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CONTROLLABILITY OF PERIODIC BILINEAR QUANTUM SYSTEMS ON INFINITE GRAPHS

KAIS AMMARI AND ALESSANDRO DUCA

ABSTRACT. In this work, we study the controllability of the bilinear Schrodinger equation on infinite graphs for periodic
quantum states. We consider the bilinear Schrodinger equation (BSE) i0¢v) = —A1) + u(t) B4 in the Hilbert space L%
composed by functions defined on an infinite graph ¢ verifying periodic boundary conditions on the infinite edges. The
Laplacian —A is equipped with specific boundary conditions, B is a bounded symmetric operator and u € L2((0,T),R)
with 7' > 0. We present the well-posedness of the (BSE) in suitable subspaces of D(|A|3/2) . In such spaces, we study the
global exact controllability and we provide examples involving tadpole graphs and star graphs with infinite spokes.

1. INTRODUCTION

Graph type structures (Figure 1) have been widely studied for the modeling of phenomena arising in science, social
sciences and engineering. Among the many applications to quantum mechanics, they were used to study the dynamics
of free electrons in organic molecules starting from the seminal work [37], the superconductivity in granular and
artificial materials [1], acoustic and electromagnetic wave-guides networks in [25, 32], etc.

Figure 1. An infinite graph is an one-dimensional domain composed by vertices (points) connected
by edges (segments and half-lines).

We consider a particle trapped on a network of wave-guides or wires where some branches are way longer than
the others. We model the long branches with half-lines and the remaining ones with segments in order to represent
the network by an infinite graph. The nodes of the network are ideal so that the crossing particle is subjected to zero
resistance during the motion and we assume that the system is subjected to an external field which plays the role of
control.

A natural choice for such setting is to represent the network by an infinite graph ¢ and the state of the particle by
a function ¢ with domain ¢. The state 1) belongs to a suitable Hilbert space .7# and the dynamics of the particle is
modeled by the bilinear Schrodinger equation in 57

i (t, z) = AY(t,z) +u(t)By(t,z), te€l0,T], x€Y, (1)

where A is a positive self-adjoint operator. The term u(t)B represents the time dependent external field acting on
the system which action is given by the bounded symmetric operator B and its intensity by the control function
u € L?((0,T),R).

In this work, we consider .7 as the Hilbert space composed by L?, . functions over the graph satisfying periodic
boundary conditions on the infinite edges and A is a Laplacian equipped with suitable boundary conditions. We study
the controllability of the bilinear Schrodinger equation (1) according to the choice of the graph. Our purpose is to
analyze when it is possible to control exactly the motion by time-varying the intensity of the external field.

Some bibliography

The mathematical analysis of operators defined on networks was preliminarily addressed in [39] by Ruedenber
and Scherr. In this work, they studied the dynamics of particular electrons in the conjugated double-bounds organic
molecules. These particles move as if they were trapped on a network of wave-guides and the graphs are obtained
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as the idealization of such structures in the limit where the diameter of the section is much smaller than the length.
A similar approach was developed by Saito in [40, 41] where the graphs are obtained as “shrinking” domains. For
analogous ideas, we refer to the papers [36, 38].

The controllability of finite-dimensional quantum systems modeled by equations as (1), when A and B are N x N
Hermitian matrices, is well-known for being linked to the rank of the Lie algebra spanned by A and B (see [4, 19]).
Nevertheless, the Lie algebra rank condition can not be used for infinite-dimensional quantum systems (see [19]).

The global approximate controllability of the bilinear Schrodinger equations (1) was proved with different tech-
niques in literature. We refer to [31, 35] for Lyapunov techniques, to [15, 16] for adiabatic arguments and to [14, 17]
for Lie-Galerking methods.

The exact controllability of infinite-dimensional quantum systems is in general more delicate. For instance, the
controllability and observability of the linear Schrodinger equation are reciprocally dual. Various results were devel-
oped by addressing directly or by duality the control problem with multiplier methods [28, 29], microlocal analysis
[9, 18, 27] and Carleman estimates [10, 26, 30]. However, a complete theory on networks is far from being formulated.
Indeed, the interaction between the different components of the structure may generate unexpected phenomena. For
further details on the subject, we refer to [20].

An important property of the bilinear Schrodinger equation is that its controllability can not be approached with the
techniques valid for the linear Schrodinger equation. Indeed, the dynamics of (1) is well-known for not being exactly
controllable in the Hilbert space .7 where it is defined when B is a bounded operator and v € L?((0,7T),R) with
T > 0 (even though it is well-posed in such space). This result was proved by Turinici in [42] by exploiting the theory
developed by Ball, Mardsen and Slemrod in [6] (see [7, 8] for other results on bilinear systems). As a consequence,
the classical techniques can not be exploited for the exact controllability of bilinear quantum systems.

The turning point for this kind of studies has been the idea of controlling the equation in specific subspaces of
D(A). Preliminarily introduced by Beauchard in [11], this approach was mostly popularized by the work [13] of
Beauchard and Laurent. There, they considered the bilinear Schrodinger equation (1) on the interval 4 = (0, 1) when
A = L*((0,1),C), B is a suitable multiplication operator and A = —Ap is the Dirichlet Laplacian

D(fAD) = H2((07 1),([:) n H&((()? 1)7C))7 7AD¢ = *va WJ € D(fAD)'

They proved the well-posedness and the local exact controllability of the equation in the space D(|A p|?/?). After-
wards, different works on the subject were developed. We refer to [12, 22] for global exact controllability results and
[22, 33, 34] for simultaneous exact controllability results.

The controllability of bilinear quantum systems on graphs was preliminarily addressed by the second author in
[21, 23]. There, the bilinear Schrédinger equation (1) is considered in the Hilbert space L?(¥, C) with & a compact
graph and A a suitable self-adjoint Laplacian. One of the main difficulties of this framework is due to the nature of the
spectrum of A. In particular, when we consider its ordered sequence of eigenvalues (A )ren+, it is possible to show
that there exists M € N* such that

o Do r 2
Jnf ke = Al > 0 )

(as ensured in [21, Lemma 2.4]). Nevertheless, the uniform spectral gap infgen+ [Ax+1 — Ag| > 0 is only valid when
% = (0, 1). This hypothesis was crucial for the techniques adopted in the previous works on bounded intervals, which
could not be applied in this framework. To this purpose, new spectral techniques were developed in the works [21, 23]
in order to ensure the global exact controllability of the bilinear Schrédinger equation (1) on compact graphs.

