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Abstract: This report studies the construction and uniqueness of physical solutions for the time-
harmonic scalar wave equation arising in helioseismology. Intuitively speaking, physical solutions
are characterized by their L?(R?)-boundedness in the presence of absorption, while without, by
their profile at infinity approximated by outgoing spherical waves (or retarded). For brevity, we
unite these two families (with and without absorption) under the label ‘outgoing’ or ‘physical’.
The definition of outgoing solutions to the equation in consideration or their construction and
uniqueness has not been discussed before in the context of helieoseismology. In our work, we
use the Liouville transform to conjugate the original equation to a potential scattering problem
for Schréodinger operator, with the new problem containing a Coulomb-type potential. Under
assumptions (in terms of density and background sound speed) generalizing ideal atmospheric
behavior, for v # 0, we obtain existence and uniqueness of variational solutions using only basic
techniques in analysis. For v = 0, under the same assumptions, the theory of long-range scattering
with singular potentials is employed to construct the resolvent by means of Limiting Absorption
Principle (LAP). Solutions obtained in this manner are characterized uniquely by a Sommerfeld-
type radiation condition at a new wavenumber denoted by k. The appearance of this wavenumber
is only clear after applying the Liouville transform. Another advantage of the conjugated form
is that it makes appear the Whittaker functions, when ideal atmospheric behavior is extended
to the whole domain R3 or outside of a sphere. This allows for the explicit construction of the
outgoing Green kernel and the exact Dirichlet-to-Neumann map and hence reference solutions
and radiation boundary condition. In addition, the role played by k in radiation condition and
asymptotic expansion of the solution suggests that k should be the more natural choice to use as
gauge function in approximating the exact nonlocal radiation condition. This perspective gives rise
to a simpler family of radiation boundary conditions. To supplement the theoretical discussion,
some preliminary numerical tests are carried out to investigate the robustness of this new family,
compared to those already existent in literature which were obtained in terms of the original
complex frequency w.

Key-words: Coulomb potential, long-range scattering, short-range scattering, perturbation the-
ory, spectral theory, limiting absorption principle, Whittaker functions, helioseismology, outgoing
solution, outgoing fundamental solution, outgoing Green kernel, radiation condition, Schrodinger
equation, Liouville transform, absorbing boundary condition, exact Dirichlet-to-Neumann map,
radiation impedance coeflicients.



Solutions sortantes pour I’équation des ondes scalaires en
héliosismologie

Résumé : Ce rapport étudie la construction et I'unicité des solutions pour I’équation des ondes
harmoniques scalaire dans un probléme d’héliosismologie. De fagon intuitive, les solutions physiques sont
caractérisées par le fait qu’elles soient bornées en L?(R3) en présence d’absorption (v # 0), et, en son
absence (v = 0), par leur profil & linfini approché par une onde sortante (ou retardée) sphérique. Nous
unissons ces deux familles sous 'appellation ‘sortante’ ou ‘physique’. La définition des solutions sortantes
pour notre équation, ou leur construction et unicité n’a jamais été abordée pour le cas de I’héliosismologie.
Dans notre travail, nous utilisons la transformée de Liouville pour conjuguer ’équation originale et obtenir
un probléme de diffusion pour 'opérateur de Schrédinger, avec un potentiel de type Coulomb. Sous des
hypotheéses (relatives a la densité et a la vitesse du son dans le milieu) généralisant un comportement
atmosphérique idéal, nous obtenons, pour v # 0, lexistence et I'unicité pour les solutions variationnelles
en utilisant les techniques d’analyse standard. Pour v = 0, la théorie de diffusion longue portée pour
les potentiels singuliers est utilisée pour construire le résolvant & partir du principe d’absorption limite.
Les solutions obtenues ainsi sont caractérisées de fagon unique par une condition de radiation de type
Sommerfeld, associée & un nouveau nombre d’onde k. L’apparition de ce nombre d’onde n’est seulement
claire qu’aprés avoir appliqué la transformée de Liouville. Un autre avantage de la forme conjuguée est
qu’elle fait apparaitre les fonctions Whittaker, lorsque le modéle atmosphérique idéal est étendu sur tout
R3 ou en dehors d’une sphére. Cela permet de construire explicitement le noyau de Green sortant et la
condition Dirichlet-to-Neumann exacte; et ainsi les solutions de référence et les conditions aux limites
de radiation. De plus, le role de k dans la condition de radiation, et le développement asymptotique de
la solution montre que k est un choix plus naturel pour la fonction de jauge dans 'approximation de la
condition de radiation non-locale exacte. Cela nous donne une famille simple pour les conditions aux
limites de radiation. Pour compléter les résultats analytiques, des exemples numériques sont mis en place
pour tester la robustesse de cette nouvelle famille, et la comparer avec celles existantes dans la littérature,
qui sont obtenues avec la fréquence original w.

Mots-clés : Potentiel de Coulomb, théorie de la perturbation, théorie spectrale, fonction Whittaker,
héliosismologie, solutions fondamentales sortantes, noyau de Green, condition de radiation, équation de
Schrédinger, transformée de Liouville, conditions au limite absorbantes, Dirichlet vers Neumann exact.



4 Barucq & Faucher & Pham

1 Introduction

In this report, we give a theoretical exposition to construct physical solutions of the linear scalar wave
equation arising in helioseismology with unknown gz and source forig,

w? 1

7@ Uorig — V. (;Vuorig) - forig in Rg . (11)
The equation models the propagation of acoustic waves propagating in the Sun’s interior and its atmo-
sphere, where ¢ denotes the sound speed, and p the density. This is a Helmholtz equation with variable
coefficients and is obtained under simplifying assumptions from the original vectorial problem, cf. [I3]
and discussion in Remark [1} Absorption is prescribed in the form of a complex frequencyﬂ w e C,

w=+1+ivyw , wo€R"and~yeR. (1.2)

Here,  is called the absorption and the square root branch /- is chosen so that Im +/* > 0, see definition in
. Intuitively speaking, ‘physical’ solutions, in the presence of absorption (v # 0), are characterized
by their decay to zero at infinity ; in mathematical terms, they belong to L?(R?). When absorption tends
to zero, they display oscillatory behavior; the retarded ‘physical’ solutions are chosen so that they consist
of only outgoing spherical waves, which is however a delicate theoretical task.

Under the assumption that outside of compact set, ¢ is constant and p exponentially decay, called Atmo
model, in [4], the first author and collaborators constructed radiation boundary conditions for equation
(1.1) when v > 0, in order to obtain a numerical approximation (using finite element discretization) of
the physical solution that exists in the whole R?. Our work complements and extends theoretically the
numerical experiments in [4] by, under assumptions generalizing the Atmo model, providing a theoretical
definition of the ‘outgoing’ solution for v > 0, and justifying the existence and uniqueness of such a
solution. The analysis shines light on the structure of the solution,

exp(y) x% x exp(£i¢,) X (bounded part). (1.3)

This consists of a real exponential part represented by e?¥ with 1) a real function, an oscillatory part
described by a phase function ¢, depending on w, and a bounded part. The exponential real part e?
is common to all solutions, while it is the 4+ or — in the oscillatory part that will distinguish between
bounded and non-bounded function when v # 0, and between outgoing and incoming solution when
v = 0. Because of this, in order to establish existence and uniqueness of solution, it is more natural to
conjugate e¥ out of (1.3). This is one of the intuitions of our approach. We start with the same equation
considered in [4], but however use the Liouville transformation to rewrite it as a potential scattering
problem with Schrédinger operator. In particular, if uorig solves , then v = p~1/ 2uorig solves

2
w
—Au + q(x)u — C—zu = p1/2f0rig, (1.4)

with
q(@) = p'%(x) Ap~'P(x) , xR (1.5)

Instead of having a first order perturbation of —A, we only have zero-th order one.

Thanks to the Liouville transform, one can apply the theory of potential scattering for time indepen-
dent Schrédinger equation and obtain well-posedness for the conjugated problem when v = 0. Even
in the simplest (but important) case in helioseismology, the Atmo model, the potential g contains a
repulsive Coulomb-like potential, i.e. a slowly-decay potential with a singularity at the origin, and places
the problem in the more challenging type of potential scattering. However, with some assumptions on p
and ¢ (while still more general than Atmo), the slow decay of the potential is dealt with by the machinery

IThis can also be of the form
2iy

w = 1+ wo wo€R+and7€R.

wo

Inria



Outgoing solutions in helieoseismology 5

of long-range potential scattering by Ikebe and Saito, cf., e.g. [35]. The results obtained are not only the
existence of solution, but also resolvent bound, asymptotic expansion of solution cf. , as well as
radiation condition . Each of the two latter properties can be used to characterize the uniqueness
of the outgoing solution. There are slight modifications in applying the theory which as stated in [35]

only deals with real potential, while in our case, the potential can be complex due to the term ‘g—;

The framework of potential scattering gives rise to the normalized wavenumber k, which has impli-
cation in numerical approximation, in particular radiation boundary condition. The defined ‘outgoing’
conjugated solution is shown to satisfy a Sommerfeld-type radiation condition with in terms of k (and not
the original w/c). This gives a new perspective in approximating the transparent boundary condition,
with the right gauge function in terms of k. In [4], w and small angle of incidence in terms of w are used
as gauge function, and are called there ‘parameters of interest’. Due to the length of the report, we only
restrict ourselves to preliminary tests of radiation boundary condition for the case Atmo. However, we
expect that in the general case (under applicable assumption), the simplest condition 9,u—iku = 0 should
work as well as the zeroth-order Sommerfeld radiation condition (cf. [3| Sec 4.3]) for the Helmholtz equa-
tion. In addition, at the same order of approximation (of the nonlocal impedance coefficients), working
with k gives simpler radiation impedance coefficients with better performance (in terms of error compared
to the reference coefficients which are Dirichlet-to-Neumann (D-t-N) or nonlocal transparent one).

Another important advantage of working with Schrédinger equation is in the case where one extents
the behavior of ‘ideal atmospheric’ to the whole domain, i.e. p is exactly described by a decaying
exponential and ¢ constant. In this case, one has explicit description of the analytical solution by means
of Whittaker functions. This link (with hypergeometric function) is not as easy to identify in the original
form of the problem. Analytical solutions are thus obtained, which act as the true reference solution,
and gives a value of the exact Dirichlet-to-Neumann map. The latter acts as the true reference radiation
impedance coefficient, which was lacked in [4], and thus has implication in numerical implementation and
evaluation of RBCs.

Liouville transformation was used in [26] to study the Calderén’s inverse conductivity problem with
an inhomogeneous conductivity, see also [24, 2]. In the context of helioseismology, this is the first time to
our knowledge that theoretical consideration and justification of the well-posed of the outgoing solution
is done. This transformation is also mentioned in recent work, cf. e.g. [36] 13, 1], or [25] in one
form or another, however it is used either for bounded domain, or it is not used to construct radiation
boundary condition. For more discussion on some recent appearance using this transformation, we
refer to the introduction of Section [2] and Remark The second novelty of the work is in using
Liouville transformation and exploiting the theory of potential scattering to give a rigorous justification
for the existence of the outgoing solutions, as well as the asymptotic expansion and radiation condition.
The latter is used to characterize the uniqueness of outgoing solutions. As mentioned above, with the
recognition of the presence of the Whittaker function family in the problem, if the Atmo model is imposed
on the whole domain or outside of a sphere, one has explicit description of the analytical solutions. This
provides an accurate way to evaluate the performance of an approximate radiation boundary condition,
and adds to the novelty of the current work. Lack of the true D-t-N, a numerical approximation was
employed in [4] to create a reference solution. This however is only applicable in the case of absorption.
Since absorption is a natural physical phenomenon, the numerical reference solution is sufficient. However,
numerically, this type of numerical approximation will create troubles at very small absorption.

The organization of the report is as follows. We first describe in more details the Liouville transform in
Section [2| and introduce the generalized form of the problem in . Section |3|is devoted to discussion
of well-posedness of the physical solution. In the presence of absorption (v # 0), a straightforward proof
is given to obtain the existence and uniqueness of variational solution, cf. Proposition [I] and Proposition
At zero absorption (v = 0), we first extract elements of the theory of scattering with long-range and
singular potentials needed for our consideration, and then, in Subsection [3.3| apply them to the case of
the conjugated problem. The constructed resolvent is given in for v > 0 and for v = 0 in two
approaches, cf. and (3.84), while the asymptotic expansion and radiation condition are stated in
and . In Sectioaving the expression of the outgoing Green kernel, cf. , we give an
explicit construction and uniqueness proof of the solution in the spirit of Colton and Kress’s scattering
theory for Helmholtz operator in [10], cf. Prop In particular, when v = 0, the uniqueness is defined in

RR n°® 9280



6 Barucq & Faucher & Pham

terms of several equivalent radiation conditions, c¢f. Prop[I7] one of which is the classic Sommerfeld-type
radiation condition. The exact Dirichlet-to-Neumann map is also obtained, as well as additional results
such as Rellich-type uniqueness theorem, cf. Lemma [19]and expansion of solution in spherical harmonics,
cf. Prop Section [5 rephrases all results of the conjugated problem as those for the original one ([1.1)).
In Section [6] we construct new radiation boundaries using the new gauge function k and provide a few
preliminary tests to show that its is more advantageous and correct to work with the wavenumber k.
More in-depth numerical experiments will appear in a second report.

2 Reduction to time-harmonic Schrodinger equation via Liouville
transform
In this section, we first describe the Liouville transformation and then describe how the theory of long-

range scattering for Schrédinger equation can be applied to the resulting problem. Let us introduce the
transformation. Denote by L.z the original operator

‘Corigu = -V (pilvu) - W u, (21)
which gives rise to the original problem (|1.1)),
Eorig Uorig = forig . (22)
One applies the change of variable
u = p /2 Uorig - (2.3)
The new unknown w solves the conjugated problem
Lu = pl/Qforiga (24)
with conjugated operator £ defined as
2
L= p 2 Lougp'? = —A— = +q(a) (2.5)
¢
This is a Schrédinger operator with potential
q(z) = p'2Ap~V2 | zeR3 (2.6)

For algebraic derivation of this, see Prop. 23] in Appendix [A]

This transformation was used in [26] to study the Calder6n’s inverse conductivity problem with an
inhomogeneous conductivity, see also [2, p.10] or [I, Section 7.2.2 p.100]. More recently and in the context
of helioseismology, the approach to work with the Schrédinger equation is employed in |25, Eqn 1.4] for
inversion in time-distance helioseismology, and in [36] for helioseismic holography. While our potential
decays slowly at infinity, in [25], the conjugated problem is a perturbation of —A by a potential of compact
support, and the scattering theory for this type of potentials can be found in e.g. [I0, Chapter 8]. This
assumption is also implied in [36], since only the Green kernel of the free Laplacian is employed there. In
spherical symmetry, the Liouville transform is more or less the usual ODE technique to remove first-order
derivatives. It is in this form that is mentioned in [II], see Remark [2] however the remaining work of [11]
uses the original equation; see further discussion on this point in Section [6] and Remark

2.1 The conjugated potential
We study in more details the potential q (2.6). Denote by 0, the radial part of the gradient
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We also define the function

Orp
alx) = — . 2.8
(@) = —et (2.8
We can write the potential q (2.6)) as (cf. Proposition of Appendix [A).
i
(2.9)

(@) Ora(z) | alx) 1 3||Vsepl? ~ Agep
- " - G~ m0)

4 2 [z =
where S? denotes the unit sphere. Spherical symmetry (i.e. with all coefficients depending only on 7 = |z|)
is an important assumption in many applications, including helioseismology, which in this context is called
the 1D-background model cf. [IT], Sect 2.2] or 1.5D problem cf. [I3] Sect 6.1]. In this case, the background
density and sound speed are radial i.e. p(z) = p(|z]) and c(z) = c(|z|), thus so is a(z) defined in (2.8).
In helioseismology, the quantity ( 3 is called the density scale height denoted by H(r), cf. [11, Eqn 12|,

PN
a(z) = a(r) FOREICE (2.10)
The potential q simplifies to
o?(r o (r a(r r
q(r) = i ) + é) + i) = 4H12(r) (1 — 2H'(r) + 4115 )> . (2.11)

In addition, the quantity q(r)c?(r) is called the cut-off frequency (for this value of w?, (2.5) reduces to
the Laplace operator, cf. [I1, Eqn 11]),

W2(r) = ZI(Q (1 — 2H'(r) + 41&;&)) . (2.12)

2.2 The long-range behavior in Model Atmo

In order to investigate the invertibility by means of potential scattering theory, two important elements
have to be kept in mind: the growth/decay of a potential at infinity and its local integrability. We restrict
ourselves to cases that are applicable in helioseismology, and use as a basis of generalization the potential
q resulting from the model S + Atmo, cf. [4], in particular its decay at infinity (in the atmosphere) and
the local integrability (in the interior of the Sun). In this model, the interior of the Sun is described by p
and c following the model S [§] while the atmosphere is described by an exponentially decaying density
and constant sound speed, called ideal atmospheric behavior or simply the Atmo model, cf. [I1], Sec. 2.3].
Concretely, in terms of the scaled radius r = % with Rg the radius of the sun,

R
, <R, cs(r , r< R,
p(r) = ps(r) and c(r) = s(r) , (2.13)
ps(Ry) e~ @(r=Ha) S R, Coo . r>R,
with
ps > po >0 , cg >co > 0. (2.14)

The extension into the atmosphere is achieved by continuing density p to be exponential decay at the
same rate at end of model S, while the sound speed c is smoothly extended to a constant c.,. For C!
continuity, we require that

d _
cs(Ry) = Coo %PS|r:Ra = 0 ps(Ra) = oo = H(}Qa)'

In Figure [I} we plot the radial profile of the density and velocity using (2.13) with R, = 1.000699,
Coo = 6.867 kms™!, and . = 6663.62 m~!. In Figure |2, we plot the corresponding o from (2.10). We

RR n°® 9280



8 Barucq & Faucher & Pham

observe that the profile of density and velocity in the Sun decreases rapidly below the surface of the Sun
which is indicated at scaled radius 7 = 1. It results in a sharp increase in «, cf. Figure [2] which, in
addition, shows an oscillatory pattern when we zoom.

10° | | ] [ — 5 |
1077 X p(Ra) |1
QL 10—1 - - E E
—_— P —6 ; ;
X p(Ra) o
1077 E= : | | | I £ | -
0 02 04 06 08 1 1.000399 R, T'max
scaled radius scaled radius
(a) Profile of density: global (left) and zoom near R, (right).
E T T 3
B 1 50 — c
I 1 10%71 % c(R,) ||
105 E S
b B ]
104 ; ; 103.85 - n
=== : ! ! ! B ! . |
0 02 04 06 0.8 1 1 R, T'max
scaled radius scaled radius

(b) Profile of velocity: global (left) and zoom near R, (right).

Figure 1: Profile of density and velocity in the model S+Atmo on r < rya.x = 1.001. The interior of the
Sun, r < R, = 1.000699, is described by model S [8] and extended into the atmosphere by (2.13).

—_— (0%
6,000 | -
) 6,600
X a(R,)
4,000 |- -
S 6,400
2,000 |- -
6,200
0 | L Uln ! 7 :
0 0.5 1 0. 0.002 0.004  1.0004 R, Tmax
scaled radius scaled radius scaled radius

Figure 2: Profile of the inverse of density scale-height a from in the model S+Atmo shown on the
whole interval r < ry.x (on the left) and zoomed (on the right) near R,. This plot shows that « is
positive and is constant for r > R,. In addition, near r = 0, « is strictly positive, which means that the
resulting potential q not only has a Coulomb-type potential but also a weak-singularity at » = 0,

cf. and .

We next consider the form of the conjugated £ in each region.

e In the atmosphere i.e. r > Ry, a(r) = oo, hence o/(r) = 0, while ¢ = co. The potential q is
simplified to,
2
fo! a
q(z) = —Zo + —;O . x| > Ra.

We write the conjugated operator into a normalized form, which reflects that in addition to the energy
level (0" term), there is also a perturbation by a Coulomb potential,

2 2
1/2 —1/2 w o a
PP Logp™? = A — [ — =2 + —= . || > R.. (2.15)
2 4 |z|
energy level Coulomb potential

Inria
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e In the interior, i.e. |z| < R,, we simply have

w? a?(r)  d(r) a(r)

2 4 2 r
In this region, it is the integrability of the potential that matters. The last term potentially carries a

singularity; however under the assumption that « is continuous, this term remains integrable in R?,
ie., it is L1(R?).

pl/zﬁorigp71/2 = -A — (216)

Before further discussion, we need to give the definition of long-range versus short-range potentials.

Definition 1 (long-range). A long-range potential Vi, is a C3-function that decays slower than |z|~' at
mfinity,
0"V (@)] < O+ |z)~°71*1 € (0,1], 0<m <3, A

Definition 2 (short-range). A short-range potential Vs decays strictly faster than |x|=1, in particular

Vs(z)] < C(A+]z))™° , d6€(0,1]. A

2.3 Generalization
The results in this report are applied to a generalization of model S+Atmo under the following assumptions.

1. Background density p is decreasing globallyﬂ so that the inverse density scale height («) is non-
negative.

2. Background sound speed ¢ and density p do not oscillate at infinity and have limiting scalar values,
denoted by

Qoo = lim a ; ol = lim o ; cy:= limec. (2.17)
r—00 r—00 r—00

We define the normalized wave number k? which gathers contributions at zero-th order and the
limiting value s of the potentials,

w « «
k2= - — == _ = 2.1
cZ 4 2 (2.18)

3. In the atmosphere, background density p and sound speed c are extended in a way so that the
conjugated operator is a perturbation of —A — k? by at most a Coulomb potential and a short-
range one, as shown in . However, it suffices for the current application to assumeﬂ that c is
equal to a constant c,, > 0 outside of a compact set.

With these assumptions, the conjugated operator (2.5) can be put into the following normalized form,

2 2 ’
o= - (2 ) D+ A
A 4 2 ] ey
energy level Coulomb-like iy s ted
2 potential compactly supporte
k perturbation pi(x)
(2.19)
2 o 2 / 1 3V 2 A
+(a—+ ’“O‘_‘&o_o‘;oo) 4 [ Vs2p||®  Ag2p
42 42 P\ 42 2p(0) )
short-range perturbation short-range perturbation
p2(w)

ps(z)

In the next section we will construct the resolvent for £ in the presence of and without attenuation. The
latter case is done by means of long-range scattering theory. After some preparation, the results for £

2In fact, we only need p to decrease outside of a compact set, see Remark E

1 1
3However, the same result can be obtained for the case where — — — is short-range cf. Remark |16/or even long-range,
C  Coo
cf. Remark @

RR n°® 9280



10 Barucq & Faucher & Pham

are given at the end in Subsection The resolvent is given in for v > 0 and for v = 0 in two
approaches, cf. and , while the asymptotic expansion and radiation condition, each of which
can be used to characterize the uniqueness of the constructed solution, are stated in (3.87) and .
The corresponding results for the conjugated problem are interpreted for the original 0 in Section

Remark 1. In the frequency domain, the scalar wave equation is obtained from the original vectorial
equation modeling small perturbations from a background described by Euler equation, cf. [153, Eqn 2-3]
also [36, Eqn 3.1],

1
—(wo+i1y+iv-V)2E — ;V(chVf') + gravity terms = f. (2.20)

Here, in addition to the sound speed c and density, there is also the effect of the background flow v, and £
is the source. If one neglects gravity terms and second-order terms in vy and v, upon taking the divergence
and under the assumption of slow variations of v, ¢ and v compared to the wavelength, one obtains the
simplified scalar equation, cf. [13, Section 2.2 Eqn 5-7],

UJ2

1
—Ca—zi“;ov-va—v-(pv(pca)) = V-f, (2.21)

i terms of unknown
u = cV-§.
To solve (2.21)) using a FEM discretization, [13] works with another unknown, [13, Eqn 63]
Uorig 1= pPCU = chV-S.

This is also the unknown used in [J] and [I1)]. In terms of this unknown, the equation (2.21) becomes,
cf. [13, Eqn 64/
2 ors 1
- 2iw0v-v(“9) ~- V. (vumg> - V-f.

pe c pe P
In absence of flow i.e. v = 0, this is our starting equation (Ll.1)), which is also the one considered in
4, Eqn 2.1] and [T1, Eqn 1]. In [36], another type of unknown is employed (following Lamb 1909 and
Deubner and Gough 1984),

u = p71/2u07»¢g _ pl/QCQV-f,

which solves, cf. [36, Eqn (3.3)],

2

—Au — w—Qu +p 2Ap~ V20 — 20 pv -V <1u2) = p?Vv.f. (2.22)
c pl/2c P2 ¢

This amounts to working with the Liouville change of variable (2.3). In the absence of flow, this reduceﬁ

to the Schrodinger equation (2.4)—(2.6) studied in the current work. A

Remark 2. In the radial case, Liouville transform reduces to the usual technique in ODE to remove the
first order derivatives. There are two equivalent approaches.

e One first applies the Liouville change of variable p=/2 Uorig = U, then carries out separation of vari-
ables. One next eliminates the first order derivatives in the ODE in the radial variable r, which in
this case only contains %ar (the first order term of the radial Laplacian). The final unknown is w with
u=r"tw. In relation to the original unknonwn, w = rpfl/zu(m-g. The details of the computation are
listed in Section [4)

e Equivalently, starting from the original equation in 3D , one first does a separation of variables,
and then eliminates the first order terms in the resulting ODE (in the variable r), which in this case is
(% —i—ozoo)d%. This amounts to doing all-at-once the change of unknown w = rp_l/Qum-g. The details of
the computation are listed in Appendiz . This approach is also mentioned in [I1, Eq. (8)], however
was not exploited to construct radiation boundary conditions, see further discussion in Section [§ and

Remark [27 A

4There is although a difference with [36, Eqn (3.3)]. We start with the same source f (in [36] Eqn 3.1] and (2:20)),
however our source in the reduced equation (2:22) is p!/2V - f, while in [36, Eqn (3.3)] is p'/2c2V - f.
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Outgoing solutions in helieoseismology 11

3 General discussion of well-posedness

In this section, we construct the resolvent of the conjugated operator £ (2.5)). There are three main parts
to the discussion:

1. in the first part (Subsection |3.1]), we study the existence and uniqueness of solution for problem of the

form
<_ Ojf) p(aj)—k2> u=f (3.1)

and

N CO R R
< A+ 2] + p(z) c(q:)Q) I (3.2)

These arise from the normalized form of the conjugated operator £ discussed in previous section.
When Imk? # 0, we obtain well-posedness in H!(R?), for the variational problem (3.1]) and - by
using basic analysis tools such as ellipticity and coercitivity, and Lax-Milgram theory for sesquilinear
forms. These results are stated in Theorem [I] and [2] respectively.

Although the well-posedness results for variational solutions are sufficient for applications (in particular
for consideration with finite element discretization), for problem , in Subsection we will also
state stronger results given by Kato and Kato-Rellich’s perturbation theory for self-adjoint operators.
Much stronger and further-reaching, these results describe the invertibility of the problem in terms of
the spectrum of the operator. We will only cite important theorems following mostly e.g. [I5]. Under
necessary assumptions, with p,, = mingcgs p < 0, we will show that [p,,, +00) and thus R* := [0, c0)
is contained in the spectrum, see Figure (3| and It is also noted that criterion of being in H!(R3)
defines the physical solutions in the presence of absorption.

2. In the second part (Subsection , we state results from short-range and long-range scattering for
—A +V — X with real potential V' which is either short-range or long-range, respectively. Solution as
Im k? — 0 are obtained as limiting of solutions off the spectrum, in a process called limiting absorption
principle (LAP). In the current convention, the physical solutions, called ‘outgoing’ are obtained by
approaching the spectrum from above, i.e. Imk? — 0%. These solutions are shown to satisfy radiation
condition, which are then used to define them uniquely. There are three important elements:

e the existence of the above limit in certain function spaces as one approaches the spectrum, which
gives the existence of ‘outgoing’ solution.

e These solutions satisfy certain radiation condition.

e Their uniqueness under the radiation condition is intimately connected to the absence of positive
eigenvalues.

To show the LAP for short-range potentials, perturbation theory with respect to —A (the Agmon-
Jensen-Kato approach) can be used. This however excludes long-range potentials, and theory has to be
redone, and is replaced by e.g. the long-range scattering theory by Ikebe and Saito. Since the theory
is extremely technical and elaborate, we will only state the main results, following the exposition of
[35]. For radiation conditions, we will follow the exposition of [39].

3. In the third part (Subsection [3.3]), we put together the results of the first two to obtain the resolvent
of conjugated operator L. Slight adaptations have to be made due to the dependence on frequency w
2

of the term w—z and the smgularlty at zero of Coulomb-type potential % oz ‘) The construction of the
resolvent is given in ) for v > 0 and for v =0 in two approaches Cf 3.71)) and -, while the

asymptotic expansion and radiation condition are stated in and 1_'
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12 Barucq & Faucher & Pham

3.1 Well-posedness of variational problem in the presence of absorption
3.1.1 Recall of basic analysis tools

This subsection serves to recall some basic notions and facts (e.g. ellipticity and coercitivity) needed for
the well-posedness of a generic variational problem (off the spectrum) in Subsection 3.1.3
for { € H*, find u € H so that

d(u,v) =L(v) , YveH, (3-3)

With the superscript * denoting the dual (i.e. the space of bounded linear functional on H), we have
written

H = H'(R®) , V := L[*R> , H* := HY(R®*.

H-ellipticity A sesquilinear form d is continuous if there exists d > 0,

d(u,v) < dllully [[o]l, (3.4)
and is H-ellipticity if, cf. [33] Eqn (2.43)]),
JoeC,lol=1,¢>0 : |Reod(u,u)| > c|ulmms- (3.5)

Given H-ellipticity of a sesquilinear form c, we have
cllulf, < [Re(od(w,w)| < lod(u,u)| < |d(u,u)|. (3.6)

For a continuous and H-elliptic sesquilinear form, the solvability of the variational problem follows
from Riesz representation theorem, since and imply that c defines an inner product on H with
a norm that is equivalent to ||-||3). Or, we can also apply Lax-Milgram cf. [33, Lem 2.1.51]. In addition,
if £(v) = a(u,v) for all v € H, then

cllullf, < @)l < Nl full.

With ¢ the constant from (3.5]), we obtain the bound for the unique solution v € H.

1
lullze < = [l€ll2e - (3.7)

‘H-coercitivity If a continuous sesquilinear form d : H x ‘H — C satisfies the Garding inequality,
Re (d(u,u) + (Tu, uyy-3 ) > min {{Rek®|, 1} [|ul3, (3.8)
with T': H — H* a compact operator, we have Fredholm alternative, cf. [I7, Thm 5.3.10]. This means
e cither for each ¢ € H*, variational problem associated to d has a unique solution, or

e there exists a finite-dimensional kernel space N' = {u € H } d(u,v) =0, ¥ v € H}, and there exists
solution to the inhomogeneous problem ([3.3) with right-hand side ¢ € H* if and only if ¢(u) = 0 for
ueN.

Hardy inequality Due to the presence of the Coulomb potential, we will also need Hardy inequality,
cf. 39, 1.4.2]

2
/ |“(xl| de < — [ Vu@Pde , uweH'®Y),d>3. (3.9)
Rd |$| d - 2 Rd

3.1.2 Well-posedness result version 1
For k? € C with Im k2 # 0, we consider the variational problem on R? corresponding to problem

(—A n “g) i p(x)—k2> w=f (3.10)

under the following assumptions.
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Outgoing solutions in helieoseismology 13

Function «(x) and p(x) are nonnegative, bounded and measurable functions, i.e.

0 < af) <ay < oo , 0<pl) < pu< . (3.11)

Remark 3. Note that in the current form and with the assumption o > 0, the potential V(z) :=
||

+ p(z) is allowed to be singular at the origin. A
Define sesquilinear form

a: HxH — C

3.12
a(u,v) = / (Vu) - (Vo) dx + / (—k2—|—@+p(x)) uvdz. (312)
R3 R3 |z
The variational problem associated to (3.10) reads
For £ € H* , find u € H such that
(3.13)

a(u,v) = £Lv) , YveH.

Below, we will establish H-ellipticity of a when k? € C\ RT under hypothesis (3.11]).

Proposition 1. The sesquilinear form a (3.12)) with assumptions (3.11)) has the following properties.
o The mapping a: H x H — C is continuous.

o When k? € C\ R*, a is H-elliptic with constants in (3.5)) given by

3 5 [mk| ORek?+6
Rek?>0 : o0:=-",¢c=— = ~ with f=04+1——5—,

5] Bl [k* + 1| Im k? (3.14)
Rek? <0 : o:=1, c=min{|Rek?|, 1}.

As a result of this, when k> € C\ RT, the variational problem (3.13)) has a unique solution u € H,
satisfying estimates

K2 + i
T o ek
m
lulle < Cltllaes  with C= . : (3.15)
. Rek? <0
min k2, 1} 0 s
k2 +ivy
kg
(Ck2 k(%—l’)/

Figure 3: Under hypothesis (3.11)), for k? € the highlighted region in blue C \ R*, Prop |1|states that
the variational problem to (—A + V(z) — k?)u = f with f € H* has a unique solution u € H.

