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ON THE DYNAMICS OF 3D ELECTRIFIED FALLING FILMS

JIAO HE AND RAFAEL GRANERO-BELINCHON

ABSTRACT. In this article, we consider a non-local variant of the Kuramoto-Sivashinsky
equation in three dimensions (2D interface). Besides showing the global wellposedness of
this equation we also obtain some qualitative properties of the solutions. In particular,
we prove that the solutions become analytic in the spatial variable for positive time, the
existence of a compact global attractor and an upper bound on the number of spatial
oscillations of the solutions. We observe that such a bound is particularly interesting
due to the chaotic behavior of the solutions.

1. INTRODUCTION

The present work is concerned with the full 3D dynamics of a thin fluid film falling
along with a flat inclined plate. Besides gravitational effects, we consider the action of
an electric field acting normal to the plate. In particular, for the case where the fluid
lies on top of the plate (overlying films), the following equation was derived by Tomlin,
Papageorgiou & Pavliotis [27]:

(1) N+ 1z + (B — Vg — nyy — YA+ A% =0

where 8 > 0 is the Reynolds number, 0 < v < 2 measures the electric field strength and
A is a non-local operator corresponding to the electric field effect given on the Fourier
variables as
Au = [€la(€) = (& + &)™ a(e).

We observe that the term corresponding to the electric field, —yA3(n), always has a desta-
bilizing effect, while the term (8 — 1)n,, can be stabilizing or destabilizing depending on
the value of the Reynolds number. Namely, for subcritical Reynolds numbers 0 < 8 < 1,
(8 — 1)1y is a stabilizing term, while for supercritical Reynolds numbers 1 < (3, it has a
destabilizing effect.

Since falling films have received much attention from many authors, a wide variety
of results about their nonlinear stability can be found. In particular, the 2D case (1D
interface) was first studied by Gonzélez & Castellanos [10]. These authors identified a
critical electric field strength for sub-critical Reynolds number flows above which instability
was found. Later on, Tseluiko & Papageorgiou also considered the 2D case (1D interface).
In particular, Tseluiko & Papageorgiou performed a numerical study of the 1D analog of
(1) and found attractors for the dynamics for certain values of the physical parameters
[30]. The same authors provided analytical bounds on the energy of the solutions and the
dimension of the attractor [31] (see also [29] for the case of vertical film flow). Compared
with the case of 1D interface, equation (1) generalizes previous works by taking transverse
dynamics into consideration.

Equation (1) is similar to the well-known Kuramoto-Sivashinsky equation in one dimen-
sion,

(KS) N+ My = —Nazz — Nrzxx
1
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which is a model appearing in several applications. For instance, LaQuey, Mahajan,
Rutherford & Tang [13] obtained (KS) as a model of collisional trapped-ion mode in
tokamak geometry (see also Cohen, Krommes, Tang & Rosenbluth [3]), Kuramoto &
Tsuzuki [17] considered the possible instabilities of a two components reaction-diffusion
system and also recovered (KS). Furthermore, Sivashinsky [24] (see also the companion
paper by Michelson & Sivashinsky [20]) derived (KS) as a model of the evolution of a
disturbed plane flame front. Later on, Sivashinsky & Michelson [25] linked (KS) to the
evolution of a film of viscous liquid flowing down a vertical plane. Several equations sharing
some similarities where obtained by Topper & Kawahara [28], Lee and Chen [19], Coward
& Hall [6], Frenkel & Indireshkumar [3] and by James & Wilczek [16] when considering
falling fluid films, plasma turbulence and cellular suspensions.

Equation (KS) has rich dynamics. Indeed, applying the Fourier transformation to the
linear part of (KS),

(€)= (6% = €M0(9),

it results in the stability of high frequencies (|{| > 1) and instability of low frequencies
(0 < |€] < 1). Specifically, the term 7, leads to instability at large scales; the dissipative
term 7)yzze iS responsible for damping at small scales. Then we see that for general
initial data, the linear problem is unstable and leads to an exponential growth of certain
frequencies. When the nonlinear term 7n, is added, stabilization occurs as this term
transfers energy from the long wavelengths to the short wavelengths and balances the
exponential growth due to the linear parts. This interaction between the unstable linear
parts and a nonlinearity who carries energy between frequencies makes the solution of
(KS) to develop chaotic dynamics for certain values of the parameters.

This nonlinear stabilization of the Kuramoto-Sivashinsky equation with L-periodic
boundary conditions,

n(z + L,t) = n(z,t), for all z and ¢,
was considered mathematically by Nicolaenko, Scheurer & Temam in [21] under the hy-
pothesis that the initial data has odd symmetry: ng(z) = —no(—z). After that, Ilyashenko
[14], Collet, Eckmann, Epstein & Stubbe [5] and Goodman [11] found new bounds for the
L?-norm of the solution of the KS equation without oddness condition for the initial data.
The fact that the solutions are uniformly bounded leads us to the question of the optimal
bound for the radius of the absorbing set in L? for arbitrarily large periods L. In that
regards, the known bounds are
0.5

L
lim sup (/ u2dx> < O(LP)
t—o00 0

where the original p = 5/2 [21] was later improved to p = 8/5 [5] and finally to p = 3/2
[1]. The global bound has been upgraded recently by Giacomelli & Otto [9], where they

proved the bound
0.5

L
lim sup (/ u2dx> < o(L*?).
t—o0 0

We observe that the conjectured bound is O(L%?).