When we consider the bilinear Schrodinger equation (1) on infinite graphs instead, a natural obstacle to the control-
lability is the loss of localization of the wave packets during the evolution: the dispersion. This effect can be measured
by L°°-time decay, which implies a spreading out of the solutions, due to the time invariance of the L?-norm. Disper-
sive estimations on infinite graphs can be found in [2, 3]. The other side of the same coin is that a self-adjoint Laplacian
Aon L?(4,C) where ¢ is an infinite graph, does not admit compact resolvent and then, the spectral techniques from
[21, 23] can not be directly applied to this framework.

Despite the dispersive behavior of the bilinear Schrodinger equation (1) on infinite graphs, the authors addressed
the problem in [5] by exploiting a simple but still effective idea. When ¢ contains suitable substructures, the Laplacian
A admits discrete spectrum corresponding to some specific eigenmodes. Such states are preserved by the dynamics of
(1) for suitable choices of B and they are not affected by the dispersive behavior of the equation. By working on the
space spanned by such eigenmodes, global exact controllability results for the equation (1) can be ensured in suitable
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subspaces of L?(¢,C) with ¢ an infinite graph, as presented in [5]. We underline that the considered eigenmodes
are supported in compact sub-graphs of ¢ and then, the result is only valid for suitable states vanishing on the infinite
edges of the graph.

From this perspective, our purpose is natural. We aim to carry on the existing theory by proving the controllability
of (1) for quantum states that do not vanish on the infinite edges of the graph. In this regard, we consider the bilinear
Schrddinger equation (1) for periodic functions. This choice allows us to have non-compactly supported eigenmodes
and then, to ensure the exact controllability for states also defined on the infinite edges of the graph.

Scheme of the work

The paper is organized as follows. In Section 2, we introduce the main notations of the work. In Sections 3 and
Section 4, we respectively prove the global exact controllability when ¥ is an infinite tadpole graph and an infinite star
graph. In the last section, we generalize the previous results to some general infinite graphs.

2. PRELIMINARIES

Let ¢ be a general graph composed by N finite edges {e;}1<j<n of lengths {L;}1<;j<n and N half-lines
{ej}N+1§j§N+J\~,. Each edge e; with j < N is associated to a coordinate starting from 0 and going to L;, while

e;with N +1<j5 <N+ N is parametrized with a coordinate starting from 0 and going to +o0o. We consider ¢ as
domain of functions

F=(f N Nyig 5,  flie;»C, 1<j<N+N.
Let {L;}y 1<jensn C R™. We consider the Hilbert space

N+N

L%:=12(%.C) (HL2 (¢:0) x (I Zie;;©)), with 3)
j=N+1
L2(e;,C) = { € Liole;,C) : f() = f( - +2mkL;), VKEN'}, N+1<j<N+N.
The Hilbert spaces L2 is equipped with the norm || - || 12 induced by the scalar product

N+N

(, o)1z = Z o (x)dx, Vi,p € LZ.

We introduce the spaces

H:=L2n <<f[Hs(ej,<C)) x ( NﬁN Hfoc(ej,(:))>

j=N+1

with s > 0. For T" > 0, we consider the bilinear Schrédinger equation in Lg

) t) = —Ayp(t t)By(t t T

00 () = — A () + u(t) Bu(t), € (0.7), BsE)
¥(0) = vo.

The operator A is a Laplacian equipped with suitable boundary conditions such that D(A) C H, 5. The operator B is

a bounded symmetric operator in Lf) and u € L?((0,7T),R) with T > 0. We respectively denote

¢ = {‘Pk}keN*a Hi= {Mk}keN*

an orthonormal system of LIQ) made by some eigenfunctions of A and the corresponding eigenvalues. For s > 0, we

define the spaces
2

H (@) = span{py, | k € N*} tr,
Hy (@) :={y € #(@)| Y |k (pr¥)12]* < oo},

keN*

B = {{ak}keN* @) ] Y Fal < oo}.
keN*
3
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We respectively equip 7 (@) and h* with the norms || - || o) = (X pen- [k* (¢r, ) 12 |2)% and

1
[l sy = ( Z Kz, [?) %, Vx := (k) ken= € I°.
keN®

Remark. The space () is usually strictly smaller than Lf). If for instance we consider 4 as a ring parametrized
from0to1land @ = {\@Sin(kax)}keN*,
to the point x = 1/2 and clearly (@) C L.

then 7€ (@) is composed by those Lfa states which are odd with respect

Remark. Let py, ~ k? and ¢ € RT be such that 0 ¢ o(A + ¢, 7(@)) (the spectrum of A + c in the Hilbert space
H(@)). For every s > 0, there exist C1,Cy > 0 such that

CillYll sy < WA+ e?¢ll2 < Callvlle), Vo € Hy(o).

Let I be the unitary propagator (when it is defined) corresponding to the dynamics of (BSE) in the time interval
[0, 1.

Definition 2.1. Let ¢ be an orthonormal system of Lf, made by some eigenfunctions of A and s > 0. The bilinear
Schrédinger equation (BSE) is said to be globally exactly controllable in HZ, (@) when, for every v1,12 € HZ (@)
such that [|91 |2 = [[¢)2| 12, there exist 7' > 0 and u € L*((0, T), R) such that

L7 = 1po.

The aim of the work is to study the global exact controllability of the (BSE) on infinite graphs in suitable spaces
H (@) with s > 0.

3. INFINITE TADPOLE GRAPH

Let 7 be an infinite tadpole graph composed by two edges e; and ea. The self-closing edge e, the “head”, is
connected to ey in the vertex v and it is parametrized in the clockwise direction with a coordinate going from 0 to 1
(the length of e1). The “tail” es is an half-line equipped with a coordinate starting from 0 in v and going to 4+-oc0. The
tadpole graph presents a natural symmetry axis that we denote by 7.

