N
N

N

HAL

open science

HIDDEN REGULAR VARIATION FOR POINT
PROCESSES AND THE SINGLE/MULTIPLE LARGE
POINT HEURISTIC

Clément Dombry, Charles Tillier, Olivier Wintenberger

» To cite this version:

Clément Dombry, Charles Tillier, Olivier Wintenberger. HIDDEN REGULAR VARIATION FOR
POINT PROCESSES AND THE SINGLE/MULTIPLE LARGE POINT HEURISTIC. 2019. hal-

02168872v1

HAL Id: hal-02168872
https://hal.science/hal-02168872v1

Preprint submitted on 29 Jun 2019 (v1), last revised 12 Feb 2021 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02168872v1
https://hal.archives-ouvertes.fr

Submitted to the Annals of Applied Probability

HIDDEN REGULAR VARIATION FOR POINT PROCESSES AND THE
SINGLE/MULTIPLE LARGE POINT HEURISTIC
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Université Bourgogne Franche-Comté
AND

By CHARLES TILLIER
Télécom ParisTech, Université Paris-Saclay
AND

By OLIVIER WINTENBERGER
Sorbonne Université

‘We consider regular variation for marked point processes with in-
dependent heavy-tailed marks and prove a single large point heuristic:
the limit measure is concentrated on the cone of point measures with
one single point. We then investigate successive hidden regular vari-
ation removing the cone of point measures with at most k£ points,
k > 1, and prove a multiple large point phenomenon: the limit mea-
sure is concentrated on the cone of point measures with k£ + 1 points.
We show how these results imply hidden regular variation in Sko-
rokhod space of the associated risk process, in connection with the
single/multiple large point heuristic from Rhee et al. (2019). Finally,
we provide an application to risk theory in a reinsurance model where
the k largest claims are covered and we study the asymptotic behavior
of the residual risk.

1. Introduction. Regular variation is a fundamental concept in the analysis of rare event
probabilities for heavy-tailed models that was widely popularized by Resnick (2007, 2008) and
finds natural applications in risk theory (Embrechts et al., 1997; Asmussen and Albrecher,
2010; Mikosch, 2010; Hult and Lindskog, 2011).

Regular variation was first considered on the finite-dimensional space R? and formulated
in terms of vague convergence on the compactified space E = [—o0, —i—oo]d. In such a context,
a random element X € R? is said to be regularly varying if there exists a positive sequence
a, — 0o such that

nP(a,' X € ) -5 u(-), asn — oo,

where — stands for vague convergence on E \ {0}. If the limit measure u concentrates only
on the axes F' = U%_, ({O}i*1 x R x {O}d*i), we say that X is asymptotically independent. One
can then wonder if some dependence among the components appears in a different regime.
The concept of hidden regular variation was introduced for this purpose in Resnick (2002) and
formulated in terms of vague convergence on the space F\ F of the form nP(a,;' X € -) — ji(-).
We refer to Heffernan and Resnick (2005), Maulik and Resnick (2004), Mitra and Resnick
(2011) for further developments on finite-dimensional hidden regular variation.

*The research of Clément Dombry is partially supported by the Bourgogne Franche-Comté region (grant
OPE-2017-0068).
MSC 2010 subject classifications: Primary 60G70; secondary
Keywords and phrases: regular variation, point process, hidden regular variation, risk theory
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2 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

To go beyond finite-dimensional spaces, My-convergence on a general metric space was in-
troduced by Hult and Lindskog (2006). This notion avoids the compactification procedure
and replaces the compactly supported continuous test functions from vague convergence by
bounded continuous functions with support bounded away from the origin. This results in an
elegant theory that provides a convenient framework for regular variation in infinite dimen-
sional spaces. Infinite dimensional regular variation theory includes the analysis of heavy-tailed
stochastic processes (Hult and Lindskog, 2005, 2007; Hult et al., 2005) or times series (Basrak
and Segers, 2009; Dombry et al., 2018).

In order to consider hidden regular variation in a function space, the theory of M-convergence
was further extended in Lindskog et al. (2014) removing cones larger than the origin. The main
example provided there is the infinite dimensional space RS with application to hidden regular
variation of Lévy processes in Skorokhod space D(]0, 1], R). Rhee et al. (2019) provide further
insight into the hidden regular variation for regularly varying Lévy processes and random
walks in connection with sample path large deviations. They propose a single/multiple large
jump heuristic where the limit measure in (hidden) regular variation is supported by the cone
of functions with one single (multiple) large jumps.

In this paper, we provide the first detailed analysis of (hidden) regular variation properties
for point processes. Point processes are an important tool in applied probability and stochastic
modelling and are widely used in risk theory. The Lévy processes mentioned above can be seen
as functionals of Poisson point processes, so that one can expect to deduce the regular variation
of the former from those of the latter via a continuous mapping theorem. For these reasons,
we believe regular variation at the level of point process is an important and fundamental
conceptual tool. A first result stating the regular variation of Poisson point processes with
regularly varying intensity measure appears in Dombry et al. (2018) with a single large point
heuristic. We propose here an analysis beyond the Poisson case and consider independently
marked point processes (with heavy-tailed mark distribution) and successive hidden regular
variation with different orders. We derive a general criterion for (hidden) regular variation in
terms of pointwise Laplace functional and apply it to several models of increasing complexity:
marked Poisson point processes, independently marked point processes and triangular arrays of
independently marked point processes. For all these models, a similar structure for successive
hidden regular variation is discovered and a single/multiple jump heuristic is proved.

The structure of the paper is the following. In Section 2, we set the necessary background
on measure spaces and regular variation following the lines of Lindskog et al. (2014). We
also settle the point process framework and provide in Theorem 2.5 a characterization of
hidden regular variation of point processes in terms of convergence of their Laplace functionals.
Section 3 states the main results of this paper on the successive hidden regular variation for
independently marked point processes. In Section 4, we use the continuous mapping theorem
to derive the hidden regular variation properties in Skorokhod space of the risk processes
associated to a marked point process. An application to a reinsurance problem is also discussed
with the asymptotic analysis of the residual risk after reinsurance of the largest claims. All
the proofs are gathered in Sections 5, 6 and 7.

Notations and shortcuts: In the following, [a] denotes the integer part of a, (a); =
max(a, 0) the positive part of a and a A b the minimum between a and b, for a,b € R. The
indicator function of the set A is denoted by 1 4. For a set A, intA, clA and A are respectively
the interior, closure and boundary of A. The equivalence of two real sequences u, ~ v, means
that u,/v, — 1 as n — oo; the notations u, = o(v,) and u, = O(v,) mean respectively
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 3

that w, /v, — 0 and that w, /v, remains bounded as n — oo. We denote by &,(-) the Dirac
measure at x and by ® the tensor product of measures.

2. Background on measure spaces, regular variation and point processes. We
set up in this section the mathematical background necessary for this paper. We start by
defining the framework and notations for measure spaces and then turn to regular variation
and hidden regular variation, following the lines of Lindskog et al. (2014), Sections 2 and 3.
We finally present some background on point processes.

2.1. Background on measure spaces. We denote by (F,dg) a complete separable metric
space endowed with its Borel o-algebra B(FE) generated by the open balls Bfm ={2 € E:
dp(z,2’) < r}, x € E, r > 0. When there is no confusion, we omit the superscript E and
write simply B, ,. The r-neighborhood of a subset A C E is the open set A" of points that
are at distance less than r from A, that is A" = Uye 4B, . We say that a subset B is bounded
away from A if BN A" = () for some r > 0.

The space of bounded continuous real-valued functions on E is denoted by Cy(E). The set

of finite Borel measures on E is denoted by Mj(E). A sequence of measures (i, )n>1 is said to

converge weakly to p in My(E), noted pu, Mb_(l>3) w, if [ fdpn, — [ fdp for all f € Cp(E). The

Prohorov distance on My(E) defined by
duy () (H1; p2) = 10 {1 (A) < p2(A%) + ¢ for all A € B(E)}

metrizes weak convergence and, equipped with this metric, M(E) is a complete separable
metric space; see Kallenberg (2017).

For FF C E a closed subset, we denote by M(E \ F') the set of Borel measures pr on £\ F
that assign finite mass on sets bounded away from F', that is, such that u(E \ F") < oo for
all » > 0. In the following proposition, corresponding to Lindskog et al. (2014, Theorem 2.2),
we provide equivalent characterizations of convergence in M(E \ F).

PROPOSITION 2.1 (Convergence in M(E \ F)). Let pp,p € M(E \ F). The convergence
pn — poin M(E \ F), noted pu, MﬂF) i, s defined by the following equivalent properties:
i) for all f € Cp(E) with support bounded away from F,

/fd,un—>/ fdu  asn — oo;
E E
ii) for all A € B(E) bounded away from F,

p(intA) < lirginf tn(A) < limsup py, (A) < p(clA);

n—oo

iii) there exists a sequence r; 1 0 such that pi — p"i in My(E \ F") as n — oo, for each
i > 1, where p)i (resp. p't) denotes the restriction of py (resp. p) to E'\ F".

This notion of convergence is metrized by the distance

(2.1) plun, 12) = /0 Lo () A 1Y e dr

where u” denotes the restriction of p to E\ F” and p, the Prohorov metric on M(E \ F").
Furthermore, M(E \ F) endowed with the distance p is a complete separable metric space
(Lindskog et al., 2014, Theorem 2.3).
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4 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

2.2. Background on regular variation. Regular variation intrinsically involves the notion
of scaling and cones. A scaling on a complete and separable metric space is a multiplication
by positive reals, that is a continuous mapping (0,00) x E — E satisfying

lz ==,
up(ugx) = (uqug)z, for all uj,ug > 0.
Equivalently, a scaling is a continuous group action of (0,00) on FE.

A cone is a Borel set F' C FE that is stable under the group action, that is x € F implies
uzx € F for all u > 0. In the following, we assume that F' is a closed cone such that

d(z,F) < d(uzx,F), forallu>1,z¢€ E\F,
where d(z, F') = inf{d(z,y) : y € F'} denotes the distance to the cone F.

DEFINITION 2.2 (Regular variation).

e A measure v € M(E\ F) is said to be regularly varying if there exists a positive sequence
a, — oo and a non-null measure p € M(E \ F') such that

nv(an-) — p(-) in M(E\ F).

When such a convergence holds, we write v € RV(E \ F,{an}, 1)

e An FE-valued random element X defined on a probability space (€2, .4, P) is said to be
regularly varying on E \ F' if there exists a positive sequence a, — oo and a non-null
measure u € M(E \ F) such that

nP(a,' X € ) — pu(-) in M(E\ F).
When such a convergence holds, we write X € RV(E \ F, {an}, p).

Here, by abuse of notation, nP(a,,! X € -) is seen as the restriction to E \ F of the rescaled
distribution of X; similarly we say that a measure v € M(E) is regularly varying on E'\ F if
its restriction to E \ F' is regularly varying.

There are many equivalent formulations of regular variation, another important one being
the convergence of

bov(n-) — u(-) or b,P(n'X €.) — u(-) in M(E\ F)

for some other positive sequence by, related to a, by ap,| ~ bjg,] ~ n. Also the convergence
along integers n — oo can be reinforced into convergence along a real variable x — oco. We
refer to Lindskog et al. (2014), Definition 3.2 and Theorem 3.1 for exhaustive statements.

An important consequence of regular variation is the existence of a regular variation index
a > 0 such that p is homogeneous of order —a < 0, that is

wlu-) =u"“p(-) for all u > 0.

Then, (a,) and (b,) are regularly varying sequences at infinity with index 1/a and « respec-
tively, that is

a b
lim " — Ve and  lim 2 — u®, for all u > 0.
n—00  (y, n—oo 0O,
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 5

Importantly, regular variation not only gives a rate of convergence for rare events probabil-
ities of the type P(X € xA) for large = > 0 but also provides the typical behavior of X given
the rare event X € xA. This is formulated in terms of a conditional limit theorem, as in the
following proposition.

PROPOSITION 2.3. Let X € RV(E \ F,{an},n) and A € B(E) be bounded away from F
such that p(A) > 0 and u(0A) = 0. Then, as v — oo,

n(AN-)

Pz 'X €| X € 2A) — pa(-) == A

in Mp(E).

The next proposition will be crucial in our proof of Theorems 4.1 and 4.3 and is of indepen-
dent interest. It states a regular variation criterion similar to the well known second converging
together theorem for weak convergence (see Billingsley (1968) Theorem 4.2 or Resnick (2007)
Theorem 3.5) and is especially useful when combined with truncation arguments.

PROPOSITION 2.4. Let E be a complete separable metric space and consider E-valued
random variables X and X, ,,, n,m > 1. Let F C E be a closed cone. Assume that there is a
positive sequence (a,) and k > 1 such that:

i) for each m > 1, nFP(a; ' Xpm € ) — pm(?) in M(E '\ F) as n — oo;
i) pm —> win M(E'\ F) as m — oo;
iii) for alle >0, 17 >0

lim limsup n*P(d(a,, ' Xpm, ap ' X) > &,d(ay Xy, F) > 1) = 0

n
m—00 n—oo

lim lim sup n*P(d(a,, ' Xpm, a' X) > €,d(a, ' X, F) > r) = 0.

m—=00 np—oco
Then, n*P(a;' X, € -) — p(:) in M(E\ F) as n — oo.

