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Abstract

We study a class of multi-species birth-and-death processes going almost surely
to extinction and admitting a unique quasi-stationary distribution (gsd for short).
When rescaled by K and in the limit K — +oo, the realizations of such processes
get close, in any fixed finite-time window, to the trajectories of a dynamical system
whose vector field is defined by the birth and death rates. Assuming that this dy-
namical has a unique attracting fixed point, we analyzed in a previous work what
happens for large but finite K, especially the different time scales showing up.

In the present work, we are mainly interested in the following question: Observing
a realization of the process, can we determine the so-called engineering resilience?
To answer this question, we establish two relations which intermingle the resilience,
which is a macroscopic quantity defined for the dynamical system, and the fluctua-
tions of the process, which are microscopic quantities. Analogous relations are well
known in nonequilibrium statistical mechanics. To exploit these relations, we need
to introduce several estimators which we control for times between log K (time
scale to converge to the gsd) and exp(K) (time scale of mean time to extinction).
We also provide variance estimates. Along the way, we prove moment estimates
of independent interest for the process started either from an arbitrary state or
from the gsd. We also obtain weak convergence of the rescaled gsd to a Gaussian

measure.
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1 Introduction and main results

1.1 Context

The ability of an ecosystem to return to its reference state after a per-
turbation stress is given by its resilience, a concept pioneered by Holling.
Resilience has several faces and multiple definitions [6]. In the traditional
theoretical setting of dynamical systems, that is, coupled differential equa-
tions, one of them is the so-called engineering resilience. It is concerned
with what happens in the vicinity of a fixed point (equilibrium state) of the
system, and is given by minus the real part of the dominant eigenvalue of
the Jacobian matrix evaluated at the fixed point. It can also be defined
as the reciprocal of the characteristic return time to the fixed point after a
(small) perturbation.

In this paper, we are interested in how one can determine the engineering
resilience from the data. As a first step, we address this problem in the
framework of birth-and-death processes. We consider a population made of
d species interacting with one another. If the state of the process N*(t) =
(NE(t),...,NE(t)) at some time ¢t is n = (n1,...,n;...,n4) € Z%, where
n; is the number of individuals of the ith species, then the rate at which
the population increases (respectively decreases) by one individual of the
Jjth species is KBj(n/K) (respectively KD;(n/K)), where K is a scaling
parameter. When K tends to 400, the process renormalized by K is well
described by a dynamical system in any given finite-time window. More
precisely, given any 0 < t < +oo and any € > 0, we have

S at] ) -

where z(t) is the solution of the differential equation in R%

lim P [ sup

dz
X = B(z) — D(z) (1.1)

with initial condition g = N*(0)/K. See [4, Chapter 11] for a proof.
We use the notations z = (z1,...,24), B(z) = (Bi(z),...,Bdi(z)), etc.
We make further assumptions (see Section 2) on the birth and death rates
ensuring that we are in the following situation. The vector field B — D
has a unique attracting fixed point z* (lying in the interior of R%). For
each K, the process N*(t) goes almost surely to 0 (extinction), there is a
unique stationary distribution which is the Dirac measure at 0, and there
is a unique quasi-stationary distribution (qsd) v, which, roughly speaking,
describes the statistics of the process conditioned not to be extinct.

In a previous paper [3], we proved a number of properties describing
the behavior of N*(¢) when K is large, but finite. We established a bound



for the total variation distance between the process conditioned to non-
extinction before time ¢ and v,. This bound is exponentially small in ¢ for
t > log K, and as a by-product, we obtained an estimate for the mean time
to extinction in the gsd which behaves like exp(O(1)K). We also quantified
how close is the law of the process (not conditioned to non-extinction) either
to the Dirac measure at Q or v, for times much larger than log K and much
smaller than the mean time to extinction. We will rely on these results that
will be recalled along the way, and we will also prove some further properties.