RR n°® 9280




14 Barucq & Faucher & Pham

Remark 4. In the language of spectral and perturbation theory, a potential V = a‘gﬁ) + p(z) with « and
p satisfying hypothesis is in the Kato-Rellich class (L*(R3) + L*>®(R®)). With such a potential
V, operator Hy := —A + V(z) with domain D(H) = H?(R?) is self-adjoint, thus has real spectrum.
In addition, if V' is positive (which is the case under the current assumption ), then the spectrum
o(Hy) C [0,00). To further determine the structure of the spectrum in [0,00), we need more hypothesis
on the behavior of V' at infinity. For example, if in addition, V — 0 as |x| — oo then Kato theory gives
that o(Hy) = 0ess(Hy) = [0,00). This is the case if we assume additionally in that p — 0 as

|x| = co. See further discussion in subsubsection|3.1.4} A

Proof. Continuity: Under the assumption that a(z) is bounded and using Hardy’s inequality (3.9)) in
dimension 3,

< 2 Vully,

%
to bound

| @l
v (3.16)

<2ay HVUHV H”(m)Hv’

and thus obtain the bound defining the continuity of a in H x H,

/ @) (@) de < an
R3

]

|2

la(u, v)] < [[Vuly [[Voly + (K] +[Ipll)

ullv [vllv + 2l [[Vall,, |o],,

, (3.17)
< (1 %] 4 par + 20000 ) e [l
Ellipticity: The real and imaginary of a(u,u) are given by
Rea(u,u) = / |Vul|? de + / (7 Rek? + w) lu|? dx ;
R3 R3 ||
Ima(u,u) = f/ (Im k?) |u|? dz .
R3
In this case, we immediately have the bound
Rea(u,u)| > / Vul2dz + [Re k2|/ Wde > min{[Rek?|, 1} [[ul. (3.18)
RS R3
For § > 0, consider a complex number 5 = 31 +1i8s, 82 € R,
Re (5 a(u, v))
= B1 Rea(u,v) — B2 Ima(u,v)
— 51/ Vu>dz + / (52 Imk? — B Re k2)|u\2dz L[ Sule@ + @) 2y,
R3 R3 RS ||
Using the fact that a(z) > 0 and p(x) > 0, we obtain the lower bound
Re (5a(u,v)) > 51/ Vudz + / (52 Imk? — B, Re k2)|u|2dx.
R3 R3
We will choose (1, B2 so that each integrand in the above sum is positive, e.g.
51 Re k2 +9
= 5 = — .1
B1 y B2 T K2 (3.19)
With this choice,
Re <5a(u,ﬂ)) > 5/ \Vul?dz + 5/ wde = §ull?.
R3 R3
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Outgoing solutions in helieoseismology 15

For the second to last inequality we have used that o > 0. In this way, combined with (3.18)), we have
shown the H-ellipticity of a with constants given in (3.14).
O

Remark 5. We cite the result of [21), Prop. 14.1 p.47] which gives the meromorphic continuation of the
resolvent. Consider R(w) = (—A+V —w)~L. The resolvent R(w) : H=2 — L? is a holomorphic operator
function for w € C\ ([0,00) UX) where ¥ is a discrete set in [Vp,0). In a neighborhood of every point w,
then the resolvent admits the Laurent expansion

P

W—Wj

where Pj is an orthogonal projection in L* with a finite-dimensional range and R;(w) : H=% — L? is
holomorphic. The range of P; consists of eigenfunctions

(—A+V —-w)y = wjyp , € RangeP;.

3.1.3 Well-posedness result version 2

We extend the result of Proposition [1] by allowing p to have a negative lower bound, and let w? be
perturbed by a function which is constant outside of a compact set. We consider

(—A + a(@) + p(z) — CZ&?)) u = f. (3.20)

|| x

We impose the following assumptions:

e The function a(z) is bounded nonnegative measurable,

0 < afz) < ay < 0. (3.21)

e The function p(z) is bounded and measurable. In addition, it is allowed to take on negative values
but on a compact set, outside of which p is positive.

p(z) = pe(z) + pu(z),
with pm < pe(z) < py < o0, Supppc.CB, —00 < pm <0, (3.22)

and 0<p; <pp-

e The function c(z) is bounded, strictly positive, and is equal to a constant c,, > 0 outside of a
compact set B,

0<cm < clx) <cpr<oo , Supp(l—cw)c(z) C B. (3.23)

The associated sesquilinear form is given by
a:HxH — C
w alx 3.24
a(u,v) = /R3(Vu).(VE)da: + /]R3(—C2(x)+|;|)+p(x)) uvdz. (3.24)
The associated variational problem associated to reads
For £ € H* , find u € H such that
a(u,v) = £Lv) , YveH.

2

(3.25)

We recall the Sobolev space notations H, V and introduce H{(B) for a compact subset B,
H = H'(@R®),V := L*R® , H{B) := {uecH|SuppucB}. (3.26)

We will show that if w? € C\ ([0,00) U S) for a discrete subset S of (—pm, 0], the variational problem
(3.25) has unique solution. Compared with Theorem |1} for which p,, = 0, the difference here is in the
interval [py,, 0] where there will be discrete eigenvalues.
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16 Barucq & Faucher & Pham

Proposition 2. Under assumptions (3.21)—(3.23)), sesquilinear form a (3.24)) has the following prop-

erties.
o The mapping a : H x H — C is continuous.

o When w? € C\ [pmc3;, 00), a is H-elliptic. When w? < p,,ci;, the constants H-ellipticity

constants in (3.5) are

2
c:=1 and c¢:=min _Rew +Pm, 1y, (3.27)
Cir
while for Rew? > py, c3;, they are
8 1) Im w?
o == and c:=-— = c= - , (3.28)
18| I&] w? +ici (1= pm)]

where for § > 0, B is defined as,

w? + ic?w (1—pm)
Im w? '

B =90

As a result of this, when w? € C\[pm c3; , 00), the variational problem (3.25) has a unique solution
u € H with estimate

w? +ick, (1= pm)|
|Tm w?|
lullze < Cltllze-  with C= . (3.29)

1
Rew? < py, c2
; P) ) m Car
mln{che,{; + Pm s 1}

, Rew?> pmc?\/l

o Forw? e [pmc%{7 0], the Fredholm alternative holds for variational problem (3.25)).

In fact, one can make a more precise statement: apart from a discrete set (possibly infinite)
S C [pmC3;, 0], A(w?) is invertible. In addition,

wreS , NW?) = {ueV | Aw)u = 0} is finite-dimensional.

—Pm

Cpe

Figure 4: Illustration of results of Prop [2 Under hypothesis (3.21)—(3.23)), for k2 € C\ (SU [0,00)), the
a(x)
||

variational problem to (—A + +p(z) — % u = f for f € H* has a unique solution v € H .

Here py, := mingeg p(x), ¢y := max,er (), and the set S represents a discrete (possibly infinite) set
in the interval [—p,,,0).

Remark 6. In the case of constant wavespeed c, the perturbation theory provides more precise results. In
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Outgoing solutions in helieoseismology 17

a(x)

particular, with Hy == —A+ o] +p(x), if we impose in addition that p — 0 as |x| — 0 (which means that
pi — 0in (3.22) ), then S is the discrete spectrum o 4;s(Hy) and [0,00) is the essential spectrum o ess(Hy ).

This means that in the case S is infinite, its only limiting point is 0. In this case, V = % + p(x) is
called a Kato-potential (B.2) (i.e. of type L?>(R™) + L?(R™),). A

Proof. Continuity statement: As before, with «(z) bounded, we bound the term involving ﬁ of
a(u,v) using (3.16)), and thus obtain the bound defining the continuity of a in H x H,

|w?]
au. o)l < 19l Vol + (S5 + oar ) Iy ol + 200 |7l ol
m (3.30)
|w?
< (1 + 5+ llar + 2aar) fulle ol
Ellipticity statement: We develop the real and imaginary parts of a(u,u)
Rew? o
Rea(u,u) = \Vul|? de + / (f 7+p(x)> lul? dx + / — |u|? da;
RS RS () rs |7
Imw?
Ima(u,u) = — [ ——[ul"dz.
Rs C*(z)
Rew? < pp,ciy ‘ Since ¢, > 0, this condition can be written as
2 2 Rew? 2 2
—Rew® + pncyy >0 & — 2 + pm >0 &  p,ciy > Rew”. (3.31)
M

Since py, < 0 and c2 > 0, this also implies that

Rew? < 0 < —Rew? > 0.

In addition, since

0 < (x) <y , p@) > pm,
we have Row? Rew?
_ ew — e w
Elbadl _— m > 0.
c2(x) + (@) > c3, + P

Under the current hypothesis (3.31)), the lower bound is strictly positive. Together with the fact that
a > 0, we obtain the H-ellipticity for a,

— Re w?
Rea(u,u)| > / Vul? dz +/ (# + pm) lul? da
R3 R3 CM
(3.32)
. Rew? 5
> min < — c?\/[ + pm, 1p ullz -

‘Re w? > pycar and Imw? # 0 ‘ Consider a complex number 5 = 81 +1if8s, #1 > 0, B2 € R,

Re (6 a(u, v))
= f1 Rea(u,v) — B2 Ima(u,v)

Imw? — 51 Rew? a
= 51/ |Vu|?dz + / (62 b +ﬁ1p(m))|u|2d:c + / B —|ul* dz.
R3 R3 R3 |z|

()

Using that « > 0, p(x) > pm, and 81 > 0.

I 2 R 2
Re(patu)) > o [ [vuar + [ (52 me” — i Rew” | ﬁlpm) WPde.  (333)

c(x)
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18 Barucq & Faucher & Pham

For ¢ > 0, we define 35 as

Imw? — f; Rew? Rew? — ¢ + 3 g
folme? — BRew | g =5 e g = BT —Chupn) by
ciy Imw

(3.34)

This also means that
BoImw? — B; Rew? = c?w& - c?wﬁl Pm -

Since ¢3;, > 0, § > 0, 31 > 0 and p,, < 0, with 85 as defined by (3.34)), we have
BoImw? — B Rew? > c3,6.

This means that

BoImw? — B Rew?

2
Cnr

BoImw? — B Rew? >0 and

As a result of this,
BoImw? — B Rew? - BoImw? — B Rew?

c2(x) c3,

We use this to further bound the right-hand-side of inequality (3.33)),

2 2
Re (8a(u v)) > ﬁl/ vopas + [ (ﬁ”m“’ R ﬂlpm) juf? da

6 / |Vul|? dz + (5/ lu|? da .

Re (fa(u,v)) > 6/RS|Vu|2dx + 6/Rg|u\2dx — Sl (3.35)

Upon choosing 81 = 8, we have

With this choice and (3.34)) for Ss,

Rew? — c2,p, + 2 w? +icZ,(1—p
B =19 (1 +i SiBm M) — 5 1me<2 m). (3.36)

The above results, combined with (3.32) have shown the H-ellipticity, Re (a a(u7u)) > c||lufly with

constants given by (3.27)—(3.28).

Coercitivity statement For the proof, we consider w? with

Imw? =0 , pmci; <Rew? <0. (3.37)

We decompose a as
a(u,v) = é(u7v) + <MU" U>7'l*,7-l

where

A HxH > C
A(uv) = /]R (Vu)- (V) dr + /

R3

2

W al) - (3.38)
(— @) + 7] + pl(x)) uvde.

and M : H — H* is the multiplication operator by p.

Mu, V) = / Peuvdzr.
R3

Denote the associated operators to a and a by
AW?) = =A— —— + —Z 4 pi(x) ; AW?) = AW?) + Muy. (3.39)
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Outgoing solutions in helieoseismology 19

The sesquilinear form a (3.38)) is H-elliptic in this case. In fact, for — Rew? > 0, using the assumption
that o > 0 and p; > 0,

_ 2
Rea(u,u) / |Vul|? de + / (Pcii)mﬁdx > min{|Rew?|, 1} ||ul|3, .
M

This also means the operator -(w2) is invertible with A(w?)~' : H* — H is bounded, which
restricts to a bounded operator A(w?)~! V — H. In particular, for f € V

AT flw < C I £l < ClIf Iy

On the other hand, under the current assumption [3:22] p,. is compactly supported in B. We have the
compactness of the embedding i : Hi(B) < V, cf. e.g. [20, Theorem 3.7] or [2I, Thm 7.2], with H{(B)

defined in ([3.26)).

Weaker version: We have M is a compact mapping,

Mysar = ey mEIRY)Y  © tmis)ere®y)  © Muiws) s Hi(B) -

continuous embedding compact embedding continuous

As a result, a satisfies the Garding inequality,
Re (c(u,u) + Mu, U>H*,H) > min {|Rew?|, 1} ||uH§_L

From here, we obtain Fredholm alternative for variational problem (3.25)) under the current assumption,
cf. subsection B.1.11

Stronger version: Since A(w?)~':V — H is bounded for Rew? < 0, this means that
Q™ := {z€C|Rez< 0}

is in the resolvent set p(A), and the function

Q- — L(V,H) is analytic
~ (3.40)

W AW

Decompose by the operator A(w?) as

AwHusy = Aw)usy + Mysy = (IdVﬁV + Mausy AWl ) AW usy -

=K(w?) V=V

Hence, A(w?) : H — V is invertible if (Id + K(w?)) : ¥V — V is. From (3.40), the mapping K(w?)
is analytic on Q™. In addition, it is compact, being as a composition of continuous mappings with a
compact one,

Kw)vsy = immoy o Mymm © AWyl

compact embedding continuous continuous

As a result, we can apply the analytic Fredholm theorem, cf. [30, Thm VI.14, p.201], to Id + K (w?). The
proof is finished by recalling that, in the ellipticity statement, we have shown that when w? € Q~ \[p ]
a is H-elliptic, thus A(w?)~! : H — H* exists and is bounded, and restricts to a bounded map A(w?)~!
H—=V.

O

Remark 7. Without too much changing, the condition on the global positivity of o can be relaxed to just
being positive outside of a compact set but still finitely bounded below. For erxample with 0 < x < 1 a
cut-off function x =1 in |z| <1 and |x| > 2, then we can replace v in the proof with (1 — x)a and p. by
pc + x @. The lower bound p is then p,, = inf, cgs pc + x @.
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20 Barucq & Faucher & Pham

3.1.4 From the perspective of spectral theory and perturbation theory

We have shown that the operator —A+V (z) —k? : H — H* is invertible and with bounded inverse which
restricts to bounded map (—A + q(z) — k?)~! : V — H. In the language of spectral theory, this means
the spectrum of —A + q(z) is contained in [0, 00). Spectral theory goes beyond this result and provide
more precise description of the spectrum. In particular, perturbation theory studies perturbations that
preserve some property of the spectrum of the unperturbed operator. In the case of Schrédinger operator,
one studies the spectrum of Hy = —A + V(z) as a perturbation of the spectrum of o(—A). One precise
question is to determine the type of potential that would preserve first the self-adjointness and then the
essential spectrum of —A. Here, we focus on potentials that vanish at infinity, i.e. V' — 0 as |z| — oo,
as opposed to potential that grows at infinity as in the case of the harmonic oscillator, e.g. V = c|z|?.
More basis facts and definitions are recalled in Appendix [B] here we summarize the important results
for Schrédinger operator. Note that the potential of operator under assumption is Kato
potentials (i.e. of type L*(R") + L?*(R"),, see (B.2)). An important example of the Kato class is the
Coulomb potential, cf. [I5, Example 14.8]. We defer further discussion for this case in Remark

e As a result, cf. [15, Theorem 13.7], —A 4+ V, with V a real Kato-Rellich potential, is self-adjoint on
domain D(A) = H?(R3).

O'(Hv) c R , U(HV) :Udis(A) |_| Uess(HV);

Oess(Hy) = {)x e€o(A) | I{u,} C DA, |lul|=1, u, 20, (A= XNup, N 0}7
where LI denotes the union of disjoint sets.

e More descriptions of the essential spectrum oess(Hy ) are obtained if decay at infinity is imposed for
v,

Theorem 3 ([I5, Thm 13.9] ). Assume that V is real and A-bounded with relative A-bound < 1, and
that V(z) — 0 as ||x|| = 0. Then Hy = —A +V is self-adjoint on D(H + V) = H*(R") and

Oess(Hy) = o(=A) = [0,00).

e By Theorem 14.9 [I5], all real Kato potentials are relatively A-compact. As a result, cf. [I5, Cor.
14.10], for such a potential
Oess(—A+ V) = 0ess(—A) = [0,00).

3.2 Construction and uniqueness of solution on the spectrum — Limiting
Absorption Principle

The following discussion will use the weighted spaces L2(R?), which consist of ¢ € L (R?) with finite
norm,

1+ 12772 9@ || oy < 00

Theorem 4 (Weighted Sobolev embedding [21, Thm 2.5 p. 5]). For sy > so and 01 > o9 then embedding
HZ' C H3? is a compact operator.

3.2.1 Short-range real-valued potentials

For H := A + V(x) where V(z) only contains short-range perturbations. The outgoing resolvent is
constructed based upon perturbation technique and uses the Born’s splitting

H—k = Hy—k*+V = (Ho—k*) (Id +Ro(kK*) V).

For the rest of the discussion of short-range, we follow the exposition in [2I]. The theory is also discussed
in [35, Chapter 6 p.231].
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The free resolvent The free resolvent can be constructed by using Fourier transform, cf. |21, Lemma
9.1]. Denote by Ro(A) := (—A — X)~1. We have

U(*A) == Ucont(*A) = [0700)

Ro(A\) : H=2 — L? is holomorphic for A\ [0,00), cf. |21, Lemma 9.1 ii.]. By using limiting absorption
principle, one obtains the limit Ro(Ag £ i0), for Ag > 0. Note that +i0 stands for the limit when
approaching from above the spectrum ([0, 00)) and —i0 from below. This also gives the limit Ro(A\g £ i0)
as a bounded map between L?  — L2 fOIE o > 0. In particular, for ¢ € L2 with o > %, cf. 211 p.72],
we have

| Ro(kg £i€) v — Ro(k§ £i0) ¢ |,. — 0, €>0.
In addition, by [2I] Thm 18.3], with o > %, the function

{AeC:ImA>0}\0 — L(L%, H*,) is continuous

Construction of the perturbed resolvent off the spectrum Given the free resolvent at A and the
invertibility of 1 + Ro(A\)V in L%(R3?) for B > 0 cf. |21, Prop 10.3], then R(A) can be constructed as a
bounded map between L?(R?) by using the Born splitting, cf. [21, Theorem 10.5 p. 33],

RO = (1 + ReW) V)" Ro(N). (3.41)

The invertibility of Id +Ro(\)V is obtained by Fredholm theory, by first showing its compactness, cf. [21],
Lemma 10.2], and then by showing that for A € C\ [V{, o), the only solution in L? to (H — \)1 = 0 is the
trivial one, cf. [2I, Prop 10.3]. Note that, for the compactness, we only need some decay. In particular,
we require for A € C\ [0,00), if V satisfies

V(z)eC(R?) , sup (1 + |alc|2)ﬁ/2 V(z)] < oo , >0, (3.42)
T€R3

then Ro(k?)V and VRo(k?) are compact in L?(R?), cf. [21I, Lemma 10.2]. By definition, a short-range
decay requires 8 > 1. The resolvent is then extended as a meromorphicﬁ function to [Vp,0), cf. [21] Prop
14.1].

On the spectrum: We will take limit as A approaches the spectrum of the Born splitting (3.41)), the
result of which is given in [21, Theorem 19.2]. Here more decay requirement has to be imposed on the
potential, i.e.

V(z) e CR? |, sup(1+z?)2|V(z)| <o , B>1. (3.43)
z€R3

Since one will need to show [Id +Rg(Ag + Fie) V)™ — [Id+Ro(Ao + £i0) V)~L. This requires the
following ingredients.

1. Limiting absorbing principle for the free resolvent, see discussion above.

2. The invertibility of Id +R (X £10)V is obtained by Fredholm theory as follows.

5Note that o cannot be zero since [0, c0) is continuous spectrum (thus lack of the existence of bounded inverse in L?).
61n fact, the function C\ ((0,00)UX) — L(H2,L2) , A+~ R()) given by (3.41) is holomorphic. Here ¥ C [Vp,0) is
a discrete set.
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e One first shows the compactness of R(A+i0)V. By [21, Lemm 19.1], for 5 > 1 and kg > 0, we havem
Ro(kg£i0)V : L*, — L?_ is compact for o € (3,8 —1).

e Injectivity, if (1 + Ro(A£i0)V : L2 — L2 for kg > 0. We can apply Fredholm since Ro(A £ i0)V/
is compact. This means for invertibility we need injectivitiy, i.e. that for k > 0, the problem

(FA-Kg+V(@)p=0 , pel’R,

only has trivial solution ¢) = 0. This is given by applying Agmon’s theorem which gives the decay
of eigenfuntion, cf. [2I, Theorem 20.2] and then Kato’s theorem giving the absence of the positive
eigenvalues, cf. e.g. [2I, Thm 15.1] or [35, Thm 1.1].

Theorem 5 (Kato). If the operator H = —A +V is defined with V satisfying
()] < CA+z)~" , p>1,
or V' continuous real function satisfying

lim |z|V(z) = 0,

||~ 00
then H does not have positive eigenvalues. That is if Hy = A\ with A > 0 and 1 € L? then ¢ = 0.
As a result, one obtains the convergence of
1+RoA£ie)V) ™ = 1+ Re(A£i0O)V)™ | €>0,e—0,
in the norm £(L2_,L? ) and that, for o > 1/2, cf. |21, Thm 19.2|, the mapping

{AeC|ImA>0}\ (Z2u{0}) — L(L2,L%,) is continuous
A — R(N).

Uniqueness and asymptotics of solutions They follow from the properties of those given by the
free resolvent. In particular, the solution given by R(\g £ i0) is determined uniquely by the radiation
condition cf. [35, Eqn 6.1.9 p. 233]

lim |0,u(x) F iXNY2u(x)|dS, = 0. (3.44)

T—00 |JE|:T

The uniqueness statement can be found in [35, Theorem 6.1.7 or Theorem 6.1.4 p 233]. That the
limiting solution satisfies the radiation condition is shown in [35, Theorem 4.4 and Cor 4.5], by using the
asymptotics property of the free resolvent.

2

Remark 8. One has another definition of outgoing solution. Foru € L? (R3), u is ko-outgoing solution

if
u = —Ro(ki +10)f
outside of some compact set for f € L2(R3) with o > 1/2, cf., e.g., [27, Definition 3.1].

7 This can be seen as follows. We first decompose the mapping from L%U — L%a as

V.

Ro(A+i0
2, 5 L2 0(AH0)

H2,, 12
Requirements have to be imposed on o, ¢/ and 3, for the first two mappings to be continuous and the last one to be
compact.
— The first mapping, under assumption , the multiplication operator by potential V' is continuous if ¢/ + o < 3.
— The free resolvent on the spectrum Ro (A + i0) is continuous o’ > %, cf. |21, Thm 18.3 i
— The embedding i is continuous if ¢/ < o.
This means
l<o'<o , d/+o<B = B>1.

This explains why we need 8 > 1, equivalently that V' is a continuous short-range potential.
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3.2.2 Long-range real-valued potentials

We have seen in the previous discussion that in order to use perturbation theory with respect to —A to
obtain the limit on the spectrum of the resolvent of the Hy := —A + V', one has to require that V' decays
faster than |z|~! at infinity. This requirement is needed to obtain the compactness of the Ro(\ + +iV),
which is a key ingredient in perturbation theory. The machinery has to be redone for slower decaying
potentials, e.g. the work of Tkebe and Saito, or by Mourre’s commutator method, cf. [35, p. 428| for the
review of literature of LAP. We consider the equation of the form,

(A + V(z) — Nu = f. (3.45)

Define the resolvent at A when it exists

R(A) i= (-A+V(z) —\)"h

Assumptions: Real potential V' is a bounded function, and for sufficient large |z|, admits a repre-
sentation as a sum -
V=Vv+W , V=V, (3.46)

where Vg is a short-range potential with
Ve = O(z|™") , ps>1 , J|z|— o0, (3.47)

and Vi, a long-range one differential in |z,

Vo = O(lz|™) , 9.V =0(z|"" ") , ;>0 , |z|]—o0. (3.48)

Using commutator estimates, it is shown, cf. [35] that the same radiation conditions as that for the
short-range case, cf. (3.44)), can be used to define uniquely a solution to (3.45)),

lim |0,u(z) T iXNY2u(x)|dS, = 0. (3.49)

r—00 | =r

Theorem 6 (Uniqueness - [35, Thm 11.3.7]). Assume that potential V satisfies (3.46)—(3.48)). Ifu € H?

loc

is a solution of —A + V(x) — XN)u = 0 and u satisfies one of the radiation condition (3.49), then
u = 0.

Note that also by commutator estimate technique and the notion of H-smooth of Katdﬂ the absence of

positive eigenvalue is shown, in another word, the positive spectrum of —A 4 V' is absolutely continuous,
cf. [35, Thm 11.1.1 and Cor 11.1.2].

Theorem 7 (Existence by LAP - [35, Thm 11.3.6 — 11.3.7]). Assume that potential V' satisfies (3.46])—
(3.48), f € L2, and o satisfies
1 L+p

<o<3 | o<p—3 , o< 7 - (3.50)

N

Define the set
Q = {)\:(k+ie)26(C | 0<c<k<c , 0<e<l1}.

8For V admitting a long-range potential, we cite [35, Corollary 11.1.2]. Tt uses Kato’s ‘smoothness’, cf. [35, Eq. 0.5.2 p.
30]. For a K-bounded operator G : H — C

sup  ||G(R(A+ie) — R(A—ie))G*|| < oo.
AEX ,e>0
The main result is [35, Prop 0.5.3 p.30] which gives that if there exists an operator G that is K-smooth on Borel set X C R
with KerG = {0}, then the spectrum of K is absolutely continuous on X .
To apply to the case of Shrédinger equation: it is shown in [35] Thm 1.1] if @ is the operator of multiplication by
1+ r2)*"'/2 with
% <o < %min{ps,l + o1}

then Q is H-smooth, and if Ker G is trivial then H is absolutely continuous on X.
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Then the function

u : Q — L?_(R") is continuous.
z = u(z):=R(2)
Thus u(z) has boundary value along the cut [0,00), denoted by u(Ag £10), A\g > 0. This is a solution of
(—A + V — )\Q)’LL = f
In addition, it satisfies the following estimates
[u(@)- < Clfllos
- . (3.51)
[ur(z) — INu(2)lo-1 + (IV7u@)]lo-1 < C|lfllos

where C' does not depemﬂ on z € Q. In particular, the limiting solution satisfies
up(Xo £i0) F iAPu(Ao£i0) € L2, , A >0.

As a result of this, it satisfies the outgoing (incoming) radiation condition (3.49).

For other discussion of resolvent estimate in weighted L2 spaces for LAP, we refer to the introduction
of [38, p. 859-862].

Theorem 8 ([I2, Theorem 3.4]). Assume that potential V' satisfies (3.46)—(3.48)). In addition, the long-
range part Vi, is C> with
0"V < e (@ +]z)) P se(0,1] , 0< |8 <3,

With Ao > 0, for f € L2, o > L, ther} with R(A) = (-A = A+ V)71,

. . eié@o) . -
(RO +10)f)(@) = /20" = an () + oflal ™).
. (3.52)
) ] el (@) z B
(0 R(Ao +i0)f) () = im'/2g/" a2t () + ellel ™),

for some ay,a_ € L*(S?) as |x| — co. Here, the phase ¢(x,\) is an evact or approzimated solution to
the eikonal equation

Ve (z, N[* + V() = A (3.53)

Remark 9 (Sharp LAP). We first note that in sharper form of LAP, the weighted L2 spaces are replaced
by the Agmon-Hérmander space B and B* its dual (with respect to L*(R®)). The space B consists of
functions f such that

1/2 0 1/2
1l = ( /|I|§|f<:c>dx> > (2" / ngwlgmlf(w)ﬁdx) < 0. (3.54)

Denote by B’ its dual space with respect to L?. Its norm is given by [35, Eqn. 6.5.2], with an equivalent

form,
) 1/2
lglls+ := sup (/ Ig(fﬂ)2d8> : (3.55)
rzl \ T Jz|<r

91n fact, the constant C' does not depend on X from compact subset of (C\ {0}) N (C\ [0,c0)).
10We also have similar for the incoming solutions

—i¢(z,N)
(RO=i0)f)(@) = a'/2A7H4 Zf—a (20 + oflal ™)
(8 RO —i0)f) (z) = in/2A1/4 %T’A)a_(%) + o(lz|™Y).
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Note that, cf. [35, p. 235],
L} c®BcCli,cl’cl?,c® clL, , o>1/2. (3.56)
Under the same assumption in cited Theoremm the resolvent estimate (3.51)) can be replaced with
IR llsm: <C , TmA#0. A

In the above cited theory, the potential V' is assumed bounded. However, it can be allowed to develop
some singularity. We comment on this extension in the following remark.

Remark 10 (Scattering with long-range singular potential). Due the existence of a Coulomb-like potential
a(z)
[T )
need results for mild singularity. For this purpose, we will cite results of [38] which is for a more general
problem: the magnetic potential. We will only need what is called the electric potential there, and set
the magnetic potential to zero in the assumptions and results of [38]. We first use [38, Assumptions

1.5,1.20-1.22], the real potential is decomposed into a short and bounded long-range one,

where a is a continuous bounded function, we need to allow for singularity in V. However, we only

V =W +Vs, (3.57)
with assumptions,
Vs, Vi, € Li,.(R?) | /(VS + W) |ufder < B/|Vu|2d:1c , O<v<l, (3.58)
and for some ¢ >0, 7o > 0 and >0
VL] c .
m + (V)4 + V5] < W ) for x> ro;
= 0W@) =0 if |z < ro; (3.59)
c
|VS| S |1'|Tﬁ s f07'|$|§7"076>0.

Here ()4 is the positive part. Note that there is a switch in sign convention compared to [38]. Setting the
magnetic potential to be zero, for a fited X > 0, and all \g > X, theorem [38, Thm 1.7] gives that there

exists a unique solution u € H}, (R3) of the equation

(A +V + M)u = 0,

satisfying estimate

1
dx + sup —; lul?dor < CN)|Iflls, (3.60)

[V-Eul?
x| r>0 R? Jjp=r

|
and radiation condition with 0 < § < 1 with § < p (here p is in (3.58))

/ Vu — iV X iu
|z|>1 ||

The solution is given as a limit of the sequence R(A\o +10)f as e — 0T in H}. . Here B and its dual B*
are the Agmon-Héormander spaces defined in (3.54)—(3.55). Note that ||||ss and ||-||s+ are denoted in [38]
respectively by N1(-) and || - ll1. A

Nolluld. + [VulZ. + /

2 dx
AT ) < OISz

2426

(3.61)

Remark 11 (L?-type radiation condition). The solution obtained by limiting absorption principle can be
shown to satisfy a Sommerfeld-type radiation, which in turns defines its uniqueness. For more discussion
of other forms of radiation condition see the introduction of [29, p.5]. We cite a result by Saito [32]. For

V = plong(x) +pshorta
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where Pshort 15 a short-range potential, and piong a bounded real function in C2(R?\ {0})
07p(x)| < |z~ o] <2,

the solution given by limiting absorption principle satisfies radiation condition of the form,

J.

where 0 < 6 < 1 is a fized constant. Here, the phase ¢(x,\) is an exact or approzimate solution to the
etkonal equation

2 dx
_ .62
05 2] < 400, (3.62)

Vu — i(Vo)u

[Vap(@, N)? + prong(z) = A.

In more recent results by [29, [39], the radiation condition is given in the form,

2d
/ Vu — iVeus| & < 4oo, (3.63)
RS |z |
where
V(i) 5 Ve , x—o00.
For more discussion of other forms of radiation conditions, see the introduction of [32, (57, [29]. A

3.3 Application to the conjugated operator

The goal of this section is to obtain the resolvent of the conjugated operator £ := p/2 Loq p~ /2, cf.
[2.5). At the complex wave number w? introduced in (1.2)),

w = go(l +iv)wy , where wy€R" and 7€ R,

where go is the branch of square root, cf. (4.11b)). The normalized form (2.19) of £ is

a(x
L= -A— Kk + |(x) + p2(z) + ps(z) + w’pi. (3.64)
The involved potentials are
_ 11 o Orp
p1 = C2(£L') Cgo ) - p )
R T Y
P2 = 7 2 4 2
- 1(3|VS2P|2 B Aszp)
lz> \ 4p%(x) 2p(x)

Here, we work under the assumption that the potentials do not oscillate and have constant limits at

infinity defined in (2.17)),

oo = lim a ; ol := lim O,a ; co = lim c.

T—>00 r—00 T—00
In addition, p; is smooth and compactly supported, while ps and p3 are short-range potentials. « is
positive and bounded in L?(R3). The normalized wavenumber of the conjugated operator is defined in
(12.18])

kZZi,aﬁfaoo .
2 1 5 (3.65)

from the complex frequency w. When there is no attenuation, i.e. when v = 0, the normalized wavenum-
ber reduces to

w? a? a!
ki =0 - == _ —x= (3.66)
0 2 4 2
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We introduce the following family of potentials,

Vo = o(z) + p2(z) + p3(7);
|z| (3.67)

V@ = VO + ,B P1 -
We also consider the following family of operators parametrized by complex numbers 5 and A,
Lgy == —A — X + V3. (3.68)

We denote its resolvent by
Rs(N) = (Lga) " when it exists.

Note that the conjugated operator (3.64]) is
L = L2y , where k is defined by (3.65)) .

Our goal is to consider
L7 = Re (k).

Construction of solution in the presence of attenuation Recall that when Imw # 0, Prop 2 gives
that

Re2(k?) € LAR?) |, w?eC\[0,00)UY, (3.69)
where ¥ is a discrete set in [ac, 0), with
a = inf Vy , ¢ := supc.
z€ER3 z€R3

Construction of solution without attenuation It remains to define the resolvent at real parameters,
ie.

Rz (k) -
We first make a remark regarding the real potentials V and ng for fixed w3.

Remark 12. Potential V} contains both short-range and long-range contribution. The presence of
the Coulomb-like potential is dealt with by using the results of [38] discussed in Remark . We discuss
briefly how potential satisfies the required assumptions of this theory. Using a cut-off functioﬂ
X € CX(R), we first rewrite the Coulomb-like potential as

a(x) !
-7 = @ =x(@)—F + x(=) —,
|z Ed

to separate out the singularity behavior at the origin and the slow decay at infinity. The compactly
supported part x(z) algj),
one, and leaves the slow decay at infinity to the long-range part of the potential. In particular,

which contains the Coulomb singularity, will be absorbed into the short range

Vo =V + VWV = (L—x(@) —~. (3.70)

It can be verified that potential V& and V3 satisfy assumptions (3.58) with u in (3.58) equal to 1. On
the other hand, the real potential V2 is only different from Vi by a compactly supported term which is
smooth, we can use the same decompositions:

a(z
Vg = VOV LV = W = (x5
with V‘}% and sz(% also satisfying (3.58)). A

11 An example of x is x = 1 for |z| < 1 and x = 0 for |z| > 2, and smoothly continued in between 1 and 2.
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Approach 1 | For each fixed w2, Remark [12| allows us to apply Theorem 1.7 of [38] to operator
-A + ng ,

which gives that the mapping

Q — L(B, B")
—1 is uniformly continuous.
Aom (—a+ Vg - A

Here
Q:={AeC | 0<cg<Red<ey , 0<ImA<1}.