The analyticity of solutions is of great interest not only for KS equation, but also
for other nonlinear partial differential equations. For instance, we refer the reader to
the seminar paper by Foias & Temam [7] where they show that solutions of the Navier-
Stokes equations are analytic in time with values in a Gevrey class of functions (in space).
This technique has been extended largely to other nonlinear parabolic equations and, in
particular, Collet, Eckmann, Epstein & Stubbe [1] addressed the spatial analyticity of
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solutions of one-dimensional Kuramoto-Sivashinsky equation. They showed that at large
time the solutions are analytic in a strip around the real axis and also gave a rigorous
lower bound for its width, i.e. the radius of analyticity is proportional to L~16/25 Gruji¢
[13] used a Gevrey class technique to obtain a neighborhood in the global attractor of
the set of all stationary solutions in which the radius of analyticity is independent of
L. This latter result shed some light on a conjecture in [1] that asks whether there is
a a > 0, independent of L, such that the solutions of the KS equation are analytic in
space in the complex strip {x +is, s < a} for sufficiently large time. In higher dimensions,
the literature on estimating the radius of analyticity for the Kuramoto-Sivashinsky-type
equations is more scarce. For example, we refer to the works by Pinto [22, 23] where,
among other properties, the author studied the time analyticity of a variant of the two-
dimensional KS equation. More recently, Ioakim & Smyrlis [15] also studied the analyticity
properties of solutions of Kuramoto-Sivashinsky type equations and some related systems.

The goal of the present work is to mathematically study the initial value problem for
nonlocal two-dimensional Kuramoto-Sivashinsky-type equation with periodic boundary
conditions and initial data with zero mean

L L
/ / no(x,y)dxdy = 0.
0 0

Of course, the zero average condition is propagated by the PDE. We organize this paper as
follows. In section 2, we give some notations, definitions and classical results. In section 3,
we show the global existence of solutions to initial value problem (1) and in section 4, we
prove the existence of an absorbing set in L? and in higher Sobolev norms. In section 5, we
prove that these solutions are analytic in a strip based on a priori estimates in a Gevrey
class. Finally, in section 6, we establish a bound for the number of spatial oscillations
which are a manifestation of the spatial chaos that this PDE evidences.

1.1. Notation. We will use C' to denote a universal constant that can change from one
line to another. We will make frequent use of the usual homogeneous Sobolev spaces H?:

H(T2) = {n € LX(T?) : [€*[a(€)[* < oo}
£ez?
2. RESCALING OF THE EQUATION
We assume that 7 is L-periodic,
n(x+ Lyy) =n(z,y), nlx,y+L)=n(z,y),
and define T? = [0, 27]% and A = 2. We rescale our variables according to

Z = Az, =\, n=A"1n, t =%,

<

which gives

N33+ N0 + (8 — DX — N3y — YATA3(7) + N A% = 0.
Then we obtain
(2) M+ e + (8 — D)iss — iy — YAA3(7) + A A% = 0.

Denoting § = v\ and € = A2, we can equivalently consider the following initial-value
problem

(3) N+ 1z + (B — D)z — Ny — A% () + eA?n =0, (z,y) € Tt >0
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with initial data
77(557?/70) = 770($7?/)7 (‘rvy) € TQ'
In what follows, we will drop the tilde notation.

3. GLOBAL EXISTENCE OF STRONG SOLUTIONS

In this section, we will state the global well-posedness result of the initial-value problem

(3):

Theorem 1. If gy € H%(T?), then for every 0 < T < oo the initial value problem (3) has

a unique solution

n € C([0,T]; H*(T?)) N L2(0, T; HY(T?)).

Proof. Step 1 : L? estimate. We multiply (3) by 1 and integrate by parts to obtain

ld
2dt
Using the inequality

2 2 3 €4 5
(B =Dl — & +3leP — 5le* < 5+ (8- 2),

together with the Fourier transform, we find that

d 52
Gl <~ + (% + 28 - 4) e

An application of Gronwall’s inequality lead us to

t 52 52
s+ ¢ [ oxw (% +28-4) (6-5)) Danlads < Imfeenp ( (& +25 -4

Hence,

t (52
Il + ¢ [ s < Il exo ( (% +25-4) )

Il = (8 = Dol — I + 6 [ A% = lAna.

))

Step 2 : H! estimate. Now we multiply (3) by —An and integrate by parts to obtain

that
1d 2 2 2 212 2
3 g1 = (8 = Vllnallzn = lny s + 0llA2 15 — ell Anllz + [0l oo Il | Al 2.
Using the same method as in step 1, we get
1d, 9 3¢ 9 52 5 1, 5 € 9
3B < =518 + (% 4 8-2) W + o Il Il + 51wl

< _ZHAn”Hl + - +B-2+ %H”HL‘” I711%

which implies

d, .o € 5 202 L, 9 9
Sl < = S0+ (2 42— 4+ 2ol ) Il

Using Gronwall’s inequality, we find that

9 e [ 202 Y1, 9
i +5 [ exw (= +28-4) =)+ [ il ) 18nlds

) 262
< |Inoll 7 exp ?+25—4 t+
0

t1

€

H?7!%<>«>> .