We finally provide some intuition on successive hidden regular variation. Most often, regular
variation is used when F' = Fjy = {0} is reduced to a single point 0, called the origin of E and
satisfying w0 = 0 for all u > 0. Then, for an E-valued random variable X, X/n converges in
distribution to 0 as n — oo. This limit theorem is quite uninformative since it simply states
that P(X/n € A) — 0 for all Borel sets A bounded away from 0. It is hence sensible to rescale
these probabilities and consider the convergence b,P(X/n € -) — po(-) in M(E \ Fp). This
implies roughly P(X/n € A) ~ uo(A)/b, and is much more informative, provided po(A) > 0.
When po(A) = 0, it is natural to look for a higher order scaling bV such that bﬁ})/bn — 00.
The support of the homogeneous measure fy is a closed cone Fj such that po(A) = 0 for all
A bounded away from Fj. This leads us to consider the convergence bgll)P(X /ne ) = ()
in M(E \ Fy). This procedure can be repeated and we may obtain successive hidden regular
variation of the form

(2.2) VIP(n X €)= pup(-) in M(E\ Fy), k>0,

where (F})r>1 are increasing cones, p; € M(E \ F}) are measures with disjoint supports and
bgk) > 0 are rate functions such that lim,, b%k)/b%k_l) = 00
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6 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

These successive regular variation results can also be formulated in terms of large deviations
as in Rhee et al. (2019), Theorem 3.2. For a Borel set A C E '\ {0}, define

K(A) =max{k >0: ANF, =0} and Z(A) = pxa(4).
The successive regular variation from Equation (2.2) is equivalent to the large deviations

Z(intA) < liminf bEAIP(R~1X € A) < limsup b AP(n~1X € A) < Z(clA),
n o0 n—oo
for all Borel set A C £\ {0} such that K(A) is finite with A bounded away from Fi(4). In
the following, we use mostly the terminology of regular variation instead of large deviations.

2.3. Background on point processes. We refer to Daley and Vere-Jones (2003, 2008) and
Snyder and Miller (1991) for a complete review of point process theory.

Given a complete separable metric space F and a closed subset F' C E, we have seen that
the measure space M((E \ F') endowed with the metric p is a complete and separable metric
space. The subset N (E \ F') of N-valued measures is the subset of point measures of the form
T = icrEz;, Where the x;’s are in '\ F and I is a countable index set. The condition that
7 is finite on subsets that are bounded away from F' implies that the family (x;);er is at most
countable and any accumulation point must belong to F. The mapping x — ¢, defines an
isometric embedding F\ F' — N (E\ F).

Kallenberg (2017) shows that N'(E'\ F) is a closed subset of M(E'\ F') and hence a complete
separable metric space. A point process in F'\ F is a random variable with values in N (E'\ F),
that is a measurable application from some probability space (2, F,P) into N'(E\ F) endowed
with its o-algebra. When FE is equipped with a scaling function, a natural scaling induced on
N(E\F) is

ur = Z%xw u>0, = Z&vi e N(E\F).
i€l iel
That is, the multiplication acts on each point of the point measure. Using this structure, one
can define regularly varying point processes. Dombry et al. (2018) prove that if II is a Poisson
point process on E \ {0} with regularly varying intensity measure v € RV(E \ {0}, {an}, 1),
then II is regularly varying in N (E\ {0}) with sequence (a,) and limit measure p* defined as
the image of u under x — &, that is

4 (B) = /E L empl(de), BeBW(E\ {0}).

In this paper, we extend this result in several ways: we obtain successive hidden regular
variation not only for Poisson point processes with F' = {0}, but for general independently
marked point process with regularly varying mark distribution.

Our results are based on a criterion for regular variation in N'(E \ F) extending Theorem
A.1 in Dombry et al. (2018). For brevity, we note here N'= N (E\ F'). For k > 0, we consider
the closed cone N C N of point measures with at most k points that is

P
i=1

When k£ = 0, Ny = {0} is reduced to the null measure. For p* a Borel measure on N, we

denote by B, the class of Borel sets A € B(E) that are bounded away from F' and such that

p*(w(0A) > 0) = 0. The following theorem provides a criterion for convergence in M(N \ Ny)

in terms of finite-dimensional distributions and Laplace functional.
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 7

THEOREM 2.5 (Convergence in M(N \ NVy)).
Let k > 0 and p*, puf, pus, ... € M(N \ Ni). The following statements are equivalent, where
convergences are meant as n — oQ:

(i) py, — p* in MN \ Np);
(i) for allp>1, Ay,..., Ay € By and (m,...,my) € NP such that Y8, m; > k+1,

p, (m(Ai) =mi, 1 <0 <p) = p" (7(4;) =mi, 1<i<p);

(1) there exists a decreasing sequence r; | 0 such that

/J\[eTr(f)]]-{rr(E\Frl)zk+1}lu:l(dﬂ-)—>[\[eﬂ-(f)]l{ﬂ'(E\Fr’)Zk+1}ﬂ*(dﬂ-)’

for all bounded Lipschitz functions f : E — [0,00) vanishing on F" and where w(f) =

5 f(x)m(dz).

As a consequence of a standard approximation argument, when (ii7) holds for bounded
Lipschitz test functions f : E — [0,00) vanishing on F"i it holds also for all f € Cy(FE)
vanishing on F". Furthermore, when k = 0, we retrieve exactly Theorem A.1 in Dombry
et al. (2018) since (7i7) is then equivalent to

(2.3) /N (1 - e_“(f)) o (d) — /N (1 - e_”(f)) w(dr),

because the contribution of the event {7m(E \ F") = 0} in the integral vanishes since f is
supported by E \ F":.

3. Regular variation for marked point processes. The simplest example from risk
theory we want to consider is the Poisson point process IT on E = [0,7] x [0, 00) with fixed
T > 0 and intensity A(dt)v(dz), where X is a finite measure on [0,7] and v a probability
measure on (0,00). Then II has finitely many points almost surely and can be represented as

N
= Z (T, X5)

i=1

Each point (T}, X;) represents a claim occuring at time 7; with size X; > 0. The random
variable N denotes the total number of claims up to time 7" which is here Poisson distributed
with mean A([0,77]). The arrival times 77 < --- < T form a Poisson point process with
intensity A on [0, T|. The claim sizes X7, ..., Xy distributed as v are independent of the claim
number and arrival times. We consider regular variation of the Poisson point process II when
the claim size distribution v is regularly varying.

For the purpose of generality, we consider the more abstract and general framework where
E =T x X is the cartesian product of two complete and separable metric spaces (7, d7) and
(X,dx). We think of 7 as the time component and X as the space component. We equip E
with the distance

dp(z,2') = dr(t,t') + dx(z,2")

for z = (t,x), 2" = (t',2’) € E = T xX. The induced scaling on E is defined by u-(t, z) = (¢, ux)
foru > 0,t €T, x € X. That is the scaling operates on the space component only. We also
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8 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

assume that X possesses an origin noted Oy, or simply 0 when no confusion is possible. The
subset ' =T x {0} C F is a cone representing the time axis. Note that the r-neighborhood
of F'is simply F" =T x B{fr.

We develop a regular variation theory in ' = N(E \ F) for independently marked point
processes of the form

(3.1) =Y e x)

where

N
(3.2) U=> ep
i=1

is a finite point process on 7T representing the claim arrivals and, independently, X, Xo, ...
are i.i.d. random variables on X'\ {0} with regularly varying distribution v. We consider three
particular situations, namely, marked Poisson point processes, independently marked point
processes, and triangular arrays of independently marked point processes.

3.1. Regular variation for marked Poisson point processes. We first focus on the simple
situation of a marked Poisson point process, that is the base point process ¥ in Equation (3.2)
is a Poisson point process on 7 with finite intensity measure A € M(7"). Then II is a Poisson
point process with product intensity measure A ® v. Recall the notations £ =T x X, F =
T x {0} and N' = N(E \ F) the space of N-valued point measures on E \ F. For k > 0,
N € N denotes the closed cone of point measures with at most k points.

THEOREM 3.1 (RV for marked Poisson point processes).
Assume A € My(T), v € RV (X \ {0}, (an),p) and consider II a Poisson point process on
E\ F with intensity A\(dt)v(dx). Then, for k >0,

(3.3) nfF Pl e ) — L1 (5) in M(N \ Ng),

where the limit measure iy, is non-null and given by

. 1

Equivalently, Equation (3.3) can be rephrased in terms of regular variation as
IT € RVIN \ Vi, {ap /401t 1)
or
VEFP(n ' € -) — pf oy () in M(N \ Ng)
where by, is such that byv(n-) — u(-) in M(X \ {0}). If @ denotes the regular variation index
of v, then II is regularly varying in '\ N} with index (k + 1)a.. The limit measure pj, ; is
the image of (A ® p)**! under the mapping
k+1

(21, 2pp1) € BFFL— Zazi eN
i=1
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 9
and is concentrated on the cone of point measures with exactly k + 1 points.

Theorem 3.1 provides successive hidden regular variation as discussed in Section 2.2 and
can be interpreted as a single/multiple large point heuristic, see Rhee et al. (2019). For k = 0,
the regular variation writes b,P(II/n € -) — pj(-) in M(N '\ {0}). This is a single large jump
heuristic since the limit measure is supported by the cone N of point measures with at most
one point. Removing this cone, we obtain hidden regular variation with index 2« in M(N\N7)
and the convergence b2P(I1/n € -) — u3(+). This is a multiple large jump heuristic with two
large points and w3 is supported by the cone N2. Removing the cone N3, we obtain hidden
regular variation with index 3« in M(N \ N2) and so forth.

3.2. Independently marked point processes. The results on regular variation for marked
Poisson point processes are extended to general independently marked point processes as
defined in Equation (3.1). For k > 1, the k-th factorial moment measure of the base point
process ¥ = Zf\il e, is defined by

My(A) =E [w (A)} . Ac Bk,

where

K _
W= 3 e, my)
1<iy o ig <N

is the k-th factorial power of W. The k-th factorial moment measure M is finite if and only
if N has a finite moment of order k, see Daley and Vere-Jones (2003) Chapter 5.2 for more
details on these notions.

THEOREM 3.2 (RV for independently marked point processes).
Consider the independently marked point process I1 defined by Equation (3.1). Assume that
v € RV(X\{0}, (an), p) and that, for k > 0, the base point process ¥ has a finite and non-null
(k 4+ 1)-th factorial moment measure Myy1. Then,

(3.5) nf P Ml e ) — i1 (5) an M(N \ Ng),

with non-null limit measure defined, for B € BN\ Ng), by

. 1
(3.6) p1(B) = (=] /Ek+1 Leswnrc, ey M (dtr, ..o i) @it p(das).

Theorem 3.2 is indeed a generalization of Theorem 3.1: for a Poisson point process ¥ with
finite intensity measure A, the k-th factorial moment measure is finite for all £ > 1 and equal
to My, = A®* so that Equations (3.4) and (3.6) agree.

3.3. Marked point processes based on triangular arrays. This section is motivated by the

following simple situation. When E = [0,7] x [0,00), consider i.i.d. claim sizes X; and a
finite deterministic number of claims m arising at discrete times 7; = Ti/m, i = 1,...,m.
We are interested in the asymptotic regime when m = m, — oo and the regular varia-

tions in this regime. A singular feature of the arrival times is that the empirical distribution
mpt S ey /m,, converges weakly as n — oo to the uniform distribution on [0, T7.
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10 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

The general abstract setting is the following: on F = T x X, we consider a sequence of
independently marked point processes

(37) Hn = ZE(TinyXi)7 n > ].,
=1

where the number of points m,, — oo is deterministic, the arrival times are given by a tri-
angular array of 7-valued random variables {T]",n > 1,1 < i < m,} and, independently,
the marks X; are i.i.d. with distribution v on X\ {0}. We assume no independence in the
triangular array, but we suppose the convergence in probability of the empirical distribution
to a probability measure A, that is

Mn
M
(3.8) m, W, = m, Zstin 2D\ i probability as n — oo.
i=1

The main difference from the previous Sections 3.1 and 3.2 is that the number of points m,,
tends to infinity as n — oo, whereas it was previously of fixed (random) size N. We prove in
the following theorem that similar regular variation results still hold, but with different rates.

THEOREM 3.3 (RV for sequences of marked point processes based on triangular arrays).
Consider the sequence of independently marked point processes I1,, n > 1, defined by Equation
(3.7). Assume v € RV (X \ {0}, (an), p) and Equation (3.8) holds. Then, for k >0,

(3.9) WM B(ah T € ) — pa () i MOV \ AR,
with non-null limit measure py, as in Theorem 3.1 Equation (3.4).

