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Abstract

Crump-Mode-Jagers (CM]) trees generalize Galton-Watson trees by allowing individ-
uals to live for an arbitrary duration and give birth at arbitrary times during their
life-time. In this paper, we exhibit a simple condition under which the height and
contour processes of CM] forests belong to the universality class of Bellman-Harris
processes. This condition formalizes an asymptotic independence between the chrono-
logical and genealogical structures. We show that it is satisfied by a large class of
CM] processes and in particular, quite surprisingly, by CM]J processes with a finite
variance offspring distribution. Along the way, we prove a general tightness result.
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1 Introduction and presentation of results in the non-triangular
case

1.1 Crump-Mode-Jagers forests

The subject of the present paper is the study of the height and contour processes of
planar Crump-Mode-Jagers (CM]J) forests, which are random instances of chronolog-
ical forests. Chronological trees generalize discrete trees in the following way. Each
individual v is endowed with a pair (V,,, &,) such that:

(1) 2, is a point measure on (0, co) where atoms represent the age of u at childbearing,
so that the mass |#,| of &, is the total number of children of u;

(2) V4, € (0,00) represents the life-length of « and satisfies £, (V,, o) = 0, i.e., individ-
uals produce their offspring during their life-time.

As noted by Lambert [17], a chronological tree can be regarded as a tree satisfying
the rule “edges always grow to the right”. This is illustrated in Figures 1 and 2 where
we present the sequential construction of a planar chronological forest from a sequence
of “sticks” w = (wp,n > 0), where w,, = (V,,, &,,). Forn > 1, (V,,, &,,) describes the life
of the nth individual according to the lexicographic order.

A CMJ forest is obtained when the initial sequence of sticks ((V;,, &,),n > 0) is i.i.d..
In this introduction we aim to present our main results in a concise way. In particular, we
explain our main results (corresponding to Theorems A-E below) in the non-triangular
setting where the common law of the (V,,, &2,,), denoted by (V*, £2*), is independent of
the scaling parameter p and satisfies [E(|2?*|) = 1. Except for Theorem D, these results
are extended to the triangular case in Theorems A’, B’, C’ and E’ below. Moreover, our
results involve some complex objects (such as the spine process) which are defined next
only informally: formal and more cumbersome definitions are provided in Section 2.

wo w1 w2 w3 Wy Ws We wr ws Wy

Figure 1: Sequence of sticks used in the next figures: this sequence corresponds to one
chronological tree.

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
Page 2/38


https://doi.org/10.1214/19-EJP307
http://www.imstat.org/ejp/

Height and contour processes of Crump-Mode-Jagers forests (II)

Figure 2: Sequential construction of the chronological tree from the sequence of sticks
of Figure 1: as long as there is a stub available, we graft the next stick at the highest
one. At n = 10 the construction is complete (there is no more stub available) and the
next stick will therefore start the next tree in the forest.

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
Page 3/38


https://doi.org/10.1214/19-EJP307
http://www.imstat.org/ejp/

Height and contour processes of Crump-Mode-Jagers forests (II)

1.2 Height, spine and contour of a CM] forest

The chronological height, spine and contour processes introduced now are illustrated
on Figures 3 and 4.

We define the chronological height process at time n, denoted H(n), as the date of
birth of the nth individual in the forest. The chronological height can be obtained by
summing up the “chronological contribution” of each ancestor along the ancestral line
associated with n. To formalize this statement, we consider the spine at time n, denoted
II(n), which is the measure recording each of those contributions along the spine. In
particular, we have the relation H(n) = |II(n)| with |v| the mass of a measure v.

For the contour process, we follow Duquesne [8] (with the difference that we consider
cadlag instead of caglad coding functions) and consider an exploration particle traveling
along the edges of the forest from left to right with the following convention: the particle
travels at infinite speed when going downward and at unit speed when going upward
(see Figure 4). Usually, the contour process at time ¢, denoted C(¢), is defined as the
distance of the particle to the root. Here we rather encode the chronological contour
process by two coordinates and write C(t) = (C*(t), £ (t)) with C*(¢) the chronological
height of the individual visited at time ¢ by the exploration particle and 27(t) the position
of the exploration particle relatively to the edge currently visited. In particular, the
distance of the particle to the root at time ¢ (i.e., the value of the classical contour
process) is given by C*(¢) + Z'(t). The motivation for this decomposition is that we then
have the explicit expression

C*(t)=Ho¥ 't) and Z'(t)=t— V(¥ *(t)-), t >0, (1.1)

where 7 is the renewal process ¥ (n) = Vo + --- + V,, and ¥ ~! is its right-continuous
inverse, see Figure 4.

Moreover, we will denote by # the genealogical height process defined similarly
as above but from the genealogical forest constructed out of the sequence of sticks

wr

Figure 3: Spine decomposition of the individual 7: TI(7) = R”({2})eo + R7({1})e; where
R7({k}) is the age of the kth ancestor of 7 when giving birth to the next individual on the
spine. In particular, H(7) = R”({1}) + R7({2}) = |II(7)| expressing that the chronological
height of 7 is obtained by summing up the chronological contribution of each ancestor
on her spine.
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Chronological tree.

Associated chronological height process H.

110)) R — —
IH(2) 7777777777 ! | i 3 ‘—‘: I
O B — o
H(1) F---- — | | I

Figure 4: Chronological height and contour processes associated with the chronological
tree constructed from the sequence of sticks of Figure 1.
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Genealogical tree associated with the chronological tree of Figure 4.

4 1
3¢ 5e7e¢ 8¢ 9
2
1
0
Associated genealogical height process 7.
HA) |- — —
B 40) ] EE R — — J
A== — S
A ) |-
J(0) :

Associated Lukasiewicz path S.

Figure 5: The genalogical tree of the chronological tree of Figure 4, together with the
genealogical processes S and 7. The genealogical tree is obtained by resizing all the
sticks to unit size and putting all the atoms at one. The genealogical height process is
then obtained as before, but from the genealogical tree.

(1,]Z]e1) where sticks are scaled to unit size and all atoms are gathered at the end
(here and in the sequel, ¢, denotes the Dirac measure at x). In other words, 7 (n) is the
number of ancestors of n.

To summarize, we will consider the following processes:

Genealogical process: 7 denotes the genealogical height process which encodes the
forest constructed out of the sequence (1, |£;|e;) — see Figure 5;

Chronological processes: H and C = (C*,C) denote the chronological height and
contour processes, respectively, and IT = (II(n),n > 0) denotes the spine process.

1.3 General tightness result

Our first main result is that, under the standard assumptions G, C1 and C2 below,
there exists a “good” scaling of the chronological height and contour processes, i.e.,

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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one that leads to tight sequences with non-degenerate accumulation points. These
assumptions are related to the tail of random variables 7'(1) and R(1) where, for a given
“typical” individual x:

* T(1) is the lexicographic distance to her first ancestor;
* R(1) is the age of her parent when begetting .

Formally, those random variables are defined through the ladder height process associ-
ated with the Lukasiewicz path

n—1

Si)= (12 -1)

=0

and their joint law is described in more details in (2.3) below. Assumption G concerns
the genealogical structure, and Assumptions C1 and C2 the chronological structure.

Assumption G. We say that Assumption G holds if E(|2*|?) < oo or if |2?*| is in the
domain of attraction of a y-stable distribution with v € (1,2).

Assumption C1. We say that Assumption C1 holds if R(1) is in the domain of attraction
of a B-stable distribution with 3 € (0,1).

Assumption C2. We say that Assumption C2 holds if V* is in the domain of attraction
of an a-stable law with o € (0,1).

Actually, our results also apply when R(1) and V* have finite means. However, this
case has already been treated in [25] and leads to somewhat degenerate limits within
the framework of the present paper (deterministic subordinators), see Section 1.7 for
more details.

Let X,Y,Z be stable laws with respective Laplace exponents A7, \?, A\*. Under
Assumptions G, C1 and C2, there exist vanishing scaling sequences (g,), (¢,) and (v,)

such that
p [1/9p)

p
g Y (Pl -1)=X, ¢, > R(i)=Y and v, » [Vi|] = Z.

i=1 i=1 i=1

More precisely, these scaling sequences can be written

gp = p*l/Vé(p), cp = gzl)/ﬁg/(p) and v, = pfl/ag//(p)

with v € (1,2] (v = 2 corresponding to the finite variance case) and ¢, ¢’ and ¢’ slowly
varying functions. Armed with these scaling sequences we then scale the renewal
process ¥ and the height and contour processes as follows:

Pp(t) = vV ([pt]), Hy(t) = cpH([pt]), Cy(t) = c,C”(pt) and  Zy(t) = vp 2 (pt)

for ¢ > 0. Note in particular that the two coordinates of the contour do not have the same
scaling, and we will actually show that, under general assumptions, we have c, > v,
which informally corresponds to the fact that the edge currently visited is much longer
than the height of its bottom point.

Finally II, will denote the spine process when time is scaled by p, space by g,
and mass by c¢,: IL,(¢)([0, z]) = ¢, II([pt])([0,z/g,]) (recall that II(n) is a measure). The
process II, will be seen as a path-valued process, see Section 2.5 for more details and in
particular for the topology considered.

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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Theorem A. Under Assumptions G, C1 and C2 and the above scaling, the sequence
(I1,, ¥,) is tight. Moreover, let (Il,, ¥~ ) be any accumulation point and fort > 0 define
Hoo(t) = T (t)], C5(t) = Hoo 0 ¥ 1(t) and 2o (t) = t — Voo (Y51 (t)—). Then:

oo

1. 11, is almost surely continuous, and ¥, is a subordinator with Laplace exponent \%;
2. for everyt > 0, Hoo(t) and CZ_(t) are almost surely finite and strictly positive;

3. if (I1,, ¥,) = (Ilw, ¥~ ) along a subsequence, then for any finite set I C Ry we
have

(T, 7, (Hp(t))rer, (C(1))eer, 2p) = (Moo, Yoo, (Hoo(t)ter, (Coo(t) Jrer, Zoo) (1.2)
along the same subsequence.

In the Galton-Watson case, it is well-known that the height and contour processes
are related by a deterministic time change [9] (as is suggested by the above result
and was shown in [25], this continues to hold as soon as V* has finite mean). The
convergence (1.2) thus states that a similar result holds for general CM]’s, where the
first coordinate of the contour is obtained by a time change of H., expressed in terms of
a subordinator 7.

1.4 The Bellman-Harris case

In the Bellman-Harris case, an individual gives birth at her death and the number
of children is independent from the life length, i.e., &, = {,ey, and &, an integer-
valued random variable independent from V,,. Bellman-Harris branching processes have
received considerable attention in the literature, in part owing to the fact that they are
the simplest tractable non-Markovian branching processes.

The chronological tree corresponding to a Bellman-Harris process can be obtained by
putting i.i.d. marks (distributed as V*) on the edges of the corresponding genealogical
tree, that can be seen as stretching factors. From this viewpoint, these trees are
particular cases of branching random walks which are obtained in a similar manner but
without the positivity constraint on the marks.

Upon normalization, it is known since Aldous [2], see also [9, 11, 21], that the
genealogical tree converges to a random tree called Lévy tree (the famous Brownian
continuous random tree in the case of offspring distribution with finite variance).

