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Abstract

We study a class of multi-species birth-and-death processes going almost
surely to extinction and admitting a unique quasi-stationary distribution (qgsd
for short). When rescaled by K and in the limit K — +oo, the realizations
of such processes get close, in any fixed finite-time window, to the trajecto-
ries of a dynamical system whose vector field is defined by the birth and death
rates. Assuming this dynamical system has a unique attracting fixed point, we
analyzed the behavior of these processes for finite K and finite times, “interpo-
lating” between the two limiting regimes just mentioned. In the present work,
we are mainly interested in the following question: Observing a realization of
the process, can we determine the so-called engineering resilience? To answer
this question, we establish two relations which intermingle the resilience, which
is a macroscopic quantity defined for the dynamical system, and the fluctuations
of the process, which are microscopic quantities. Analogous relations are well
known in nonequilibrium statistical mechanics. To exploit these relations, we
need to introduce several estimators which we control for times between log K
(time scale to converge to the gsd) and exp(K) (time scale of mean time to
extinction).
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Titre en francais :
Distributions quasi-stationnaires et résilience : que peut-on obtenir des données 7

Résumé en frangais :

Nous étudions une classe de processus de naissance et mort avec plusieurs especes
dans la situation ou I'extinction est certaine et la distribution quasi-stationnaire est
unique. Si on fixe un intervalle de temps fini et qu’on normalise les réalisations d’un
tel processus par un parametre d’échelle K, elles deviennent arbitrairement proches,
dans la limite K — +o00, des trajectoires d’un certain systéme dynamique dont le
champ de vecteurs est défini a partir des taux de naissance et mort. Quand le
systeme dynamique admet un seul point fixe attractif, nous avons précédemment
analysé le comportement du processus pour des valeurs de K finies et pour des temps
finis, c’est-a-dire, le comportement intermédiaire entre les deux comportements lim-
ites évoqués ci-dessus. La question principale qui nous intéresse dans le présent article
est la suivante : si on observe une réalisation du processus, pouvons-nous estimer la
résilience au sens de l'ingénieur (engineering resilience) ? Pour répondre a cette ques-
tion, nous démontrons deux relations entremélant la résilience, qui est une quantité
macroscopique définie pour le systéme dynamique sous-jacent, et les fluctuations du
processus, qui sont elles des quantités microscopiques. De tels genres de relations sont
bien connues en mécanique statistique hors d’équilibre. Afin d’exploiter ces relations
nous introduisons plusieurs estimateurs empiriques que nous parvenons a controler
pour des temps entre log K, qui est 1’échelle de temps pour observer la convergence
vers la distribution quasi-stationnaire, et exp(K), qui est ’échelle du temps moyen
d’extinction.

Mots clés :
processus de naissance et mort, systemes dynamiques, résilience, distribution
quasi-stationnaire, relation de fluctuation-dissipation, estimateurs empiriques.



1 Introduction and main results

1.1 Context and setting

The ability of an ecosystem to return to its reference state after a perturbation stress is
given by its resilience, a concept pioneered by Holling. Resilience has several faces and
multiple definitions [5]. In the traditional theoretical setting of dynamical systems,
that is, differential equations, one of them is the so-called engineering resilience. It
is concerned with what happens in the vicinity of a fixed point (equilibrium state)
of the system, and is given by minus the real part of the dominant eigenvalue of the
Jacobian matrix evaluated at the fixed point. It can also be defined as the reciprocal
of the characteristic return time to the fixed point after a (small) perturbation. In this
paper, we are interested in how to determine the engineering resilience from the data.
But which data? The drawback of the notion of engineering resilience is that we do
not observe population densities governed by differential equations. Instead, we count
individuals which are subject to stochastic fluctuations. Can we nevertheless infer the
resilience? The subject of this paper is to show that this is possible in the framework
of birth-and-death processes which are, in a sense made precise below, close to the
solutions of a corresponding differential equation, at certain time and population size
scales.

Let us now describe our framework. We consider a population made of d species
interacting with one another. Suppose that the state of the process at time ¢, which
we denote by N*(t) = (N{(t),...,Nf(t)), isn = (ni,...,n;,...,n,) € Z%, where n;
is the number of individuals of the ith species. Then the rate at which the population
increases (respectively decreases) by one individual of the jth species is KBj(%)
(respectively KD;(%)), where K is a scaling parameter. Under the assumptions we
will make, the process goes extinct, i.e., 0 is an absorbing state, with probability one.
There are two limiting regimes for the behavior of this process. The first one is to
fix K and let ¢ tend to infinity, which leads inevitably to extinction. The second one
consists in fixing a time horizon and letting K tend to +o0, after having rescaled the
process by K. In this limit, the behavior of the rescaled process is governed by a
certain differential equation. More precisely, given any 0 < t; < +o0o and any € > 0
and zg € Ri, we have

. 20
lim P, dist (=—2,2(t) ) >e| =0
P (i, o (520 > <)

where dist(-,-) is the Euclidean distance in R%, and z(t) is the solution of the differ-
ential equation in IR‘_’l,_

 ~ Bl@) - D)
with initial condition zg. We refer to [4, Chapter 11] for a proof. We use the notations
z = (T1,...,24), B(z) = (Bi(x),...,Bs(x)), and so on and so forth. We will make
further assumptions (see Subsection 1.4) on the birth and death rates to be in the
following situation. The vector field

X=B-D

has a unique attracting fixed point z* (lying in the interior of IR‘i). We denote by
M* its differential evaluated at z*, namely

M* = DX (z").



We then define the (engineering) resilience as
p" = —sup{Re(z) : z € Sp(M™)}

where Sp (M *) denotes the spectrum (set of eigenvalues) of the matrix M*. Under
our assumptions, we have p* > 0.

We can now formulate more precisely the goal of this paper. Given a finite-length
realization of the process (N*(t),t < T), with large, but finite K, we want to build
an estimator for p*. To this end, we need a good understanding of the behavior
of the Markov process (N*(¢)) in an intermediate regime between the two limiting
regimes described above. This was done in a previous work of ours [3], and this can
be roughly summarized as follows. All states n # 0 are transient and 0 is absorbing,
hence the only stationary distribution is the Dirac measure sitting at 0. The mean
time to extinction behaves like exp(©(K)). (We recall Bachmann-Landau notations
below.) If we start in the vicinity of the state n* = | Kz* |, that is, if the initial state
has its coordinates of size of order K, then either the process wanders around n* or
it gets absorbed at 0. More precisely, there is a unique quasi-stationary distribution
(gsd, for short) v, which describes the statistics of the process conditioned to be non-
extinct before time ¢. Without this conditionning, the law of the process at time ¢ is
well approximated by a mixture of the Dirac measure at 0 and the gsd v, for times
t € [cK log K, exp(©(K))], where ¢ > 0, in the sense that the total variation distance
between them is exponentially small in K, provided that K is large enough. We will
rely on these results that will be recalled precisely later on. We will also need to prove
further properties.

1.2 Main results

To estimate the engineering resilience p*, we will establish a matrix relation involving
M*. Let p* = (pf,...,uns) be the vector of species sizes averaged with respect to
U, that is,

= /np dg(n), p=1,...,d. (1.1)

For each 7 > 0, define the matrix

qu(’]’) = EVK [(N;((T) - /"LZI)() (N;(O) - :ué()} , D,q € {]-7 ceey d}
In Section 4.1, we will prove the following result.

Theorem 1.1. For all 7 > 0 we have
S5 (r) =™ ¥5(0) + O(VK). (1.2)

Some comments are in order. If 7 is equal to, say, 1/K then the estimate becomes
useless. More generally, if 7 is too small then e™™ is too close to the identity matrix.
Moreover, we will show later on that u* and 3% (7) are of order K. Hence the estimate
becomes irrelevant if 7 becomes proportional to log K. Indeed, without knowing the
constant of proportionality, e™ " $% (0) can be of the same order than the error term.

Before proceeding further, we recall the following classical Bachmann-Landau no-
tations.

Notations. Given a € R, the symbol O(K®) stands for any real-valued function f(K)
such that there exists C > 0 and Ko > 0 such that, for any K > Ky, |f(K)| < CK“.



Note in particular that O(1) will always mean a strictly positiveconstant that we don’t
want to specify. Sometimes, we will also use the symbol O(K®*) stands for any real-
valued function f(K) such that there exist Cy,Cy > 0 and Ko > 0 such that, for any
K > Ky, C1K* < f(K) < C3K®. One can naturally generalize ©(K®) to vector-
valued functions. For instance, for n € R‘i we write n = O(K?) if n; = O(K®) for
i=1,...,d.