1.2 Resilience and related statistics
Let
X=B-D
be the vector field of the dynamical system (1.1), and M™* its differential
evaluated at the fixed point z£*, namely
M* = DX (z"). (1.2)

We then define the (engineering) resilience as

p* = —sup{Re(z) : z € Sp(M™*)} (1.3)

where Sp (M *) denotes the spectrum (set of eigenvalues) of the matrix M*.
Under our assumptions, we have p* > 0. Engineering resilience is useful for
two major purposes:

1. It gives the exponential rate at which the system goes to the fixed
point if the initial condition is taken nearby (the inverse of p* has
dimension of time);

2. It allows the estimation of the change of the fixed point after a (small)
perturbation of the system.

Our goal is to estimate the number p* from a long enough realization
of the stochastic process (N*(t),t < T'), and for K large, but finite. For
this purpose, we will establish two matrix relations. The first one is a
“fluctuation-dissipation relation”. We need the following notations. Let D¥
be the d x d diagonal matrix with entries

Dpp = KBy(a") = KDy(z")
and
S5y = [ (g = 1) (na = 1) i)

be the d x d covariance matrix around the vector p* = (uf,...,ul) of

average populations sizes of the different species which is defined by

H{f = /npdyK(n), p=1,...,d. (1.4)

We will show later on that p* and X* are of order K.
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Theorem 1.1. We have
M*S5 4 250" 4 2D% = O(VK). (1.5)

(The transpose of a matrix M is denoted by *M.) This relation will be
proved in Section 6.1. For background on fluctuation-dissipation relations
in Statistical Physics, we refer to [8, sections 2-3]. Note that the matrix X%
is symmetrical, but in general the matrix M™* is not (see [3]). Note also that
each term in the left hand side of (1.5) is of order K, as we will see below.

Remark 1.1. Equation (1.5) may be surprising since our process is not re-
versible. However, it is proved in [5] that a d-dimensional general Ornstein-
Uhlenbeck process dX = —AX dt + o dWy has a unique stationary Gaussian
measure whose covariance matriz Y satisfies

AY+YXU=0'%

provided A is a stable matriz, that is, Sp(A) C {Re(z) < O}, which is not
necessarily symmetric for d > 1, and o is a nonsingular matrix.

If X% and D¥ are known, then we have a Sylvester transpose equation
whose solution is not unique, except for d = 1 (see for example [9]). We can
overcome this non-uniqueness issue by using another relation involving M*.
For 7 > 0, define

Spq(7) = Euy [(N;((T) - ,u;f) (NqK(O) - /‘51()] :
Theorem 1.2. For all 7 > 0 we have
SE(r) =™ 55 (0) + O(VE). (1.6)

This theorem will be proved in Section 6.2. Relation (1.6) allows to
determine M*. Indeed, we have

M SR (7) 25 (0) ! + O (\%) .

Obviously, ¥%(0) = XX, and as mentioned above, £* is of order K. There-
fore the relevant range for 7 is O(1) <7 < O(1)log K.

Remark 1.2 (d = 1). Where there is only one population, (1.5) easily gives
the resilience since it becomes a scalar equation:

« _ K(B(z") + D(z")) 1
B o ()

Note that K(B(z*) 4+ D(x*)) is the average total jump rate Kvi(B(n/K) +
D(n/K)) up to O(1). This follows from a Taylor expansion of B(n/K) +




D(n/K) around z*, Theorem 4.3 and Proposition 4./.
Relation (1.6) gives another way to compute the resilience in this case,
namely for all 7 > 0,

-t o ()

Given a realization of (N*(t),0 < ¢ < T) up to some time T, one can
define several statistics, which are vectors or matrices, to estimate the above
quantities.

Definition 1.1. ForT >0 and 0 <7 <T,p=1,...,d, let
p 1T
Sp(T,K) = T/, N, (s)ds
1 /T
ST ) = [ (N (5) = SETU) (V7 0) = SE(T. ) s
; 1
S, (T,K) = T#{birth of species pfor 0 <t < T'}

1 T—1 " "
SS (T, K) = T /0 (N (s +7) = Sp(T, K)) (NS (s) — Sq (T, K)) ds.

The statistics S* allow us to infer u* under suitable conditions on n, K
and T'. Indeed, we will prove an estimate of the form

B [S5(T, K)] = pff| < C (K + |n]],) (”;gK 4 ecllzllAK) +Tec’K>

for every n € Z%, p = 1,...,d, where C,¢,¢ are positive constants, and
|, = Z?:l n;. Let us make some comments on this bound. For K large,
the right-hand side is small when log K < ||n|, < O(1)K, T > Klog K,
and T < exp(O(1)K).

When logT > K, we have [, [S,%L(T, K )] ~ 0 because with high probabil-
ity the process is absorbed at 0, hence ‘Eﬂ [S;;f (T,K )] — iy ‘ is not small.
This is also the manifestation of the fact that the only stationary (ergodic)
distribution is the Dirac measure at 0.