Given the above relation between the chronological and genealogical trees in the
Bellman-Harris case, in this case it is natural to expect the CM] tree to converge toward
a random tree obtained by marking the limiting genealogical Lévy tree and then using
these marks to stretch the corresponding portion of the tree. This intuition has been
carried out for branching random walks with finite variance offspring distribution by
Marckert and Mokkadem [22], see also [12, 14]. Formally, the height process of the
limiting tree is then described as the terminal value of a Brownian snake.

1.5 Main result: the Bellman-Harris universality class

Our second main result is a generalization of the above picture for a much wider class
of CM]J forests. In the Bellman-Harris case, the Brownian snake arises because of the
independence between V* and | #2*|, i.e., between the chronological and genealogical
structures. In this paper we identify general asymptotic independence conditions ((IC1)
and (IC2) below) under which the limiting height process is, as in the Bellman-Harris
case, the terminal value of a snake.

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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1.5.1 The \?/)\’ snake

Asin [12, 14, 22] this snake is a Brownian snake in the case of finite variance offspring
distribution but in the case v € (1,2), it will be a snake whose lifelength process is the
height process associated with the Lévy process with Laplace exponent \? and whose
spatial displacement is given by a subordinator with Laplace exponent \?: this snake
will be called the )ﬂ/)ﬁ-snake, see Section 2.5 and [9] for more details.

Informally, this object is the continuum counterpart of the description of the Bellman-
Harris forests spelled out in the last paragraph of Section 1.4. It can be generated by
considering a ~v-stable Lévy tree, which encodes the genealogy, and by marking the
tree according to a Poisson point process with intensity measure d\ x 1 (z > 0) 2~ ?dx
where \ denotes the branch-length measure on the real tree [10]. In particular, the first
coordinate of each point of the Poisson point process is a location in the tree, whereas
the second coordinate is a positive real number interpreted as a mark (or stretching
factor in the spirit of the previous section). The spine process I, (¢) associated with the
snake is then obtained by considering the marks lying along the ancestral line associated
with the point ¢. See Section 2.5 for a definition.

1.5.2 The Bellman-Harris universality class

The conditions that generalize the independence condition in the Bellman-Harris case
are:

P(c,R(1) > €| T(1) > ép) — 0 for every ¢,6 >0 (IC1)

and
P (|2*| > epgp | v,V* > §) — 0 for every &,6 > 0. (IC2)

In the Bellman-Harris case the independence structure implies that
P(cpR(1) 2 e | T(1) = dp) =P (cp R(1) = ¢)

and
P (|27 = epgp | v,V > 6) =P (|2"| > epgp)

so that (IC1) and (IC2) are indeed satisfied as ¢, — 0 while pg,, — oo.

Theorem B. If Assumptions G, C1 and C2 are satisfied and the asymptotic independence
condition (IC1) holds, then II,, = Il where Il is the )\’7/)\/3 snake. In particular, H,, has
the same scaling limit than the scaled height process of a well-chosen Bellman-Harris
forest.

Combining Theorems A and B, we see that when G, C1, C2 and (IC1) hold, then
(IT,, ¥,) is tight and the marginals of any accumulation point (Il #5,) are specified: I,
is the \7/\%-snake and 7, is a subordinator with Laplace exponent \*. As H.,(t) =
|TIo(t)| this is enough to describe the law of H,, (which by Theorem A is the scaling limit
of H,) but since C}, = H o ¥ ! one needs to specify the correlation structure between
Il and 7 in order to determine the scaling limit of C;. Our next main result shows
that if in addition (IC2) holds, then H., and ¥, are independent, thereby implying the
finite-dimensional convergence of (H,, C;) (and thus of (H,, Cy, 2})).

Theorem C. If Assumptions G, C1 and C2 are satisfied and the asymptotic independence
conditions (IC1) and (IC2) hold, then ¥, is independent of Il,,. Moreover, in this case
we have ¢, /v, — c0.

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
Page 9/38


https://doi.org/10.1214/19-EJP307
http://www.imstat.org/ejp/

Height and contour processes of Crump-Mode-Jagers forests (II)

Under the assumptions of Theorem C, we therefore have (C;, 2}) S (Ct,, Z). This

convergence suggests that asymptotically, the chronological contour process C can
be seen as a nice, baseline process Hy, o 7! on the space scale 1/c,, to which long
“hairs” of the order v, > 1/c, are grafted. Such a behavior was first established for
Bellman-Harris processes in [26] and then in a more precise form for branching random
walks [14, Theorem 5].

1.6 Explicit examples

We now describe two large classes of models where the above assumptions are
satisfied. The first class consists of CM] forests with finite variance offspring distribution.
We find it quite striking that such a simple condition, without any assumption on how
atoms of &7* are spread, implies that the corresponding CM] forests belong to the
Bellman-Harris universality class.

Theorem D. If Assumptions G, C1 and C2 are satisfied with (| 2*|?) < oo, then (IC1)
and (IC2) hold. In particular, the limiting spine process is a \?>/\° snake and the
time-change ¥, is an independent subordinator with Laplace exponent \“.

The second class is a natural extension of the Bellman-Harris case, and allows | 7"
to have infinite variance.

Theorem E. Assume that:
e Assumptions G and C2 are satisfied with V* and | %?*| independent;

* conditionally on (V*,|97*|) = (v,n), the locations of the atoms of &* are i.i.d. with
common distribution vX for some random variable X € (0, 1].

Then Assumption C1 is satisfied with = « and (IC1) and (IC2) hold. In particular, I1.,
is the \7/\“-snake and the time-change ¥, is an independent subordinator with Laplace
exponent \*.

Note that this result generalizes results for Bellman-Harris processes which corre-
spond to the case X = 1.

1.7 Beyond the Galton-Watson and Bellman-Harris universality classes

As presented above, our main results assume that R(1) and V* have infinite first
moment. When both R(1) and V* have finite first moment, all the edges are “short” and
the CM]J forest is close to its genealogical counterpart: in other words, the time structure
does not matter much. This case of “short edges” has been worked out in [25]. The main
result is that CM]J forests with E(R(1)) < oo and E(V*) < co belong to the universality
class of Galton-Watson processes and that in the limit, the chronological height and
contour processes are related through a deterministic time-change.

Beyond the Galton-Watson and Bellman-Harris universality classes treated in [25]
and in the present paper, there remains a large class of CM]J forests with “long” edges
but where the chronological and genealogical structures remain dependent in the limit
(i.e., (IC1) or (IC2) does not hold). In current work in progress, we are looking at the
case where &7* conditionally on V* is a renewal process stopped at V*: the chronology
and the genealogy then remain positively correlated. Whether or not even more general
results can be obtained in this dependent setting is an interesting research direction.

1.8 Comments on the contour process

There are various definitions of the contour process in the literature. In every case,
the value of the contour is defined as the distance to the root of an exploration particle,

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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but various choices have been made for the speed at which this particle explores the
tree.

For discrete trees and in [25], the particle is assumed to travel at unit speed along
the edges of the forest, in such a way that each point of the tree is visited twice.

Alternatively, Lambert proposed in [17] the Jumping Chronological Contour Process
where the particle travels at infinite speed when going upward and at speed one when
going downward. In the binary, homogeneous case where &7* is an independent Poisson
process stopped at V*, this contour process has the desirable property of being a Lévy
process. This property has far-reaching implications which allow for a detailed study of
this important class of CM] processes, see for instance [5, 6, 7, 18, 19, 23, 24].

In the present paper, analogously to [8] we make the exploration particle move at
infinite speed when going downward, and at unit speed when going upward, see Figure 4.
We believe that this is a good choice as far as scaling limits are concerned because of the
relations (1.1). In [25], we defined the contour process in the “classical way”, i.e., when
the exploration particle moves at constant speed. This definition led to a significant
number of technical problems due to the absence of tightness of the contour in the
Skorohod topology. Our choice of contour function allows to circumvent these problems
and we believe that it has potential for broader applications.

2 Notation and set-up

2.1 Notation

We gather here the notation used in the rest of the paper. Let Z denote the set
of integers, IN = Z N R, the set of non-negative integers and Q the set of rational
numbers. For z,y € R let [z] = max{n € Z : n < z}, 2 = max(z,0) and z Ay = min(z, y).
Throughout we adopt the convention max () = sup ) = —oco and min () = inf ) = co.

2.1.1 Functions

The set of cadlag functions is endowed with the Skorohod topology. For a cadlag function
f:R — R we denote by f(x—) its left-limit at x € R, by Af(x) = f(x) — f(z—) the size
of its jump and by f~! its right-continuous inverse:

FUt) =inf{s>0: f(s) > t}, teR.

For any 2 > 0 and any two mappings f, g defined on R or a subset thereof (such that f
is at least defined on [0, h]) we define [f, g]; by

f(z) ifa <h,

f(h)+ gl —h) ifz>h. (2.1)

[fvg]h(x) = {

For h € R we consider Oy, - |, and - |, the shift and stopping operators, which act on
functions f : R — R by
fle+h)— f(h) ifz>0,

On(f)(@) = {0 oo

and

f(x) ifx < h,

fln@) =f(xnh) and flo (2)=fIn <x>—Af<h>ﬂ<w2h>={f<h_) if 2 > h.

Note in particular that ©,(f)(0) =0, f | (k) = f(h) and f |p— (k) = f(h—).

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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2.1.2 Measures

We let .# be the set of positive Radon measures on [0,c0) endowed with the weak
topology, €, € .4 for x > 0 be the Dirac measure at x and z be the zero measure. We will
identify any measure v € .# with the cadlag, non-decreasing function x € R +— v[0,27] €
R, which gives sense to Oy(v), v |, V |n— and [v,V'], for v,1' € .# and h € R, e.g.,

Or,w)(z) =v((h,z+hNRy), v |, (z) =v([0,A]N[0,2]) and [v,V], = v |, +O_x(V)
for x > 0. We will also write
V] = vl 00 (V)

so that [v, V'], = [v,V']n— + v({h})en. Note also that we have v = [v, Op(V)].

The mass of v € .# will be denoted by |v| = v[0,c0) and the supremum of its support
by n(v) = inf{x > 0 : n(z,00) = 0} with the convention 7(z) = 0. When |v| and 7 (v) are
finite we consider the reversed measure .Z(v) defined by

ZLWw)(z) =vir(v) —z,7(v)] = |v| = v[0,7n(v) —x), x > 0.

If v € . is of the form v = Y\ e,y with 0 < a(1) < --- < a(|v|)) and if &k €
{0,...,|v| — 1}, we will write Ay (v) = a(k + 1) for the position of the (k + 1)st atom of v
where atoms are ranked from bottom to top.

In the following we need continuity properties of some of the above operators. The
following lemma gathers the required results, which can be proved using standard
results of the Skorohod topology, see for instance [13].

Lemma 2.1. If f, — f, t, — t and either Af,(t,) — Af(t) or Af(t) =0, then f, |;,— f

fo lt,—— f lt— and O, (f) — ©¢(f).
If v, — v with 7(v) = oo, h, — h and v has no atom at h, then (v, |,) = Z (v |1)
as well as L (vp |n,—) = LV |n).

ts

2.1.3 Random variables

Let
L={(v,v) € (0,00) x A :v{0} =0and v > n(v)}.