€2

\

Figure 2. The parametrization of the infinite tadpole graph and its natural symmetry axis r.

Let LZ be composed by functions which are periodic on the tail with period 1, i.e. Lo = 1. We consider the
bilinear Schrodinger equation (BSE) in Lg with A = — A the Laplacian equipped with Neumann-Kirchhoff boundary
conditions in the vertex v, i.e.

ot ol o?
D(A) = { = W', ¥?) € B2 5 41(0) =¥ (1) = ¢*(0), S—(0)— S—(1)+ S -(0) =0},
(4) = {6 = @07 € B2+ 61(0) =61 (1) = 92(0),  S-(0) - S () + 22(0)
Remark 3.1. The chosen operator A is not self-adjoint in the Hilbert space LIQ). This fact is an important peculiarity of

this work with respect to the existing ones on bilinear quantum systems. However, we show how to construct subspaces
of L% composed by eigenspaces of A where the well-posedness and the controllability can be ensured.

We assume the control field B : ¢ = (¢!, 9?) — (V14! V24)?) being such that

Viz) = 2%(z — 1)% V() = (z—n)’(@—n—1)*Xpnney(@).
neN
4



The choice of the potentials V; and V5 is calibrated so that B preserves the space Lf, and Vgl = V2¢2|[n,n+1] for
every n € N when ¢ = (¢!,4?) € L2 is such that ¢)' = 9|}, ,,11] for every n € N. In this framework, the (BSE)
corresponds to the two following Cauchy systems respectively in L*(e;, C) and L?(e2, C)

Ot = =AYt +uVyl, 0 = —AY? + uV??, (BSEf)
$*(0) = g, ¥*(0) = 5.
Let @ := {¢k}ren+ be an orthonormal system of LIQJ made by eigenfunctions of —A and corresponding to the
eigenvalues | := {u }ren~ such that, for every k € N* \ {1},
o = (cos(2(k — 1)mz), cos(2(k — 1)7z)), pp = 4(k —1)272,
wl:(%772)7 /1/1:0

Remark 3.2. We notice that each f = (', f*) € L2 belongs to () when

o flis symmetric with respect to the symmetry axis v of T ;
o {2 has period 2m and fz\[Qan(n_H)ﬁ] = f! for everyn € N.

Proposition 3.3. Let ¢y € H7(¢) and w € L*((0,T),R). There exists a unique mild solution of the (BSEt) in
H% (@), i.e. afunction € C°([0,T], H}(¢)) such that

t
ult) = By — i [ B Iu(s) Bu(s)ds. 5)
0

Moreover; the flow of (BSEt) on (@) can be extended to a unitary flow T’} with respect to the Lf)—norm such that
T¥pg = 1b(t) for any solution ¢ of (BSEY) with initial data 1py € F( ).

Proof. 1) Unitary flow. We consider Remark 3.2. For every f = (f!, f?) € #(¢), we notice that (B f)® inherits
from f the property of being symmetric with respect to the symmetry axis r, while (B f)?|25r 2(n+1)x] = (Bf)* for
every n € Nas 2|2, 2(nt1)x] = [ forevery n € N. Now, (B f)? has period 27 and (B f)*(z) = (Bf)(2(n+1)m—
x) forevery n € Nand z € [2nm, (2n+ 1)x]. Thus, Bf = (V1f1,V2f?) € 52 (@) forevery f = (f1, f?) € (o)
and the control field B preserves .7 (). The space 7 (@) is a Hilbert space where the operator A is self-adjoint and
B is bounded symmetric. Thanks to [6, Theorem 2.5], the (BSEt) admits a unique solution ¢ € C°([0, T, 57 (¢))
for every T' > 0 and ¢pg € 2 (@). The flow of (BSEt) is unitary in (@) thanks to the following arguments. If
u e CY(0,T),R), then ) € C1((0,T), 5 (¢)) and 8,5\\1/)(15)”%% = 0 from (BSEt). Thus [|¢)(¢)[|z2 = [[¢bol|r2. The
generalization for u € L?((0,7T),R) follows from a classical density argument, which ensures that the flow of the
dynamics of the (BSEt) is unitary in ().

2) Regularity of the integral term in the mild solution. The remaining part of the proof refers to the techniques lead-
ing to [13, Lemma 1; Proposition 2] (also adopted in the proof of [5, Proposition 2.1]). Let ¢ € C°([0,T], H¥(¢))
with T > 0. We notice Bi(s) € H, N H7(¢) for almost every s € (0,t) and t € (0,T). Let G(t,x) =
fot e"At=9)y(s) Bap(s, z)ds so that

1eOlw = (X ‘k‘l/ 6“%8<<Pk7U(S)Bw(S,')>L§ds‘2)%-

t
kEN* 0

For f(s,-) := u(s)B(s,-) such that f = (f!, f?) and k € N* \ {1}, we have

(ns F(8)) 12 = —i(/o wi(y)aifl(&y)dw/o s@i(y)aifQ(s,y)dy)

_ 2 ! 1 2 rl _ 1 ! : 3 rl

1

- S (357f (5,1) = 9271 (5.0) = [ cos(2(h = 1))k y)dy>.
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In the last relations, we considered @} (-)02 f1 (s, )|j0,1] = ¢2(-)02f2(s,)jo,1] s 2 (s, ) jo,1] = O2f2(s,)|j0.11-
Equivalently to the first point of the proof of [5, Proposition 2.1], there exists C; > 0 such that

t
1G ()l sy gcl(H/o (02" (5,1) — 027" (5,0))e"r%as]| |+ VAl Flezon.mp)

Thanks [21, Proposition B.6], there exists C2(t) > 0 uniformly bounded for ¢ in bounded intervals such that |G (%)|] 4y <
Co()f (-, )l z2((0,0),73)- For every ¢ € [0, T], the last inequality shows that G(t) € H2(¢) and the provided upper
bound is uniform. The Dominated Convergence Theorem leads to G € C°([0, T, H3(¢)).