We will use S to infer £¥, S® to infer D, and S°(7) to infer 3 (7).
Estimates similar as the one given above for Sp (T, K) will be proved in
Section 7.

We can now define an empirical matrix M7 (7,7, K) by

emp
eTMc*mP (T’T’K) — SC (Ty T7 K) SE (T7 K)il

and an empirical resilience by

pzmp(T, T K)= —sup{Re(z) 1z € Sp(Me*mp(T7 T, K))}

6



From the above results one can derive various statistical estimates for the
difference between pg,, (T, 7, K) and p*. We will prove (Propostion 7.7) that
for 7 of order one, T' < exp(O(1)K) and K large enough, we have

2
P (To . ) — 57| < O(1) (% n %)

with a probability larger than 1 — 1/K. In particular, if T'>> K°, we have

DT 7. ) = | < O VK.

1.3 Organization of the paper

In Section 2, we will give the precise hypotheses. In Section 3, we will study
the time evolution of the moments of the process. In Section 4, we will
prove detailed properties of the gsd, namely moment estimates and weak
convergence of the rescaled gsd to a Gaussian measure. In Section 5, we
will obtain control on the large time behavior of averages for the process.
In Section 6, we will prove the relations (1.5) and (1.6). In Section 7, we
will obtain variance estimates for estimators of the quantities appearing in
Definition 1.1, starting in the gsd or from an initial condition of order K.

2 Standing assumptions

Two (regular) vector fields B(z) and D(z) are given in R%. We assume that
their components have second partial derivatives which are polynomially
bounded. Obviously, we suppose that Bj(z) > 0 and Bj(z) > 0 for all
j=1,...,dand z € Z‘i. A dynamical system in ]Rﬁlr is defined by the
vector field X (z) = B(z) — D(z), namely

dz

& = B(@)- Dla) = X(x).

For z € Ri, we use the following standard norms:

N

d d
Izl = a, llzll.= | Y23
i=1 i=1

We now state our hypotheses.

H.1 The vectors fields B and D vanish only at 0.

H.2 There exists z* belonging to the interior of RY (fixed point of X )

such that
B(z") — D(z") = X(2") = 0.



H.3

H.7

H.8

Attracting fixed point: there exit # > 0 and R > 0 such that ||z*||, <
R, and for all z € R? with |z|, < R,

(X(2),(z —2")) < =Blzl lz — 2" (2.1)

The fixed point 0 of the vector field X is repelling (locally unstable).
Moreover, on the boundary of IR‘}F, the vector field X points toward
the interior (except at 0).

Define
B(y) = sup ZB = inf Dj(z)
lzlli=y 55 Hzclllzyj:1

and for y > 0, let

We assume that there exists 0 < L < R such that sup,.j F(y) <1
and limy o F(y) = 0.

There exists yg > 0 such that f

increasing on [yg, +00|.

)dy<+ooandy»—>D()

There exists £ > 0 such that

D.
inf inf _Dile) > &> 0. (H7)
zeRd 1<j<d SUPj<p<q T

Finally, we assume that

linid(‘)ij( ) > 0. (H8)

(By 0x; we mean f)

Assumptions H.5 and H.6 ensure that the time for “coming down from
infinity” for the deterministic dynamical system is finite. Together with

H.3,

this also implies that z* is a globally attracting stable fixed point.

More comments on these assumptions can be found in [3]. For the interested
reader, the arXiv version' of this paper contains a supplementary section in
which we study a concrete example of competition between two species for
which the above assumptions hold.

!METTRE LE LIEN URL



3 Time evolution of moments starting from any-
where

The generator £ of the birth and death process N* = (N¥(t),t > 0) is
defined by

L f(n) = (3.1)

d d
Ky Be(5) (Fa+e®) = fm) + K> De (%) (Fo =) = f(w))
(=1 =1

where el = (0,...,0,1,0,...,0), the 1 being at the ¢-th position, and
I Z‘i — R is a function with bounded support. We denote by (S/,¢ > 0)
the semigroup of the process N* acting on bounded functions, that is, for
f: Zi — R, we have

S f(n) =E [f(N"(1)|N"(0) = n] = B [f(N*(t))].
For A > 1, let
Ta =1inf{t > 0: ||[N*(¥)], > A}. (3.2)
Notice that we will use either || - ||, or || - ||, (which are of course equivalent).

We have the following result.