We will start from discrete processes defined on the measurable space ({2, %) with
Q2 = ILZ the space of doubly infinite sequences of sticks and .# the o-algebra generated
by the coordinate mappings. An elementary event w € ) is written as w = (w,,n € Z)
and w, = (V,,, #,). For n € Z we consider the operators 6,,9" : Q@ — Q defined as
follows:

* 6, is the shift operator, defined by 6, (w) = (wy1k, k € Z);
» 9" is the dual (or time-reversal) operator, defined by 9" (w) = (wp—k—1,k € Z).

When no confusion can arise we will use the notation W" = W o 6,, and Wn =W o9 for
any random variable W defined on ().

We define o(X) as the o-algebra generated by the random variable X, > =
o(wk,k >T) and Zor = o(wi, k <T) for any random time I" :  — IN, and m.% the set
of random variables that are measurable with respect to the o-algebra .%#. For random
variables X,Y we will write X 1LY to mean that they are independent.
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2.2 Lukasiewicz path and ladder process

In this section, we introduce an important trivariate renewal process (£, T, R):
(Z,T) is the usual ladder process of the Lukasiewicz path, and R adds chronological
information. We define the Lukasiewicz path S = (S(n),n € Z) by S(0) = 0 and, for
n>1,

Stn)= (126~ 1) and S(-m) =~ 3 (124 - 1).
k=0 k=—n

Define the ladder time process T' = (T'(k), k € ]N) by T'(0) = 0 and for k£ > 0,
T(k+1) =inf {¢ > T (k) : S(¢) > S(T(k))} = T(1) 0 Op(x) + T(k)

with the convention T'(k + 1) = oo if T'(k) = co. We identify T and the function =z € R, —
T([x]), and thus also with the measure >, (7'(k 4+ 1) — T'(k))ex+1. We consider the
following two inverses of 7"

T~'(n) =min{k>0:T(k) >n} and T '(n) =max{k>0:T(k) <n}.

Note that 7-*(n) = T~1(n) if n is a weak record time and 7! (n) = T~!(n) + 1 otherwise.
Moreover, it is well-known that in the Galton-Watson case, the height process at time n
is related to the renewal process T through the relation .#(n) = T~ (n) o ¥".

Consider the ladder height process %, defined (as a measure) by

Z({k})=5(T(1)) 0 9T(k—1)

for k > 1 with T'(k — 1) < co. In words, Z({k}) is the value of the kth overshoot of S. We
can now define the process R that contains the useful chronological information (recall
that A (v) denotes the position of the (k + 1)st atom of v):

R= S Axep(Pron-1) -

keN*:T'(k)<oco

As we shall see in Theorem 2.2 below, R” = R o ¢" makes it possible to recover the

chronological contribution of the successive ancestors of n to its chronological height.
The strong Markov property implies that (7, £, R) is a trivariate renewal process.

With the notation of the present paper, the equation below (2.18) in [25] states that

t>1,2>0
(2.2)

with 77 = inf{n > 0: S(n) = —x}, from which we deduce that forany G : N x N x R, —
R measurable, we have

E[G(T(1), Z(1), =Y Y E[G(t, 2, AP |2 | =a+ 2P (r,, =t —1).
t,x>12>0

(2.3)

2.3 Spine process

The spine process was introduced in [25] as an extension of the classical exploration
process [20] suited for the chronological setting. Here, we only need a marginal of this
process, denoted II = (II(n),n > 0), which for simplicity we continue to name spine
process. For each n > 0, II(n) € . is the random measure defined by

Hn) T~ 1(n)
= > R*({iY) exmi-i= | D BUE}) €510y | 00" (2.4)
1=1 =1
EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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2.4 Joint distribution

One of the main result of [25] is to relate the height process H as well as the spine
process II to the bivariate renewal process (T, R). Namely, with the notation of the
present paper, Theorem 1.1 and Proposition 2.4 of [25] can be formulated as follows.

Theorem 2.2. For any n > 0 we have
FH(n) = (R o T—l(n)) 09", H#(n) =T '(n) 09" and Ti(n) = & (R \f,l(n)> 09", (2.5)

In particular, H(n) can be recovered by summing up the weights carried by the atoms of
the measure I1(n), i.e.,

H(n) = [U(n)] = Hn)(A(n)-) =, R*({i}) = R" (s£(n)).

2.5 The ©/¢-snake

Let ¢ with [* du/1(u) < oo be the Laplace exponent of a spectrally positive Lévy
process with infinite variation that does not drift to +o0o. We call y-height process the
height process associated with the Lévy process with Laplace exponent ¢ and /¢-
snake the Lévy snake whose life-time process is the y-height process and whose spatial
displacement is the Lévy process with Laplace exponent ¢, see Duquesne and Le Gall [9].

The -height process encodes the genealogy of the forest. As explained in the
introduction, the scaling limit of the chronological forest will be obtained by marking
the genealogy where the marks correspond to random stretching, which is exactly the
interpretation of the ¢/¢-snake when ¢ is the Lévy exponent of a subordinator as will be
the case here.

Let a killed path be a cadlag mapping w : [0,¢) — R with ¢ € (0, c0) called the life-time
of the path and % be the set of killed paths, which is the state-space of the 1/¢-snake.

Whenever it exists in R U {£o0}, we call terminal value of a killed path the value of
w(¢—). For two killed paths w,w’ € # with respective life times ¢ and {’, we consider
the distance

NG
d(w,w') = |¢ — ('] + / oy (wew wley) A1 du, 2.6)
0

where w<, is the restriction of the path w to [0,u] and d(,(f, g) denotes the Skorohod
distance on the set of real-valued, cadlag functions defined on [0, u]. As mentioned in [1],
(#,d) is a Polish space. We will use the following characterization of the /¢$-snake.

Theorem 2.3. The ¢)/¢-snake is the unique # -valued continuous process (W (t),t > 0)
satisfying the two following properties:

(1) the life-time process H is the 1-height process;

(2) conditionally on H, (W(t), t > 0) is the # -valued time-inhomogeneous Markov
process with the following transition mechanism. For every 0 < s < t,

W(t) = {W(s), W in law 2.7)

:| ming, 4 H

where W is a Lévy process independent from W (s) with Laplace exponent ¢ and
killed at H(t) — min, ;) H.

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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2.6 Triangular setting

Recall that the main results announced in the introduction are stated in a non-
triangular setting. In the following, we consider a triangular setting where P, is the law
under which the common law of the (Vi, %) is equal to (V,", &;). When considering
convergence, we are then implicitly working under P, that is, X,, = X, means that

E,(f(X,)) = E(f(Xx)) for every bounded continuous function f. Likewise, 9 refers to
convergence of the finite-dimensional distributions under P,,.

3 General tightness result

3.1 Scaling

As in the introduction, we consider throughout three vanishing scaling sequences
(gp), (cp) and (v,) used to scale the genealogical and chronological processes as follows:

A () = gy ([pt]) and S, (t) = ——S([pt]),

PIp

Cp, = (C;, Zp) with Cj(t) = ¢,C*(pt) and Z,(t) = v Z,(pt),

and

H, () = e, H([pt]), My(t)(x) = e, 1([pt])(x/gp) and ¥, (t) = v, ¥ ([pt])
with as before ¥ (n) = Vo +--- + V,, for n > 0. In the sequel, we will consider II, as a
# -valued process since the definition (2.4) of II(n) implies II,(¢)[.7%,(t), o0) = 0 and thus
allows to identify IT,(¢) with the killed path z € [0, 7,(¢)) — IL,(¢)[0, z]. Scale in addition
the processes T, R and % as

1

% (x , x>0,
Pdn (x/gp)

Ty(z) = })T(ac/gp» Ry (%) = cpR(z/g,) and Z(x) =

and finally define the dual and shifted versions of 7}, R, and %, as follows:
Tt =T,09", Rl =R, 09l and 2! = %, 0 9! (3.1)

and
T; = Tp o 0[1,15]7 R; = Rp o 9[17,5] and Qfg S pr ] 9[;Dt]' (3.2)

Note that with these definitions, Theorem 2.2 gives

H, (1) = |1, (1)| = (1) (4(1) — ) and 1L, (t) = Z (R}, |z, )-

3.2 Main assumptions and general tightness result

Throughout the paper, we consider a double-sided Lévy process So. = (Sx(t),t € R)
of infinite variation, which is spectrally positive and does not drift to +00 as t — +o00. We
denote by v its Laplace exponent which is assumed to satisfy

> du -
— < 0.
1 (u)
We let T, denote the ladder time process of (S (t),t > 0) and 2% = S o T denote
its ladder height process. We also consider %, its associated height process which is
therefore the -height process.

Duquesne and Le Gall [9] proved that the following assumption implies the joint
convergence of the Lukasiewicz path together with the genealogical height and contour
processes. Proposition 3.1 below states a slight extension of this result needed for
our purposes. Note that the condition on Z, below is automatically satisfied in the
non-triangular case.
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Assumption G’. We say that Assumption G’ holds if S, = S with S, introduced above,
and if for every § > 0 we have
liminf P (Z,(19/95]) = 0) > 0

where (Z,(k),k > 0) is a Galton-Watson process with offspring distribution |#?;| and
started with [pg,| individuals.

Note that Assumption G’ implies that pg, — oo. In addition to the genealogical
Assumption G’, we will need the next chronological assumptions.

Assumption C1’. We say that Assumption Cl1’ holds if R, = R, with R, a non-
degenerate subordinator. In this case, its Laplace exponent is denoted by ¢.

Assumption C2’. We say that Assumption C2’ holds if ¥, = V. with ¥, a non-
degenerate subordinator.

Theorem A’ (Triangular version of Theorem A). Under Assumptions G’, C1’ and C2’,
the sequence (II,,, ;) is tight. Moreover, let (Il.., ¥o,) be any accumulation point and
fort > 0 define Hy (t) = [Tloo ()], C2(t) = Hoo 0 ¥ (t) and 2o (t) =t — Voo (V51 (1) ).
Then:

1. Tl is almost surely continuous;
2. for everyt > 0, Hoo (t) and C%(¢) are almost surely finite and strictly positive;

3. if (II,, ¥,) = (Ilw, ¥x) along a subsequence, then for any finite set I C Ry we
have

(HP’ 7/17? (Hp(t))t€17 (C;<t))t€b %p) = (Hooa 7/007 (]Hoo (t))t617 (C;o (t))teb %OO) (1.2)
along the same subsequence.

The proof of Theorem A’ relies on genealogical results which we establish first.

3.3 Genealogical convergence
For every t € R, define S, = ©,(S) the shifted version of S, at time ¢, i.e.,

SEo(u) = S (t +1u) — Soo(t), u >0,
and S’ the dual path of S, at time ¢ as
St (1) = Sao(t) — Saol(t —u), u>0.

For every random variable IW that can be written as a measurable function of S, Wt or
W o 9 will refer to the same functional applied to S’ and W' or W o 6, will refer to the
same functional applied to S%_. This gives for instance sense to 7% , 2%, T! and 27 that
will appear repeatedly, and is coherent with the notation introduced in (3.1) and (3.2).