3) Conclusion. As Ran(B|ga (¢)) C H) N H3 (@) C Hy, wehave B € L(H7 (), H,) thanks to the arguments
of [24, Remark 2.1]. Let tpg € H3(¢). We consider the map

F: ¢ e C%0,T], Ht(9)) — ¢ € C°([0,T], H(¢)),
o(t) = F(¥)(t) = "o — / Alt=9)y(s)By(s)ds, Yt € [0,T).

For every ¢, 12 € C°([0, T, H3(¢)), from the first point of the proof, there exists C(¢) > 0 uniformly bounded for
t lying on bounded intervals such that

)
[1F(¥1) = F(¥2)|| Lo ((0.1), 13- (9)) < /0 MO (s) B¢ (s) — ta(s))ds

Lo ((0,T),H3-(9))
C(D)l|ull 20,7y Il B g(Hér((p),H;)H?/)l = V2l Lo ((0.1), 12 (0))-

If ||| L2((0,T),R) is small enough, then F' is a contraction and Banach Fixed Point Theorem yields the existence of
¥ € C°[0,T], H}(¢)) such that F () = . When ||ul|.2((0,1),r) is not sufficiently small, we decompose (0,7")
with a sufficiently thin partition {¢;}o<;<n With n € N* such that each ||u| L2((ty1,t5).B) is so small such that F
defined on the interval [t;_1,¢;] is a contraction. The well-posedness on [0, T'] is defined by gluing each flow defined
in every interval of the partition. O

We are finally ready to present the following global exact controllability result (Definition 2.1).
Theorem 3.4. The (BSE?) is globally exactly controllable in H3-(¢).

Proof. The statement is proved by using the arguments adopted in the proof of [5, Theorem 2.2].

1) Local exact controllability. We notice that ¢ (T) = e~ 17 p; = ; with T > 0 as the first eigenvalue y; is
equal to 0. For ¢, 7" > 0, we define

Of == {y € Hy ()| : ¥z =1, [ — @1l (a) <€}

We ensure there exist T, € > 0 so that, for every 1) € O, there exists u € L2((0,7),R) such that ¢) = I'%;. The
result can be proved by showing the surjectivity of the map I‘(T)tpl uwe L2((0,T),R) — ¢ € O with T > 0. Let
T =Y wr®){pr(). DV g1) s
keN~

We recall the definition of h* provided in (4). Let a be the map defined as the sequence with elements a(u) =
(or(T), 1) 2 for k € N* such that

a: 2((0,T),R) — Q == {x := {zi}ren- € W(©) | [x]2 = 1}.

The local exact controllability follows from the local surjectivity of « in a neighborhood of «(0) = & = {dx 1 }ren-
with respect to the h*—norm. To this end, we consider the Generalized Inverse Function Theorem and we study the
surjectivity of y(v) := (d,a(0 )) - v the Fréchet derivative of a.. Let By1 := (5, Bi1) 2 with k € N*. The map

is the sequence of elements v (v) := —i fo i(pn— ”1)SdTBk 1 with & € N* so that
v LQ((O,T),]R) — T5Q = {x = {zp}ren- € K*(C) | izy € R}.
As p1 = 0, the surjectivity of -y corresponds to the solvability of the moments problem

T
o By = *i/o u(T)e 7 dr, V{zp ren- € T5Q C h*. (©6)
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By direct computation, there exists C' > 0 such that |By1| = [(¢x, Be1)rz| > & for every k € N* and
{2xBi 1} pene €02 iz1B; 1 € R.
In conclusion, the solvability of (6) is guaranteed by [21, Proposition B.5] since
{ikak_,}}keN* € {{Ck}keN* S £2 | [GS R}, kiean* ‘,Uk-&-l — :Ukl = 47‘(2.

2) Global exact controllability. Let 7', ¢ > 0 be so that 1) is valid. Thanks to Remark A.3, for any 11,19 € Hé((p)
such that [[¢1[|r2 = [|¢2| 22 = p, there exist Ty, T3 > 0, uy € L?((0,T1),R) and uy € L?((0,T3),R) such that

ITHp 1 — il <€ TP be — i) <€
and p~ 'l by, p~'T7292 € OF. From 1), there exist us, uq € L?((0,T), R) such that
PPl =Tp TRy =pp1r =  IT>0,u€ LQ((O,f),R) : F%qpl = 1.
O
Let ® := {¢y tren+ be an orthonormal system of Lg made by eigenfunctions of —A and corresponding to the eigen-
values A := {\g}ren+ such that
¢ = (V2sin(2knz),0), e = 4k 72, Vk € N*.

We notice that the results [5, Theorem 2.1; Theorem 2.2] are still valid in the current framework and they lead to the
following proposition.

Proposition 3.5. Let (BSEt) be considered with Vi (x) = x(1 — x) and Vo = 0 The (BSEt) is well-posed and globally
exactly controllable in H3-(®).

The techniques leading to Proposition 3.3, Theorem 3.4 and Proposition 3.5 also imply the following corollary.

Corollary 3.6. Let (BSEt) be considered with

Vi) =2(1 —z)+2%(@x—-1)? Viz)= Z(x —n)}(x—n— 1)2)([”’”“] (x).
neN

The (BSEt) is well-posed and globally exactly controllable in H3-(¢) and H3-(®).

Remark 3.7. The choice of the lengths L1 = 1 and Lo = 1 has been done in order to simplify the theory of the current
section. Nevertheless, it is possible to obtain similar results by considering different parameters L, and Lo such that
Ly/Ls € Q. A very similar situation is considered in the next section for a star graph with infinite spokes.

4. STAR GRAPH WITH INFINITE SPOKES

Let . be a star graph composed by N segments {e; }1<;<n of lengths {L;}1<j<x and N half-lines {ej}N+1<j<N+]\7'
The edges are connected in the internal vertex v, while {v; }1<;<x are the external vertices of . (those vertices of .’
connected with only one edge). Each e; with 1 < j < N is associated to a coordinate starting from 0 in v; and going

to L, while e; with N +1 < j < N + N is parametrized with a coordinate starting from 0 in v and going to infinite.