In particular, the boundary limit as Im A — 0 exits which gives a definition at A = k3 for
-1
Rz (k) = (— A+ Ve — (K+ 10)) . (3.71)
In addition, for f € B, %w(z](k%)f defines the unique solution u € HL _(R3) to
(A+V,z—=MNu = f , with A= k2, (3.72)

satisfying radiation condition (3.61) at A = k3,

/mzl

and asymptotic expansion (3.88) listed below.

2

T dx
Vu—lko—u W

2] < oo , 0<do<l. (3.73)

Remark 13. In this approach, p1 does not have to be compactly supported, it only needs to decay no
slower than a long-range potential.

Approach 2| The difference here is to work solely with operator —A — V; and its resolvent Rg(A)

and use perturbation theory. The result is achieved in two steps.

Step 1 By Remark we can apply Theorem 1.7 of [38], cited in Remark which gives that

Q —  L(B,B*)

\ ALV M- is uniformly continuous, (3.74)
— —A + Vo — A)”

and thus has boundary value as Im A — 0F. It defines a bounded inverse at A\ = k2,
-1
Ro(k3) = (— A+ Vo — (K +iO)> € L(B,B") , o>1/2. (3.75)

In fact, with ¥’ denoting a discrete set in [a,0), we have the definition of

Ro(\) € L(LA(R?)) , for AeC\([0,00)UY’) with Rel>0;

(3.76)
Ro(N) € L(B, B*) , for Ae (0,00).

In addition, for A > 0, Ro(\)f defines the unique solution to (—A 4+ Vy — AN)u = f satisfying radiation
condition (3.61)).

Remark 14. Note that the results in[I0 gives the sharp form of LAP in the Agmon-Hérmander spaces B
and its dual B* (3.55). The current (weaker) result in weighed L? space is obtained by using the inclusion

of spaces (3.56)). AN
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Step 2 It remains to take care of the compact supported perturbation w?p;. We write —A — Vs — A
as a perturbation of —A — V5 — A

-A—-Vg - X = (Id +ﬂp1mo(>\)>(—A—VO — )\)

(3.77)
This leads to the Born splitting
-1
Re(A) = [ Id + BRo(N) p1> Ro(A) . (3.78)
Remark 15. Note that when w € AC\ ([0,00) UY/) with 8 = w? and A = k? defined in (3.65)), using the
Born splitting (3.78)), we reobtain R,z (k%) in (3.69). A

We focus on the case when 8 = w?,

-1
Rz(N) = (Id + w?Ro(N) p1) Ro(N).

Given the existence of g (A) in Step 1, cf. (3.76), it remains to justify the existence of the inverse of
Id + W(2] iRo(kg) P1
We proceed as follows.

ubsubsection 3.2.1} in particular Ingredient 2 and Footnote

e Using the same argument for (—A — k2
( ), the mapping

) in
we obtain that, for ¥ > 2 and o € %

w Ro(k*) p1 = LA — L%, is compact .

o

Note that we have used Remark [14] which translates the fact that Qg (k3) € L£(B, %*) into Ro(k3) €
L(L%,L? ) for ¢’ > 3. Elliptic regularity gives that Ro(k3) € L(L2,, H*~¢’) for ¢’ > 3, which is
one of the mgredlents needed, cf. Footnote [7]

e We now have a Fredholm operator, and we next verify for injectivity. We show that the homogeneous
problem

(Id + wi Ro(w? + i0) p1) Y =0, (3.79)

only has trivial solution in L? , for ¢ € (3,9 — 1). With the current o, solution ¢ has the following

properties.
— We can rearrange (3.79) to rewrite ¢ as an outgoing solution with right-hand-side g := p; v,
Y = —wy Ro(wg +i0) g € L2,

Since p; is of compact support, g € L2, for all o/ € R. As a result of this, 1 satisfies a priori estimate

(3.60) and radiation condition (3.61)) with 0 < 6 < 1 (here p in (3.58]) is chosen to be 1)

/|wzl

Since g € L?, for all o/ € R, this means 1 satisfies condition (1.28) of [38] for some § > 0,
Vo — ko —

/|le ‘xl

By the second result of [38, Theorem 1.6], solution 1 satisfies condition (1.27) there,

—I\F 1/)‘ < ng/(1+\x|)1+5|g\2da;. (3.80)

1+|x| -

2 dr

(8

liminf/ <|w2 + k§|¢|2>da(as) 0, as|z] oo (3.82)
|z|=r
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— Solution 9 of (3.79) also satisfies
(A +Vp — k) (Id + wp Ro(wg + i0) pl)w = 0.
After rearrangement, this means v is a solution of the homogeneous equation

(—A + V2 — kg)y = 0. (3.83)

By Remark we can then apply the first result of Theorem 1.6 of [38] which gives that ¢ = 0 since
1 is solution of (3.83)) and satisfies the radiation condition (3.82]).

With these ingredients, for wy > 0, we have the convergence

—1 —1
(Id + w? E)%O(kQ)m) — (Id + wd mo(kg)m) in the norm £(L?,, L%,),
and we use the Born splitting to define
-1
() = (104w Mol 21 ) (). (3.84)

as a bounded map in £(L2, L? ) for o > 1/2.

Properties of outgoing solution Using the same argument as above, we can use the left Born splitting
to obtain

-1
R.2(k3) = Ro(kp), (Id + Wi p1 sﬁo(kg)> : (3.85)
Note that Id + w3 p1 Ro(k3) is compact and bounded in L2. This allows us to write

where

-1
9= (Id + wh p1 mo(%)) I

with f € L2, g € L2. From the property of g (k2), the solution Ry(k3) g satisfies radiation condition
7 which is of the form of . As a result, the defined resolvent also defines a solution to
and satisfies the radiation condition . The uniqueness of such a solution is guaranteed by [38]
Theorem 1.6], employed in Approach 1. In another word, we arrive at the same solution given by ,
which is defined uniquely by the radiation condition at A = k3,

2

x dx
Vu — ikg — — < 0<d<l1. 3.86
Josa |7 = Yo R < = (350
In addition, it has the asymptotic expansion, for f € B,
i¢(z,ko)
—1/4 € x _
(g ()f) @) = 7%k —m—ar () + ollal™);
. (3.87)
2 . 1/241/4 el #led) o -1
(0r Rz (k) f) (2) = im'/2xg TaJr(m) + o(lz|7),

for some ay,a_ € L?(S?) as |z| — oo. and the phase ¢(x, \) is an exact or approximate solution to the
the eikonal equation
IV oz MIIP + Voz(z) = k5. (3.88)

Remark 16. In the second approach, the same reasoning still applies if p1 is a short-range potential. In
particular, the compactness of Ro(k*)py : L2, — L* foro € (%,19 — %) with ¥ > 2 still holds true for
p1 short-range.
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4 The reduced problem in radial symmetry with constant o and
constant c

In this section, we extend the Atmo model to the whole domain and consider Equation (1.1) with the
wavespeed ¢ constant, and density p exponentially decreasing, i.e.

plx) = ce =12l Wwith constant Qoo > 0. (4.1)

This means « (2.8)) is now constant thus d,« = 0 and o, = 0. In this case, as shown in Section 2} cf.
(2.15), the potential q (1.5)) of the reduced operator simplifies to

a? as
=g+
The conjugated equation (1.4) simplifies to
a? 2 a
Lu = g where £=—A+T’° - = +t— g=p"?f. (4.2)
\q,_c/
—Kk2

2
See also Remark The constant f—; — O‘T"’ is called an energy level. Here k is a choice of square root of

this value. The choice of square root is discussed in subsection

We carry out the following tasks.

1. We introduce the fundamental kernel ®y(x,y) given by [16] in (4.63) and (4.66) and show that it is
indeed a fundamental solution to (4.2)), i.e. a distributional solution of

Q
(fAm - k2 + ﬁ) q)k(xay) = 5(x7y)
This is carried out in the proof of Prop [I4 We also obtain the asymptotic expansion and radiating

property for @, and |Z—| - Vy®(z,y) when y stays in a bounded set and |z| — oo, cf. Prop Prop
[[2] and Prop [13}

2. The kernel of the resolvent

-1
R(K2) = (—A —K aw)
|z
is given by ®y(z,y). This defines outgoing solutions in the presence and absence of absorption, cf.
Prop [I6] We show that the constructed resolvent and solution satisfy a Sommerfeld-type radiation
condition associated with wavenumber k, cf. Prop This radiation condition and other equivalent
variants are shown to characterize the solution uniquely, cf. Prop

3. Additional results are obtained such as a Rellich-type uniqueness theorem, cf. Lemma[I9] the expansion
of general solutions to the homogeneous equation in spherical harmonics, c¢f. Prop 20} and the exact
outer Dirichlet-to-Neumann map, cf. Prop The last result is used in Section [f] as a reference
radiation boundary condition.

Separation of variables Decompose the solution « and right-hand side g of (4.2)) in basis of spherical
harmonics,

U(T, g, (b) = u?"(r) an(gv ¢>),

M8
™~

o~
I

0 m=—/

NE
™~

g(r,0,¢) = g¢'(r) Y7'(6,9),

~
I

0 m=—/
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with )
e :/ / o(r,0,6) Y7(0, ) sinf dé do.
0 0

Then uj" solves

d? 2d a 0e+1)
B B 2 htcC) mo_ g, 4.3
( dr? rdr + T + 72 ) e 9e (4.3)
Define unknown w by
ud = r . (4.4)
Then w solves ) ( )
d «@ {6+ 1
—— —k? == = 7 4.
( 72 + . + 2 )w T gy (4.5)

We next introduce the change of variable

z = 2e'2kr. (4.6)
The function W defined by
w(r) = W(z:=2ikr), (4.7
satisfied™?]
d? 1 % L (e+3)? z 1 z
L vl le. 4.
(7 —a+ 2=+ )W = e () o e (48)

When the right-hand-side is zero, equation (4.20)) is a special case of the Whittaker equation,

1
4

X | 51— W
+ 24 )W:O . xeC,puecC, (4.9)

2w+ (

studied by Whittaker and Watson, cf. [I8] (1.4)]. In our case, the index p is of the form p = ¢+ % and
X = igﬁo. We first give a brief description of the solutions to (4.9).

4.1 Notations
Choice of square root branch We consider the following Argument branches,
Arg, : C — (—m,@w] ; Argy, : C — [0,27m). (4.10a)

The first one is the usual Principal square root branch, cf. [23]. Denote by g; and go the two branches
of square root corresponding to the above arguments,

1.
g1(2) = |2 /2631 A 9) (4.11a)
1,
g2(2) = |2|' /22t Are2(®) (4.11b)
They have the following properties in terms of the sign of the real and imaginary part,

Re gi(z) > 0 while Im go(z) > 0. (4.12)

12This can be seen as follows. Under the current assumption, ¢ and aeo are constant, hence
orw = 2k, W , —0%w = 4k?I2W.

We divide by 4k? the last three terms in ([&.5). This gives —1/4 in (&.20). On the other hand, ﬁ X the last two terms in
(4.5) gives the corresponding last two terms in (4.20) since

Qoo 1 oo 1 e+1) 1 41 Lo+ 1)?

ro4k2 2 2k r2 4k2 22 22
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The complex frequency With wy > 0, using the square root branch gs, we define
w= g2l +i7)wo , wo€RT,y€ER. (4.13)
With the above convention, we have (see also Remark ,
Imw > 0. (4.14)

The complex wavenumbers and parameters Using the square root branch go, we define k as the

square root,
2 2 2 2
. w «a _ wp « .Y 9
k'92<@‘4)w(ez‘4+1@“0’

(4.15)
Py— o . Pp— 1
no= g 5 x =i
Under the square root branch 7
Imk>0 . (4.16)

To denote the dependency on v, we will also write

k'7777'an’Y'

Remark 17. We have defined in (4.13) and (4.15) w and k respectively by using the square root branch
g2 (@.11b). Howewver, if v > 0, which is the case in our application, Imw? > 0, and Imk? > 0. As a
result, from the discussion in Appendiz[J 1]

Arg, (k) = Argy(k*) , Arg(w?) = Argy(w?) , >0

R (4.17)
= gl(cT) = 92(67) ;o a1(k?) =ga(k?) , y>0.
A

The real wavenumber and parameters We will reserve the subscript 0 for the corresponding
wavenumber and parameters above at v = 0,

2 2
_ “ _ ) . _a _
ko = g2 <C2 4> P = g i Xo=1m (4.18)

However, one has to pay attention to signs when taking the limit of k and as v — 0, under the current
choice of square root branch. We have the following one-sided limits,

ky = ko 5 My = M0 . Xy —Xo . as y—07;
(4.19)
k’y — _kO Ty — —No X~ — —Xo , as Py_>0_ .

4.2 Whittaker functions

Here, we introduce the Whittaker functions which are solutions to the Whittaker equation introduced in

@9,

d? 1 =« %—/ﬂ
AU G R

Solutions to (4.9)) are obtained from those of the Kummer’s equation

2
d
Zo U + (b—z)au —au = 0. (4.21)

In particular, if Y'(a, b; 2) is a solution to (4.21f), then X, ,, defined as

)W = 0. (4.20)

1 1
Xopw(z) = €27 22" YA +p—r, 1+ 2p; 2), (4.22)

satisfies (4.9). Below we will give self-contained definitions for the Whittaker functions. However, for
completeness of discussion, we also include the full definitions of the Kummer functions in Appendix
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4.2.1 Definition of Whittaker functions

We will need the following functions.

e Gamma function I

I'(z) ::/ e *s*tds , Rez>0.
0

For Rez < 0, I'(2) is defined by analytic continuation. It is meromorphic, with no zero, and simple

poles of residue 77—1,) at z = —n. We note the special values

I~

r1)=1 , nl=C(n+1),

and recurrence relation
INz+1) = 2[(2).

e The diagamma function 4 is defined as, cf. |28 (13.14.8) p.334],

P = . 2#0,—-1,-2,...

(a)p = ala+1)(a+2)...(a+k—1);
(), =Tt a£0,-1,-2,
(—a)p = (=D*a—k+1).

(4.23)

To obtain the expression of the Whittaker functions, we use relation (4.22).

e The first Whittaker M ol (2), cf. [28, Eqn 13.14.6] is obtained from the Kummer function (also
K, 5
confluence hypergeometric function) M (a,b; z) or 1 Fy(a,b; z) defined in (D.1]) as

1 1

M, ,(2) = e 27227 (% -k, 142u; 2)
1 KR p— k) 2R (4.24)
2% 22t — -1,-2,-3,....
€ Z 1+2'u k' ) 1% 7é 9 ) 9

M, () is analytic in , and meromorphic in p such that 1+ 2 = —1,—-2,-3,... Due to the factor
1

22TH it is a multi-valued function, the principal branch of which uses that for log, —m < Argz < m,
ie.

1+ 1+ .
T = g (nlz| +iArg(2)

e For p = ¢+ %, ¢ € Z, we have to use limiting value (D.5]), which gives rise to the (Buchholtz)
Whittaker M_, ,(z). It is defined from the Kummer function M (D.4),

1. 1 Mfi,u(z)

- —5% ,5tH . _
M,@,M(z) = e 2722 F M(%+M—K,1+2M7z) = m (425)

It is defined in particular for all x and pu, in particular, for p = ¢ + % with ¢ € Z. When ¢ € Z and
£>—1then204+2>0thus20+2¢ Z~,

IS P M{+1—k,242(;2) _
M&H%(z) = e NCEET) , 0=-1,0,1,2,... (4.26)
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On the other hand, for £ € Z and £ < —2, then 2/ + 2 € Z~, we have to use the limiting value given by
(D.5) with n = —2¢ — 2 and @ = £ + 1 — « in this formula. With some simplification, we obtairﬁ

Mn,£+%(z) = Mn,—[—%(z)
= 2% 2 M(—t—kK,—202) , L=-2-3,... (4.29)
g 2 Oo(f—‘rl—li)k,%,li_ > (f-i—l—ﬁ)ki
s kZ:O k—20-1)0 & k:_Z%_l(k+2£+1)! R

e The second Whittaker function W is obtained from the Tricomi confluent hypergeometric function

U, ci. (0 (O10).

11
Weu(z) = e 2222 U +p—k, 1425 2). (4.30)
For 1+ 2u ¢ Z, we can use to define W,
T'(2u r(—2¢
W) = 2t O My 4 (2) + oM (),
N ) D(—p+ 35— k) (4.31)

, —m<Argz<wm, 1+2ué¢Z.

Otherwise, we have to take the limiting value of the above expressiorﬂ We restrict ourselves to the
case where p = ¢ + %, teZ. For £ =0,1,2 then 1 +2u =2¢+2 > 1, W is defined from the limiting

value of U in ,

1
—5z 041 20+1 ' _ |
W e 3%, < Z( D k-1,

n,€+%(z) - 20+ 1) T(—L—kK) Pt 2U+1-k) (k—0)

00 1
E"‘*_f{k 4.32
- yzk [nz + p(l+1—rk+k) — p(l+k) — Y20+2+k)]), (432)
2= (201 2); k!
leZ,k—0—1+#0,1,2,...
For [ = —1,-3,..., then 2 + 2 < 0, then using (D.10) with n = —2¢ — 2, and simpliﬁcatiorﬁ
1
-5z ¢
WK,H%(Z) = e 2727 U (4 — K, —20;z) = Wm_é_%(z). (4.33)
13From (D.5)), we obtain the limiting value in terms of n and a,
_z . M{+1—k,b; 2) _z
AR | _ e+l n+1 )
MK,“_%(Z) = 2"Te 2 bﬁlgﬂﬂ R0 =zTe 2z Ma+n+1,n+2;z) (4.27)
z > k o k
= ST Y (Dnt14k 20 _ 3 @k 2" (4.28)
= (n+1+k)! k! Pt (k—n—1)! k!
We then express a and n in terms of ¢, k with
n+l1l = -20—-1 ; n+2 = =24
(414n41 = 041-20—1 = —£ ; kd4n+1l =Fk—20—1;
a =0+1—r = —Ltn—x ;o a+n+l =L+1—k—-20—1 = —0—k.

2
On the other hand,

NI

11 1
K’_Z_%(z) = e 2722 M(%*f*%*l{,lﬁ*Q(*f*%);z) = e 2% 27 ' M(—t—k, —20; 2).

141n fact, in [6], instead of introducing the value of U and the limiting value of U(a, b; 2) at b € Z, the Whittaker W ,,(2)

and W_,,wl(ei”r z) are defined by relation (4.31) and (4.35)) respectively, cf. [6, Eqn 18a—18b|. The value of W at u such
that 14 2u € Z is assigned the limiting value of (4.31), which is calculated (by the Bernoulli-de 'Hospital’s rule, cf. [6}

Section 2.5 p.20].
15This is seen as

1
W (2) = e 272" U —k+1,20+2;2)

n,Z«&»%

1 1
= 27 T (41— U — 241, -2 —2+2;2) =€ 2727 U(—l — K, —20; 2).
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Remark 18 (Analytic continuation). In the above discussion, we have defined Whittaker functions W
and M for z with Argz € (—m,w|. We call this the principal branch of the Whittaker functions. To
extend to z with argument outside of the principal branch, analytic continuation is used in conjunction
with the semi-circuital relations [23, p.297]

M,{#L(zeii”) _ :tl o) (142p) M—n,u( ) :

_ ' (4.34)
M,H,M(zei‘”) — 6i1§(1+2;¢) Mn,p(z) )
Using , this gives extension for W,
i L'(2p) +iZ(1-2 I'(—2p) +iZ (142
W, (zeF™) = ——"7 ¢ i “)M,m, (2) + ——————e ig(+ “)M,N) (2). 4.35
8 T(p+ 3 —r) 8 T(—p+1—n) n (4.35)
A

Remark 19 (Limiting behavior at a = 0). When o = 0 thus k = 0, we obtain the Bessel equation, and
in this case, the Whittaker functions become the spherical Bessel function:{ﬂ. Following cf. [23, p.20],

we have JE
. T 1 iz . z
Wou(iz) = 3= 22 a0 B (2> :
N (4.36)
. T 1 .z z
Wo,u(-12) = % 72 12 g (2> .
When z := 2kr, cf. (4.6), and p =0+ %, then eFITH20) _ Eig e+
1 i —f—1
Wou(i2kr) = g (2kr)z it Hgl (kr) = lThf)(kr);
2
- N 1 e (4.37)
Wou(-i2kr) = %= (2kr)2 j+1 Hé ), (kr) = ——h{V(kr).
+3 2
A
4.2.2 Properties of Whittaker functions near zero
These limiting forms can be found in [28] 13.14.16-13.14-19]
W 1(2) L + O(zInz)
= — nz);
3 Il - k) : ’
(4.38)

Weo(z) = 71L<lnz + P(3—K) + 27) + 0(z*% Inz),
2

I'(3 —#)

On the other hand,

1 1
W 1+1(Z)_e 22N (— L =1 =k +1,2(—0 = 1)+ 22) = e 2727 U(—L— K, —26;2).

16 The spherical Bessel functions y, are solutions to (fd—Z2 —2d _q4 Z(ZJFI))
d

are Y, are solutions to (—i - id— 142 )YV = 0. The spherical Bessel functions of the first kind are denoted by jg,

second y, and third hEl) and h(2), cf. [28] 10.47.3—10.47.6]

) = 323,16 = (DYFIY, a6 5 6e = 570 6.
2

They can be defined explicitly, cf. [28, 10.49.1-10.49.7]. In particular, for a specifically defined series a (¢ + %) cf. [28]
10.49.1],

ye = 0, while general Bessel functions

(1) _ 1z kllake+ )
hZ - Z Zk+1
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where ~ is Euler constant. In general,

F(ZM) 1 §—R
W, = 7 257F 4 O(z27RM) | Rep>3i, pu#Al. 4.39
u(2) I+ u 0’ (2 ) ep =g, B (4.39)

Foru:ﬁ—i—%,é:l,Q,..., then
ree+1)

w = o(z'* Rep > 1 . 4.40
H,%+E(z) F<£+1+KZ>Z + (Z ) ’ e:u“—27:u“§£2 ( )
The expansion for the derivative is given in Prop. in Appendix [C]
Inz P(—k) + 2y 1
way2(2) = () + () =) + O(zlnz) , z—0. (4.41)
4.2.3 Asymptotic properties of Whittaker functions at infinity
Asymptotic expansion at infinity, [28, 13.19.3] for the Whittaker function W is given as
S R 16 )
Wep(z) ~ e 2728 22 o 2 (—2)7F , |Argz| < 370 (4.42)
k=0
Its derivative has the asymptotic expansion,
1
W () = e 272" ( -1+ O(\z|_1) , JArgz| <37 -6, 2 — 0. (4.43)
R
The radiating property satisfied by W 1 is given as,
2]
1
e2 Z_K(W’ () + LW (z)) = O(l2|Y). (4.44)
Ky )

The proof for these statements is given in Prop. 29 in Appendix [C] See also Figure [BHg| for numerical
illustrations.

We write out explicitly the dominant factor describing the oscillatory behavior of W for the case where
z =2ikor and k = +in. Recall kg >0, u € R, r > 0, 1y > 0 (in convention i = eif.) More details on
the following statements are in Appendix [C.2]

e For v =0 : By Convention 1, cf. Appendix |G} Wiy, .(2iko7) is incoming, while W_,, ,,(e 7" 2ikqr)
is outgoing. The highest order term in their asymptotic expansion at infinity is given by,

Wingu(2ikor) ~ exp(—ikor + ing log (2k0r) — %77()),

Incoming
(4.45)
W,inoyﬂ(e*i’TQiko r) ~  exp (i kor — ing log (2 ko r) -5 770> .
Outgoing
e Forv>0
Win, .u(2iky 7)) ~ exp ( —ikyr + iny log (2kyr) — gnﬂ,) ,
¢ L?([1,00))
(4.46)
W_im7u(6_i”21k7 r) ~  exp (i kyr — iny log (2kyr) — gnv) ,
€ L3([1,00))
with limits
lim Wi, . (2iky 1) = Wig, .(2iko ),
y—0+
(4.47)

ngf)ﬂ Wiy, (€77 2iky 1) = Wiy (e 2iko 7).
Outgoing
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e For v <0

Win, u(2iky 1) ~ exp ( —ikyr + in, log (2 ky T) - 37”777) )
¢ L?([1,00))

Wiy, u(e7™2iky 7) ~ exp (i kyr — iny log (2kyr) — % 777) ,

€ L*([1,00))
with limits )
lm Wi, W(2ikyr) = s W_ingu(—21ko7),
y—0—
. 4.4
lim W_j, ,(e7"2ikyr) = Wiy, u(2ikor). (4.48)
y—0—

Incoming

Remark 20. We look at the leading ternﬂ in the phase function, this suffices to select the L? function.
With r > 0, we have

ikyr 6727’Imk7 ei2r Reky —iky T _ e27’Imk_Y €7i2rRek.y )

e , e

With the current choice of square root branch, Imk, > 0, which means ek e L? (and not e71kvT). A

Numerical illustrations In Figures we illustrate numerically the asymptotic and radiation be-

havior of the Whittaker functions W i L (—2ikr), without and with attenuation (i.e. for v = 0 and
—in,3

v # 0). We use the following parameters

c=3, a =50, =0, (4.49)
and we recall from the notation Subsection that,
2 2iy a? «
—041/2=1/2: KR=0(14:2) 2 o gk _a n
H + / / ) o2 + wo 47 92( ) ) n 2k ( 50)

In the first group, Figures andﬁ, we superpose the plots of the Whittaker function W in, L (—2ikr)
—in,%

with those of the function,

exp(pk(r)) = exp(ikr —inlog(2kr) — 5n). (4.51)

We do the same for its derivative which is compared with —3 exp(pk(r)). The radiating property is
illustrated via the function
W' (=2ikr) +3W i (—2ikr).

—i177§ 11,5
There is no attenuation (y = 0) in Figure while in Figure @, v = 1. We have the following observations.

e One expects that the functions portray pure oscillation in absence of attenuation, while with attenu-
ation, the oscillatory behavior is coupled with a decay in magnitude, since they are L? in the latter
case. In another word, they are oscillating curves with decreasing envelopes. At frequency, wy = 2720,
these behaviors are confirmed by Figures for v = 0 and [] for v = 1, for W and its derivative, in
which there are the oscillations in all figures, but only attenuation of the signal for those with v =1
(i.e. in Figure[6].

17 If we expand out the full phase, we obtain the same result,

21 k( R ) Tm k., 21012 Arg(k-)
|e—il<,\(7"-|»i'r],Y log(2k7r)|:e mKy\" 4k~ |2 nr ‘6 m Ky 20k 2 Ty ATg(Ky

)

¢ L?([1,00))
2Tmk < @ ) Tk, SR k)
. . —21Im r———7Inr m T
|€lk7r7”]710g(2k77‘)| — ¢ Y 4]k~ [2 e 7 2]k, |2 Ny Arglky )
€ L?([1,00))

The derivation for this is given in Appendix El
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e On the other hand, at very low frequencies, in particular wy = 275 shown in Figure for wy = 275,
even without attenuation i.e. v = 0, the function simply shows a rapid decay without any oscillation.
In fact, it is simply a monotone and rapidly decreasing function to zero. Its derivative also ceases to
exhibit oscillatory behavior, and is negative monotone, also with magnitude rapidly decreasing to zero.
This is expected for exp(¢k(r)). When v = 0, with the current values of parameters, k = 124.9, and
the leading term of exp(yi(r)) is e 72497, is thus exponentially decaying. In fact, the whole function in
this case is

exp(pr(r)) = e 2497 x (507) 7101 x (a complex constant).

This strong decay will be amplified when wy = 1, making the difference between with and without
attenuation indiscernible. For this reason when wy = 1, only the case with higher frequency wg = 2720
is plotted.

e The oscillatory phase function (4.51)) is expected to give the first term in the asympotic expansion at
infinity for W i, L (—2ikr), and —5 x exp(p(r)) for W i, L (—2ikr)’. The left and middle subfigures
—11,5 —1 ,§

)

of Figure [5}- [6] show that the two plots, for W i L (—2ikr) and exp(¢k(r)), coincide completely even
—in,3

on the finite interval [1,3]. This means that the oscillatory exponential (4.51) gives an excellent
representation of the function W_in 1(—2ikr). What is surprising is that one does not need r to be

2
very large for this agreement to occur. This is confirmed both for a low frequency wy = 275 and higher
one wy = 2720, with and without attenuation. This means that the function exp(pk(r)) also captures
the case when W i L (—2ikr) ceases to exhibit any oscillatory behavior and only a rapid decay for very
—in, 3

small frequencies, cf. Figure [5(b)|for wg = 275. The same conclusion is drawn for —3 x exp(k(r))

and W'.

e In addition to its oscillatory behavior, for higher frequency wg = 2720, we further note that the function
(1/2W_ip 172 + WLin,l/Z) is also attenuating, even when v = 0. This can be explained by the fact that
this term is supposed to be an oscillatory term times one decaying like =1, i.e. exp(¢x(r)) x O(r—1).

This is explored in more details in the next group of figures.

To further investigate the asymptotics and radiation behavior of W, we now explore the symbol
structure of W_j, 1/5(—2ikr), by first factoring out the oscillatory part, and we investigate the decay rate
of the remainder term. In particular, we consider the following ratios, which are plotted in Figure 7] and

Bl

b= Womap(C2ke) - Wi (Z2k)
e A G R O
(4.52)
. (r) _ W/—in,1/2(_21kr) + %Wfin,l/Z(_QikT)
T oxp(ek(r))

We have the following observations.

e It is expected that ratio ty is 14-0(1), and ratio tz is —5 +o(1). This is confirmed in the left subfigures
of Figure[7(a)| for v = 0 and Figure for v = 1. For second ratio ty, these are the middle subfigures
of Figure and With or without attenuation, the curves of ratio t; decay and level out to the
constant 1, i.e. having horizontal asymptotes at 1. For ratio v, we have similar observations with the

horizontal asymptotes a —%.

e The right subfigures of Figure for v = 0 and Figure for v = 1, show that Ratio v3 is 0+ o(1),

with similar observations as above. The horizontal asymptotes for v3 is thus at 0. We will explore
further the decay rate of this term in the next figure.

e We expect t3 is 0(r~1). In Figure[8) we explore its rate of decay, by testing against powers of z = 2|k|r.
This means, when multiplied v3 by z, the resulting function is expected to stay bounded, which is
confirmed by the left subfigures of Figure for v = 0 and Figure for v # 1, in which the curves
not only stay bounded but also decrease to a constant and with a horizontal asymptotes close to zero
(well below 0.75). In another word, it behaves like a small constant + a o(1) term. On the other hand,
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(a) using wg = 2720, v = 0.
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92| i
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(b) using wo = 275, v = 0. In this case, the first parameter of the Whittaker function is large. The function
no longer exhibits oscillatory behavior and is strictly montone, with a rapid decay towards zero.

Figure 5: Outgoing Whittaker function W_j, 1 /o(—2ikr) in the case without attenuation (y = 0). The

leading part in the asymptotic is given by e?<(") where @y (r) := ikr — inlog(2kr) — 5n, and n = 5 with

¢ =3 and a = 50, see at two frequencies. The figures show that exp(pk(r)) provides an excellent

approximation of W_j,, ;/2(—2ikr) and one does not have to wait for 7 to be very big. We have similar
conclusions for —1 exp(¢k(r)) and W'

1078
2 T
0.2 - 0.2 [

1 |4

0 0 0
_1 [ |
—0.2 { ——— Re(W) —— Re(exn(éy)) %—Ol —— Re(—2W/) Re(exp(4))) % —— Re(W/ + 1/2wW) ‘

T T T T T T T _ | T T

1 1.5 2 2.5 3 1 1.5 2 2.5 3 1 1.5 2 2.5 3
T r r

Figure 6: Outgoing Whittaker function W_j;, ; /o(—2ikr) in the case with attenuation (y = 1) at
frequency wo = 2720. The leading part in the asymptotic is given by e?*(") where
ok (r) == ikr — inlog(2kr) — Zn, and n = & with ¢ = 3 and a = 50, see ([£.45). Here, the oscillatory
behavior is now coupled with attenuation which translates to a decrease in magnitude of the oscillating
curve. The function exp(pk(r)) still represents an excellent approximation as in the case without
attenuation.
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when multiplied by 22, the ratio grows, which is confirmed in the right subfigures of Figure for
~v = 0 and Figure |8(b)| for v # 1. In these subfigures, the ratio vs increases drastically, resulting in a
drastic increase in the scale of the value of its function, it increases to order 10%.

. -3
101 T T T TTTTT T 1 T —05 T T T TTTT1] T T T T 2 H:\l\(\) T T T TITT T
' | | 05 | | 0 | |
10t 102 10® 10* 102 108 10* 102 108
' T T
(a) Using wo = 2720, v = 0.
. -3
1.01 T T HHH\ T T 1 T _05 T T \\HH\ T T 1 T 2 H}\? T T T T 1717 T
' | | 0.5 | | 0 | |
10! 102 10® 10! 102 10° 10! 102 103
T T T

(b) Using wo = 2720, v = 1.

Figure 7: Plots of ratios which represent the symbol part of W_j, 1 /2(—2ikr), its derivative and
the radiating property. These are the remainder after the oscillatory part exp(pk(r)) defined in is
factored out from the functions. The curves show that they all have the profile of a constant + o(1),
thus have horizontal asymptotes given by the leading constants. The horizontal asymptote for vy is 1,
while that for its derivative is —1/2. As a result, that for W_;, 1 /o(—2ikr)’ + %W_in71/2(—2ikr) is 0.

.10* -10*

Re(c3w) 2, Re(r3w) Re(rz22)

Re(rgx

0.75 21 1075} 1ot i

Ll Ll L Tl 1 Ll Ll L Tl 1
10° 10" 10 10°10° 10" 10*> 10° 10° 10" 10 10°10° 10" 10* 10
T T T T

(a) Using wo = 2720, v = 0. (b) Using wo = 2720, v = 1.