An important relation, which follows from the definition of the height process, is
that for every ¢t > 0 we have .7 (t) = (T )~'(t) almost surely. Note that this is the
continuous analog of the relation #(n) = T~!(n) o 9™ of (2.5). The next result is an
extension of a result due to Duquesne and Le Gall [9]

Proposition 3.1. If Assumption G’ holds, then

(S, (210 (T2) eq) = (Soor Hoo (2L, T, (TL) i) - (3:3)

EJP 24 (2019), paper 47. http://www.imstat.org/ejp/
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Proof. Throughout the proof, we repeatedly use the following token in order to get joint
convergence results: if (X,,,Y,) = (X, Ys) and (X,,, Z,) = (X, Zoo) With Yo, and Z,
measurable functions of X, then (X,,Y,,Z,) = (X0, Yo, Zoo). This comes from the
continuous mapping theorem and will be used without further mention.

First, we reduce the proof of (3.3) to the simpler convergence

(SpaTP’Tpil’ffp) = (SoovTooaTozlvgfoo)' (34)

Indeed, if (3.4) holds, then for each fixed ¢ > 0 a simple time-reversal argument im-
plies that (S,, 7%, (1%) "1, Z}) = (Sw, T, (T%) "1, Z2) and since (1%, (T%) "', Z%) is
measurable with respect to S,, we obtain the joint convergence for ¢ € Q. Moreover,
Duquesne and Le Gall [9, Corollary 2.5.1] have proved that Assumption G’ implies that
(Sp, #,) = (Ss, ). Since again #, is a measurable function of S, this finally
gives the full joint convergence of (3.3). The rest of the proof is therefore devoted to
proving (3.4).

The joint convergence of the Lukasiewicz path together with its local time process
at its maximum is proved in the proof of Theorem 2.2.1 in [9]: to be precise, the
almost sure convergence 7‘1A(p ) | L, stated in Equation (50) of [9] implies with our

P [pypt
notation! that (S,, (T, (t))ter) = (Seos (Tx!(t))tcr) for every finite set I C R... Since

P oo
T;l and 7! are non-decreasing and 7! is continuous (as the local time process at 0

of S, reflected at its maximum), standard properties of the Skorohod topology imply

that the finite-dimensional convergence 7, 1l TZ! actually implies the functional
convergence Tp‘1 = Tx!, see for instance [13, Theorem VI.2.15]. Thus we obtain
(SWTP‘I) = (Soo, TY).

Because T}, for p € IN U {oo} is non-decreasing, we have (7, 1)=1 =T, and so general
properties of the inverse map in the Skorohod topology show that the convergence
(Sp, Ty ') = (Soo, Ti') implies (S, T, (T,(t))ter) = (Soo, T, (Too (t))te 1) for any finite
set I C R4, see for instance the remark following Theorem 7.1 in [27]. Since T}, is a
random walk, we thus obtain (Sp, T, *,T},) = (S, T.', To) by [15, Theorem 16.14].

Since T is strictly increasing, this convergence implies that

(Spv Tp_l’ Tpv (Sp © Tp(t))tel) = (Soo, T;f, Tom (Soo o Tm(t))teI)

for any finite set I C R, see for instance [16, Lemma 2.3]. Since S, o T}, = Z, for
p € NU {oo} and %, is a random walk, the previous finite-dimensional result can be
strengthened to a functional one and so we get the desired result. O

3.4 Proof of Theorem A’

We decompose the proof into several steps.

Step 1: proof of tightness and of (1)

By assumption, ¥, = ¥4, and so the proof of this step amounts to showing that (II,)
is tight (as a # -valued process) and that any accumulation point is continuous.

The measure II(n) describes the ancestral line of the individual n, where the
first atoms correspond to the ancestors closest to the root. In particular, we have
(n) |wy—1= I(m) | uy—1 with u the most recent common ancestor of m and n,
whose height J#(u) is given by J#(u) = ming, ., 2 — 1(u# m). A formal proof

1To be more precise: 7, in [9] is the time scale of the Galton-Watson branching proces, i.e., their -, is our
1/gp; (L¢,t > 0) is the local time process at level 0 of the Lévy process reflected at its maximum, i.e., their L;

is our T;l (t); and their A(P) is the same at the discrete level, i.e., upon proper scaling, their yp_lAEgi . is our
pt

Ty ().
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of these facts is given in [25]. Upon scaling we thus obtain II,(s) |,= IL,(¢) |, with
h = min(, 4 7, — 2c¢, and so from the expression (2.6) of the distance d we get that

4 (I (3). I, (1)) < |£5(0) = Hy(s)] + H5(8) A Hy(s) — inf 4 2,

Since 7, = /%, with JZ, continuous, the above inequality gives the tightness of (II,,)
and also shows that any accumulation point is almost surely continuous.

Step 2: exchangeability argument
We now present a simple yet crucial exchangeability argument. For a < b let us write
gy —1
w? = (wp, k= [a], ..., [b] —1). Then for any t, k, exchangeability implies that wf o 9” )

b=
conditioned on #~!(t) > k is equal in distribution to w{ conditioned on ¥ ~!(t) > k.
Indeed, consider an arbitrary measurable ¢ : ¥ — R . Since

1
E, (oWt |7 1t)> k)= ————— E, (o(whk); v tt)=¢
p (o(wh) | 77H(1) > K) Pp(%_l(t)zmgk p ()71 (D) = 1)
in order to prove this claim it is enough to prove that
Ep (p(ws); 7 7H(t) = £) = Ep (plwg) 0957 7H(t) = 1)

for every ¢ > k. To see this, write

{—1 4
£, (w(w(l)c);y—l(t) = é) =E, (W(Wé)’zm St< ZVl> =E, (h(wos - -+, wr))

with
-1
h(wo, .. . we) = @(wp)1 (t—w <> Vi< t) :
i=0
Since the wy’s are i.i.d., we have

E, (h(wo, ..., we—1,we)) = By (h(we—1, . ..,wo,we))

-1 Vi
=, <<P(we—17 e awé—k)§ZVi <t< ZXQ)

=0 =0
=T, (p(wh) o9 7 1(t) = 1)

This exchangeability property will be used in the sequel in the following form: for any
measurable mapping ¢ > 0 acting on finite sequence of sticks, we have

E, (gp(wgp) o’y ), V() > e) =E, (p(wi"): ¥, (t) > €) . (3.5)

Step 3: proof of (3) and that H(¢), C (t) < oo

Assume without loss of generality that (II,,7,) = (Il,?). By definition, the
process %, increases at rate 1 in time intervals of the form (¥, (k/p—), %,(k/p)), k € N,
and jumps to 0 at times ¥, (k/p). From this description and the convergence 7}, = ¥
it can be proved that 2, = 2 jointly with II, and ¥}. Indeed, if the Lévy measure of
Vs was finite, this would be immediate, and the general case follows by a truncation
argument. We thus have (II,,, ¥, 2,) = (I, %%, Z) and so in order to prove (3) and
that Ho(¢) and C%_(t) are almost surely finite, it is enough to prove that

(1L, ¥, Hy(1p)) = (oo, %o, Hoo (7)) for 7, =t or 7, = #,7'(t), t > 0,p € NU {oo}

p
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with H., (7 ) being almost surely finite. We will only show that
H,(7p) = Hoo(Teo) with P(Ho(700) < 00) =1 (3.6)

where either 7, = ¢, or 7, = "szl(t) (p € NU {00}, t > 0). Indeed, the joint convergence
with (II,, #,) relies on the same arguments but is only notationally more cumbersome.
In order to show (3.6), we will need the next technical lemma.

Lemma 3.2. Let t, — to in Ry, w, forp € NU {oo} be a # -valued process with w,(t)
non-decreasing for every t > 0, and (, be the life time of w,(t,). If wp, — Woo, Woo IS
continuous and

lim lim sup (wy(tp)(¢p—) — wp(tp)(c)) =0 (3.7)

Moo p—oo
then woo (too)(Coo—) < 00 @and wy(tp)((p—) = Woo(too)(Coo—)-

Proof. Let ¢ < (s With ws (to) continuous at ¢: then wy,(t,) = Weo(tso) in # (which holds
because w, — we With we, continuous) implies w,(t,)(c) = Weo (txo)(c) (note that ¢ < ¢,
for p large enough as w, — w implies ¢, — (). Since w(tso)(c) < oo, this implies in
view of (3.7) that limsup,,_, ., wy(t,)(¢,—) < 0o. Next, since wy(t,)(¢p—) > wy(t,)(c) for p
large enough, we obtain

Woo (too) (€) < limsup wy (t,)(¢p—)

p—00
and then
Woo (too ) (Coo—) < limsup wy(tp)((p—)

p—o0

by letting ¢ 1 (- along continuity points. This shows that we,(teo)(Ce—) < 00 and we
now proceed to showing that w,(¢,)((p—) = Woo(teo)({oo—). For p € NU {oo} and ¢ < {w

let 6p(c) = |wp(tp)(¢p—) — wp(tp)(c)|: then
|wp (tp) (Cp—=) = Woo (too) (Coo=)| < 0p(€) + oo () + |wp(tp)(€) — woo (teo)(€)] -

Proceeding with similar arguments as above we obtain the result by letting first p — oo
and then ¢ T (. O

Since H,(7,) = I1,,(¢)(44,(7,)—), proving (3.6) is the same as proving
I, (1) (4 (1) =) = Hoo (Too ) (#e (Too)—) With P (o (Teo ) (# (Teo)—) < o0) = 1. (3.8)

By standard arguments (e.g., Skorohod’s representation theorem), Lemma 3.2 implies
that in order to prove this, it is enough to prove that

limsup Py (T4 (1) (75(7)=) = (7)) (A5 (1) =€) = ) — 0

p—0o0 c—0
for every n > 0. Since II(n) = Z(R" | #(n)) according to Theorem 2.2, we have

I, (1) (7, (1p) =) — L (1) (A (7p) — ) < A;p (c)

which reduces the proof of (3.8) to showing that

limsup P (R;p (¢) > n) 0 (3.9)

p—r00 c—0

for every n > 0. If 7, = t, then R;’(c) is identical in law to R,(c), and so (3.9) follows by
the convergence of I, and the continuity of R, at 0.
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Let us now prove (3.9) for 7, = ¥,7!(t). Since T, '(T,(t)) = t and R, o T, is

increasing, on the event {T},(c) < ¢} we have
Ry(c) = Ry o T, (T(c)) < Rpo T, ().
In particular,
Py, (Rp(c) o™ > 1) <P, (Ryo T, (e) 09 > 1) + Pp (Ty(c) o™ > ¢)
<P, (Ryo T, (e) 0™ > 1, 4,7 (1) > )
+ P, (Ty(c) 0 0™ > &, 9,71 (1) > €) + 2P, (4,71 () <€)
By definition, we can write R, o T, *(¢) as a function of wf®, i.e., R, o T, ! (g) = ¢(wf®) for
some measurable mapping . The exchangeability identity (3.5) thus gives
Py (Ry o Ty () 0 0™ > 0, 974 (1) > €) = Py (Ry o Ty H(e) > m, 47 (1) > )
and, for the same reasons,
Py, (Tp(c) o™ > &, 7,7 (t) > &) =Py, (Tp(c) > &, %, (t) > ¢)

which thus leads to the bound

P, (Ry(c) o™ >n) <P, (Rpo T, (e) =) + Py (Ty(c) > ) + 2P, (¥,7'(t) <e) .