In the following examples, we apply Theorem 3.9 interchanging the roles of the sequences
(my,) and (n) in order to compare the result with classical large deviation principles.

EXAMPLE 3.4. Consider a probability measure A € M(7) and the binomial point process

II, = Z (T, X;)
=1

with the (7;,X;), 1 < i < n iid with distribution A ® v. By the law of large numbers,
Equation (3.8) holds interchanging the roles of the sequences (my,) and (n) and with 7" = T;.
If v € RV(X \ {0}, (an), pt), Theorem 3.3 provides the convergence

(3.10) MEP(anh T € ) — iy () in MOVANG), k20,
for any sequence m;, — oo as n — oo, with uj_ , as in Equation (3.4).

EXAMPLE 3.5. A typical situation where Theorem 3.3 applies is when 7 = [0,7] and
T = iT'/n, 1 < i < m, = n. Then Equation (3.8) holds with A the uniform distribution
n [0,7]. If v € RV(X \ {0}, (an), p), it is well-known that I, = 71", €r/m,x,) suitably
rescaled converges in distribution to a Poisson point process (Resnick, 2007, Theorem 6.3).
More precisely, a 11, 4 T in N, with II a Poisson point process with intensity A ® pu.
Theorem 3.3 considers the large deviation regime and states the regular variation properties
of II,, as in Equation (3.10).
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 11

EXAMPLE 3.6. A slightly more complex situation is based on a renewal sequence (7;);>1
on 7 = [0,00). We assume the inter-arrival times 7; — T;_1 to be independent and identically
distributed with finite mean 7 > 0. By the renewal Theorem (see, e.g., Mikosch (2010),
Theorem 2.2.4), the number of arrivals up to time ¢, noted N(t), satisfies N(t)/t — 1/7
almost surely as ¢t — oco. Consider T" = T;/n, 1 < i < m,. It would be natural to consider
my, = N(nT) for some T' > 0 but Theorem 3.3 does not cover the case of a random number
my,. Instead, we consider m,, = nT/7 ~ E[N(nT)]. Interchanging again the roles (m,,) and (n),
we define IT,, = Z?:T{ T E(T;/n,x;) and the renewal theorem implies that ZZTL:T{ Ter, /n cOnverges
to the uniform distribution on [0,7]. If v € RV(X' \ {0}, {an}, 1), Theorem 3.3 provides the
convergence

(mn)k-i_lp(a;%ﬁmnnn €:) — :“;;Jrl(') in M(N\ V),

for any sequence m,, — 00 as n — 0.
4. Applications.

4.1. Regular variation of risk processes in Skorokhod space. We focus on risk processes
that are based on marked point processes on 7 x X = [0,T] x [0, 00). Recall that the marked

point process
N

=2 em.x)

=1

represents the situation where N claims arise on [0,7] at times 0 < T} < --- < Ty < T and

with sizes Xq,..., Xy > 0. We focus here on the associated risk process defined as
N

(4.1) R(t) =Y Xilir<y, tel[0,T].
i=1

For an insurance company, it models the evolution over time of the total claim amount. When
the claim arrival times 77 < --- < T form an homogeneous Poisson point process and the
claim sizes are i.i.d., (R(t))o<t<7 is a compound Poisson process. More generally, we consider
the case when II is an independently marked point process as in Section 3.2. The risk process
R is a pure jump process and can be seen as a random element of the Skorokhod space
D = D([0,T],R) of cad-lag functions. Recall that endowed with the Skorokhod metric, D is
a complete separable metric space, see Billingsley (1968, Chapter 3). We define Dy, C D the
closed cone of cad-lag functions with at most k& discontinuity points (or jumps) on [0, 7.

In the next theorem, we derive the (hidden) regular variation properties of the risk process
R on D from the regular variation properties of IT on N. The statement is very similar to
Theorem 3.2 and is in fact derived from it using a continuous mapping theorem together with
technical truncation arguments relying on Proposition 2.4.

THEOREM 4.1.  Let T xX = [0,T]x[0,00) and II be an independently marked point process
on T x X as defined in (3.1). Assume v € RV([0,00) \ {0}, {an}, u) with p(dxr) = az=* tdz
for some o« > 0. Let k > 0 and assume ¥ has a finite and non-null (k+ 1)-th factorial moment
measure noted My, 1. Then

(4.2) n* P, 'Re ) — uk#+1(-) in M(D \ Dy),
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12 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

with non-null limit measure defined, for B € B(D \ Dy), by

@3 ufam = [

L Misr(dty, ..., dtyyr) @4 p(day).
Ekt1 {(Zf;rllxiﬂ{tiﬁu})ogugTEB} k+1(dh k1) ®i=1 p(dz;)

The limit measure ,u,i_l is the image measure of ji,; defined in Equation (3.6) under the

mapping

™= Zg(ti,ﬂ?i) eEN— <Z l“i]l{t,-gu}> eD

icl icl 0<u<T

with I a countable index set. In the case kK = 0, Dy is the space of continuous functions on
[0,7] and Theorem 4.1 provides hidden regular variation in D \ Dy with a single large jump
heuristic: in this regime, the rescaled distribution of the risk process R converges in M(ID\ Dy)
to ,uf which is concentrated on the cone of cad-lag functions with exactly one jump. For k > 1,
we obtain successive hidden regular variation and multiple large jump heuristics: removing the
cone Dy, we obtain a limit measure uk#H concentrated on the cone of cad-lag functions with
k + 1 jumps. This is closely related to the results by Rhee et al. (2019).

REMARK 4.2. The cone Dy, is in fact larger than the exact support of uk#. Indeed, in view
of Equation (4.3), the support of uk# is the cone of pure jump process with exactly &k jumps.
Let us denote by Ji, £ > 0, the cone consisting of pure jump functions with at most & jumps.
In comparison, D, is the cone of cad-lag functions with at most k& jumps and is strictly larger
than Ji. When considering successive hidden regular variations as discussed in the end of
Section 2.2, we should rather consider the increasing sequence of cones J, k& > 0, instead of
the sequence Dy, k > 0. Such results are stronger but harder to establish. In Corollary 4.8
below, we cover the triangular array case in connection with an application to reinsurance.

The next theorem considers risk processes build on triangular arrays. Let II,, n > 1, be
the sequence of marked point processes defined by Equation (3.7). When « > 1, it is as usual
necessary to center the risk process and we consider

Mn

Rn(t) = Z(XZ - C)]I{Tingtb te [O,T],TL > 17
=1

where ¢ = E[X] if X has a finite expectation and ¢ = 0 otherwise.

THEOREM 4.3. Let T x X = [0,T] x [0,00) and II,,, n > 1, be the sequence of marked
point processes defined by Equation (3.7). Assume U, satisfies assumption (3.8) and the regular
variation condition v € RV([0,00) \ {0}, {an}, ) with u(dz) = az=*"tdx for some a > 0.
Depending on the value of a > 0, we assume furthermore:

-EXy < 0ifa=1;

-EXZ <o ifa=2;

- a2, [Ty — 00 asn — 00 if a > 2.
Then, for k > 0,

(4.4) nFP(ay ) Ry € ) — (1) in M(D\ Dy),

with /‘k#+1 given by Equation (4.3).
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 13

EXAMPLE 4.4. We consider the setting of Rhee et al. (2019). Let (X, (¢))o<t<1 be a Lévy
process with Lévy measure v and jump part

In(t) = />1 xN([0,nt] x dz)

where N is the Poisson random measure with measure Leb ® v on [0,n] x (0,00) and Leb
denotes the Lebesgue measure. Then J,(t) is a compound Poisson process and its centered
version Jj, is tail equivalent to the centered version of the Lévy process X,,; see Proposition 6.1
of Rhee et al. (2019). The process J,, is close to R, when approximating the number of jumps
N([0,n] x [1,00)) by its expectation n, interchanging the roles of m,, and n and considering
T as in Example 3.6 for ' = 7 = 1. Theorem 4.3 yields

mEHP(a, ) Ry€ ) — pf, () in M(D\ Dy).

This is the one-sided large deviation principles for centered Lévy processes of Rhee et al.
(2019) considering (my,) so that a,m,, ~ n, i.e. my ~ (nv(n,00))~! — oo as n — oco. It shows
that X, J, and R, satisfies the same one-sided large deviation principles.

REMARK 4.5. The integrability conditions for &« = 1 or a = 2 could be dropped thanks
to extra classical but technical arguments. For the sake of simplicity, we focus on the inte-
grable case only. Because the sequence (a,,) is regularly varying with index 1/a, the condition
a2, /My — oo is satisfied as soon as a > 2 and m, = o(n?) for some p < 2/(a — 2). This
ensures that the growth m, — oo is not too fast.

REMARK 4.6. When « > 1, the centering is not necessary under the extra assumption
Anm, /My — 00. That is the risk process Ry, (t) = 37" X;1rn<yy satisfies

nFP(an ) Ro € ) — pj, (1) in M(D )\ Dy).

nmn

This is immediately derived from Equation (4.4) because the magnitude of the centering term
is bounded by my, /anm, — 0. Note that the condition ay,y,,, /m, — 0o holds as soon as a > 1
and m,, = o(nP) for some p < 1/(ax — 1).

4.2. Reinsurance of the largest claims. We provide in this section an application of the
preceding results to risk theory with the study of a reinsurance model. The reader may found
an exhaustive review of risk theory and the mathematical issues that it raises in Asmussen and
Albrecher (2010) and Mikosch (2010). We focus on a reinsurance treaty of extreme value type
called the largest claims reinsurance. Assume that at the time the contract is underwritten,
say t = 0, the reinsurance company guarantees that it will cover the k largest claims over the
period [0, 7. For a risk process of the form (4.1), the contract covers the risk

k
+ _
Rk = Z XN+1—i:N7
i=1

where X1.8 < -+ < Xpn.n denote the order statistics of X1,..., Xy. The value R: is known
only at time T and, during the contract life, the covered risk evolves as

k
Rli_(t) = ZXN(t)-i-l—i:N(t)a te [Oa T]a
=1
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14 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

where N (t) = Zf\il 17,<¢) is the number of claims up to time ¢ and Xy.n ) < -+ < Xy
the order statistics of X1,..., Xy). We use here the convention Xy sy41-i.n@) = 0if i > N(2).
The subscriber of the contract needs to assess its residual risk

N—k
Ry => Xin
=1

that is not covered by the reinsurance treaty and its evolution over time is
N(t)—k
R]: (t) = Z Xi:N(t)a te [O7T]
i=1

Our results state the regular variation properties of the residual risk R, . The following
proposition is crucial in our approach. When k£ = 0, it states that the sum of independent
heavy-tailed random variables has the same tail behavior as their maximum. For non-ordered
random variables, the result has been shown in Tillier and Wintenberger (2018) Proposition
7 under similar moment conditions. To our best knowledge, the more general statement with
random number of terms N and arbitrary order statistic £ > 0 is new.

PROPOSITION 4.7. Let (X;)i>1 be i.i.d. non-negative random variables with cumulative
distribution function F, assumed heavy-tailed with index o« > 0. Independently, let N be ran-
dom variable with values in N. Assume E[N’Hl} < 00, and, if a > 1, assume furthermore that
E[N?] < oo for some p > (k + 1)a. Then,

S E[N+1) -
P ;XMV>3: NP(XN—k:N>$)Nm(1_F($)) ,  as T — 00,

with B[N = E[N1/(N — k — 1)!] the (k + 1)-th factorial moment of N.

Interestingly, we have the relationships

N—k
(4.5) Xn_pn =2d(R,Dy) and Y Xy =d(R,Ji),

i=1
where d is the Skorokhod metric, Dy is the cone of cad-lag functions with at most k£ jumps
(see Lemma 6.1 below) and Ji is the cone of piecewise constant cad-lag functions with at
most k jumps. Proposition 4.7 states that, for large x, the events {d(R,D) > z/2} and
{d(R,Dy) > x/2} are asymptotically equivalent (note that one inclusion always holds). As a
consequence, we obtain the following corollary.

COROLLARY 4.8. Assume that the assumptions of Theorem 4.1 are satisfied. When o >
1, assume furthermore that E[NP] < oo for some p > (k + 1)a. Then, the conclusion of
Theorem 4.1 holds with D \ Dy, replaced by D\ J.

In terms of successive hidden regular variations, it is sensible to work with Jj instead of
Dy, because the support of ,uk# is exactly Ji. From a technical point of view, the results are
stronger and more difficult to establish in D\ J; because the distance d(R, Ji) involves a sum
of order statistics so that extra integrability conditions are required to control the sum.

Going back to our original problem of largest claims in reinsurance, we deduce from Corol-
lary 4.8 the following results.
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 15

PROPOSITION 4.9.  Assume that the assumptions of Theorem 4.1 are satisfied. When o > 1,
assume furthermore that E[NP] < oo for some p > (k + 1)a.. Then:

i) (regular variation) The residual risk satisfies

vaw+ﬂ]

m(l — F(z))*, as 2z — .