From step 1, we already have that

/ ||n||H2ds<||no||L2eXp(< L8 4>t)

Using the Sobolev embedding, we get that

/ ||77||L<>°d5<||770||L2€XP<< Lop- 4>t>

Inserting this into the inequality above, we obtain
9 e [t 262
Il +5 [ exp{ (= +26-4)(t—s)+ *H??HLoo 1A |13 ds
0
2 26° 52
< ol exp ( { =~ +26 -4 )t + 2||no||Lzex1o o r2—4)i

< llnoll7 exp (exp (C(6, ¢, B, [|noll 1)t)) -
Hence, we conclude that

t
€
72 +2/0 exp (exp (C(0,¢, B, [|moll ) (t — 5))) | Anl| 2 ds

< ol exp (exp (C (6, €, B, ol 1)) -
In particular,

t
€
InlFn + 2/0 1AG]121ds < [nol 72 exp (exp (C(8, ¢, B, llmolls1)t)) -

Step 3 : H? estimate. We multiply (3) by A?n and integrate by parts to obtain that
1d

2dt
Using the same method as in step 1 and step 2, we can obtain

3
—lnllzr = (8 = DllnellZr — llnyllzr + 6IA2 32 — el Anllzzz + nlloe nll | A%n]l 2.

d, .o € 5 202 L, 19 9
e < ~S1ante + (25 + 26 - 4 Ll ) Il

€ 242 1
< - glante + (25 + 28— 4+ Ll ) e

Using Gronwall’s inequality again, we obtain that

9 e [ 242 P10 9 9
e+ & [ oo (25 +25-4) -9+ [ Ll ) I anleds
0 € s €
262 b1
< Il oo (25 +20 - 4) 1+ [ Lz )

Then, the Sobolev embedding implies that

t
€
7= + 2/0 exp (exp (C(0,¢, B, [|moll =) (t — 5))) | An||2ds

< |lmoll72 exp (exp (C (8, ¢, B, o]l 22)t)) -
Finally, we have

t
€
32 + 2/0 1A F2ds < [|noll 7= exp (exp (C(8, ¢, B, llmolls2)t)) -
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Step 4 : Existence of solution We consider a positive, symmetric mollifier J. (such
as the periodic heat kernel), to approximate the initial value problem (3) by the regularized
problem

az ((Je’ * 776’)2>
2
= Je’ * ((1 — B)al‘x(Jel ES T]e/) -+ 8yy(Je’ ES ?’]6/) + 6A3(Je’ * T’e/) — €A2<Jel * 776/)) R

with initial data

3t775' + Je’ *

776/(0) = Jo *no.

By the Picard’s theorem, these sequence of regularized problems have a unique solution
ne = CY([0,T.], H?(T?)). Moreover, these problems verify the same energy estimates as
in steps 1-3 and, as a consequence, we can take T" = T'(rg) independent of €. Passing to
the limit we conclude the existence of at least one solution in

ne L>®(0,T; H*) N L*(0,T; H)
and since we have a priori estimates, these solutions exist for arbitrary long time 7.
Step 5 : Uniqueness. We can prove the uniqueness of the solutions by contradiction,

i.e. assuming that there exists two solutions of the problem (3), 71 and 79, corresponding
to the same initial data 19. We denote their difference by 1. Then we have

1
(4) n,+ 3 (77% — ng)x + (B — 1)QM /P 5A3(ﬂ) + eAZQ =0.
As the proof of L? estimate in step 1, we multiply (4) by 7 and integrate by parts:
1d

2 2 2 3 2 L 9 2
s gllze = (8 = Dl 72 =l 72 +0llAz ()22 — ell Anllz2 — /Tz 5 (05 = 1m2)an)
52 9 € 9 1
< (5o +8-2) InllFe = Z1AnIE + 5l +nellze s Il 2

52 9 € 9 €0 12 1 2 2
< {3+ B— 2) nll72 — ZHAQHLQ + ZHQHHI + Ie”m + 2|z lImll7

2

IN

62 1
< (34924 golm o+l ) Il

1
o4 L 2 2 2
o+ 82 g (Il + i) ) ol

Using Gronwall’s inequality, we have that

262 I
Il < lgpleesn (G +28—4) e+ 7 [mle + It ).

From step 1, we already have that

t 2
)
e [ ImBds < Il exo (% +28-4) ).
0
t 5 5 52
[ Imlads < iz exp (& +28-4) ).
0

Thus, the uniqueness of solution follows from the inequality

191172 < /172 exp (exp (C (8, €. B, [Inoll £2)1)) -

and
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Step 6 : Endpoint continuity in time. To conclude the endpoint continuity, we can
perform a standard argument using the parabolic gain of regularity L?(0,T; H*). Indeed,
we can take 0 < 0 < 1 as small as desired and there exists a 0 < ¢’ < ¢ such that
u(co’) € H*. Repeating the same argument as before, we find a solution

ne € Lo, T; HYY N C([o', T], H?).
Because of the uniqueness of solution we obtain the continuity of the original solution
n € C((0,7], H?).