Letting first p — oo, then ¢ — 0 and finally ¢ — 0 yields (3.9) in the case 7, = ¥, '(t),
which achieves the proof of this step.

Step 4: proof that H..(¢),C5 (t) >0

We now prove that H.,(¢) and C% (¢) are almost surely strictly positive. For Ho, (),
this comes from the convergence H,(¢) = H(t) which we have just proved, together
with the fact that H,(¢) is equal in distribution to R, o fp—l (t) with R, and fp—l converging
to two subordinators (this does not imply that R, o qu(t) = R o T'(t), but it does
imply that any accumulation point is necessarily almost surely > 0).

Let us now prove that

liminf P, (CA(t) > 1.
iminf P, (C3(t) 2 1) —»

We use the same exchangeability arguments as in the previous step. We have

Co(t) = (4,1 (1) = (Ryo Ty o 07" (4,74(0)).

Let ¢, be the measurable mapping such that ¢, (wj) = R, © Tvpfl(n/p), so that ¢, (wh') =
R, 0 fp‘l(t): then for any v > t, on the event {¥#,'(t) = u} we have

(Rp o Tp_l o ﬁpypil(t)) (“I/p_l(t)) = (Rp o T’p_l o ﬁp“) (u) = Lpp(wgu) o gP > Wp(wgt) o YPY

with the last inequality following from the monotonicity of n — ¢, (w{). In particular,

P, (Cj(t) > n) > P, (Hy(¥, (1) = n, ¥, ' (t) > €)

> B, (W) 097750 > 070 2 )
and (3.5) finally gives

P, (Cp(t) = n) > Py (pp(wf’) =0, 7,71 () > ) > P, (Hy(t) > 1) — P, (4,7 1(1) <)

Letting first p — oo, then 1 | 0 and finally ¢ — 0 gives the result, since we know that
H,(t) = Hoo(t) with P(Huo(t) > 0) = 1.
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4 Convergence of the height process
In this section we state and prove the following triangular version of Theorem B.

Theorem B’ (Triangular version of Theorem B). If Assumptions G’, C1’ and C2’ are
satisfied and the asymptotic independence relation

P, (cpR(1) > e |T(1) > 6p) — 0 forevery ¢, >0 (IC1")

holds, then 11, = II, where Il is the ¢/¢ snake. In particular, H, @ [T (-)]-

The rest of the section is devoted to the proof of Theorem B’: until the end of this
section, we thus assume that all the assumptions of Theorem B’ hold. The core of the
proof is given in this section, and the lengthy proof of a technical result (Proposition 4.1)
is in Section 7.

First, we note that the assumptions made imply that (R,, T, %) = (Roos oo, Zoo)
with R, independent from (% ,7T). Indeed, R, = R, by assumption and (7}, %,) =
(T, %) by Proposition 3.1. Moreover, the independence condition (IC1’) means pre-
cisely that in the limit, R, and T, do not jump simultaneously, and as any accumulation
point of (R,, T}, #,) is necessarily a subordinator, this implies that R, LT, from which
we get Roo U (T, Z5).

In order to prove Theorem B’, we will need the following stronger independence
property. The proof is rather long and technical, and thus postponed to Section 7.

Proposition 4.1. Assume that the assumptions of Theorem B’ hold. Then for any finite
set J C R we have Roo LL(ZL,T! )iey.

Remark 4.2. In Theorem E, we introduce a simple extension of a Bellman-Harris forest.
In this case, one can check that R, 1L (7}, Z,) but that R, is in general not independent
from (2}, T})ies for |J| > 1. As a consequence, the passage from R, 1L (T, Z%) to
Proposition 4.1 only holds asymptotically and actually requires some delicate arguments

developed in Section 7.

Recall from Theorem A’ that (II,) is tight. Since by assumptions we have (S,, #,) =
(Soc, ) and (Rp, Ty, 25) = (Roo, Too, Zoo) With R L (T, Z), it follows by duality
and the previous result that the sequence

(s 0 Ty, (2, T8 B Yic)

p)TprTp

is tight. Consider any accumulation point and assume without loss of generality in the
rest of this section that there is almost sure convergence

(Sps Ty, (2L, Tt RE Vi) = (Socr Ho Mooy (28, T, R i) (41)

with R 1L(ZL Tt ) for any ¢ € Q and L, continuous with life-time process .#,. Since

(TE) 7Yt — s) = Ao (t) —min H, 0< s < teqQ (4.2)

[5,2]

(see for instance [25, Lemma 5.3]) we obtain in particular RECJJ_%”OO (t). Actually, as a
consequence of Proposition 4.1, a stronger result holds.

Lemma 4.3. For any t € Q we have R!_1..7,.

Proof. According to Proposition 4.1 we have R, 1L (T%,u € J) for any finite set J C R,
which implies R:_ L (T% o¥*,u € J) for every t € Q. Since T o' = T (i.e., reverting
time from ¢ and then shifting by « is the same as reverting time from ¢ — u) and %, (u) =
(T)~'(u) we obtain the result. O
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Lemma 4.4. For any t € Q we have I1..(t) = Z(R!, | e (1))

Proof. Since R!_ 1.7 (t) and R  is a subordinator, R_ does not jump at time ./ (t)
and so Lemma 2.1 and the convergence (4.1) imply that

(1) = 2 (B L) = 2 (B L)

with the convergence holding in the usual Skorohod space. On the other hand, since
II, — II with IT,, continuous, we have also II,(t) — II(¢), this time in #'. From these
two convergences one gets the desired result. O

For s < t with t € Q, we define

Meo(5,8) = L (Bl |7 )10y )-
Intuitively, ﬁoo(s, t) is the section of the chronological spine from ¢ that does not overlap
the chronological spine from s.
Lemma 4.5. Let s <t witht € Q. Then I1(t) = [Hoo(s), f[oo(s,t)} L Moreover,
~ mingg ) Hoo
conditionally on 7%, Tl (s,t) is a subordinator with Laplace exponent ¢ killed at
(T.)~1(t — s) and independent from (Il (u),u < s).

Proof. That conditionally on 7%, ﬁoc(s,t) is a subordinator with Laplace exponent
¢ killed at (7%,)71(t — s) is immediate from its definition and the fact that R’  is a
subordinator with Laplace exponent ¢ independent from J7,,. It remains to prove

Moo (t) = [Too(s), Hoo(s,t) and the conditional independence.

] min[s‘t] ”m

Proof of the relation Il (t) = [Hoo(s), I (s, t)} o
mings ¢) Hoo

Theorem A’ that IT,,(¢) |min[s,f,] Hy—2c,= 11, (s) |min[s,t] #,—2¢,: letting p — oo we thus obtain

I () |min[5,t] .= oo(s) |min[s,t] ., (using as before the convergence of the RZ'S, their
asymptotic independence with 577, and Lemma 2.1) and so

Hoo (t) = [Hoo (t), @min[s,t] T (Hoc (t))] [Hoo(S)y @min[s,t] oo (Hoo (t))]

. We have seen in the proof of

mingg 4 Hoo - ming, ¢ Hoo

Since Too(t) = L(RL, |74 )-1(,)) (Lemma 4.4) and (T%,) ! (t — s) = A (1) — ming, A
(Relation (4.2)) we obtain

@min[syt] Hoo (Hoo(t)) = g(Rio |(’f’£o)*1(tfs) )
Combining the last two displays proves the desired relation.

Proof of the conditional independence. We now prove that f[oo(s, t) is independent of
(I (u), u < s) conditionally on J#,. For finite p, define

(s, t) = Z(R, ()1 (t—s)-)-

We have (I1,(s,t), 0(Sp)) € mFsp, and ((R))u<s, Sp |s) € mF[p,) which implies by
letting p — oo that

(oo (5,£), ©5(5) ) L (B )ussncas Soo Is) -
Since Il (u) = Z(RY, | .. () for u € Q, this gives

(MLac(5.£),©4(80) ) AL (M ()1, S |1
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(note that we can remove the condition u € Q by continuity of II.,) which further gives
the independence between 1 (s, t) and (1, (u), v < s) conditionally on S.,. Since finally
0(Se0) = 0(J%) this gives the desired conditional independence result. O

We can now prove Theorem B’.

Proof of Theorem B’. We already know that its life-time process is 7%, and is the height
process associated with S... Thus according to Theorem 2.3 we only have to show that
conditionally on 7, Il is (time-inhomogeneous) Markovian and satisfies for every
s < t the equality in distribution

Hoo (t) = [Hoo (5); F]min[s,t] Hoo

with I an independent subordinator with Laplace exponent ¢ killed at /% (t)—min( ;) #%.
To do so, we only have to prove that

B[S (Moo (1)) | Ao Moo (), < 5] = B[ (Moo (5), D e ) | s T (5)]

For ¢t € @ this is a direct consequence of Lemma 4.5, and so the result follows by
continuity of Il . O

5 Convergence of the contour process
In this section we state and prove the following triangular version of Theorem C.

Theorem C’ (Triangular version of Theorem C). If Assumptions G’, C1’ and C2’ are
satisfied, if (IC1’) holds and if

P (|2;] > epgy | v,V > 6) pjoo for every £,6 > 0, (IC2’)

then ¥, is independent of H, and c, /v, — co. In particular, C;, YH, o vt

Under the assumptions of this theorem, we know by Theorem B’ that II,, = II,, and
since ¥, = ¥4, we can assume without loss of generality that (IL,, ;) = (Ils, %) with
an unknown (at this point) correlation structure between Il and ¥,..

As we will see, the main idea is that the asymptotic behavior of ¥}, and C,, is governed
by long edges, i.e., edges with length > ¢ /v, for some £ > 0. In contrast, H and C* only
“see”, by construction, the birth times of individuals, which are of the order of 1/ ¢p and
are thus somehow insensitive to long edges because, intuitively, these long edges are
close to the leaves.

To formalize this idea, for each € > 0 and k£ > 0 we consider A\, the kth individual with
an edge longer than ¢/v, and /\ﬁ its last child: A\g = 0 and for & > 1,

A =min{n > X\e_1:V, > e/v,} and A =inf {n > Ay : S(n) = S(\p) — 1}.

In particular, {\g,..., A — 1} is the set of \;;’s descendants (including A;) and
U Qe A =13
k>0

is the set of individuals with an ancestor (including potentially the individual herself)
with an edge > £/v,,. Note that the sequences ()\;) and (A\;") depend on p and ¢ but this
dependency is omitted from the notation for simplicity. We will also denote with *~ scaled
versions of these random times, namely

- 1 - 1
A==\ and \f = SAf
k P k k P k
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We finally define \}° as the time of the kth jump > € of ¥,. Note that since ¥, = 7.,
standard properties of the Skorohod topology imply that

(:\k,k20>:>( % k>0, (5.1)

see for instance [13, Proposition VI.2.17].
We will thus consider sequences (X, ) indexed by the scaling parameter p and also
by ¢, and for such sequences we will use the notation X, . =, . X to mean that X, .
converges weakly to X when we let first p — oo and then ¢ | 0, or more formally that for
every bounded continuous function f we have
limsup [E [f(X,.c)] = E[f(X)]| —0.

p—ro0 e—0

For instance, standard properties of the Skorohod topology imply that ”I/p<8(t) =p,e dt for
each fixed ¢ > 0, where d > 0 denotes the drift of the process 7> and 7, for p € NU{oo}
is obtained from ¥}, by only keeping jumps < ¢, i.e., by removing all jumps > «.