IP)(R,;>:L’)~

i1) (conditional limit theorem) The typical behavior of the risk process given a large residual
risk is given by

k+1
IP’(aflRE | R, > x) —>]P’ (ZZ]I{Sq}) €], asz— oo,
t€[0,T]
where % stands for weak convergence in Skorokhod space D, Zy,...,Zy1 are i.i.d.
with standard a-Pareto distribution and, independently, (S1,...,Sk+1) has distribution

Myi1(dsi, o dsgr1) /My 4 ([0, TTFH).

iii) (residual risk monitoring) Assume that My is finite and non-null and that both Myq
and Myyo are continuous measures. If o > 1, assume furthermore that E[NP] < oo for
some p > (k+2)a. Then, for all0 <ty <t; <T and u > 1,

i%xlirlgo(l — F(z))'P (R, (1) > ux | x < By (to) < (1 +¢)z)
My 42 ([0, o] ¥ x (to, 11])

(16) = ((u — 1) e (g — 1) — 1)+) .

The third item allows to monitor the residual risk during the contract lifetime and assesses
the risk of a larger loss at time t; > tg given that the loss is approximately x at time ty. The
regular variation of the conditional probability with respect to the null event R, (t9) = x does
not follow from Corollary 4.8 explaining why we introduce the approximate conditioning with
e —=0.

ExXAMPLE 4.10. In the simple case of a compound Poisson process when the claims form
an homogeneous Poisson point process with intensity A > 0, the results from Proposition 4.9
simplify as follows. The residual risk is regularly varying such that

k+1

P(R, >z) ~ TS

(1—F(z)*?! asz — oco.

The limiting conditional risk process in item i7) corresponds to k+1 independent claim arrivals
with occurence times Si, ..., Sg41 uniform on [0, 7] and independent magnitudes Z1, ..., Zi11
with standard a-Pareto distribution. Finally, the limit in Equation (4.6) equals

At — to) ((u L (T | 1)+) .

5. Proofs related to Section 3.
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16 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

5.1. Proof of Theorem 3.1. For the proof of Theorem 3.1, we need the following lemma
that characterizes the convergence of the tensor product of measures in M(E \ F'). We recall
that E =T x X and F =T x {0}.

LEMMA 5.1, Assume vy, — i in M(X \ {0}) and X € My(T). Then for k > 1, we have
A@v)® = M@ in MER\ UL, (B! < F x BF)).

ProOOF OF LEMMA 5.1 . Let f : E — R be a continuous bounded function vanishing on
F" =T x By, for some r > 0. Possibly replacing r > 0 by a smaller value, we can assume
vn(B§,) — w(B§,) (see Theorem 2.2 (i) in Hult and Lindskog (2006) that asserts that this
convergence holds for all but countably many r > 0). By Fubini-Tonelli theorem,

(8 )N (Ao () = /T ( /X . f(t,:r)z/n(dac)> ().

For all t € T, the function z — f(¢,x) is bounded continuous and vanishes on By, so that
the convergence v, — p in M(X \ {0}) implies from Proposition 2.1 that

E\F

/ f(t, z)v,(dz) — flt,x)p(dx) as n — oco.
A\{0} x\{0}

Furthermore, since f is bounded, say by M > 0, and since vy, (B ,.) — p(Bg ) is also bounded,
say by L > 0, we have

/ ft, x)vp(do)
x\{0}

Lebesgue convergence theorem finally entails

< Mv,(Bj,) <ML, teT.

[t 2)A(dt)vn(dz) — St z)M(dt) p(d),
E\F E\F

proving the convergence A\®@v,, = A®@p in M(E\ F). A direct application of Rhee et al. (2019,
Lemma 2.2) ensures that, for & > 1,

(5.1) A®v)® — A2 inM (Ek \UE_ (B! x F x E’H) :
O
We are now ready to prove Theorem 3.1. For the sake of clarity, we begin with the proof
of regular variation in the case k = 0, before considering hidden regular variation in the case

k> 1.

PROOF OF THEOREM 3.1, CASE k = 0. The proof uses similar arguments than in Theorem
3.3 in Dombry et al. (2018). We have to show that

nP(a; ' L€ ) — i()  in BN\ {0}).

imsart-aap ver. 2014/10/16 file: HRVPP_150619.tex date: June 26, 2019



HIDDEN REGULAR VARIATION FOR POINT PROCESSES 17

According to Theorem 2.5 Equation (2.3), the convergence holds if and only if

(5.2) lim nE [1 - e*<“7blﬂ><f>} - /N (1 - e*’f(f>) i (dn)

n—oo

for all f: E — [0,00) bounded continuous with support bounded away from F'. By definition

of pj,
/N (1 - e*w(f)) ph(dr) = [rm <1 _ eff(t,:c)) dt)u(dz),

Besides, since II is a Poisson point process,

nE [1— e @ D] = (1§ [o S o' m@] )
—n (1 ~exp Uw;« (e*f“vaﬁlf) - 1) A(dt)u(dx)D
=n (1 — exp [—; /TXX (1 - e*f(tyy)) A(dt)un(dy)D

with v, = nv(ay,-). As the function 1 —e~7 is bounded continuous with support bounded away
from F and as A®@ v, > A® pin M(E \ F) as n — oo (see Lemma 5.1), we have

/ (1 — e_f(t’y)> A(dt)vp(dy) — (1 — e_f(t’y)> Adt)u(dy), asn — oo,
TxX

TxX
and hence
_ - 1
nE {1 _ o Jmr f(anlz)H(dz)} —n <1 — exp |:_/ (1 _ e—f(t,y)) )\(dt)]/n(dy)}>
nJTxx
— (1 - e_f(t’m)) A(dt)p(dz).
TxX
This proves Equation (5.2) and concludes the proof of Theorem 3.1, case k = 0. O

PROOF OF THEOREM 3.1, CASE k > 1. Let r > 0 be fixed such that u(9Bf,) = 0 and let
f:T x X [0,00) be a bounded continuous function vanishing on F" =7 x By,. For k > 1,
we will prove that

k+1 *Zi\; f(Ti,a:lei)
Rt IR e 25 Ly ey (B502k41)

1 — Skl ti, x4 k+1
7 (k+1)! /E‘k+1 e 2 [t ®i=1 ]l{IiGBS,r})‘(dti)'u(dxi)

(5.3) = /N e’”(f)]l{w(Bg,,.)zkH}NZH(dﬂ) .

In view of Theorem 2.5 (iii), this implies the convergence (3.3).
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18 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

Since S_N | ey, is a Poisson random measure with intensity A\(7)v(dz), we have

N
nk+1[P< Y e,y (BS,) =kt 1)
i=1

S AT v(anBS,))
— N Tan B ) § MT)v(anBg§,))

4!
j=k+1
(M) (an B, )" e ) o (k+1)! o v
(5.4) = Gt 1) e o ZM(A(T)V(anBO,r))]
j=0
and
N c k+1

k41 o o (n)\(T)V(anBO,T')) —XT)v(anB§ r)
55 n P(;sangi(B&r) —k+1> - G o 5).

Regular variation v € RV(X \ {0}, {an}, ) implies nv(anBg,) — w(B§,) > 0 as n — oo.
Then, combining with Equations (5.4) and (5.5), we deduce

Ck—l—l

N N
k+1 c k+1 c _
b+ P(;saani(BO,r) >k + 1) ~ nht P(iZ;saani(Bo’r) =k + 1) > G

with ¢ = A(T)u(B§ ). As a consequence, the left-hand side of Equation (5.3) satisfies
ki [ =SSN f(Tian' X
n E[e iz f( )]l{zé\legaglxi(Bgm)zkH}}

- f(Than ' X
k+1 E{e i1 f(Tisa )]l{Zfoa;lxi(ng)zkH}}

C
(k+1)! P01 e0rx, (BS,) 2 h+1)
F T STt x) | c
(5.6) ~ T 1)!E[e S Toant X0 | NN (BS,) =k 1]

i=1

Because f vanishes on 7 x By, the sum Zfil f(ti;a ' X;) depends only on the points of IT
in 7 X an B . The independence property of Poisson point processes ensures that, given 11
has k + 1 points in 7 x a, B, those points are independent and uniformly distributed with
distribution c;lll{xeanB&r})\(dt)u(dx) for ¢, = AN(T)v(anB§ ) (see Kingman (1993), Chapter
2.4). We deduce

N
Blem BRI @' | S L (BS,) = k+ 1]
=1

_yk+1 =1 _
B /Ek+1 © ZZ:l (fisn ) ®i’€:11 cn1]I{IZ'EanBS,T})‘(dti)V(dxi)'
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 19

Introduce vy, (+) = nv(ay,-). Since, ¢, ~ cn™!, from Lemma 5.1, we deduce

N
Blem B G X0 | S L (BG,) = k+ 1]
=1

1 LS s
/E“k+1 € Zz:l f(tzv 1) ®fi11 ]l{xzeB&T}A(dt,L)yn(d:Ez)

nk+1c,l§+1

1 R ey
- ck+1 /E,€+1 o7 2imt Jtow) ®§i11 ﬂ{xieBS,r}A(dti)N(dfﬁi)'

This together with Equation (5.6) implies Equation (5.3), completing the proof of Theorem 3.1
in the case k > 1. O

5.2. Proof of Theorem 3.2. We begin with three preliminary lemmas that will be useful
for the proof of Theorem 3.2.

LEMMA 5.2. Forn >1 andp > 0, let S be a random variable with binomial distribution
with parameter (n,p). Then, fork=1,...,n,

P(S > k) < <Z> *.

Proor. Let Xi,..., X, beindependent Bernoulli random variables with parameter p. Then
S =3, X; has a binomial distribution with parameter (n,p). Furthermore, S > k if and
only if there is a subset I C {1,...,n} with cardinality k£ such that X; = 1 whenever i € I.
The union bound implies
P(S>k) <> P(X;=1i€l)
i€l

The lemma follows because there are (Z) terms all equal to pF. O

LEMMA 5.3. Assume v € RV(X \ {0}, {an},p) and let f: T x X — [0,00) be a bounded

continuous function with support bounded away from the axis T x {0}. Then, as n — oo,
(5.7) (Lnf)(t) = nE[1 — e~/ (tXifan)] / (1 - e*f@’x)) p(dz) =: (LF)(t) forallteT
X

and furthermore the functions L, f, n > 1, are uniformly bounded on T .

PROOF. For all fixed ¢ € T, the function z € X — 1 — e~ /(?) is bounded continuous and
vanishes on a neighborhood of 0 so that the convergence nv(ay,-) — p(-) in M(X'\ {0}) implies
Equation (5.7). Furthermore, since f is nonnegative bounded and with support bounded away
from 7 x {0}, we have

0< f(t,x) < Mg, (02)>ry for some M >0 and r >0,

whence
(Laf)(®) < (1 — e M) (anB,) — (1 — e M)u(B,)

is uniformly bounded on 7. O
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20 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

LEMMA 5.4. Assume U = SN e has a finite intensity measure X € My(T) and define
its Laplace functional as

N
Ly(g) = E[e*‘l’(g)] =FE [H eg(Ti)] ,  forg:T —[0,00) measurable.
i=1

Let (gn)n>1 and g be nonnegative bounded functions on T such that

lim g,(t) =g(t), forallteT,

n—oo

and assume (gn)n>1 ts uniformly bounded on T. Then, as n — oo,
nﬂ—L@mqgﬂ——{/g@AMﬂ
T
PROOF. By definition of the Laplace functional Ly, we have

n (1= Ly(n~'g))] =E[n (1- e V0]

where )
n (1 —e " wg”) — ¥(g), almost surely as n — oo.

Furthermore, the inequality 1 —e™® < x, z > 0, together with the uniform bound g, (t) < M,
n > 1, imply the domination condition

n@—@ﬂfW@ﬂ>gww@5ywwu%

where (1) = N satisfies E[N] = A(T) < oo. We deduce, thanks to Lebesgue convergence
Theorem,
n[1—Ly(n""gn)] — E[¥(g)].

Campbell’s Theorem states the equality E[W(g)] = [ g(t)A(dt) which concludes the proof. [J

PROOF OF THEOREM 3.2, CASE k = 0. Similarly as in the proof of Theorem 3.1, we need
to prove that

(5.8) nlE 1—e—fEf(a;1z)H(dz)] _>/

(1 - e_f(t’x)> Adt)p(dz), asn — oo,
E

for all bounded continuous functions f : E — [0,00) with support bounded away from F.
Conditioning with respect to the base point process ¥, the left-hand side of Equation (5.8) is
rewritten as

nE[l—emo(—/;f@QJ@IKd@>]::nE l—em)<—é§j%ﬂ,Xﬁ>‘W
n{l—E

N
Heff(Ti,Xi) }
N
n {1 —E } .

i=1
1
IT(1- - @un)(T)
n
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 21

In the last equality, we use the conditional independence of the X; given ¥ and the definition
of L,f in Equation (5.7). The Laplace functional of the base point process ¥ defined in
Lemma 5.4 satisfies, for h : T — (0, 1] measurable,

Hh exp< immm) = Ly(—Inh).
This gives h
nE [1 — exp <— /Ef(aglz)n(dz)ﬂ =n [1 — Ly (— In (1 — :LLnf)ﬂ .
We define

galt) = —nln (1—( D >) and g(t) = (LF)(1).