Relation (1.2) allows to determine M*. Indeed, we have

x 1
TM K K -1
e =X(M)EF0)"+0(—=|. 1.3
x40 () (13)
This formula suggests that in order to estimate M™*, we need estimators for ¥*(0)
and ¥%(7). Given a finite-length realization of (N*(¢),0 < ¢ < T) up to some time
T > 0, we define estimators for p; and %7 (), for 0 < 7 < T, p,q € {1,...,d},
K € N* by

SE(T, K) = % /O N (s)ds (1.4)
and
S;q(T, 7, K)=
1 T—1 . B p B
T—T/O (Np (s+T)—SIS(T,K))(Nq (s)—Sg(T,K))ds. (1.5)

Under suitable conditions on n, K and T', S*(T, K) well approximates p*. More
precisely, we will prove an estimate of the following form (see Theorem 3.4 for a
precise statement)

B, [S5(T, K)| — pi| <

1+1log K /
C(K + nl)) (+1(3g ee At e K) (1.6)
for every n € Z‘i, p =1,...,d, where ¢,c’,C are positive constants. We use the

notation ||n|j, = 2?21 n;. Let us comment on this bound. Roughly speaking, it can
only be useful if T is much smaller than exp(O(1)K) if n is, say, of order K. For
instance, suppose that, for K large enough, we want the bound to be ©(K ~%), for some
a > 0. One can check that this is possible if n = ©O(K) and T = O(K**!log K). (Note
in particular that, in this situation, we have a consistent estimator when K — +00.)
However, when T becomes exp(O(1)K) or larger, we know that E, [S5 (T, K)] ~ 0,
because with high probability, at this time scale the process is absorbed at 0. This is
the manifestation of the fact that the only stationary distribution is the Dirac measure
at 0. Consistently, our bound becomes very bad in that regime.

An estimate of the same kind holds for S¢(T, 7, K') which well approximates X% ()
in the appropriate ranges.

Remark 1.1. It is possible to use discrete time instead of continuous time in the
above averages. Indeed the key results (in particular Proposition 3.3) are obtained for
discrete times.



We can now define the empirical matrix M} (7,7, K) by
¢ Mewp (T K) — go(T 7 K) S°(T, 0, K)~*.

We will see later on that, in appropriate regimes, S°(T,0, K) is near X% (0) and
Se(T,7,K) is near ¥ (7) (see Propositions 5.4 and 5.6). The matrix 2%(0) is in-
vertible as a covariance matrix of a non-constant vector and is O(K) (see Proposition
2.9). Then (1.2) implies that ¥ (7) is invertible and the same holds for S° (T, 7, K).
These remarks imply that the matrix M is well defined.
We define the empirical resilience by
prnn(T.7, K) = —sup { Re(z) : z € Sp(M, (T, 7,K)) }.

Our main result (Theorem 5.7) is then the following.

Theorem. For 7 = O(1), n = O(K) (initial state) and 0 < T < exp(0(1)K), and
K large enough, we have

K? 1
<o) | —=+—=
W (J=+ =)
with a probability larger than 1 — 1/K. In particular, if T > K°, we have

O(1)

p:mp(T7 T’ K) - p*

Pemp (T7 T, K) Pl < \/E .

Several comments are in order. The dependence on the initial state n is somewhat
hidden and involved in the fact that the estimates hold “with a probability larger
than 1 — 1/K”. Indeed, the estimate of this probability results from Chebychev
inequality and variance estimates in which the process is started in n. What the
symbol < precisely means is not mathematically defined. It means that we need to
consider T' “much smaller than something exponentially big in K”. Indeed, since we
do not control explicitly the various constants appearing in exponential terms in K,
we have to consider T which varies on a scale smaller than exp(©(1)K), for instance
exp (@(1)\/? ). The reader is invited to step through the proof of Theorem 5.7 for
the more precise, but cumbersome bound we obtain.

1.3 A “fluctuation-dissipation” approach

The above estimator for the engineering resilience, based on (1.3), is valid for any
d. In the case d = 1 (only one species), we have another, simpler, estimator based
on a “fluctuation-dissipation relation”. This relation is in fact true for any d and of
independent interest. Let D* be the d x d diagonal matrix given by

Dy, =KBy(z") = KDp(z").

We have the following result. We write £ instead of ¥%(0), and the transpose of a
matrix M is denoted by MT.

Theorem 1.2. We have

M*E* + M7 +2D* = O(VK). (1.7)



This relation is proved in Section 4.2. For background on fluctuation-dissipation
relations in Statistical Physics, we refer to [7, sections 2-3]. Note that the matrix £
is symmetrical, but in general the matrix M* is not (see [3]). Note also that each
term in the left-hand side of (1.7) is of order K, as we will see below.

If % and D¥ are known, the matrix M™* is not uniquely defined, except for d = 1
(see for example [8]). For d = 1, (1.7) easily gives the resilience since it becomes a

scalar equation:
K(Bz") + D(z")) i
Y= o|—|.
’ e TO\VE
Remark 1.2. The quantity K(B(z*) 4+ D(z*)) = 2K B(z*) is the average total jump

rate Kvg (B(n/K)+D(n/K)) up to O(1) terms. This follows from a Taylor expansion
of B(n/K)+ D(n/K) around xz*, Theorem 2.6 and Proposition 2.7.

In the case d = 1, an estimator for D is
; 1
ST, K) = T (number of births up to time T'). (1.8)

In Section 5, we establish a bound for
|Eﬂ [SD(T, K)] — KB(Q:*)|

which depends on T, K and ||n|;, and is small in the relevant regimes. The estimator
we use for X is

1 /7
S¥(T,K) = T/ (NK(S) — S&(T, K)) (NK(S) — S¥(T, K)) ds. (1.9)
0
Again, we can control how well this estimator approximates ¥*. This provides another
estimator for p*, with a controlled error.

1.4 Standing assumptions

The two (regular) vector fields B(z) and D(z) are given in RZ. We assume that

their components have second partial derivatives which are polynomially bounded.

Obviously, we suppose that B;(z) > 0 and D;j(z) >0forall j=1,...,dand z € Ri.

A dynamical system in lR‘fr is defined by the vector field X (z) = B(z) — D(z), namely
dz

T B(z) — D(z) = X(z).

For z € IR‘i, we use the following standard norms:

d
Izl =5, lzl. =
j=1

We now state our hypotheses.
H.1 The vectors fields B and D vanish only at 0.
H.2 There exists 2* belonging to the interior of R% (fixed point of X ) such that

B(z") — D(z") = X(2") = 0.



H.3 Attracting fixed point: there exist 8 > 0 and R > 0 such that ||z*|, < R, and
for all z € Ri with ||z]. < R,

(X(2),(z—2%) < =Bzl ||z — |5 (1.10)

H.4 The fixed point 0 of the vector field X is repelling (locally unstable). Moreover,
on the boundary of Ri, the vector field X points toward the interior (except at
0).

H.5 Define ., .,
B(y)= sup »_ Bj(z), D(y) = inf Dj(z)

llzlli=y j=1 llzlli=y =1

and for y > 0, let

)

_Bw
T

We assume that there exists 0 < L < R such that sup,., F(y) < 1/2 and
limy 4o F(y) = 0.

o

H.6 There exists yg > 0 such that f;oo ﬁ(y)_ldy < +oo and y — B(y) is increasing
on [yo, +o0l.

H.7 There exists £ > 0 such that

D,
inf inf & > €. (H7)
z€RY 1< <d SUP1< < g Ty

H.8 Finally, we assume that
inf daijj(Q) > 0. (H8)

<5<

(By 0., we mean the partial derivative with respect to z;.)

Assumptions H.5 and H.6 ensure that the time for “coming down from infinity”
for the dynamical system is finite. Together with H.3, this also implies that z* is a
globally attracting stable fixed point. More comments on these assumptions can be
found in [3].

1.5 A numerical example

We consider the two-dimensional vector fields

ar; +bx
B(z1,22) = (exf—kfxi)

and ( )
_ (zi(czy +da,
D@y, ) = (xg(gxl + hxg))

where all the coefficients are positive. This is a model of competition between two
species of Lotka-Volterra type. We have taken

a = 0.4569, b= 0.2959, e = 0.5920, f = 0.6449
c=0.9263, d = 0.9157, g = 0.9971, h = 0.2905.



Assumptions H.1 and H.4 are easily verified numerically. Assumptions H.5 and H.6
are satisfied because B(y) < (a + b+ e+ f)y and D(y) > (c A h)y?/4. Concerning
H.2, we checked numerically that there is a unique fixed point inside the positive
quadrant, namely z* = (0.3567,1.4855). It remains to check H.3, namely that

—B=sup{R(z) :z € R} <0

where

R = e
(x

We first checked that the numerator N(z) = (X(z), (z —x*)) is negative and vanishes
only at 0 and z*. It is easy to check that N(z) < 0 for H;H2 large enough. We have
verified numerically that the only solutions of the equations 0y, N = 0,, N = 0 in the
closed positive quadrant are z* and z = (0.1739,0.4361), with N(z) = —0.2852, thus
this is a negative local minimum. This implies that N(z) < 0 in the closed positive
quadrant, except at 0 and x* where it vanishes. This implies that R < 0 in the closed
positive quadrant. It is easy to check that

limsup R(z) < —(cAh)/V2.

llzlla—+o0

This implies that R < 0 except perhaps at 0 and z*. Near 0 we have by Taylor
expansion

(z,DTB(0) z*

R(z) = —PEOLL) () 4 o),)) = 1+ 0(zl)

[E4RY[EE

and, since the vector DTB(0) z* has positive components, there exists ¢ > 0 such that
for all z € Ri
(z,DTB(0)z") > ozl

If y = x — 2" is small, we have by Taylor expansion (since X (z*) = 0)

(3 (M7 +M7) y))
EINFE

(M*y,y)
lz* [l lyll3

R(z) = (1+O(lyll=) =

(1+O(lyll.))-

One can check numerically that the two real eigenvalues of the symmetric matrix
M*T + M*

are strictly negative, the largest being numerically equal to —0.786. This completes
the verification of hypothesis H.3.