5.1 Step 1: ¢,/v, =

The proof of ¢, /v, — oo relies on the next lemma which shows that the time spent
visiting subtrees rooted at long edges is negligible.
Lemma 5.1. For every k > 0 we have \; — \; = 0.

Proof. We note that A" — \; is equal in distribution to the hitting time of —M by S, where
M11S is distributed as |2, |. Since S, = S, the time needed for S to hit —epg, is of
the order of p. Since |Z,|/(pgp) = 0 by assumption, i.e., M is negligible compared to
pgp, the hitting time of M is also negligible compared to p, hence the result. O

We now prove that ¢, /v, — co: by working along appropriate subsequences assume
without loss of generality that v,/c, — ¢ = limsup,(v,/c,). Since R(k) < Vpgy_1 we
have

H([pt]) = Z R(k) | o0 < Z V-1 | 001,
kT () <lpt] kT ()<t

Let

Ey=<ptl ¢ |J o A -1}

k>1

be the event that no ancestor of [pt] has long edges. In E, we have

H([pt]) < Y V;L(V; <e/vp)

J<[pt]

and so upon scaling, we get v,H,(t)/c, < ¥,°%(t) in E,. Since H,(t) = Roo(T;'(t)),
7,°5(t) =pe dt and P(E,) — 1 as a consequence of Lemma 5.1, we obtain that
P(/Ro(TZ'(t)) < dt) = 1 which can only hold if ¢ = 0.

5.2 Step 2: snake-like property

Let in the sequel
X(m)= sup S—S(m).
{0,..,m}
In the following statement, we consider a functional W whose kth increment is a
functional of the sequence of sticks between the kth and (k + 1)th record time of the
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path S. By standard fluctuation theory, W can be seen as a renewal process whose time
is measured in local time units for the reflected process X.

The basic idea behind the next relation consists in decomposing the process W before
and after the local time corresponding to the excursion of X straddling t. We refer the
reader to Figure 6.

Recall (see Section 2.1.3) that .#.r = o(wy, k < T') for any random time I" : Q@ — NN,
that m.Z is the set of random variables that are measurable with respect to the o-algebra
%, and that we use throughout the notation W™ = W o 6,, and W™ = W o 9™ for any
random variable W defined on (2. In the following statement, Z is any random variable
taking values in an arbitrary measurable space: the following result will typically be
used for real-valued random variables.

Lemma 5.2 (Snake-like property). Let Z € m.7 (1) and

W = Z Z 0 0p(y €t (5.2)
keN

Then W |T71(m)€ F<m and if m is not a weak record time for the walk S, then

®T—1(m)(W) = @(ggm)_lox(m)(W’") and W = [VV7 @(D”Z"m)—loX(m)(Wm)]Tfl (5.3)

(m)+1 "

Proof. The fact that W |7_.(,, € F< is a direct consequence of the assumption Z €

m.Z .1y and the fact that T'(T~'(m)) < m and is a stopping time.

Consider now m which is not a weak ascending ladder height time and let us prove
the two relations of (5.3). Since W = [W, ©,(W)],, for every h > 0, the second relation
follows directly from the first one with 4 = T~ (m) since, when m is not a weak ascending
ladder height time, we have T-'(m) = T~ !(m) + 1.

As for the first one, ©1-1(,,) (1) is obtained by skipping the T~'(m) first excursions of
S reflected at its maximum. In terms of the shifted process W™ at time m, this amounts
to skipping the excursions needed to escape the “valley” in which m sits, see Figure 6
for an explanation of this loose statement on a picture. The shifted process needs to
reach level X (m) to escape the valley, and the number of excursions needed to do so is
precisely given by (27)~! o X (m) by definition of 2°™. This proves the result. O

5.3 Step 3: [I. 1l 7, by a perturbation argument
In this step we prove that IT. 1L ¥, through a perturbation argument. We first

introduce the perturbed sequence, explain the main idea and prove that S,, 1.7, in Sec-
tion 5.3.1. The independence between II, and ¥, is then established in Section 5.3.2.

5.3.1 Perturbed sequence, main idea and S L ¥,

Foreachp > 1,let ((V;, 27),n > 1) be a sequence ofi.i.d. random variables, independent
of (Vi, Zn),n > 1) and with the same law as that of (V,’, &) conditioned on V; < €/v,,.
Out of the sequence ((V,,, &%/),n > 1) and the original sequence ((V,,, #,),n > 1), we
define a new sequence of sticks

(‘7 ﬁ)— (Va, Zpn) it V, < e/vp,
IV, 2L else.

Then ((V,, ﬁl), n > 1) forms a sequence of i.i.d. random variables with common distri-
bution the law of (V/, #;) and we will denote with a hat™ all the processes defined from
this sequence of sticks, e.g., II, II,,, etc. Moreover, by construction we have

((Aks Vi, @) sk > 1) AL ((Vy, 2,),m > 1)
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which implies for instance that
I, 1L 77¢

with 7/1)25 = “I/p—“//;s obtained from ¥, by only keeping jumps > ¢. If we can show that the
perturbation induced by the (V,, &7))’s is negligible in the sense that IT,(t) — ﬁp(t) =0
for each fixed ¢, then we will get I, 1L ¥, (because ¥,7>° =, . (Yo (t) — dt,t > 0)). This
is the object of the next section, and before going on we use these arguments to show
that S, 1l Y.

The fact that S, — §p = ( is a direct consequence of the assumption (IC2’) and the

fact that ((V,,, Z,),n > 1) and ((V,,, @), n > 1) only differ by a locally finite number of
terms (by Lemma 5.1). More precisely, we have

~ 1
sup Sp—Sp‘ < — Z (1251 + |24, ]) - (5.4)
[0.%] P xe<[pt]

By assumption we have |Z,, |/(pg,) = 0. Since

P (|2;] > pgy)
P (Vy <e/vp)

P (|25.] = wpgy) = P (25| = apgy | V' < 2/vp) <

we also have |} |/(pg,) = 0 since Assumptions G’ and C2’ imply that |27}/ (pg,) = 0
and vpr* = 0. Since the number of terms in the sum in the right-hand side of (5.4) forms
a tight sequence, we get as desired that S, — §p = 0. We now show that the perturbation
does not significantly change the chronological height process as well.

5.3.2 Perturbation of the chronological spine process

Let (( vk éi(k)) n > 1) be obtained by induction as (V, A :@7(0)) = (Vo, &,) and

N V!, 2) i1 = Apg1,
(Vékﬂnﬂml)) — {<‘7’5k)’@k)) else.

Thus, ((An(k), & k)) n > 1) and ((An(]’”l), %’“H)),n > 1) only differ by one element and
in order to prove that IT,,(t) — II,(¢) = 0 it is enough to prove that ﬁ]([,k)(t) - ﬁffﬂ)(t) =0
for every k > 0. Because IL,(t) = (R |7-1(;) © 9P, (R, T))) = (Roo,Too) With Ry, a
subordinator independent from 7, it is enough to prove that

RP — RE+D = 0 and TW — T+ =0, k> 0.

By shifting and using the strong Markov property, it is enough to prove the result for
k = 0. We show that R, R(l) = 0, the convergence T, — T( = 0 can be shown along
the same lines. To ease the notation let us define \ = 1)\1 and let us also denote w1th

instead of with =" all quantities defined from the (V5 AS ) ﬁl)) s, e.g., R, instead of R
etc.

For the sake of simplicity, let us now assume that the drift of the subordinator 2 is
equal to 0. We will briefly discuss in Remark 5.3 how to adapt our argument to the case
of positive drift. Since S, 1L 75, A1 is with high probability not a record time of S and so
Lemma 5.2 entails (in an event of probability going to one)

R=R i, TAR (T () ex-100) + Oz -1x ) (BM) (5.5)

and
B=R|z ) AR (L7 () er-so) + Oz roxny (BY) (5:6)
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In order to grasp more intuition on what follows, let us briefly give an interpretation of
the previous relations. Recall that for the processes R, T, %, time is measured in local
time units for the reflected process X. The previous relation consists in decomposing
the process R (and R) before and after the local time corresponding to the excursion
of X straddling \;. In particular, (Z**)~!(X(\;)) is the local time needed to exit the
“valley” straddling \;. See Figure 6.

Since the two initial sequences of sticks coincide up to A;, we have

Rlg-100)= Bz -

Next, let E be the event

{ depth of the valley straddling A\; + overshoot upon exiting the valley
for S

> depth of the valley }
for S

which can be formerly defined as
E= {gxl o (2M) o X(A) > g(xl)}

and analogously, define
A a7t
E{zf 1o(gf ) oX()\l)ZX(Al)}.

In the event £ N E, the two Lukaziewicz paths exit the valley straddling A; at the same
time, i.e.,
To Tﬁl()\l) = I o Iil(Al),

and this implies that, in this event,

A A
Ozr)-1(x(n)) (R 1) =0O(z2:)-1(x(\)) (E 1) .

We now claim that P(FE),P(E) — 1. Let us first consider the overshoot when exiting the
valley straddling A, which is given by

M0 (2M) o X (M) — X ().

As X(\1) € mZ.y, and ZM € mZF>,,, the latter quantity converges in distribution
(after proper space rescaling by 1/pg,) to 2% o Z51(€) — &, where 1127, is almost
surely positive. In the absence of drift for the subordinator Z,,, we must have

Fo ZIHE —€>0

because S, does not creep at level ¢ (see for instance [3, Thereom VI.19]) and as a
consequence, Z o (f‘f’\l)_l o X(A\1) — X(\1) is of the order of 1/(pg,). On the other
hand, X (A1) — X (A1) is negligible compared to 1/(pg,) because of (IC2’) which implies
that P(E) — 1. By similar arguments one can prove that P(E) — 1. This shows that
P(E),P(E) — 1, and as discussed earlier, the last terms on the RHS of (5.5) and (5.6)
are equal.

In order to conclude the proof, we only have to show that for the middle terms of (5.5)
and (5.6) we have

P (c,AR(T'(\1)) > 2) — 0, P (¢, AR(T™"(\1)) > 2) — 0

p—o0 p—00
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for any x > 0. We have
AR(T () = ARM (2%) 71 (X (M)

As X(\1) € mZ.y, and (RM, Z*) € mP>,, we see that ¢, AR(T1()\1)) is equal in
distribution to AR,(Z,*(¢p)) with (R, 2;,)1L.(, and ¢, equal in distribution to X,(N).
Thus ¢, converges in distribution to some (., independent from Z,,, so that Q’;jl(cp) =
255" (() and because Ro, 1L %, we obtain AR,(Z,*(¢,)) = 0. In the event EN E we
have

AR(T™ () = ARM ((ZM) 71X (M)

and so the same argument as above gives cpAﬂ(Ifl (A1)) = 0. This shows that ¥, LI,
which completes the proof of Theorem C’.