Figure 8: This figure illustrates the radiating asymptotics of W_j,, 1 /2(—2ikr) by exploring the decay
rate of the symbol part t3 of W_;, 1 /o(—2ikr)" + %W_inyl/g(—QikT). This is the remainder after the
oscillatory part exp(¢x(r)) defined in is factored out from the function. The growth/decay rate of
t3 is probed by multiplication by powers of x = 2|k|r. The curves of (zt3) stay bounded, and in fact
decreases rapidly to zero, while the curves of (z%t3) increase and explode to 10%. This shows that t3

decreases as fast as 71 but not faster than r—2.
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4.2.4 Basis of solutions for Whittaker equation
We restrict to the case where = ¢+ %, £ € Z. For reference, cf. e.g. [0, Section 2.5 p.23].
e A fundamental pair of solutions to (4.20) in an unbounded domain is given by

WmH%(Z) ' Ww,u%(eiﬁz) , — 3 <Arg(z) <3,
(4.53)
Weerd(®) 0 W 1(eme)  —gm < Arg(s) < g
with asymptotics .
WR76+%(2) ~ e 228 | |Argz| < 3w (4.54)
e On the other hand, a fundamental pair of solutions near origirﬂ is given by,
M 1(z) , W 1(2) , JArgz| <. (4.55)

H,Z+§ K0+ 3

Remark 21. Recall that the principal branch of the Whittaker functions is defined for z with Argz €
(=m, 7], c¢f. Remark . Consider complex wavenumber k defined in (&.15). Write k = |k| ' 28K then

2615 rk =2 k| r el AT +ig By the choice of square root (4.11Db)),
0<Argk) <% = 7 < Arg(2 ¢z kr) < m.

This is in the range (—m, ) of the principal branch of the pair of linearly independent solutions around

the origin given in (4.55)),

<
Mm“_%(z) , WK,Z-’:—%(Z) , JArgz| <mw.

Similarly,
T <Arg(2e'zkr) <7 , -2 <Arg(em2e2kr) <0. (4.56)
This is in the definition range (—%,3%) for the first pair of fundamental solution in (£.53), i.e.

W u(2) ,W_K,“(ef’riz) . 5 <Arg(z) < 37”

In fact, for z .= 26% kr, cf. [4.6), both z and e~™ are in the range (—, 7| of the principal branch of
the Whittaker function. In another word, we do not have to use analytic extension by formula (4.35)) in
Remark[18 A
4.3 Outgoing fundamental solutions

We look for the Green’s function ®y(z,y), z,y € R3, solution to

(-2, -+ %’T) Bu(r,y) = dz—y), (4.57)
such that
when Imk # 0, for y in compact subset , @y (z,y) € L*(R3). (4.58)

Note that Im k # 0 is equivalent to v # 0, this is from their definition in (4.15),

k = RRE— \/_+1

We also recall the definition of :

. 0o
= 1—.
X =k
18Note that when 2u + 1 ¢ Z < 2u ¢ Z, a fundamental pair of solutions near origin to (4.20) is given by,
MK,#(Z) ) M&—M(z) ) 2“‘ ¢ Z ) |Argz| S ™,

cf. [6l Eqn (3a),(4),(7)]. However, they fail to be linearly independent when 2u + 1 € Z.
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4.3.1 Definitions
Case la : y =0 with absorption In this case, (4.57)) reduces to

(— A, — K2+ %T) B(z,y) = O(x). (4.59)

We look for a solution that is radially symmetric in x, i.e.
Pu(z,0) = g(|lz]).
On z # 0, g(r) solves
2 2d 0o
<7—77f7k2+0‘7)g — 0 R\ {0}

With the change of variable (4.6) z = 2 2 kr, and consider the function g(z) defined by h(r) = r~1g(z)

solves

<(12_1+)Z<>g:() in R\ {0}. (4.60)

This equation is a special case of the Whittaker equation (4.20)) with p = % In subsubsection the
two linearly independent solutions in the neigborhood of infinity are given by Wx 1(z) and W W1 (e7'7 2).
1) -

We recall the definition of the Whittaker function with the current parameters from (4.32)),

2

1

e 2%

W)= -
N F‘(’X) = (4.61)

k=0

Only the latter solution given by W WL (e7'™ 2) satisfies condition (4.58), cf. Remark As a result,
x5
when the source is at the origin, the fundamental solution is given as,
T
W,X)l/g(e_”e 22k‘$|)

Oy (x,0) = ¢ 7] , for some constant c.
x

The constant ¢ can be determined in the process of showing that the candidate is indeed a fundamental
solution. This is done specifically for the case y = 0 in Appendix [H] or for general y # 0 in Prop. [[4] and
gives,

T(1 4 x) Wey1/2(e e 22k )
u(2,0) = = X1/ m . (4.62)

Case 1b : y # 0 with absorption This has been constructed by Hostler and Pratt cf. [16, Eqn 8] in
the closed form (see also Remark ,

T+x 1 8 . :
Bley) = (W_1/2(=iks) M_y 1 a(=ike)
(4.63)
F( +X) W_ X1/2( lkS) M*X1/2< lkt)
Amle =yl W | o(—iks) ML o (—ikt)
Here, the auxiliary variable is defined as,
= |zl + Wl +le—yl : t:= |zl + [yl = lz—yl. (4.64)
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We recall

) 2P
(A=) (2)’:)k o (4.65)

1 1 e
M 1(2) = e 2°2M(1—-x,2;2) = e 2°2
e ( ) >

Note that (2); = Fg(;r)k) = (k+1)! since I'(2) = 1.

Remark 22. In [16], the definition is given in terms of the Whittaker function defined by Buchholtz [6,

Eqn. 7p.12], cf. (4.26)
_z M(1-x,2;2)

M 1(z) = ze 2 ¥E)

1
X3
However, when p =, I'(2) = (2—1)! = 1, thus these two functions are the same,

M 1(z) = M _1(2). VAN

—X3 X>3

Case 2 : Without absorption (v = 0) Here, we define the limiting kernels on the spectrum. By

.19),
ky > ko , My =m0, Xy X0 , as y—0T;
ky = —=ko , my = =m0 , Xy @ —X0 , as y—=0".

When « = 0, we define limiting fundamental kernel as limits of the fundamental kernel when ~ # 0, i.e.

®, defined in (4.62)) and (4.63)),

outgoing @ (z,y) = lim Py(z,y) , ko >0;
y—0+t
(4.66)
incoming ¢ (z,y) == lim P(z,y) , ko>0.
~y—0~

Here the incoming and outgoing labeling follows Convention 1 discussed in Appendix, see also subsub-
section [£:2:3] In particular, the ko-outgoing kernel is defined as,

O (z,y) =

Fl+x0) 1 (0 0 o ,
m % (35 - 87 (foo,1/2(_1 kos) M—X71/2(—1 ko t)) ) (4.67)

while the incoming one,

P (z,y) =

'l—x0) 1 [0 0 . .
m m (6‘c — 85) (WXO;1/2(1 ko S) MXJ/Q(I ko t)) . (468)

4.3.2 Basic properties of the fundamental kernels

Here, we work with an equivalent form of ®y(z,y)

Oy (z,y) = cfc(x’:;) ;o= w (4.69)

We have introduced the reduced Green function G(z,y).

1 /0 7]

G(z,y) = H(s,t) := x <5s - 3t) (W,X’I/Q(—iks) M,X,l/z(—ikt)>

= —WI_XJ/Q(*ikS) M_le/g(*ikt) + W_le/g(*iks) Ml_xl/Q(*lkt) (470)
W,X’1/2(—iks) M,X’l/g(—ikt)

WLX)l/Q(—iks) MLX,1/2(_ikt)
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Property 1 — (symmetry) While ®y(x,y) are not functions of |z — y| as in the case of the Helmholtz
equation, these fundamental solutions are still symmetric in « and y, i.e. O(z,y) = Pi(y, ).

Property 2 — (Limiting form when y = 0) In this case, s = 2|z|, and t = 0. To find the limiting form,
we Eeed the limit of M_, 1/5(2) and its derivative MLX,1/2 (z) when z — 0. By Prop [28|in Appendix
we have

M_y1/2(0) = 0, lim M_ | (2) = 1. (4.71)

z—0

As a result of this, we obtain the value of the reduced Green kernel @y (x,y) defined in (4.63)) for y = 0,

(14 )
4|z

By (2,0) = W_ 1 /a(—2ik|z]). (4.72)

This is confirmed in [16, Eqn. 9]. This current form of the fundamental solution when the source position
y = 0 is also obtained by Meixner, see further discussion of literature and history in [16].

By (C.9) in Prop [29|in Appendix

The reduced kernel thus satisfies,

1

lim G(,0) = lim W_ 15(=2ik|z]) = T4y

(4.73)

Property 3 — (Behavior at z y) These properties will be needed for the consideration of local
integrability of the fundamental kernel. In the current investigation, we keep y fixed and vary .

Proposition 9. 1. For each fized y € R3, we have
1
lim G(z,y) = —— , VyeR>. 4.74
lim G(z,y) T+ y (4.74)
As a result of this,
1
lim |z —y| O(z,y) = — , VyeR?; (4.75a)
Ty 47
lim |z —y]® ®u(z,y) = 0 , VyeR® . (4.75b)
Ty
2. For each fived y € R3, we have
: 2 T—Y 1 3
lim |z —y| - Ve ®(z,y) = — , VyeR’. (4.76)
Ty |z — y] 4

Proof. Statement 1 We first obtain the limiting form of the reduced kernel G at x = y with y # 0.
When x =y, we have

s =t = 2z = 2y| (4.77)

Thus straight from the definition (4.63]) of the reduced fundamental solution G, and using the value (4.71)
of M_, 1/2 and its derivative at z = 0, we obtain

lim G(z,5) = W{W_1/a(=2ik[yl} , M_y1/2(~2ik]y])}

z—y,

v70. (4.78)
re 1
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Here, W{-, -} is the Wronskian, cf. |28, (13.14.26) p.335]. Note I'(n) = (n — 1)! hence I'(2) = 1. Together
with (4.73]) (which gives the result for y = 0), we obtain (4.74).

Statement 2 We next obtain the result for V,®y(z,y). For the normal gradient we consider sepa-
rately the case when y = 0 and y # 0.

Using identity (F.31), we have

T 1 T 1 =z
oV, =@ (2,0) = G(z,0) — -Vg]z| ! + — = -V,G(,0);
2] Va - ®x(2,0) (z, )|x| Vx| + 2 Tzl V.G(z,0)
1 . , . 1
= _G(LO)W — 21k WL, jp(—2ik|z]) =R
From here we obtain
2?5 Vo 0k(@,0) = —cG(,0) — 2ike W', p(~2ik]z]) [al.

|z|
Next, to obtain the limit of the second term as || — 0, we use Prop [29[in Appendix which gives,

, 2z P(—x) + 2v 1
W1l = 55 () T )

At the end, we arrive at (4.76]) for y =0,

+ O(zInz) , z—0.

. 2 T o @ T'l+x) 1 _ 1
}CILI%) |z] 2] Vi Ox(x,0) = caljlg%G(x,O) = I Ta+y)  in
Using identity (F.32)), we have
r—y
— VP (z,y
|z -yl @9)
z—y (z—y) ¢ (x—y T
= —cG(z,y . — (Os+ O0) H+ |z —y| (0s — D H).
S P R P e AN P R R
This gives
_ 1 —q) -
|x—y|2|z_z| Voo @ulny) = —Glay) + (xp:f/')x O +0)H + |z —y[>(0 — ) H .

=I

We next consider the limit of the right-hand side (RHS) as # — y for fixed y # 0. By Remark [32] in
Appendix [F5 we have

lim O;H and lim OsH are finite and continuous functions of y .
I*)y, I‘)y,

y#0 y#0
As a result of this,

lim T = 0,

l-)y,

y#0

and we obtain (4.76) for y # 0. In particular,
. -y . @ T(1+x) 1 1

lim |z — y|? ViP(z,y) = —c¢ lim G(z,y) = - =_——.
=Y, ‘ - y‘ Ty, 47 F(l + X) 4
y#0 y7#0
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Property 4 — (Asymptotic expansion when one variable goes to infinity and the other stays in a
compact set) For ¢t € R, define the phase function

ok(t) == ikt —inlog(kt) — Zn. (4.79)
This giveslﬂ
1 - : 1
exp(or(t)) = ekt (e7™ikt)™" = exp (iikt —1inlog(kt) — %7)) .
Also define the phase @y ,(z) by
Bry(a) == —Fn + ikla|+ Siklyl (1- ¢ )
(4.80)
— inlog (2k|;v| + k|y| (1 - ﬁ)) :
This in turn gives,
exp(Pr,y(z)) = e 27 exp [ik |z + ik |y| (1 - Wy‘ . “;—l)}
(4.81)

X exp [—in log <2k|x| + K|y (1 - ‘;—l))} :

With auxiliary variable s defined in (4.64)), the leading factor in the asymptotic of ®y, cf. (C.15)) is
given by e#(8). Here, we investigate the approximation of e?®) by e?«(212l) or e#<v(®) for 3 belonging in
compact set and |z| — co. See below in Figure [9] and [10] for its numerical illustration.

Proposition 10. The leading factor in the asymptotic of @y, cf. (C.15)

1. , .
exp(oi(s)) = e2'* (e7iks)™ = exp (%iks —inlog(ks) — gn)

can be approximated by

exp(pi(s)) = exp (ikle| — inlog(2Kiel) — 1) exp (ikx O(1)), (4.82)

exp(pk(2]z]))

or

exp((5)) = exp(diy () exp (ik x O(lz| 1)) (483)

Proof. Zero-th order approximation, we first write the auxiliary variable s defined in as,
s =2zl + ¢ , =0(1).
We have
e%iks (e7iks)™ " = exp <1k(|:c| +e) —inlog(2k|z| +2ke) — gn)

(4.84)
= exp (ik|a:| — inlog(2k|x|) — %77) X exp (%ike - ine’),

LT
19This is verified as follows. With v > 0, 0 < Arg(ky) < 5, then —3 < Arg(e”'2 k) < 0. With log denoting the principal
branch for the log, i.e. —7 < Im(logz) < 7, we have
. T
log(e7'™iks) = log(e™'2ks) = log(ks) —i% .
Use this to rewrite,

1., ) . 1 . 1
e2'RS (7 iks) T = exp <§iks - inlog(ef”fiks)) = exp (iiks — inlog(ks) — ini(—g))

1
exp<§iks —in log(ks) — gn)
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where
¢ = log(ks) — log (2k|z|) = log(|kls) — log (2[k|]|z]) = log(s) — log(2[z]) .

The second equality is due to the two terms having the same argument. We next bound this by using,
for w >0 and w+ 4§ > 0,

w40 1 |(5|

| log(w + 6) — logw| = A Z dz| < (0 w9 (4.85)

Since s = O(|x]), cf. (F.7a),
L (Y
min{s, 2|z|}
The last factor of the RHS of is
exp (%ike - ine’) = exp(ikO(1)).

Second order approximation If we use a higher order expansion,

s= 2l + yl(1- %)) +& . E=0(al ™).
Using this, we obtain

exp (%iks —1inlog(ks) — %n)
— oxp (ik (Jal + Syl (1= - %) + 3¢) —inlog(ks) — 3u).
This thus gives
exp( iks —inlog(ks) — 577) — 3" exp {1k\x| + Liky| ( e ﬁ‘)]
(4.86)

x exp [~in log (2K|z| + Kyl (1= - %))] exp (iké — ine),
where

€ = log(ks) — log (2Kl + Klyl(1— - ) )
log (IKls) — log (2IKlle] + IKlly|(1 _%l.@)

— log(s) — log (2lal + lyl(1- %)) -

As before, the second equality is due to the two terms having the same argument. We next bound this

remainder term by using (4.85]),

lé]

<
mings, 2{z| + Y|l = 127 77
- mings, 2 e

= &= 0(z?).

RaXd

Since € = O(|z|7!) and ¢ = O(]z|~2), the last factor of the RHS of (4.86)) can be bounded as follow,

exp (%iké - inz) = exp (%ik % O(jz|™Y) — in x 0(|x|*2)) = exp (ik x O(|z[ ™)) .
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Numerical illustration for Prop We fix a source position at yg = (0,0, 1), and investigate the
oscillatory behavior of the phase functions considered in Prop [I0]along different directions of approaching
infinity. The results are shown in Figure [9] and We consider a source in yy and the functions

Re exp(pe(s)), s = 2| + [yo| + [z = yol,

and the real part of the ratios between the oscillatory phases ¢ (2|z|) and @k ,(z), labeled as,

g = _P(ek(s)) L = exp(pi(s)) (4.87)
exp(px(2lz])) exp(Pr,y (€))
We consider z in the (y, z)-plane along two directions with polar angles 6, = & and %”, while keeping

S

the azimuthal angle ¢, = 7. For each of these polar angles, the phase functions and ratios are evaluated
at yo = (0,0,1) and x = (0, rsin(f,),r cos(f,)), and are thus plotted as functions of .
We use the following parameters

c=3; Qoo = 50; wp = 2720 (4.88)

and experiment with attenuation in Figure [I0] and without in Figure [9}

We have the following observations

e As expected, in the left of Figure[9] for v = 0, the function exp(gx(s)) exhibits pure oscillation, while
in the left one of Figure v =1, the oscillatory behavior is coupled with attenuation, i.e. with the
decreasing magnitude of the envelope of the oscillation. The same conclusion holds for both directions.

e The subfigures on the right, cf. subﬁgure fory=10 andfor ~v = 1, show that the ratios t; are
now polynomial decay or bounded. The computation expects that to is exp(O(r~1)), cf. , thus
its curve will level out at the constant 1. This is confirmed in the graphs of t; for both directions, cf.
the upper subfigures of subfigure[9(b)]and [I0(b)] On the other hand, it is expected that t; is exp(O(1))
and is simply bounded, cf. n the lower subfigures of subfigure and we still see
the pattern of the curves having horizontal asymptotes with different values for each direction, yet
this is not as clear as with ratio t;. This shows that while both phase functions ¢y (2|x|) and @y, (z)
approximate well ¢i(s), the result is more uniform in all directions with the latter (i.e. gy ,(x)).

0.5 T ‘ ‘ ‘ ‘ \I\HH\ T T T —— —0.5
—0=17/6-=--0=23r/4 *
\\\ Z’E
{ 3T
= s
§ Ll Lol Lol _1
Q LR T T I T T T T TIr1rr
8 1
g —_
/= o
g
St
_05 | | | | | | | F | | L \\\\\\\9.5
8 82 84 86 88 9 9.2 94 10t 102 10
T T
(a) exp(¢k(s)) (b) Asymptotic for the ratio defined in
E37

Figure 9: Numerical illustration for Prop [10|for v = 0. The right subfigures show the asymptotics
for the ratios comparing ¢k(s) with @y ,(z) represented by t2, and with ¢y (2|z|) represented by t;.
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Figure 10: Numerical illustration for Prop for v = 1. The right subfigures show the asymptotics
for the ratios comparing ¢k(s) with @ ,(x) represented by t2, and with ¢y (2|z|) represented by t;.

Having analyzed the oscillatory part of ®y(z,y), which can be described either by

exp(pi(s)) or  exp(Pry(@)),

we now describe the full structure of ®y(y, ) including its symbol part, with explicit description of the
leading constant. See Figures [9] and [10] for its numerical illustration.

Proposition 11. e With e?v(&%) given in [A.81) and e?®) in [@.79) the asymptotics at infinity of
Dy, fory in compact set, when |x| — oo, is given by

Bu(og) = D (0(y,) + 0(1s 1)

~ (4.89)
exp(@(y, 7)) . -1
= ——————> (¢ 0]
(e )+ 0l ™).
where for a point y € R3 and direction & € S?, the constant €(y, ) is defined as,
. I'(1+x) . .
e(y,3) = —— = (IM_ypa(=iklyloag) + My (=ikly[2z)) . (4.90)

The remainder O(|z|~1) is uniformly bounded for all y in a bounded set and all directions of &.

When the attenuation v = 0, for y in compact set, and |x| — oo, we simply have

Do (ry) = €(y,3) TPPWT) 2y (4.91)

|z~

As a result of this, when v # 0, for fized y, the function x — ®(x,y) is exponentially decaying,
and thus L?(R?).

e Fory in compact set and x tending to infinity, one obtains similar results for |Z%| -V ®@u(z,y) with

constant D(y, &) defined in (4.101))

Proof. Part 1 We first recall the definition of the fundamental kernel,

¢

Py(x,y) = HG,

Inria
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o1

where

G(z,y) = H(s,t) = = —WLX,1/2(—iks) M_y 1/2(—ikt) + W_, 1/2(—iks) M’_XJ/Q(—ikt).

For directions & = — and y= i, ie.
|z [l

& = (sinf, cos ¢y, sinb, sing,, cosb,) , ¢ = (sinf, cosg,, sinf, sing,, cosf,).

Here, (|x|, 0., ¢.) is the spherical coordinates of x with 0 < 6, < 7 and 0 < ¢, < 27, we have defined in

(F.2) the bounded quantity

0;5 = cosf, cosb, +sinb, sinb, cos(¢y — ¢y) -

From the expansion (F.7a) and (F.7b) of s and t, for a fixed y and as x goes to infinity, we have

S
lim — =1 and — =1+ O(|z|™}),

and for x goes to infinity along a fixed angle (0., ¢.),

lim t = |y[d;5 and t = |y|(1 + Dm’y) + O(lz|™h).

|z]| =00
Using the asymptotic property of W given (4.42)), for y fixed and as x goes to infinity, we have

. W_y1/2(—iks) W_y1/2(—iks) B -
lim B SLYL A A =1 and — /e =1 =+ O S L =1 + O X 1 .
|z|—o00 exp(gak(s)) eXp((Pk(S)) (‘| ) (‘ | )

Similarly, for its derivative in (4.43]), with y fixed and as = goes to infinity,
A\ —iks 1 W’ —iks 1
2O Wik 1 O(Ja]1).
lz|—oo  exp(pk(s)) 2 exp(pk(s)) 2

For fixed y and for x goes to infinity along a fixed angle (6., ¢..), using the limit of t,

W’ —iks
lim G lim ﬂ x lim M_, ;/o(—ikt)
|| 00 exp(¢k(s)) lz|—oc  exp(pk(s)) | =00
& fixed & fixed
W—X 1/2(—i ks) . , .
_— 1 M —ikt
+ Pl eXp(SOk(S)) \z\linoo *X,l/?( 1 )

T fixed
= $M_y1/2(—iklylvag) + M | n(—ikly0s4).

The stronger result is obtained by using the asymptotic expansions,

LG o o
exp(on(s)) (3 + O(l=|™) (NLXJ/Q( kly|vs4) + O(|z] ))

+ (14 O(al ™) (ML, 1ja(=iklyl2sg) + O(la] ™) .

(4.92)

(4.93)

(4.94)

(4.95)

(4.96)

Note that the constant bound for each direction & and y depends on |y|, §, and |z|. Since y stays in a
bounded set, and direction 7, # are both in compact set S? (the unit sphere), they have a uniform bound
for all y in a bounded set and all direction of . The original phase ¢i(|s|) can be replaced by @k ()

without changing the asymptotes of the remainder, ¢f. Prop [I0} In particular,

M — (E_l |$| _ {E_l
exp(Pry(®) L+ O™ iz — | L+ O(lz]).
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Thus

wu(og) = D (0gy.0) + 0(1a] )

| en(@we) | ennd) el
I ) B P
= SO 1 0fel ) x (L Ofel ) % (€w.d)+O(lel )

_ exp(Ply, 7))
E

x (€(,a) +0(zI™)

(€(w.2) +O(al ™).

Part 2 We first expand out radial derivative of ® in the y variable. Here we introduce the notation

Y
Or(y)y = — V.
(y) M y
We have
1 O ()8 Dyt
Oy~ = G Oplr—yI™t + L om + U gH.

o s H,—/ W_/
(Jz|7%) o(lz|~1) o(lz|-Y)

The indicated orders of decay use the calculation in (F.12), (F.15b)) and (F.16b)),

Or)s = 14025 +0(2] ™) = O(1); (4.97)
Ort = 1=y +0(J2]7") = 0(1). '
We recall from (F.22)) and (F.23), the partial derivatives of H,
O.H — _ik(Wwa(—iks) M jo(—ikt) — EW_ 1 n(~iks) M_X,w(—ikt)
X . .
+ EW_XJ/Q(*IkS)M_XJ/Q(*lkt); (4 98)
OH = —ik(%w—x,lp(_ikS)M—x,l/Z(_ikt) - WLX,1/2(_ikS) MLX,l/Q(_ikt)>
- %W,X,m(_iks)M,X,l/z(_ikt).
Thus
L H W’ —iks
b O WowpCiks) M’ p(—ikt)
|00 EXP(#K(8)) lz|—oo  exp(pk(s)) Ji]— 00 '
& fixed & fixed
i W_ —iks
C K WorapCiks) M_y 1 /2(—ikt) (4.99)
4 Jo[—>oc  exp(px(s)) le|soo
z fixed
Inria
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In a similar manner, we obtain

ik W_ —ik

i OH = % g WoetpCiks) M_y 1 /2(—ikt)
|| — 00 4 |z|—soo eXp(SDk(S)) |z|—o00
& fixed z fixed

w’ —iks

+ ik lim Worapiks) M’ p(—ikt)
2|00 exp(pk(s)) lelsoo
z fixed
W_ —ik M_ —ikt
— x lim —X’l/Q( iks) X lim —X’l/Q( ikt)
2| —oc  exp(pk(s)) 2| =00 t
& fixed
ik : ik : M_y1/2(=1k|y|0z,9)
=-7 M 1/2(=ik|yloz,9) — 5 M a(—ikly[0s9) — x—= /|y|05“; z
‘ (4.100)
Putting together results (4.92)—(4.95) and (4.97)—(4.100|), we obtain

lim u6’r(y)q>k = ®(y7i‘)7

|z|—o00 ¢

z fixed

where the value of the limit is a function depending continuously on y and direction Z,
) ik, . ik .
D(y,2) = (1+02) (5 MLy 1/2(=ikly[0sg) = 7 Moya/a(=ikly|os,)
(4.101)

ik X . ik .
#0201 (5 + 57 ) Moyaa(ikblong) + 5 My a(-iklnloss))
The asymptotic expansion version is obtained in a similar manner as in Part 1, cf. (4.96)), by using the
expansion version of each component (instead of just limits).

O

Numerical illustration for Prop As in the illustration of the phase (in Figure |§| and , to illus-
trate the uniformness of the asymptotic expansion for ®y(x,y), we take a fixed source yo = (0,0,1),
and investigate the oscillator behavior of ®y(x,y) along different directions of approaching infinity. To
illustrate the symbol structure of ®y(x,y), it suffices to work with G. We recall the definition of ®y(z,y),

ci. (IE0).

G(z,y) r'l+x)
@ = N = —
k(‘ray) ¢ |1'7y‘ ) ¢ Ar 5
with the reduced Green function G(z,y) introduced in (4.70)),

G(z,y) = H(s,t) = % (gs - fi) (W_X,l/rz(—iks) M_Xw(—ikt)).

The leading oscillatory phase of G is given by exp(pk(s)). We factor this out of G and plot the ratio to
investigate structure of the symbol part. We will also do with the oscillatory phase function ¢x(2|x|) and
P,y (). For the leading factor, we define the following ratios:

. ) , N P , N ) ,
_ ko(x yO) ; Ty = ko(aj yO) : - kOE.’E yO) ) (4_102)
exp(ipx(s)) exp(k(2z])) exp(Pry (7))
We consider two directions of approaching infinity along polar angle of x with ¢, = ¢ and 37’7,
keeping the azimuthal angle ¢, = 7. Thus we are working in the (y, z)-plane. This means for each
of these two polar angles, the phase functions and ratios are evaluated at fixed yo = (0,0,1), and

x = (0,7rsin(f;),rcos(,)). They are thus plotted as functions of . The results are shown in Figure
for no attenuation (v = 0) and Figure [12| for constant attenuation v = 1.

We have the following observations.
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o As exp(pk(s) dominates the behavior of the fundamental kernel, we have the same observations for
the Figures [[1(a)] and [I2(a)] as those for the phase (in Figures [9] and [I0). That is in the left of
Figure v = 0, thus the phase exhibits pure oscillation, while in the left of Figure v =1, the
oscillatory behavior is coupled with attenuation, i.e. with the decreasing magnitude of the envelope of
the oscillation. Same conclusion for both directions.

e Regarding the symbol structure illustrated by the right of Figures and we see that ok(s)
and @k y(x) give better representation of the dominant behavior of the fundamental kernel. They
are represented by the curves for ratio t; and t3. With and without attenuation, the convergence to
the horizontal asymptotes is much earlier than what is exhibited in the curve for t3 which represents
©k(2|x]). The plots also show the uniformity of the asymptotic expansion, with the ratio curves of
the two directions of infinity staying close together and behaving in the same manner. They are much
closer for v = 0 than for v = 1. These curves also have the profile of a constant + o(1).
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(a) Py, (z,yo) for yo = (0,0,1) and x = (0, sin ¢, cos ¢) (b) Asymptotics of ratios.

Figure 11: Numerical illustration for Prop [11| of asymptotic expansion of @y, (z,yo) for v = 0. Here, for
fixed source yo = (0,0,1) and = = r(0, sin 0, cos #) going to infinity along two different directions
represented by polar angle 6 = & and 37” In Figure (b), we factor out the oscillatory part from the
reduced Green kernel, and consider G(z,yo)e™? with ¢ = ¢, (s) for t1, ¢ = ¢i,(2|x|) for ta, and
& = Prg.yo () for t3. The plots also show the uniformity of the asymptotic expansion, it also shows that
the three expansions represent well the leading behavior of ®y(z,y) with ¢« (s) and ¢k ,(x) giving small

error and faster convergence. All three remainders have the profile of a constant + o(1).

Property 5 - (Radiating asymptotics) In the next two propositions, Prop and we will show the
radiating property of the fundamental solution <I>:; (z,y), as || — oo and y in compact set. We will make
heavily use of the radiating property,

1 1
e2zz_X<W’ L)+ SW g (z)) = O(l2|Y).
X>5 2 X3
of W)@ % (cf. Prop[29|in App , and the gradient calculation in Appendlx
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-107°
1 T T TTTTTT T T T T T T T TTTT
—0=7/3=---0=—7/4 : :(5) g—/«
Al eteteleteteteeteett 5
L] Lol [N
TTTTTT T T T T T T T T T TTTT
il ____________:5 (’;7
bo--mTT 10 &
. 155
Ll Ll Lo
TTTTTT T T T T T T T T T TTTT
[ -15 (/:
.. 1o €
k“‘" ------------- 5
_1 | | | L] Lol L1l
8 8.5 9 9.5 10 10* 102 103
T T
(a) Py, (z,y0) (b) ratio with determinant only Ratio =

q)k()(xvy())eiq5 with ¢ = ¢ko(s)7 ¢ko(2|‘r|)7
and @y, ,y, ().

Figure 12: Numerical illustration for Prop [11| of asymptotic expansion of @y, (z,yo) for v = 1. Here, for
fixed source yo = (0,0,1) and = = r(0,sin 6, cos §) going to infinity along two different directions
represented by polar angle § = & and 37" The ratios are defined in . We have the same
conclusion as in the case without attenuation shown in Figure

Proposition 12. Fory in compact set, when |x| — co.
(ﬁ Ve — ik0> By (z,y) = e CEDO(jz|7?), (4.103)
x

with ¢i(-) defined in ([4.79),
ek(2lz]) = ik|z| — inlog(2k|z]) — Zn.

When the attenuation v = 0, we simply have

(’3 vV, — iko) o/ (w,y) = O(j27?), (4.104)

||

uniformly for y in compact set, when |x| — oo.

Proof. We have

1 _ Op(x)G
ar(w)_(I)k = Gar(ac)|x_y| ! + () ;

¢ |z -yl

Or(2)8 Op (b
= GOl —y™ + —L o + T oH. (4.105a)
|z —yl |z =yl
From (F.5b) and (F.11al), we have
[z —y[™ = Ja|TH L+ O(jz71);
_ X r—y _
ar(ac) |x—y| == = O(|(L’| 2);

lz[ [z —yl?
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and from (F.14]),

x r—1Y 1
Or(z)s = 14+ —- = 2+ 0(|z =0(1);
(@) o Tr—y] (Jz[7) = 0(1)

T r—1Y 1 1
Oyt = 1— ——= = 1—(1+0(jz]") = O(lz[").
(@) o Tr—y] (1+O(2[") (Iz]7)

As a result, the first and the third terms in ([4.105a) are already of order |z|=2. Also from the above
expansion for 0,(,)s, we have

1 1 r x—vy

——— (08 — 2) = — = O(|z|7?).
o=yl O =D = Tyl oy~ O
This allows us to write

1 1 2 2

(0@ — kD) = S0P — O + Ol Pk ®y;

¢ ¢ |z -yl lz -yl

e~ Pout(s) e~ Pout(s) 9
Here, we have denoted by ¢ou¢ the oscillatory phase
bout(s) = Liks — inlog(2ks) — Zn. (4.106)

The lower order terms (of order |z|~2) on the RHS comprise of

Op(z)s — 2 B O ()8
|z —yl |z — yl

Bt
O.H + @) 8tH>.

e o) (ikH E—
Ty

Step 2 : The proof is finished if we can show that e=®ou(s) (9,H — ikH) = O(|z|~!). To do this, we
expand this out by using (F.14)),

20,H — ikH = fik(QW’_XJ/Q(fiks)M’_X,l/Q(fikt) - %W_XJ/Q(fiks)M_X,l/Q(fikt)
—ik(w_x,l/Q(—iks) M jp(—ikt) — W'_X71/2(—iks)M_X,l/z(—ikt)

X

+ 2 g W*X,1/2(_i k S) M,X’l/z(—i kt) .

e From (F.7a)), the last term is of order |z|~! due to the factor s~!, since
s = 2z|+0(1) = s' = 0(z).
e On the other hand, the first two lines can be combined as
ik (W’_XJ/Q(—iks) + %w_%m(qks)) (2M'_X71/2(—i kt) — M_XJ/Q(*ikt)) .
By (F.7b), for y in compact set, t = O(|z|~1) as |z| — oo, the factor
(QMLX’I/Q(—ikt) — M_y (-~ kt)) = 0(1),
while from (4.44) in Prop [29|in Appendix we have

e%zz_X(W/ 1(2) + %Wx%(z)> = 00™);

X5

= e (WL (—iks) + 3W_y1ya(=iks)) = O(le|™).
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As a result, we obtain
e~ dout(®) (8SH - ikH) = O(|z] 7). (4.107)
and thus (4.103)). For the statement (4.104)), when the attenuation v = 0, we just note that

|€¢out(s)| _ e—%no_

Proposition 13. The quantity ﬁ . qu)‘kt) (x,y) satisfies radiating property, i.e.