Tllustrating standard experiments on populations of cells or bacteria, we have
chosen K = 10° and simulated a unique realization of the process with 7' = 100 which
contains about 5.107 jumps (cell divisions or deaths). The resilience computed from
the vector field is numerically equal to 0.547. We have computed p7 (100,1, 10%).
The relative error, that is |p7, (100,1,10%) — p*|/p*, is equal to 0.022.

Note that the situation we are interested in is completely different from standard
statistical approach where one can repeat the experiments.

10



1.6 Organization of the paper

In Section 2, we will study the time evolution of the moments of the process and we will
prove moment estimates for the gsd. In Section 3, we will obtain control on the large
time behavior of averages for the process. In Section 4, we will prove the relations
(1.2) and (1.7). In Section 5, we will apply these relations to obtain approximate
expressions of the engineering resilience in terms of the covariance matrices for the
gsd. From the results of Section 3, we will deduce variance bounds for the estimators
(1.4), (1.5) and (1.8), starting either in the gsd or from an initial condition of order
K.

2 Time evolution of moments of the process and
moments of the QSD

2.1 Time evolution of moments starting from anywhere

The generator % of the birth and death process N* = (N*(¢),t > 0) is defined by

ZLef(n) = (21)
d d
K> By (%) (flo+e“) = f) + K> Ds (%) (f(n—e®) = f(n))
=1 (=1

where e®) = (0,...,0,1,0,...,0), the 1 being at the ¢-th position, and f : Z‘i - R
is a function with bounded support. We denote by (S;*,t > 0) the semigroup of the
process N* acting on bounded functions, that is, for f : Z‘i — R, we have

St f(n) = BIF(N“())| N*(0) = n] = By[f(N“(t))] -

For A > 1, let
Ta=inf{t >0: [|[NF(t)]|, > A}. (2.2)

Notice that we will use either ||-||; or ||-|,- They are of course equivalent but one can
be more convenient than the other, depending on the context. We have the following
result.

Theorem 2.1. There exists a constant C(2.1) > 0 such that for K large enough, the
operator group ST extends to exponentially bounded functions and

sup Sf (e\|'|\1> (B) < eCenk
nezd

Proof. Introduce the function G defined on [y, +00) by

* dz 1

“W=] 50 Kb

Assumption H.6 implies that Gy is well defined and decreasing on [yg, +00). We can
define its inverse function on (0, so] for sg > 0 small enough (independent of K). Take

1—e !

0 <n < 89 A ==f—. Then there is a unique positive function y, defined by

yi(s) = Gl (ns), s € (0,1]. (2.3)

11



Note that yx(s) > yo and limg) o yx(s) = +o0o. Let
e—KyK(s)

QDK(S) = =, -

KD(yx(s))

Note that

lim e (s) = 0.
Using the Lipschitz continuity of D (and then its differentiability almost everywhere)
and (2.3), we obtain

B Aoy g _(e—KyK(s) e—KyK(s)jj/(yK(S))> dyx Ky (s)

(s) =ne

=

+ =
D(yx(s))  KD(yx(s))?

We now consider the function

Prels) = ds ds

Fre(t,m) = @ (t) el

to which we apply 1t6’s formula at time ¢t A T4. We get

Eﬂ |:80K (t A TA) e”ﬂK(t/\TA)Hl} — ]Eﬁ,

tATa
/O (Oufx + foK)(s,NK(s))ds] .

We have
8th(taﬂ) + g}(f}((t,ﬂ) = @K(t) e”ﬂ”l
d d
Izl _ n e n
+ Kerl(t)e ((e 1)223@ () + 1);1)@ (K)> ,
Note that

ath(ta ﬂ) + foK(taﬂ)

< elzlh (¢K(t) + Kog(t) ((e—1)§ ('7;(”1) —(1—eNHD ('7;(”1)»
< ellzllx (%(t) — Ko(t)(1—eHD <””K1> (1 - eF<””K1>)> .

It follows from H.5 that there exists a number { > yg such that if y > (, then
Fly) < (2¢) .
If |l < CK we get

|6th(t,ﬂ) + gxfx(taﬂ” < 0(1) et (@K(t) + K‘px(t))'
For |n|; > K(CV yk(t)) we have
3tf;((t,ﬂ) +$KfK(t7B) <0

since ¢ (t) = 1K D(yxc (1)) (t) and D(|nl/K) > D(yx(t))-
Finally, for (K < ||n|; < Kyx(t) we get

|04 fic (8, 1) + L fc(t,1)| < K¥5D o (1) = .

We deduce that .
E, {¢K (1 /\7;‘) ollY (1/\TA)H1i| < O(1) et

The result follows by letting A tend to infinity and by monotonicity. O
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We deduce moment estimates for the process which are uniform in the starting
state, and in time, for times larger than 1.

Corollary 2.2. For allt > 1, the semi-group (S;) maps functions of polynomially
bounded modulus in bounded functions. In particular, for all ¢ € IN, we have

sup sup By [IN* ()] < g7 e K e, (24
t21nezd B

Proof. We have

NE(DI? 1IN oI INf @
En[||NK<1>||ﬂ=KqEn[”“”1e— LTI e }

Ka

B INE @)
< Ki%e qIEﬁ[e K }

since for all x > 0, 27¢™* < g?e7 9. Inequality (2.4) follows from Holder’s inequality
and Theorem 2.1. Let us now consider ¢ > 1. From the Markov property and by
using the previous inequality, we deduce that

Ey ([ @}] = By [Exx o [IN* )] < g% e K7 eCen.

The proof is finished. O
For times t less than 1, the moment estimates depends on the initial state.

Proposition 2.3. For each integer q, there exists a constant cq > 0 such that for all
K>1,t>0 and@EZi

I, [HNK(t)HZ] < KT+ i Ly -
Proof. We have only to study the case ¢ < 1, the other case being given in (2.4).

We prove the result for ¢ even, namely ¢ = 2¢’. The result for g odd follows from
Cauchy-Schwarz inequality. Letting

fo(n) = |n|l

we have

Loty =K B, (2 (i + 20 +1)" ~ i)
=1

+ sz: Dy (%) (il = 20 +1)" = Jng") ).
{=1

Using H.5 and the equivalence of the norms, we see that there exists a constant
cg > 0 such that if |n|, > cy K

L fo(n) <O.
Moreover, we can take ¢, large enough such that for all n

Licfq(n) < Cq’qul~

13



Applying It6’s formula to f, we get as in the proof of Theorem 2.1

tATA ,
/ cg K? ds
0

< lnf3 +teg K27

Ey [IN“EATAIF | < 0l + By

(Recall that T4 is defined in (2.2).) The result follows by letting A tend to infinity. O

2.2 Moments estimates for the gsd

Let us first recall (cf. [3]) that, under the assumptions of Section 1.4, there exists a
unique qsd v, with support Zi\{(j}. Further, starting from the gsd, the extinction
time is distributed according to an exponential law with parameter Ao(K) satisfying
(Theorem 3.2 in [3])

em DK <\ (K) < e K (2.5)

where dy > dy > 0 are constants independent of K. Recall also that for all t > 0,
P, (N(t) € -, Ty > t) = e )y, () (2.6)

where
Ty = inf{t > 0: N*(¢) = 0}.

Finally, for all f in the domain of the generator
f;uk(f) = (L f) = = 2o (K) vie(f) (2.7)
with the notation

we(f) = / £() dvge(n).

We use several notations from [3] that we now recall. Let

n* = |Kz*].

For z € Ri and r > 0, B(z,r) is the ball of center x and radius r. We consider the
sets

min,; n*
A =B puyVK), D:B(n*, 2] J) nzd (2.8)

where p(4.2) > 0 is a constant defined in [3, Corollary 4.2]. Note that since n* is of
order K, we have A C D for K large enough. The first entrance time in A (resp. D)
will be denoted by Ta (resp. Tp).

We first prove that the support of the gsd is, for large K, almost included in D.
(This will be important to control moments later on.)

Proposition 2.4. There exists a constant c(z.4y > 0 such that for all K large enough
I/K(DC> <e Cenk

Proof. We first recall two results from [3]. From Lemma 5.1 in [3], there exist v > 0
and 6 € (0, 1) such that for all K large enough

sup IPn(TA>'ylogK,TQ>TA) <. (2.9)

neA\0

14



By Sublemma 5.8 in [3], there exist two constants C' > 0 and ¢ > 0 such that for all
K large enough, and for all ¢t > 0

sup P, (Tpe <t) < C(1+t)e K. (2.10)
neA

Now, for ¢ € IN\{0} define
ty =qylog K.

We will first estimate sup,, I, (N*(tq) € D¢, Ty > tq). Note that N*(t,) € D¢ implies
Tpe < t,. We distinguish two cases according to whether n € A or n € A°\{0}.
Let n € A. Tt follows from (2.10) that

P, (N(t,) € D) < C(1+1,) .
Now let n € A°\{0}. We have

P, (N*(t,) € D\{0}) =
Py (N (tg) € D0}, Ta < 1) + Py (N (t) € DO\{0}, T > ).

Using the strong Markov property at time T and (2.10) we obtain

P, (N*(ty) € D\{0}, Ta < t,)
= Eyp [L{za< 1,y Pe(ra) (N¥(tg — Ta) € D\{0})]
< C(l+ty)e K.