Remark 5.3. As mentioned in the proof, we only proved the previous result assuming
that 2, has no drift. In this case, we argued that the two random walks exit the A\;-valley
at the same time with high probability. In the presence of drift, this is not the case
anymore. The two random walks S or S can exit the valley by “creeping”. In this case,
the exit times are not equal, but their differences vanish (macroscopically) at the limit. A
similar but more cumbersome argument can then be applied, but the spirit of the proof
remains the same.

6 Applications

We now come back to the two specific examples of Section 1.6.

6.1 Proof of Theorem D

In the non-triangular case and when |£?*| has finite variance, Assumptions G, C1
and C2 imply Assumptions G’, C1’ and C2’ with ¢)(\) = A2, and so in order to prove The-
orem D we only have to check that conditions (IC1) and (IC2) hold. We first check (IC2).
Fix e > 0 and let A = inf{n > 0:V,, > ¢/v,}. Then for every K > 0

P (177 2 2yF | vV* > ) = P (P3| = 2p)

<P\>[K —|—IP( max P > )
02 [Kp)+ P (_ max 2] >0y
Since | £7*| has finite variance, the second term vanishes when we let p — oo, while since
¥, = Vo we have that \/p is tight, and so the first term also vanishes when we let first
p — oo and then K — oo.

We now turn to (IC1). We have

P (cpR(1) 2 ¢, T(1) = dp)
P (T(1) = ép)

P(cpR(1) 2| T(1) = dp) =

In the finite variance case, the tail of the ladder height time of a recurrent, zero-mean
random walk with finite variance decays asymptotically like z~/2 up to a multiplicative
constant. Applying this result to S and —S, we obtain the existence of finite and positive
constants k1, ko such that

P(T(1) > z) ~ kiz~ Y% and P(r; > x) ~ kpz~ /% as x — oo,
and in particular, in order to prove (IC1) we only have to prove that

VD P (c,R(1) > e, T(1) > ép) — 0.
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Remark 6.1. Note that

VPP (e,R(1) > £,T(1) > 6p) < /B P (T(1) > op)

From the tail behavior P(T(1) > z) ~ k12~ '/2, the right-hand side remains bounded.
Obviously, the previous bound is poor since we got rid of an event of small probability.
Informally, the upcoming computations boil down to proving that for large values of p,
the events {,/p(c,R(1) > €} and {T'(1) > dp} are sufficiently decorrelated so that the the
left-hand side goes to 0.

Since x — 1 — e~ 7 is decreasing, Markov inequality gives

P (epR(1) 2 &, T(1) 2 0p) < 7~ 675)1(1 et ((1 - e‘CpR“)) (1 - e—T(l)/P))

and so in order to prove the result, it is enough to show that

N0 ((1 - e_C”R(l)) (1 - e—T<1>/P)) — 0.

pP— o0

Considering F(t,z,7) = (1 — e~*/?)(1 — e~%") in (2.3) and using the notation ¢ = | 2*
we obtain

E ((1 _ efTu)/p) (1 _ efchu)))

= MZZIE ((1 — eft/p) (1 — e*cpAz(gb*)) E=x+ z) P(r,_,=t—1)
= ZE (1 _ efcpAz(gf’*);f x4+ z) E (1 _ 67(7;_1+1)/p)

= ZE (1 — e*CpAs—m(gw*);g > x) (1 _ efl/puz)

z>1

’

where the initial sum is taken over ¢,z > 1 and z > 0 and u, = E(e ™"t / P). We thus have
\/ﬁE ((1 _ e—T(l)/P) (1 _ e—CpR(l))) — \/ﬁZE (1 _ e—CpA&fz(.@*);f Z .I') (1 — u$)+0(1)
x>1

with o(1) an error term that vanishes as p — oo. We split the sum into two terms,
depending on whether z is large or not. Fix until further notice some 7 > 0, and consider
the terms x < 7n,/p: we have

VB S E (1 e e (P e > g g 1) (1—u2)

z<n./p
<P (1 - uzﬁ> Y E (1 — e Aea(P) e > gy 1)
z<n./P

<\/p (1 _ u;’ﬂ’) S E (1 — e Aa(P) e > g 4 1)
x
=/pE (1 - e*CPR(l)) X (1 - ug‘/ﬁ) =1- ugﬁ.

From the tail behavior P(r; > z) ~ ng_l/ 2, standard Tauberian theorems imply the
existence of a finite constant » such that E(1 —e™*™ ) ~ kA'/2 as A — 0 (see for instance
[4, Corollary 8.1.7]), which implies in particular that 1 — uZ‘/E — 1 —e7"", Thus we obtain

lim sup /p Z E (1 —e A (PN e > g g 1) (1 - u;) <1-—e ",

— 00
P w<n\/p
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Let us now look at the other terms corresponding to z > n,/p: we have

VB S E (1 e (P e > gy 1) (1—u?)

T2>n+/P
<vp Y B(1-erter ez at)
z2>1n./P
=B Y B(1-e ot P> a 1,62 nyp)
z2>n./P

< \/ZGZ]E (1 - e—CpAg—m(ﬂ*);f >z+1,6> n\/ﬁ) .
From (2.2) we obtain
E (1 _ e RO, | Pray-1] > 77\/13) = ZE (1 —e A (PN e s 1 6> 77\/13)

and so using Cauchy-Schwarz inequality we get

5T B (1 0 1) ()

T2n4/P

< \/]3\/]E (1= eerR)’] B (1221 ] = nv)

< 77—1/2\/\/15E (1= e 2BV E (| Zr1y-1] ;| Pray-1| = nv/p)-

Since | #7*| is assumed to have finite variance, | %y (;)_;| has finite mean and so as p — oo
we have E(|Zr1)-1l; |Zr1)-1] = n/P) — 0. On the other hand, the fact that R(1) is in
the domain of attraction of a 3-stable distribution and the choice of ¢, (which ensures
that R has Laplace exponent \?) implies that /pE(1 — e~2%#(1)) — 25, and so we get

N E(ka%f“s—w@@*);gzxﬂ) (1—uf) — 0.

pHOO
x2>n\/P

We have thus proved that for any n > 0,

lim sup /pIE ((1 — e*tT(l)/p) (1 - e*CPR(1)>) <1—e ",

p—00
Letting 7 — 0 concludes the proof of (IC1).
6.2 Proof of a triangular version of Theorem E
The following result extends Theorem E to a triangular setting.
Theorem E’ (Triangular version of Theorem E). Assume that:
* Assumptions G’ and C2’ are satisfied and V, and |%;| are independent;

* conditionally on (V;;,|Z;|) = (v,n), the locations of the atoms of &, are i.i.d. with
common distribution vX, for some random variable X,, € (0, 1];

e liminf, E(X,) > 0.
Then Assumption C1’ is satisfied with ¢, = vj1,,)/TE(X,) and Ry, = 7., and (IC1’)
and (IC2’) hold. In particular, 11, is the v /p-snake with ¢ the Laplace exponent of V..
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Proof. We need to check Assumption C1’ and that the asymptotic independence con-
ditions (IC1’) and (IC2’) hold. Let for simplicity define £ = \WT(1)71|- It is well-known
that conditionally on & = n, Z(1) is uniformly distributed on {0,...,n — 1} (this can be
checked from (2.2)). Given the law of (Vp*, @;) it follows that R(1) conditioned on £ = n

is equal in distribution to V;,*XI(,U:”) where V5, X),..., X" and U are independent, the
X]’j are i.i.d. distributed as X, U is uniformly distributed on {1,...,n} and X},’“") is the

kth order statistic of the (X,...,X}"). Since XY™ is equal in distribution to X,, by
exchangeability, we obtain that R(1) is independent from ¢, and thus from 7(1), and is
equal in distribution to V7 X, with V* 1L X),.

It follows that Assumption C1’ is satisfied with ¢, = vj1/,)/E(X,) and R = 7. The
independence condition (IC1) also holds since we have just argued that

Py(cp R(1) > e | T(1) > 6p) = P(c,V, Xp > €) = 0.

Further, (IC2) holds since V" lL|#;| by assumption and pg, — oc. O

7 Proof of Proposition 4.1

In the following, form € IN, t > 0 and p € IN U {co} we define

X(m)= sup S—S(m) and X,(t) =supS, — Sp(t) = — inf 5‘; (7.1)
{0,...,m} [0,t] [0,¢]

To prove Proposition 4.1 we will repeatedly use the following two simple lemmas. The
first lemma is obvious but the situation it considers will actually be often encountered in
what follows. The second lemma follows from Lemma 2.1 and the assumption (R, T}) =
(Roo, Too) With Roo LL T, (so that that R, is almost surely continuous at any random time
I' € mo(Tw)). Recall also that under Assumption G’ we have proved in Proposition 3.1
that 7! = 7! which is also needed in the proof.

Lemma 7.1. If the pair (A, Bx) is the weak limit of a sequence (A, B,) such that
Ay € mF _py and B, € mF >,y for somet > 0, then Ay Il Bw..

Lemma 7.2. If Assumption G’ holds and (R,,T,) = (Roc,Ts) With Ro LT, then for
any t > 0 we have Ry, |;—1(,y= Roo |21y as well as Ry -1y = Roo |7.21(y)-

For0 <s<tlet

E5(t) = (T l(rey-1(t—s)—» Z2 T2y -1 (t—s)—) -

Since Ry is distributed as R, the sequence (R;‘) is tight. In the following, we will
assume without loss of generality by working along appropriate subsequences that
R, = Ry, with RY equal in distribution to R, and that this convergence holds jointly
with any other random variables needed. In particular, the RY are assumed to live
on the same probability space as all the other random variables previously defined, in
particular S, and R..

7.1 Subordinator decomposition

We first extend the snake-like property of Proposition 5.2 to the continuum. For
further notice we make the following remark.

Remark 7.3. Under Assumption G’, S suitably rescaled converges to a Lévy process
with infinite variation and so the condition “m is not a weak record time” holds with high
probability. In particular, without loss of generality and in order to avoid cumbersome
statements we will henceforth assume that (5.3) always holds, thereby neglecting an
event of vanishing probability.
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The main application of Proposition 5.2 is to disentangle the dependence of the
subordinators R, T, %5 in the past before time ¢ and in the future after time ¢, where
time is now measured in real time units. This is the purpose of the next result.

Proposition 7.4. Forany s < t € R such that AS.(t—s) =0, (T%,, Z2) can be expressed

as a measurable function of %, 2t , =%(t) and X (t).