X . _
<|;C|'V“” - 1k0> Or(y) @i, (2, y) = O(Jz[7%), (4.108)

fory in compact set and as |x| — oo.

Proof. We first expand out 8r(y)c*1¢>k and 8r(x)8T(y)c’1 ®y in terms of the partial derivatives of H with
respect to s and t, together with the order of their coefficients. We have

1 O ()8 Ot
P g = @ ke ZyIT o+ I O O
- -
O(|z| 2
(el O(la 1) O(j 1)

And,
Or(a) Or(y)

= <5r(x)5r(y)|$ - y\_l) G + (3r(y)|$ - y|_1) Or(z)s OsH + (5r(y)|$ - yl_l) Op (o)t OcH

o(|=|~?) o(l=|7?) o(|z|~%)
+ (0w 6T(y)s) OH + (8“”S Orys) O2H + (ar(y)s Orart) OH (4.109)
"~y lw —yl o —y|
o(|=|~?) o(l=|™") o(|z|~?)
0 ( )t 0 ( )t 0. ( )t
) Y O H 2O eys) Ot H B Opyt) O2H .
+ (T(i) |x—y|) ekl (|x—y| T(w)b) sl + (|x—y\ T(z)) t
— [ ——
o(lz|~?) o(lz|™h) o(lz|~?)

The orders of the coefficients come from the calculation in Appendix [F] In particular,

-1 F19 — -1 [F19) _:
Orple —yl™" =" O(lz —y[™?) ; Or@)Ormlz—yl™" =" O(lz —y[®);
s T2 24 0(le[™Y) = O(1) ; Byys T22 14 cos(d, —6,) +O(z| 1) = O(1);
(F.15) _ (F.16) _
0wt B2 00zl at T2 1 cos(8, — 6.) + O(lz["Y) = O(1).
This leads to
Ihws _ @) Orws - _ _ _
Oy — = Y 4 (08 ) Or (|l — 9|7t = O(lz]72) + O(|z| %) = O(|z|72);
@ = eyt (2rws) ol -y (127%) + 02l =) = O(Ja] )
Oyt Or(2) Or ()t - _ _ _
Oy —2 = Y 4 (Ot ) Or |z — 4|7t = O(lz| ™) +0(Jz| %) = O(Jz|72);
@ = eyt (rwt) ke —u (ja172) + O((al~%) = O(fa|
Or(y)s -1 Or(y)t -1
—_— = O €T ; T = O X .
P (Jz[77) P (Jz[7)
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We will gather all terms with lower order coefficients on the RHS of (4.109) into one denoted by £.
With ¢oyt defined in (4.106f), to say that a quantity A is of lower orders, we mean

e P 4 = O(|z| 7).
Using this notation, we write
(ar(z) - lk)ar(y)q)k

Or ()8
|z -yl

0, Or ()t
-y

Op (ot
<) 92 T(y)
lz—y| iz 8T(1)b) 0iH + ( 8T($)s) OuH + &

Ot ( lz =yl

ar ar 9 t .
= SR (CikoH + 20°H) + U (= iKOH + 204H) + £
[z — 9] e =yl
0, Or(w)t
4 rw)® (Orys — 2) O2H + (9,5 — 2) O H .
|JI - y| N——— ‘CL‘ a y| —

O(lz]~2) O(lz]~2)

In the last equality, we have used the same trick as in Prop. [I2]to replace 9,(,)s by 2 modulo lower order
terms,

(F.15) _
87,(96)5—2 — O(|.%'| 1).

The resulting lower order terms can be absorbed in to £ to give £. In short, at the end of step 1, we
have written

Or(y)8
|z — y

Dyt )
(Or(a) — 1K)y Drc = (—ikd.H + 202H) + %(—ikatﬂ +20%H) + £.

‘ —
Step 2: The proof for the radiating property of 0,.(,)®x is finished by showing that

67¢°“t(s)(—ik85H +282H) = O(|z|™") and 67¢°“t(s)(—ik8tH +202H) = O(lz|™1).

::Hl Z:]IQ

From the calculation in (F.24)) and (F.25) in Appendix [F]

1 . .
0?H = —k? (4 + 1@) H - S%M,X’l/Q(—l kt) WL 1 /a(=iks);

W7 1 /a(=1ks) M s

s*1W_X71/2(—iks) tilM_XJ/z(—ikt)

1 (—ikt)
0 H = Z|<2H + iky

We can thus rewrite these factors as,

1
202H — kO, H = —2k2 (4 + lkxs) H - S%M,X,I/Q(_ikt) W1 jo(—iks) — ikd H

- fik%( —ikH + QBSH) +0(|z]7) + 0(|z]72),
and
202 H — ikd H
1 . : : .
= §k2H— kQ(iw,XJ/Q(—lks) My 1/2(=ikt) — WL o(=iks) ML | n(—i kt)) (4.110a)

iky

+ 2= XWM 4 ik%W_XJ/g(fiks) M_ 1 /a(—ikt). (4.110h)
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That I is O(|z|™!) is due to (#.107), which was shown in Step 2 of Part 2 of Prop. [12| (which shows the
radiation property of ®). Each factor in Iy can be shown to be O(|z|~1) as follows.

ik . . .
@ 1T0D) %M_X,l/g(flkt) (QW'_XJ/Q(—lks) +W_X,1/2(f1ks)) ;

o(jz|™Y) ef.

@110a) = k2 (%W_X,l/g(fiks)+W/_X71/2(fiks)) (M’_XJ/Q(fikt) - %M_X,l/g(—ikt)) :

o(jz|~1) ef. 0O(1) since t=0(|z|~!) cf. ,

4.3.3 Verification of fundamental solution properties

The proof is adapted from [34, Prop. 4.9] for the Laplacian and from [3I, Prop. 2.1] for the Helmholtz
operator. We will use the second Green’s formula: for a bounded region R and w,v € C%(R),

0 0
JAV — w(Agw) )dr = - w——v)d ; .
/R (( w)v — w( v)) x /872 (U 81/(x)w w 8y(m)v) o(x) (4.111)
where v(z) is the normal vector along 9R and points outward of R. By a fundamental solution to
<—Am —k*+ O|[°°) Oy (z,y) = d(x—y) , in D'(R?), (4.112)
x
we mean
i [ [(—A K+ T2) 6(0)| @u(e,y) de = oly) Vo eCT(RY).
e—0t Qo) |$‘

Proposition 14. When v # 0 (i.e. in the presence of attenuation), the function ®y(z,y) defined in
(14.63))

Ml4+x) 1 0 0 . .
Ploy) = Tk (a B a) (Woraal—ike) Moxaya(-ik); (1.113)
with s == |o| + |yl + |z -yl ; t := || + |y — |z —y|

is a fundamental solution to [A.112)). In this case (v #0), ®w(x,y) € L2(R3) fory in compact subset
of R and vice versa (due to the symmetry in x and y).

When v = 0, the kernel CIJkiO(x,y), defined in (4.66) and (4.68)) respectively, is a fundamental

solution to
Ao

]

(Amkg+ ) @kio(x,y) =d0(zx—y) , in D’(]RB). (4.114)

Proof. Let us first define

Qo) = R3 \ B, with By = {z€ R3 |z —y| <€}
(4.115)
S(O,e) = 818%(%6) = {x S R3 \ac — y\ = 6}.
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To show that @y as defined in (4.63) is a fundamental solution (or equivalently that ®,, is a distribu-
tional solution to (4.112)) means, for arbitrary ¢ € C2°(R?), we have to show

<(—Aa: —k2+%) Dy (z,y) ¢(a:)> = é(y)

or equivalently <<I>k(x,y) , (— A, — K+ a;.o) ¢> = #(y) ;

||
G
or equivalently lim ¢ (z,9) ( — A, — K+ aﬁ)qﬁ(aj) dr = ¢(y).
=0 Ja,. lz -yl ||
Here (-, -) is the distributional pairing D’(R?) x D(R?).
Using the fact that ®y satisfies
(—Am —k%+ T;T) Qu(z,y) = 0 , onQy, , €>0, (4.116)

we can write

[ a2 o)) autey) do
Q0

_ /Q 8 e / 6(x) (=D, Bi(x,y)) da

Q(y,e)

() (—Az — K2+ am) Oy (2, y) dz

||

- [ (B Q@) — 6 O PIa) dole)
(y,€)

zﬂl _]I27

with v(z) the normal vector pointing outside of €, ). Here, we have defined (a spherical change of
variable centered at y, i.e. x =y + ew with e = |x])

— (z—y)
o= /S(o,l) By +ew, ) ( lz =yl .qus)

o L (5w

We next consider the limits of each integral as e — 0. Use (4.75b)) to obtain that

2dw ;

r=y+ew

Py + ew) €% dw .
T=y+ew,y

imT, = 0,
e—0
while use (4.76)), to obtain that
1
lim I, = —— ¢(y)do(w) = —¢(y).
e—0 Iy S(O,l)
Putting together these two limits, we have
lim (—As =K+ T2) 0(x) | B(w,y) do = lim (I —Ta) = 6(y).
=0t Jo, || e—0+
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4.4 Green representation in bounded domain

The following proposition generalizes Helmholtz representation. The proof is similar to that for Prop.

el

Proposition 15 (Green representation in bounded domain). Consider 2 bounded, u € H*(2), n(x)
normal vector points outward. We have the following three representations. The first one uses Py
with Imk # 0 (i.e. with attenuation).

ww) = [ (Ou )0 Bulan) = u(w) Ony D(.1) dr)

N (4.117)
- Pz, y) (A + k2 — =2 )u(y)dy.
/m K y)( |y|) (y) dy
At real kg > 0 (i.e. without attentuation), we have
u(z) = / (Gny ) ) O (@,9) = ly) (Oni @) (@,9) ) do(y)
o (4.118)

- /{mq) (z, )(A+k2 |y°|o)u(y)dy

Proof. Define the bounded subregion €, ) of €,

Qye = Q\B(y,¢).
As before, using the fact that @y (x,y) satisfies

(—Aw — K2 Tx) By(w,y) = 0, on Qe , €>0,
we can write
[ a2 ]y do
Qy.0) |z

_ /Q(y:é) K A, — K24 x|> u(x)] By (2, y) do — /%YE) u() ( As k2+||> Py (,y) da

= / (—A u) q)k(m,y)dx — / U(l‘) (_Aac (I)k(mvy)) da
Qy.e

Q(y,e)

= y) (au(ﬁ)u)(x) - u(x) (3y(x)‘1>k)(x,y)> dO’(l‘)

GQUSye

- [ (o) Ouom @)~ ule) Grn B ap) dota)

o (#e (=g vn) ) = o) (=¥t o) ot

[ @) Gu)(@) — o) @ @) dole) + T - .

Here, v points outward of €, ). We have also used a change of variable z = ew and define

I, := / O (y+ew, ) (xfy ~Vzu)

S(o0,1) |x - y|

I / <wy.vm¢k>
Sco.1) lz —yl

e dw

T=y+ew

u(y + ew) € dw .

T=y+ew,y
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As in the proof for Prop we use (4.75b) and (4.76) to obtain that

. . 1
ll_r)% I =0 ; 21_1)1(1) I, = i S0 u(y) do(@w) = —u(y).
The proof for the representation with tIJkiO follows in the exact same manner. [

4.5 Construction of solutions to the inhomogeneous equation
Consider the inhomogeneous equation (i.e. with a non-zero right-hand side)

oo

(—A — k* 4+ )u(az) = f(z). (4.119)

||
Recall @y (x,y) is given in (4.63]) and @:;)(x, y) in (4.66)). First recall that they are symmetric in x and y.

Secondly, for  in compact set, ®y(z,y) € L*(R3) with Imk? > 0, while (IDQLO (z,y) € L2(R3) with ko > 0.
Here, L? means L? with compact support. As a result, the following integrals are well-defined,

Rek?>0, Imk?#0 : RK)f = R(K?)f = / O (z,y) fy)dy , fe€L*R%, (4.120)
RS
and

00 REK)f = RES = [ Wiy . fe IR, (1.121)

Proposition 16. e For f € L?(R?) and k with Tmk # 0, R(k)f in ([4.120) defines the unique L?
solution to (4.119).

e For f € L2(R3), R%(ko)f in (4.121) defines a solution for ([A.119) with the property,

(3r<w) Fi ko) R¥(ko)f = O(lz| ™) , |z = o0. (4.122)

e For f € L%(R3), we have pointwise convergence as follows: for each x € R3,

lim (R(k)f)(x) = (R*(ko)f)(@).

y—0%

There is also the convergence in L? (R3), i.e. for ¢ € C°(R?) with Supp ¢ = Q,

loc

lim 6 (R(K) = RE (ko)) [l oy = O

~y—0+

Proof. Part 1a For fixed x € R?, we show that the integrals of the form

=
I

L= [ eenfedy L with Tmk20, e D),
R3
and IF = /R3 @kio(a:,y)f(y) dy , with f¢e L%(R?).

are well-defined. We break them up into a sum of an integration on B(, .y := {y|lz — y| < €} and one on
the complement,

Héwﬂwmww+/ i, y) f(y) dy:

FEe (4.123)

IE :/ i (z,y)f(y) dy +/ O (x,y)f(y) dy.
Bz.) RE\B (4, e
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For all three cases, the integrals on B, ) are well-defined due to (4.75b)) of Prop @ On the other hand,
cf. subsection W_ 1/2(—2iks) and W’ 1/2(—2iks) decay for k € C with Imk # 0, and oscillates

but stay bounded for kg > 0. As a result, the integrals on R? \ B(s,c) are well-defined for Imk # 0 and
f € L?(R3). For kg > 0 (i.e. Imk = 0), they are only well-defined for f € L?(R3).

Part 1b We show that it defines a (distributional) solution. For ¢ € C3°(R?), we show that

g (R(K)f)(z) (—Az —k+ T;’") (r)dr = fx)p(z)de , Imk#0, fe L*R?),
and

[ @ n@ (-8, -kt T owyde = [ f@yswds . fe L),

We first note that the order of integration in the above expressions can be reversed, i.e.

[ rwn@owas = [ ([ oo swar) (~a0 -k 5= oloraa

||

(Lt (a0 -kr G ) oterae) sy

This is justified by Tonelli’s theorem, cf. [9, Prop. 5.2.1], since

(4.124)

(I)k(xvy) .f(y) QS(J;) ,  with  Tmk 7& 0, f € LQ(Rg) )

and @ (z,y) f(y) ¢(x) , with fe L2(R?),

are almost everywhere continuous in R3 x Rg (continuous except at = y). They are thus measurable.
Next, using the fact that ® is a fundamental solution given in Prop [I4] to rewrite the second expression
on the righ-hand-side of (4.124)), we obtain

/ (RIS () blz) dr = / o) £(v) dy.
R3 R3

The proof for & and f € L2(R?) is verbatim.
Part 2a : The uniqueness of the L? solution when Imk # 0 is given by Proposition [1] of Section

Part 2b : We show the radiation condition in the case of no attenuation for ky. It is justified in
Appendix [E] for
y € Qbounded , fe€L2(R3), SuppfcCQ,

and
0€Q , zeR3\Q,

to pass the differentiation across the integral sign and obtain

0 [ Wile) f)dy = [ 0.0 (w.9) fw)dy.

In another word, we have

(gc-vm T ik0> /Rs@;ro(%y)f(y)dy = /Rsf(y) (x-Vm T iko) f (z,y)dy.

|| ||

Next, we use the radiating property of <I>ki0 given in (4.104)) of Prop

(‘”-vz . iko) & (2,y) = O(ja]2),

||
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uniformly for y in compact set, when |z| — co. We thus obtain the uniform Sommerfeld radiation for

R*(ko)f-

(v % 1) [ oiasoay = [ 0™ swdu) = 0kl ™).

||
Part 3 This uses dominated convergence theorem and the limits
ky = ko , my = 1 , Xy X0 , as fy—>0+;
ky =+ —ko , my =+ =m0 , Xy ——X0o , as y—0" .
Denote the following regions in C, with a,b,c > 0
Rt = {z€C| Rez€a,b], Imz € [0,c]};
R~ = {z€C| Rez€[a,b], Imz € [—¢,0]}.
Using the branch of square root defined in , the following maps

RT —CR*xR*, C) ; z = ®4(2,9),
R —CR*xR*,C) ; z— @ 42,y),

are uniformly continuous. O

Remark 23. Here, we have considered H = —A + 'B| with constant B € R and f > 0. This is
x

called a repulsive potential, which is the case for application in helioseismology. The above results can
be rephrased from the perspective of spectral theory as

U(H) = Ucont(H) = UaC(H) = [Ovoo)v

see also [T4. However, for 8 < 0, there are point spectrum on the negative aziﬂ. Note that in both
cases (either B > 0 or 8 < 0), there is no embedded positive eigenvalue into the spectrum (equivalently
the spectrum is absolutely continuous).

4.6 Uniqueness under radiation condition at kg

In previous section, we have constructed a solution to

(—A — K + %’)u = f , with feL2(R%), (4.126)
T
which satisfies the uniform Sommerfeld radiation condition
Oru(z) —ikou(z) = o(r™') , as r=|z| — oo uniformly in fc—‘ € S(0,1).
T

We will show that this is a defining property, i.e. such a solution (with this property) is unique. We first
discuss several equivalent forms of radiation conditions. Recall the second Green’s formula (4.111]), for a
bounded domain €2,

/ (w (Azu) — u (A, w)) de = / W)U — UDp ()W,
Q

o0

20For the attractive Coulomb potential i.e. 8 < 0
o(H) = [0,00) U opoint(H) ,with ocont(H) = dac(H) = [0,00),

and the point spectrum consisting of an infinite discrete set of negative eigenvalues with finite multiplicity with zero
accumulation point,

2
ounH) = {~Lp e [-42,0), n=1,2,..}. (4.125)

For computation see [22], Chapter 10 p.191].
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where n(z) is the normal vector along 9§ and points outward (from the interior of R1). On the other
hand,

_ - 2 Qooy, _ 2 Qoo
/Q ((Awu) w — u(Ay w)) dx = /Qw ((AI + kg ] Ju — u(Ay + kg 2] )w) dx.
As a result, we have
/Qw ((Az + k2 — %T)u — u (A + k2 — T%T)w) de = /émwan(x)u — Uy ()W . (4.127)

In particular, we can apply (4.127)) to the pair (u, %) to obtain

/ (u (Az + k& — aOO) U — u (Am + k2 — aoo) u) de = —/ 2iIm (u@n(z)ﬁ) do(x), (4.128)
Q || || o0

since
ﬂ&n(z)u — u&n(x)ﬂ = —2ilm (uan(z)ﬂ) = 2iIm (ﬂ@n(x)u).

In the same spirit of the proof for Helmholtz equation, cf. e.g. [3I, Thm 2.3|, we obtain the results
with additional presence of a positive Coulomb potential.

Proposition 17 (Equivalent forms of radiation conditions). For u a solution to

Foo
2]

(—A—K2+ )u:m (4.129)

in the exterior domain kg > 0 of o = R3 \ Q, with Q bounded, the following statements are
equivalent.

1. Uniform Sommerfeld radiation condition

Oru(z) —ikou(z) = o(r™') , as r=|z| = oo uniformly in L e S(0,1). (4.130)

||
2. L?-radiation condition

lim (O u) () —ikou(x)|2do(at) = 0. (4.131)
R—o0 S(O,R)

This can be written as

TILH;O |(Opu)(2)]? + ki |u(x)|? do(z) = —2ko / Im (u(z) 0,u(z)) do(z) . (4.132)
Sc0,m o0
3. Exterior representation formula
u() = /8 (@n)w) @ 2.9) — wl) Oy B)(w0) dor(y). (4.133)

Proof. ‘Part 1:(1)=(2) ‘ Assuming the uniform radiation condition (4.130)), we show that

/ |0pu — ikoul?dS, = o(1) , as r— oco.
Sc0.m)

This is because

/ |0,u — ikou|® dS, = / |0,u(w) — ikou(rw)|*ridw = o(r?)r*dw = o(1).
Sc0,m) Se0.1) Se0.1)
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‘Part 2 :(2)=(3) ‘ Step 0 Consider r so that

Q C B(O,r)~

Denote by
R, = Q8 N B, (4.134)

where Q€ denotes the complement, Q€ = R3\ Q. Since u is a solution of (—A—K + 2 )u = 0in R,,

apply Proposition [L5| which gives the integral representation in R,.,

u@) = [ (O ¥ (@20) — ) 0,9)(@.1) do (o).

Note that
OR, = 00 U S(O,r)'

Denote by I this integral along Sy, i.e

Lim [ (Gad@) 0 (0) ~ ul) @u)w,1) doty).
Sw.m

We need to show that
ImI = 0.

r—00

Step 1 We first obtain the second form (#.132) of the L?-radiation condition using (4.128]). Since
both a and kg are real, both u and w satisfy the homogeneous equation in R,

(A +kE— °|“°|O>u: 0 (A +KE— |>u = 0.
x
Using this fact and applying the modified Green’s formula (4.128) to (u, @) in region R,, we have
/ Im (u(z) 8, (»yU(z)) do(z) = 0 , v(x) normal vector pointing outward of R, .
R,

Since 0N, = JQ U S(g,y, with n(z) denoting the normal vector along 92 and S,y but now points
outward (towards infinity), we have

/ Im (u(z) Op(oyi(a)) do(x) = / I (u(z) Oy yi(z) do (). (4.135)
20 Sor)
On the other hand, since

f(@ru)(x) — ikg u(m){2 = |(8Tu)(sv)|2 + kg|u(ac)|2 + 2Im (u(x) Brﬂ(ac)) ,

we have

/ (0w (z) — ko u(e)|* do(x)

S0,

= / |(8pu) () ]* + kg|u(z)|2 + / 2Im (u(:c) 8rﬂ(x)) do(x)
Sco,m) Sco,r)

(BEE) )(@)2 + KEJu(a) 2 do(z) + / 21m (u(x) Bu(x)) do (x) -
So, T> o0
Hence we obtain the second form of
li)m |(Opu) ()| + K2 |u(z)|* do(z) = —2k0/ Im (u(z) 9,u(x)) do(z).
" IS0, o0
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Step 2 To make use of the L?-radiation condition ([4.131]) and ([4.132), we next rewrite I as
I = ]Il + ]127

where

o= [ (@) keu) ) dot);

Iy, := / u(y) (iko @:;(x,y) — (8n(y)¢:;)(x7y)) do(y) .

Sco,m

Here, we have added and subtracted the term iko@;ro u. From (4.132)), we have that
/ (Ou)(@) 2 do(z) = O(1) | / u(@)2do(@) = O(1) , as r— oo.
So,m S,

We first consider I,. With x in a compact set and considered as a parameter, y > q;;ro (z,y) solves

(4.129) in R3\ {x} and satisfies
Y : + _ -2
(L%~ K)ot = olyl™).
lyl
Result of Part 1 (now applied in variable y) then gives

/S(O,T)

By Cauchy-Schwarz, we obtain

1/2 1/2
u(y)|? do Y. F_ikdf|?do =
To| < (/S(M ()" d (y)> </s(o,m||y| V@ —ik® " d (y)> O(1)o(1),

2

L v, — ikd| do(y) = o(1) , as r— oco.

lyl

Thus

We next consider I;. For x in a compact set,
li —ims o 1 _
@, () = 2" (e Tikoly )X (14 Oly ) (14 O(lyl ™)

1 i 1 _
= & (z,y) = 2™ (e "iko[y[)X* — (1+ O(Jy| ™)) .

]

Since

/ 1B} (2 )[2do(y) = / B () P ydo(y)

Sco,m) Sco,1)

we thus have, for z in a compact set
/ |<I>k+0(a:,y)|2da(y) =0(1) , as r—o0.
Sco,r)
Note that we are currently assuming (4.131)), i.e.
/ [(0ru) (y) — ikou(y)|* do(y) = o(1) as 1 — oo.
Sco,r)
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As before, we now use Cauchy-Schwarz to bound

1/2
L] < ( / |<I>k+0<x,y>|2da<y>> ( /
S(0,r) S(0,r)

As a result of this,

Lov,ef - ke

9 1/2
] dg(y)> =0(1)o(1), asr — oo.

I, =o(1) , asr—oo.

Together with the result for Iz, we obtain the conclusion for I, i.e. I =o(1) as r — oo, and hence ((4.133)).

‘Part 3(3)=(1) ‘ Now we assume that u is a solution to [@129) in Q€ and that u can be given by
@133).

u(z) = /89 ((8n(y)u)(y) <I>k+0 (x,y) — u(y) ((“)n(y)fI);;)(%y)) do(y), (4.136)
with the normal vector n points outward of d€). In fact, we can obtain a representation on S ) for t > 0

large enough so that
Q C B(07t).

As done in the proof for Part 2, we apply Proposition [I5] which gives the integral representation in R,
uw) = [ (B0 0) (W) B, (2.0 — u(y) (Do B (9)) do(y)
dQUS(0.¢)
where v points outward from (R?\ ) N B(o,). Combining with the representation (4.136))

[ (@u)0) @ 00) = 0lw) Guiy ) .0) dotw)
o
= [ (@uey ) 80~ ) By ) .)) o)
o
+ [ (P @) - uw) 0wy dow).
S.0)
This leads to

[ (@uy @) ¥ ) u(0) (a5 (w20) dotw)
o0

1

=3 A o (Oryw) ) @ @,9) = uly) (O, ) (@,9)) do(y).

As a result of this, u can be written as

1

=g /S o (Or ) () O, (2,9) = uly) (9@, ) (@) ) do(y).

We will work with this representation.
With differentiation under the integral sign justified in Appendix [E] we can write

(8,«(35) — 1k0)2u = Ay + A,

where

o= | ) (;vmik()) 3 (2,9),

A .
b= [ at) (590 ) ) @i ) o).
(0,v)
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Note that we are integrating with respect to y € 02, the boundary of bounded domain €2, thus y is
indeed in a bounded set and we can apply the radiating property of <I>;r0 (z,y). Prop [l1{and |13| give the

asymptotic properties of @:; (x,y) and 8T(y)¢>;'(a:, Y),
(0 — ko )@ (,y) = O( ),

(87"(30) - 1k0)8r(y)¢:;)(xay) = O(‘.T|_2),

as |z| — oo and y in a bounded set. As a result of this

Ay = | 0@)O(z|2)do(y) = O(2|2).
oQ

Similarly, we obtain Ay = O(|z|~2). And thus
(6T(w) - 1k0)u = O(|J)|_1),

which implies (4.130)).
O
Definition 3. For kg > 0, a function u € L%OC(R:’) is a outgoing solution for
2, Qo

in R3\ Q, where Q is a bounded region if u satisfies one of the conditions listed in Prop n
particular, the Uniform Sommerfeld radiation condition (4.130))

Ovu(z) —ikou(z) = o(r™') , as r=|z| — oo uniformly in z €5(0,1),

||
or the L?-radiation condition (4.131)),

lim |(B,u)(x) —ikou(z)|’ do(z) = 0. A
R—o0 S(O,R)

Proposition 18. With definition of outgoing given by Definition[3, we have the following statements.
o For kg > 0, if u € H? (R?) is an oultgoing solution to (—A — k& + ¢=)u = 0 and satisfies the

|]
outgoing radiation condition, then u = 0.

e For kg >0, ifu e H? (R?) is an outgoing solution to (—A — k3 + TEu=1f, f€ L2(R3), then u
1S unique.

Proof. If u is an outgoing solution in R?, then by the exterior representation formula (4.133))
ww) = [ () B w9) = 1) Ouiy i) (a0)) o). (4138)
©.€)

in R\ B, for all € < |z|. Let € — 0, we obtain that u(z) — 0.
For the second statement, suppose u; and us are two outgoing solutions of the inhomogeneous equa-
tion, then u = w; —ug solves the homogeneous equation and is still outgoing. By the first part, u =0. O

4.7 Rellich’s lemma

The following theorem is also proved in [22, Thm 1.2]. This is usually needed to show uniqueness of
exterior boundary value problem.
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Lemma 19 (Rellich estimate). Consider a solution u € C*(R* \ B )
(—A—K2+ \I) =0 on R® | with ky>0,

which does not vanish identically, then 3C > 0, and t > v such that

Vr>1t | / lu(z)|*de > Cr. (4.139)
<|z|<r

Proof. Step 1 In the region R? \ B(o,v), with RHS being 0, the equation has the radial symmetry and a
general solution can be decomposed as expansions of spherical harmonics, i.e.

[eS) 4

u(r,0,0) = > Y uf(r) YP(9,9),

(=0 m=—/(

//% r,6,0) Y (0, 6)sin0 dodo .

where the coefficients u}(r) are

w(r) = [ ur=) ¥

By the orthogonality of {Y}"}, we also have

/|usw|dw: Z Z lug* (s
£=0 m=—¢
As a result,
/ lu(z)|* de = / / lu(s,@)|? s*dwds = / Z Z luf(s)]? s* ds .
e<|z|<r v JS! 0 m——t
By hypothesis that u # 0 on R* \ B(g ., there exists radius so and mode (m, £) so that
lug*(so)] > 0. (4.140)

This quantity will be as a lower bound for the L? norm of u on the annulus t < s < r,
/ lu(z)]?de > / lu(s)| s*ds > 0. (4.141)
e<|z|<r t
Step 2a We will look for t and C' > 0 so that if » > t then

/ |u(s)| s*ds > Cr.

T

By m which gives expansion in spherical harmonic and Whittaker functions) and (4.140 m for some
a and b with |a|?+|b> > 0,

m L7 : 7
up(s) = S(aW_X,H%(—Qlks) + bWX,€+2(21ks)>.

Using the asymptotic properties (4.45) of the Whittaker function in Appendix we have, for some a
and b with |a|? + [b]? > 0,

1 s s
up'(s) = 5 (a e 2" sin (kor — o log(2ko s)) + be” 2™ cos (kor — 10 log(2ko s)) + 0(5*2)) .
(4.142)
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In fact, b=a+b and a = i(@ — b).
We next rewrite the two dominant terms in (4.142) as,

a sin (kor — 1o log(2kg s) ) + b cos (kor — 19 log(2 ko s)) = sin (kor — 1o log(2ke s) + 00),

where the angle 6, is given by

a . b
COSQO = W N SanO = W

We can write

jus

ul(s) = e 3™ \/a2 102 (sm (kor — 0 log(2ko s) + o) + 0(571)) :
= |u}“(s)|2 §2 = 7™ (a2 + b2) (sin (kor — 1o log(2ke s) + 90) + O(s_l)>2;
= e ™0 (a? +b?) (sin2 (kor —mo log(2ko s) + 6o) + O(s_l)) ;

a? +b?

= e ™0 5 (1 — cos2(kor —no log(2ko s) + 6o) + O(sil)>.

1—cos2¢

For the last equality, we use the identity sin® ¢ = 5

After this step we have obtained

[ s as
T

(4.143)
e @2+ H? "
— e~ — (- T+ cosQ(kor — 1o log(2kg s) + 90) ds | + O(logr).
Step 2b We next show that the second integral in (4.143)
I :/ cos2(kos — 1o log(2ke s) + 90) ds.
T
is O(1) as r — oo. We first define
1 2kgs — 2
g(s) = kos — no log(2kos) + 6y = ¢'(s) =2ko — 2770; = ofno.
In terms of g, we write
I = /Ticosg(s) x g'(s)ds = 7/7‘ ! (sing(s)) ds
e 9(5) e g(s) '
Using integration by parts,
sing(s)|" /r ) ( 1 >/
I = - + sin g(s ds. 4.144
ZON S AAVTE )
Since |sin(-)] <1 and
1
li = 2k
TLHC}o g’(r) 0
the first term on the RHS of (4.144]) reads
_sing(r) - sing®) gy s, (4.145)

g'(r) g'(v)
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We next consider the second term on the RHS of (4.144]). First recall that ny = g—lio > 0 since ag > 0
0
and ko > 0. Hence,

vy L . 1LY _ g6
g = 27708 > 0 and (g,(s)> 0 (5)? > 0. (4.146)

Now using |sin(-)| < 1 to bound

[Sing(s) <9’18))ld5 = /r (9’18))/ @ /:(g’;))/ds - g’zr) 79’11‘)
Since
lim —~— =

we thus have

- = 0O(1
70 g - oW
As a result of this,
T 1 /
sing(s) | ——= | ds = O(1). 4.147
[ singte) (55) ) (4.147
Putting together (4.145)) and (4.147)), we obtain
I =0() , as r— oo (4.148)

Step 2c¢ From (4.148)) and (4.143), we then conclude the existence of C' > 0 and t > 0

T 2 b2
/ lup(s)|?s* ds = e""’"%r + O(1) + O(logr).
T

2 b2
Here we have gathered into O(1) the terms e~ ™ % ( -t + H). The final Rellich estimate (4.139)

now follows after using (4.141)).