Lemma 5.3 implies that g,(t) — ¢(t), as n — oo, and is uniformly bounded on 7. Lemma 5.4
then entails

nE [1 — exp < / f(a (dz)ﬂ =n[l—Ly(n 'g,)]
— [ awran = [ (1-70) Manp(an).

This proves Equation (5.8) and Theorem 3.2 in the case k = 0. O

PROOF OF THEOREM 3.2, CASE k > 1. The proof is an adaptation of the proof of Theo-
rem 3.1, case kK > 1. We fix r > 0. Conditioning upon the events {N = j}, j > 1, and using
the independence of the marks, we have

k+1P(Z€ (B, =kt 1) _ ke Z P(N P(Zj:%,;lxi(BS,r) > k4 1)

j=k+1 i=1
(5.9) Z P(N = j)n*1P(S;, > k+1)
Jj=k+1

with Sj, a random variable with binomial distribution with parameter (j,v(a,Bg§,)). Reg-
ular variation implies v(a, B ,.) ~ n_lu(BS’r), as n — 00, so that the binomial probability
distribution has asymptotic

(5.10) nFP(S;, >k + 1) ~ 0 TP(S;, = k4 1) ~ <k i 1>M(Bg’r)k+1.

In order to apply dominated convergence and plug-in the equivalent (5.10) in Equation (5.9),
we use the upper bound from Lemma 5.2 yielding

nk—i—lp(sjm >k + 1) < <k i 1> nk’-i-llj(ant,r)k-‘rl.

The convergence nv(a,B§,) — u(B§,) implies the bound nv(a,Bj,) < M for some M > 0.
We deduce the uniform bound

kPG > k4 1) < MFH I\ <
nP(Sin 2 k1) < k+1) = (k+ 1)

k+1
M jk+1
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22 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

Since ¥ has a finite factorial moment measure of order k + 1, N has a finite moment of order
k+ 1 and

0 Mk—i—l Mk+1
P(N = i k41 < E Nk+1 )
]Zk;l W=0Grn’ Syt I

Equations (5.9) and (5.10) together with dominated convergence imply
N N
nk+1P( S ey (BS,) > k+ 1) ~ nk+11P>( N ey (BS,) =k + 1)
i=1

=1
¢ J .
e (B S (1B =)
J>k+1

The limit ¢ is positive as soon as P(N > k + 1) > 0 which is ensured by the condition M},
non-null. We deduce

kg [ = SN | f(TiantX;)
n E[e ! ¢ ]l{Zﬁ\;lEa;lxi(BS«T)zk+l}}

o FIR [0 20 f(Tian ' X0)
n E[e 1 ]I{Zfiﬁa;lxi(B&r):kH}]‘

Next, we condition on {N = j} and introduce the symmetric probability 7; on T7 giving the
position of the points of ¥ conditionally on {/N = j}, see (Daley and Vere-Jones, 2003, Section
5.3). Noting p; = P(N = j), we get

-2, f(Than ' Xi)
E [e 1 H{Zfil &0t x, (BS )=h+1}

i=1z; A

-5 -ailxi
= Z /Ej e >4 ftian )]1{ j ( ntr):k—f—l}pjTrj(dtl’ .. .,dtj)lj(dxl) - I/(d.l‘]').

Consider the j-th term for fixed j > k + 1. The event S7_, e, (anB§,) = k + 1 can be

decomposed into a disjoint union of (kil) disjoint events indexed by a subset I C {1,...,5}
of size k + 1 such that z; € an B, ifi e I and z; € a, By, if i ¢ I. By symmetry, each events
yields an equal contribution and we consider I = {1,...,k + 1}. Then f(t;,a,'x;) = 0 for

1t >k + 1 and we can integrate out the corresponding x;’s, yielding the contribution

. Rl pip a=la
V(anBov,,)Jkl/ e” L= f(tian l)ijj(dtl, oo dty)v(der) .. v(degg).

T x (an B, )k +1

We then multiply by (kil)’ introduce the jth Janossi measure J; = jlp;m; of ¥ (see Daley
and Vere-Jones (2003) Chapter 5.3) and sum over j > k + 1 to get

=N, A(Tian ' X3)
E [e 1 ]l{ZfV:1 Eaglxi(Bﬁ,r):kH}

v(anBo, ) k1
S ( (anBo,r)

o
S E+DI(j—k—1)!

k+1

: / em Titt Jtean@) p(qty o dt)u(dwy) . . v(dzpg).
T x(an B )k +1
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Note that v(a,Bo,) — 1 and nv(a,-) — pu(-) as n — oo. Then, multiplying by n**1, from
Lemma 5.1, we have

ki [ =N f(Than ' X;)
n E[e 1 ﬂ{zﬁleﬂxwg,r#kﬂ}]

S £t 2, Ji(dty,...,dt;
Z / St e 110 ])M(dxl)"-ﬂ(dxk+l)

/ e Zfill f(ti’xi)MkJrl(dtl, PN ,dtj),u(d:cl) ce /L(dxk+1)
Tix(Bg,.)k+1

1
(k+1)!

:/Neﬂ(f)]l{w(Ff)>k+1}NZ+1(dﬂ)-

In view of Theorem 2.5, the convergence (3.5) in M(N \ NV}) follows. Note that in the third
line above, we use Fubini-Tonelli Theorem to exchange summation and integration as well as

the following identity linking Janossy measures and factorial moment measures (Daley and
Vere-Jones (2003) Theorem 5.4.11)

My (B) = Y DestemBXT) o ity

m!
m>0

This concludes the proof. O

5.3. Proof of Theorem 3.3. The next lemma is a variant of Lemma 5.3 that will be useful
for the proof of Theorem 3.3.

LEMMA 5.5. Under the same notations and assumptions as in Lemma 5.3, assume fur-
thermore that f : T x X — [0,00) is Lipschitz continuous and T is locally compact. Then the
convergence Ly, f — Lf in Equation (5.7) is uniform on T .

PROOF. Lemma 5.3 states the pointwise convergence (L, f)(t) — (Lf)(t) for all t € T.
Under the assumption that f is K-Lipschitz, the family of functions {L, f,n > 1} is equicon-
tinuous, since for ¢,t' € T, we have

(Luf)O = L] < [ (e e/on) e alen) |y )

BOr

< n(an B, )M Kdr(t,t'),

where f is bounded by M with support included in 7" x Bf, and nv(a,Bj,) — w(B§,)
is bounded. Pointwise convergence together with equicontinuity implies uniform convergence
thanks to Arzela-Ascoli theorem applied on 7 locally compact. O

PROOF OF THEOREM 3.3, CASE k = 0. The proof uses arguments and notations from the
proof of Theorem 3.2. We need to prove that

(5.11)  nE [1_e*fEf(aE%mz)H<dz>] . /

(1 - e*f(t’z)) AMdt)u(dx), asn — oo.
TxX
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On the first hand, we have

o e famtom@] _ ol m T (1 n
nE|l—e =n -1 E 1 <1 p— (L, (T} )>
=n|l—E |exp (Zn:mnlog <1—(annf)(Tzn)>)”
L L =1
[ [ 1 & 1
(5.12) =n|l1—E |exp <_nmn ;(annf)(TZn) +o (n))

In the last equality, we use the fact that Ly, f(t) is uniformly bounded on 7 (see Lemma
5.3) so that the o(1/n) terms in the Taylor expansions of the logarithm are uniform. We have
also (Lpm,, f)(t) — Lf(t) uniformly on 7 from Lemma 5.5 that ensures

1 &

— > (L, T = LE(IT)

m
" oi=1

< sup [(Lnm, f)(t) = Lf(t)] = 0.
teT

Using (3.8) we apply Portmanteau theorem on Lf bounded continuous in order to obtain

AL . _
oS ENE) = [EnOm ) — [N
" i=1
in probability. Combining the two results we obtain the convergence in probability

n;i(%nf NT) — / (LA,  t—oo.

i=1
Going back to Equation (5.12),

exp (— S Lm0 (;))”

i=1

L S ) +0 (;)”

i=1

n|{l—E

=nl|l—-FE

1 &

_E [ S Lo, F)(TT) + 0(1)

m
" oi=1

— [ Lrwan,
where the last step follows from the fact that the term is bracket converges in probability
and is uniformly bounded. Since [Lf(t)A(dt) = [, , (1 — e fE2)) A(dt)u(dx), this shows
Equation (5.11) and concludes the proof. O

The next two lemmas are used in the proof of Theorem 3.3, case k > 1
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LEMMA 5.6.  Assume T locally compact and let k > 0. For f : T x X — [0,00) Lipschitz
continuous vanishing on T x By, the sequence of functions Ly, f defined on THEHL by

(L1 )t s tign) = / e Zasiskrt [0y, (day) oy (daggr), n>1,

(B§,)k

converges uniformly to L1 f defined by

(L1 )ty teyr) = / e Zasisirt /)y (day ) - p(dag )

(Bg,r)k+1
Furthermore the sequence L1, f is uniformly bounded.

PrROOF. When k£ = 0, Lemma 5.6 reduces to Lemma 5.5. The proof of the case k > 1
follows the same lines and is omitted for the sake of brevity. O

LEMMA 5.7.  Under condition (3.8), the normalized factorial moment measure of order
k+1 of U, satisfies

(5.13) m;(kH)M,?fl — XD M, (TH4Y) as n — oco.

PrOOF. Condition (3.8) implies the convergence in probability, as n — oo,
Mn
mWalf) =t 30K — 20 = [ ay
i=1

for all bounded continuous f : 7 — R. Considering the tensor product f = f1 ® -+ ® fr41
with bounded continuous functions f; : 7 — R, i =1,...,k + 1, this implies the convergence
in probability

k+1 m k+1

my, WD () = TTm, Y 1@ — [ / fedh = / FANEL,
=1 i=1 =177 ThH
Since f is bounded, the convergence in probability implies the convergence of expectations
(5.14) E (my w500 (1)) — / FANH
Th+1

On the other hand, the left-hand side of (5.14) can be rewritten as

E m;(kﬂ)qjg(ﬂl)(f)] - m;(k“)E[ Z f(r "

T
1<it,.yigr1<mn

=, (k+1) IE[ Z f(Ty, ... ,T[;H)} + remainder
1<ig#.. Figr1<mn
(5.15) = my, UM (f) + O(my, ).
On the second line, the remainder collects all the terms with multi-index (i1, ..., 4+1) having

at least two equal components. The number of such terms is asymptotically equivalent to
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(k;rl)m and each term is bounded so that the remainder is O(mk), yielding Equation (5.15).

Together with Equation (5.14), this implies

m,, (kH)M,;Pfl(f) — e FANZEFD a5 n — 0.

This holds for all test functions f = f; ® --- ® fx11, which is enough to prove the announced
convergence (5.13). O

PROOF OF THEOREM 3.3, CASE k > 1. We fix r > 0 such that (0B ,.) = 0 and a bounded
continuous function f : T x X +— [0, 00) vanishing on F" = T X By,. For k > 1, we need to
prove that

nk+1E[e— Zz 1f(tz7anmn )]l{zl 15 71 Xi(BS,r)2k+1}:|
1 .
/ o T St @bl g pe (A (dt) p(day)
Ek+1 ’

Tkt )
(5.16) :/Ne_“(f)ﬂ{w(Bg,r)Zkﬂ}MZH(dﬂ)-

The proof follows the proof of Theorem 3.2. Due to independent marking, we have

Mn

n* P (Z eumt x,(BS,) >k + 1> = nFHP (S, > k+1)
=1

where Sp,, is a random variable with binomial distribution (mn, v(anm, B§,))). Regular vari-

ation implies v(anm, B§,) ~ (nmn)_lu(Bg’r), as n — 00, so that the binomial probability

distribution satisfies

nFHP(S,, > k+1) ~n*TP(S,, =k +1)
My, c
~ nk-i—l <k . 1) (nmn)k—’—lﬂ(Bo?r)k—H
p(Bg )

(5.17) ~ T

, n — 00.

