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Abstract

We study a class of multi-species birth-and-death processes going almost surely
to extinction and admitting a unique quasi-stationary distribution (qsd for short).
When rescaled by K and in the limit K — +oo, the realizations of such processes
get close, in any fixed finite-time window, to the trajectories of a dynamical sys-
tem whose vector field is defined by the birth and death rates. Assuming that
this dynamical has a unique attracting fixed point, we analyzed the behavior of
these processes for finite K and finite times, “interpolating” between the two lim-
iting regimes just mentioned. In the present work, we are mainly interested in the
following question: Observing a realization of the process, can we determine the
so-called engineering resilience? To answer this question, we establish two relations
which intermingle the resilience, which is a macroscopic quantity defined for the
dynamical system, and the fluctuations of the process, which are microscopic quan-
tities. Analogous relations are well known in nonequilibrium statistical mechanics.
To exploit these relations, we need to introduce several estimators which we control
for times between log K (time scale to converge to the gsd) and exp(K) (time scale

of mean time to extinction).
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1 Introduction and main results

1.1 Context and setting

The ability of an ecosystem to return to its reference state after a per-
turbation stress is given by its resilience, a concept pioneered by Holling.
Resilience has several faces and multiple definitions [5]. In the traditional
theoretical setting of dynamical systems, that is, differential equations, one
of them is the so-called engineering resilience. It is concerned with what
happens in the vicinity of a fixed point (equilibrium state) of the system,
and is given by minus the real part of the dominant eigenvalue of the Ja-
cobian matrix evaluated at the fixed point. It can also be defined as the
reciprocal of the characteristic return time to the fixed point after a (small)
perturbation. In this paper, we are interested in how to determine the en-
gineering resilience from the data. But which data? The drawback of the
notion of engineering resilience is that we do no observe population densities
governed by differential equations. Instead, we count individuals which are
subject to stochastic fluctuations. Can we nevertheless infer the resilience?
The subject of this paper is to show that this is possible in the framework
of birth-and-death processes which are, in a sense made precise below, close
to the solutions of a corresponding differential equation, at certain time and
population size scales.

Let us now describe our framework. We consider a population made of
d species interacting with one another. If the state of the process N*(t) =
(NE(t),...,NE(t)) at some time ¢t is n = (n1,...,n;...,nq) € Z%, where
n; is the number of individuals of the ith species, then the rate at which
the population increases (respectively decreases) by one individual of the
Jjth species is KBj(n/K) (respectively KD;(n/K)), where K is a scaling
parameter. Under the assumptions we will make, the process goes extinct,
i.e., 0 is an absorbing state, with probability one. There are two limiting
regimes for the behavior of this process. The first one is to fix K and let ¢
tend to infinity, which leads inevitably to extinction. The second one consists
in fixing a time horizon and letting K tend to 400, after having rescaled the
process by K. In this limit, the behavior of the rescaled process is governed
by a certain differential equation. More precisely, given any 0 < t,; < +00
and any € > 0, we have

lim IP( sup dist (N;(t),x(t)> > e> =0

K—+4o00 0<t<ty

where dist(-,-) is the Euclidean distance in R%, and z(t) is the solution of
the differential equation in Ri

dz
X = B(z) — D(2) (1.1)



with initial condition zop = N*(0)/K. We refer to [4, Chapter 11] for a
proof. We use the notations z = (z1,...,24), B(z) = (B1(z),...,Bi(z)),
and so on and so forth. We will make further assumptions (see Subsection
1.4) on the birth and death rates to be in the following situation. The vector
field

X=B—-D

has a unique attracting fixed point z* (lying in the interior of Ri). We
denote by M* its differential evaluated at z*, namely

M* = DX (z"). (1.2)
We then define the (engineering) resilience as
p* = —sup{Re(z) : z € Sp(M™)} (1.3)

where Sp (M *) denotes the spectrum (set of eigenvalues) of the matrix M*.
Under our assumptions, p* > 0.

Now we can formulate more precisely the goal of this paper. Given
a finite-length realization of the process (N¥(t),t < T), with large, but
finite K, we want to build an estimator for p*. To this end, we need a
good understanding of the behavior of the Markov process (N*(¢)) in an
intermediate regime between the two limiting regimes described above. This
was done in a previous work of ours [3] which can be roughly summarized
as follows. All states n # 0 are transient and 0 is absorbing, hence the only
stationary distribution is the Dirac measure sitting at 0. The mean time to
extinction behaves like exp(O(1)K). If we start in the vicinity of the state
n* = | Kz*|, that is, if the initial state has its coordinates of size of order K,
then either the process wanders around n* or it gets absorbed at 0. More
precisely, there is a unique quasi-stationary distribution (gsd, for short) v
which describes the statistics of the process conditioned not to be extinct
before time . Without this conditionning, the law of the process at time ¢ is
well approximated a mixture of the Dirac measure at 0 and the gsd v, for
log K < t < exp(O(1)K), log K being the typical time needed for the law
of the process to be very close to vx. We will rely on these results that will
be recalled precisely later on. We will also have to prove further properties.

1.2 Main results

To estimate the engineering resilience p*, we will establish a matrix relation
involving M*. Let u™ = (uf, ..., u}) be the vector of species sizes averaged
with respect to vk, that is,

lef:/npdy,((n),pzl,...,d. (1.4)



For each 7 > 0, define the matrix

Spa(1) = By [(N(T) = 1) (N (0) — g )], pog e {1,....d}. (1.5)
In Section 4.1, we will prove

Theorem 1.1. For all 7 > 0 we have
(1) =™ £¥(0) + O(VEK). (1.6)

Later on we will show that p® and X*(7) are of order K, hence the
relevant range for 7 is O(1) < 7 < O(1)log K. Relation (1.6) allows to
determine M*. Indeed, we have

™M = $E(r)2E0) L+ 0 (\/%) : (1.7)

Given a finite-length realization of (N*(¢),0 < ¢ < T) up to some time
T > 0, we define the following estimators for %7 (7) and p; in order to
estimate M* using (1.7). For T >0and 0 <7< T, p,q=1,...,d, K € N*,
let

T
SE(T, K) = ;/0 N¥(s) ds (1.8)

Sp (T, 7, K) = (1.9)

1 T—7 . .
T—T/O (NJ(s+7) = Sp(T,K)) (NS (s) — S¢(T,K))ds.  (1.10)

Under suitable conditions on n, K and T', S*(T, K) well approximates p*.
More precisely, we will prove an estimate of the form (see Theorem 3.4 for
a precise statement)

B [S5(T, K)] = py | <

14+ log K /
00+ ) (P et L)
for every n € Z%, p = 1,...,d, where C,¢,¢ are positive constants, and

lnll, = Z?Zl n;. Let us comment on this bound. For K large, the right-
hand side is small provided log K < ||n|, < O(1)K, T > KlogK, and T <
exp(O(1)K). Observe that, when log7T > K, E, [Sg(T, K)| & 0, because
with high probability the process is absorbed at 0, hence ‘EE [5’5 (T, K )] — !
is not small. This is the manifestation of the fact that the only stationary
distribution is the Dirac measure at 0.

An estimate of the same kind holds for S(T, 7, K') which well approximates
Y% (7) in the appropriate regimes.



We can now define an empirical matrix Mg, (7,7, K) by

e™Memp(TTK) — §O(T 7 K) SC(T,0, K)~! (1.12)
and an empirical resilience by
Pemp(Ts 7, K) = —sup {Re(z):z € Sp(M:mp(T, 7, K))}. (1.13)
Our main result (Theorem 5.7) is then the following.

Theorem. For 7 of order one, T < exp(O(1)K), n of order K (initial
state), and K large enough, we have

2
(T 1) = 7 < 00 (S + =) (1.14)

with a probability larger than 1 — 1/K. In particular, if T > K°, we have

}pZmp(Tv 7, K) - p*‘ < O(l)

s

1.3 More results in the case d =1

The above estimator for the engineering resilience, based on (1.7) is valid
for any d. In the case d = 1 (only one species), we have another, simpler
estimator which is based on a “fluctuation-dissipation relation”. Let D* be
a d x d diagonal matrix given by

Dpp = KBy(a") = KDy(z").

We have the following result. We write X instead of ¥*(0), and the trans-
pose of a matrix M is denoted by MT.

Theorem 1.2. We have
M*SX 4 S5MT 4205 = O(VK). (1.15)

This relation will be proved in Section 4.2. For background on fluctuation-
dissipation relations in Statistical Physics, we refer to [7, sections 2-3]. Note
that the matrix X¥ is symmetrical, but in general the matrix M* is not (see
[3]). Note also that each term in the left hand side of (1.15) is of order K,
as we will see below.