O
4.8 General solutions for the homogeneous equation
In this subsection, we will describe a generic solution of the homogeneous problem of operator
(—Am K+ T%T)u = 0. (4.149)
Recall that by separation of variable, this is reduced to an ODE on each mode (¢, m)
(_z: e O%-o n W;U)u;" =0, (eZ.
By Remark the range of angle for z = Qei% kr is in the definition range (-7, 37“) of
W H%(z) and W__ H%(e*”iz) : (4.150)

a pair of fundamental solutions for (4.5) at oo, and in the definition range (—m, ) of the fundamental
pair near the origin,
—im —im
M%H% (e7z) and Wx,i—s-% (e7'"z2). (4.151)

These fundamental pairs are listed in Subsubsection [£.2.4] with their definition given in (4.26)~(4.29) for

the Buchholtz function MX,H% and in (4.32)—(4.33) for the Whittaker function W)@H%' We obtain

readily the following results.
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Proposition 20. Ifu € L} is a solution to

(fAm7k2+(|%T)u =0, (4.152)

e in a sphere |x| < R, then u is given by

[ L
=33 Y (0,0). (4.153)

[e's) 4
1 m —imT o m . m
=33 m(ag W (e 2iklal) + 0P W s (2ikl]) )Yé 0,6). (4.154)

o Ifu is, in addition, outgoing by Deﬁm'tion@ then on 0 < Ry < |z| < Ra,

o £ W Hl(e*i7r21k|ac\)
w=> > ap— YI(0,6). (4.155)
£=0 m=-1 |217|
Remark 24. The series (4.154) and ([4.153) converge on compact subsets of R?\ {0}. A

Remark 25. In the general spherically symmetric case, we still have p(z) = p(|z|), but %/ is not reduced
to a constant. However, on each mode (£, m), we still obtain an ODE of the form

(—d2 — kg + v(r) + €(€+1)>UZR = 0.

r2

This is a specific case of the general problem considered in [5, Chapter 2],

d2
(_er - f2(r)> u=0 , f(r)=/ki—v(r) > 0. (4.156)
For k% # 0, in case of a decaying potential v(r) that is

v(r) =0 as r—oo. (4.157)

with further condition, cf. [8, Eqn 4.45], for a ro chosen arbitrarily large,

/ [/ (r))?dr < oo / [v"(r)]dr < cc. (4.158)

0 0

Applying Theorem 4.5 of [3] gives that the equation (4.156), has a pair of solutions with the following

asymptotics, as r — o0,
exp (:I:iko/ Ulvéj)ds> (1 + o(1)).
To 0

This is the statement of Theorem 4.6 p 84 of [3]. In our case, by (2.19) and (2.11) and supposing constant

speed,

a?(r) — a2, n Ora(r) —al, n Qoo (T) n L0+1) '
4 2 T r2

In order to apply this result, we assume that as(r) s such that v(r) satisfies (4.157) and (4.158) and

that k* > v(r). A
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4.9 Exact Dirichlet-to-Neumann map

Definition 4. Consider a bounded domain @ C R?® with smooth boundary I'. Denote respectively by It
the outer and inner trace along I'. Consider the Schridinger equation with Coulomb potential

(-2 -k + =2)u=0

. (4.159)
||

For g € L*(1),

e the outer D-t-N operator T associated with ([4.159) and T is defined as

u is the outgoing solution to (4.159) in R™\ Q
Ttg = O,ulf where 9oy \

with boundary condition u\lf =g ’
e while the inner D-t-N operator T~

u 18 the unique solution to (4.159) in
T g = Onulr where ) 1

with boundary condition ulp =g

A

Proposition 21. Consider equation (4.159)) in exterior of the sphere By gy with boundary denoted
by I'. The outer D-t-N along T' associated with this equation is given by

* (ulr) Zw Z ug* Y7 (0, 9)

(4.160)
m=—/

where u* are the coefficients of the expansion of u|r in the spherical harmonic basis Y}*,

i.e€.
e (0,0) = Z uf Y (0,9) |
(=0 m=—t (4.161)
2
with  uy" = / / u(R,0,0) Y7 (0, ¢) sin6dp do,
and 7y are the modal coefficients of TT at level £ (call modal D-t-N coefficients)
W/ E+1( 2ik R) 1 )
—xl+5 io
—2ik 2 = = —. 4.162
e W 1(2ikR) R X7 %k (4.162)
—X, [+2
Proof. From (4.153)), an outgoing solution uqy; in R < |z| < R’ is given by

o L W sl 1(—2ik|z]) i
_ m B 2 m _ 0
Uout = Z Z @y |.’E| Yé (97¢) ) X = 2K .
¢=0 m=-1
The sequence a}* is next determined from the outer Dirichlet trace of uoutgoing along I' given by u|p
Upon imposing the boundary condition on each mode (m, ¢), with u}* given in (4.161)), we obtain

W Xz+l(—2ikR)
_ T2 m
a = u, . 4.163
‘ R ’ ( )
Since the series converges absolutely and uniformly in R < |z| < R/, we can differentiate term-by-term
in the radial direction to obtain the outer normal trace oy along I' is then
o L W' (=2ikR) W 1 (-2ikR)
m . —xA+35 —X:4+35
anuout|r+ = — % ZZGE 2ik 2R + 2
—0 m=

2 VP (0,0).
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Replace a}* by expression (4.163)), with simplification we obtain

o W

anuouth"+ = - 2ik
W
£=0 —x.+

1(—2ik R) 1 )
2 m N/ m

— E Y .
l(lekR) + R euf 4 (97¢)
2 m=

XL+

5 Results for the original problem

We rephrase the results obtained for the conjugated operator (2.5))
2
_ w _
L=p 1/2 Lorig P1/2 = —-A — C72 + Pl/zAp 1/27
in terms of those for the original one ([2.1)

Lorigt = ~V-(p'Vu) — Y .

5.1 Global outgoing solutions

We first recall the constructed resolvent for the conjugated operator £ in Subsection [3.3] denoted by
-1

R,2(k?) = (—A +q(x) — ‘;’—;) , cf. (3.69) in the presence of attenuation , and (3.71) (Approach 1)
or (3.84]) (Approach 2) without attenuation. The ‘outgoing’ resolvent for the original operator in (|1.1) is
given as

p/? R2(k2) pt/2. (5.1)

Here, ‘outgoing’ or physical means that w is L? in the presence of attenuation and kg-outgoing in the
case without attenuation. As a result, ‘outgoing’ or physical for the original equation means that p~/2u
is L? in the presence of attenuation and kg-outgoing in the case without attenuation.

Definition 5 (Outgoing solution for the original problem). For f with p'/?f € B (Remark@
for the case without attenuation, or p'/2f € L? with attenuation, a solution u to Lorigu = f s
called outgoing if u = p*/?w where w is the (unique) outgoing/physical solution to Lw = p'/2f.
Specifically, with w = R2(k?) p*/2 f, the outgoing solution is then

u = pt? R (k) p'/2f . A

Remark 26 (Global outgoing solution to the inhomogeneous equation in the Atmo model). For com-
pleteness of discussion, we consider the case in which Atmo model is applied for the whole R3, i.e.

p(x) =de =l c=c, , zeR’.

In this case, with v > 0, the normalized wavenumber is given by 4.15: , and we have specific expression
for the resolvent of the conjugated operator L. F07E| g€ B, cf (4.120)-(4.121),

Wa()g = RUDg = [ Bulemgdy . Ik £0.
ye

Rg0d)g = R = [ Sy ko>0,
y€ER

Under the current assumption, density p decays exponentially, thus for f € L*(R3), p'/2f satisfies condi-
tion p'/2f € B without attenuation and p'/%f € L? for the case with attenuation. In another word, one

2

2lstronger assumptions are either L2 with o > 1/2 or simply Leomp-
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can readily apply the constructed resolvent ﬁ(kz) to p'/2f. The outgoing solution u to Lorigu = f with
f € L3(R3) is then given by

u = de*%'“"/ B(w,y) e 3 Wfy)dy , Tmk® £0,
y€ERS
u = de_Txlw‘/ @I}(m,y) e_%@‘y‘f(y) dy , ko>0.
yeR3
For convenience, we recall here the explicit kernel given in (4.63)),

1’\(1 +X) W,X71/2(—iks) M,X’l/g(—ikt)

@k(.’l?,y) e P D . . )
Amle =yl | W2 | o(—iks) ML o(—ikt)
with the auxiliary variable defined in (4.64),
s o= lzl+lyl +le—yl , t=lz[+ |yl = |z -yl

The normalized wavenumber (4.15)) is

w? a? w2 a? .Y 9
k= 92(& - 4> = 92<c2 -7 “cz%>’

no=oop s X = An.

The outgoing resolvent without absorption (i.e, Y= 0) 1S given in 1) as a limit as ~y ot f the
above kernel, — 0
! (1 XO) X71/2( lko S) IVI—XJ/Q(_i ko t)

s S ] A
dmle =yl I W | o(=ikos) ML ,(—ikot)

f (z,y) =

5.2 Expansion of outgoing solutions to the homogeneous equation in the Atmo
model

In this case, we consider equation LorigUorig = 0 in the exterior of a sphere Bo,r) with R > R,. Recall
in this case that the sound speed c is constant as well as density height scale H(r) and a(r) = H%T). To
be consistent with the notation from the general case, we will work with notation

c(r) = o , ar) = Q-

The wavenumber k in this case is given in (4.15))

2 2 :
wg o« Y ia
k:\/cz_4+1Czw3 P X=5p 7 2>0.

The relation between uerie solution to

-V (p_1Vu) -

P 3

and u solution to the conjugated problem Lu = 0 is Ugrig = p*/?w. With
p = ps(Ra) exp(—asolz]),

in the Atmo model, this relation has the form,

1
Uorig = e 2% o] V pS(Ra) u,
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where |z|u is described in terms of the Whittaker functions, cf. Prop In short, in R, < r < R),, Uorig
is given by

— 52|

uorig(x) Z Z aé _X,Z+%(—2ik|l‘|) Yén(ead))

=0 m=-1

Without attenuation, the wavenumber reduces to

w2 ia
ko = 4/ =0 _ Zoo _ >
0 2 1 AT 9,
A general outgoing solution to (1.1)) in r > R, is given by
¢
ugi(z) = Z > A W 1(22ikefz]) YP(0,0),
=0 m=-1
while an incoming one by
— 5% |a|
@) = TS Y W (2ikofal) YP(0,0)
=0 m=—/¢
They are distinguished by their behavior at infinity
—95%a|
2
Uous (1) ~ eTexp (—1k0r + IW log(2kor) — ;r;l:) , T — 00,
(5.3)
-5zl
e T o
; ~— kor — i—= log(2k — —— .
Uin (1) . exp (1 or 2 T og(2kg ) 5 2k0> , T —00

5.3 Exact D-t-N in the Atmo model

Under the same notation as in previous subsection, i.e. we work with constants R, > 0, coo > 0, s > 0
and d > 0,
p(r) = dexp(—axlz]) , R>Ra,

and consider equation
2

~V-(p~'Vu) — u =0, in R3\]]33(0,1%’,)~

2
Cx

Recall that the constant R, represents the height of the atmosphere, and d = pg(R,) with ps from model
S. Also denote the boundary of B g,y by I'.

Proposition 22. The outer D-t-N along I' associated with the above equation is given as

omg u|F ZV@ Z um Yg 0 ¢ (54)

m=—/
where u* are the coefficients of the expansion of u|r in the spherical harmonic basis Y, i.e.

oo

l
ulr(0,¢) = > > ul Y0, ),

£=0 m=—¢ (55)
2m
with  uy® = / / u(R,0,0) Y7 (0, ¢) sin 6 de do,
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and ’ytfmg are called the radiation impedance coefficients of Tj”.g at level £,

1 W/_ Z+1(_2ikR)

orig (07 . —int+35 (07

= —— — — — 2ik = —. 5.6
Y i =TI (5.6)

R 2 W 2k

with k defined in (4.15)).

Proof. From Prop an outgoing solution eyt t0 Lorigt = 0 in R < |z| < R’ is given by

o0 ¢ _O‘ﬁlw‘ .
e 2 ia
= m_- 00W —_92ik Yy — oo
o g ;1 o || —X,€+%( ' |.7J|) ¢ <97¢) X 2k

The sequence a}® is next determined from the (outer Dirichlet trace of uoutgoing along I' given by u|r.
Upon imposing the boundary condition on each mode (m,¢), with u}* given in (5.5]), we obtain

Qoo
e~ 2 B

m : _ m
ay T W—X,Z+%(_2lkR) = Uy . (57)

Since the series converges absolutely and uniformly in R < |z| < R/, we differentiate term-by-term in the
radial direction to obtain the outer normal trace oyt along I,

N o £ o W,mul(_QikR)
! =~ 30 Y ap e FR (I
£=0 m=¢(
—9i \WA —2ikR
X s iner (721K B) + Ly (F2KE) _—
2 R R e
Replace a}* by expression (5.7), with simplification we obtain
o £ 1 W p+1(—2ikR)
+ m e : —ntTy m
oy = — — — 2ik - Y7 (0, 0).
Ontion | DDt | gt g Y W i (2ikp) | Y09
=0 m=/ 71n75+§

6 Radiation Boundary Conditions (RBC) in the Atmo model

The framework of potential scattering gives rise to the normalized wavenumber k , which is
in the Atmo model. The defined ‘outgoing’ conjugated solution is shown to satisfy a Sommerfeld-type
radiation condition with in terms of k (and not the original complex frequency w ) In this section,
we compare how two approaches affect the form of the radiation boundary condition and the choice of
gauge function (or ‘parameters of interest’) in approximating the transparent nonlocal condition, with
some preliminary numerical experiments in Subsection [6.6] Another novelty of the current discussion is
the Whittaker function family, which allows for the evaluation of the exact D-t-N impedance coefficient,
cf. Prop We thus have a true reference coefficient, in addition to the nonlocal transparent one (see
below discussion). Another important point is that this is defined for the case with or without absorption.
Lack of the true D-t-N, a numerical approximation was employed in [4] to create a reference solution,
however is only applicable in the case of absorption v > 0.

More in-depth discussion and numerical analysis are reserved to a following up report. For the current
discussion, we restrict ourselves to the atmosphere described by the Atmo model. We expect that in the
general case (under applicable assumption), the minimal condition d,u — iku = 0 should work as well as
the zeroth-order Sommerfeld radiation condition for the Helmholtz equation. On the other hand, from
the theoretical analysis, it does not come as a surprise that condition 0,u — iwu = 0 does not capture
the oscillatory behavior of the solution and hence fails to distinguish between the incoming and outgoing
one.
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Notation We denote (-)1/2 the choice of square root g; (f11a), (i.e. the Principal branch) with
Arg,(z) € (—m, 7).

6.1 Relations among RBCs

We first recall that under separation of variables, the original problem (2.1)),

1 w?
<—V . (p_ VU) — p(j2> Uorig = O, (61)
gives, on each mode (£, m),
d? 2 d w? 0(L+1) m
(ae = (From) i o + )bl = 0 o2

On the other hand, under the change of unknown (2.3)) (relisted below in ) the original problem
becomes the conjugated problem (4.2]),

w? a2 o
A - = - - = 0. .
( = + 4 + . )u 0 (6.3)
This gives, on each mode ¢ , the ODE (4.3])

& 2d o Hl+1
( R . (+))u;no. (6.4)

dr? rdr r 72

We further remove the first-order term and work with

d? 9 Qoo LL+1) m
<—d7°2 - k* + e + 2 )we = 0. (6.5)

This is called the reduced 1D problem. Note that this problem is only defined on each mode.

In summary, we have the following quantities and equations.

1. Uorig solves the original problem (6.1)) in R?, which after separation of variables is equivalent to
solving [orig]y" solution to the 1D (/6.2)

2. u solves the conjugated problem (6.3) in R3, which after separation of variables is equivalent to uy’
solution to the 1D (6.4).

3. w}” solves the reduced 1D problem (6.5).

The coefficients [uorig|y?, u)* and wy* are related by

[Uorig]?? = de™ 2 " = ds . wy", (6.6)

The 3D solutions of the original and conjugate problems are related by

Ao

Uorig = de” 2 "u. (6.8)
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Relations among the modal RBCs The above relations and (6.7) lead to the following relations
among the RBCs of discussed ODEs. We denote by Z¢ a radiation impedance coefficient in the Robin-type
boundary condition

ohw = Zw | w=w. (6.9)

used to truncate the reduced ODE (6.5)) to a finite interval so that the resulting solution approximates
the outgoing solution. The RBC for the ODE (6.4 is given by

1
oru = —Eu + qu , u:[u]zn, (6.10)

The RBC for the ODE ([6.2)) is given by

1 0
Oru = — <R+();> u + qu s u=[Uorigly" - (6.11)

Relations between the 3D RBCs To obtain the RBC in 3D for the conjugated problem (6.3)), the
terms involving £ in Z% will have to be reinterpreted as differential operators (or in fact pseudo-differential
operators) in the tangential variables. Denote the resulting operators by Z,, the RBC for (6.3) is

1
Oru = —RU + Zeu , u=u. (6.12)

From relation (6.8)), those for (6.1)) are of the form

R 2

1 0o
Oru = —(+a) U+ Zeu , U= lUorig- (6.13)

Exact radiation condition and its approximation were constructed in [4] by working directly with ,
and thus of the form or the modal version in radial symmetry. Same approach was used
in [I1], see Remark On the other hand, we work with conjugated problem and thus 3D RBC of the
form or its completely reduced modal version in radial symmetry.

Remark 27. As in Remark@, in the spherical symmetry, the completely reduced ODE can be
obtained from the original problem , by a separation of variable then a removal of the first order term
(%—Faoo)d%, see Appendix. This amounts to doing all-at-once the change of unknown w = rp_l/Quomvg.
This is mentioned in [11, Eqn 8]. However, for spherical symmetry, [11] employs the radiation conditions
constructed in [ using the original equation i.e. the ODE . They also employ the same idea to
construct boundary conditions for cylindrical symmetry, cf. [I1, section 3.2[. As a result, all of their
radiation conditions (listed in Subsection , like those in [§]] contain the term &+ 55 (which is &+ %5=
in our current notation). This was also noted in [I1|], see the discussion right after Eqn (13) there. A

6.2 Nonlocal modal radiation impedance coefficients

For convenience of discussion, we define

w2 a2 o« Le+1) o Ll+1)
— _ oo T TV V) 2 I ) .14
QZ Cgo 4 r T2 r 7'2 (6 )

Recall that w and k are given by (4.13]) and (4.15)) respectively using the second branch gs. See also
Remark [I7] for the case v > 0.

In the current discussion, we work with nonnegative absorption v > 0. We rewrite (6.5 using the
quantity Qg as
d2

m m
v = —Qewy”.
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Define the nonlocal radiation impedance coefficient,
menlocal = 1g1(Qe) -
In [4], the outgoing wave at dB, g is defined by condition,
Oluonlf = (= 5+ Zoass ) Lo (6.15)
R 2
while that for the conjugated problem is
Orwy" = Zflonlocal wy" . (6.16)

With (.)1/2 = g1(-) and v > 0, we will verify below that Zcxact can be written as

2 2 - 00+ 1 1/2
Zflonlocal = li <1_Coo(aoo +O[7+ ( + )))

2\ 4 2

Coo w r o T (6.17)
— ikl1 = aﬁi _ £(£+ 1) /

o r k2 (rk)2 ’

Verification of (6.17) We can write

‘ €

8

rie (@) - A (5) € 3

c2

oo

With property (J.4) satisfied, and the second statement of Prop [32] gives

2 2 2
0@ =0 () 01— 5 (% o DY),

r r2

With this, we obtain the first equality in (6.17]) by now using Remark [17| which gives the equality of the
two branches g; and go under the current assumption v > 0.

We can also factor @, in terms of k2,

B Qoo 1 LL+1)
Qf_k2<1 Tk (rkp2 )

However, by its definition, Re k? can be positive or negative, thus

Arg,(k*) € [0,7] and  Arg,(Qr) — Arg, (k?) € [-m,7].

The above quantity can only take on value —7 when @, > 0 and k? < 0. This cannot happen, since
e >0,0>0 = k2>Q,.
As a result, assumption (J.4) is satisfied, and the second statement of Prop [32| gives
Qe
01(Q0) = 91(k*) g1(5)-

As before, we obtain the second equality in (6.17)) by using Remark
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6.3 New approximations of the nonlocal modal radiation impedance coeffi-
cients

Approximate radiation boundary conditions were constructed in [4], by asymptotic expansion of

2 (ol an M +1) 1/2
==\ —— - )
w? \ 4 T r?

using as small quantities (also called as gauge function) w or Zl(zz +. Approximation obtained with the

second quantity is called small-angle-incidence (SAI) approximation. Here we will approximate

(d e 452)

using k or SAI like quantities defined in terms of k as gauge functions. We will use expansion (J.9) in
Appendix

gi(—2+1) = i( ) _ 1+§:(k_212)“<2:_12)( L)k
1
BCA

=

=0

I
[t

lz] < 1.
Approach 1| With the small quantity (gauge function) as

1 (o Le+1)
€:k2(r+ 2 )

we obtain as first-order approximation,

N 1/2
(o) o

and second-order approximation,

e 1 L+ 1)\"? 11 (ase  LL+1) )
1 - == - =1-=-=|— 0 . 6.19
( r K2 (rk)2 ) k2 \ 1 + 2 +0(%) (6.19)
If we assume further that
Ll+1)
< Qoo
then we have the following approximation,
ase 1 C(0+1)\"? 11 oo

< r k2 (rk)? ) 2k2 r ( )

Approach 2 | Another approach is to write

17a700i7€(€+1) 1/27 I,O‘ﬁi i 1f£(7'7k)2
r k2 (r k)2 B

The small quantity is considered as
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The first order approximation gives

am 1 1/2
<1 — r2|<2) (1+0(e)), (6.21)
while the second one gives
£(6+1)
O 1 1/2 1 (rk)2
1 — =22 1 — o7 2
< r k2) 21— axg O
(6.22)
o 1\V2 1 z((e;r)g)
_ ) r 2
—(1‘7«1@) T3 aw iz TOE)
(1 - =)

In summary, we gather the results of (6.18]) — (6.22]), which were obtained by using the new gauge
function k and multiply with ik. Here R, is the radius of artificial boundary 'y = 0B, g,)-

©13) .
Zswo — 1k ;
@19 . i1
Zsyria — 1k — ﬁRiaaoo ;
= 1 L0+1)
Zh ey 20 ik — — — (0w
S-HF-1b ! 2k R, R, 7 (6.23)
1/2
’ 621 _ Qoo 1
Zs spio = ik <1 R, k2) ’
é - aw 1\? e,
Zsgppn = k|1 = = 2 ]
R, k2

6.4 Coeflicients from literature

We recall the coefficients obtained in [4] and [11] (by using w as the gauge function).

L w
Zyyro = la )

) c Ll+1)  « a?
7! Yy S Qoo | O
R 21w< R R, T4 )

and

LW 2 [an 1/2
Zyspo = 1— -5+ )
Coo w R, 4
Coo £(€+1)

7 _ @ (g 2 (s A% 12 Ziw RZ
I R o e L AR
(-2 (s +))

w2
The two SAI families, A-SAT and S-SAI, turn out to coincide. This is verified below,

. W & fan a2\ (W e aZ\?
Goae =1 o\ R, T )) T @ TRt

oo

1/2 1/2
. «Q . Qoo 1
=i (k2 — P:) = ik <1 — RO: k2> = Zé—SAI—O :
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It remains to verify the second term in the A-SAI-1.

Coo L(4+1) 1 £(£+1)
2w RZ _ 21 R2
1/2 1/2
PRy oy R VR R A A A
w? a 4 Coo w? R, 4
1 £(e+1) . 1 (041)
21 RZ 1 21 R2

We will thus only use one notation for them

¢ 74 _ !l .
ZSAI-O - ZA SAI-0O — ZS SAI-0>

(6.24)
ZéAI—l = Zﬁ SAT-1 — Zs SAI-1*

Another condition suggested in [4] is obtained by removing all terms 1nv01v1ng — in coefficient Z§_g,;_,
and working with original modal (6.2 . In particular, from the condition, at an art1ﬁc1al boundary r = R,,

1 os ,
8'ru = — (R + O;) u + Zf;—SAI—l uo, u= uZL ’ (625)
a

the new condition called Atmo RBC 1 is created by dropping all terms with R%l (still using with ODE

(6-2))

doe W 2 a2 \'? -
Ooru = -5 T i 1- L2 u ,  for u = [Uogly" - (6.26)
In our notationPEl
1 Lw 2 a2 \/? 1
ZA—RBC—i = R7a + la (1— Zow;o) = R7a =+ ZS—HF—O' (629)

See also Remark

Remark 28. In our analysis we know that in condition ) the first factor does not play the same
role as in the other - appearing in the definition of VAR SAI-1- The first one is cruczal and appears in both

outgoing and mcommg solution, i.e. part of every solution, while those in Z4 5, , actually contribute
to distinguishing the incoming from the outgoing one. We thus suggest using the same idea but however
dropping only the % term in Z4_5,;.,, and work with

But this turns out to be

1/2 1/2
W e N A N S A
1— - T 5 =1 —_ — — =1 = .
Coo w? 4 cZ 4 §-HF-0
22Using A-RBC-1 with the original modal ODE (6.2) is equivalent to working with the conjugated modal ODE (6.4)) and
RBC,
1 w 2 a2\ /2
ou = [ — + i—(1- =2 °°) u , foru=w). 6.27
\ (Ra i (1= ru=wj (6.27)
or the reduced ODE ([6.5) and RBC
2 2\ /2
O = i (1 S %o u , foru=uwj". (6.28)
Coo 4w?
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We also put in our notation a modal radiation boundary condition called Naive Sommerfeld discussed
in [4] and [II]. In particular, at an artificial boundary r = R,, the following RBC

O = i for u = [Uewg]] | (6.30)
Coo

is applied to ODE (6.2)). In our notation, this is equivalenﬁ to working impedance coefficient defined as

1
7t Qoo 4 39 (6.33)

ZNaive = 9 c
o

6.5 List of modal radiation impedance coefficients

For convenience of numerical comparison, we gather in a list all of the modal radiation impedance
coefficients mentioned above. They are to be used in Robin-type boundary conditions , 6.10) or
according to the chosen problem (reduced , conjugated modal (6.4]), or original mo
respectively). The 3D versions are for the conjugated problem (6.3), or (6.13) for original problem
(6-1). Recall that (-)/? to mean the choice of square root g; ({:11a)), (i.e. the Principal branch) i.e. with
Arg () € (—, .

1. The reference coefficient Z%tN comes from the modal D-t-N coefficients (6.17) . cf. (4.162), see also

Prop [22] or 21}

W (~2ikR,) ,
—xl+5 Y= 100

W, 1 (2ikR,) 2k

Note that this is the DtN impedance coefficient for the reduced ODE [6.5]

Zoin = —2ik

(6.34)

2. The nonlocal modal radiation coefficient Zﬁonlocal is the same in both approaches (either using w or

k) and is given (6.17]),

2 2 1 1/2
Zﬁonlocal = li <1_Coo<o‘oo _&.OZ;’O 4 €(€+ )))

Coo w2 \ 4 R, R2
— ik([1 = a;’oi _ g(ngl) i
- k2~ (R, k)2
3. The HF family
(6.18) .
Zoyro = ik ;
(6-19) i1
Zyyr1a — ik — 2k R,
¢ @©20) . i 1 L(L+1)
Zs yrqp, = ik — 2k R, <aoo + i ; (6.35)
L w
Zyyro = lg )
L w Coo [Ll+1) s a?
Zf I _ ] .
awr = A2 in( R "R, T4

23Due to the relation (6.10)— (6.11) among the RBC among the three ODEs, working with the original modal ODE (6.2))
and RBC ([6.31)) is equivalent to working with the conjugated modal ODE (6.4)) and RBC,

Oru = ((14'O + ii) u , foru=uy", (6.31)
2 Coo
or the reduced ODE ([6.5) and RBC,
1 « w
Opu = (R—a + ?’o + 1;) u , foru=wp". (6.32)
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4. The SAI family

. as 112
Zgyr ik (1 — Riaﬁ ;
12 . £(6+1) (6.36)
) 0o 1
ZgAI—l k(1 - oo = - Rak )
R, k2 2 e 1 1/2
(1 - %)
and )
ZA—RBC—I = Ri + ZS—HF—O' (637)
a

5. We will also include the Naive Sommerfeld (in our notation)

. W
ZNaive = E 4+ — 4+ 1—. (638)

6.6 Numerical experiments

We test how well the radial ABC can approximate the outgoing solution given by the Whittaker function
W. For simplicity, we work with the reduced ODE (6.5)). In particular, we consider the truncated outer
Dirichlet problem on Ryin <1 < R,,

d? oo L0+1
(_drz_szfarJr (; )>w=0 ; Bmin <7 < Ra;

w(Rmin) = 1, (639)

w' (R,) = Zew.
Here Z, are given in the list of ABCs in (6.23). The numerical solutions corresponding to a coefficient

Z, is labeled as
Wz, tw, O simply wgz,,

if we ignore the dependence on ¢ and wy.

The above solutions will be compared with the exact solution,
Wref £,wyg — WD-t-N,l,wp »

or simply written as
Wyef = Wp-t-N -

This is defined as the unique solution to problem,

d? o L0+1
(k2+a+(+)

)wref—o y RminSTSRa;

dr? r r2
Wret(Rmin) = 1; (6.40)
Wret kK — outgoing .
The explicit expression for the analytic solution is,
Wref = W = WiX’H% i (6.41)
ref = Wp-t-N = W_X7Z+%(_2ikRmin) . .
We recall that with ga(+) the branch of square root using argument [0, 7),
1o w% ago .Y o .
X=—7" k:gg(CQ—4+1c2w0> , w = woga(l +iv). (6.42)
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For the resolution of Problem , we employ a finite difference discretization of order six and the
Whittaker special function is computed using Matlab intrinsic function whittakerW(-,-,-). We are
aware of numerical instability in the computation of Whittaker function which, however, does not occur
in the range of values under consideration. In our experiments, we fix the following parameters,

c=3, Rmm=1, R.,=12, awx=50. (6.43)

We will compare the solution in varying I, v and wp (hence w).

Experiment group 1 Here, for a chosen ¢ = 3 and wy = 2720, we plot wz, on [Rmin, Ra] against
the reference solution wys given in . This is carried out for v = 5 in Figure and without
attenuation, i.e. v = 0, in [I3] This comparison shows that the solutions can be grouped into two
distinct groups. Lower accuracy coefficients are Z, yr o and Zyaive. The remaining coefficients belong to
the higher accuracy group. However, within this group, the plots coincide with that of w.e¢, and it is not
possible to visually distinguish one from another.

1 N
¥y
ko
~ 0.6 L 7| — Re(wref) X Re(wzsfﬂ}‘fia) o
: ,,/ - Re(wZNaive) ®) Re(wzsfﬂpo)
—1++ | [ oo Re(wzg—HF—lb)
0. ;
ZIL.17 1.18 1.19 1.2
T
1 N
gy
T
Qﬁ O 6 [ Re(wzgn-l) X Re(wzs‘u’o) B
: - - Re(wz, ) O Re(wz, mon
1l . -T- Re(wszﬂF 1)
0. ‘ ‘
. t17 1.18 1.19 1.2
r r

Figure 13: Comparison of wz, solution to (6.39) on [1,1.2] with the analytical solution wyes in (6.41)).
Here the comparison is in terms of the real part of the solution. The parameters used are wy = 2720,
0o = 50, I = 3 and v = 0. Evolution of the global profile (left) and zoom towards the end (right).

Experiment group 2 In order to have a better comparison, we compute the solutions for a wide range
of £ and frequencies wy with ¢ taking integer values between 0 to 140 and wy varying from 271 to 27100.
It results in 14100 test-cases, which are then doubled due to the presence or absence of attenuation.
There are three subgroups of figures.

1. We first plot the solution wz, ¢, (r) in a fixed position r = 1.01, for every choice of ¢ and wy. In
Figures [I5] and [I6] the results are shown for v = 0 and v = 5 respectively.

2. We proceed similarly for fixed point 7 = 1.10 in Figures [I7] and [I§] This is closer to R, and further
away from Rpyin.
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1 | .

—~ 05} N

g

R 1 04

~ e ——  Re(wref) X Re(wzg . . )

05} = --- Re(wzy,) O Re(wzs_HF_o
& oo Re(wZ§ HF lb)
-1 | | | | | . T — T
1 1.05 1.1 1.15 1.2 0 %.17 1.18 1.19 1.2
T r
1 | .

—~ 0.5 N

g

R 1 o4l :

fa'et ’ Re(wgy ] ) X Re(szALo)

_05 [ 7 -T- Re(wZA,HF,o) ORe(wZnonlocal)
- Re(wzf
~1 ! ! I ! ! 0. I HE=1 \
1 1.05 1.1 1.15 1.2 %.17 1.18 1.19 1.2

T r

Figure 14: Comparison of wz, solution to (6.39)) on [1,1.2] with the analytical solution wys in (6.41)).
Here the comparison is in terms of the real part of the solution. The parameters used are wy = 2720,

s = 50, I = 3 and v = 5. Evolution of the global profile (left) and zoom towards the end (right).

. We quantify the comparison in terms of errors. We consider global L? error and error at a fixed point

T,

w — W :
Eu(t.w0) = [0 vef, 0.0 || L2 (Runin s Ra)

’ e'(évw()vr) = |w.7£,w0(7") - wref,i,wo(rﬂ-

(6.44)
The comparisons using error norm e, are shown in Figure [19| for v = 0 and [20| for v = 5, while those
using error norm E, are in Figures 21] for v = 0 and [22]for v = 5.

||wref,£,w0 ||L2(Rmin7Ra,)

From the pictures of the solutions in one position, i.e. in Figure[I5]—[I§ we can already observe some

differences between the coefficients:

1.

There are more pronounced differences when the fixed point in consideration is closer to Ryi,. In this
case 7 = 1.01 in Figures [I5] and [I6] compared to r = 1.1 for Figures [I7] and [I§ In particular, there
are no ridges in the figure for the reference solution, which however appear in those for the coefficients
independent of ¢. The difference is most pronounced with Zy.ive. Visually, it seems that Zyoniocal,
Z&yr 1, 25 e g, and Z§ o, give better performance.

. The observations are confirmed in the presence of attenuation, which does not impact the performance

of the coefficients.

. When we move away from the initial point, see Figures [[7] and [I§] for r» = 1.10, it is now very hard to

distinguish any difference between the approaches.

. We observe in all cases, the plots resemble one another below the cut-off frequency, i.e. for

2
wo < Coo \/“f e (6.45)

This corresponds with the green area (under the black dashed line) on the bottom right of the subfigures
of Figures [T7 and
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0 50 ) 100 50 / 100 50 ) 100 0 50 / 100
) Re( wzl () b) Re(wzy,y,. (7)) Znontocar (7) (d) Re(wz, ggc., (7))
100
~ 80
T 60
o 40
5]
& 20
0
50 Y 100 50 / 100 50 ) 100 0 50 ) 100
(e) Re(wsz, . (7)) ) Re( wze 7) (8) Re(wzg,, (7)) (h) Re(wzgu_l(f))
1
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(i) Re(wzg (7)) (i) Re(wzg ., (7)) (k) Re(wge (7))

S-HF-1b

Figure 15: Comparison of the solutions Re(wa ¢, (7)) as a function of the frequency wy and ¢ in
7 = 1.01 without attenuation (y = 0).