Theorem 3.1. There exists a constant C31y > 0 such that for K large
enough, the operator group S{* extends to exponentially bounded functions
and

sup S <e||~||1) (n) < Pk
@EZi

Proof. Let us first introduce the function G defined on [yg, +00) by

* dz 1

“W=], e Kby

Assumption H.6 implies that G is well defined and decreasing. We can
define its inverse function on (0, so] for sg > 0 small enough (independent of
K). Take 0 < n < s9 A 172_1. Then there is a unique positive function yx
defined by

yr(s) = G (ns), s € (0,1]. (3.3)
Note that yx(s) > yo and limg g yx(s) = +o0o. Let
( ) enyK(s)
SDK S) = =
K D(yx(s))
Note that
lim ¢ (s) =0



Using the Lipschitz continuity of D (and then its differentiability almost
everywhere) and (3.3), we obtain

 dek B e Kux(s) e_KyK(S)ﬁ/(yK(S)) dyx — o Kyk(s)
= d3< __< ds(s)—ne .

P (s)

=~

+ —
D(yK(S)) KD(?UK(S))Q
We now consider the function
fr(t,n) = ox(t) ellzll:

to which we apply [t6’s formula to fi at time ¢t A T4. We get

K tATA
E, [ng (t A TA) ellY (t/\TA)Hl:| =E, [/ (3th 4 ZKfK)(S,NK(S))ds] ‘
0
We have
O fi(t,n) + L fr(t,n) = @i (t) el

d d
Kol el <(e DY B () + DY D (;)) .
/=1
Note that
Ocfi(t,n) + L fie(t,n)

<t (xtt et (08 (1)~ (152)))

< elllx <¢>K(t) — Koi(t)(1—e YD (””K”1> (1 —eF <H”KH1>>> .

It follows from H.5 that there exists a number ¢ > gy such that if y > (,
then F(y) < (2e)~1.
If [, < CK we get

‘ath(tvﬂ) + gKfK(t7ﬂ)‘ <0(1) K (@K(t) + K@K(t))'
For ||n|l, > K(¢ V yx(t)) we have
ath(t,ﬂ,) + gKfK@?ﬂ) <0

since ¢ (t) = nK D(yx (1)) ok (t) and D(||nll,/K) > D(yx(t)).
Finally, for (K < ||n|, < Kyx(t) we get

|0 fic(t,m) + Lo fie(t,m)] < P9 O (1) = .
We deduce that

E, [«pK(l ATa) eHM(er)nl] <o)k

The result follows by letting A tend to infinity by monotonicity. O
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We deduce moment estimates for the process which are uniform in the
starting state, and in time, for times larger than 1.

Corollary 3.2. For allt > 1, the semi-group Sy maps functions of polyno-
mially bounded modulus in bounded functions. In particular, for all ¢ € IN,
we have
sup sup B, [[[N*(t)[|!] < ¢?e 7 K7eCD. (3.4)
t>1 LLEZi

Proof. We have

NEDT o v i
En[||NK<1>H;J]=KqEn[”K{1>”1€— ‘wn 1k ]

B INE @
< Kig%e qEﬂ[e K ]

since for all z > 0, z7e™? < ¢?e~%. Inequality (3.4) follows from Holder’s
inequality and Theorem 3.1.

Let us now consider ¢ > 1. From the Markov property and by using the
previous inequality, we deduce that

E, (|5 O]!] = By [Egrn [IX*]]] < grer k7.

The proof is finished. ]

For time ¢ less than 1, the moment estimates will depend on the initial
state.

Proposition 3.3. For each integer q, there exists a constant cq > 0 such
that for all K > 1,t >0 and@GZi

Ey [[IN*®[3] < eK? + [l Ly -

Proof. We have only to study the case t < 1, the other case being given in
(3.4). We prove the result for ¢ even, namely ¢ = 2¢’. The general for ¢ odd
follows from Cauchy-Schwarz inequality. Letting

2q'
2

fy(n) = [|n]

we have

d

Ziely) = K3 Be (%) (Il + 200+ 1)7 — |
(=1

d
+ K3 D¢ (52) (Il =200 +1)" ~ |n]
=1

)
).

11



Using H.5 and the equivalence of norms, we see that there exists a constant
cq > 0 such that if ||n|[, > ¢y K

L[ (n) <0.
We can moreover choose ¢, larger such that for all n
Ly fy(n) < cg K.

