.3. Let C' C R™ be a nonempty convex set. Then L is constant on C if
and only if © and ||D* - |1 are constant on C.

Proof. Assume that L is constant on C and let 2y € C'. Suppose that there exists
x1 € C such that &z # Pz and let x = “’7'2”1 (note that € C'). Then by strict
convexity of u — ||y — ul|3,

1 1
o - @l = s - Lo + S
1 2 1 2
< Ll - @l 4 Ly - @
Together with the convexity inequality of the ¢! norm:
72l < 2Dzl + LD,
we get that £(z) < $L(z¢) + $L(z1), which is in contradiction with £ constant on

C. Then @ is constant on C and thus ||D* - ||; too. The converse is straightforward.0

We add the following lemma, that gives locally the directions where ||D* - ||; is
constant.

LEMMA 3.4. Let A be an affine subspace and T € A. Then ||D* - ||y is constant

in a neighborhood of T in A if and only if
dir(A) C (D3s)* NKer D%
where § = sign(D*Z) and J = cosupp(D*ZT).

Proof. By definition, ||[D* - ||; is constant in a neighborhood of Z in A if and only
if there exists € > 0 such that B(Z,e) N A C 9B, with r = |D*Z||;. We denote by
C = B(z,¢) N A (note that € ri(C)). By Proposition 2.9, C' C 9B, if and only if
C C Fwith = B.N{x €R": (D5,x) =1} if r > 0 and F' = Ker D* if r = 0. Since
T €1i(F), C C F if and only if dir(C) C dir(#'). The result follows by noticing that
dir(C) = dir(A) (e.g. by Lemma 2.14) and dir(F) = (Ds)* N Ker D* (by Lemma 2.8
in the case r > 0, obvious in the case r = 0). a

Together, the previous two lemmas give the following.

COROLLARY 3.5. Let A be an affine subspace and & € A. Then L is constant in
a neighborhood of T in A if and only if

dir(A) C Ker® N (Ds)* NKer D*
where § = sign(D*z) and J = cosupp(D*Z).
15



We now go back to the proof of Theorem 3.1. By Lemma 3.2, the recession cone
and the lineality space of £ coincide. Then by [16, Theorem 27.1(a-b)|, the solution
set X is nonempty. Since L is convex (and closed), the solution set is also convex
(and closed). Moreover, L is constant on X. Then by Lemma 3.3, ® and || D* - ||; are
constant on X, i.e.

X C (x+Ker®)NoB,
with z € X and r = ||[D*z||;. But since £(z) is the minimum of £,
(r+Ker®)N B, C X.

It follows that
X = (x +Ker®) N B, O

with (z + Ker ®) N B, C 9B, as it was to be proved.

3.2. Consequence results on the solution set. In this section, we apply the
results on sub-polyhedra of the unit ball (subsection 2.4) to the solution set X of (1.1).

PROPOSITION 3.6. Let € r1i(X), § = sign(D*z), and F = B, N {zx € R" :
(D35, x) = r} with r = |D*Z||y. Then

X =(z+Ker®)NF.
It follows that

X =(z+Ker®)Nn{zx € R" : sign(D*z) < 5},
ri(X) = (z + Ker ®) N {z € R" : sign(D*z) = 5},
dir(X) = Ker ® N Ker D (where J = cosupp(5) ).

~— —

Moreover, the faces of X are exactly the sets of the form {x € X : J C cosupp(D*z)}
with J C J; their relative interior is given by {x € X : J = cosupp(D*x)} and their
direction by Ker ® N Ker D% .

Proof. First note that the results are trivial in the case » = 0, as 5 = 0 and
F = B, = Ker D*. Therefore we consider the case r > 0. The first statement follows
from Theorem 3.1 and Proposition 2.17, and the second one from Theorem 2.16 (iii).
For the last statement, note that G is a face of X if and only if G = (z + Ker ®) N F
with F' a face of B, such that F C F. Indeed, the direct implication holds for G = ()
with F' = ), for G = X with F = F, and for G exposed in aff(X) by Proposition 2.18.
Conversely, let F' = () or B, NH (with H a supporting hyperplane) be a face of B,.
Then (T + Ker®) N F = 0 or X NH is a face of X. The conclusion follows from
Proposition 2.24. ]

Thanks to Proposition 3.6, we can draw several conclusions. In particular the
role of 5 and J allows us to derive properties of the solution set.

The sign 5 is shared by all the interior solutions of (1.1), which are also maximal
solutions (5§ = maxgex sign(D*z)). Such a solution can be obtained numerically by
the algorithm described in [2]. Future work should include an analysis of the behavior
of more common algorithms such as first-order proximal methods.