100
= 80
Z 60
o 40
(9]
&= 20
0
5OZ 100 50( 100 50@ 100 508 100
Re wZ‘Z ~ Re(wzuawe T) nonlocal ~ (d) Re(meRBCA (77))
100
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0 1
0 50 / 00
(e) R ( ) Re(wgy () (2) Re(wzw (h) Re(wgy (7))
100 1
~ 80 i}
e 05 2
£ 60 0 =
g 40 2,
& 20 —0.5 %
0 —1
506 100 50[ 100 50( 100

(i) Re(wzg . (7)) () Re(wzg . . (7)) (k) Re(wge (7))

S-HF-1b

Figure 16: Comparison of the solutions Re(wa ¢, (7)) as a function of the frequency wy and ¢ in
7 = 1.01 with attenuation v = 5.
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Y
1

o

50 , 100

(a) Re(wge (7)) (b) Re(wzyys, (7)) (©) Re(wz,gnioca (7)) (d) Re(wzy gy, (7))

o
amplitude

50 / 100

(i) Re(wz, ,, ,(7) (i) Re(wz, ,, (7)) (K) Re(wgy (7))

Figure 17: Comparison of the solutions Re(we ¢, (7)) as a function of the frequency wg and ¢ in 7 = 1.1
without attenuation (y = 0). The black dashed line indicates the cutoff frequency given in (6.45).

100
< 80
Z 60
& 40
[0}

& 20

o
amplitude

() Re(wzg () (&) Re(wgy ()

Figure 18: Comparison of the solutions Re(we ¢, (7)) as a function of the frequency wgp and ¢ in 7 = 1.1
with attenuation v = 5. The black dashed line indicates the cutoff frequency given in (6.45).
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100
< 80
Z 60
& 40
[}

& 20

0 50 , 100 0 50 , 100 0 50 , 100

(a) eZyauye (F)

100
< 80
Z 60

50 , 100

(@) ezg g, (7) () eze ()

S-HF-1b

Figure 19: Comparison of the error e, (¢, wp, 7) as a function of the frequency wp and ¢ in 7 = 1.1

without attenuation (y = 0).
100
~ 80
Z 60
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& 20
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(h) ez . (F) (1) ezg .. () () eze, . (F)

Figure 20: Comparison of the error eq (¢, wo,7) as a function of the frequency and ¢ in 7 = 1.1 with
attenuation vy = 5.
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Figure 21: Comparison of the error E4(¢,wq) as a function of the frequency wg and ¢ without
attenuation (v = 0).

100
< 80
Z 60
& 40
[}
& 20

0
50e 100 50[ 100 50£ 100
EZNalve Zonlocal EZA RBC-1
100
~ 80
Z 60
o 40
o]
& 20
0
50 ¢ 100 50 ¢ 100 50 ) 100 0 50 ¢ 100
Zy wr-o AHFl Zgp1o (g) Zgul
100
~ 80
Z 60 S
g 40 o)
& 20
0 10— 10
50£ 100 505 100 50£ 100
(h) Ezg ., (1) Ezg .. () Ege

Figure 22: Comparison of the error E4(¢,wp) as a function of the frequency wp and ¢ with attenuation
v =>5.
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We give in Table [I] the mean of the error E over the investigated range of frequency and ¢, where we
conclude that

nonlocal )

mean(Ez < mean(Ez ) <mean(Ez ) <mean(Ez )< mean(Ez

e (6.46)

< mean(Ez < mean(Ez_, ) < mean(Egz, . ,) < mean(Ez, ) < mean(Eg,,,)

S-HF-1a )

We have the following observations concerning the results using error norm e, shown in Figure [[9and [20]
and error norm E, in Figures [21] and

1. Each Z, yields lower error in the presence of attenuation than without.

2. It does not come as a surprise that the coefficients dependent on ¢ behave better than the independent
ones, since they are higher order approximates of the nonlocal.

3. Small angle approximation SAI represents in each group a better approximation than the HF ones.
In particular, among higher order approximations with dependence on ¢, Z§A1-1 performs better than
Z& yrqy and Z& o . while among lower order ones independent of £, Zgyr_o performs better than
Zs wr-1a and Zg_gr-o.

4. The fact the Zg_yr.o performs better than Zj, ggc-1 shows that the term % should be factored out,

and not considered as part of a impedance coefficient, see Remark 28

5. Within the coefficients that are independent of ¢, Zgp1_0, Zs_nr-1a and Zs_gr_o give the higher perfor-
mance than the A-RBC-1 and A-HF-0. They have the advantage of being simpler to implement in a
3D discretization (since dependence on ¢ translates to a tangential differential operator),

6. The new S-HF family performs better than the A-HF with

< mean(Ez

mean(Ez, ) <mean(Ez ) and mean(Ez o)

-1b - S—HF—O)
The comparison between Z§ y 4, and Z& o ;, and between Zj gpc.y and Z§ e, confirm that k is
the correct wavenumber to work with, and not w/c. This also means that with Z,_ggc_; gives the
Sommerfeld-like condition, comparable to the Sommerfled radiation condition cf. [3, Sec 4.3] for
Helmholtz equation, while with Zg 4 o, we retrieve a condition with similar performance with the
first-order radiation condition [3, Eqn. 21] for Helmholtz equation.

As a conclusion, for a discretization in 3D and in frequency domain, Zgy1.o and Zs_gr-1a are the best
options in terms of ‘simplicity vs. accuracy ratio’. The second one is Zg_pr.o.- This last one has the
further advantage of lending itself readily to simulation in time domain.

7 Conclusion

The main theme of the current report is the characterization and construction of ‘outgoing’ solutions
(also called physical) to the scalar wave equation that is based on the model S+Atmo. In the absence
of attenuation, outgoing solutions are characterized by their L2-boundedness, while in the presence of
attenuation, they are defined by Limiting Absorption Principle (LAP), which are obtained by taking limits
from above the continuous spectrum [0, 00) (in Cy2 with k? the energy level in operator —A—k?+potential)
of corresponding attenuated (L?) solutions.

Two techniques have been used to construct and define the uniqueness of the outgoing solutions. In
both cases, the equation is first rewritten, using the Liouville transform, as a potential scattering problem
for Schrédinger equation. The conjugated form of the operator makes appear the constant wavenumber k2
which gathers zero-th energy level and limiting values at infinity of the potential (so that the normalized
potential now decays to zero at infinity). In the general case, results are obtained by means of the long-
range potential scattering theory by Saito and Ikebe, with slight modifications to accommodate the weak
singularity at the origin and the dependence on w of the potential. When the Atmo model is extended
to the whole domain, results for existence and uniqueness of the outgoing solution is redone by working
directly with the explicit expression of the Green kernel of the resolvent given by Whittaker functions.

RR n°® 9280



94 Barucq & Faucher & Pham

mean(Ez,_ ) 0.0045 0.0021
mean(Ez; ) 0.0132 0.0057
mean(Ez; ) 0.0136 0.0058
mean(Ez; ) 0.0175 0.0076
mean(Ez_, ) 0.0670 0.0312
mean(Ez__ ) 0.0672 0.0312
mean(Ez, ) 0.0684 0.0318
mean(Ez, ... .) 0.0691 0.0323
mean(Ez, __) 0.0838 0.0398
] mean(Ez,,...) H 0.1505 \ 0.0779 \

Table 1: Mean of E for 0 < £ < 140 and 271 < wg < 27100, i.e., mean of the error pictured in Figures
and Within each group, one observes that small-angle-incidence (SAI) approximation gives better
accuracy than the high frequency (HF) one, and that the new S-HF family performs better than the
A-HF. Radiation boundary conditions with Zsa1_o, Zs_pr-12 and Zs_gr_o (highlighted in blue) represent
the best options in terms of ‘simplicity vs. accuracy ratio’.

The results concerning the fundamental outgoing kernel also have implications in numerical imple-
mentation. They provide the expression for the D-t-N map, which is used as a reference to evaluate the
accuracy of radiation boundary conditions. We have also carried out some preliminary comparisons which
confirm that k is the correct wavenumber to work with. This is predicted theoretically by the fact that the
outgoing solution satisfies a Sommerfeld-like radiation condition in the newly defined wavenumber k. The
numerical experiments also show that, in terms of ‘simplicity vs. accuracy ratio’ for a discretization in
3D and in frequency domain, Zgyr_o and Zg_pr-12 are best options, while a second-to-best one is given by
Zs_yr-o. The latter two coefficients are newly introduced in this report by working with the wavenumber
k and in the conjugated form of the operator.

As future work, further numerical experiments will be included in a second report more dedicated
towards radiation boundary conditions. We will test the performance of the new and old radiation
boundary conditions on more realistic cases e.g. S+Atmo and other models of atmosphere. We also
plan to implement the boundary conditions with Zsp1_0, Zs-gr-1a and Zs_gr_o in 3D discretization using
Hybridizable Discontinuous Galerkin and in domains with non-spherical geometry.

A More details on Louiville transform

Here we show details of the calculation of the potential resulted from Liouville transformation discussed
in Section

A.1 General symmetry

Proposition 23. For p > 0, if u is a solution of

w2

1
—V'(;VW - EU =/

then w = p~/2u solves
2
w
—Aw + qw — Tv = P2 f
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where

q = p2Ap1/2, (A1)

Proof. We first consider the following identities,
V(p'Pw) = (Vp'?)w + p'?Vu
= V- [p‘lv(pl/zw)] =Vv. [p‘l (Vo'?)w + p7!/? Vw}
=w V- (p V%) + (p VY2 . Vuw + (Vp V?) .- Vu + p~ 2 Aw.

—Ap-1/2 0

The above cancellation is due to the identity,
p—l vpl/Q — _vp—1/27 (A2)
since
pflvpl/Q —_ pflépfl/va —_ %pfd/va , fol/Q — 7%p73/2vp'
Using the above identities, we obtain the PDE satisfied by w
-1 1/2 w? 1/2
*V-[p V(p w)} =L w = f

2
& wAp_1/2 — ,0_1/2Aw — %plpw = f.

Since p # 0, thus we can divide both sides by p~'/2, and obtain

2

“Aw + wplPApYE ;)?w — pl2f.

We next describe in more details the potential q. We recall the definition of a(x) in (2.8)),

Lovp
a(z) = - _(“),«p.

Proposition 24. Potential q := p'/?Ap=1/? defined in (A1) can be written as,

3Vpl?  1Ap
TTA T2
(A.3)
_af | Bole) |, ol) L (aVenl? | 280p)
C2 2 AP\ p? p
Proof. Part 1 We calculate the gradient and Laplacian of p~1/2.
Vo2 = _1,m1/2YP
2 P
:>Ap71/2 _ V.vpfl/Q _ _%v(p71/2)¥ o %p71/2V.%.

We further rewrite the last term in the above right-hand-side,
i

; ) = Vp ' -Vp + p'V-Vp = —p7>Vp-Vp + p'Ap

V- (

Vp V
= _7p.7p _|_ pilAp'
PP
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We thus obtain

_ 1 _ Vp 1 _ Vp 1 _ _
Ap 2= Zp PRI+ g RI=EIP = ge e A,
P 2 P 2
and 3,V 1A
= 1/2A _1/2 = - 7p 2 _ 77p
q = p/*Ap 2! P | 27
Part 2 Consider the gradient in terms of «,
\Y%
Vp = (Orp)e, + 52 where e, = %
x
v 1V Vo? 1 [|Vg2pl?
= 2L = —a(x)e, + AN Hp = a2(;v)+—2”S722m|.
P rop P r2 p
Similarly, we rewrite the Lapalcian in terms of «,
2 A
Ap = Pp + Z0,p + =2
r r
By the definition of «, we have
02p
—px)a(z) = dp = —(Bp)a — pda) = 3p = ; = a® - da
Thus A 5 LA
4 70[2(‘%)787’0[770{()‘{»72 s2p
P 2 p

And we obtain

a@) = 2 (a2w) + 2Py L(o2 g0 - 20 4 LA2)

4 r2  p? 2 2 p
1 1 a(x) 1 /3||Vs2p|? 2Ag2p
= —a(z)? + =0,a(zx) + + ( — )
27 ] AP\ p? p

A.2 Radial symmetry calculation

In radial symmetry, from the original ODE on each mode (6.2)), the reduced conjugated problem (6.5))

can be obtained simply with the technique in ODE to remove first order derivative term. In the current
2

. . . w . . .
discussion, we assume « is constant and k? = — - We consider the following change of variable
c

u = h(r)w(r),

where h is chosen as L
—_— -1 — _——
h(r) = e 3 J@rT ) -1l

In another word, h satisfies the ODE

Hence we have,

B = —(=+a]h + =h
T r2
2
2 1 /2 1 1 /2 1
sh"+(-4a|l = z(=4a|+=h = —(=+a] h+=h
r 2 \r r2 4 \r 72
LGl 1 a1, 1 a o?
h T TRy T T e T Y T
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Substitute the above calculation into the ODE (6.2]) of u

2 0+1
u"+(+a)u'— (Jg)w+k2u=f7
T T

we obtain that for w

2 1
(W'w + 2h'w" + fuw”) + (r—&—a) (W'w+ hw') — %hw + khw = f;
= hw" + o' [2h’+(2+a) h} +w[h”+<2+a> h’] - “Lt”hw + Khw = f.
r 7 T

0
Divide both sides by h, we are left with the reduced conjugated ODE (6.5)),
w' + [ =V(r)]w = hTf,

where

Z+ 72

a o  l+1)
. .

B Some elements of spectral and perturbation theory

Basics notations from spectral theory We first recall the notions of spectrum and resolvent for a
general operator for an operator A densely defined on a complex Hilbert space H and with domain D(A).

e The resolvent set p(A) is defined as

p(A) = {A e C | A— Xis invertible with bounded inverse defined on H} .

e The spectrum o(A) is the complement

o(4) == C\ p(4).
A is an eigenvalue of A if there exists f # 0 such that (A — \)f =0, i.e. A — X is not injective (thus

not invertible). Dim Ker (A — \) is called the geometric multiplicity and ker(A — X) is the geometric
eigenspace of A — \.

e We have the disjoint decomposition of o(A) into the discrete spectrum
oais(4) == {A€0a(A) | \is an isolated eigenvalue of A with finite algebraic multiplicity},
and the remaining part called the essential spectTumFE],
Oess(A) = o(A)\ oais(4).
Spectral properties for self-adjoint operators For self-adjoint A,
o(A) C R.
In addition, the essential spectrum is characterized as

Oess(A) ={A € 0(A) | I{un} CD(A) , [lull =1, up = 0, (A= XNu, > 0}.

24The essential spectrum can also be characterized by one of the following three conditions. For A € 0(A), 0 € Gess(A)
iff X\ is not an eigenvalue, or A is an accumulation point of the set of eigenvalues or or dimKer(A — \) = co. Essential
spectrum is a closed set.
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In this case, the geometric multiplicity is equal to algebraic multiplicity. Thus the spectrum of self-
adjoint A counsists of only discrete eigenvalues (with finite multiplicity) and A for which there exists a
Weyl sequence,

o(A) = ogis(A) |_| {)\ co(A)|F{uy C DA, |lul| =1, up =0, (A= Nu, > 0}.
|| denotes the disjoint union. We have further have the characterization,
Aeo(Ad) < Fuy,u, € DA, |lupl|=1, [|[(A=Nuy| = 0,n = 0.
Note that if A € 0ess(A) and A is not an eigenvalue, then the element of a Weyl sequence can be considered
as approximate eigenfunctions.
Perturbation theory regarding self-adjointness We following the exposition of [I5, 13.1 p.132].
Suppose that A is self-adjoint and B closed.

e B is relative A-bounded if D(A) C D(B). If p(A) # (), then there exist constants a,b > 0 such that
|Bu| < allAu| + blju| , VYwue D(A). (B.1)

Smallest such constant a is called the relative A-bound of B.

An example is the Kato-Rellich class which by definition consists of V € L?(R?) 4+ L>°(R3). Such
potentials have relative A-bound zero, i.e. ||[Vul| < blju|l. For proof see [I5, Exp 13.4 p.133].

e The Kato-Rellich gives condition so that A + B is self-adjoint.

Theorem 25 (Kato-Rellich [I5, Thm 13.5] ). Let A be self-adjoint and B a closed, symmetric and
A-bounded operator with relative A-bounded less than one. Then A + B is self-adjoint on D(A).

Perturbation theory regarding essential spectrum We follow the exposition of [I5, Chapter 14
p.139]

e For A a closed operator with p(A) # ), an operator B is relatively A-compact if D(A) C D(B) and
B(A — z)~! is compact for some (and thus all) z € p(A).

For A self-adjoint, all A-relatively compact operators are A-bounded with relative bound zero,

e Weyl Theorem gives the condition under which essential spectrum of an operator is invariant under
relatively compact perturbation.

Theorem 26 ([I5, Theorem 14.6]). Let A and B be self-adjoint operators let A — B by A-compact,
then

Uess(A) = Uess(B)~

e Not all Kato-Rellich potentials are relatively compact (e.g V = 1) but a subclass is. By definition,
cf. |15, Def 14.7], V is Kato-type if V € L?(R™) + L>°(R"),, which means that for any € > 0, we can
decompose V' as

V=Vi+Vs , iel? , |Valp= <ce. (B.2)

Examples of Kato potential includes
— V real-valued, continuous and vanishes at infinity, i.e. V(z) — 0 as || — oo, and

o
ElN

— allows the potential to have singularity e.g. Coulomb potential V (z) =

e A real Kato potential is relatively A-compact, ¢f. Thm 14.9 of [I5] .
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C Collected facts on Whittaker functions

We have introduced the Whittaker equation

2

1 x i—#
8§W+[—Z+;+422 W =G. (C.1)

C.1 Properties of derivatives

In this subsection, we list the formula to calculate the derivative of the Whittaker functions and their
properties near zero and infinity. These information are employed in the derivation of the properties of
the Green kernel @y (z,y) (4.63).

Connection formulae for derivatives We cite the differentiation identities which are Eqn 13.15.15,
13.15.25 and 13.15.26 in [28] respectively,

d" L, u-i i, —l(n—&-l)
L (272 M (2)) = (C)M(—2)e? T EOM L (2), (C2)
dzn K—5n,u—5n
dr *lz -1 n 712 7ln
dz"(e 2% ¢ 2W,{7,L(z)> = (=1)"e 27zt 2D WH%%M_%”(Z), (C.2b)
d " —lz k—1 n 7lz K+n—1
Z % e 272" Wy u(2) ] = (-D)"e 272 Wietn,u(2). (C.2¢c)

We simplify these identities for one-time differentiation.

Lemma 27. The first order derivative of M, ,, and W, ,, can be obtained by the following connection
formulae.

M;M(z) = (—; + 2 ;/i) M, .(2) + F%) Mn—%,p—%(z); (C.3a)
Wf{#(Z) — <; _ 'u; 2) Wnyﬁ(z) — %WN-&-%,H—%(Z); (C.3b)
W;,/m(z) = <; - Z) WK,,/L(Z) - %Wm-&-l,u(fz) . (036)

When p = %, they simplify further to,

M o1(2) M 1 (2)
M;%(z) = - 22 + 22' : (C.4a)
W) W 1 (2)

- AR (C.4b)

(C.4c)
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Proof. For one time differentiation, we set n = 1 and the left-hand-sides of (C.2)) simplify to

d (1, , 1 1 -3 , 1,1
dz €22 M u(2) ) = iMmu(z) + > My u(2) + M, (2) | €27 2872

L1 1 -3 , RV
dz e 27z 2W"§7H(z) = _iwﬁaﬂ(z) + > WK,H(Z) + Wn,u(z) e 27z 2;
d 1 d 1

2o <32zz"“1W,{7#(z)> =z (eZZZ"‘W,{#(z))

= (gWasd) + EWau(e) 4 W) 3 e

= {3 w2 . r,u(Z wu(Z) )€ z .

By definition of the Pochhammer’s symbol (4.23]),

2T(1420—n)

(=20)n = (=1)"Cu-—n+1), = (-1) ()

For n =1, since I'(1) = 1, this takes on value
(—2p)r = —T'(2p).
1 1
The first identity (C.2a)), after canceling out e2* 2#7 2, gives

no 3

1 1,
M, u(2) + M, .(2) + M;W(z) = T2z 2"M

5 (2).

N[

1
T

After rearrangement, we obtain (C.3a)). The identity (C.4a) with p = 1 follows by
(~2p) "=* r(1) = 1.

1 1
The second identity (C.2b)), after canceling out e™ 2% z#7 2, can be written as

1 -1 1
(— + K 2)W,W(z) + W () = —22W

2 z n+%,u—%(z)'

1
After rearrangement, we obtain ((C.3b)). Similarly, after canceling out e~ 2° 2®*1 the third identity (C.2D)
is written as,

1 K 1
W)+ TWa(2) + WIL() = Wan(e).
After rearrangement, we obtain (C.3c]).

O
Remark 29 (Concerning typos in [23]). We note that identity (C.3c) agrees with the last identity con-
cerning derivative of W on p. 302 of [23]. We however note the following typos in [23)].

1. The first identity with M, , on p. 302 of [23] is

2u—1+=2
2z

1 t-n 20
= M lag Y| .
( 2T ) wal?) + ZEM 1L 1

This is thus different from (C.3a)) in the coefficient of M 1 21 The right coefficient should be

gh—5(2)"
I'(2u) and not just 2. Note that identity (C.3a) is also verified numerically by using finite difference.

2uM 1 1= VM (2) +

=3 -3 () Mu()

& ML)
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2. In the same section, the fifth-to-last identity of [25] is

() = A W) — VEWL,()

= (3552 W) - S

2W 1 1
RtgrTy

=

l\)\»—t
L\.’)\»—A

1w
A

1
= §W;7#(Z) =

7 N
N~
I
=
|
N

)W,{V#(z) - =W

z

According the fifth-to-last identity in [23)], the right-hand-side of the above expression gives %W;H (2).
However, according to the verified identity , this should give W;H(Z) To resolve this in-
coherence, we numerically verify the identities by using high-order finite difference to calculate the
derivatives of Wy ,,, and this process shows that identity is the correct one. Hence, there is a
typo in the fifth-last equation in [23, p. 302]. A

Proposition 28.
M,1/2(0) = 0 ; lim M;J/Q(z) = 1.

z—0
Proof. By [28, Eqn (13.14.6) p 334]
1,1 (3 +n+
M/{,n(z) 2672Z22+n <1+Zm Zk> s 21’1# _1,—2, _3, (05)
k=1 ke f

converges for all z € C. In particular,

M, n(z) = e V% (1 + Z Wzk> (C.6)

converges for all z € C, and

Mn,l/Z (0) =0. (07)
To obtain the limit of the derivative, we first use the connection formula (C.4a)),
M, o= LM, (2) - IM () (C.8)
n,% - \/E /{7%,0 2 n,% :

The limit of the first term is obtained by using (C.5) (with n = 0)

o1 5 Rk -
MH—%,O(Z)_ 2% zZ2 <1+Z k,k' > = lli)l%)TM 1 (Z) = 1.

k=1

Together with (C.7), we obtain that lim, .o M’ = 1.

O
Proposition 29 (Properties of derivative). Behavior for z — 0
1
WH%(z) = m—&—O(zlnz) , z2—0;
1 P(—) + 2 1 €
nz —K) + 27
W’ = O(z1 0.
L e B s e v s B LG A
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Behavior for z — oo

1
w_ 1(z) = e 272" (1 +O(|z\_1) . |Argz| <37 -6, z— o0
2
W (2) = e 2727 ( -3 +O(\z|_1) , |Argz| < 3w —94,, z— o0,
Ko

and the radiating property

e%zw(w’ L)+ gwm%(z)) = 02| Y. (C.10)

Proof. For the behavior at 0, we use the second identity in (C.4b)),

(2)

Result (C.9) now follows by using the properties of Wn+ 1 70(2) as z — 0, cf. (4.39)

___V? 3/2
W,ﬁé,o(z) ——m(lnz + ’l/J(—fi)—l-?")’) + O(z*/* Inz),
and that of W 1(z2),
K},i
1
Wﬁ%(z) = T =) + O(zInz).

Thus

W) = ;<F(11n) + oz lnz)> + (1“ +F1f(;;“)+27 + oz lnz)) .

In a similar manner, to obtain the behavior of the derivative at oo, we use the relation (C.4]),

Wiet1,u(2) 1k W
- + 2 2 Wﬁv#(’z) - WH,[L(Z) .

From the relation, we have

1 W, z K
Wi (2 g Wan2) = ety ) Bwe),
’ 2 z z
we observe that the two terms
K Witt,.(2)
—W, .(2) and : + Wi u(2),
z z
consist of only of lower order terms. This is due to
1 o= (1- - f
w 1(z)~e_2zz"z( Fi (21 (=2)7% , JArgz| < 37— 6,2 — o0,
®5 pars k!
_ L K2k =1 (k= 1) _
1 Z K k 3
z WK+17%<Z)N8 272 kZ_O ] (=2) , |Argz| < g7 -6,z — oo
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C.2 Asymptotics and Limiting behavior (with regards to incoming or outgo-
ing convention)

Here we show the calculation for the statement in subsection [4.2.3] which shows the highest order term in
the asymptotic expansion of the Whittaker function when z — oo, as well as their relation when v — 0+
or v — 07. With , we are in the applicable range (—37”, %ﬂ) of to obtain the behavior at oo,
for W, ,.(z) and W_,, ,(e7"2) with z defined in ([.6). We expand the leading term explicitly in terms
of r and k., 7, defined in .

First we need the following identities involving the principal branch log, i.e. —7 < Im(logz) < 7.
This means

log(—|s]) = In|s| + ir , seR\{0}. (C.11)
Recall
0<Arg(ky) <5720 ; g<Arg(k7)<7ﬂ7<0,
We have
>0 : lo Zei%kr = log(2k,7)+iZ ;
Y g( .ﬂ—’Y ) g( vy ) 2 (012)
log(2e™'2 kyr) = log(2kyr) —iF;
<0 : lo Zeigkr = log(2kyr)+i% —i27 ;
Y g( .W’Y ) g( v ) 2 (C.13)
log(2e™'2 kyr) = log(2kyr) —if .
e For v > 0, we have
¥>0 0 Wiy u(z) ~ eié 2 = 67%“’7” log(2)
659659 exp ( —ikyr + inylog (26% Kk 7")) (C.14)
C.i2 . .
exp(—lk,yr + iny log (2kyr) — %nw) ;
Similarly
—im —l(eﬂ"z) —im _\—i Z _in, log(e i"z2)
¥y>0 : W u(e77z) ~ e 2 (e7Tz)7" ~ g2 T8
= exp (i kyr — iny log (267i%k7r)> (C.15)

SEE, exp (ikwr — in, 1og(2kvr)—gn7).

Using ky — ko, 7y — 10, Ky — Ko, as v — 07, cf. (4.19), taking limits as v — 0T, we obtain
exp(fikfyr + iny log(2k.yr) — %777) — exp<7ik0r + ing log(2k0r) — gno) , oy — 07

exp(ik,yr — iny 1og(2k7r)—gn,y> — exp(ikor — ing log(Qkor)—gno) , oy —0".

e For v < 0, we use (C.13)),

. . x
¥<0 Wiy, u(2) (CAE) eXp(flkq,r + in, log(ZkWT)f%n,O;

exp (ikvr — in, log (2k7r) — gnv).
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Using ky = —ko , 7y = =10, Ky = —Ko as v — 07, cf. (4.19)), taking limits as v — 07,

exp(fik,yr + in, 1og(2kﬂ{r)—37’r77,y) — exp(ikor — ing log(72kor)+37”770>
SAL exp (ikor — ino (log (2 kOT)+i7T)+37W770>
= exp (ikgr — ing log (2k07’)+7707r+377r770)
= exp (ikor — ing log(2k07“)+577r770)§
exp(ikvr — in, log(2k~/7’)—%777) — exp(—ikor + ing log(—2k0r)+§770)
C2 oxp (~ikor + ino (log (2kor) +im) + 5 10
— exp(—ikor + ing log(2kor)—7r770+gno)

— eXp(*ikOT —+ 1770 IOg(QkoT)*gnO) .

The properties of L? comes from Remark

D Definition of the Kummer functions

Equation has a regular singularity at z = 0 with indices 0 and 1 —b, and an irregular singularity at
infinity of rank one. When b is not an integer, method of Frébenius can be used to construct two linearly
independent solution. The first Kummer function, also called confluence hypergeometric function,
M(a,b; ) or 1Fi(a,b; z) cf. |28, Eqn 13.2.2],

(a

c2) = . — .- ek
M(a,b;z) = 1Fi(a,b;2) = kzzo(b)k o7 bFE-L 2,23 (D.1)
Here (o)}, is the Pocchammer’s symbol, cf. [28, Eqn 5.2(iii)],
I'a+k
(o) = g (D.2)

I'(a)

When b is not an integer, then in the neighborhood of z = 0, a pair of linearly independent solution to
the Kummer equation are given by,

M(a,b;z) and 2" ° M(a—b+1,2—¢;2) , b#0,-1,-2,... (D.3)
M (a, b; ) is entire in z and a while meromorphic in b, with single order poles at b = —1,—2,—3, ... This
results in M ol () not defined for 20 +2 = —1,—-2,-3 ... (i.e. 2+ 2¢ € Z~). However, these are
mlty
. L . M (a,b; z) .
also the same poles of the Gamma function, the limiting value limy_, _,, W exists. In fact, the
function
M(a,b; z)
M(a,b; z) = —-——~> D.4
(a.bi2) = S (D.4)
is entire in a,b and z, and cf. [6, Eqn 8a p.4]
. M(a, b; Z) - . _ (@)n41 n+1 . _
bg@nw = M(a,—n; z) = mz M@a+n+1,n+2;2) , n=0,1,2,... (D.5)
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Using the simpliﬁcatiorﬁ, this can be written as, cf. [6, Eqn 8a p.4]

. M(a,b;z2) Yni1ek 2F > (a)k P
1 ) — n+1 +1+ R - D.6
o T(b) Z (n+1+k)k k;ﬂ (k—n—1)k (D-6)

Note that I'(k —n) = (k —n — 1)L

Despite the fact that the limiting value exists at b = —1,—2,—-3,..., the pair are linearly
dependent when b € Z. In this case, we have to generate another independent solution by differentiating
with respect to the parameter b. This gives rise to the the second Kummer function, also called Tricomi
confluent hypergeometric function, U(a, b, z), which is uniquely determined by the property

Ula,b;jz) ~ 27% |, z—00, |Argz| < 37 —4. (D.7)

In general, this is a multi-valued function (due to the factor z~* (with the origin being a branch point
and the point at infinity an essential singularity). The principal branch is that of In z, by convention in
[28, 13.14.22]. We list its specific definitions under the assumptior@ a#0,—-1,-2,...

e When b is not an integer, cf. [23, p.263-264]

i M (a,b; z) 1-p M(a+1-0,2-0;2)
b; = _
Ula,b:2) sin(mb) <F(b) I'(l4+a->5) i T(a) T(2—b)
, T <Argz<m,b¢Z (D.8)
_ ra-v . re—1) 1, _
= H1+a_mjwmﬁx)+ Ta) AP M1 +a—0,2-b;2).
The second equality is obtained by using
T
=TB)TIr{1-b = -T'b-1)T(2-b).
sin(7rb) () I( b) (b ) I( b)

e When b is an integer, then for b=n+1,n=0,1,2, and a # 0,—1, -2, cf. [28] 13.2.9],

- - 1 —a+k)p_ _p (="t .
U(a,n+1,2) = Fa)z ByAT e +mr(a_n)M(a,n+1,z) Inz
k=1 (D.9)
ﬂ(iﬁ(a—i—k) P(1+k) —p(n+k+1)) n=0,1,2,...
n!T(a —n) ’ B
Here 1 is the Digamma function listed in Notations.
¢ Whenb=-n,n=0,1,2,..., then
Ula,—n,z) = 2" U(a+n+1,n+2,2) , n=012... (D.10)

where the expression on the right-hand-side is given defined by .

25Note that I'(k) = (k — 1)! for k € ZT,

(@)1 (@+n+1), = F(“;(Z)"' : F(I:l(:i:it)k) - F(“"‘;L(:)l-‘-k) = (Wnt14k

T(n+2+k)
I'(n+2)

(n+14+k)!

T = (n+1+k)!.

(n+D)!n+2) = (n+1)! = (n+1)!

26This is sufficient since in our application k = i% is not integer, while u = ¢ + % with £=0,1,2,....
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Basis of independent solutions We list a basis of independent solution, cf. [23, 6.3 and 6.3.1 p 269].
e b=n-+1forn=1,2,3,..., two linearly independent solutions are, are

n!T'(a —n)

M(a,n+1,2) and W

U(a,n+1,2). (D.11)

In cf. [28] 13.2.47], the second basis function is written Eln the form (D.12)).

e b=—n,forn=0,1,2,..., using (D.10)), two linearly independent solutions are

2P M(a+n+1,n+2;2) and

(n+1)!T(a—1) wr (A DID@=1) (D.13)
=D =0 Ula+n+1,n+2;z).

In 28] 13.2.30], the second basis function is Written@ as (D.14).