V2 ’\62‘1,
vie—"¢ es
0

\LQ N .: __________
L 0
0,/7/‘ 1

Figure 3. The parametrization of a star graph composed by N = 2 segments and N=1 half-lines.
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Let L;% be defined in (3). This space is composed by functions which are periodic on the infinite edges with periods
{Lj}ni1<j<nin- We consider the bilinear Schrodinger equation (BSE) in L2 and the Laplacian A = —A being
equipped with Neumann-Kirchhoff boundary conditions in v and Neumann boundary conditions in {v; }1<j<n, i.e.

; N+N

D) ={v= N ent - 3 W)=y W)
j=1 J=N+1

o’

ox

Let B: %y € Lf, — By = ((B’(/})l, e (Bw)N“V) be a bounded symmetric operator. The (BSE) corresponds to the

following Cauchy systems in L?(e;, C) when 1 < j < N and in L(e;,C) when N +1 < j < N + N

00 (t) = = A7 (t) + u(t) (B) (1), te(0,7),
¥(0) = ¥p.

Remark 4.1. As in Section 3, the chosen operator A is not self-adjoint in the Hilbert space LIZ). The central point
here is to seek for the correct framework where the existence of eigenfunctions for A is guaranteed. It is clear that the

periodicity conditions on each infinite edge e; with N +1 < j < N + N force any eigenvalue \ of A to be of the
form 4ij" with k € N. Thus, the eigenvalues A has to be contained in ﬂN+1<J<N+N {4k2 : }kGN*
be non-empty. This is possible for suitable resonant lengths for the edges of the graphs. In the following part of this

section we introduce a set of assumptions ensuring this fact.

b eC(#,C), (w)=0 VI<j <N}

(BSEs)

which has to

Let Lyt1/L; € Qforevery N+2<j <N + N. We denote by l; € N* the smallest natural number such that

Ly

P eN*, with 1<j<N+N. (7)

J

Letng := (k—1) H;VJFNI\ZA l; Lg“ € N* for every k € N*. We notice

N

ﬁN {2m7r} _{2nk7r}
j=N+1 Lj Jmen- Lyy1)kens

Assumptions A. The numbers {L;}, < j< N+ are such that every ratio Lg—fl €Qforany N+2<j<N+N.In

addition, there exist J C N* with [J| = +oo and {¢;}y, <<y 5 With¢; € [0, L;] forany N +1 < j < N + N
such that o

N+N 2ngm
Ztal( ): Z tan(Lk cj), vk € J.
Lyt Pyt N+1
2
In conclusion, the sequence (pix)kens = (4;’“” ) is such that pj, ~ k2, i.e. there exist Cy, Cy > 0 such that
N1 ke

Chk? <y, < Cok?,  Vk e N*,

When Assumptions A are satisfied, we define {¢ }ren+ such that

ol = oot ¥1<j<N+N,

go,l? = ay, cos(y/[1, ), ®)
A vsien

api:akii):s(( cos(fk( —&-q))7 YN+1<j<N+N

with oy, € C such that [|¢k|z2 = 1 and for every k € N*\ {1}.

Lemma 4.2. Let . be a star graph satisfying Assumptions A. The sequence { oy }ren+ is an orthonormal system of
Li made by eigenfunctions of the Laplacian A corresponding to the eigenvalues () en-
8



Proof. We notice that any eigenfunction f = (f*, ..., fV +N ) of A corresponding to an eigenvalue p has to be such
that f has period 2= for every N +1 < j < N + N. Thus,

N+N

2mm 2nm
D) - .
\/'UJ < m { LJ }m,GN* - { }kGJ

J=N+1 Ly

Thanks to the Neumann boundary conditions in {v; } ;< 5 and to the periodicity conditions in {e; there

existc; € [0,L;] forany N +1<j <N+ N such that

}N+1gj§1v+ﬁ’

fi=aq; cos(y/fx), 1<j<N,
I = o cos(\/u(x + ¢;)) + By sin(y/u(z + ¢;)), N+1<j<N+N,

with suitable {c; } {Bi} ny1<jznsn C C. The Neumann-Kirchhoff boundary conditions in v yield

JEN+N?
ay cos(\/Ly) = a; cos(\/Lj), V2 <j <N,
ay cos(y/iLy) = a; cos(c;) + B sin(c;), VN+1<j<N+N.

When 3; =0 forevery N +1 <5 < N + N , the last identities implies

[t =« cos(y/px),
i cos(/pL .
7 =q;j Coiiﬁ) cos(y/fix), V2 <j <N,

1 cos( /L .
FI = oy S cos (/i + ), ¥2<j<N.

We recall that the numbers ¢; € [0, L;] forevery N +1 < j < N + N are such that
N+N

N
Ztan(\/ﬁLJ‘) = Z tan(y/pc;),  Vy/p e { o }keJ'

L
j=1 j=N+1 N+l

Thus, the second condition characterizing the Neumann-Kirchhoff boundary conditions is verified when §; = 0.
As a consequence, {g }ren+ is composed by eigenfunctions of A. The orthonormality follows from the fact that
{ cos (£ ) }keN* is an orthogonal family in L?([0, L], C) with L > 0. O

Equivalently to Proposition 3.3, we have the following well-posedness result.

Proposition 4.3. Let the star graph . satisfy Assumptions A. Let B be a bounded symmetric operator in LZQJ such that
B: A (@) — H(9),  B:HL(9) — HY(e),  B:Hy(e) — HyNHZ(e).

Let ¢y € H?, (@) and u € L*((0,T),R). There exists a unique mild solution ¢» € C°([0,T], H3,(¢)) of (BSEs) with
initial data 1. The flow of (BSEs) on 5 (@) can be extended to a unitary flow T} with respect to the Lgfnorm such
that T 1o = 1(t) for any solution v of (BSEs) with initial data 1y € ().

Proof. The proof follows from the same arguments adopted in Proposition 3.3. First, we notice that A is self-adjoint
in (@) and B is bounded symmetric since B : J7(¢p) — (). Second, we can define an unitary flow for the
dynamics of the equation in J# (@) as in the proof of the mentioned proposition.