Finally, the continuity at the origin is a consequence of the energy estimates. O

4. LARGE TIME DYNAMICS

The goal of this section is to prove uniform boundedness of solutions n € L°([0, co); L?(T?)).
In other words, we establish the existence of an absorbing ball in L? by collecting global
bounds showing the dissipative character of the equation. We start by proving the follow-
ing two Gagliardo-Nirenberg inequalities

Lemma 1. For smooth enough periodic functions we have that the following two inequal-
ities hold true

||V77||2L4(1r2) < Clnllzee T2yl Anll L2 (12),
1A% || z2¢72) < Clinll oo (r2) | ANl £2(72),-
Proof. We start proving the first inequality:

19l ) = / (V- Vn)?
'I[‘Z
——/ nV - (Vn|Vnl?)
TQ

=— /Tz nAn|Vn|? +nVn - V|Vn|?

< CH"?||L°°(W)HA77||L2(T2)|HV77|2”L2(1I2)
< CHnHLOO(T?)HAnHLQ(’H‘Q)‘|V77H%4(11‘2)'
Therefore, we conclude our result by noticing that
1AD? | L2 (r2) < CllnAn + |Vnl?|| z2¢p2)
< ClnAnlrzezy + 11V0? [l 22
< Clnllpee 2yl ANl L2 (T2) + HV??H%AL(W)
< Clnllzee 2yl ANl L2 (T2)-

Remark 1. We observe that the previous constants C' can be computed explicitly.
We now require the following lemma which is a 2D version of [21] (see also [12]).

Lemma 2. Let (zg,y0) € T2, then for any M > 0 large, n € C®(T?) with n(xq,yo) = 0,
there exists a smooth periodic function gof\/‘}’yo € C>(T?), such that the following inequality
holds:

z C
| [, e @ dady] < S Al lnll e,
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Proof. We first define
P wy) = D0 e Blmmemielinn, = (g, 6).
le|l<M

From Plancherel theorem, we have that

/ (pﬁy()(x y)n (x y)dady = Z / (z,y)e —i§1(x—w0) o —i&2(y— yO)d:Cdy
b lel<m

= > / (2 + o,y + yo)e 1Te =V dxdy
lgl<M

Z / (z,y)e —i&1x— Zg?ydxdy

l§1<M

=2 Y §(&1,%),

[§l<M

where g(x,y) = n*(z + z0,y + yo). By the condition n(xg,y0) = 0, we immediately have
9(0,0) = 0. In the form of Fourier variables, we have that

> §&.&) =0
€]
Splitting the left-had side of the equality above into high-frequency part and low-frequency

part, we have that
D9 =— ) 96, &)

lg1<M l§1>M
Then, we bound

’/11‘2 @ﬁvyO(x,y)UQ(x,y)dzndy‘ <C Z §(g1,§2)’

|€l<M

<cl > /9\(51,52))

|€]>M

<C| Y 1€l &)

|€]>M

|§I2‘

|
[SIE

<o X eree)) (T &

|§1>M &]>M

ol

< CfHAg”L2 (T2) Z ’6‘4
1€1>M

We use polar coordinates to estimate Z‘£|>M @:

3 L 3 /%/ —drd9< Tl ™
€]>M €1° VE+eE>M 51 +§2 M o 2MZ T M?
1 2



Using the second estimate in Lemma 1, we conclude that

= C
‘/ e (@, y)n* (z, y)dady| < 27|29z )
T2

IN

C
M”AHQHL?(T?)

IN

C
M||77||L°°(T2)||A77||L2(T2)~
O

The rest of this section is devoted to prove that the solutions of problem (3) remain
uniformly bounded in L?. The following background flow method was first used by Nico-
laenko, Scheurer, & Temam [21] and then improved by Collet, Eckmann, Epstein & Stubbe

[5], Goodman [11] and Bronski & Gambill [1]. In terms of the rigorous results, a global
bound on the solution is given by the following theorem :

Theorem 2. Let ng € H?(T?) be the zero mean initial data. Then the solution n of the
initial-value problem (3) satisfies

(5) lim sup|[n(t)||L2(r2) < Res.
—00

Proof. The proof is based on the construction of a Lyapunov functional, F(¢), such that

d
—F(t) <
4Fw <o
if

]:(t) > Re,57

i.e. implying the existence of an absorbing set in L. We first let ¢ be a smooth, 27-
periodic function, which we will choose later. Then, we multiply equation (3) by n — ¢,
and integrate by parts:

// (0= )i + nma + (B — V)mag — myy — 6A(n) + €A®n) (n — ¢) =0,
thus,

1d 1
gm0l +5 [0 = (5= Dllnlie + s + <l Al

2 dt
—/TQ(B—1)nxx¢+A2nyy¢—5A2A3n(n—¢>)—/TQEAHAQS:O-

For the term corresponding to the nonlocal operator A, we note that, by the Plancherel

theorem,
o= [ o= [ aielo= [ ano.

and, with the help of Young’s inequality,

0 )
5 [ %n0=5 [ nt% < JlnlRa + 3ol
T2 T2
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Then we have that,

¢
w;-@—mmmrwm@—dMW%—AQ?f

— | B=V)natba+ | mydy+0 [ Anin—¢)+ | eAnAs
. Jmweusa ], L.