The knowledge of 5 (or of J which is the minimal cosupport) gives the dimension
of the solution set (1.1) as dim(X) = dim(Ker ® N Ker D%) (up to determining the
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dimension of the null-space of the matrix A = (<I>* D j)*, which again can be done
by QR reduction or SVD). For instance, taking the example of [2] in Section 6.3,

1 1 0 1 1 1 1 1
1) D=1 01|, @=(3 1 1], y=|1] ad A=,
2 11 V2 0 0 0
we can prove that X = conv(0 1 0)*,(0 0 2)*. But running the interior-point

method described in [2]| leads to the specific solution (up to numerical error) z =
(0 1 1L)* In this case, the matrix A reduces to A = ® since J = . Thus,
dim(X) = dim(Ker ®) = 1.

In the previous formula, dim(X) is decreasing w.r.t. J; it somehow quantifies the
tautology according to which the sparser the less sparse solution, the fewer solutions.

Together with Lemma 2.6, the previous proposition gives the following half-space
representation of the solution set X of (1.1) (one could of course give similar repre-
sentations of its faces).

COROLLARY 3.7. Let & € ri(X), 5 = sign(D*z), J = cosupp(5) and I = supp(5).
Then
X ={z e R": &z = &z, D5z = 0,diag(5;) D7z > 0}.

This result can be used numerically. Indeed, it provides a linear characterization
of the solution set up to the knowledge of a maximal solution. In the same spirit
of [21], we can derive bounds on the coefficients (both in the signal domain or in the
dictionary domain). For instance, finding the biggest i-coefficient boils down to solve
the linear program

glea)}(( <.’E, 67;>,
where e; the is the ith canonical vector. Thus, we can describe in a similar fashion
which component are dispensable following the vocabulary introduced in [21].
We end this section with a characterization of the compactness of X and of its
extreme points.

PROPOSITION 3.8. The solution set X of (1.1) admits extreme points if and only
if it is compact (i.e. is a convex polytope), if and only if

Ker @ NKer D* = {0}.

A solution x € X is an extreme point (i.e. x € ext(X)) if and only if, denoting by
J = cosupp(D*z),
Ker ® N Ker D = {0}.

Proof. Recall that X = (Z 4+ Ker ®) N B,. by Theorem 3.1. The result is trivial in
the case = 0 and is the transcription of Proposition 2.19 in the case r > 0. O

The condition Ker ® NKer D* = {0} is equivalent to the recession cone R, being
reduced to {0}, which is known to be equivalent to the compactness of the solution
set X of (1.1), see e.g. [16, Theorem 27.1(d)|. Note that this is the condition denoted
by (Hp) and assumed to hold all throughout [25] or [24]. When D is the incidence
matrix of a graph, observe that this condition reduces to the fact that ® should not
be constant on the set of constant vectors in each connected component.

The condition Ker ® N Ker D% = {0} is the one denoted by (H;) and required in
[24] at a given solution in order to undertake a sensitivity analysis. It turns out from
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the present study that such solutions are precisely the extreme points of the solution
set. In [24], an iterative procedure is proposed in section A.3 to construct such an
extremal point. Alternatively, if one has the knowledge that the maximal solution
is quite sparse, then an exhaustive test can be performed in a similar fashion than
subsection 2.6.

Going back to the setting proposed in (3.1), we observe that thanks to Propo-
sition 3.8, we know that X is compact since Ker ® and Ker D* intersect trivially,
and we can obtain the extreme points by observing that there is three feasible signs
(1,0,1), (0,1,1) and (1,1,1). Ouly the first two leads to a cosupport J such that
Ker @ and Ker DY intersect trivially. Using Corollary 3.7, one can use any linear
solver from these two signs to obtain associated two extremal points of the solution
set, L.e, ext(X)={(0 3 0)*,(0 0 1)}

In the same spirit as the end of subsection 2.6, it is possible to construct a Hasse
diagram of the signs realized by the solution set. Note that this diagram is a sub-
diagram of the one constructed from the ¢'-ball. Said alternatively, the poset of the
signs of the solution set is a sub-poset of the feasible signs. This diagram will be
different in the sense that there is only a unique maximal element which corresponds
to the maximal sign associated to the relative interior of the solution set.

3.3. Arbitrary sub-polyhedra of the unit ball as solution sets. We have
the following converse of Theorem 3.1.

THEOREM 3.9. Letr > 0 and A be an affine subspace such that ) # ANB,. C 0B,.
Then there exist ®, y and A > 0 such that the solution set of (1.1) is X = AN B,
and Ker @ = dir(A).