We bound the second term recursively in gq.
P, (Ta >tq, Ty > Ta)

= Eﬂ [H{TA>tq,1}ﬂ{T9>TA}PﬂK(tq71) (TA > tl,TQ > TA):|
<4§ sup ]Pn(TA > tg—1,Tp > TA)

nea\{0}
where we used the strong Markov property at time t,_; and (2.9). This implies

sup P, (N*(tq) eD\{0}, Ta > ty) < sup Py (Ta > tq, To> Ta) < 69
neAN\{0} neA\{0} -

Therefore
sup P, (N* (ty) € DV{0}) < C(1+t) e K 469,
n#0

Taking ¢ = | K | we conclude that there exists a constant ¢’ > 0 such that for K large
enough )

sup Py (N (t ;) € D\{0}) <e .

n#0

This implies
IPVK(HK(tLKJ) € ’DchQ > tuq) <e ¢ K

but by (2.6)
]PIJK(HK(tLKJ) € DC7T9 > tLKJ) — e*)\O(K)tLKJ VK(DC)

and the result follows from (2.5). O
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Corollary 2.5. For each ¢ € IN, there exists Cq > 0 such that for all K large enough
[ Imitdnm) < €, K7e ook and [ jnlta(w < €, K.
Proof. Tt follows at once from (2.6) (at time 1) and Theorem 2.1 that
/ Il duye (n) < U0 eCenk < 9 Cenk (2.11)

for K large enough. We have

/ ]t dve(n) = K Dr( ) —E R due(n)

< Kigle q/ ]l’Dr( Yduk(n).

We use Holder inequality to get
+ 1%
[ mitann) < gogree ([eehan)” ([ 1omanw)

The first result follows from (2.11) and Proposition 2.4. The second estimate follows
from the first one, and the bound sup,,¢p [|n], < O(1)K. O

We now estimate centered moments.

Theorem 2.6. For each q € Z, there exists Cy > 0 such that for all K large enough
/ In — Ka* |3 dve(n) < Co K.

Proof. The proof consists in a recursion over q. The bound is trivial for ¢ = 0. For
q € N define the function

fa(n) = |n — Kz*|3" 1p, (n)
where

2K
D) = (Kx Tmlnx )ﬂZ‘i.

J

Recall that e?) is the vector with 1 at the jth coordinate and 0 elsewhere. From the
trivial identity

In — Ka* + 9|3 = |n — Ka* ||} £ 2(n; — Kaj) + 1 (2.12)
it follows that
lIn = Kz* + D3 — |n — Ka*|3" + 2q (n; — Kaj)|ln — Kz* |3
<3929 (1+ [ln — Ka™[[;"?).
Indeed, applying the trinomial expansion to (2.12), we obtain
lln = Ka* + D3 — |ln — Ka*[[3* + 2q(n; — Kaj)lln — Kz* |3
<q¢ Y Il — Ko |l (2|ln — Ka~[|»)

p1!pa!ps!

+qlln — Kz*|)372.

p1<g—2
p1+p2+p3=q

16



Observe that if p1 < ¢ — 2,p1 + p2 + ps = ¢q and then 2p; + ps = p1 + ¢ — ps <
2q — 2 — p3 < 2q — 2, since pg > 0. This implies that

In — Ka* |3 2lln — Ka*[l2) < 291 + o — Ka*[3).

It follows that
d n
Ziefow) = 2K Y X; (1) (0 = Kaj) o = Ka' |3 1p, (n) + By(n)  (213)
j=1

where
IRy(w)] < O() (K61 + [ — Ka* |3 )1, (0) + K pe(n)  (2.14)
To get this bound, we used the fact that

_sup dlﬂpl(nig(”) —1p,(n)| < Ipe(n).
Jj=1,...,

Using (1.10) we get

d
n * * -
Ky X, (72) (0 — Ka})ln — Ka*[3* 1p, (n)
j=1
< —f'lln — Kz*|[3" 1p, (n) = =5 fy(n) (2.15)
where
B = gmjlnx; .

Integrating the equation (2.13) with respect to v and using (2.7), (2.14), (2.15) and
Proposition 2.4, we obtain

(298" — Mo (K)) tic(fq) < O(1)(K6U(1 + v4c(fy—1)) + 61K 4T e 2z,

Observing that v (fo) < 1, it follows by recursion over ¢ that, for each integer ¢, there
exists Cy > 0 such that, for all K large enough, v (f;) < C;K?. Finally we have

/ o — Ko |2 due(n) = we(f,) + / i — Kz |2 L pe () duge ()
< velfy) + / Il — K2*272 Lpe (n) duge ()

since D C D;. The result follows using the previous estimate and Corollary 2.5. [J

The next result gives a more precise estimate for the average of n (instead of an
error of order VK ).

Proposition 2.7. We have
u* — Kz* = 0O(1)

where p* is defined in (1.1). Moreover, since |[n* — Kz*|, = O(1), we have

u—n"=0(1). (2.16)



Proof. Define the functions
gi(n) = (n—Kz*,e¥), 1<j<d.
By Taylor expansion and the polynomial bounds on B and D we get
Zigj(n) = K(B;j(n/K) — D;(n/K))

y In — K|
=3 (0nBi(") ~ 0D () gm(n) L () + O(1) == Ip(n)

+ O() (K + [[n]7) 1pe(n)

for some positive integer p independent of K. Using Cauchy-Schwarz inequality,
identity (2.7), Corollary 2.5 and Proposition 2.4 we get

[ 12) o ) () = o).

From Proposition 2.4, Theorem 2.6 and (2.5) we get

d
3" (9mBj(z*) — 0uDj(z)) vk (gm) = O(L).

m=1

The result follows from the invertibility of the d x d matrix (0, B;(z*) — 0 D;(z*))
which follows from H.3. The other inequalities follow immediately. O

Corollary 2.8. For all K > 0, we have
250 < =) o) = [l = Keldn(w) +00) < 0K

Proof. Combine Proposition 2.7 and Theorem 2.6. O
We now show that X% is indeed of order K.

Proposition 2.9. There exist two strictly positive constants c(z.9y and 022_9) such that
for all K large enough, the matriz X5 satisfies

EK Z 6(2'9) KI1d

for the order among positive definite matrices, Id being the identity matriz, and, in
particular,

/ﬂn—gﬂEmMMZC@mK

Proof. We denote by X the positive definite matrix

S50 = [ (g = 3) g = ;) ).

By (2.16) we have ~
|25 — =5, = o). (2.17)
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Let v be a unit vector in R%. We have

(v, 5%) = / (0, (2 — ")) dvi () > / (v, (n — n"))? dug (n).

A

From Lemma 5.3 in [3] there exists a constant ¢ > 0 such that for all K large enough

and all n € A,
ve({n}) = cUa({n})

where Up is the uniform distribution on A. Therefore

(0,55 0) > C/A@’ (1 — 1)) dUa (n)

and we get

—~

v, 250) > c(0.9) K ||v]]3-
The result follows. O

3 Controlling time averages of the estimators

For T' > 0, we define the time average of a function f : Z‘i — R by

T
SHTH) = 7 [ FOeG)as (3.1)

The goal of this section is to obtain a control of |S;(T, K) — vk (f)| for a suitable class
of functions.
We recall the following result from [3, Theorem 3.1].

Theorem 3.1 ([3]). There exist a > 0, Ko > 1 such that, for all t > 0 and for all
K > Ky, we have

sup  ||Ba(N¥(t) € -, t < Tp) — By(t < To) 1se()]|,., < 26 Ter . (3.2)
ne€zZi\{0}

It is also proved in [3] that, for a time much larger than log K and much smaller
than the extinction time (which is of order exp(©(1)K)), the law of the process at
time ¢ is close to the gsd. The accuracy of the approximation depends on the initial
condition. This suggests to study the distance between the law of the process at time
t and the gsd as a function of the initial condition, K and t. This will result from
(3.2) if P, (TQ < t) can be estimated. In fact we prove a more general result.

Lemma 3.2. For~y >0, define 7, = inf {t > 0: |[N*(t)||, < vK}. There exist § > 0,
a>0andC>OsuchthatforallnEZ‘i,K21,0§7§1/\L andt >0, we

llz*
have
By (r, <1) < c<exp (<o (c ("8 na)=vian) &)
+ texp (=6 (o - ’ylx*lll)K)) (3.3)
where
(= nin > 0. (3.4)
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Taking v = 0 in (3.3), we get

P,(Ty <t) <C (exp (-5 <g';l{' A a) K) + texp(—a 6K)) . (35)

Proof. Tt follows from H.1 and H.3 (using Taylor’s expansion of X (z) near 0) that
there exists ag € (0, R) (where R was introduced in Assumption H.3) such that for
all z € R‘j_ satisfying ||z|l. < ap we have

(X(z),2") > Bllz*|I” |zl — 28 |z2z, %) + Bllz|; + (X (z), z)

Bl

2 Blla”|*llzll: + OWlizll; = =5

2]l (3.6)

For a € (0, ap] and 6 > 0 to be chosen later on, we define

U(n) = ez o),
It is easy to verify that if (n,z*) > a K + ||z*|, we have
Ziy(n) =0.
If aK — |z*], < (n,2") < aK + |27, we have
| L ()] < O(K) e K

For (n,z*) < aK — ||z*|,, we have ||n|; < (n,z*)/¢ < aK/(, where ¢ is defined in
(3.4), and