If ¥ and DX are known, the matrix M* is not uniquely defined, except
for d = 1 (see for example [8]). Hence, for d = 1, (1.15) easily gives the
resilience since it becomes a scalar equation:

= K(B(w;);(D(x*)) +0< 1 )

VK



Note that K(B(z*) + D(z*)) = 2K B(z*) is the average total jump rate
Kvg(B(n/K)+ D(n/K)) up to O(1). This follows from a Taylor expansion
of B(n/K)+ D(n/K) around z*, Theorem 2.6 and Proposition 2.7.

The estimator of D* we use is

; 1
S)(T,K) = T#{birth of species p for 0 < ¢ < T'} (1.16)
Indeed, we prove in Section 5 a bound for
B[S0 K)] - KBy(e)

which depends T, K and ||n||;, and is small in the relevant regimes. The
estimator we use for ¥* is

1 /T
Sy (T, K) = T/o (NS (s) = Sp(T,K)) (NS (s) — Sg (T, K))ds.  (1.17)
Of course S*(T,K) = S°(T,0,K). Again, we can control how well this
estimator approximates 3. Finally one can deduce another estimator for
p* and control the error.

1.4 Standing assumptions

The two (regular) vector fields B(z) and D(z) are given in R%. We assume
that their components have second partial derivatives which are polynomi-
ally bounded. Obviously, we suppose that Bj(z) > 0 and Bj(z) > 0 for
allj=1,...,d and z € Zi. A dynamical system in Ri is defined by the
vector field X (z) = B(z) — D(z), namely

dz

For z € IRi, we use the following standard norms:

N[

d d
Izl = "y, fal= | Y a?
=1 j=1

We now state our hypotheses.

H.1 The vectors fields B and D vanish only at 0.

H.2 There exists z* belonging to the interior of RY (fixed point of X )

such that
B(z*) — D(z") = X(2¥) = 0.



H.3

H.7

H.8

Attracting fixed point: there exit # > 0 and R > 0 such that ||z*||, <
R, and for all z € R? with |z|, < R,

(X(2),(z —2")) < =Bzl lz — 2" (1.18)

The fixed point 0 of the vector field X is repelling (locally unstable).
Moreover, on the boundary of Ri, the vector field X points toward
the interior (except at 0).

Define

~

d
B(y)= sup Y Bj(z), D(y)= inf > Dj(z)
lzllh=y j=1 lzll:=y j=1

and for y > 0, let

We assume that there exists 0 < L < R such that sup,.j F(y) < 1
and limy o F(y) = 0.
1

There exists yo > 0 such that f;;o %dy < 400 and y — D(y) is

increasing on [y, +00[.

There exists € > 0 such that
zierllei érfid Supigwe > &> 0. (HT)
Finally, we assume that
inf 0,,B;(0) > 0. (HS)

1<j<d

(By 0x; we mean a)

Assumptions H.5 and H.6 ensure that the time for “coming down from
infinity” for the deterministic dynamical system is finite. Together with

H.3,

this also implies that z* is a globally attracting stable fixed point.

More comments on these assumptions can be found in [3].

1.5

A numerical example

We consider the two-dimensional vector fields

ax1+bxo
B(z1,22) = (eml + far2>
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and ( )
r1(cx1 + dxo
D(xq,20) =
D(@1, 22) <:U2(gx1+hx2))
where all the coefficients are positive. This is a model of competition between
two species of Lotka-Volterra type. We have taken

a = 0.4569, b = 0.2959, e = 0.5920, f = 0.6449
c=0.9263, d = 0.9157, g = 0.9971, h = 0.2905.

Assumptions H.1 and H.4 are easily verified numerically. Assumptions H.5
and H.6 are true because E(y) <a+b+e+ f and ﬁ(y) > (c A h)y?/4.
Concerning H.2, we checked numerically that there is a unique fixed point
inside the positive quadrant, namely z* = (0.3567,1.4855). It remains to
check H.3, namely that

—f= sup R(z) <0
zeR3

where

Riz) = (X(2), (2 —2%))
2 ]lllz — 2*[I3

We first checked that the numerator N(z) = (X (), (z — z*)) is negative
and vanishes only in 0 and z*. It is easy to check that N(z) < 0 for
||lz||s large enough. We have verified numerically that the only solutions
of the equations 0, N = 05, N = 0 in the closed positive quadrant are z*
and z = (0.1739,0.4361), with N(z) = —0.2852, thus this is negative local
minimum. This implies that N(z) < 0 in the closed positive quadrant,
except at 0 and z* where it vanishes. This implies that R < 0 in the closed
positive quadrant. It is easy to check that

limsup R(z) < —(cAh)/V2.

llzllo—=+o0

This implies that R < 0 except perhaps in 0 and x*. Near 0 we have by
Taylor expansion

(DX(0) z, z*)
2|2 ]lz* |13

(z, DTB(0) z*

== s (4 Oeh)

(1 + O(Hl‘”z)) = —
and, since the vector DTB(0) z* has positive components, there exists g > 0
such that for all z € Ri

(2, DTB(0) ") = e||z]l.-

If y = 2 — 2" is small, we have by Taylor expansion (since X (z*) = 0)

(M~*y,y)
2

Y (g3 (M7 + M) y))
7zl Myl

(12 |y 113

(1+0O(llyll) =



One can check numerically that the two real eigenvalues of the symmetric
matrix

are strictly negative, the largest being numerically equal to —0.786. This
completes the verification of hypothesis H.3.

We have chosen K = 10° and simulated a realization of the process
with 7" = 100 which contains about 5.107 jumps. The resilience computed
from the vector field is numerically equal to 0.547. We have computed
Pimp(100,1,10°). The relative error, that is |pZ,,(100,1,10%) — p*|/p*, is
equal to 0.022.

We have also checked the size of the error in (1.15). We have computed

1
e=——||M*S*(T,K) + S*(T, K)M*T 4+ 2D*
TR | (T, K) + 5*(T', K) |
where || - || stands for Hilbert-Schmidt norm. For the above values of T" and

K, ¢ = 68, which corresponds to a rather large error term. However, we
have also checked that this quantity depends strongly on 7. Namely, for
K = 2000 and T' = 2000 (which has roughly the same computational cost),
we have found ¢ = 3.19.

1.6 Organization of the paper

In Section 2, we will study the time evolution of the moments of the process
and we will prove moment estimates for the gsd. In Section 3, we will obtain
control on the large time behavior of averages for the process. In Section 4,
we will prove the relations (1.6) and (1.15). In Section 5, we will apply these
relations to obtain approximate expressions of the engineering resilience in
terms of the covariance matrices for the qsd. From the results of Section 3,
we will deduce variance bounds for the estimators (1.9), (1.10) and (1.16),
starting either in the gsd or from an initial condition of order K.

2 Time evolution of moments of the process and
moments of the QSD

2.1 Time evolution of moments starting from anywhere

The generator £ of the birth and death process N¥ = (N¥(¢),t > 0) is
defined by

Lief () = (2.1)
d d
Ky Be (%) (Fa+e®) = fm) + K> De (%) (Fo =) = f(w))
(=1 =1

10



where ¢ = (0,...,0,1,0,...,0), the 1 being at the /-th position, and
I Zi — R is a function with bounded support. We denote by (Sf,¢ > 0)
the semigroup of the process N* acting on bounded functions, that is, for
f: Zi — R, we have

SEf(n) =B [f(N"(1)|N*(0) = n] =By [f(N*())].
For A > 1, let
Ta=if{t>0:[|N*(@)], > A}. (2.2)
Notice that we will use either || - ||, or || - || (which are of course equivalent).

We have the following result.

Theorem 2.1. There exists a constant Cp1y > 0 such that for K large
enough, the operator group S{* extends to exponentially bounded functions
and

sup S{( <e||'||1> (n) < Cenk
ﬂEZi

Proof. Let us first introduce the function G defined on [yg, +00) by

* dz 1
= + — .
v D(z) KD(y)

Gk (y) =

Assumption H.6 implies that G is well defined and decreasing. We can
define its inverse function on (0, so| for sp > 0 small enough (independent of

K). Take 0 <n < s9 A l_fil. Then there is a unique positive function yx
defined by
yr(s) = Gl(ns), s € (0,1]. (2.3)

Note that yx(s) > yo and limg o yx(s) = +oo. Let

e~ Kuk(s)
) KDt
Note that
lsi&)l vi(s) =0.