Applying It6’s formula to f, we get as in the proof of Theorem 3.1

, , tAT A ,
By (IO ATOI] < Jall + By | [ ek as
0
< |nf) + t ey K24
(Recall that T4 is defined in (3.2).) The result follows by letting A tend to
infinity. O
4 Properties of the qsd

It is proved in [3] that, under the assumptions of Section 2, there exists a
unique gsd v with support Z%4\{0}. Recall that starting from the gsd, the
extinction time is distributed according to an exponential law with param-
eter \o(K) satisfying (cf Theorem 3.2 in [3])

e 1K < \g(K) < em®E (4.1)

where dq > do > 0 are constants independent of K. Recall also that for all
t >0,
Py, (N*(t) € -, Ty > t) = e 0Kty () (4.2)

where
Ty = inf{t > 0: N*(t) = 0}.

Finally, for all f in the domain of the generator

Lhve(f) = uc( L ) = =20 (K) v (). (4.3)

We use the notation

ve(f) = / £() dv ().

12



4.1 Moments estimates for the gqsd

We use several notations from [3]. Let

For z € ]RSir and r > 0, B(z,r) is the ball of center z and radius r. We
consider the sets

A = B(n*, WE), D:zs(n*,m”;j"j> Nzt (4.4)

where p > 0 is a constant defined in [3, Corollary 4.2]. Note that since n* is
of order K, we have A C D for K large enough. The first entrance time in
A (resp. D) will be denoted by Ta (resp. Tp).

Proposition 4.1. There exists a constant c(4.1y > 0 such that for all K
large enough
Vi (DC) < e Cank

Proof. We first recall two results from [3].
From Lemma 5.1 in [3], there exist v > 0 and ¢ € (0,1) such that for all
K large enough

sup Py (Ta > ylog K, Ty > Ta) < 6. (4.5)
neA\D -

By Sublemma 5.8 in [3], there exist two constants C' > 0 and ¢ > 0 such
that for all K large enough, and for all £ > 0

sup Py, (Tpe < t) < C(1+1) e K (4.6)
neA

For ¢ € IN\{0} define
ty = qvlog K.

We will first estimate sup,, P, (N¥(tq) € D, Ty > tq).
Note that N*(t,) € D¢ implies T'pe < t,. We distinguish two cases.

1. Let n € A. Tt follows from (4.6) that
P, (N*(t;) € D°) < C(1 +t5) e K.
2. Let n € A“\{0}. We have

P, (N*(ty) € D\{0}) =
P, (N*(ty) € D\{0}, Ta < tg) +Pu(N"(ty) € DN{0},Ta > tg).

13



Using the strong Markov property at time Ta and (4.6) we obtain
Py, (N*(tq) € D\{0}, Ta < 1)

= By Lz, <o) Pyic(ry) (N (tg — Ta) € D\{0})
< C(1+tg)e K

We bound the second term recursively in q.
P, (Ta > tg, Ty > Th)

= EE |:]l{TA>tq_1}]]'{T9>TA}IPHK(tq,1) (TA > tl,TQ > TA):|
< 1) sup IPn(TA > tq_l,TQ > TA)

neA\{0}

where we used the strong Markov property at time ¢,_; and (4.5).
This implies

sup P, (N*(t;) € D0}, Ta > 1)
neA\{0}

<  sup ]Pn(TA > tq, Ty > TA) < 49,
neA\{0} -

Therefore

sup P, (UK(tq) € DC\{Q}) < C(l + tq) e K 4 59,
n#0

By taking ¢ = [K] we conclude that there exists a constant ¢’ > 0 such that
for K large enough

sup Py (N* (1) € D\{0}) < e
n#0

This implies
IPI/K (NKUZ[K]) S DC, TQ > t[K]) S e_c K

but
Pue (N (i) € D%, Ty > tiuq) = e~ U1 1 (D)

by (4.2) and the result follows from (4.1). O

Corollary 4.2. For each q € IN, there exists a constant Cy such that for all
K large enough

/ ][t dvic(n) < C K74 and /HnH‘idVK(n)SCqKq-
’DC

14



Proof. Tt follows at once from (4.2) (at time 1) and Theorem 3.1 that
/ 2l dpe (n) < ) Cank < 9 oCank (4.7)
for K large enough. We have
/DB | v (n) = <||n||1> Sl b
< Kigle Q/ 5 e (n) dug (n).

We use Holder inequality to get

/DC [nllf dv(n) < K9g?e™ (/ellnIh dVK(n)) </1DC( o ))1}{.