We deduce, as n — oo,

nk+1E|:e_Z " (T an )]l{z 15 _1 X( S,T)Zk-i_l}]

g [o TSI - (Bs,»:m}]'

The event {ZZ 1 Canl X, (BG,) =k + 1} can be decomposed into an union of ( disjoints

k+1)
events indexed by a subset I c{1l,...,my} of size k + 1 such that z; € anm, B, if i € I and
Ti € Apm, Bo, if i ¢ 1. We obtain

_\"mn n ,—1 .
"k+1E[e s I ’“"m”XZ)]l{zmaaEl (55 )>k+1}}

_ o k+1 n—k—1 -3, Tt X
=n"""v(anm, Bo,)™ E E[e >ier f(T]a z)n{xiEanmntm,iel}].
IC{1,...mn}
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Conditionally on (77*)1<i<m,,, we have

k+1 -3, T amh. X; ny
(nmn) E[e Yier J(Tanm, z)]l{Xieanm”ngigj} ’ (TZ )1§z§m"]

= () /( Bg )1 o™ et f(Tin’a’;”l%Ii)u(dxil) cv(da,, )
Anmy 8,1‘
= /(Bc Jen e 2ier f(Tzn#Ez‘)ynmn (dx“) © Unmy, (dxik+1) .
0,r

As n — oo we obtain the equivalence

ki [ =SS £ amh, X,
n E[e 2=t ST ’)H{Z?i’ieafl x, (BG,»)Zk+1}
nmn <1

1 1
N FT 1) > El(Lnmp o1t TG, - -, T3y )]
n 1<iy#.. . Figp1<mn
1

CE /(ann,kﬂf)(t)mﬁ(k+1)Mlgjf1(dt) :

By Lemma 5.7, m;(kH)Mgﬁl — A2+ in M, (T*41). The desired result follows thanks to
dominated convergence. O

6. Proofs related to Section 4.

6.1. Proofs related to Section 4.1. The following lemma gives an explicit expression for the
distance in the Skorokhod space D = D([0,T],R) to the cone Dy of functions with at most
k discontinuity points. We first introduce some notations. A cad-lag function x € D has at
most countably many discontinuity points (¢;);cr with size |x(t;) — z(¢;")| and for every e > 0,
the number of jumps with size larger than e is finite - for a discontinuity point t;, i € I,
the notation x(t;") stands for the left limit of = at ¢;. Reordering the sequence of jump sizes
|z (t;) —x(t; )|, i € I, we define the non-negative sequence

Ai(z) > Asg(x) > Ag(z) > -+

That is Aj(x) is the largest jump (in absolute value), Ay(z) the second largest jump, etc. If
x has finitely many jumps, say k > 0, we set A,,(z) = 0 for m > k+ 1. It follows that = € Dy
if and only if Agyq(z) = 0.

LEMMA 6.1. For allk >0 and z €D, d(z,Dy) = £ Api1(2).

PROOF. We first consider the case £ = 0 when Dy is the space of continuous functions. For
x € D and y € Dy, we prove that d(z,y) > %Al(a:). Indeed, since y is continuous, d(z,y) is

equal to the uniform distance || — y||co, With || - ||eo the uniform norm for bounded functions
on [0, 7. Considering t; € [0,T] such that Aj(x) = |z(t1) — x(t] )], we get

d(x,y) = || = ylloo = max(|z(t1) —y(t)], [x(t) —y(E7)]) = %Al(w)-

Since y € Dy is arbitrary, we deduce d(z,Dp) > $A1(z).
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For the reverse inequality, it is enough to exhibit a sequence of continuous functions ¥,, such
that

(6.1) (2, 1) = 17 = vl — %Al(x).

A simple construction is via convolution: define y,, = x* f,, where * is the convolution operator
and f, is the density of the uniform distribution on [~1/n,1/n] (one should more precisely
first extend the definition of x by letting x(t) = x(0) for t < 0 and x(t) = (T) for t > T)).
Then, Equation (6.1) is satisfied, proving d(z,Dg) < $A1 ().

We next consider the case k > 1. Any function y € D can be decomposed as y = j + ¢
where j is a pure jump function with at most &£ jumps and c is a continuous function. It follows

d(z,y) = d(z,j + ) = d(z — j, ) = %Al(x .

where the last equality relies on the case k£ = 0. Since j has at most k£ jumps, the functions
x and x — j share the same discontinuity points except at most k& of them. This implies
Aq(z — j) > Agy1(z) with equality if j kills the k& largest jumps of z. Hence

1 . 1
d(%?/) = §A1($ _J) > §Ak+1($)

and, taking the infimum for y € Dy, d(x,Dy) > %Aqul(x). The reverse inequality is proven
taking y = ¢+ j with j killing exactly the k largest jumps of = so that

d(z,Dg) < d(z,y) = %Al(:c )= %AHI(:U).

PrROOF OF THEOREM 4.1. Consider the rescaled risk process

N
R%(t) = Zangi]]-{Tigt% le [OvT]a
i=1

and, for § > 0, the truncated rescaled risk process

N
(6.2) RY(t) = ap' Xily, 1y o5 lin<yy, t€[0,T).
=1

The proof involves the following three steps, corresponding to conditions ) — éii) of Proposi-
tion 2.4:

1) Using the continuous mapping theorem (Lindskog et al., 2014, Theorem 2.3), we show
that n*H1P(R) € -) — [Li“(-) in M(D \ Dy,), with limit measure

0
Mk#—i-l(B) B /Ek+1 ]1{25211 Z(ti,zi)GB}Mk+1(dt1’ T >dtk+1) ®fi11 1{$i>5}u(dxi)’

where z(; ;) = (#1{1<u})o<u<r € D.
2) We prove that uk#ﬁl — Nk#+1 in M(D \ D) as 6 — 0.
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3) We prove that R’ and RV satisfy, for any &, > 0,

(6.3) lim lim sup n**'P(d(RY, R) > ¢,d(R%, D;,) > r) = 0

=0 n—ooo
where d denotes the Skorokhod metric on D.

Both conditions iii) of Proposition 2.4 hold under the only condition(6.3) because d(R?,Dy) <
d(R%,Dy). Then the result n**'P(a; 'R € -) — ,uk#ﬂ(-) in M(D \ D) follows from Proposi-
tion 2.4 with E =D, F =Dy, X = R = a,R%, Xpm = an RS and m = [1/4].

Step 1. For § > 0, we have R’ = Ts(a;,

~I) with T : N' — D the measurable mapping
defined by

N N
T5 LT = Zg(thxi) — Zﬂ{xi>5}z(ti7wi)'
i=1 i=1
Theorem 3.2 together with the continuous mapping theorem (Lindskog et al., 2014, Theorem
2.3) imply
M(D\Dz)

- . 5
W P(R) € ) = M TB(Ti(a, ') €)Y i o Ty () = iy ()

It remains to check that the conditions for the continuous mapping theorem are satisfied.
First, note that T; ' (Dy) C N} and that T; '(B) is bounded away from N, for all B € B(D)
bounded away from Dy. Besides, T is continuous at every point 7 such that 7([0, 7] x{d0}) = 0,
which can be proved with similar arguments as in the proof of Lemma 3.2 in Eyi-Minko and
Dombry (2016). It is easily seen that py_ ; has no mass on {7 ([0,T] x {0}) # 0} so that the
discontinuity set of T has vanishing pj, , ,-measure.

Step 2. It is a straightforward application of the monotone convergence Theorem since the
indicator function 1y, s converges monotonically to 1,0y as ¢ ] 0.

Step 3. The Skorokhod distance between the risk process RO and its truncated version RS
is upper bounded by

N
d(RS,RY) < |IR® — R® || oo = Zangi]l{a,;lXng} < éN.
i=1
On the other hand, Lemma 6.1 implies
{d(Ry, Dy) > r} = {Appa (Ry) > 2r} = {(a, 'T)([0,T] x (2r,00)) > k + 1} .
We deduce

P(d(Ri, R%) > &,d(R°, D) > r) < ]P’((SN > &, (a7 0)([0,T] x (2r,00)) > k + 1) :

Denote S;, a random variable with binomial distribution with parameter (j,v(2a,r,c0)).
Conditioning on N = j and applying Lemma 5.2, we get the upper bound, for § > 0 small
enough so that /6 > k + 1,

. > — < — .
| E P(Sjn > k+1)P(N =j) < | E (k n 1> v(2a,r,00)" " P(N = j)
j=e/d j=¢/é
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The convergence v, (2r,00) — u(2r,00) implies the bound v, (2r,00) < M for some M > 0,
whence the uniform bound

2 \k+1
e Mt
< > P(N=j) A
Kt 1)
P G
Mk‘-l— 1
S Gt vz

The assumption that ¥ has a finite factorial measure Mj 1 implies E[N**1] < 0o so that the
right-hand side converges to 0 as 6 — 0, proving Equation (6.3). O

PROOF OF THEOREM 4.3. The proof is very similar to the proof of Theorem 4.1 with R
and Ri replaced respectively by

Z anm ]l{T"<t}v te [0’ T]a

and
Za”mn {a;rlnnXi>6}]l{Ti”§t}7 t€[0,T7.

Steps 1) and 2) are proved exactly in the same way but the proof of Step 3) is more involved
in the case of a triangular array. We now prove

(6.4) lim lim sup n**'P(d(R%, R%) > ¢, d(R%,Dy) > r) = 0.

=0 n—oo

Recall that d(R%,Dy) = lAk+1(R0) and note that Ay (R%) < Apy1(RY)V (a; .¢). More-
over, the Skorokhod distance between the risk process Rg and R;i is upper bounded by

AR, R%) < |R? — R%||oo = max ‘Z“ Xillgort x,<61 — )|

1<t<mp

We deduce

nk“IP(d(RfL, R%) > £, d(R°,Dy) > r)

< nkHP( max
1<t<mg,

t
Z nmn (X ]l{a;}nnXig(S} - C)‘ > €, Ak-l‘l(R?L) v (anmn ) > 27‘)

= nk+1IP>< max
1<t<mn

t
S anh (X1 oo — c)’ > e, A (RY) > 27") .
=1

where the last equality holds for n large enough so that a,,}, ¢ < 2r. Hence, Equation (6.4) is
equivalent to

(6.5) lim lim sup n*+1p° = 0

0—=0 n—oo
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with .
o _ 0
Dy = P(lgga;in Z;anmn(X il xi<op — o) >e, Apt1(R,) > 2r>.
1=
Note that Agy1(RY) = aph. Xm,—kim.,- Introduce independent random variables Uy, ..., Uy,

with uniform distribution on [0, 1] and their order statistics Uy, < ... < Up,,:m, and denote
F* the quantile function. By the inversion method, (X7, ..., X;,,) has the same distribution
as (F(U1),...,F*(Up,)) . Possibly changing the underlying probability space, we assume
without loss of generality that X; = F* (U;) and similarly X, = F (Ui, ), 1 < i < my,.
The conditioning event Agi1(RY) > 2r is then equal to Up,, —gm, > F(2ranm,) and we have

A=
max
Pn 1<t<mn

Zanm (U L{pe ) <anmnst — O)| > € Ump—kim, > F(Qranmn)>

For 0 < 2r, F* (Up, —kim,,) > 27anm,, implies F* (Up,, +1—im,,) > Gnm,, 0 for i = 1 Jk+1
and the terms corresponding to the k + 1 largest order statistics are equal to ca.,, . Since
there are at most k + 1 of them, their contribution is at most (k+1)ca,,}, — 0 and is smaller
than /2 for large n so that the contributions of the terms correspondmg to the m, —k —1
smallest order statistics must be larger than /2. Denote by (i) the rank of observation i,
i.e. Us(iyim, = Ui, 1 < i < my. There is a unique permutation o’ of {1,...,m, —k — 1}
such that the m,, — k — 1 smallest order statistics appear in the same order in the sequences
(Ui1<i<mn = (Us(i):mp )1<i<m, ad (Ugr(3):m,, ) 1<i<m, —k—1- We obtain that p® is bounded from
above by

P<1<t<mn k—1 ’ Za"m" Uor(iyana ) L{re(u, (ymp ) Sanmn 0} 0)| > &/2, Umy—kem,, > u”)

with u, = F(2ranm, ). Conditionally on Uy, _k:m, = u, the vector (Ui, )1<i<m,—k—1 has
the same distribution as the order statistic on an independent uniform sample on [0, u] with
size my, — k — 1. By exchangeability of (Uj,...,Up,), the distribution of ¢ is independent
of the order statistics (Ui.m,, )1<i<m, and uniform on the set of permutations of {1,...,m,}.
It follows that the permutation ¢’ over {1,...,m, — k — 1} is uniform and independent of
(Ui:mn)lgigmn—k—l and hence that (V%)lgigmn—k—l = (Ua’(i):mn—k—l/u)lgigmn—k—l has inde-
pendent components uniform on [0, 1]. We deduce

P<1<t<m” k-1 ‘ Z nmn U (i):m")]l{F(_(le(i):mn)Samrmé} - C>’ = 6/2’[]771”716:171” = u)
N P(1<t<%n—k 1 ‘ Za (F( UV)H{F“(UVK%mM} - C)‘ > 5/2>
=3 1<t (‘ Za (V)P Vi) <anm, 6} — c)’ > 5/6)

where the last line follows from Etemadi’s inequality (Etemadi, 1985). Integrating with respect
to Un,,—k:m,, > F(2ranm, ), we obtain the upper bound

Py, < 3E [ o U —kemn) Lqu,, km”>F(2mnmn)}}
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with

mw = P Za S @iranm,s) )] > 2/6):

In the following, we provide upper bounds for Wn(u) and prove that

(6.6) lim limsupnk+1E[ S (Ut ) L1, kmn>F(2mnmn)}] —0

6—0 n—oo

which implies Equation (6.5). We classically have to distinguish four different cases. In each
case, we will use the following Lemma.