Using the Lipschitz continuity of D (and then its differentiability almost
everywhere) and (2.3), we obtain

ds D ds

e (et eKyK<s>ﬁ/(yK(s))> ysc (o Kye(s)
< ) (D(.yK<s>>+ KD(ys(s))? B '

We now consider the function
fr(t,n) = ox(t) ellzl:

11



to which we apply Ito’s formula to fx at time ¢ A Tx. We get

I tATa
Eﬂ [SOK (t A\ TA) eHN (t/\TA)H1:| — Eﬂ |:/ (ﬁth + gKfK)(S,EK(S)) d8:| '
0
We have

Oufr(tyn) + L fr(t,n) = Pk (t) ellnlly

+ Ko (t) ellnlh ((e 1) zd: B, (%) + (el -1) zdjp,z (Z)) .
(=1
Note that

O fic(t, 1) + Lo fic (1)
< ellzlh <<,bK(t) + Kox(t) <(e1)§ <”’;{”1) ~(1-e D (”’;{”1»)

< ellzlh <¢>K(t) — Koi(t)(1—e YD < ) <1 —eF <”’;{”1>>> .

It follows from H.5 that there exists a number { > yg such that if y > (,
then F(y) < (2e)~1.
If |n]l, < (K we get

|00 fxc(t,n) + L fre(t,n)| < O(1) K (2 (8) + Kipie (1))

For ||n|l, > K(¢ V yx(t)) we have

Hﬂ”l
K

ath(t7ﬂ) + gKfK(tﬂ) <0

since ¢ (t) = nK D(yx(t))¢x (t) and D(|nll,/K) > D(yx(t)).
Finally, for (K < ||n||, < Kyk(t) we get

|0cfic(t, 1) + Lic fic(t,n)] < "V g (1) = .
We deduce that

Ey, [«px(l ATa) e”ﬂK(lAm“l] <O(1)ek.
The result follows by letting A tend to infinity by monotonicity. O

We deduce moment estimates for the process which are uniform in the
starting state, and in time, for times larger than 1.

Corollary 2.2. For allt > 1, the semi-group Sy maps functions of polyno-
mially bounded modulus in bounded functions. In particular, for all ¢ € IN,
we have
sup sup By [[NS()]l1] < ¢7 e~ K7eCen (2.4)
i>1 @GZjl_

12



Proof. We have

K q K )

K ¢

I8 @)1y
By [INF(1) 1] = K9y [ " ]

N 18X @l
< Kigle By e x|

since for all x > 0, 2%7¢™* < ¢g?e~%. Inequality (2.4) follows from Hoélder’s
inequality and Theorem 2.1.

Let us now consider ¢ > 1. From the Markov property and by using the
previous inequality, we deduce that

E, (|5 (0)]1] = B [Byicy (V5] 1] < gte™s Ko,

The proof is finished. O

For time ¢ less than 1, the moment estimates will depend on the initial
state.

Proposition 2.3. For each integer q, there exists a constant cq > 0 such
that for all K > 1,1t >0 and@GZi

E, [N ®);] < oK+ Inllf Ly -

Proof. We have only to study the case t < 1, the other case being given in
(2.4). We prove the result for ¢ even, namely ¢ = 2¢’. The general for ¢ odd
follows from Cauchy-Schwarz inequality. Letting

fo(n) = |ln|

2q’
2

we have

d

Ziefy @) =K Y B () (Il + 200 +1)" — n

(=1

d
+ KD (5) (Il = 200 +1)" ~ |
(=1

)
).

Using H.5 and the equivalence of norms, we see that there exists a constant
cq > 0 such that if ||n|, > cy K

L fqg(n) <0.
We can moreover choose ¢, larger such that for all n

Ly (n) < cg K2

13



Applying It6’s formula to f, we get as in the proof of Theorem 2.1

tATA ,
By [T <l + s | [ en
0
< |Infl37 + t ey K.
(Recall that T4 is defined in (2.2).) The result follows by letting A tend to
infinity. O
2.2 Moments estimates for the qsd

Let us first recall (cf. [3]) that, under the assumptions of Section 1.4, there
exists a unique gsd v, with support Zi\{Q}. Further, starting from the
gsd, the extinction time is distributed according to an exponential law with
parameter \o(K) satisfying (Theorem 3.2 in [3])

e MK < \g(K) < e K (2.5)

where dq > do > 0 are constants independent of K. Recall also that for all
t>0,
P, (N¥(t) € -\ Ty > t) = e )y () (2.6)

where
To =inf{t >0: N*(t) = 0}.

Finally, for all f in the domain of the generator

Lhve(f) = uc( L f) = =20 (K) v (f), (2.7)

with the notation

we(f) = / £ () de ().

We use several notations from [3]. Let

For z € RY and r > 0, B(x,r) is the ball of center z and radius r. We
consider the sets

A = B(n*, pVK), D:B<n*,mmzjnj>ﬂzd+ (2.8)

where p > 0 is a constant defined in [3, Corollary 4.2]. Note that since n* is
of order K, we have A C D for K large enough. The first entrance time in
A (resp. D) will be denoted by Ta (resp. Tp).

We first prove that the support of the gsd is for large K essentially
included in D. That will be a key result to obtain moment properties.

14



Proposition 2.4. There exists a constant co.4y > 0 such that for all K
large enough
v (D°) < e ek,

Proof. We first recall two results from [3].
From Lemma 5.1 in [3], there exist v > 0 and ¢ € (0,1) such that for all
K large enough

sup Py (Ta > ylog K, Ty > Ta) < 6. (2.9)
neAND -

By Sublemma 5.8 in [3], there exist two constants C' > 0 and ¢ > 0 such
that for all K large enough, and for all £ > 0

sup Py, (Tpe < t) < C(1+1) e K (2.10)
neA

For ¢ € IN\{0} define
tq = qvlog K.

We will first estimate sup,, P, (N*(tq) € D¢, Ty > t4).
Note that N*(t,) € D¢ implies T'pe < t,. We distinguish two cases.

1. Let n € A. It follows from (2.10) that

P, (N*(t,) € D°) < C(1 +t5) e K.

2. Let n € A“\{0}. We have

P, (N*(ty) € D\{0}) =
P, (N*(ty) € D\{0}, Ta < tg) +Pn(N"(ty) € DN{0},Ta > tg).

Using the strong Markov property at time Ta and (2.10) we obtain
Py, (N™(tq) € D\{0}, Ta < 1)
= By [1 <ty Pos(ry) (N (tg = Ta) € D\{0})]
<O(1+tg)e .
We bound the second term recursively in q.
]PB(TA > tq,1p > TA)

= EE |:]1{TA>tq,1}]1{T9>TA}IPHK(tq,1) (TA > tl,TQ > TA)1|

<é sup IPn(TA > tg—1,To > TA)
neA\{0} -
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where we used the strong Markov property at time ¢,_; and (2.9).
This implies

sup Py (N*(t,) € DV{0}. T > 1)

neA\{0}

<  sup IPn(TA > tq,Tp > TA) < 49,
neA\{0} -

Therefore

sup Py (NK(tq) = DC\{Q}) < C(l + tq) e K 449,
n#0

By taking ¢ = [K] we conclude that there exists a constant ¢’ > 0 such that
for K large enough

sup Py, (N (t)) € DO\{0}) < e K.
n#0

This implies
Poy (N*(ti) € D, Ty > b)) < e F

but
Puye (N*(tix)) € D, Ty > tyyq) = e )11 1 (D)

by (2.6) and the result follows from (2.5). O

Corollary 2.5. For each q € IN, there exists a constant Cy such that for all
K large enough

[ Il due(n) < € 1ok and [l duo) < 6, K"

’DC

Proof. Tt follows at once from (2.6) (at time 1) and Theorem 2.1 that
/e”n”l dVK(ﬂ) < eAO(K) eC(2A1)K <2 eC(zAl)K (2.11)

for K large enough. We have

“ _ K [nlh \? _lzl dni
n]lf v (n) = K 2 et B v ()
D¢ .

[ETh
< Ki¢4 e_q/e K Lpe(n)dvk(n).

We use Holder inequality to get

/DC [0l dvi(n) < K9q?e™ (/ ol dVK(n)>}< </ e (n) duK(n))l_}{.

The first result follows from (2.11) and Proposition 2.4. The second estimate
follows from the first one and the bound sup,,cp |In]l; < O(1)K. O
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We now estimate centered moments.