The first result follows from (4.7) and Proposition 4.1. The second estimate
follows from the first one and the bound sup,,¢p |2/, < O(1)K. O

=]

We now estimate centered moments.

Theorem 4.3. For each q € Z, there exists a constant Cq > 0 such that
for all K large enough

/ o — Kz*|2 dve(n) < C K.

Proof. The proof is a recursion over q. The bound is trivial for ¢ = 0. For
q € IN define the function

fo(n) = |ln — Ka* | 1p, (n)
where

2K
D1 :B(Kx ?mlnaz > ﬂZd
J

Recall that e?) is the vector with 1 at the jth coordinate and 0 elsewhere.
From the trivial identity

In — Kz* £ eD|2 = |jn — Kz*|2 £ 2(n; — K2}) + 1 (4.8)
it follows that

lln — Ka* + V37 — ||ln — Ko™ |3 + 2q (n; — Ka)|ln — Ka*[3*?|
<3927 (1+ |ln — Kz*[[;").

15



Indeed, applying the trinomial expansion to (4.8), we obtain

o — Ka* + D[ — |n — Ka* |13 + 2q(n; — Ka)|n — Kz*|3]

n — Kaz* |37 (2|n — Kz*[|2)P2 ~
< | L7 Cn = KTl g g — ke,
p1<g—2 p1:p2:p3:
p1+p2+p3=q

Observe that if p; < g—2,p1 +ps+p3s = q and p; < g— 2, then 2p; + po =
p1+q—p3 <2g—2—p3 < 2¢— 2 since pg > 0. This implies that

In — Ko |2 (2lln — Ka* ) < 29(1 + [ln — Ka*[2°2).

It follows that
Lty wKZX( ) (1= K2) |ln= K" [, (n) + Ry (n) (49)

where
|Ry(n)| < O(1)K6%(1+|In — Kz*[|3 *)1p, (n) + O(1)gK*" T 1pe(n) (4.10)
where we used the fact that

,Slupdlﬂol(nig(j))—ﬂol( n)| < Ipe(n).
J=4

Using (2.1) we get

d
n _
Ky X () (0 = Ka3)|n = Ka* |32 19, ()
j=1

< —f'lln — Kz*|[3* 1p, (n) = ' fy(n) (4.11)
where
B = 3 Hl]ln :v;k .

Integrating the equation (4.9) with respect to v, and using (4.3), (4.10),
(4.11) and Proposition 4.1 we obtain

(2q,8’ — Mo (K)) vk (fy)
O)K6Y(1 + v (fy—1)) + O(1) 61K e e K,
)

Observing that v (fo) < 1, it follows by recursion over ¢ that for each integer
q there exists Cj > 0 such that for all K large enough v (f;) < CpK1.
Finally we have

vic(|ln = Kz™[157) = vie(fo) + vic (Iln — K2™[[3* 1 pe (n))
< v (fg) + v (ln — Kz* |3 Lpe(n)).

The result follows using the previous estimate and Corollary 4.2. O
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The next result gives a more precise estimate for the average of n (instead
of an error of order VK. (Recall that u* is defined in (1.4).)

Proposition 4.4. We have
p — Kz* = 0(1)
where p* is defined in (1.4). Moreover, since ||n* — Kz*|, = O(1), we have
p—n"=0(1). (4.12)
Proof. We define the functions
gj(n) = (n— Kz*,eW), 1 <j<d.
By Taylor expansion and the polynomial bounds on B and D we get
Zxgj(n) = K(Bj(n/K) - Dj(n/K))

n — Kz*||?
I = Kol

d
= (OmBj(z") = 0mD;(2")) gm(n)lp(n) + O(1)
m=1
+ O(1) (K + ||n]ly ) Tpe(n)

for some positive integer p independent of K. Using Cauchy-Schwarz in-
equality, identity (4.3), Corollary 4.2 and Proposition 4.1 we get

/ (14 ||n|[5) Lpe(n) dvc(n) = o(1).

From Proposition 4.1, Theorem 4.3 and (4.1) we get

d
Z (&nBj(g*) — 8ij(;E*))VK(gm) =0(1).

m=1

The result follows from the invertibility of the d x d matrix (0,,B;(z*) —
OmD;j(z*)) which follows from H.3. The other inequalities follow immedi-
ately. O

Corollary 4.5. We have
1259 < [l o) = [ 1= Kl duo) + 00) < OWK:

Proof. Combine Proposition 4.4 and Theorem 4.3. O

We now show that ¥ is indeed of order K.