3 1 % &
wqmm&—uw@—mw%j/“W+§/ﬁm
2 2 3 ']T2 2 T2

B—1 1 3
TH%Hiz + §H¢yHi2 + @HGAéHiw

2altH

<

0 19 O 2
+ Sl + S0l +
Now, we define the following function

33 2€ 4

flleh = £y = 0+ (2 )2 a0 - X

Observe that f(z) has at most three zeros. Since € > 0, we find that f(z) is bounded

. . - 2 - .
and has global maximum at point z; = 20-V/810 1+6§8866 3¢ Then we have the following

inequality

z > 0.

)
S+ 2Bl - SlaP + 3 - TIel" < J() = C(8,5,0)

Inserting this relation into (6), we obtain that

1d € ¢x
D I ol = 1Al — Il + [ (A= %)+ Fo)

where
=C(pB,d,¢e) + 1

and

B—1 1 3 5
F(9) = “5=l0al3s + 163 + 1 lleA613: + 5 163

For the moment (we will get rid of this assumption later), we assume that 7(0,0,¢) = 0
and define @?\’40(3:, y) as in the proof of lemma 2 and ¢(z,y) such that

bu(,y)
2

(8) A— = Ay, (2, y).

We consider the functional
F(t) = In = ¢l 2¢2)-
Inserting this into (7) and using lemma 2, we obtain

1d €
—lln = o112 (r2) _—gHAUH%Z(Tz) Inll22 + A~ ”AUHL?(T? + F(¢)

2 dt

Then we take M = M (3,9, €) such that

c €

A— = J, 1) — < —

a7 = (C(B.0,¢) + )M 1

and we get
1d ) )

®) 5 oo lln = Slages) < ~lln = Sl + 161132 + F(6),

or, equivalently,

1d ,
§£}— —F+olz: + F(¢),
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which allows us to conclude the uniform boundedness of F. Thus, if 1 < ||n(t)||z2 and
n(0,0,t) = 0, we have that

Ml z2(r2y < In — @llz2(r2) + 9l L2(T2)
1
9 1
< (1m0 — @lZaqrey + 16132 + F(6))* e + 26l 2 + F(@)*
B 3 0 O\ e
< {nollzz +2[|#llz2 + §||¢||H1 + @WHH? + §||¢||H5 €

3 3 5
+2(|pll L2 + §H¢||H1 + ZEWHH? + §||¢||H3
= Res.

Now we want to get rid of the assumption 7(0,0,t). According to the mean-zero as-
sumption, for every t*,

/2 n(z,y,t)dedy = 0,Vt > 0,
and we are able to find at leastTone point (xo(t*), yo(t*)) such that
n(@o(t), yo(t"),t*) = 0.
We define gpﬁ(t*)’yo(t*)(m, y) as in the proof of lemma 2 and ¢+ (z,y) such that

((bt* )1‘ (l‘, y)
2

Now, following [!1], we introduce the following set of functions
S ={d:9x.y) = dlx + 1oy +1y) | —1 < 1p1y S 7Y,
where ¢ is defined by (8) and the functional

F(t) = dist(n(t), #)* = igfllﬁ(t) — 0l Z2(r2).

(10) A— = AWl (4 ).

We observe that .7 is contained in a (large enough) ball in L?2. We also note that the
sequence of ¢ € . for all t*. Then, we want to prove that, at this time instant t*, we
have that

L2 < 0.

t=t*
In particular, this implies that 1 can not leave a ball around . without being immediately
attracted back again.

Then, we assume that, at a certain ¢*, we have that F(t*) > R.5 > 1. We chose
(x(t*),y(t*)) and define ¢+. As a consequence of the definition of the Lyapunov functional,
we have that

d
%”77 — Py

In(t*) — Qgt*”%%ﬂ‘?) > F(t*) = Res > 1.
We can obtain the inequality (analog to (9))

1d
11 ——
(11) 2dt
It follows that

In(t +t%) = be | Faipey < —ln(t +1°) = GeellF 2 ey + 0 |72 + F(See).

d * 7 . * 7
Slnt+ 1) = GelBamn| <0, i In(E) - b
t=0

L2(T2) 2 Re,§ >> 17
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where R, s is independent of ¢t*. Therefore,
F(t) < |In(t + ) = del|Faizy < In(t*) = G- [ 72(r2)
if ||n(t*) — <z~5t* H%Q(Tg) > R ;5. Thus, F(t) is a bounded function of time. O

Similarly as we have obtained that there exists an absorbing set in L?, we can conclude
the existence of an absorbing set in higher Sobolev norms.