Theorem 2.6. For each q € Z., there exists a constant Cq > 0 such that
for all K large enough

/ In — Kz* |3 dug (n) < CoK“.

Proof. The proof is a recursion over ¢q. The bound is trivial for ¢ = 0. For
q € IN define the function

fo(n) = |In — Kz*||2* 1p, (n)

where
D =B (K:z:*, % mjln:n}‘) N Zi.
Recall that el@) is the vector with 1 at the jth coordinate and 0 elsewhere.
From the trivial identity
In — Ka* + W[} = |0 — Ka* ||} £ 2(n; — Ka}) + 1 (2.12)
it follows that

lln — Ka* + D)2 — ||n — Ka*||27 + 2q (n; — Kz})|n — Kz* |27
<3929 (1+ ||ln — Kz*|)377%).

Indeed, applying the trinomial expansion to (2.12), we obtain

llln — Ka* 4+ €93 — ||ln — Kz* |37 + 2q(n; — Ka7)|ln — Kz* ||
5 o= Kol 2ln - Kela)

< q!
I ool pg!
p1-p2:-p3

+qlln — Kz*||372.

p1<q—2
p1+p2+p3=q

Observe that if p; < qg—2,p1 +ps+ p3s = q and p; < g— 2, then 2p; + po =
p1+q—p3 <2¢—2—p3 < 2¢g— 2 since pg > 0. This implies that

In — Ko |27 (2lln — KoL) <291 + |n — Ka*[[272).

It follows that

==

) (0 = Ka)lln — Ka* |2 *1p, (n) + Ry(n)

(2.13)
where

|Ry(n)| < O(1)K6(1+|ln — Kz*[|3 *)1p, (n) + O(1)¢K*" 1pe(n) (2.14)
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where we used the fact that

sup |Lp, (n£eV) — 1p, (n)| < Lpe(n).
=1 d

Using (1.18) we get

d
n % %112g—
Ky X5 () (= Ka})lln — Ka™ |3 1, (n)
j=1

< —f'ln — Kz*|3* 1p, (n) = =B’ fy(n) (2.15)
where
B = gmjln T}

Integrating the equation (2.13) with respect to v, and using (2.7), (2.14),
(2.15) and Proposition 2.4 we obtain

(298" = Mo (K)) vie(fo)
< O()K6U(1 + ve(fy—1)) + O(1) 61> e~

Observing that vk (fp) < 1, it follows by recursion over ¢ that for each integer
q there exists Cj > 0 such that for all K large enough vy (f;) < C/K1.
Finally we have

vic(ln = Kz*[3) = vic(fq) + v (Il — K2 |37 1 (n))
< vie(fo) + vic(Iln — Kz™[[3** 1pe(n)).

The result follows using the previous estimate and Corollary 2.5. O

The next result gives a more precise estimate for the average of n (instead
of an error of order VK ). (Recall that p” is defined in (1.4).)

Proposition 2.7. We have
p* — Kz* = 0(1)
where p* is defined in (1.4). Moreover, since ||n* — Kz*|, = O(1), we have
p—n"=0(1). (2.16)
Proof. We define the functions
gj(n) = (n — Kz*,e¥y, 1 <j<d.
By Taylor expansion and the polynomial bounds on B and D we get
Zxgj(n) = K(Bj(n/K) — Dj(n/K))

[n — Kz

= 3 OBy (") — BuD;(")) gm(n)1p(n) + O(1) 1)
K

+ O(1) (K7 + [|nl[y) Tpe(n)
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for some positive integer p independent of K. Using Cauchy-Schwarz in-
equality, identity (2.7), Corollary 2.5 and Proposition 2.4 we get

/ (1+ |In)l%) 1pe(n) dug () = o(1).

From Proposition 2.4, Theorem 2.6 and (2.5) we get

d
Z (&nBj(g*) — aij(g*))VK(gm) = 0(1).

m=1

The result follows from the invertibility of the d x d matrix (0,,B;(z*) —
OmDj(z*)) which follows from H.3. The other inequalities follow immedi-
ately. O

Corollary 2.8. We have
1251 < [ ln = dveto) = [ 1n - Ke [ dutn) + 00) < O,

Proof. Combine Proposition 2.7 and Theorem 2.6. O
We now show that ¥ is indeed of order K.
Proposition 2.9. For K large enough, the matriz X5 satisfies
Y>0(1)K1d

for the order among positive definite matrices, 1d being the identity matrix.
In particular,

/ |0 — 1|} due(n) > O()K.

Proof. We denote by S the positive definite matrix

igq - / (np — np) (ng — ng) duic(n) .
By (2.16) we have N
|Z5 - 25| = 0(1). (2.17)

Let v be a unit vector in R%. We have

(v,iKv>=/<v, (n —n"))* dvk(n) Z/<v7(nn*)>2dVK(n)-

A

From Lemma 5.3 in [3] there exists a constant ¢ > 0 such that for all K
large enough and all n € A,

vk({n}) > cUa({n})
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where Un is the uniform distribution on A. Therefore

(0,550) > ¢ /A (v, (0 — 07))? AU (n)

and we get

(v, X%v) > O(1)K|Jv]];.
The result follows. O

3 Controlling time averages of the estimators

For T > 0, we define the time average of a function f : Zi — R by

T
SHTE) = 5 [ ) s (31)

The goal of this section is to obtain a control of |Sy (T, K) — vk (f)| for a
suitable class of functions.
We recall the following result from [3, Theorem 3.1].

Theorem 3.1 ([3]). There exist a > 0, Ko > 1 such that, for allt > 0 and
for all K > Kg, we have

sup ||y (N*(¢) € -, t < Tp) — Ba(t < To) v ()| 1y < 2T . (3:2)
nezd\ (0}

It is also proved in [3] that, for a time much larger than log K and much
smaller than the extinction time (which is of order exp(O(1)K)), the law of
the process is close to the qsd with a positive probability. The accuracy of
the approximation depends on the initial condition. This suggests to study
the distance between the law of the process at time s and the gsd as a
function of the initial condition, K and s. This will result from (3.2) if we

can estimate P, (TQ < t). In fact we prove a more general result.

Lemma 3.2. For v > 0, define 7, = inf {¢t > 0: |[N*(t)||, < vK}. There
em’st5>0,a>0andC>Osuchthatforall@EZi,KZl,()g'yS
1A% and t > 0, we have

[ESIB

Pﬂ(ﬂ/ - t) <o <e5(<<|7;(||1/\a)'Y||I*|1)K+teé(o¢»y||x*l)K> (3.3)

where
¢= 1I§njl£d z; > 0. (3.4)

Taking v = 0 in (3.3), we get

P (Ty<t)<C <e5(< 211 ) K +te‘°‘5K> . (3.5)
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Proof. Tt follows from H.1 and H.3 (using Taylor’s expansion of X (z) near
0) that there exists ag € (0, R) (where R was introduced in Assumption
H.3) such that for all z € RY satisfying ||z||, < ag we have

(X(2),2") = Bllz"[l; lzll. — 28 [zl (z, ) + Bllzll; + (X (2), z)

Bl 13
2

> Bllz*[l3 1zl + O(V)lzll; > 1] (3.6)

For a € (0, ap] and ¢ > 0 to be chosen later on, we define
Y(n) = e (ma)nak)
It is easy to verify that if (n,z*) > a K + ||z*||, we have
Lxp = 0.
If oK — [l2"]l, < (n,27) < oK + 2]}, we have
| L] < O(1)K ek

For (n,z*) < aK — [[z*(]s, we have [|n||, < (n,2")/¢ < aK/(, where ( is
defined in (3.4), and

Zxp(n) = Kg (5, %) e 0(n.z")

where the function g is defined by

d d

a(s, z) = Z Bj(z)(e ™5 —1) + Z Dj(z) (e —1).

We have

=1
d
+ ZB]-(@)(ef‘%;f —1+ sz}) + ZDJ-(g)(em;f —1 — s2j).
=1 =1

From the differentiability of the vector fields B and D and using (3.6), it
follows that there exists a constant I' > 0 such that, for all 0 < s < 1 and
|lz||. < ap we have

g(s,z) = —s(X(2), 2%) + O(1) 5 |1zl

x* 2
< s 20 1, 402 o
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Therefore we can choose § > 0 and 0 < a < g such that

sup g(d,z) < 0.
llz]l-<ex

Therefore, for all n

Zep(n) < O(1)K e K
For 4 > 0 (independent of K'), we define

7y =inf {t > 0: (N*(t),2") <K},

We apply Ito’s formula to ¢ to get

t/\’f':Y
E, [ (N*(tAT5))] =9 (n) +1En[ Lep(N*(s)) ds| .
0

We have

YK = ¢ < (N™(75),2%) < 9K
hence

U (7)) > o BTNK ik
We have

E, [ (N (tAT5))] > Py(75 < 1) oS (AIN)K —~6¢

Therefore

P, (737 <t) e 0 NK (=00 < o=({nz")Na K) 44 O(1)K e K
To conclude, observe that
P, (7 < t) < Pp(75 <)
for 4 = 7 ||z*||1 because for all n € Z4,

0 <lnl < (n,2") <|nlh Sup dx}f < |lzfl[lz*[l;
J=15

and [N (r,)]|, < K. 0
We have the following result.