Zep(n) = Kg (5, %) e d(mz™)

where the function g is defined by

=1
d
+ ZBj(g:)(e_sz; —1+ sz}) + ZDj(g:)(e“; —1 — sz}).

j=1 j=1

From the differentiability of the vector fields B and D and using (3.6), it follows that

there exists a constant I' > 0 such that, for all 0 < s <1 and ||z||, < ap we have
g(s,z) = —s(X(2), 27) + O(1) s ||zl

Bl
< -5

lzlls 4+ Ts? ||z,

Therefore we can choose § > 0 and 0 < a < g such that

sup g(d,z) <0.
lzll-< a
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Therefore, for all n, we have
Zetp(n) < O(1)K e K
For 4 > 0 (independent of K), we define
Ty =inf {t > 0: (N*(t),z*) <K }.
We apply Ito’s formula to ¢ to get

tAFs
By [0 (EAF))] = () + By | | fK@b(NK(S))dS]

We have

K — ( < (N*(75),2") < 7K
hence

(N (F5)) > e PN e=oC,
Then

E, [w (NK(t N 7~':y))] >P, (%:Y <t) e~ GAQ)K (—6¢

Therefore

P, (75 <t)e ? (N e =3¢ < e 0na")NeK) L O(1)K e 0K
To conclude, observe that
IPLL(T’Y <t) <P, (7:7 <t
for 4 = 7 ||z*|: because for all n € Zi,

0<(lnl < (n,z") <|nl sup dx}f < lnlllz*(lx
J=1,...,

and [N (7, < 7K. O

We have the following result.

Proposition 3.3. For all bounded functions h : Zi - R,t>0,n € Zi, and
K > Ky, we have

By [R(A(0)] ~ ()] < O1) g (2R F g om0on o)

where a,d and ¢ are defined in Lemma 3.2, and a and Ky are defined in Theorem
3.1.

Proof. From the bound (3.2) we get
[y [B(N(0) Ly | — Balt < Ty) vic ()| < O(1) [bl]oc o777 .
This implies

|E [ ( ())]_VK( )|
’IE [ (t))]l{To<t}”+]P (t > Ty) v (h) + O(1) ||h]joc €™ it
O(1) [hlloc (Bult > Ty) + e )
(1) hlloe (e5(<’1<”“a>f<+tew< +>

using (3.5). O
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We now extend Proposition 3.3 to more general functions. For ¢ € Z, we define
the Banach space %4 by

Fcq = 7% SR :zsupM<+oo . 3.7
K,q {f + ||f||K7q n£0 K4 + Hﬂ”g ( )

We have the following result for time-averages of functions in .%;.
Theorem 3.4. For all K > Ky, f € %y, T >0, and n € Zﬂl_, we have
| B [S4(T, K)] = ()] < O) [1fllscq (K + [12113)

1 _s(clnli loo K i
X (T +e 5(¢H5A )K+Teo‘5K+oagT+(1—e>‘°(K))2)

where a, 6 and ¢ are defined in Lemma 3.2, and \o(K) is defined in (2.5).

Remark 3.1. One can check that if one modifies slightly the definition of the time
average (3.1) by integrating from 1 to T + 1, then one can remove the term ||n||3 from
the previous estimate.

Proof. For f € F,, Corollary 2.5 gives
|u ()] < OWE| ]l q-

By Proposition 2.3 we have

/0 () s

Hence for T < 1 we get

1y K+ ]
T =

< O() |flg

| B [S5(T, K)] = vie()] < O) [ fllicq (K + l1m13) (; + 1) .

For T > 1, we have by the Markov property that

T T
FE| [ r@re)as| = 7 [ BB )] ds
T—1
= % /0 E, [g(N“(s))] ds
where we set
g(m) = B, [f(N*(1))] . (3.8)

By Corollary 2.2, the function g is bounded and
[9lloe < OQ) || f]sq K. (3.9)
Applying Proposition 3.3 to g thus gives
B [g(N*(5))] = vie(9)]
lm

Il1 s
<O || f]lsq K9 (eﬁ(c = Aa>K+SeaéK+e—W> .
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Integrating over s € [0, T — 1] yields

7/ Ealo@)as-

VK(g)

K1 _s(elmln B loo K
S(’)(l)|f||K7qT<(T_1)e (3 na)K | g e Q5K+oga)

Using Lemma 3.5 (stated and proved right after this proof), we finally obtain

|y [Sp(T, K)] = vie(f)]

K 4 |n]

<o) ||f|1f<,q#2
K4 etz B loe K
+0(1) ||fK,qT<(T—1)e (A K gy a5K+Oi>

1 1
+O() g K1 = e0D) 2 4 Znie(g) + me(£)preny

1 log K _ Il lly
R Y e R B A
a

+(1—el0)E ﬂ{TSl})'

<o |f

This finishes the proof of the theorem. O
We used the following lemma in the previous proof.

Lemma 3.5. For f € 5, and g defined in (3.8) we have
e(9) = ()] £ OWK (1 — e 20 )2,
Proof. We write
ve(g) = Euk[f(ﬂk(l))]l{Tgﬂ}] + EVK[f(NK(l))]l{Tgﬁl}]'
Since 14 is a gsd, it follows by Cauchy-Schwarz inequality that
|vic(9) = vie (f)]
< (L= e ()] + (B[O ()] (Bl L )]

< OM)KT | f]luqg(1 — e 202

W=

where we used Corollaries 2.2 and 2.5 and the fact that under 15 the law of Tj is
exponential with parameter A\g(K). The lemma is proved. O

4 Fluctuation and correlation relations

4.1 Proof of Theorem 1.1
Let

S5 (1) = By, [(NF(t) — nj)(NF(0) = n))], 4,5 =1,....d.
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For 1 <i<d,let fi(n) = (n —@*,g(i)>. We have, since B;(z*) = D;(z*), 1 <i <d,
and n*/K —z* = O(1)/K,
d%w
By, [ L fi (N (£))(Nj(0) —
) )] - w08 |2 (B72 ) 700) = )|

B;
_ KEVKKBZ ( Kt)) B (’;{)) (N5(0) —n;)}
_ K]EVKKDZ (NK( )) _ D, (Z{)) (N5 (0) - n})} + o).

As in the previous proof, we split the integrals according to whether N*(t) € D or
N*%(t) € D¢. Using Cauchy-Schwarz inequality, Corollary 2.5, and the fact that vy is
a gsd, the second contribution is exponentially small in K. In the first contribution,
we use Taylor expansion around z*. The error terms are bounded by

o)

= Bu[IN*(®) = Kz [[3[IN*(0) = Kz*[|>] + O(1),

KE,

K

K3

(N

\ZN

Now we use Cauchy-Schwarz inequality, Theorem 2.6 and that vy is a gsd to obtain

=Y (0Bila") = 0eD; (2")) Eu [(NF (1) = ) (N (0) — n3)] +O(VE)

Since M™* has a spectrum contained in the open left half-plane by H.3, we integrate

the equation
d

S 250 = ME (1) + O(VK)
from 0 to 7 using the method of constant variation and obtain

SE(r) =™ £5(0) + O(VEK).

We arrive at the desired relation by using (2.16).

4.2 Proof of Theorem 1.2

Recall that

Ypa = Tpq(0) = / (np — Né{) (ng — fo) dvg (n).

We will first do the proof with the following matrix instead of %*:

£t = [ (s = m) o - ) )
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On the one hand we have by (2.7)
(L, (ni —nj)(ng —n3)) = =Ao(K) v, (ng — nj)(n; —nj)).

By Theorem 2.6 and (2.5) the right-hand side of this equation is exponentially small
in K. On the other hand, using formula (2.1) we have

(Llvie, (ni —nj)(nj —n3)) = (e, ZLic (i — nj) (n; — n3)))

= sz: <VK7 1£% (2) ((nj = nj) die + (i —n5) 80 + die 5j,tz)>

We split each integral by separating integration over D (defined in (2.8)) and D°.
Inside D¢, we apply Corollary 2.5 and use the assumption that B and D are poly-
nomially bounded. Inside D, we use Taylor’s formula around z* for the functions
Bi(n/K)—D;(n/K), and B;(n/K)+D;(n/K). We also use that B;(z*) = D;(z*), 1 <
i <d,and n*/K — a* = (9(%) The error terms are then bounded by

0 () [ln-Keltamt ad 00) [~ Kaadn (o)

respectively. Using Theorem 2.6, both bounds are of order v'K. We obtain
d B d _
DM SE Y M S + 2K B (27) 61y = O(VEK)
=1 (=1

which can be written in the more compact form
M*EX 4 SEM*T 42D = O(VK) (4.1)

where D* is the diagonal matrix of averages birth (or death) rates. To finish the
proof, it remains to replace ¥* by . This is done by using (2.17).

Remark 4.1. Note that each term on the left hand side is of order K, see Corollary
2.8.

Remark 4.2. We will see in Appendiz C that the qsd vk around n* is well approx-
imated at scale VK by a Gaussian distribution. Dividing out (4.1) by 2K and taking
the limit K — oo, we recover Relation (C.1), as expected from Theorem C.1.

5 Variance estimates for the estimators

It is straightforward to apply Theorem 3.4 to S(T, K), S°(T,,K), S*(T, K), and
S¥(T, K), which are defined respectively in (1.4), (1.5), (1.8), and (1.9). This gives the
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bound (1.6) on S%(T, K) anounced in Section 1. The bounds for the other estimators
all have the same structure. We will not state them.