Theorem 3. Let ng € H?(T?) be the zero mean initial data. Then the solution n of the
initial-value problem (3) satisfies

lim sup||7n(t) || g2(r2) < Ry 5.
t—o0
Proof. Recalling the existence of an absorbing set in the L?-norm and the regularity results
in Theorem 1, so the proof is straightforword by using a bootstrap argument.

We first show that there exists an absorbing set in the H'-norm. Inequality (5) implies
that for a T' > 0 large enough, we have

[n()[|L2(r2y < Res + 1, VE>T.

Combining this inequality with the L? energy estimate in the proof of Theorem 1, we
obtain that

62
1117 (jo,77;1.2) < N0 72 exp <<6 +26 - 4) T) ,

which results in that there exists a constant depending on initial data,  and € such that

omax [1(t)l172r2) < Cllmollzz, €, 9).

We multiply (3) by —An and integrate by parts to obtain that
1d

3
5 gl < (B = Dlnallzs = lInglz + 0lIA2 5 — ell Anlls + [nl7all Ana |z

4 € 3
< celInllza — §H77H%3 + (B = Dlnallzn — lInyllz + 61142170
€ 3
< Cesmollnllin — QHWqus + (8= DlInallzn — lInyllzn + 0lIAZ |17,
€
< Cegmollnlliy — lenlﬁfs + Ceslinll7
€
< _§H77H%I3 + Ce,é,n()
€ 2 € 2
< — <=l = Sl + Cesm.

where we used the Plancherel Theorem, the Poincaré inequality and the Sobolev inequality

1/2 1/2
Inllzs < Cllall sz < ClnllyS Inlle-

It follows that

d 2 €2
£H’0HH1 + é”n”Hl < C(lnollz, €, 9).
Using the Gronwall inequality, we immediately obtain the uniform bound

In®)lz < Cllnolla €, 0).
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Recall that the H? energy estimate is
d € 262 1
e+ bl < (25 + 26 - 4 L ) Il

so we can mimic the previous proof to obtain that there exists an absorbing set in H?2.
The proof is completed.
O

5. ANALYTICITY

The aim of this section is to show instant analyticity for the solutions of (3). We shall
prove that the solutions of (3) are analytic in a strip. In order to do this, we use the
method developed by Collet, Eckmann, Epstein & Stubbe in [1] (see also [7]). Roughly
speaking, our proof is based on a priori estimates for functions in certain Gevrey class.

Given a function o(t), we consider the weighted exponential operators

O L
£eT?

for functions in the space

G={ne LX(T): 3 X Oli(e)P < oo},
£e72

We observe that the functions in G are analytic. We also define the inner product and
norm on this Hilbert space by

(Mo = /2 e"(t)A#e”(t)Ande = 472 Z eQU(t)wl/i(f)??(f%
T Lez?
A
Il = lle” a7
With these previous definitions, we can state the main result of this section.

Theorem 4. Let ng be given in H*(T?). Then, there exists Ty depending on ng,€, 3,6
such that the solution of (3) satisfies

le” ()32 < 142025, , V>0

where o(t) = min{tanh(¢), tanh (%)} In particular, it becomes analytic for t > 0.
Before proving theorem 4, we first state some auxiliary lemmas:

Lemma 3. For every b > a > 0,

a b 2 2—2a
IA%0l2 ) < NN Il 2
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Proof.
IAZ )12 ) = lle” @A A% |7

= > 2 Ollgh(¢)

ez

2a 0 oo _2a _2a
— 3 ORI oo ¥ eI )2

gez?
(Z (ea(tnf\%g\“m(&)l%) ) (Z (
£ez? -

(5 o)’ (5 e

£ez? £ez?

IN
Qo

IN

b o 2a 9—2a
< ||A277”Ub(t)||77||g(t)

And an auxiliary lemma estimating the nonlinear term:

1
Lemma 4. |(mme, )| < clAnlloq [AZn]2,
Proof. We first denote n* = e“®2y, then

n*(j) = ().
By the definition of Fourier series, we have

b

o(1)lEl2=3)| A(£)|2—27“) b—a

b—a
) b

n= Z ﬁ(j)eij'x, ea(t)An _ Z ﬁ(])em @ o (t)]j]

JEZ2 jez?

(nMs ) i > @GR — H)ane)e?

eZ? jeZ?

In fact,

a(t)ll

53D ( )> i (0)eo U=l =le=31)

CeZ? jeZ?

Since || < |7] + |¢ — j| leads to || — |j| — |¢ — j] < 0, we have that

o (=131 -1e=5) < 1.