Proposition 3.3. For all bounded functions h : Z‘fr —-R,t>0,ne¢€ Zi,
and K > Ky, we have

llmlls

|En [2(N*(8)] = v (R)] < O(l)HhHoo<€5<CK/\Q)K+te_O‘5K —i—e_lozftK)

where a,0 and ¢ are defined in Lemma 3.2, and a and Kq are defined in
Theorem 3.1.
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Proof. From the bound (3.2) we get
‘EE [h(N (t ))H{To>t}} P, (t < Tp) vk (h)| < O(l)HhHooe_lofﬁ '

This implies

[y [N (6))] ~ e (h)|
11E (BN () Lnyzy | |+ Balt = To) vic(h) + O1) ] o 75

Dbl (Balt > Ty) + e 7 )
H I a
DAl ( 1Aa +se_a5K—|—e_1°gtK>

using (3.5). O

We now extend Proposition 3.3 to more general functions. For ¢ € Z,
we define the Banach space % 4 by

%(7q:{f AR —sup‘f(n)’q<+oo}. (3.7)
n#0 L

We have the following result for time-averages of function in .%.

Theorem 3.4. For all K > Ko, f € Fq, T >0, andn € Zi, we have

i (f )} O£ llsq (K7 + [In]l2)
RN a5K+loagTK+(1—eA0<K))5>

| [S(T' K)]

X<<V

where a,§ and ¢ are defined in Lemma 3.2, and A\o(K) is defined in (2.5).

Remark 3.1. One can check that if one modifies slightly the definition of
the time average (3.1) by integrating from 1 to T + 1, then one can remove
the term ||n||d from the previous estimate.

Proof. For f € %, Corollary 2.5 gives

v ()] < O K| fllq-

By Proposition 2.3 we have

‘;En [/O“Tf(NK<S>) ds}

Hence for T' < 1 we get

K%+ |n||4
O g 2.

B4 [/ K)) = ()] < Ol (K7 + nl) 7+ 1)
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For T' > 1, we have by the Markov property that
1 o 1 (7 .
7 En /1 fF(N"(s))ds| = T /1 Ey, {EQK(S_U [f(v (1))]} ds
1 [T-1
=7 / E, [g(LVK(s))] ds
0

g(m) :=Ey [f(N*(1))]. (3.8)
By Corollary 2.2, the function g is bounded and

19l < O(1)]
Applying Proposition 3.3 to g thus gives
B [g(N"(5))] = vic(9)]
b p0) K

OW) 1 Flleq K (e“s(C K

where

+5 e—a(SK + e_ IOZSK> .
Integrating over s € [0,T — 1] yields

‘ / N*(s))] ds — T; ! Vx(g)‘
<

Kq 5 HEHI/\& K w logK
S (]
Using Lemma 3.5 (stated and proved right after this proof), we finally obtain

|Ex [S4(T, K)] = vie(£)]

Nl

K1 n||
< 0<1>||f|qu+T””
o(1) K1 <(T —1)e” (C Lzl )K+ (T —1)? eo‘(SK—i-loiK>
O Fllg K(1 —eU) 2 4 Luse(g) + v Pz

T
1 log K _ llmll1
< O fllq (7 + ) (7 (2 + 2BK) 4 TRy mor

+ (1 —e (K)) +]]-{T<1})

This finishes the proof of the theorem. O
We use the following lemma in the previous proof.

Lemma 3.5. For f € F , and g defined in (3.8) we have
1
i (9) = vie(F)] < O KT || fl1q (1 — e 20U )2,

24



Proof. We write
Vic(9) = By [f(N" (D) Lgys1y] + Bue [F(N* () igy<y)-
Since vk is a gsd, using Cauchy-Schwarz inequality, it follows that
vk (9) — vic(f)]

< (1= ) [y (£)] + (Bu [FAN(1))])

N
N

(EVK [ﬂ{ng}])
< O(MKT || fllxq (1 — e

where we used Corollaries 2.2 and 2.5 and the fact that under vy the law of
Ty is exponential with parameter Ag(/’). The lemma is proved. ]

4 Fluctuation and correlation relations

4.1 Proof of Theorem 1.1

Let
SE (1) = By [(NF () = n)(NF(0) = n))], i,j =1,....d.

For1 <i<d,let fi(n) = <@—@*,§(i)>. We have, since B;(z*) = D;(z*), 1 <
i<d,and n*/K —z*=0O(1)/K,

d <
ZK
dt ,]( )

_EVK [gKfZ(NK(t )]

— KT, [ < K(ts n)] K]EVK[ <N:{()>(NJK(O)—TL;)}
) o )
oo (352) - (5]

As in the previous proof, we split the integrals according to whether N¥(¢) €
D or N¥(t) € D¢. Using Cauchy-Schwarz inequality, Corollary 2.5, and the
fact that vk is a gsd, the second contribution is exponentially small in K. In
the first contribution, we use Taylor expansion around z*. The error terms
are bounded by

0(1)

= B [IN*(8) = Ko 2 N(0) — Kzl + O(1).
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Now we use Cauchy-Schwarz inequality, Theorem 2.6 and that vy is a gsd
to obtain

Since M* has a spectrum contained in the open left half-plane by H.3, we
integrate the equation

%fK(t) = M*S5(t) + O(VK)

from 0 to 7 to get
S5(r) =™ 5 (0) + O(VK).
We arrive at the desired relation by using (2.16).

4.2 Proof of Theorem 1.2
Recall that

5 = S5,0) = [y~ 1) (g — ) ().
We will first write the proof with the following matrix instead of ¥*:
58y = [ =)y = ) ),
On the one hand we have by (2.7)

<$IIVK, (n; —nj)(n; — n;‘)> = —)\O(K)<VK, (n; —ny)(n; — n;)> (4.1)
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By Theorem 2.6 and (2.5) the right-hand side of this equation is exponen-
tially small in K. On the other hand we have using formula (2.1)

(Livie, (ni = n)(nj — n2)) = (vie, Lie (0 — 0 (nj — )

= sz: <VK, By <%) ((nj —n3) bie + (ni —nf) 650+ dig 5j,1z)>
=1

+ K zd: <VK, Dy (%) (= (nj = n5)die — (ni —nj)dje + 5z',e5j,e)>

o (1(2) -5 (2) o)
+ K (e, (B (%) = Dy g;) ) (i = n))

o (2) 401 (2))

We split each integral by separating integration over D (defined in (2.8))
and integration over D¢. Inside D¢, we apply Corollary 2.5 and use the
assumption that B and D are polynomially bounded. Inside D, we use
Taylor’s formula around z* for the functions B;(n/K) — D;(n/K), and
Bi(n/K) + Di(n/K). We also use that B;(z*) = D;(z*), 1 < i < d, and
n*/K —z* = O(1)/K. The error terms are bounded by

O [ - Ko@) ana 0() [ - Ke du(w)

respectively. Using Theorem 2.6, both bounds are of order v K. We obtain
d N d N
S OMSE > M S + 2K B (2) 6 = O(VE)
=1 =1

which can be written in the more compact form
M*SX + B¥M*T +2D% = O(VK) (4.2)

where D* is the diagonal matrix of averages birth (or death) rates. To finish
the proof, it remains to replace ¥* by ¥*. This is done by using (2.17).

Remark 4.1. Note that each term on the left hand side is of order K, see
Corollary 2.8.

Remark 4.2. Dividing out (4.2) by 2K and taking the limit K — oo, we
recover (C.1), as expected.
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5 Variance estimates for the estimators

It is straightforward to apply Theorem 3.4 to S4(T, K ), S°(T, r, K), S*(T, K),
and S¥(T, K), which are defined respectively in (1.9), (1.10), (1.16), and
(1.17). This gives the bound (1.11) on S#(T, K') anounced in the Section 1.
The bounds for the other estimators all have the same structure. We will
not state them.