Proof. Upon shifting time, it is enough to prove the result for s = 0. By definition we
have

T = [TOO, @T;l(t)(Tw)} e (o ATo (T3 (1)) (7.2)

T (t) -
and

% = [fm,@mlm(fm)} e Az (T21(1)) - (7.3)

Ts' ()
Now we claim that the shifted processes are given by

eTc;)l(t)(TOO) = @(3’);0)’10)(00(15) (Téo) and @T;l(t)(f'foo) = @(ggotc)—loxx(t)(g;o) (7.4)

while the jumps are given by

AToo (T () = TL o (Z1) 7' o Xoo(t) + (t — Too (T (£)-)) (7.5)
and
AZo (T (1) = A2 (T 0 (25) 7 0 Xoo(1)) - (7.6)

Indeed, all relations (7.4)-(7.6) hold at the discrete level, i.e., by replacing oo by
p < oo: for (7.4) this is obtained after scaling from Lemma 5.2; for (7.5) and (7.6) this
comes from the fact that (T~ (m)) —m = T™ o (Z™)~! o X(m) which expresses the
fact that, for the shifted process, the time needed to exit the “valley” straddling ¢ is equal
to the time needed to go above level X (m) (see Figure 6): this directly implies (7.5) and
also (7.6) because both sides then correspond to the overshoot when exiting the valley.

Since these relations hold at the discrete level, (T, %) = (T, Z%) and we consider
a continuity point of all the processes involved, we can invoke Lemma 2.1 to justify the
passage to the limit p = co and thus obtain (7.4)—(7.6). This completes the proof of the
result. O

A direct consequence of the next result is that Proposition 4.1 holds for negative
indices. Recall the random variables R} introduced after Lemma 7.2, which are weak
limits of the R, assumed to live on the same probability space than S.

Corollary 7.5. Assume that the assumptions of Theorem B’ hold. Then for any finite set
J C RN (—o0,0) we have

u Q0
Roo L (228, T2, B L(ry () ey - 5% ) -

Proof. Let Goo = (R%, |(1u)-1(—u))ues and Gp = (R} [(7s)-1(—u)-)ues for p € N. By
working under appropriate subsequences, it follows from Lemma 7.2 that

(Gp,ég,Rp,%,Tp) N (GOO,S“SO,ROO,Q@O,TOC>

Since for finite p € IN we have (G, 5’2) € mF.y while (R,, Z,,T,) € mF>o, Lemma 7.1
shows that (Goo, S0 ) 1L (Reo, Zo, Tio). Since by assumption we have Ro. Ll (%, Tso),
this gives further Ro U (%%, Too, Goos S*go). This finally entails the desired result as the
remaining random variables (2%, T ), <o are measurable with respect to (Zs., Th, 52.)
in view of Proposition 7.4 (because T, ‘T;l(t)i, Z |T;1(t)f and X (t) are measurable

with respect to S’éo). O
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Remark 7.6. Contrary to the shifted process T that can be directly defined through
the shifted path S7, the process R’  has no other obvious definition at the continuum
than its existence in terms of the limit of its discrete counterpart.

We will finally need the following result, whose proof uses the same continuity
arguments as in the proof of Proposition 7.4. Note in particular (and this is rather
crucial) that R, and RZ  are continuous at the points considered because R, LT
and R U (2%, X(s)). Note also that in contrast with the similar decompositions (7.2)
and (7.3) for T, and %, there is no extra atom in the decomposition of R., because of
this independence structure.

Proposition 7.7. Assume that the assumptions of Theorem B’ hold. Then for every
s > 0, we have almost surely that

Roo = [Roos Oz ) 10X () (Ro0)] 101 ) = [Roos Oy roxeo)(Boc) iy 7D

7.2 Another path decomposition

The proof of Proposition 4.1 relies on one extra path decomposition presented now.
We begin with the following result, which is a consequence of excursion theory applied
to the process reflected at its supremum.

Lemma 7.8. Let (%) be a filtration such that S is still a Lévy process with respect
to this filtration. Fix some 7 > 0 and let e := (Soo(t + H) — Seo(H),t € [0,7 — H]) with
H = T (T (7)—) be the last negative excursion of S., away from its supremum. If
X € m¥y then X and e are independent conditionally on H.

Corollary 7.9. Let J C R be any finite set with minJ = 0, 7 > maxJ and e and H
defined as in the previous lemma. Then e and R, |T;1(T) are independent conditionally
on the shifted/stopped processes (Z°(1), s € J).

Proof. The main idea is to apply the previous lemma with the filtration ¢, = o(Z;) where

Zy = (Roo ‘T;l(t)asoo |t) , £ >0,

and X = Zy. We decompose the proof into two steps.

Step 1. We first prove that the assumptions of the previous result hold: by definition we
have X € m¥%y and so we need to show that S, is a Lévy process in the filtration (%4;).
To do so we only have to prove that for any bounded and continuous functions f and g
and any t > 0 we have

E |£(01(8)) 9 (Box lrct oy S 1t) | = ELF (S B [ (Roo gt S )] -
For finite p this is true as
O1(Sy) € m Ty while (Ry |1y Sy |1) € mF iy

and so the result follows by letting p — oo.

Step 2. In the first step we have proved that the assumptions of the previous lemma
hold, which gives the independence between Zy and the excursion e conditionally on H.
By definition of H, S., does not accumulate any local time at its maximum on [H, 7| and

so we have T_!(7) = TZ'(H). Thus, we obtain the independence between

(Roo o)+ S |H) and e (7.8)
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conditionally on H. Let 0* = min{s € JU {7} : s > H} and define
A= (2%(r),s e JN[0,0")) and B = (E°(7),s € JN[o*,7]).

Then by definition of H we have A € mo (S |g) while B € mo (e). Thus (7.8) implies
that

(Roo |T;1(T)7A) and (e, B)

are independent conditionally on H. If X Il (Y, Z), then X and Y are independent condi-
tionally on Z: using this observation twice, we obtain from the previous independence
statement that

(ROO \T;(T)) and e

are independent conditionally on (H, A, B) and so also simply conditionally on (A, B)
since H € mo(A). This completes the proof of the result. O

7.3 Proof of Proposition 4.1

We decompose the proof into several steps. The last step of the proof will use the
following lemma.

Lemma 7.10. If S; and S are two i.i.d. subordinators, then for any random time x
independent from (Si, S2), [S1, S2]« is distributed as S; and is independent of k.

Step 0. The very first step is to show that it is enough to prove the result for finite sets J
such that 0 = min J. Indeed, assume this is the case and consider any finite set J C R
with 0 € J. Write J = J_ U J; where J_ consists of all the strictly negative indices and
Ji C R;. Lemma 7.1 implies that

(Rocr (22.T%) e, ) L8

and thus R
RooJ-L (Sgov (QO;’Tso)seJ+)

since we assume Rl (235,73

OO)SEJ+' Since minJ; = 0 and (Z%,T%) € mo(Zso, Too,

Sgo) for any u < 0 by Proposition 7.4 we get the desired result.
Therefore, the rest of the proof is devoted to proving that

Roo L (TL,, D@ifo)tej

for any finite set J C Q with min J = 0. The proof operates by induction on |J| > 1. For
|J| = 1 this is simply Ry, 1L (%%, T ) which holds by assumption, so let J C @ be a finite
set with minJ = 0, let 7 > max J and J; = J U {7}: assuming that R 1L(T%, 22 )sc,
the rest of the proof is devoted to proving that R 1L (Z3, T35 )sc, . i.e., that

E[f(Rs)g (25, T )ser )] = BIf (Ro)| B [g (2, T )se )] (7.9)
for any bounded measurable functions f, g. Recall the random variables R  introduced
after Lemma 7.2 and in order to ease the notation, for s € J define

['=0O(zr)-1ox.(r)(R)

so that
Ry = [Roo, F]To_ol(ﬂ

in view of Proposition 7.7. We now investigate in more details the structure of this
decomposition.
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Step 1. A consequence of Corollary 7.5 (replacing R, with R7_ and taking u = —7) is
that

RLAL (22T )ser s Boo byt () Xool7))
As R is a $-stable subordinator, this entails that I" is a 5-stable subordinator indepen-
dent from ((EZFOZ, T3 )ser,s Roo |T;1(T)>.
Step 2. In this step we prove that

E[f (Roe lrc o)) (22 Tser. | =B [f (B lrcr ) 1 T21(0)] (7.10)
To prove this we will use the following independence and measurability results:
(Roe lpct oy (B5(7), X2 (7 = ))ses ) AL (22, TZ,) (7.11)
as a consequence of Lemma 7.1, and
(X3, (r—39),s€Jy) €mo(e) (7.12)

where e is defined as in Corollary 7.9. Indeed, either e does not straddle s and then
X3 (r—8) = —mine, or e straddles s and then X (7 — s) can be computed from e.
Let us now proceed with the proof of (7.10). By shifting at time s, Proposition 7.4
implies that for any s € J we have
(Z2,T3)emo (ZL,T,2°%(1), X3, (T —8))

007 00 oc0? T oo

and thus
(22,75 )seq, € mo (ZL,TL, (E3(7), X5 (T = 8))4ey) -

o0 oo

In particular, the law of total expectation gives

E|f (Boe lro)) | (22 T2)seu, |
- <E [f (ROO |T°T°1(T)) | 2o Toe, (B7(7), Xoo (7 = 3))361} | (ffososto)séJJr) . (7.13)

Next, if X 11 (Y, Z), then X and Y are independent conditionally on Z: using this ob-
servation with the independence relation (7.11) allows to get rid of (Z7,T7) in the
conditioning, i.e.,

E |f (oo lri) | 22, T2, (B1(0), Xl = 8))ses |
=B |f (Boe lrz)) | (B*(7), X5 (7 = )|
which leads further to
E[f (R lrot ) | 20 T2 (B5(7), Xau(r = $))ses | = B[ (Boo lgrr)) | (B (7)) ]
according to Corollary 7.9 and (7.12). At this point, we have therefore proved that
E |f (oo lrgir)) | 25 T (B(7). X (r = 8)ses | = B [f (Boe lpgr ) | (E*()se

and since
(E%(1)seg € mo(ZL, T ,s€J)Cmo(ZL,Ts,s€J), (7.14)

(7.13) implies that

E[f (B lrzrn) | (2. T2)ser, | = B[ (B b)) | (7))o
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Let us now evaluate the right-hand side of the latter identity. Since (Roo)1L(2%, T3 )scs
by induction hypothesis and because of (7.14), we get that R, |T;1(T) only depends on
(2%(7),s € J) through T (1), i.e.,

E[f (B Izt ) | @ 0ses] = B[f (Roo lrarn)) 1 T210)]
This concludes the proof of this step.

Step 3. We now conclude the proof: Step 1 and (7.10) entail, using total expectation,

7 ([Bee lrc oy T]) 9 (22, T2 )0, |
9 (22 T2)ses ) B (1 ([Row by ] ) 1 (22, T e, ]|

|9 (22, T%)ses ) B [ ([Roc I oo T]) 1 THD)] |

At this point we want to apply Lemma 7.10. We first note that (Roo |(T&)71(T), F) is equal
in distribution to (ROO l(7s)-1(r) f‘) where T is independent of (R.., Ts,) according to
Step 1. Further, since R, 1l T, it follows that R, r anNd T, are mutually independent.
Finally, applying Lemma 7.10 with S; = R, S2 = I'and £ = T '(r) we get that

[Rec |71 (-, 1] is equal in distribution to R and is independent from T2 H(7), ie.,

E|E |f ([Ro lr T]) 1 T210)]] = BIf (B

This concludes the proof of Proposition 4.1.
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