Moreover,

| (s Moy | < (27)

Le7? jeZ?

i30S (PO 3)) g (@er @I

@2 Y > Ol = )il (o)

(€72 je72

2 ST )7 (k) 7 (6)

k+j=(

= | ¢@)0(z)¢(z)dx
T2

b—a

;
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where

=D 7 (@)lljle”", =Y Pt @) =Y o).

jEeZ? kez? Le7?
Notice that |$(7)| = |j]|7*(4)| and |6(k)| = |7*(k)|. We now bound the last integral by the
Holder inequality,

. ¢(@)0(x)i(x)dz < [|¢(@)] L2 [10(2) || a | (2)] s

< cllé@) = 10()I° 4

1

~c (Z qzw) > (o))

2
(2 A 1A 2
—c[ SR OR | > (k)
JEZ? JEZ?
1
= cl|An*| 2 A2 7
1
< cl|A2 )3 1Anlloq
where we used the Sobolev embedding H %(']TQ) < L*(T?) and the Plancherel theorem in
the computation above. O
We begin now the proof of theorem 4:
Proof of Theorem /J. We first take inner product of (3) with 7n(¢) in Gevrey class G,

(12) e M o) + My Moy + (B = Dlaa — nyy — A (1) + A0, 1) 5y = 0

Note that
1d

331 Mow = " OAD Moy + (16, Moy
then we have

Moty = 555 1oty = 0" (A, Moy
Substituting this into (12),

1d
5\ Ma) = o' (A, M) o) — (B = D)Nea — 1y — SA* (1) + A0, M)ty — (MM Moe)

o/ (O A27]2) + BllAnIIZ ) + S A2m]2) — el A2 + el Anlloe [AZ0]2
3 1
/( )||A277H2 )Hﬁ”ﬁ(t) + BHAZT}HO’(t)HnHU(t) + 5”1\277”;@)“77“;@)
A% + el A%l Il
By the Young inequality, we have
d
(13) SlnliZe < (D1 (/)T + Dz + Ds) [l + Dallallt

where Dy = (2 )1/3 Dy = 28% D3 = (30)36%, Dy = L2

4e

By the deﬁmt10n of o(t) = min{tanh(t), tanh (£2)}, we have
a(t) <1.
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Inserting this into (13), we obtain

d 2
= (1 mlz) < & (1+ Il
with
K = D1+ Dy + D3+ Dy.
Define y1(t) = 1+ ”77”(27(1&)7 it turns out to deal with the following ordinary differential
inequality
Yi(t) < Kyi(1)?
y1(0) = 1+ [|noll7=.
After solving this ODI, we obtain
HU(@Hi(t) <1+ QHWOH%Q fort € [07T0]7

where
1

2K (L lnoll3,)
Moreover, according to theorem 1 and theorem 2, we know that the solution is unique,

global in time and stays in a ball of Radius R.s once it has entered it, that is to say,
IIn(t)]| 2 remains bounded for all time,

To

lim sup||n(t)||L2(r2) < Res-
t—o00

So up to now, we already prove local analyticity of 7(t)

(14) ()2 < 1+2C25, for t € [0, Tp).

In order to obtain global analyticity, we follow the previous idea and repeat the argument
above starting at 2. We consider time ¢ € [£2, 210] and let yo(t) = 1 + ||77(t)H2(t 7y )5 SO
olt—=%"

Yo (%) =1+|n (%) ||%2 Thus, solving the following ordinary differential inequality
ya(t) < Kya(t)?

T T0> 2
— =1+ — )
v ( 2 ) HU ( 2 L2
we have that,
o\ ||
Hn(t)”o’(t—%) ~ 1 + 2 H’r/ <2 > L2 ~ 1 + 206,57770’

for time ¢ € [L2, 210].

By the definition of o(t) and observe that tanh(¢) is strictly increasing, we know that
o(t) remains being a constant after time %, and this constant is o (%) = tanh (%), S0
we choose t = T} in the inequality above, then

3Ty
||n(t)|\2(TO> <1+ 2062757770 for t € [Ty, —|.
(%o 2
We mimic this argument by adding % each time, so we obtain that n(¢) is analytic in the

time invervals [%, 2To], [2T0, %] Recalling local analyticity (14), we finally obtain

HU(t)chr(t) <1+2C?%s, for any t > 0.

767770
This completes our proof. ]
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Remark 2. It is of interest to point out that the global analyticity of the solution which
we show here is better than the result in [12], where the argument given by the authors
can be extended to prove the global analyticity of solutions of the Kuramoto-Sivashinsky
equation, outside a set of time instants with zero measure.

6. EXISTENCE OF ATTRACTOR AND THE NUMBER OF PEAKS

In this section, we are interested in the existence of the attractor and its properties. By
applying the Theorem 1.1 in [26], we can prove that the initial value problem (3) possesses
a compact global attractor in H?(T?). First, we denote by S(t) the solution operator,
where S(t)no = n(z,y,t).

Definition 1. The solution operator S(t)ny = n(z,y,t) defines a compact semiflow in H?,
if for every initial data ng € H?, the following four statements holds:
(i) S(0)no = no;
(i1) S(t + s)no = S(t)S(s)no, for allt,s;
(iii) For every t > 0,
S(t)(-) : H* — H?
18 conlinuous;
(iv) There exists T* > 0 such that S(T*) is a compact operator, i.e. for every bounded set
B C H?, S(T*)B C H? is a compact set.