In this section we prove two variance estimates for any time average
S¢(T, K) with f € % 4. In the first one, one starts from anywhere in Zi,
while in the second one the starting distribution is the gsd. Recall that
S¥(T,K) = S°(T,0,K). We will only give the proofs of these estimates for
S¥(T, K) since manipulating S°(7T, 7, K) is cumbersome but otherwise the
proofs are the same.

Proposition 5.1. There exist positive constants &',(’,a/,0',C" and Kqg > 2
such that, for all K > Ky, f € F 4 (see Definition 5.7), T >0, and n # 0,
we have

By [(S7(T, K) = ()] < CIF R eqllnll? + K9

4 nil / 12
y (!nll J;I\/(‘ilogK gt o (B ) K a0 K)

where cq 1s defined in Proposition 2.3.

One can use Chebyshev inequality to bound P, (|Sf (T,K)— I/K(f)‘ > 5),
for any 6 > 0.

The proof of Proposition 5.1 is postponed to Appendix A. The previous
estimate and all the estimates we will give below have the same behaviour
in their dependence in K, n and T'. They display the qualitative behaviour
that we met several times:

1. The bounds are not useful for K too small.

2. If K is large, the bounds are not useful if n is small (order one) because
the process can be absorbed at 0 in a time of order one with a sizeable
probability.

3. Finally, for K large and n of order K, the time T must be large
enough (polynomial in K in our bounds) but not too large (less than
an exponential in K because the process can reach the origin with high
probability in such large times).

Integrating the previous estimate with respect to the gsd, we get the follow-
ing control.
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Corollary 5.2. There exist two positive constants C"” > 0 and 0" such that
for all K > Ky, for all f € 4 and for all T > 0, we have

o [(S5(T, K) = By (1))°] < 1y K

log K 1
< (@) P+ 14O+ ) )

where Ko is as in the previous proposition, cq 1s defined in Proposition 2.3,
and Cy 1s defined in Corollary 2.5.

Observe that the previous inequality is only useful in the range 0 <
T < K. The proofs of the two previous estimates are postponed to the
Appendix A.

We now apply the previous results to our estimators.

Proposition 5.3. We have for all1 <p <d
2
En [|S5(T, K) — py |'] < O1)(et|n]l: + K)

" (IlnlllJTréfllogK +Ke6’(<’”2“A6/)K+TKeeK>

and
1+ logK

14+T)e K.
TV 1 +(1+T)e )

B |57 ) - 5] < o2

Proof. The proof follows by applying Proposition 5.1 and Corollary 5.2 to
the functions f(n) = n;, 1 < j < d, which belong to 1. -

Proposition 5.4. For 1 < p,p’ <d and for all n # 0, we have
2
Ea[(S3,(T. K) = 35,)°] < 0()(ea|ln]}? + K2’
% <1 + IOgK T e_dl(c/%/\/j/)l{ +Te_9K>

TvV1
and
2 4 (1+1og K 0K
E,, [(Sip,(T, K)— Egp/) ] <OO)K (T\/l +(1+T)e .
Proof. The proof follows by applying Proposition 5.1 and Corollary 5.2 to
the functions f(n) = nyn,y, 1 < p,p’ < d, which belong to Z ». O

Proposition 5.5. There exist positive constants 5, 9~, 5, 5 and B such that
forall K>2,T>0and1<{<d,
B, [(SP(T, K) — K Bo(a®))?] <

Ag(l + qu)K
T
+ K72 AY(K + )2 (8 + %))

Ay

C(K + + K10 (K + )R
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where L los K
Re = (1+cy,) (4—2(3g + Te 0K 4 0(¢ AB)K)

s

and Ay > 0, ¢y € IN, are such that, for all z € R,
| Be(z)] < Ae(1 + [|zI)-

The existence of Ay and qp follows from the assumptions on B. The constants
Cq, and cq, are defined in Corollary 2.5 and Lemma 2.3, respectively.
We also have

B [(SF(T.K) — K Bu(")’] <

5 <K—|— Ag(l —i—qu)K " Ay

- ?KS‘{@ + K2A2(R2 + zm))

where
Re = (1+Cy,) ((1 + Coq,) (1 + cqz)log% +(1+7T) e_éK> .
Proof. First observe that
SP(T.K) = 2 NE(O,T)
where N/(0,T) is defined in Appendix B. By assumption, the function
fe(n) = K% By (%) € Jiq,- Let m be any probability measure on Zi

having all its moments finite. We apply Theorem 3.4 to the function f,;, and
then using integration against m we get

B[Sy, (T, K)] — vic(fo)] < O)| fellscqe

_ Iz lx 1 log K
<[ <<K+ )% < ("% Aﬁ>K+Te—6ﬁK++;g)) dm(n).

We now apply the identity in Proposition B.1 and divide by K%~1. We
obtain

En[S?(T.K)] — vic (KBe(7=) )| < Ol fellcg, K (5.1)
K
« | (<K+ lnll)e <e“$<¢"’?<'1“>K+Te—5ﬂK +1“TgK>) dm(n).

We now estimate

[ () dmetw = [ Be(fr) et + [ Bi( ) o)

The second integral is bounded from above by O(1)/K using the polynomial
bound on By and the first estimate in Corollary 2.5. For the first integral
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we use Taylor expansion around z* to first order, then Cauchy-Schwarz
inequality, and finally Theorem 2.6 for ¢ = 1. Therefore we obtain

B [S2(T, K)] — KBy(z*)| < OWVE + O(1) || foll g K

_ llm 2 1=+loc K
X /(K+ l|n|2) % <e 5<C K A’B)K—i-Te_wK ++;g> dm(n). (5.2)

Now we apply the estimate in Proposition B.1 to obtain
En (57 (T, K) ~ Ea[5P (T, K)])’]
[ (VF(0,) — B [A7°(0,7)])]

(7 [ v enas - e [MEQD]) ]

+ 2 B [; /0 " g fANK(s))ds]

+ 2Ey [(Kl_%‘((f‘) B [S?(T’ K)DQ]
+ 2B, [ /K1 “ fo(N* (s ))d]

1
T
< En

< 2En

For the first term we use either Corollary 5.2 or Proposition 5.1. For the
second term we use (5.1). For the third and last term we apply Theorem 3.4,
integrate with respect to m and use (5.2). To finish the proof, we replace m
by either 4, or vg. O

Recall that By, (z*) = Dp(z*), 1 <p < d.

Proposition 5.6. Under the assumptions of Proposition 5.1 and Corollary
5.2, we have, for all 1 < p,p’ <d, and T > 0,

By (S5, (1,7, K) — S5 ,,(1)*] < 0(1) (callmll? + K2)° x

1 log K 1 A lnll o o
( e e R g g e‘eK) |

and
C K 2
By (S5 (1,7, K) = 2i (1)
]. 1 K 11
< O1)K* <+T;Og FA+T+7)e? K)
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Proof. The proof requires some simple modifications of the proofs of Pro-
postions 5.1 and 5.2. This is left to the reader. ]

Remark 5.1. If one modifies slightly the definition of the estimator by inte-
grating from time 1, then, in the four previous propositions, one can replace
the factor (||n||, + K) by K, and the factor (||n||?> + K?) by K2.

Recall that we defined in Section 1 an empirical matrix Mg, (T, 7, K)
by
e Memp(T:mK) = 9€(T, 7 K) §*(T, K) ™!

and an empirical resilience by

Pomnp (T, 7, K) = —sup{Re(z) : z € Sp(M},

emp

(T,, K))}

From the above results one can derive various statistical estimates for the
difference between pg,,,,(T, 7, K') and p*. We have the following result which
was stated in Section 1.

Theorem 5.7. For 7 of order one, ||n||, of order K, logT < K and K
large enough, we have, with a probability higher than 1 — 1/K,

2
a7 1) = < 00 (24 ).

In particular, if T > K°, |pko (T, 7, K) — p*| < o) /VK.