In this section we prove two variance estimates for any time average S;(T, K)
with f € Fcq. In the first one, one starts from anywhere in Z2, while in the second
one the starting distribution is the gsd. Recall that S*(T, K) = S°(T,0, K). We will
only give the proofs of these estimates for S*(T, K), since manipulating S°(T, 7, K)
is cumbersome but otherwise the proofs are the same.

Proposition 5.1. There exist strictly positive constants 6',¢',a/,0',C" and Ko > 2
such that, for all K > Ky, f € iy (see Definition 5.7), T > 0, and n # 0, we have

By |(S5(T.K) = vie(£))°] < C'llf Iy (el + K

o (|n||éf —;I\qulogK 4 K1 e—a’(q’%Aa’)K_i_TKq e—e’K)

where cq was defined in Proposition 2.5.

One can use Chebyshev inequality to bound IPH(‘Sf (T,K) — Z/K(f)‘ > §), for any
0> 0.

The proof of Proposition 5.1 is postponed to Appendix A. The previous estimate,
as well as all the estimates we will give below, have the same behaviour in their
dependence in K, n and T. They display the qualitative behaviour that we met
several times:

1. The bounds are not useful for K too small.

2. If K is large, the bounds are not useful if n is small (order one) because the
process can be absorbed at 0 in a time of order one with a sizeable probability.

3. Finally, for K large and n of order K, the time T must be large enough (poly-
nomial in K in our bounds) but not too large (less than an exponential in K
because the process can reach the origin with high probability in such large
times).

Integrating the previous estimate with respect to the qsd, we get the following control.
Corollary 5.2. There exist two positive constants C" > 0 and 0" such that for all

K > Ky, for all f € %cq and for all T > 0, we have

By, [ (S4(T,K) ~ B, (1))] < C" 1%, K™

log K "
< (0 Co) e PR+ 1 Y+ T )

where Ko is as in the previous proposition, c, is defined in Proposition 2.3, and Cy
is defined in Corollary 2.5.

Observe that the previous inequality is only useful in the range 0 < T < 'K
The proofs of the two previous estimates are postponed to Appendix A.

We now apply the previous results to our estimators.
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Proposition 5.3. For all 1 < p < d, we have
By [(S5(T,K) - us)*] < 0@ llmly + K)

« (””l;fllogK Ko (BN K g e—"K)

1+4+log K
TvV1

E,, [ S5(T, K) — u;;yz] < 0(1)K2< +(1+7) e-"”K) .

Proof. The proof follows by applying Proposition 5.1 and Corollary 5.2 to the func-
tions f(n) =n;, 1 < j < d, which belong to F . O

Proposition 5.4. For 1 <p,p’ <d and for all n # 0, we have
By |(S5,(T.K) - £5,)°] < 00) (calnl + K*)°

X 1tlogh +e_6,(</%Aﬁ/)K+Te*GK
Tv1

and

1+4+log K

B, [ (S5,(T.K) - =5,)°] <o)k ( —

+(1+7) e‘e”K) .
Proof. The proof follows by applying Proposition 5.1 and Corollary 5.2 to the func-
tions f(n) = nyn,, 1 < p,p’ < d, which belong to F,. O

Proposition 5.5. There exist positive constants 5,5, 5, {N and B such that for all
K>2T>0and1</¢<d,
B [(S7 (7, ) ~ K Bu(a))’] <
A(1+Cy)K
T
+ KA + o]l (9% + ) )

~ A
(K + KT )

where

1+ log K 5 _§(Flnl 4 3
me:(1+cqz) <+;g +Te K e 5(< K A'B)K)

and Ag > 0, qo € IN, are such that, for all z € Ri,
[Be(z)] < Ae(1 + [[21).

The existence of Ay and q¢ follows from the assumptions on B. The constants C,
and cq, are defined in Corollary 2.5 and Lemma 2.3, respectively.
We also have

E,, [(S7(T.K) - K Bi(a")’] <

~ A1+ C VK Ay~ I
0(K+‘3( +T ) +1wa+K2A§(m§+w)>

where

= log K 5
Re=(1+C,,) ((1 + Cag) (1 + q) o + (1 + T)e9K> .
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Proof. First observe that
NF(0,T)

T
where NV/(0,T) is defined in Appendix B. By assumption, the function fo(n) =
K B, (%) € % q,- Let m be any probability measure on Zi having all its moments
finite. We apply Theorem 3.4 to the function fy, and then using integration against
m we get

SP(T, K) =

B [S5, (T, K)| = vie(f2)| < O)||fell e
[ (0 sy (oA s LEBKY) o)

T
We now apply the identity in Proposition B.1 and divide by K% ~!. We obtain

[Bn[57 (T, K)] = (KBe( )| < Ol foll g K (5.)

Il ]2
></((K+||n|2)w <e—5(< 7 AB)K+Te5ﬂK+H1T°gK)> dm(n).

We now estimate

/B@(K)dy,(( ) = /B@(K)dy,(( )+/CB[(%)C1VK(@).

The second integral is bounded from above by O(1)/K using the polynomial bound on
By and the first estimate in Corollary 2.5. For the first integral we use Taylor expan-
sion around z* to first order, then Cauchy-Schwarz inequality, and finally Theorem
2.6 for ¢ = 1. Therefore we obtain

Bw [S7 (T, K)] — KB(z >| O(VEK + O(1) || foll g
X /(K+ In)l,)% (e s(cisd ) o—0BK +1+17?gK) dm(n). (5.2)

Now we apply the estimate in Proposition B.1 to obtain

En [(S7 (T, K) = B [SP (T, K)))’]
— % E,, [(N;(Q T) = Ew [N{(0, T)])Q]
< B <;/0 K179 fo(N*(s)) ds — B [WD
T
+ 2B |7 /0 K- fe(NK(S))dS]
- 2
<2E, (; | e (spas - Kl““W(fe)) ]

28] (K144 () B[P (7, )’

%/O Kl fg(NK(s))dsl .

2
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For the first term we use either Corollary 5.2 or Proposition 5.1. For the second
term we use (5.1). For the third and last term we apply Theorem 3.4, integrate with
respect to m and use (5.2). To finish the proof, we replace m by either d,, or v,. O

Recall that B,(z*) = D,(z*), 1 <p <d.

Proposition 5.6. Under the assumptions of Proposition 5.1 and Corollary 5.2, we
have, for all1 <p,p’ <d, and T > 0,

By | (S, (7,7 K) = 50 (7)°] < O() (eallnll + K2)*

(P o (K 7 gy oo,

and

By, [ (S5, (T.7.K) = S5, (7))
14+7+1ogK

< 0(1)K4< -

+(1+T+7) e‘e”K>

Proof. The proof requires some simple modifications of the proofs of Propostions 5.1
and 5.2. This is left to the reader. O

Remark 5.1. If one modifies slightly the definition of the estimator by integrating
from time 1, then, in the four previous propositions, one can replace the factor (||n||, +
K) by K, and the factor (|n| + K?) by K*.

Recall that we defined in Section 1 an empirical matrix M* (T, 7, K) by

emp
e Memp (T K) — §O(T, 1 K) S*(T, K)~!
and an empirical resilience by

P (T, 7, K) = —sup{Re(z) : z € Sp(M}, (T, 7, K))}.
From the above results one can derive various statistical estimates for the difference
between p}, (T,7,K) and p*. We have the following result which was stated at the
end of Section 1.2. As already mentioned, we use the symbol < which is not rigorously
defined to formulate a more transparent bound. The reader can easily step through
the proof to get a more precise, but rather cumbersome bound. Let us also note that
the dependence on the initial state n is related to the part “with a probability larger
than 1 —1/K” of the statement. Indeed, the estimate of this probability results from

Chebychev inequality and variance estimates in which the process is started in n.

Theorem 5.7. For 7 = O(1), n = O(K) (initial state) and 0 < T < exp(©(1)K),
and K large enough, we have

p:mp(Tv T, K) - p*

K? 1
<O | —=+ —=
<o) <ﬁ \/K>
with a probability higher than 1 — 1/K. In particular, if T > K®, we have

<0(1)/VK.

p:nlp (T7 T, K) - P*
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Proof. 1t follows from Propositions 5.4 and 5.6 and the standing assumptions that,
with a probability higher that 1 — 1/K, we have

K3
ST, 1, K) —X%(n)|| < 0(1) —=
15( ) (NIl <o) Nie
and
KS
ST, K) -¥%|| <0(1) —=.
15*(T' K) <o) 7T
(|| - || stands for any matrix norm on R4*? since they are all equivalent.) We now use

Theorem 1.1 and Proposition 2.9 to obtain

* * 2

‘ M (Tor K) _ M H <0(1) ( 4 K
e e

N vK T

The result follows since 7 is of order one. O

A Proof of the two variance estimates

A.1 Starting from anywhere: proof of Proposition 5.1
It is enough to prove the result for || f| x, = 1. We have

(11’ /OTf(NK() > / dt, /t2 J(N( tl))f(ﬂk(tz))}dtl.

Step 1 is to estimate the contribution of the range 0 < t; < t5 < 1. Using Cauchy-
Schwarz inequality and Proposition 2.3 we get

I,

dt2 <o) (]! + K9)*.

f(N( tl))f(ﬂK(tQ))} dt,

Step 2 is to estimate the contribution in the range 0 < t5 — 1 < t; < t5. This implies
that T > 1. We have using again Proposition 2.3

dtg

J(N™( tl))f(NK(tg))] dty

to

/ dtQ/t (B[ 0))] B | (9 (12))7] )
<o (|nlf +Kq) .