U(a,—n,z) = z

A basis of solutions for Kummer’s equation in the neighborhood of infinity is given by

Ua,b,z) , eUb—a,b,e™?) | —3m < Argz< 3z (D.15)
U(a,b,z) , e Ub—a,b,e™?) | —%ﬂgArgzgéz. ’
E Justification of integration under the integral sign
E.1 Volume integral
27By algebraic derivation, we can rewrite 72!;1(;5;3) U(a,n+1,2),n=1,2,3,..., as
s VI = ()
MW -k - M(a,n+1;2)Inz — k) —p(1+k) — E+1)).
k; Ry (a,n+1;2)Inz kzzo (n+1 (w +k) —p(l+k) — Pp(n+k+1)) (D12)
=]
Using the definition of U given in in this case, we have
n!T'(a —n) _ n!T(a —n) (k- 1—a+k)pr _s
(—=1)n+1 Ula,n+1,2) = —J + (—)"+ D(a ; (n —k)! N
Consider the coefficients of the second series,
nlla—n) 1 (k-—1D!'(01-a+k)pp nl(k—1) T(1-a) Tla—n)T1l—-a+k+n—k
(=1)"+1 T(a) (n—k)! T (n—k)! T(l—a+k) T(a) r'(l—a)
_ n!(k—1)! 1 I'la—n)I'(1 - (a—n)
T hom-ar (D T@T(-a)
-1
That the second factor is —1, is due to the identity, for a # Z,
I(a)l(1 —a) = —
sin(wa)
and - - -
Pla-m I -(e-n)= sin(m(a — n) - sin(ma) cos(mn) - (—=1)" sin(wa)
28With the same derivation as in Footnote the right-hand-side can be written as
n—+1
(n+1)!(k—1)! n—k+1 _ _n+1 .
kz:l(nkarl)!(fafn)k)z z M(a+n+1,n+2;z)Inz
(D.14)
Ll (a+n+1 _ _
kZO (n+2 k!(¢(a+n+k+ ) ¢(1+k) ¢(n+k+2))
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Proposition 30. Consider a bounded region Q with C? boundary and Q) C Bo,r)- We have

o [ B Wy = [ 0By . FEIX®). (®1)

Proof. Recall the notation

W@+ 0p) — h(z) x
Op(myh(x) = lim i Or@h(z) = — - Vih.
50+ 5 ||

For kg, we work with compactly supported function f. Denote by € the support of function f in this
case (i.e. without attenuation). Also define the product domains

R = (R3\B(0,r))z x Qy;

R = (B(Oﬁ)\B(Oﬂ))z X Sy

Step 0 : We first rewrite the problem in order to apply dominated convergence theorem. In spherical
coordinates based at =,

Ty = ‘y—$| ) wx:y_x-
|z -yl
we write
/ O (z,y)dy = / O (x, x+ row) rldry dow .
R3 0
Define
Of (2 4+6%, 2 4+r,w) — OF (x, 2 + 7, w,)
h5 = ko ‘xl x 6 ko x x f(x+rmw) rg’
o= <5‘T($)CI>:; N w) flx+r,w) r2.

By definition of direction limit,
~ _ +
61—1>I(I)1+ hs = Opa) @, (2,9).

In terms of the h and hgs, what we want to justify is now of the form

(oo} o0
lim / / hs dr, dw, = / / lim hdr, dw, .
§—0t 0 S(O,l) 0 S(O,l) =0+

Step 1 : Since <I>;r0 (x,y)r? is continuous in = and y, hs and h are measurable function. What remains
to show that : there exists § > 0 and an integrable function g(y) such that

lhs| < g(y) , Vo < do.

Define the function
s ols) = (e s,y
We have p
_ +
0068 = 0@y,

(ﬂHSﬁ ,Y)
and

§
d
W+ 0y~ ) = [ Lo ds.
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We obtain the bound

2 gy DRl TR T B @I e )

r

And

2 f(y) Vo ey 180) o (@) €%, (E.2)
On the other hand, from (F.32)) in Appendix we have

o=y [Va® | < clGy(zy)| + 2¢clo—yl(10:Hy | + [0:H ).

|hs| <

From Remark [32[in Appendix exists C' > 0,C depending on (2, and C>0 depending on ¢, T, so
that

|G (z,y)| < C , for xR yeQ;
and OHy , for O.Hf < C , (z,y) €R.
Thus there exists C’ > 0 depending on €, v and t such that
|z —y|? |Vz<1>k+0 < ¢, for (z,y)€R.
Combining with (E.2)), we obtain: there exists C” > 0 depending on ,t and t
sl < C" laly) . (zy) €R.

After this, we can apply Dominated Convergence Theorem to obtain

lim / / hs dry dw, = / / lim hdr, dw, .
6—0% Jo S0.1) 0 S0.1) §—0t

Remark 30. If we show differentiability for x away from the region of integration in the variable y, then
we can work directly with

O

o (m+6ﬁ,y) - &f (z,9)
h = 6T(m)¢>k0 s h5 = B .

In particular, we assume
QC B, »

and

R = (R*\Bp.), x (09),,
then Remark in particular, (F.29) in Appendia:@ gives C > 0 such that

sup <I>k+0(:c,y) , sup 8T(z)<l>;r0(x,y) < C < 0.
(z,y)eR (z,y)ER

As a result, the sequence {hs} is bounded by an integrable function on Oq (for statement 1) or S
(for statement 2). In addition, both h and hs are continuous on region (E.5) or (E.6), and are thus
measurable there. We then apply dominated convergence theorem to obtain: for (z,y) € R3 \Bo,5) x 09,
¢ € L>(00Q)

a7(1) /]RB f(y) (I):; (l’,y) dy = /RB f(y) 87(1)¢k+0 (xay) dy 5 f € LE(Rd) . A

E.2 Surface integral

Since our purpose for differentiating the integral is to obtain the asymptotic expansion as |z| —, we will
only justify a weaker statement and assume z away from the domain of integration in variable y.
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Proposition 31. o Consider a bounded region € with C? boundary and € C B, For (z,y) €
R3\ Bo,e) X 0, ¢ € L>®(09Q), we have

Or(2) /B . o(y) Pu(z,y) do(y) = /(9 . (Y) Or()Pu(z,y) do(y)- (E.3)

o Witht>1t >0, For (z,y) € R*\ Bo5) X S0,t), ¢ € L>(S(0,0)), we have

(0,v) (0,v)
Proof. For
(2,y) € (R*\Q), x 8Q , with Q C B, (E.5)
or
(l',y) € (Rs \]B(O,E)z X S(O,t), (EG)

we can use Remark in particular, (F.29) and (F.30) of Appendix [F] for there exists C' > 0 such that

sup O (z,y) ,  sup Opy)®f (z,y) ,  sup Opw)Or(y Py (z,y) < C < oo.
(z,y)ER (z,y)ER (z,y)ER

To justify (E.3)), we use

o (v 405, y) - ¥ (@)
h = 8T(w)<1>k0 5 h5 = S 5

while for (E.4), we work with
h = Or(2)Or () Pko »

and
5 .

With the constant C introduced, we have the boundedness

5=

|h‘ ’ ‘h5| < C.

As a result, the sequence {hs} is bounded by an integrable function on dq (for statement 1) or S ) (for
statement 2). In addition, both h and hs are continuous on region (E.5)) or (E.6]), and are thus measurable
there. The proof is finished by applying dominated convergence theorem.

O

F Gradient and asymptotics

F.1 Gradients and asymptotic of functions involving the distance function
Notations : Write z = (x1, 22, x3) and y = (y1,¥2,y3). Also denote

x y
O = Ve 3w = g

Denote by (|x|,8s,¢s) , and (|y|, 0y, @y,) the spherical coordinates of z and y with 0 < # < 7 and
0 < ¢ < 2m. We have

Y, (F.1)

Ty
r-y = |$||y|m'm
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and we define the bounded quantity 9, ,

0y = % . |y;| = cosf, cosb, +sinb, sinf, cos(¢p, — @) . (F.2)
We write
oy = [ly[sy (F.3)
In two dimension, this simplifies to
Ty
|z 1yl o

F.2 Asymptotics involving the distance function

For y in compact set and as |z| — oo, using (F.3), we have the following expansion,

1/2
eyl = (Il = 2lally|ony + lyl?) (F.4)
|y ly|?\1/2
= lzl(1 = 2¥y, 4 WP F.4b
‘.’E|( |I’| a Y + |1,|2) ( )
|y -
- \x|(1 o +0(|z] 2)). (F.4c)

For the version in 2Dcf. [7, p.64]. The above expansion gives, for y in compact set and as |z| — oo,

[z =yl = |a] = |y sy + O(lz[7H); (F.5a)
1 1

= —(14+0(z|™"); F.5b

ool = (o) (F:b)

Using the above expression, we next obtain

r-(r—y) _ i(‘xp _ \g;||y|axyy) ﬁ (1 + O(le—l))

|||z — y| ||
- (1—:?'%) (1+0(lz1™) (F.6a)
= 14+0(Jz|™" = 0(1); (F.6b)
y-(z—y) _ r i 21
eyl = (lol +lefay) o (1400 )
= (—::Ey: +aw) (1+0(lz1™) (F.6¢)
= 0., +0(z|"Y) = O(1). (F.6d)
and
_ _ —1y.
s = 2l + |yl(1 - 2y) + Ofal ™) (F.7a)
t = [yl(1 + 2.y) + Oflal™) = O(1). (F.7b)

F.3 Gradients and normal gradients of the distance functions

T _ T
Velz| = Vm/x%er%er%:m i Vilz| 1:7W. (F.8)
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12 x—
Valw —yl = Val(or =91+ (w2 = 2" + (s~ 9)?) P = = (F.99)
T
Vylz —y| = . F.9b
e (F.90)
and )
e = Va (21— ) —y)? —yy)?) VP Y F.10
iz —y] (21 = y1)* + (22 — y2)° + (23 — y3)?) e —yF (F.10a)
v, -ty (F.10D)
o=yl Je—yP’ '
We next consider the normal gradients
1 Y r—y 1 T r—y
d, = 2. i Oy ——— = ——— - ; F.11a
T R P R B B PR PR ()
o 5. L Y (l‘ v )H
T eyl Tyl el Ty
Y T 1
= 7 va:x_y"i_w_yarm)
o (g et =+ =
- - 1
_y.<x+3x y z = y) 5. (F.11b)
lyl \lzl e =yl x| |z—yl) [z -yl
As a result of this, for y in compact set and |z| — oo, we have
Ohrwlr—yl™" = 0(z|™?) ; Olr—yl™" = O(lz|7?);
) (F.12)
Or(a)Or(yl =yl ™" = O(|z| 7).
Gradients and normal gradients of the functions s andt
Ves = Vm<|x\+|y|+|ﬂc—y|) = i—kﬂ; (F.13a)
[z |z —yl
Y r—y
Vys = &=+ ——; (F.13b)
! yl |y — 2|
x z—y Y y—x
Vet = — = —% ; Vyt = = — F——. (F.13c)
2| Jz -yl Tyl eyl
We compute the normal gradients.
y y— y y—-x
s = 1+ L V=T gy b e (P 140
v [yl o~y v [yl o=yl
T T—y T r—y
Opmys = 14+ —. 2 . g 4 =1-".2"9 F.14b
@ eI ENEE (1)
As a result of this, for y in compact set and |z| — co, we have
Oriers B 1 4 (140(2["Y) = 2+0(ja[Y) = 0(1); (F.15a)
Oris T8 1 (2 + O(J2] ™) = 1424, +0(Je] ™) = 0(1). (F.15b)
and
Oyt B 1 — (1+0(a ™) = O(lz| ") = O(1); (F.16a)
Dyt 1= (00y +0(j2] ™) = 1-0,,+0(z|™") = 0(1). (F.16b)
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Using 0,z (z —y) = I%I to obtain the second order normal gradients
Y y—x
ar T 8r S = - ar T
(z)Yr(y) Iy ()\x—y|
Y T 1 T T—Yy
= = —+(y—x)~) ; (F.17a)
[yl ( || |z =yl | |z —yl?

ar(m)ar(y)t = —ar(z)ar(y)s . (F.17b)
For y in compact set and |z| — oo, we have

8r(m)8r(y)s = _87’(30)87"(3/)5 = O(|x‘_1) (F18)

F.4 Other identities with the distance function

We have

llz—yl—y-(y—=x)= lyllz—yl - > +y-=
= lyl(|lz —y| = |yl — =] + |2|(1 + 00 y) ;

vyt el 4y
lylly — x| |z =y
Ot 1 (y—z 1 1+,
ii) _ 7(1_y (yi )) _ - (_1+|$| ,y).
t t lylly — x| |z =y t
On the other hand, since
[z —y|* = |z + [y* - 2Jz[lylos,y
= (e +1y))? =z —y[* = 2Jz[lyl(1 +0.,);
and
1 ! ety s
t i+l =le—yl (2l + )2 —lz -yl 20llyl(l+0a,)
149, 140,,) s s
o fol i = e S =
t 2|[y|(1 + 0y [yl
we can write
Op ('t 1
) (—1 + S) . (F.19)
£ |z -y 21y|
Similarly, switching the role of x and y, we obtain
Op ()b 1 z-(x— 1 1+ 0,
r(x) _ <1 _ ( y)) _ <_1 + |y‘ ,y) )
t t |z |z =y |z —yl t
After simplification, we have
a,n(x)t 1 ( S >
= 14+ —. (F.20)
t |z -yl 2|z
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F.5 Partial derivatives of H
We calculate here 9;H and 9 H. Recall

W_y 1/2(=1ks) M_, 1/2(—ikt)

H(s,t) = ) ) , )
W2 1/2(=1ks) M’ a(=ikt)
We have
P W—X71/2(_iks) M—X,l/?(_ikt) ikWLx,1/2(_ikS) M_X’l/g(—ikt)
WLX’I/Q(—iks) MLXJ/Q(—ikt) ikW’lX,l/Q(—iks) MLXJ/Q(—ikt)
Since W_, 1 /2(—2) satisfies the ODE (4.60)),
2w+ (LX) w = o
z 4 2 I
we can write
. 1 X .
Wl—/x,l/z(_lks) = (4 + 1k5) W_y1/2(—1ks). (F.21)
Replace this in the previous expression to obtain,
WLx,l/Q(_ikS) M*X,1/2<_ikt)
OsH = —ik . _ '
(Z + %) W_X71/2(71ks) M/—le/Q(ilkt)
. / . / . 1 . . (F'22)
_ ﬂk(w_xw(ﬂ ks)M' | o(—ikt) — YW q)n(—iks) My )n(—i kt)
+ fw,x,l/z(_iks)M,X,l/z(_ikt).
Similarly, we have
W_XJ/Q(—ikS) MLx,l/Q(_ikt)
8tH = —lk , . 1 .
W—X71/2(71ks) (Z + %) M—XJ/?(*I kt)
(F.23)
_ —ik(%W_XJ/Q(—iks) M_y1jo(—ikt) — W (—iks) ML (i kt))
— %W,X’l/g(—i k S) M,X’l/g(—i kt) .
We next calculate 92H and 0y H. We will also use (F.21)) to replace W” by W,
—lkWL/X 1/2<—ikS> M,X71/2(—ikt)
afH = —ik : 1 X / ~’ X / : / :
—ik (Z + ﬁ) W—x,1/2(71 ks) — WW—X,l/z(*l ks) M—x71/2(71 kt) (F24)
I x X . .
S (4 n 1ks> H = M 1a(=ikt) WL o(<iks).
In a similar way, we obtain
W~ (—iks) M’ (—ikt)
OuH = K| /2 1 i/
(3 +56) Woxaa(=iks) (54 55) Moyaja(—ikt)
(F.25)
W~ (—iks) M’ (—ikt)
o _ ikZH +oiky o/ o/ :
RR n° 9280 sTIW_1/2(—iks)  t7IM_, q/0(—ikt)
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and

W_le/g(*iks) M_X71/2(*ikt)
! X) = K (1 X) H.  (F.26)

82H:—k2<+. -+ X
' 4kt W o (iks) ML (—ike) 4 ikt

!
-x,1/2

F.6 Some remarks
Remark 31. From the above expressions (F.22))— (F.25)), we see that H(= G), its first order derivatives

OyH , OsH
and second order derivatives
owH , 0°H,
are sum of quantities of the form
W o(—iks) M) (—ikt) | where n,m € {0,1} (F.27)

times factors of the form
constant x s~ or t7% 0<a,B<2.

Here n and m denote the order of the partial derivative in s for W_, 1,2 and in t for M_, 1/,5. In
fact, since W and M satisfy an ODE of order two, all higher order derivatives of these functions can be
expressed in terms of the zero-th order and first order derivatives. As a result, any derivative of H 350‘35

for a, B € N are sum of quantities of the form (F.27) and the factor

constant x s* , or £k , 0< Kk, with k< maX{B,B}. A

Remark 32 (Boundedness). Consider z € R? \ B(o,) with v > 0and y € Q with 2 bounded. Also define
the product region
R = (R*\B,u), x Q.

In this region ‘R,
s=lzl+lyl+]z -yl > ¢ >0,

while t = |z| + |y| — |x — y| is bounded but can attain zero.
e From Prop mn Appendix M and M’ are both defined at zero,
MLx,l/Q(O) =1 ) fo,l/Q(O) =0.
While t can take on value zero, the limit at z = 0 exists,

M_ —2ikt
hmw — _9ik.
t—0 t
On the other hand, by (F.7b)), for y in compact set, t = O(|x|~1) as |x| = oo, i.e. t is bounded. As a
result of this,
M_ —2ikt
sup M_, 1/2(—2ikt) , sup M'_X,l/Q(—Zikt) , sup M < .
(z,y)ER (z,y)ER (z,y)eR t

e From Prop[29 in Appendiz[C]]

1
Wx%(z) = m—i—O(zlnz) , z—0,
Inz + (3 —x)+2v 1
/ _ 2
Wx%(z) = I —x) T =) + O(zIlnz) , z—0.
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On the other hand, from the asymptotic expansion at infinity of Whittaker W, cf. Prop[C-] in Appendiz

[

1
WX 1(2) = e 272X (1 + O(|z|_1) , |Argz| <31 —6, 2 = o0,
2
1
W (2) = e 272X (% + O(|z|_1> , |Argz| <31 —6, 2 = o0,
X3
we have )
W—x 1(e7iks) = e2*(e M iks) X (% + O(|s|_1) ,  ass— 00;
2 N (F.28)
W' 1 (e7™iks) = 2k (e7 M iks) X (% + O(|s|_1) , ass—00.
—x.h

We have W_, 1 /2(—2iks) and W’_X 1/2(72iks) decay for k € C with Imk = 0, or but stay bounded for
ko > 0, ¢f. subsection[{.2.3, Putting together the behavior at zero and infinity, we have

sup W 1(—2iks) , sup W' [(—2iks) < oo.
(wy)eRr X2 (zy)eEm ~X3

Under the current assumption s > ¢, using the expression of its partial derivatives given in (F.22)) and
(F.23), and the above observation, we obtain the bounded of the partial derivatives of H,

sup OYH ,ne€{0,1,2} sup OH sup O000H < 0. (F.29)
(z,y)eR (z,y)€R (z,y)eR

On the other hand, from expression (F.26)) for 02H, we see that 02 H is not bounded due to the factor
t=1 (which is not couple with M but H, and the latter is bounded but not zero at t = 0). However, using

either (F.19) or (F.20), we have the boundedness of

sup  (Opyt) OFH sup  (Op)t) OFH < o0, (F.30)
(z,y)ER (z,y)ER

A

Remark 33 (Asymptotic expansion). Following from the same reasoning in Remark we obtain readily
the asymptotics expansion of OTO*H, n,m € {0,1}. In particular, since variable t is bounded,

M_ —2ik|t
My 1y2(—2ik[t]) , ML 5(—2iK]t]) Xal/Zt( ikit])

contribute as bounded terms. On the other hand, variable s = |z|(1 + O(|z|7Y)), the final asymptotic
Iilacpanszon follows from that of W_ 1/2(=2iklt]) and W, | ,(—2ik[t]) in (F.28). As a result, for n,m €
, we have

n am liks —iT . — -1
OOMH = e2'° (e7""iks) X(c(y)—i—O(|s| ) . as|z] — oo,

for y in compact as |x| — oco. Here, c(y) is a bounded and continuous function depending on y. A

F.7 Gradient of &,

Recall from , we have

y(z,0) = 80

||

5 with G(.’E, 0) = foyl/g(—2ik|$|) .

By chain rule,

L V.G(z,0).

1
Ve ;<I>k(:c,0) = G(z,0)Vy|z|™' + 2]
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We next substitute in the identities

1 [E3 x
Vol B -2
. . ([F.8) . . x
V.G(,0) = —2ikW._ o(=2ik|e) Volo| & —2ikw’ | ,(-2ik]a]) o
to obtain
T ) ) T
V®u(z,0) = —cG(x,O)W — 2¢ik W2 | jp(—2ik|z]) Tk (F.31)
By chain rule, we have
Vo bi(z,y) = cG@y) Va— + — V.Gl y)
x T,y) = L, Y) Va 2\, Y) .
‘ o=yl " Je—yl
From the calculation in Appendix [F] we have
1 ey
Tl -yl [z =y’
and
VoG = (Vus)0H + (Vis) 0 H;
with Vs ED iJr Ty ;0 Vgt End » T2y .
E ] [z |z —y
Hence
(z—y) ¢ z T —y
V.®(z,y) = —cG(z,y + — (Os+O)H+ —=(0s—0y) H | . F.32
v @y g g By (9 (32
The partial derivatives of H are given in (F.23)) and (F.22).
We next consider the normal derivatives. We have
1 _ Op()S Oyt
Oty ®e = G Ople =yt + (_-”y' OH + o (_-”y' O.H . (F.33)
And,
Dy
Or(a) Or(y) —
= (8T(1)8T(y)|x - y|71) G + (8T(y)|1‘ — y|71> (9T(I)S OsH + ((9T(y)‘l‘ — y‘il) 8T(w)t8tH
(F.34)

+ () irf);) OH + (ST(_”; Orays) OZH + (|i”(_y>ys| Orart) OusH

+ <8T(w) ir(_y);) OH + (ir(_y)ytar(x)s) Ot + (ir(_y); 8r(a:)t) BtQH.

G Incoming/outgoing convention

In this discussion, we assume that
ko ,wo>0,7r>0,t>0

The notion of incoming and outgoing are based on the direction of propagation in time. In particular,
with £ > 0 and r > 0,
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e outgoing corresponds to as t oo, r increases (wave expanding to o),
e while oncoming to as t /' oo, r decreases (wave retracting to 0).

Starting from the above notion of direction of propagation, the definition of incoming and outgoing
solution in time-harmonic regime depends on the the convention of the time-harmonic part.

Convention 1 : Time-harmonic part is given by e™“of, This is equivalent to the Fourier transforma-
tion convention

(Ff)(wo) := /ei“’“tf(t) dt , (F'H) = c/e*iwotf(wo)dwo. (G.1)

This is the convention used in [I3] (4)]. In this case, based on the above notion of incoming/outgoing,

elko’l‘ e iwot el(kor—wot) is outgoing ;

—ikor e—int — e—i(ko’r‘—‘rwot)

e is incoming .

Thus, in this time-harmonic regime convention

¢*o" is outgoing , while e ™" is incoming.
This is the convention in [I0], [I9) p.26], which results in the sommerfeld radiation condition for
Helmholtz

Oru —ikou = o(r™1), r — oo.

Convention 2 : Time harmonic part is given by e“°t. This is equivalent to the Fourier transformation
convention

(ffﬂw@:zi/e_w“f@)ﬁ , (J?ﬂfxa::g/ewwf@m)mm. (G.2)

In this case, the sign is switched compared to Convention 1, i.e.

eikor iwot _ ei(kor—i-wot)

e is incoming ;

—ikor _iwgt — ei(—k0T+w0t)

e e is outgoing .

Thus, in this time-harmonic regime convention

¢o" is incoming , while e " is outgoing.

H Verification fundamental solution for y = 0

We show that ®,, as constructed is a fundamental solution (or equivalently that ®,, is a distributional
solution to (4.112))). In the process, we will retrieve the constant ¢. The proof is adapted from [34], Prop.
4.9] for the Laplacian and from [3T], Prop. 2.1] for the Helmholtz operator.

For arbitrary ¢ € C>°(R3), we have to show that

<( — A, -k + g) D, , gz5> = ¢(y) , or equivalently <<I>w, ( — A, -k + g) ¢> = ¢(y).
|| ||
Here (-, -) is the distributional pairing D’(R?) x D(R3). It suffices to investigates for y = 0. We have
9g\y .
B0 =Gl) = 0L ) = Woual-2iko)

We will show that
«

1%g%mepAfw+Mﬁ@@=¢@,
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where

Q(yae) = R?)\BG ) Be:{yERB: |y| SG}
Since ®y(x,y) satisfies

(—Aw —k?+ &) Pu(z,y) =0 , onQye , €>0,
we apply the second Green’s formula,
/ ((Aw) v — w (Av)) dr = / (v Opw — w&m) do(z) , w,v € C*(Q), (H.1)
Q oQ
to obtain
[ o=k 2o auwy do
Q ||

Y,€)

(0%

Ry,

- / (—~Ag) By(z,y)dz — / b(x) (A By(x,y)) de
Q(%ﬁ)

[ (@ @o) - o) 0.6)(w) do)
0Q(y,6
— Gl /S ., o dola) = G /S IRCCLEC

= 2 G(e) /S(OJ) (Ond)(ew) do(w) — € G’(e)/S ¢(ew)do(w) .

(0,6)

Z:Hl IIHQ

A change of variable x = ew was done to obtain the last equality. We next consider the limits of each
integral as € — 0.

Counsider first integral I. Recall that G(r) = g(:). Using the limiting form of W_, ;,5(e) around 0,
cf. (4.38) in Appendix we have

. 1 . .
g(’f‘) = W—X,%(_21k7’r) = m + O((—Qlk,yr) 1n(—21k7r)) 5 r—0
1
= m—l—O(rlnr) , r—0.

This means

. _ 1 1
}g%g R and G(r) e L°(0,1). (H.2)

As a result, with o(S(0,1) denoting the surface area of S(0, 1),

I :eg(e)/ (000)(cw) do(@) < co(S(0,1) |9(c)][ller = lim I, = 0. (H.3)
S(0,1) e—0t

Consider second integral I,. We first consider the limit of the factor in €2G’(¢). We have

¢ = 20 L) = rg) - g,

[ [zf?

Using the asymptotic of g at 0, cf. (C.9)

g (r) = =2ik, W' | (=2iky7)
—X:3
o (In(=2iky 1) + (5 +x) + 27 1 )
= —2ik il 2 + O(zlnz) , z—0.
3 NENEY My )7 o
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As a result,

1
lim r¢'(r) = 0 and lim r?G'(r) = —

_. H.4
r—0+t r—0+ 1"(1 + X) ( )

The limit of the integral is obtained by using dominated convergence to pass the limit inside the integral
lim [ g(ew)do(w) = / 6(0)do(@) = $(0)o(S(0,1)) = 4m(0).
=0.Js(0,1) 5(0,1)

As a result,

lim Ip = ———1
ot 2 T T(1—y)

Putting together (H.3) and (H.5|), we have

$(0). (H.5)

(07

li {—A—k2 ]cp ) dr = lim (I; — L) = 0).
. ( + |x|)¢>(x) k(z,y) do = lim (I, —Ip) il _X)¢( )
I'1-—
This means the normalizing constant ¢ = %
T
I Miscellaneous calculation
We compute |el" 2 108(2k57) | Start by rewriting,
1y log(2k,r) = n,(In|2kyr| +1Arg(k,))
= in,log(2k,r) = iRen,In|2k,r| —Imn, In|2k,r| — 7, Arg(k,)
= e—ik,),7’+i77,Y log(2kyr) _ eQrIm ky — (Imny) In|2k,r| 61(21“ Reky + (Reny) 1n|2k,yr|) e~ Arg(ky)

= |e—ik7r-‘rinW 10g(2k~,r)| — e2rim ky — (Imny) In|2k,r| ‘6—17W Arg(kn,)l )

Note that the last factor is a constant i.e. does not depend on r. We focus on the first factor. By
definition

Ty = %|k7|2(Re ky —1ilm k'y)

= 2rImk, — Imn, In|2k,r| = 2Imk, (7“ - ﬁ ln|2k77“|>
¥

a In|2k, |

Q
= 2Imk7(7“— Wln’r) _Imkfyw

Thus we can write

__« . o In|2k, |
‘efikq,rJrinﬂ, log(2k7r)| _ 62 Im k- (r Ik, 12 1n7) ‘67 Im ks, 2P Arg(ky)

bl

e o In|2k, |
ik iy log(2kr) | e‘“mk”(’"ww h“") ‘elmkw 2,17 F Are(k)

J Remarks and calculation involving square root branch
We work with the following branch of argument
Arg, :C — (—m,w] , Arg,:C—10,27).

Note that Arg; is the usual principal branch, cf. [23]. We have also introduced in subsection the two
branches of square root g; and go associated with the above arguments,

1. 1.
91(2’) — |Z|1/2651Arg1(z) , QQ(Z) — |Z|1/2651Arg2(z) ) (Jl)
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J.1 Comparison between the two branches

We distinguish the following cases
e For Rez <0 and Imz < 0
Arg (2) +2m = Argy(2) = g2(2) = i (2)e'™ = —gu(2).
In this case
Regi(z) >0, Img;(2) <0 and Rega(z) <0, Imga(z) >0.
e When Rez >0 and Imz >0
Arg(z) = Argy(z) = 01(2) = 92(»);
Regi(z) = Rega(z) > 0; Imgi(z) = Rega(z) > 0.
And

2 = —igy(2);

Argy(—2) = Arg(2) + 7 = ga(—2) = ga2(2)e'2 = iga(2).

Arg (—2) = Arg; () =7 = gi(=2) = gi(2)e”

e When Rez<0andImz >0
gl('Z) = gQ(Z) ’ Regl(z) >0 ; Imgl(z) > O’
and

Arg (—2) = Arg(2) -7 = g1(—2) = —ig1(2);
Argy(—z) = Argy(2) + 7 = g2(—2) = ig2(2);
and g1(—2) = —go(—2).

J.2 Square root of product

Proposition 32. e Consider z,w € C\ {0} satisfying

0 < Arg(2), Arg;(w) < 7w such that (Arg,w, Arg; z) # (0,7), (J.2)
or
—m < Arg,(z), Arg;(w) < 0. (J.3)
Then w and z satisfies
—m < Arg;(w) — Argy(2) < 7. (J.4)
e Ifw,z € C satisfy (J.4), then
w
Argy(—) = Argy(w) — Argy(2), (J.5)
and (w)
w _ grlw
81 (z) o oai(z) (J.6)

Proof. First statement Consider z,w € C\ {0} with Imz > 0 and Imw > 0. We have

0 < Argy(2) <7 , 0 < Argy(w) <7
= —7n < Argy(w) —Arg,(z) < 7.
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Note that the only case when the difference between two angles is — is when Arg; (w) = 0 and Arg, (z) =
mie w > 0 and z < 0. This case is ruled out by the assumption for this case that

(Argl w, Argl Z) # (Oa 7T) .
Thus w and z satisfies (J.4). Similarly, in the second case with hypothesis (J.3), z,w € C\ {0} with
Imz < 0 and Imw < 0. And (J.4) follows automatically.

Second statement To obtain (J.5)), we write %

% — ‘%‘ exp (iArgl(%)) = |wZ|| exp (i Argl(%)>7
2 = T o i (A ) — Arga (2)].

Property (J.5) now follows from (J.4) and the two equivalent representations of %.
We next show (J.6)), given (J.5)). This is true because

() = ([ e (Giam (D) - \/Eexp (51 Arestw) - Arei()) )

[w] exp(3iArg; (w) _ gi(w)

V2l exp(3iArg, (2)) 91(2)

We apply the above theorem to following particular case.

Corollary 33. For k € C\ {0} with 0 < Arg, k < =, consider w and z with

Then their argument in the branch Arg, satisfies (J.4)) i.e.
- < Argyw—Arg;z < 7.

As a result of this,

1 fa L+1) 1« dtas)]
1—- = (= = 1— —— 1——_ .
91( kz(r+ 2 )) 91( kQT) 91( 17%2%

Proof. Tt suffices to verify that w and z satisfy condition (J.4)). We consider the following cases.

o Arg; k=0, ie k> 0. Write

_ 1 _
—k? = ar-llins Arg (—k ) =n7.
In this case, we distinguish further the following situations.
z2>0, w>0: Arg;z=Argyw=0 = Arg,w— Arg, z=0;
z>0, w<0: Argyw=m, Arg;2=0 = Arg,w—Arg,z=m;
2<0,w<0: Argyw = Argyz =1 = Argiw—Arg, z2=0.

Note that under the current assumption that k > 0 z > w, it cannot happen that z < 0 and w > 0.
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e 0 <Arg; k< 7, then
0<Arg, k<7 = —7m<Argk?<0 = 0<Arg(—k?) <.

In this case,
0 < Argy(w), Argy(2) < 7® , —m < Argyw—Arg;z < 7.

o Arg; k= 3, i.e. k =1ia where a > 0, then

1
k2= - = Argl(—k_Q) =0.

In this case,
Arg,(w) = Argy(2) =0 , Argyw— Arg,z=0.

o 7 < Arg, k <m, we have
—m<Arg; (k) <0 = 0<Arg k<7 = -—7T<Arg;k?<0.

In this case

—m < Arg,(w),Arg;(2) <0 , —-7<Argw—Argiz<m.
O
J.3 Power series expansion
For z — +/x + 1 is real-analytic on —1 < z < 1, with Taylor expansion around x = 0,
= (1/2\ = (=1)F 2k -2\
k=0 k=1 (J.7)
1 1 1 5
=14 -z— -2’4+ —23— —zt+ ... , —l<z<l.

We denote the translated disc by
B = {z-1 ‘ 2| <1} , By = {z+1 ’ |z| < 1}.

Since the branch cut of g1 is R~ and B; N R<g = () thus on By, z — g1(z + 1) is analytic for |z] < 1,
and restricts to a real-analytic function on By NRsg = (0,1). On the other hand, restricted to the real
axis, z — g1(z + 1) gives the usual (real) square root since

z=x , O0<z<l , Argi(z+1)=0 , gi(z+1)=gi(z+1)=Va+1.

The latter function is real-analytic and with Taylor series (J.7). By analytic continuation, we then have

o0 = S (V) - e (VD)

P (J.8)
11 1 5
= 14+-z— Bt 1
T3 g Tt st k<
and
> [(1/2 2k — 2
w1 = Y (M) 0k - 1+Z e < T
k=0 (J.9)
11 1 5
= 1—-z—=22— 23— —2*+... , 2] < 1.

Similarly, the branch cut of g2 is R>p and B_;1 NR>o = 0, z — ga(z — 1) is analytic on B_;. At the
same time B_; NR.g = (—1,0), thus the function restricts to the real negative axis gives a real-analytic
function. When z = —z, 0 < z < 1, by definition of g5, we have

Argy(—z—1) =7, go(—z—1) = Va+1e2 = ivVa+1.
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As a result of this,

B(z—1) = ii (1@(_2)’“ — i ii%@k:f)(—z)k

k=0 k=1 (J.10)
1 1 b)
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