1) Regularity of the integral term in the mild solution. Let ¢/ € C’O([ T),H? (¢)) with T > 0. We notice
Bi(s) € H¥ N H? () for almost every s € (0,¢) and ¢ € (0, 7). Let G(t f ZA(t SJu(s)Bi(s, x)ds so that

60l = (X | [ iﬂwk,u(s)m(s,.>>Lgd5f)2

keN*

Let f(s,-) = u(s)By(s,-). We define 0, f(s) = (0pf'(5),...,0.fN(5)) the derivative of f(s). Thanks to the
validity of Assumptions A, we have /i, ~ k and there exists C; > 0 such that, for every k£ € N* \ {1},

CN+N
SIJZ(
L2

j=1
The argument of [5, Remark 3.4] yields that 93 f(s,-) € span{ uk *0p0k: k€N *}  for almost every s € (0,¢)
and ¢ € (0,7, and there exists Cy > 0 such that

. t B .
ﬁmcpi(Lj)/o el“’“saifj(&Lj)ds

t
k?’/ e (on, f(s))r2ds
0

eiuks

+ ol ()02 7 (s, y)dyds

amap;(())/ e S92 £3(s5,0)ds| +
0

N+N t t
1G(®) 3y <Co Z (H/O aifj(s,O)eim.)sdsHp+H/O agfj(s,Lj)eim,)sdsHP)

P 2

v / (10200 (), 02 () %

From [21, Proposition B.6], there exists C3(¢) > 0 uniformly bounded for ¢ in bounded intervals such that [|G|| 3y <
Cs(Of ¢ )20, w3)- The provided upper bounds are uniform and the Dominated Convergence Theorem leads to

G € C°([0,T), HS (@)).

2) Conclusion. We proceed as in the second point of the proof of Proposition 3.3. Let ¢og € H>,(¢). We consider the
map F : 1 € C°([0,T), HS,(9)) = ¢ € C°([0,T), H,(9)) with

6(t) = F)(t) = bty / (s)Bi(s)ds, Vit € [0,T)

Let L>°(H%,(9)) := L>((0,T), H3,(9)). For every ¢, 92 € C°([0,T], H,(¢)), thanks to 1), there exists C(t) >
0 uniformly bounded for ¢ lying on bounded intervals such that

1F @) ~ Pl e (o) < COMull 2oy 1B I £rrs, o,y 191 = 2l oe a1, (-
The Banach Fixed Point Theorem leads to the claim as in the mentioned proof. ]

By keeping in mind the definition of global exact controllability provided in Definition 2.1, we present the following

result.
Theorem 4.4. Let the hypotheses of Proposition 4.3 be satisfied. We also assume that

(1) there exists C' > 0 such that [{p),, Bp1) 2| > & for every k € N*;

(2) forevery (j,k), (I,m) € N? such that (j, k) # (I,m), j <k, | < mand p; — pix = ptj — fim, it holds

(pj, Bej)rz — (pr, Bor)rz — (o1, B2 + (em, Bom) 12 # 0.

The (BSEs) is globally exactly controllable in H3,(¢).
Proof. 1) Local exact controllability. The statement follows as Theorem 3.4. First, for ¢, 7" > 0, the local exact

controllability in O 1. := {1 € H%,(0)| [[¥[lz2 = 1, [[¥ — ¢1(T)l(3) < e} with 1 (T) = e~ 1T is ensured by
proving the surjectivity of the map

v: LX((0,T),R) — T5Q = {x := {x}ren- € 1*(C) | iz1 € R},
10



the sequence of elements v, (v) = —i fOT v(t)e—r)sdr By | with By = (¢r, Be1)rz for k € N*. The
surjectivity of « corresponds to the solvability of the moments problem

T
By = —i / u(r)e T Yagbken- € TsQ C B2, ©)
i 0
As there exists C' > 0 such that |{py, B<,01>L§| > k% forevery k € N*, we have {kak_%}keN* € (2 and ixlBk_i cR.

The solvability of (9) is guaranteed by [21, Proposition B.5] since
king |1 — px| > 71'2rnin{Lj_2 i N+1<j<N+N}>0.
EN*
2) Global exact controllability. The global exact controllability in H%,(¢) is ensured as in the second point of the

proof of Theorem 3.4 by considering Remark A.4 instead of Remark A.3. (]

Remark. Let {Lj}1§j§N+ﬁ be such that Lg—:l €Q forany1 <j < N+ N. We notice that Assumptions A are
satisfied with c; = 0 for every N +1 < j < N + N. Indeed, let l; be the numbers defined in (7). The sequence

(1) {MW} it 7y, = (k 1)N]i[ﬁz Ly
Pk )keN* = wi ng ==k — j
L4y hene j=1 L

is composed by eigenvalues. The corresponding eigenfunctions (¢r)ren= are provided in (8). In this framework,
pe ~ k% tan(uxL;) =0  VEeN*, 1<j<N.
Thus, the validity of Assumptions A is ensured with c; = 0 for every N +1 < j < N + N.

Remark. Let . satisfy Assumptions A. We consider {Lj}1§j§N+J\7 being such that Li'ij“ € Q foranyl < j <

N + N so that the previous remark is verified. Let B: W — (Vi . VNHvi/JNHV) be such that
Vi(z) = 2*(x — Ly)?, V1< j <N,
VI(z) = Y en(@ —nLy)*(x — (0 + 1)L;)*Xpnr,; (nr1)2,) (@), YN +1<j < N+N.

If we consider the operator B on Lf, such that By = Z;OT v {e;, E@b) L2 then the corresponding (BSEs) is well-

posed and globally exactly controllable in the space H;(Q). The result is proved by using the techniques leading to
Proposition 3.3, Proposition 4.3, Theorem 3.4 and Theorem 4.4. In the next section, we ensure in the same way the
well-posedness and the global exact controllability in H, for suitable s > 3 with abstract 4 and B.

5. GENERIC GRAPHS

In this section, we study the controllability of the (BSE) for a general graph ¢ made by N finite edges {e;}1<;j<n
of lengths {L;}1<j<n, IV half-lines {e;} ;< 5 and M vertices {v; }1<;j<ns. For every vertex v, we denote
N(v) :={l €{1,..,N} | v € e;}. We respectively call V. and V; the external and the internal vertices of ¢, i.e.