Step 3
(1) Using the Markov property and the definition of g (see (3.8)) we have

/ dta /t2 1 NK(tl))f(N‘(tz))}dtl
/T s / n |f (N tl))g(ﬂf‘(s))}dtl
/T K / N () By [ (N (s — )] | dt
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Let us first write
By | (N (1) By o) [9 (8 (s — )]

as the sum of Ji(n) and J2(n) where
Ji(n) = E, [f(NK(tl))EM(tl) (L (ry>s—t39(N (s — t1))]}

and
Jao(n) = I, [f(UK(tl))Eﬂk(tl) [Lgry<s—t39(N (s — tl))”~

We further decompose Ji(n) as Ji1(n) + Ji1,2(n) where

() = By [f (N (0)) Loy By o) [E a9 (N (s = 1) ]
and

Tr2() = By [ (N (0)) Ly v o) [E -y g (N (s = 1) ]
Since 0 is an absorbing state, we have for all n # 0 that

J1,1(n) = 0.
(2) We start by estimating Jo(n). Since 0 is an absorbing state, we have
Ja(n) = 9(0) By [£ (N (1)) Py 1 (Ty < 5 — ).

Note that g(0) = Eo[f(N*(1))] = f(0). Since we are going to use Lemma 3.2, we
write JQ(B) = ngl(ﬂ) + ngg(ﬂ) where

J21(n) = f(0) En [f(NK(tl))]1{IIEK(t1)|\1>Ka/C}IPEK(t1) (To<s— fl)]-
and
Ja2(n) = f(0) By [f(NK(H))1{||M<<mngKa/c}IPﬁK(tl) (To<s - tl)}-

We first estimate Jo 1(n). Using (3.9), Lemma 3.2 with v = 0, and since f belongs to
Faeq (see (3.7)), we have

[ Jo1 ()] < O, [|f(N*(t1))]] e **F (1 4+ C(s — t1))
<OM)([nllf + K9 e * (1 +C(s — t1))

where we used Proposition 2.3 for the second inequality.
We now estimate J5 2(n) by splitting it as Jo 2 1(n) + J2,2.2(n) where

Jo21(n) = f(0) By [f(NK(tl))ﬂ{HM(n)ulsm/g e Py (To < s — tl)]-
and

J.2.2(n) = f(0) By [f (N (82)) Lo )1y </ Deg Pove o) (To < 5 — )]

e = et ([ (5t 2e)| 1) K-
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Proceeding as before we get

a21(@)] < OWK By ey Pary) (Limy<s )]

< @(1)Kq(e_6K<<[2nwl*l (C%A“)]M)Ag (s tl)e‘o‘5K).

We used Lemma 3.2 with v = 0.
We now handle J3 2 2(n).
Note that v < 1A ﬁ We proceed as before with f and g, and we use Lemma

3.2 with ) Il
ni
= e’ Al
7= (g (15 0e)
to get

Faaw] < 00 KB (I3l < (g (B3 na) ) a1) &)

2|z

<O()K* (e—é(é(d”}ma)m*u)x Lot e_ng> .
(3) Let us now estimate [Jy 2(n) — v (f)?| for all o # 0. We have
[ 12(n) — v (1)?] < 1 2 () — vicl) B [N (0) Ry By (T > 5 — )]
v (9)Ey [f(M‘(tl))n{T9>t1}1PM<n>(Tg > 55— tl)}  u(9)E, {f@x(tl))ﬂ{%m}”

e 9) B [F (NS (00)) Loy | = @) ()] + [l () = v £
= Wi(n) + Wa(n) + Wa(n) + Wi.
(3)-(i) By Theorem 3.1 and since N*(t1) # 0, we have

+

a(s—ty)

’Eﬂk(tl) [1{T9>s—t1}g(NK(5*t1))] *]PEK(tl)(TQ > Sftl) I/(g)’ < (9(1) K9¢ sk,

Hence, using Proposition 2.3, we get for all n #£ 0

a(s—ty)
log K |

Wi (n) < O(1) K9 (cqInl + K7) e~
(3)-(ii) We have

’VK(Q)ELL {f(NK(tl))]l{T9>t1}IPﬂK(t1)(TQ > 5 — t1)} = (9)En [f(ﬂk(h))]l{Tptl}} ‘

< |VK(9)}ELL(|f(UK(’51))! Lizyse Py (To < 5 — '51))

Define 0 < +" < 8 by
1 (Clinlly
r _
¥ v(n)2< o Nl

We split the right hand side in two terms:
E, Uf(NK(tl))|]1{Tg>t1}]PﬂK(t1>(T9 <s— tl)]
=B, {huykunnlsw}!f(NK(h)) |y Py o) (Tp < s = tl)}

+ By {huﬂwtnnlwx}!f(UK(tl)) L rg>iy Py o) (To < 5 — tl)]
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The first term is estimated using the growth property of f, Lemma 3.2, and Cauchy-
Schwarz inequality, namely

Ey [ L s <oy | £ (7 (60) | Lrgoan) Paon) (To < 5 — 1)

1
2

Nl=

< By [ Lyt < [ (0 (00)) ] Ra (19 (@)1 < 7'K)

< OM)KIP, (IN"(t1)]: < v'K)*

|

s(ln asK

g@(l)K‘l(e*?(C KHLAO‘)K—&—(’)(l)tle_ > )2.

To deal with the second term, we observe using Lemma 3.2 and Proposition 2.3 that,
if ||[N*(¢1)]]: > 7' K, then

sl ANEeni ) g
]Pﬁl‘(tl) (TQ S S — tl) § e (C ¥ ) + 0(1)(8 - tl) eiaéK

< e (¢ Aa)K | O1)(s —ty) e @K

= BT ) )KL o1y — 1) ek

Now
Ep | L)l 50y [ (7 (60) | Lo P o) (To < 5 = )
< OBy [Tl >y [ (O (00) [ Ly |
« (e—é(f(%(%M))M)K +O(1)(s — ) e K )
< o) (i + &7) (e CAER )T L o) (o 1) om0k )
x (e5“3<)<%A“>K+0(1)(5t1>ea“<).
(3)-(iii) Let us now prove that for all n £ 0,

Wa(n) = B (£ (N () Limysrsy ) = ()

a(t;—1 [EI5
< O()(eqglnlf + K1) (@ R 4 emo() omo (Bt na)x
4 Ot — 1) e K 41 — e 20() ) (A1)

For 0 < t; <1, using Proposition 2.3 we obtain
[ [£( (01)) L] | € OOyl + K.
We now deal with ¢; > 1. The Markov property gives

E, [f(ﬁ“(h))]l{Tg»l}} =E, []l{T9>t1—1}]EyK(t1—1) [f(HK(l))]l{Tgx}H

=E, [1{T9>t1—1}§(NK(tl - 1))}
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where
§(n) = En [N“(W)1py51y] < g(n)
is a function bounded by O(1)K9. For n # 0, we use Theorem 3.1 and Corollary 2.2
to get
‘Eg [ﬂ{T9>t1—1} Byt -1) [f(ﬂK(l))ﬂ{Tgx}H

=By (Tp > 1 = D, [£(N (D) Ligy]|
< O(1) K9 "ok .
Since vy is the gsd, we have
E,, [f(LVK(l))]l{Tgx}] =e )y (f).
Using Corollary 2.5, Lemma 3.2 and the properties of f we obtain
Py(Ty > 11 — 1) By, [f (N (D)L ryony] = ()

ln i

< O(l)KQ<e—>\o(K) e—é(CTAa)K FO(t —1)ePK 11 - e—Ao(K))

and (A.1) is proved.
(3)-(iv) Let us note that

Wy < v ()] e (f) — vic(9)]-
Proposition 2.3 and Lemma 3.5 give
Wi < O()K21(1— e 0())2,

(3)-(v) Collecting the informations given in the four previous estimates, we obtain
a precise estimation of |Ji 2(n) — v (f)?| for all n # 0.
(3)-(vi) We have

By [£ (N () B o) [ (N (s = t0))]| = (£

< | T2 ()] + [ Jr2(2) — 1 (f)?] -

Collecting the above relevant estimates we obtain that there exist ¢’,¢’, 3,6 (all
being positive and independent of K) such that

[0 [ £V (12)) By 0y [ (N (5 = )] | = ()2

< O(M)E(cqlnllt + K)

s lln
Izl o

’ / ’ a(s—tq1) atq
x <]1{t1<1}+e_5 (CEEATVE (5 41y + 1) e 0K 4o~ Hik +elogx>.

Now we have

2
T2

[ s [ 00 B oG5~ )] - m«<f>2|

1 / s linlly ’ ’ 1 K
< 0K (cyl|nllf + K) (T 1o (CBEAS)K o' +°gT> _

The final result for T > 1 follows by collecting all estimates. For T" < 1 the bound
follows directly from Proposition 2.3.