Proof. 1t follows from Propositions 5.4 and 5.6 and the standing assumptions
that, with a probability higher that 1 — 1/K, we have

KS
SUT, 7, K) —X5(1)]| < 0(1) —=
57,7, K) = 2(7)]| < 0(1) T
and
(1, K) - 5] < 0(1) 2
S=(T, — —.
| N VT
We now use Theorem 1.1 and Proposition 2.9 to obtain

The result follows since 7 is of order one. O

eTM:mp (T, K) eTM*
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A Proof of the two variance estimates

A.1 Starting from anywhere: proof of Proposition 5.1

It is enough to prove the result for || f||x, = 1. We have

1 /T
(7 [ rwma )
Step 1 is to estimate the contribution of the range 0 < ¢; < t5 < 1. Using
Cauchy-Schwarz inequality and Proposition 2.3 we get

E, T2/ dty /t2 f(N" tl))f(yK(tg))}dtl.

t2

dtz FNS (1) (NS (12))] dta| < O) ([ + K7)

Step 2 is to estimate the contribution in the range 0 < to — 1 < t1 < 9.
This implied that T" > 1. We have using again Proposition 2.3

dtg f(NE tl))f(ﬂK(tg))] dty

< /1 dt, /m By £ (0))°] + B [£ (8% (2))7]) dt

<o) (Jall? + K°)

Step 3
(1) Using the Markov property and the definition of g (see (3.8)) we have

/ a [T e [P ) £ (v 12)]
T-1
/ @ / o[ (1) g (V% (5)) |
/T 1 / n (t) )ENK(tl)[g(UK(s—tl))H dt; .

Let us first write
By [ £ (N (00) By [0 (N (s — 12))] |
as the sum of Ji(n) and Jo(n) where
Ji() = By | f (N (1)) B 1) [1 a1y 9 (N (5 = 1)
and

Ja(n) = By [ £ (N (1)) Byse) [Lzyzsnyg (N (s = 1) ]
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We further decompose Ji(n) as Ji 1(n) + Ji2(n) where

Jii(n) =By [f(NK(ﬁ)) Ly <ot By o) [L{my>s— 9 (N (s — tl))ﬂ
and
Ji2(n) = E, [f(UK(tl)) Limys ey By ) [Lizys>s—13 9 (N (s — tl))ﬂ-
Since 0 is an absorbing state, we have for all n # 0 that
Jia(n) =0,

(2) We start by estimating J2(n). Since 0 is an absorbing state, we have

J2(E) = Q(Q) En [f(NK(tl))IPNK(tI)(TQ <s-— tl)}.

Note that g(0) = Eo[f(N*(1))] = f(0). Since we are going to use Lemma
3.2, we write Ja(n) = Jo1(n) + J22(n) where

Jo1(1) = F(0) By | (V" (1)) L e /) P o) (T < 5 = 1) .
and
Joa(n) = F(0) By | (V" (1)) L s <rcanscy B oy (T < 5 1) .

We first estimate Jo1(n). Using (3.9), Lemma 3.2 with v = 0, and since f
belongs to % 4 (see (3.7)), we have

[ 2,1 ()] < O()Eq [|f(N*(t1))[] e **F (1 +C(s — 1))

<O
<O@)(lnflf + K e K (1 +C(s — 1))

where we used Proposition 2.3 for the second inequality.

We now estimate J 2(n) by splitting it as Ja21(n) + J2.2.2(n) where

Jo21(n) = f(0) Ep [f(NK(tl))]l{nyK(tl)nlsm/c} Ly ([t (15 na) | ar) &}

2[|z* [y

IPHK(IH)(TQ S S — tl)} .

and
Taaa) = SO B 0000 St o s ) ) )
IPHK(tl)(TQ S S — tl)} .
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Proceeding as before we get
(@)l < OUKTE, []l{uNK(tl)uo([mé(C”";J“Aa)}M)K}]PNK(“)(1{T°<8_“})]

< O(l)Kq(e_éK(azlxl*l (C ”%h/\o‘)}M)AO‘) (s — t1)67a6K>_

We used Lemma 3.2 with v = 0.
We now handle J3 2 2(n).
Note that v < 1A —%—. We proceed as before with f and g, and we use

[ESH

1 [E[h >>
= N o A 1.
E <2\|x*|11 (C K
to get

azao)] < 00) KBy (165 @)l < ( (5 (12 na) ) a1) )

<O(1)K1 (e_‘s(é(C7;(1/\04)/\||w*||1)1<+0t1 e_stK> ‘

Lemma 3.2 with

(3) Let us now estimate for all n # 0
|J1,2(ﬂ) - VK(f)Q{ :

We have
[ 12(0) — v ()] < 11 2(0) — viel) B [V (1)) L0y ooy (T > s — 1)
+ ‘VK(Q)EH (f(NK(tl))]l{T9>t1}IPEK(t1)(TQ > 5= tl)) — vk (9) En (f(NK(tl))ﬂ{TPtl})‘
+ |1ie(9) B (£ (N (00)) Loy ) = el (D)| + e ()wic () = v (1)?]
= Wi(n) + Wa(n) + W3(n) + Wj.

(3)-(i) By Theorem 3.1 and since N*(t1) # 0, we have

_ (s—t1)

(B o) (Lo 9 (N (5=10)] =Py (o > s—t1) vlg)| < O(1) KTe* e

Hence, using Proposition 2.3, we get for all n # 0

)
1

(s—t
Wi(n) < O(1) K9(cg||n)|? + K9) e ek

(3)-(ii) We have
‘VK(Q)E@ [f(NK(tl))]1{T9>t1}IPyK(t1) (To > s — t1)] — v (9)Ey [f(NK(tl>)]l{T9>t1}i| ‘
< [ (@) B (| £ (V" (1) Lgrpoin Povseey (T < s = 1))
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Define 0 < 7/ < 8 by

’YI — ,_)//(B) — % <<||IT;H1 /\a> .

We split the right hand side in two terms:

EE[‘f(NK(tl))‘]l{T9>t1}IPA]K(t1)(TQ <s-— tl)}
= B [y ey <50y | (N (00)) [y P o) (To < 5= 1)
B []I{MK(“)”DV'K}‘f(NK(tl)) |]1{T9>t1}]PHK(t1)(TQ <s-— tl)}

The first term is estimated using the growth property of f, Lemma 3.2, and
Cauchy-Schwarz inequality, namely

By [ L oy <oy |F (1)) | Lo ]PNK(tl)(TQ <s—1)]

1

< By [ Ly oy (V% (1)) } W(INS ()] <K
1
2

< O(KIP, (N (1), < 7'K)

Izl

< O(1)K1? (e Q(C )K+(’)(1)t1ea52K>é.

To deal with the second term, we observe using Lemma 3.2 and Proposition

2.3 that, if ||[N*(t1)], > 7' K, then

Py (i) (To < s = tl) <e (CHN e Q)K+0(1)(S —ty)e
< e ONIR L O(1)(s — tr) e
_ G ER ) )KL o1y — 1) eo9K

Now

Ex [H{HEK(M)HDW’K}‘f(NK(tl)) Lm0y Pvice) (To < 5 — tl)}
< O(E, []l{“NK(tl)HDV’K}‘f(UK(tl))‘1{T9>t1}]
% (e—a(c(Q(cunulAa))/\a)K+O(1)(8 _ tl)efozéK)

< O(l)(!\g”q + Kq) (e—6(<<%(%m))m)K LO(1)(s — tl)e*“‘m)

y <e6<1gc> <c izl Aa)K Lo — 1) e—aéK)'
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(3)-(iii) Let us now prove that for all n # 0,

W3(n) =

By (V5 (1)) Lmyony ) = (£
< O(1)(egllnll? + K) (& HER" om0 oma(c Tt ha)
YOt —1)e K 11 e_’\O(K)). (A1)
For 0 < t; <1, using Proposition 2.3 we obtain

Ey | f(N* (1)) L{zysey || < OW)(cqllnllf + K7).
] J

We now deal with ¢t; > 1. By the Markov property one has

Eﬂ |:f (NK(tl))]l{TQ>t1}j| = Eﬂ |:]l{T9>t171}ENK(t1—1) [f (NK(]-))]I{TQ>1}I|
=T, [11{T9>t1—1}§(NK(751 - 1))}

where
§(n) = By [N* (D) 1ig,513]) < 9(n)

is a function bounded by O(1)K9. For n # 0, we use Theorem 3.1 and
Corollary 2.2 to get

Eg [1{T9>t1_1} Enx (-1 [f(NK(l))]l{Tgx}]]
—Py (Ty > t1 — 1) By [f(UK(l))]l{T9>1}H

(t1—1)

<O(1)K?e “osK |

Since vk is the gsd, we have

Iy [f(UK(l))]l{Tpl}} = e ) e (f).