Ve:={ve{vhgem | Fee{eshaenvee}, Vi={vhgom\Ve

We consider the bilinear Schrodinger equation (BSE) in LIQ, for a general graph ¢. The Laplacian A = —A

is equipped with Dirichlet or Neumann boundary conditions in the external vertices, and the internal vertices are

equipped with Neumann-Kirchhoff boundary conditions. More precisely, a vertex v € V; is said to be equipped with
Neumann-Kirchhoff boundary conditions when every function f = (f1, ..., fV) € D(A) is continuous in v and

of
_ — 07
> 5@
leEN (v)
when the derivatives are assumed to be taken in the directions away from the vertex. We respectively call (D), (N)
and (NK) the Dirichlet, Neumann and Neumann-Kirchhoff boundary conditions characterizing D(A).

We say that a vertex v of ¢ is equipped with one of the previous boundaries, when each f € D(A) satisfies it in v.
We say that ¢ is equipped with (D) (or (N)) when, for every f € D(A), the function f satisfies (D) (or (N)) in every
v € V, and verifies (MK) in every v € V;. In addition, the graph ¢ is said to be equipped with (D/N') when, for every
f € D(A) and v € V,, the function f satisfies (D) or (N) in v, and f verifies (NVK) in every v € V;.

11



Let @ := {©g}ren- be an orthonormal system of L% made by some eigenfunctions of A and let {u }ren+ be
the corresponding eigenvalues. Let [r] be the entire part of r € R. We define ¥ (@) = |, cn- sSupp(pr) and we
respectively denote by V. (¢) and V; () the external and internal vertices of 4 (¢). For s > 0, we introduce the space

Hi (@) == {w e H(9)NH, | 92 is continuous in v, Vn € N, n < [(s +1)/2], Vv € V;;

Z 92t yI(v) =0, Vn €N, n < [s/2], Vv € V,}.
JEN(v)
Remark 5.1. We notice the following facts.

o G() is a finite or infinite sub-graph of 4 whose structure depends on the orthonormal family .

o The functions belonging to 7€ (@), H (@) and Hjy (@) can be considered as functions with domain 4 ().

o (@) shares some external and internal vertices with 4. Its new external vertices are V(@) \ V..

o Let L2(4(9),C) be the space defined from the identities (3) by considering the graph 4 (). Each ¢i|q )
is an eigenfunction of a Laplacian A defined on L% (9(9),C) as follows. The domain D(ﬁ) is composed by
the restriction in 4 (@) of those H? functions satisfying (D) in the vertices V. (@) \ V. and verifying the same
boundary conditions defining D(A) in the vertices V(@) U (Ve(@) N Vo).

From now on, when we claim that the vertices of () are equipped with any type of boundary conditions, this is

done in the meaning of Remark 5.1. Letn > 0, a > 0 and
I:={(j,k) € (N")?:j <k}

Assumptions I (¢, n). Let B be a bounded and symmetric operator in Lg satisfying the following conditions.
(1) There exists C' > 0 such that |[(¢x, Ber)rz| > w7 for every k € N*.
(2) For every (j, k), (I,m) € I such that (j,k) # (I,m) and p; — px = p1; — pum, it holds {(p;, Bo;)r2 —
(pr: Bow)rz — (5, Boj) iz + (pm, Bom) 12 # 0.

Assumptions II (¢,7,a). We have B : (@) — H(¢) and Ran(B|uz (o)) © HZ(¢). In addition, one of the
following points is satisfied.

(1) When ¢ () is equipped with (D/N) and a + 1 € (0, 3/2), there exists d € [max{a + 71, 1},3/2) such that

Ran(B|y2+a()) C H2M N H ().

)

(2) When¥() is equipped with (N) and a+n € (0, 7/2), there existd € [max{a+n,2},7/2) andd; € (d,7/2)
such that

Ran(Blya () C Hy (), Ran(Blyzra ) C Hpt 0 HEE (0) 0 HE (¢).
(3) When ¢ is equipped with (D) and a + n € (0, 5/2), there exists d € [max{a + 7, 1},5/2) such that
Ran(B|z+a(4)) © Hy™ 0 Ht (o) N Hy (o).

If d > 2, then there exists d; € (d,5/2) such that Ran(B| ;a, CHh nA(g).

ﬂ%”(cp))

From now on, we omit the terms @, 1 and a from the notations of Assumptions I and Assumptions I when their
are not relevant.
We are finally ready to present some interpolation properties for the spaces HS (@) with s > 0.

Proposition 5.2. Let ¢ := {¢f }ren+ be an orthonormal system of LIZJ made by eigenfunctions of A.
1) If the graph 4 (@) is equipped with (D/N'), then
Hg %2 (@) = H (@) NHS'** for s1 €N, 53 €[0,1/2).
2) If the graph 4 () is equipped with (N), then
HG} 2 (@) = Hy (@) NH}E2 (@) for s1 € 2N s5 €[0,3/2).
3) If the graph 9 (@) is equipped with (D), then

H%1+82+1((p) = HZ T @) NH}E T (@) for s1 € 2N, 55 €(0,3/2).
12



Proof. Let us start by considering the first point of the statement. We denote by {e; } <, the finite edges composing
9 (@), while {e;} v o<, 5, are its infinite edges corresponding to the periods {L;} . || << n, 45, We define

a compact graph ?((p) from ¢ () as follows (see Figure 4 for further details). For every Ny +1 < j < Ny + N1,
we cut the edge e; at distance L; from the internal vertex of (@) where e; is connected. As ¢(¢) is a compact

graph, the space L2(%(¢),C) corresponds to L*(%(¢),C). There, we consider a self-adjoint Laplacian A being

defined as follows. Every internal vertex of ¢ (¢) is equipped with Neumann-Kirchhoff boundary conditions. Every

external vertex of 4 (@) belonging to V(@) is equipped with the same boundary conditions of ¥ (@), while every

other external vertex is equipped with (D). Finally, we denote by H ;7((0) = D(|ﬁ |2) for every s > 0.

— —
Boundaries: 0 Neumann-Kirchhoff, x Dirichlet, m Dirichlet/Neumann.