34



A.2 Starting from the qsd: proof of Corollary 5.2

The result follows from Proposition 5.1 by integrating over n with respect to the gsd.
More precisely, we have

(cqllnllf + K9)|n|f + K9log K
TvV1

2
E@[|Sf(T,K) — ve(f)] } < c'f||;q<
’ 7l ’ ,
+ (cqllnlf + KK e™ (¢4 AB)K-l-(Cq|71|(f—&-Kq)TK‘Ie_GK).

The integrals of the first and third terms with respect to the q.s.d are estimated using
Corollary 2.5. We deal with second term:

’ 7 Il ’
/(C‘JHQH({ + Kq)Kq e_é (C TR )K dVK(ﬂ) =

_s' (el g
/]1{{||g||1<ﬂ/K/</}}mD}(6q“ﬂ”?+Kq)qu BTN ()

_s'(¢rnly \ g
+/ﬂ{{llnlllwx/c'}}mDc}(cqllﬂH‘{+K")K‘Je A ()
—5' (¢ Imly \ g
+/H{HEH125/[{/('}(0‘1”@”[11+Kq)qu g (C K /\ﬁ)KdyK(ﬂ)

The third integral is estimated using the fact that the integrand is exponentially
small in K. The second integral is estimated using the first estimate in Corollary
2.5. We finally deal with the first integral. If n € D then ||n|; > ||nl. > |n*|./2.

1 pr zlly ’ 7o 2 Il
If {|n], < B/K/C'} N'D # 0, on this set we have e° (¢ t5ns) K < e 9¢ gt
(exponentially small in K). The estimate follows.
B Counting the number of births

Denote by N/(t1,t2) the number of births of species of type £ between the times ¢,
andtg (1§£§d,0§t1§t2).

Proposition B.1. For any probability measure m on Zi, we have

Em [N (t1,t2)] = K : Ewm {Be <N;(S))] ds

and

Ew {(N{(tl,m) —En [./V.eK(tl,tg)])Q] <2KE, {/:2 By (N;(s)> ds}
+Em[(/: KBy (N;(S)> ds — Em[/\/f(tl,tg)]ﬂ .

Proof. Recall that the generator of the process is given in (2.1). Let us now give a
pathwise representation of the process. We introduce d independent point Poisson
measures My(ds,df) on R? with intensity dsdf. We define the d-dimensionnal cad-lag
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process (N, t € R,)

N, = N, +§;/;/Mg(ds,d9)
x (1{9 gxm(%)} a 1{KBZ(N§(S))§9§K<&<]VI;(S)>+DZ<N§(”>)}> '

Then the number of births of species of type ¢ occuring between the times ¢; and ¢t

is given by )
'/\[é (tl,t2) :/t1 /H{OSKBZ<N};(S)>}Mé(d&de)l

Using the Markov property we get at once the first identity.
We now establish the estimate. Indeed

2
En [(NgK(thh) _Em(MK(tl7t2)) ]
o (MR Y
< 2B | (NS (t,t —/ KB( )d }
{( fltote) = [ KB =g 5)
" N*(s) i« 2
+2Em[(/tl KB, (K> ds — B [N (t1.12)] ) }
By the L2-isometry for jump processes (see [6, Formula (3.9) p.62]), we have
B (NS
B | (NS (t,¢ —/ KB <)d ]
[( clint) = [ KB =g 5)

- /: /Em |:(]l{9<KBZ<NI;(S)>}>2:| dsdf
- [ e e (B52)

This finishes the proof. O

C Gaussian limit for the rescaled qsd

We have the following theorem of independent interest. A part of this theorem par-
tially generalizes a result obtained in [2] for models involving a single species (d = 1).
Recall that n* = | Kz*].

Theorem C.1. For all K > 1, define the measure ax on the Borel o-algebra of R?

by
ar(s) = ({n € Zi : ﬂ\;}%ﬁ € }) .

Then (ax)x converges weakly to the centered Gaussian measure with covariance matriz

o0
. et
S:/ ™M Bx ™M 47,
0
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where B* is the diagonal matriz with entries By(z*) = Dy(z*). The matriz 8 is also
the unique symmetric solution of the (Lyapunov) equation (fluctuation-dissipation

relation)
M*S + SM*T = —B*. (C.1)

Remark C.1. We have

Am e =8

This follows by dividing out equation (1.7) by K, letting K tend to infinity, and using
the uniqueness of the (symmetric) solution of (C.1).

Proof. By Theorem 2.6, the family of measures (ax)s is tight. For p € R? define

. (p(n—n"))
Hy(p) :/e1 VE  dig(n).
It follows also from Theorem 2.6 that the family of functions (Hy) is uniformly
bounded in C2. We will prove that
lim H,(p) = 252 vpe R (C.2)
K—00 - -

This will entail that there is only one weak accumulation point for (ay)x. The proof
will be the consequence of Prokhorov Theorem [1]. Using (2.7) and (2.5), we have

. (p,(-—n"))
lim VK<.$Kel VK >:0.

K—00

We also have

(p,(n—n"))

Vg (XK e <p=(ﬁn*)>> = Ki/dw{(n) e VK
=1
() () )

Using Taylor expansion, and the moments estimates and the polynomial bounds on
By and Dy (and By(z*) = Dy(z*)) we obtain

P o)
Ve | DL e VK
d

-y 5 (2) YRR DS <3J‘B@ (@ ~ O @))

; (p,(n—n")) n; — n; d 0 1
X e VK Vg(n) + —_—
/ i +o ()

3

=1
o (5) 0. (5) e o )

d d d
== 2B p) + 2o Y My 8y, )+ O (=)
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We conclude that every accumulation point H of (Hy)y is bounded in C!, satisfies
H(0) =1, and is a solution of the equation

d
—> " Bu(@) p} H(p) —i—ZngM@J =0.
Then (C.2) follows from Lemma C.2 (stated and proved right after this proof) with
A= M*. O

Lemma C.2. Let (B;) be d strictly positive numbers and A a real d x d matric such
that Sp(A) C {z € C: Re(z) < 0}. Then there exists a unique C1 (R4, R) function H
satisfying H(0) = 1 and

d d d
> " BupiH(p)+> pe Y Av 0y H(p) =0, pe R (C.3)
=1 =1 j=1
This function is given by

where -
S = / ™A Be™ dr
0

where B is the diagonal matriz with entries (B;). The matriz S is also the unique
symmetric solution of the equation

A8+ 8AT = —B.

Proof. We use the method of characteristics. For all p € R<, we define the function
p(s),s > 0 as the solution of

d
—(s) = ATp(s), p(0) = p.

Let
d s
—ZB@/ pg(T)ZdT.
(=1 0

Let H be a solution of (C.3). It is easy to check that for all p € IR‘i and s € R

< () ) =0,

Integrating from 0 to w yields

H(p) = H (p(a)) )

From the spectral properties of A we get

lim H(p(u)) = H(0) = 1.

u—r—+o00

Therefore



and

b(OO):—/O <p,eTA'BeTATp> d’r:—<p78p>

Finally we get from the spectral properties of A

A8+8AT:/ (AQTABGTAT+GTABETATAT) dr
0

= /Oo % <eTABeTAT) dr = —B.
0

This finishes the proof of the lemma. O

Acknowledgements: We thank the two anonymous referees for fruitful comments
and suggestions.

Funding: S. M. has been supported by the Chair “Modélisation Mathématique et
Biodiversité” of Veolia Environnement-Ecole Polytechnique-Museum national d’Histoire
naturelle-Fondation X. P. C. and S. M. warmly thank the Basal Conicyt CMM
AFD170001 project. J.-R. C. and P. C. also acknowledge the hospitality of the Insti-
tuto de Fisica de San Luis Potosi.

References

[1] P. Billingsley. Convergence of probability measures. Second edition. Wiley Series
in Probability and Statistics: Probability and Statistics. John Wiley & Sons,
1999.

[2] J.-R. Chazottes, P. Collet, S. Méléard. Sharp asymptotics for the quasi-stationary
distribution of birth-and-death processes. Probab. Theory Related Fields, Vol.
164 (2016), no. 1-2, 285-332.

[3] J.-R. Chazottes, P. Collet, S. Méléard. On time scales and quasi-stationary dis-
tributions for multitype birth-and-death processes. Annales de I'Institut Henri
Poincaré - Probabilités et statistiques, Vol. 55 (2019), no 4, 2249-2294.

[4] S. N. Ethier, T. G. Kurtz. Markov processes, Characterization and convergence.
Wiley & Sons, 1986.

[5] L.H. Gunderson, C.R. Allen, C.S. Holling (Eds). Foundations of Ecological Re-
silience. Island Press, 2012.

[6] N. Ikeda, S. Watanabe. Stochastic differential equations and diffusion processes.
North Holland 2nd edition, 1989.

[7] R. Kubo. The fluctuation-dissipation theorem. Rep. Prog. Phys. 29, 255-284
(1966).

[8] V. Simoncini. Computational methods for linear matrix equations. SIAM Review
58 (2016), no. 3, 377-441.

39



	Introduction and main results
	Context and setting
	Main results
	A ``fluctuation-dissipation'' approach
	Standing assumptions
	A numerical example
	Organization of the paper

	Time evolution of moments of the process and moments of the QSD
	Time evolution of moments starting from anywhere
	Moments estimates for the qsd

	Controlling time averages of the estimators
	Fluctuation and correlation relations
	Proof of Theorem ??
	Proof of Theorem ??

	Variance estimates for the estimators
	Proof of the two variance estimates
	Starting from anywhere: proof of Proposition ??
	Starting from the qsd: proof of Corollary ??

	Counting the number of births
	Gaussian limit for the rescaled qsd