Using Corollary 2.5, Lemma 3.2 and the properties of f we obtain

Pu (T > t1 — 1) By [F (N (1) T3] — (S|

lin

< O(l)Kq<e—/\o(K) e—&(( 21 pa) K Ot —1)ePK 41— ef)\o(K)>

and (A.1) is proved.
(3)-(iv) Let us note that

Wy < v (H)l|vic (f) — vic(9)]-

Proposition 2.3 and Lemma 3.5 give
1
Wy < O(1)K2(1 — e 20K) )2,
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(3)-(v) Collecting the informations given in the four previous estimates,
we obtain a precise estimation of ‘JLQ(IL) — VK(f)2} for all n # 0.
(3)-(vi) We have

[, [ £ (N (42)) By o) [9 (N (5 = 1)]] = e (1)?]
< |Ja()] + |J12(n) — v (£)?]-

Collecting the above relevant estimates we obtain that there exist &', (', 3, ¢’
(all being positive and independent of K') such that

o (2 0 B [0 (0 = )] = om0 *] < OOl + K

P TNy, , _a(s—t1) _aty
X <]1{t1§1} +e (¢ ns )K+(s +t+1)e K pe ek fe 1ogK> .

Now we have

/OT1 ds /O B [ £ (N (1)) B [o (N (s — 12))] | dt = wac(1)?

2
T2
1 1 41 e / ’ ]. K
< 0K (cqllnll? + K7) (T o0 () K oo +°§,> |
The final result for T' > 1 follows by collecting all estimates. For T" < 1 the
bound follows directly from Proposition 2.3.

A.2 Starting from the gsd: proof of Corollary 5.2

The result follows from Proposition 5.1 by integrating over n with respect
to the gqsd. More precisely, we have

(cqllnllf + K9 |In|[f + K?log K
Tv1

2
E@[lsf(T,K) — vie(f)] ] < C’||f|§(7q<
/ s lInlly / ,
T (eqllnlf + KK RN (el + KOTR e K)

The integrals of the first and third terms with respect to the q.s.d are esti-
mated using Corollary 2.5. We deal with second term:

1 Azl o o
/(cqllnll? + K9 Ko (CREAI)E 4y () =
g (e lml g
/11{{n1<5'K/<f}}m>}(cq!n!?+Kq)qu o (CEEA)K Qe ()
_s' (¢ 2l o
+/]1{{n1<5'K/<f}}m>c}(chn!?+K")K‘1e 7 (B AS)E Qe (m)

(o lnls g
+/]l{lln||1>6/K/<'}(CanH?+K")qu & (¢BEA)K Qe (m).
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The third integral is estimated using the fact that the integrand is exponen-
tially small in K. The second integral is estimated using the first estimate
in Corollary 2.5. We finally deal with the first integral. If n € D then
Il = llnfls = [n*)le/2. If {[|lnll < 8'K/¢"} 0D # 0, on this set we have
e (CI%A/B/)K < e 9¢l2"l2/2 (exponentially small in K). The estimate
follows.

B Counting the number of births

Denote by Nj(t1,t2) the number of births of species of type £ between the
times tl and tg (1 < 14 < d, 0 < tl < tg).

Proposition B.1. For any probability measure m on Z% , we have

En [N (4, t2)] = K ” En |:Bg (N;(S)ﬂ ds

t1

and
En [(Nf(tl,tg) — En [/\ff(tl,tZ)})z] < 2KE, [/: By <NKK(S)> ds]
+ B K/: KB, <N;(S)> ds — En [/\/@K(tl,tQ)])Q] .

Proof. Recall that the generator of the process is given in (2.1). Let us now
give a pathwise representation of the process. We introduce d independent
point Poisson measures My(ds,df) on Ryx Ry with intensity dsdf. We
define the d-dimensionnal cad-lag process (Vg t € Ry)

N, :No+ezd;/0t/Mg(ds,d9)
x (1{9<KBe(Aﬂ:<<S))} B H{KBe(W)<0<K<Be(]\ﬂ;<(s))+De(Ni(S))>}) '

Then the number of births of species between the times ¢; and to is given

by
MK(t1;t2) :/t1t2/]1{0<KBZ(NI;<S))}M£(dS’d9)'

Using the Markov property we get at once the first identity.
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We now establish the estimate. Indeed

En [(/\/KK(tl, ta) — Em (N (1, 752))?

<28 [ (W) - [ (2 ]

+2E, [(/t KB, (NI;S)) ds — Ep, [/\/gK(tl,tg)]>1 .

t1

By the L2-isometry for jump processes (see [6] Formula (3.9) p.62), we have

Frn {(/\/f(tl,tg) _/: KB, <N;(S)> dsﬂ
_ /:/]Em<(ll{9<KBz(m;@)})2> ds do
:/: Er [KBE <NKK(8)>} L.

This finishes the proof. O

C Gaussian limit for the rescaled gqsd

We have the following theorem of independent interest. A part of this theo-
rem partially generalizes a result obtained in [2] for models involving a single
species (d = 1). Recall that n* = | Kz*|.

Theorem C.1. For all K > 1, define the measure ax on the Borel o-algebra

of R% by
ax(-) = <{n € zZ4 n_\/gk € }) .

Then (ax)x converges weakly to the centered Gaussian measure with covari-
ance matric

o
* *T
S:/ M B ™™ (7,
0

where B* is the diagonal matriz with entries By(x*) = Dy(z*). The ma-
triz 8 is also the unique symmetric solution of the (Lyapunov) equation
(fluctuation-dissipation relation)

M*$ + SM*T = —B*. (C.1)

Remark C.1. We have
EK
li —
K—1>I-r&-loo K
This follows by dividing out equation (1.15) by K, letting K tend to infinity,
and using the uniqueness of the (symmetric) solution of (C.1).

= 8.
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Proof. By Theorem 2.6, the family of measures (ax)x is tight. For p € R4

define
p,(n—n*))

.
Holp) = [¢VF dudn)
It follows also from Theorem 2.6 that the family of functions (H) is uni-
formly bounded in C?. We will prove that for all JS RY,
lim Hy(p) = e (25 (C.2)

K—o0

This will prove that there is only one weak accumulation point for (ax)gk-.
The proof will be the consequence of Prokhorov Theorem [1]. We now prove
(C.2). Using (2.7) and (2.5), we have

(P( —-n™))

K—oo

We also have
(p.(- —n*)) p,(n—n"))
<.££Ke VK ) KZ/dVK — VK
< (B () (K 1)+ 0 () (715 -1)).

We use Taylor expansion and using the moments estimates and the polyno-
mial bounds on By and Dy (and By(z*) = Dy(z*)) we obtain

i(g&;*ﬂ*ﬁ
Ve | L e VK

_ —ZB@( )peHK +liwi <8J’B‘ <Tll(> b (7;))

7=1

" /eif@(nn p =g dve(n) + O <1

S

VK VE
d
;Be<7;()p€HK
+ L:lpz; (6 By (7;) — 9;Dy <TIL;>> By, Hic(p) + O (\/})
:—zd:B( ) v} Hi(p +ZP€ZM438 H( )+O<\/1E>'

We conclude that every accumulation point H of (Hy)x is bounded in C1,
satisfies H(0) = 1, and is a solution of the equation



Then (C.2) follows from Lemma C.2 (stated and proved right after this
proof) with A = M*. O

Lemma C.2. Let (Bj) be d strictly positive numbers and A a real d X d
matriz such that Sp(A) C {z € C: Re(z) < 0}. Then there exists a unique
CY (R4, R) function H satisfying H(0) =1 and

d d d
=Y BepiH(p)+ Y _pe > Ap 0y, H(p) =0, pc R% (C.3)
/=1 (=1 =1

This function is given by
H(p) = (%)

where ~
S = / ™A BT dr
0

where B is the diagonal matriz with entries (Bj). The matriz S is also the
unique symmetric solution of the equation

A8 + 8AT = —B.

Proof. We use the method of characteristics. For all p € RY, we define the
function p(s), s > 0 as the solution of

dp
L) = ATp(s), p(0) =
Let

d s
b(s) = —;Bz /0 po(r) dr.

Let H be a solution of (C.3). It is easy to check that for all p € R% and

seR
d

— b(s)) —
P (H (p(s))e ) 0.
Integrating from 0 to u yields

H(p) = H (p(u)) et
From the spectral properties of A we get

lim H (p(u)) = H(0) = 1.

uU—+00

Therefore
H(p) = ")



and -
b(OO)Z—/ (p.e™ Be™ p) dr = —(p,8p).
: p P, Sp

Finally we get from the spectral properties of A

AS + 8AT = / (A Be™ e Be™ AT) dr
0

= / (%_ (eTABeTAT) dr = —-B.
0

This finishes the proof of the lemma. O
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