Proof. We first consider the case r > 0. Let Z € ANOB, and § = sign(D*z). We
define ®, y and \ as follows: we consider ay,...,a,, a basis of dir(A)* (with m the
dimension of this subspace) and set ® = (a1|---|a,;,)"; then Im(®*) = dir(4)* and
Ker(®) = dir(A). It follows from Lemma 2.15 (ii) that Im(®*)N (Zszg R+Ds> # {0}.
Let 8 € R? and o, > 0 for all s = § be such that

O B = Zast #0;

s=§

we can assume (by normalizing) that > . as = 1. We define u = > -a,s, so
that Du = ®*8. Note also that u; = 57 and [|uj]le < 1 (with I = supp(D*Z) and

J = cosupp(D*z)). We now fix any A > 0 and set y = ®T + A5. We denote as always
by X the solution set of (1.1). By construction, we have

O*(®z — y) + ADu = 0.

It implies that 0 € OL(Z) since (|| D*-||1)(z) = DI(||[1)(D*z) and u € (|- |1) (D*Z)
(see e.g. [9] or [24]), and thus & € X. It follows from Theorem 3.1 that X =
(T + Ker ®) N B p+z|,- But T+ Ker® = A since 7 € A and Ker ® = dir(A), and
|ID*Z||y = r since Z € OB,, which concludes the proof of the case r > 0.

We now treat the case r = 0, for which B, = 0B, = Ker D*. We define ® as
in the previous case, A > 0 arbitrarily, and y = ®Z for some z € AN Ker D*. Then
again, ®*(®Z — y) + ADu = 0, here with © = 0 (JJu|lcc < 1). It follows that Z € X,
and then that X = AN B, as before. O

If we relax the condition Ker ® = dir(A), we can get rid of the assumption
() # AN B, C 0B, and at the same time choose the exposed face F so that ANF is a
solution set (thus of arbitrary dimension). This is the object of the next proposition.
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PROPOSITION 3.10. Let r > 0, F be an exposed face of B, and A be an affine

subspace intersecting F'. Then there exist ®, y and A > 0 such that the solution set
of (1.1) is X = ANF (and Ker ® C dir(.A)).

Proof. Let § = max,ep sign(D*x), so that F = B, N{x € R" : (Ds,z) = r} by
Proposition 2.21. Let ® = (D3|ay|- - - |am)" with ay, ..., a,, a basis of dir(A)*, so that
ker ® = (D35)* Ndir(A); let A > 0, y = ®x + ey for some z € AN F, and X be the
associated solution set. Then ®*(®x —y)+ADu = 0 with u = 5. Since sign(D*z) < 3,
uy = sign(D*z); and ||uy|leo <1 (with I = supp(D*z) and J = cosupp(D*z)). Then
r€Xand X = (x+Ker®) NB, =(z+dir(A)N(z+ (D5)NB. =ANF. 0

We now illustrate Proposition 3.10 on non-periodic Total Variation on 3 points
in order to give an intuition of the geometric construction, see Figure 3.1. Let D be
a forward discrete difference operator on 3 points, i.e.,

. (-1 1 0
D(o -1 1)'

Consider the facet F' (in grey on the figure) determined by the sign s = (—1,1) and
an (affine) hyperplane A (in red on the figure) with normal vector (0, 1,0) and origin
(1,1,1). The intersection (in green on the figure) of F' and A is then the segment
defined by z7 = (1,1,2) and =5 = (2,1,1). The proof of Proposition 3.10 gives us
how to design a setting such that the solution set X is exactly X = conv{z}, z3}: let

A=1,
1 -2 1 2
P = (O 1 0> and y= (1) .

Checking first-order condition of this setting is tedious, but doable, and leads to
X = conv{z}, z3}.

4. Conclusion. In this work, we have refined the analysis of the solution set of
sparse ¢! analysis regularization to understand its geometry. To perform this analysis,
we have drawn an explicit relationship between the structure of the unit ball of the
regularizer and the set of feasible signs. Upon this work, we derived a necessary and
sufficient condition for a convex set to be the solution of sparse analysis regularization
problem.

From a practical point of view, this work adds another argument towards the
need for a good choice of regularizer/dictionary when a user seeks a robust and unique
solution to its optimization problem. This work is mainly of theoretical interest since
numerical applications should deal with exponential algorithms with respect to the
signal dimension. Note however that in the case of the expected sparsity level of
the maximal solution is logarithmic in the dimension, the enumeration problem is in
this case tractable. We believe that the results contained in this paper will help other
theoretical works around sparse analysis regularization, such as performing sensitivity
analysis of (1.1) with respect to the dictionary used in the regularization.
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