Figure 4. The figure represents an example of definition of the compact graph 4 (@) (on the right)
from a specific infinite graph 4(©) (on the left) composed by N1 = 11 finite edges and N1 = 2

infinite edges. We also underline the boundary conditions characterizing D(A) in 4 ().

Afterwards, for every edge e; with N; +1 < j < Ny + Ny, we define a ring ¢; having length L;. We consider
on L?(&;, C) a self-adjoint Laplacian A; with domain D(A;) = H?(¢;,C) and we denote by HZ := D(|4;|3) for

every s > 0. On L2((0, L;), C) with Ny +1 < j < Ny + Ny, we consider a Dirichlet Laplacian AP and Neumann
Laplacian AN , while we call, for every s > 0,

Hp = D(|AP]3), S o= D(AY|).

Now, for every 1 = (¢!, ...,le“vl) € H;“Z((p) with s; € Nand s3 € [0, 1/2), there exist

_ 1 Ni+N; s1+s2
¢1 - (¢17 e 1 ) € Hg?((p) 1) _
fle HZ T, VN1 +1<j <Ny + Ny,
g’ € H52, VN1 +1<5 <N+ Ny,
W e H)F, VN 1< <N+ N
J
v=v, V1<j <N, B
such that ¢ o7 (z) = (x) + ¢/ (z) + B/ (x), Vx e (0,L;), Ni+1<j<N; + N1,
() = Iz = [£]), Va € (Lj,4+00), Ni+1<j<Ni+N.

J

I
The last decomposition yields that ;' **2 (@) can be identified with a suitable subspace of

Ni+N;
s1+s2 s1+s2 s1+s2 s1+s2
HZ e x T @ X HIEE < H ).
j=Ni1+1

Thanks to the first point of [21, Proposition 4.2], we have

s1ts2 _ prs1 s1+82
Hg((p) G(9) nH (g((P),(C), _
Hefj1+s2 — H;jl N Hs1+52(gj’({:)7 VN +1<j <N+ Ny,
H™ = HS N H**2((0,L;),C), YN +1<j< N+,

HN+ = H} N H®152((0, L), C), VN, +1<j<N;+Ny.

13



The last relations imply that, for every ¢ € HS}"**(¢) with s; € N and sy € [0,1/2), there holds 1) € HS (9) N
H;1+52 achieving the proof of the first point of the proposition. The second and the third statement follow from the
same techniques by respectively using the second and third point of [21, Proposition 4.2]. (]

In the following theorem, we collect the well-posedness and the controllability result for the bilinear Schrodinger
equation in this general framework. The well-posedness is proved exactly as [5, Proposition 3.3] by using Proposition
5.2 instead of [5, Proposition 3.2]. The controllability result subsequently follows from the same arguments of [35,
Theorem 3.6] by considering Proposition A.2 instead of [5, Proposition B.2].

Theorem 5.3. Let ¢ := {¢k}ren+ be an orthonormal system of Lf, made by some eigenfunctions of A and let
{pr tken+ be the corresponding eigenvalues.

1) Let the couple (A, B) satisfy Assumptions II(@,n,d) withn > 0 and d > 0. Let d be introduced in Assumptions
I and ., ~ k% For every ¢y € HZ (@) and u € L*((0,T),R) with T > 0. There exists a unique mild solution
€ Co([0,T], H(@)) of the (BSE). In addition, the flow of (BSE) on € (@) can be extended to a unitary flow I'}
with respect to the Lf,—norm such that T'§1pg = () for any solution ¢ of (BSE) with initial data 1y € 5€(@).

2) If there exist C' > 0 and d > 0 such that

et — i = Ok, Vk € N

and if (A, B) satisfies Assumptions I1(@,n) and Assumptions II(@,n, d) for n > 0, then the (BSE) is globally exactly
controllable in H3 (@) for s = 2 + d with d from Assumptions II.

Acknowledgments. The second author was financially supported by the ISDEEC project by ANR-16-CE40-0013.

APPENDIX A. GLOBAL APPROXIMATE CONTROLLABILITY
Let us denote by U () the space of the unitary operators on a Hilbert space ¢ .

Definition A.1. Let ¢ := {(} }ren- be an orthonormal system of Lg made by some eigenfunctions of A. The (BSE)
is said to be globally approximately controllable in HS (@) with s > 0 if the following assertion is verified. For every
€>0,9 € Hy(p)and ' € U(H(p)) such that ') € HE (), there exist T > 0 and u € L?((0,T'),R) such that

Ty = Tr¢lls) <e.

Proposition A.2. Let ¢ := {¢k}ren+ be an orthonormal system of Lg made by some eigenfunctions of A. If the
hypotheses of Theorem 5.3 are satisfied, then the (BSE) is globally approximately controllable in Hg (@) for s = 2+d
with d from Assumptions II.

Proof. The proof is the same of [5, Proposition B.2]. |

Remark A.3. Let us consider the framework introduced in Section 3 with T an infinite tadpole graph. As Proposition
A.2, the problem (BSEY) is globally approximately controllable in H;l—((p) when the hypotheses of Theorem 3.4 are
verified. Indeed, for every (j, k), (I,m) € {(j,k) € (N*)? : j < k} so that (j,k) # (I, m) and such that p; — py, —
Wi+ pim = 72(5% — k* — 12 + m?) = 0, there exists C > 0 such that

(03, Bej)iz = (¢r, Bor) 1z — (@1, Boi) 12 + (@ms Bom) iz = O~ =k~ =171 +m?) #0.
Finally, the arguments leading to Proposition A.2 also ensure the claim.

Remark A.4. Let us consider the framework introduced in Section 4 with . a star graph composed by a finite number
of edges of finite or infinite length. Equivalently to Remark A.3, the (BSEs) is globally approximately controllable in
H?3,(@) when the hypotheses of Theorem 4.4 are verified. Indeed, for every (5, k), (l,m) € {(j, k) € (N*)?: j < k}
so that (j, k) # (I, m) and such that p1; — pig, — pj + o, = 0, we have

(pj> Boj)rz — (@r, Bor) 1z — (05, Bej) 12 + (Pm, Bom) 12 # 0.

Data availability. Data sharing is not applicable to this article as no new data were created or analyzed in this study.
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