LEMMA 6.2. Let X be a non-negative reqularly varying random variable with index o > 0
and survival function F =1 — F. Then, for any p > «, we have

]E[(i()p]l{xgz}]fvpfaF(m), T — 00.

PROOF. The proof follows from Karamata’s theorem; see for instance (Bingham et al., 1989,
Theorem 1.6.4), Equation (1.6.3). O

Proof of Equation (6.6) in the case a < 1.
Using Markov inequality, we provide an upper bound for Wfl(u) as follows: for any 1 < ¢t <
my, — k and € > 0, we have

P(

t

>t (F (W)L e (uv) <anmy, 6 — €)
=1

—121@{ uv>]1{F<_(uV)<anmn5}i|

>5/6>

< 66_1mnE [a;nllnF (uVI)]l{FH(uVI)SaWn(;}] .

We use the fact that there are at most m,, summands as well as the fact that the V;’s are iid.
Using the change of variable z = F* (uv), we have

F(anmpd)/u Anmy, 0
E[F% (uVl)]l{Fe(uvl)ganmné}] = /0 F(uv)dv = u™! /0 xF(dr).

We recognize the expression v 'E[X71 X1<anm,,5] on which we apply Lemma 6.2 with p =1 >
a. We deduce that

R () < SB[ 1y 0] ~ o P, ) = o1).

T eu Gnm,, eu 1l—«

as MpF(apm,s) ~ 6~ %/n — 0 as n — oo.

Proof of Equation (6.6) in the case E[X;] < co.
When the variable X7 is integrable, there is a common previous step consisting in centering
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the partial sums in Equation (6.6). Let us denote ¢, s(u) = E[F*" (uV1)1{pe(w11)<anm, s3] the
centering term. Using ¢ = E[X;]| and u > F(2rayn,,, ), we obtain

F(anmy,0) 1
ens(u) —c=u"! / F<(v)dv — / F~(v)dv
0 0

=u! /l F(v)do + (u™t — 1) /01 F<(v)dv.

F(anmy0)

Using that for n large enough we have u=! < F(2ramm,) ! < 2 so that

’Cnﬁ(u) —c| < 2(E[X1]1X1>anmn5] + F(anmné)E[XO]) = O(anm, F'(anm,)) ; n — 0o,

by an application of Karamata’s theorem. Thus mpa,,}, |cns — ¢/ = O(n™!) uniformly over
u > F(2rapm,, ) as n — oo and Equation (6.5) is implied by

.1 k+1
(6.7) tim i sup 0¥ 7 (U, b ) L0, 12| = 0
with
~0
A = _max_ P(| Za VL e ) Zanmy5) — ()] > /7).

Proof of Equation (6.7) in the case 1 < a < 2 with E[X;] < oco.
Applying Markov inequality of order p = 2, we obtain for any 1 <t <m,, — k

p< - 6/7)

t 2
< 495_2a7_w?1nE (Z(FF(UW)H{F‘—(uVi)<anmn6} - Cn,5(u))>

i=1

t

Z aT:7]T-1n (F1F (U’V;)]I{F‘_(u\/i)ganmné} - cm;(u))
=1

< 4957202 o Var (F< (V)L e (h)<anm, o} )

Using the change of variable z = F* (uv) and Lemma 6.2 with p = 2 > «a, we have

anmn6)/u
Var< TV L pe wih)<anm, 6} S/ F (w)?dv = u_lE[X%]l{XlganmnE}]
= O(anm, F(anm,))-
We finally get
70 (u) = O(mnF (anm,)) = O(n™') =o0(1), asn — cc.

Proof of Equation (6.7) in the case a > 2 with Var(X;) < occ.
From the Fuk-Nagaev inequality, see (Petrov, 1995) Equation (2.79) page 78, for any p > «,
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we have

P(D oot (F @V (pe 02y <)) — € > £/7)

pmnE[

p
a;r}zn(FH(UVI)IL{F‘—(uVl)Sanmné})‘ }

ep

< (7(1?; 2))

iy ( 7 2 g2 )
p ep (p + 2)2 49mnVar(a;#Ln F— (uVl)]l{Fe (uV1)<anmy, 5})

2 2
1 _— — 2 € anmn
< Cp€ pmnamﬁn]E[F“(UW)p]l{Fﬁ(uvl)ganmnzS}] + exp ( —Cp 77%\/ar(p<—(uvl))>

=A+ A

for some constants c},, 012) > (0 depending only of the order p. Lemma 6.2 again implies for some
p>a>2

A~ czl) 87p5pmn%ﬁ(anmn5) =o0(1)

since 0Pmy, F(anm,s) ~ 0P~%/n — 0 as n — oo for p > a. It remains to deal with the second
term As. Since a > 2, under the condition a2,, /m, — oo then Ay — 0, which ends the proof
of the case @ > 2 with Var(X;) < oco. This proves Equations (6.7) and (6.5) and concludes
the proof of Theorem 4.3. O

6.2. Proofs related to Section 4.2.

PROOF OF PROPOSITION 4.7. The proof involves three steps. We start by proving regular

variation of X y_j.n and then we show that the tail distribution of Zij\;k_l X;.n is negligeable

regarding the tail of Xn_j.n. In Step 3, we finally show

—00

N—k
(6.8) P(Z Xi;N>.T) oy P(XN_pnN > ).
=1

Recall the notations: F'~ denotes the quantile function and Uy ,, < - -+ < Uy, ,, the order statis-
tics of a iid sample Uy, ..., U, uniformly distributed on [0, 1].

Step 1. For z > 0, we have
P(Xn_py >12) =3 P(Xnyopn >2)P(N=n) =Y P(Sp.>k) PN =n)
n=0 n=0

where S, ~ B(n,1 — F(x)) is a Binomial random variable. Since P(S,, > k + 1) N
P(Sp. =Fk+1) and

P _ 1 [k+1]
(Sn.z k+)§<n):n 0

A—F@)= T = \k+1) " k1)
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Lebesgue’s theorem yields

2 P(S,. > ) B ~ nlkt] o1 [k+1]
nz:% (= Pyt V= 2 2 gyt W = = Gy BV
Then,
(6.9) lim DNy >2) ] E[NF] < o0

z—oo (1 — F(x))kt! (k+1)!

under the assumption E[N**!] < co. Since X is regularly varying with index «, Equation
(6.9) proves that X x_.n is regularly varying with index (k + 1)av.

Step 2. For = > 0, we have

N—k—1 00 n—k—1
IP’( > Xi:N>x> :ZE!P( Y F(Uin) 2w |Un_km>]IP’(N:n).
=1 n=k =1

By independence and Markov inequality to the order p, we obtain

n—k—1 p
( Pﬁi zn)) | Uﬁkm,::u]
=1

n—k—1 p
( Z Fe(uUi)>

=1

(5

FT(Uim) > x Uy kn—u><:c PR
i=1

=2 PE

1
S:cpnp/ F (uv)Pdo.
0

We have for u > 0

/1 F™(uwv)Pdv < MF< (u)?(1 — u).
0

Integrating with respect to u, it follows that

n—k—1
]P’( Z Xm>a:>§IE

=1

n—k—1
(5 o)
=1
< a PP ME[F™(Up— )" (1= Un—gn)]
<x PnPME [XP_, (1 — F(Xn_pn))]
as F(F(u)) <wufor all w > 0. From Step 1, X,,_., is regularly varying with index (k+1)av.
Since X is regularly varying with index «, then E [X? | (1 — F(Xp_pm))] = ¢ < oo for
p < ka. Integrating now with respect to n, for p > (k + 1)a we have

N—k—1
< > Xin > x> < Zm PP ME [XP . (1= F(Xy_n))] B(N = n)

=1 n=~k
<z PMc Z nPP(N = n)
n=k+2

= o((1 = F(x))**)
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under the assumption E[N?] < oo for p > (k 4 1)a. This proves P (vaz_lk_l Xip > x) =
o0(P(XN_g:.n > 1)) and concludes Step 2.

Step 3. Obviously we have P (Zf\;k Xin > :U) > P(Xn_g:n > ) for z > 0, it remains
to prove that

1 P (Zﬁgk Xiy > x)
imsu <1
P P(Xn N >2z)
For any € > 0 and = > 0 it holds

N—k
P (Z XN > x)
i—1
N—k N—k—1 N—k N—k—1
=P (Z XiN >, Z Xin > 817) +P (Z Xin >, Z Xin < 556)

i=1 i=1 =1 =1

N—k—1
<P ( > Xin > 6x> +P(Xy_pn > (1 —€)z).
=1

On the one hand, we have
P <Zz]\i71k71 XiiN > 556) P (Zz]\iilkil Xi:N > 556) P (Xka:N > E.%')

6.10 = . — 0
( ) P(XN—k:N > .CI}) P(XN—k:N > €$) P(XN—k:N > l‘) T—00

since P (Ef\i_lk_l Xin > :L‘) =0(P(XN_g.n > x)) from Step 2 and since Xn_.n is regularly
varying with index (k + 1)a from Step 1. On the other hand , regular variation of Xy _g.n
also yields

P(XN_pn > (1 +¢)x)

1 —(k}-‘rl)a"
]P’(XN,]C:N>€Z‘) —>( +€)

(6.11)

Combining Equations (6.10) and (6.11), we obtain

P (LN Xiw > 2)
li _ < (1 +4¢) ktDa 1.
oy P(XN_pn>z) (1+e) =0

This proves Equation (6.8) and concludes the proof of Proposition 4.7. O

PROOF OF COROLLARY 4.8. Proposition 4.7 together with Equation 4.5 imply that, for all
e >0,
N—k+1
n* T IP(d(a, R, I1) > €) = n*T1P(a, ! Z Xin > ¢)
i=1
~ 0" IP(a Xy 1 ey > €) = nFTP(d(ay, 'R, D) > £/2)
1

R[Nk
— k!E[N Jem ",
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Since {d(a,'R,Dy) > ¢/2} C {d(a,;'R,Jx) > €}, we deduce
n* P (d(ay, 'R, I1) > e, d(a; R, Dy) < £/2)

(6.12) = pktl (IP’ (d(a;lR,Jk) >e)—P (d(a;lR,]D)k) > €/2) ) — 0, asn— oo.

We need to prove that, as n — oo,
(6.13) n*E [f(a,'R)] — /D F)pf,, (dr)

for all continuous bounded functions f : D — R with support bounded away from J;. Let
g > 0 such that f vanishes on an e-neighborhood of J;. We have

nF R [f(aT_LlR)]
= n"E [f (a, IR)]l{d(aglR,]Dk)>s/2}} +nFHE [f (an B)L (001 .3 )>e d(an RDy)<e/2)
— kR [f(a;1R)]l{d(aﬁlR,]D)k)>a/2}} + o(1).

The o(1) term is justified by Equation (6.12) and the boundedness of f. Theorem 4.1 Equa-
tion (4.2) provides the asymptotic

nHE [f (an IR)]l{d(aZIR,Dk)>e/2}] — /Df (M) L {a(r-y)>e /2 Hp 41 (1)

because the function 7 € D+ f(r)1{4(rp,)>e/2) is bounded and continuous uz:_l(dr)—a.e. with
support bounded away from Dy . Note that, by Lemma 6.1, the discontinuity set is included
in {r € D: Agt1(r) =¢/2} and that the Lebesgue measure involved in the definition of u,i_l
has no atom. Finally, we have

/D ) g myseapiilf sy (dr) = /D F )l (dr)

because f(r)1{q(rp,)<c/2y = 0 px+1(dr)-a.e. This concludes the proof of Equation (6.13) and
Corollary 4.8. O

PROOF OF PROPOSITION 4.9. The regular variation result stated in point i) for R, =
Zf\;k X;.n follows from Proposition 4.7.

The conditional limit theorem stated in point i) is a consequence of Corollary 4.8 together
with Proposition 2.3. Indeed, since R, = d(R,Jj), we have

Pz 'Re-|R, >x)=P(@ 'Re |2 'Re A)
with A = {r € D:d(r,Jx) > 1}. Then, Corollary 4.8 together with Proposition 2.3 imply

# (AN-
]P’(a:_lR €| z 'Re A) 4, 7'%;1( )
Hiyq (A)

because A is bounded away from J; and such that u,il(A) = M;11([0,00)1) > 0 and
uk#+1(8A) = uk#+1({r € D : d(r,J;y) = 1}) = 0. Using the definition (4.3) of “k#+1’ the
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expression of the limiting distribution uk#+1(A n-)/ uk#+1(A) is easily deduced as in statement
i7).