Definition 2. An attractor A C H? is a set that satisfies the following properties:

(i) A is an invariant set, i.e., S(t)A = AVt > 0;

(ii) there is an open neighborhood B C H? of A such that, for every mo in B, S(t)no
converges to A ast — oo :

dist (S(t)no, A) = 0 as t — oo.
We shall need the following lemma:

Lemma 5. Let ng € H?(T?) be the initial data. Then S(-)ng € C([0,T); H*(T?)) defines
a compact semiflow in H*(T?).

Proof. In order to show that S(t)ny = 7n(-,-,t) defines a compact semiflow, we must verify
(i)-(iv) in definition 1. If we fix a ¢o, the continuity of S(¢y)(:) from H? to H? is strightfor-
ward by energy estimates. Then, as in Theorem 3, we have the existence of an absorbing
set in H?-norm, so there exists T* such that

In())| g2 < RLs(mo,6,€), Vt > T

Since (i) and (ii) are obvious, we conclude our proof by invoking the analyticity of solutions.

0

Theorem 5. The system (3) has a mazimal, connected, compact attractor in the space

H?(T?).
Proof. By applying Theorem 1.1 in [26] and Lemma 5. O

The rest of this section is devoted to studying a particular feature of the chaotic behavior
of (3), namely, the number of spatial oscillations. We shall need the lemma proved by
Grujié¢ in [13], which gives us an effective method to study the number of peaks (see also
[12, 2]). We cannot use directly the method in [13], mainly because Lemma 8.1 in [13] is
quite suitable to bound the number of peaks in one space dimension, but not appropriate
for our two-dimensional model.
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We first let n(z,y) = f,(z), where f,(x) depends on both z and y. Then our original
problem (3) deduces to

(15) 8tfy+fyamfy+(ﬁ_1)a§fy+Fy($) :Oa

where Fy(z) = —nyy(z,y) — 6A3(n)(z,y) + eA?n(z,y) can be seen as a forcing term.
In the previous section, we have shown that n(x,y,t) is analytic in a growing complex
strip

SU(t‘) - {(xay) +Z<£7g) : (.’E,y) € TQ? ‘({iugﬂ < U(t)}'

Recalling that n(z,y,t) = fy(x,t), then f,(z,t) is analytic in

g
Now we use the following Lemma (from [13]):

Lemma 6. Fizy in problem (15). Leto > 0, and let f,(x) be analytic in the neighbourhood
of {z = x+1i% : |Sz| < o} and be 2w-periodic in x-direction. Then, for any p > 0,
T =1,UR,, where I, is a union of at most [%’r] intervals open in T, and

o |0:fy(x)| < p, for all z € Iy;

o card {x € R, : 0, fy(x) =0} < 1022%” log (max‘gz|§;|azfy(z)|>‘

With the help of the lemma above, we have our main result.

Theorem 6. Let 1 be a solution of system (3) for initial data ny € H*(T?) and define Ty

as in Theorem 4. Then, T = IUR, where I is a union of at most [t fl’(TTO)] open intervals
an -5

i T and the following estimates hold for t > %,
|0zn(z,y, )| <1, forallz e I,yeT

and
4m log Ce 5.,

: ey < .
card{z € R : |[Vn(z,y,t)| = 0} < 1og 2 tanh (%)

where Ce 5, 15 a constant depending on €, 6, 1.

Proof. From the results of Theorem 4 and Theorem 5, we know that the system has an
attractor and the solution 7 is analytic at least in the strip of width o(¢).
Now, we can apply Lemma 6 with ¢ = 1 and bound

card{z € R : |Vn(z,y,t)] =0} < card{z € R: 9,n = 0}

2 2r max|g.|<o [0:7(2, Y, t)]
< — log
log2 o 7

dm 1 o
< >~ tog (Cllem @12 )
log2 o
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In the last inequality above, we used the following estimate
10:n(z, 9, )| Lo 3212 2) = 19en(@ + 4. 0)]| e 021 2
< H Z ‘51’77(51 §Qa ) Z$£1+y£2) ﬂc&HLoo(‘gz‘S%)

(51752)622
<l Z 1El[m(&1, &2, |elr|\§|HLw(‘ <2)
(&1,82)€22
~ o(t)
< S s g ple T
(&1,82)€2?
~ a(t) 1
= Z €20 &t )\e el 1 e
(&1,62)€22
< Y L&, t)e m@
(&1,82)€22
. 3
< Hea(?ﬁ)AnHL2 Z ’5‘4

(€1,62)€22
< Clle” || 2
where we used the fact that
€5 < cer
Since 1 has global analyticity
le”@An(@)[| 2 < 14 2Cc 509, V>0,
we can conclude that for ¢ > 70

47 log 06757770

card{x € R: |Vn(z,y,t)| =0} < .
rd{z [Vn(z,y,t)| = 0} log 2 tanh (12)

where Cr depends on R . O

€,8,m0

Theorem 6 gives us a bound of the number of wild spatial oscillations of the solution,
then the following corollary is a direct result of it.

Corollary 1. Let n be a solution corresponding to the initial data ng € H?(T?), then for
t> %, the number of peaks for n can be bounded as

4m log Ce 5.1,
log 2 tanh (%) '

card {peaks forn} <
where Ce 5, depends on €,0,n9 and Ty is defined as before.
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