Proof of statement iii). The heuristic is that if the residual risk is large at tg, then there are
at least k4 1 large claims between 0 and tg. If the residual risk is even larger at ¢1, then some
large claim must have occurred between ty and t1, leading to a total of at least k + 2 large
claims between 0 and ¢;. This is formalized as follows. Noting that R, (to) = d(Ri(- Ato),Jx)
and similarly R, (t1) = d(Ri(-At1),J), we consider A, = {r € D : d(r(-Ato),Jx) € (1,1+¢)}
and By, ={r e D :d(r(- At1),Jx) > u}. With these notations, for € > 0 and u > 0, we have

Pz~ 1R € A. N B,)
P(z~'R € A,)

P(R, (t1) > ux |z < R (to) < (1 +e)x) =

Because A; and A N B,, are bounded away from Jj and Jgy1 respectively and because the
continuity of M, and My o ensures that A and B are continuity sets for Nk#+1 and “lﬁﬂ
respectively, Corollary 4.8 implies

P(z 'R € Ac) ~ il (A2)(1 — F(x))*H

and
P(z 'R € A- N By) ~ pfl,5(A- N By)(1 — F(x))F+2.

As a consequence, the quotient satisfies

(6.14) i P () > uz [ o < By (o) < (1+e)z) _ Hi o (Ac Bu)

0 1-F(z) B (A)

The quantity uk#H(AE) is computed considering k + 1 claims ((s;, 2i))1<i<k+1 With occurrence
times s; < tp and magnitudes z; satisfying 1 < minj<;<x4+1 2 < 1+ ¢, yielding the integral
form

1

F‘k#H(As) = M/E}M ]l{1<minlgi§k+1zi<1+€,si§t0,1§i§k+1}Mk+1(ds)/"®(k+l)(dz)

1

In the integral, the domain can be restricted to (1, 00)**! because the minimum is larger than

1 in the indicator function. Since 1,-1u(dz) is the a-Pareto distribution, the integral is equal
to

IP’( min  Z; < 1+6) =1—(1+e) * Do L (k4+1)ae ase — 0,
1<i<k+1

where (Z;)1<i<k+1 are independent random variables with standard a-Pareto distribution. We
deduce

1

(6.15) pi () ~

Mk+1 ([O,to]kJrl) acg.

The quantity :uk#+2(A€ N B,,) is computed considering k + 2 claims ((s;, 2;))1<i<k+2 with k41
of those occurring before ¢ty and one between ¢y and ¢;. The s; are not ordered and there are
k 4+ 2 cases according to which event occurs last. By symmetry, we consider only the case
when the last event corresponds to the index ¢ = k + 2. The magnitudes must then satisfy
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1 < minj<j<py1 2 < 14¢€ so that A, is satisfied and 21,492 + 22:42 > u so that B, is satisfied.
This yields,

(k+2)

(6.16) M;i_Q(Aa NBy) = m

Mices ([0:t0]1 x (t0,t2]) 1)
with

I(E) = [0 )k+2 ]1{1<mini§i§k+1 Zi<1+5,21:k+2+22;k+2>u},u‘®(k+2) (dz)
We claim that, as € — 0,
(6.17) I(e) ~ ((u — 1y e g (- 1) 1)+) (k + 1)ae

Then, Equation (4.6) follows from Equations (6.14-6.17).

It only remains to prove Equation (6.17). The integral I(e) can be decomposed into two
integrals I1(e) + I2(e), corresponding to zxio > 1 and zp42 < 1 respectively. In the case
Zk+2 > 1, the z;’s are larger than 1 and

Li(e)=P (1 < ¢<5211?+1Z <1+4e¢€, Z1gyo+ Zogso > u> .

We decompose I;(e) as a sum of two terms according to Zyio < minj<ij<gi1 Z; or Zpipg >
min;<;<x+1 Z;. The first contribution is upper bounded by

P<1<Zk+2< Hll]gllZ <1+6> = o(e?)
+

and is negligible. The second contribution corresponds to

P(l1< Z;i<l+e 2 Z > U, Lqo > Z;
< Z<rzgll§l+ t& Lukt2 + Lokya > Uy Lgt2 Z<£n1]£1+1 )

=P < Zipro <14¢e Zigio+ Zogio > u, Rpro # 1)

where Rjio denotes the rank of Zjio among Z1,...,Z;19 and (Z;x42)1<i<k+2 the order
statistics. Since Ry o is uniform on {1,...,k + 2} and independent of the order statistics, we
obtain

L(e) =Pl < Zygso < 14¢e, 2140+ Zogro > u, Rpia #1) + 0(62)
_k+1
o k+2

The joint density of (Z1.x4+2, Z2:k+2) is given by (see for instance Ahsanullah et al. (2013),
Chapter 2)

P(1 < Zyjpio <l+e, Z1pro+ Zogio > u) + 0(62).

_ k+1)a—1
(k+ 1)k +2)a’z 5 T gy,
so that, for u > 1,

P(1 < Zigg2 <1+¢€,Zipyo+ Zogyo > )

14€
/ / (k+1)(k + 2)a2z7 L2y B 42 dzy
z1 u z1 V21
1+e
= / (k+ 2)az7® H(u — 21) V z1) " FFHady
z1=1

= (k + 2)a(u — 1)~ ®+Daz 4 o).
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Gathering the previous estimates, we obtain
L(e) ~ (u—1)"® Dk 4 1)ae.

We now consider the contribution I(g) that corresponds to the case zx1o < 1. Then, 21,549 =
Zkt2 and 2o.p49 = minj<;<py1 2 so that

1
_ ®R(k+2
12(8) - / / ]1{1<mini<i<k+l z;<1+€,25 42 >u—min<;<p+1 2 M ( )(dz)
(1,00)k+L J g4 0=0 - -

= [<(u B 1<rin<ilrcl+1 Zi)_a o 1) N ]l{l<mini§i§k+1 Z;<l+e}
— ((U — 1)_04 — 1)+ (k =+ 1)a€ + 0(5).

Note that the main term vanishes when v > 2 wich reflect the fact the residual loss cannot dou-
ble if 249 < minj<j<k4+1 2;. The asymptotic results for I;(¢) and I»(e) imply Equation (6.17)
and the proof is complete. O

7. Proofs related to Section 2.
7.1. Proof of Propositon 2.4.

PROOF OF PROPOSITON 2.4. We proceed as in the proof of Theorem 4.2 in Billingsley
(1968). Consider » > 0 and a p-continuity set B € B(E \ F"). Possibly replacing r by a
smaller value, we can assume that E'\ F" is a p-continuity set (Theorem 2.2 (i) in Hult and
Lindskog (2006) ensures that all but countably many r > 0 have this property). We have

n*P(a,' X € B) < n"P(a,* X, € BY) + n*P(d(ay,* Xy, a,' X) > €,a,' X € B).
For € < r/2, B € B(E \ F'/?) and Assumption ) implies

lim sup n*P(a,, X € BF) < pim(clB%),

n—o0

so that

limsupP(a, ' X € B) < iy (clB?) + lim sup n*P(d(a,,

n
n—oo n—oo

YYom,a, X) >¢e,a,' X € B).

Letting m — oo in the right-hand side and using assumptions ii) and iii), we deduce,

lim sup n*P(a,, ' X € B) < pu(clB).

n—oo

Since B is a p-continuity set, letting € | 0, we obtain by monotone convergence

limsup n"P(a,, ' X € B) < u(clB) = u(B).

n—0o0

In order to obtain a lower bound, we use completion and write

n*P(a,'X € B) = n*P(a,' X € E\ F") —n*P(a,'X € E\ F" N B°).
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Thanks to the previous bound on the limsup,

lim inf n*P(a,' X € B) > liminf n*P(a,' X € E\ F") —lim sup n"P(a,'X € E\ F" N B°)

n— 00 n—00 n—00
> liminf n*P(a,'X € E\ F") — u(E \ F" N B°).
n—oo
Moreover,
P(a, ' Xpm € B\ F')
=P(a,'X € F",a;,' Xpn € E\F™) + P(a,' X € E\ F",a,,' Xy € E\ F")
< P(d(ay* Xpm,an, ' X) > €,a, Xpon € E\ F™) 4+ P(a,' X € E\ F"),

n

whence
P(a,'X € E\F") > P(a,' Xy € E\F"™)~P(d(ay,' Xpm,a," X) > &,a;, Xpm € E\F'¢).
Using assumptions i), ii) and iii) with the same reasoning as above, we get

liminfn*P(a,'X € E\ F") > p(intE \ F™¢).

n—oo

Letting € | 0, monotone convergence entails

liminfn*P(a;'X € E\ F") > p(intE \ F") = u(E \ F")

n—o0

as '\ F" is a u-continuity set. Finally, we have obtained

w(B) <liminfn*P(a;'X € B) < lim sup n*P(a,'X € B) = u(B),

n—oo n—00
proving the desired convergence n*P(a;'X € -) — pu(-) in M(E \ F). O

7.2. Proof of Theorem 2.5. The proof of Theorem 2.5 requires a good understanding of
the distance to the cone Ny in N. The following lemma generalizes inequalities (3.3) and
(3.4) in Dombry et al. (2018). It characterizes the distance of a point measure 7 € N to
the cone Nj. For m = 37,5, €(4;.2,), We define ||7[x41 the (k + 1)-th largest distance within
{dx(0,z;), i > 1}, with the convention ||7||z4+1 = 0 if 7 has less than k points.

LEMMA 7.1.  Let p be the distance defined in (2.1) and let # € N'. Then, for all k > 0,

1
3 Ul AD) < p(m, Ni) < [l
PROOF OF LEMMA 7.1. For m € N, let rg = ||7||x+1 and denote 7y the restriction of 7 to

{(t,x) € E : dx(0,2) > ro}. By definition of 7y, 7o has at most k points, that is 7 € Nj. For
all 7 > 7o, the restrictions 7" and m; coincide so that p, (7", 7j) = 0 and

00 0
p(m,m) = / {pr(7",mp) N1} e "dr < / e "dr <rg = ||7||kt1-
0 0
Since mp € N, p(m, Nj;) < ||7||k+1, proving the right-hand side of the inequality.
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On the other hand, for r < rg, the restriction 7" has at least k& + 1 points. If ) € N}, that
is 1 is a point measure on F \ F' with at most k& points, then the restrictions 7" and (") do
not have the same number of points. Then, a straightforward application of Lemma B.1 in
Dombry et al., 2018 leads to

pr(m", ") Z |m(ENF") —(E\ F')[ = 1.

We deduce o .
prd) = [ edr = 1= e > 2 (el A1)
0

and, ¢ € N} being arbitrary,

1
p(m Ni) 2 5 (Il A1),
This proves the left-hand side of the inequality and concludes the proof. O

PROOF OF THEOREM 2.5. The proof of Theorem 2.5 is very similar to the proof of Theo-
rem A.1 in Dombry et al. (2018), except that Equations (3.3) and (3.4) are replaced here by
Lemma 7.1. This implies, in the same way as Equation (A1) in Dombry et al. (2018, Theorem
A1),

(7.1) WAND) C{m €Nt [lmlligr > 7} € WANP), r <
We note also that
{meN:|rllgt1>r}={rneN: :n(E\F")>k+1}.

According to the Portmanteau Theorem for M-convergence (Lindskog et al., 2014, Theorem
2.1), the convergence p — p* in M(N\N}) is equivalent to the convergence of the restrictions
pt = e in My(N\ V") for each i, for some sequence r; | 0. Using Equation (7.1), it is
more convenient to consider restrictions "¢, i*" to the subsets {w(E \ F") > k + 1} rather
than restrictions 1", u*"* to the subsets N'\ N/". The convergence p, — p* in M(N \ N}) is
hence equivalent to the weak convergence of i7" — u*"i for each 4, for some sequence r; | 0.
We then appeal to the characterization of weak convergence in terms of finite-dimensional
distributions or Laplace functional (Zhao, 2016, Theorem 3.10 and Corollary 3.11).

In the remainder of the proof, we simply point out some differences with respect to the
proof of Theorem A.1 in Dombry et al. (2018).
Proof of (i) = (ii): For p > 1, let Ay,..., A, € B;, and my, ..., m, € N such that S mi >
k+1. Define the event A := {n(4;) = m;,1 <i < p}. For r small enough, Ay,..., A, € E\F"
and we have

AcC{r:mn(E\F")>k+1} CN\N],
whence p"(A) = pk(A) and p*"(A) = p*(A). The convergence ul — p* in M(N \ Ny)

implies the weak convergence p" — p*" for small r, which implies according to Zhao (2016)
the finite-dimensional convergence

pin(A) = pn (A) — " (A) = p*(A).
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This proves (i7).

Proof of (ii) = (4i7): By Lemma 7.1, (ii) implies the finite-dimensional convergence i} fidg "
for all » > 0 such that {m € N : n(E\ F") > k+ 1} € By+. Let r; — 0 be a sequence of
such continuity points. From Zhao (2016), convergence of the finite-dimensional distribution

is equivalent to convergence of the Laplace functional

/ e prri(dm) — / e ™ prri(dr).
N N

This proves (iii).
Proof of (iii) = (i): Similar to Dombry et al. (2018) where the approximating functions can
be taken bounded Lipschitz. O
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