17



Proposition 4.6. For K large enough, the matriz 3 satisfies
¥ >001)K1d

for the order among positive definite matrices, Id being the identity matrix.
In particular,

/ |2 — i dvic(n) > O(1)K.

Proof. We denote by S the positive definite matrix

Sy = [ (g = 3) g = ) el
By (4.12) we have ~
|25 ==X = o). (4.13)
Let v be a unit vector in R%. We have
(v, 5% = /<v, (n — ")) dv(n) > / (v, (n— n*))? dug ().
A

From Lemma 5.3 in [3] there exists a constant ¢ > 0 such that for all K
large enough and all n € A,

vc({n}) = cUa({n})

where Uy is the uniform distribution on A. Therefore
(v, 25 v) > 6/ (v, (n—n*))* dUA(n)
A

and we get

(v,X%v) > O(1)K||v]5.
The result follows. O

IS

4.2 Gaussian limit for the rescaled qsd

Recall that n* = |Kz*|. We have the following theorem which partially
generalizes a result obtained in [2] for models involving a single species

(d=1).

Theorem 4.7. For all K > 1, define the measure ax on the Borel o-algebra

of R by
ax (") = v ({n ezt . "J_?” € }) .

Then (ax)x converges weakly to the centered Gaussian measure with covari-
ance matriz

D
* t *
S:/ ™M B o™ M g7,
0

18



where B* is the diagonal matriz with entries By(x*) = Dy(z*). The ma-
trix 8 is also the unique symmetric solution of the (Lyapunov) equation
(fluctuation-dissipation relation)

M*8§ + 8§*M* = —B*. (4.14)

Remark 4.1. We have
YK S
li — =38.
Kﬁlnﬁoo K
This follows by dividing out equation (1.5) by K, letting K tend to infinity,
and using the uniqueness of the (symmetric) solution of (4.14).

Proof. By Theorem 4.3, the family of measures (a)y is tight. For p € R?
define

: (p,(n—n"))
Hyg(p) = /e VE  dg(n).

It follows also from Theorem 4.3 that the family of functions (H) is uni-
formly bounded in C2. We will prove that for all pE R,

lim Hy(p) = e (25 (4.15)

K—c

This will prove that there is only one weak accumulation point for (ax)gk-
The proof will be the consequence of Prokhorov Theorem [1]. We now prove
(4.15). Using (4.3) and (4.1), we have

. (p,(-—n™))
llm Vi <$Kel VK > :0

K—oo

We also have

; (p,(-—n")) d ; (p,(n—n™))
VK(KKe VK )zKZ/dVK(n)e VK

(0 () (5 ) () (% ).

We use Taylor expansion and using the moments estimates and the polyno-
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mial bounds on By and D, (and By(z*) = Dy(z*)) we obtain

i(@(;*ﬂ*»
Ve | L e VK
d d

(it o (2) o0 (5)

=1 j=1

1
(00 (5)-00(5)) -0 )
==Y By(z") p} Hx(p +ZWZMM8,%HK )+(’)<\/1E>.

We conclude that every accumulation point H of (Hy)x is bounded in C*,
satisfies H(0) = 1, and is a solution of the equation

Then (4.15) follows from Lemma 4.8 (stated and proved right after this
proof) with A = M*. O

Lemma 4.8. Let (Bj) be d strictly positive numbers and A a real d x d
matriz such that Sp(A) C {z € C: Re(z) < 0}. Then there exists a unique
CY R, R) function H satisfying H(0) =1 and

d d d
Y Bipi H(p)+ Y pe Y ArjOp,H(p) =0, pe R”. (4.16)

This function is given by
H(p) = (2

where -
S = / eTABTA 47
0

where B is the diagonal matriz with entries (Bj). The matriz S is also the
unique symmetric solution of the equation

A8+ 8'A = —B.
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Proof. We use the method of characteristics. For all p € R9, we define the
function p(s), s > 0 as the solution of

d
() = Up(s), p(0) =p.

Let ;
b(s) = — ZBg/ pe(7)*dr.
=1 0

Let H be a solution of (4.16). It is easy to check that for all p € R% and

seR
% (H (p(s)) eb(5)> = 0.

Integrating from 0 to u yields
H(p) = H (p(u)) ™.
From the spectral properties of A we get

lim H (p(u)) = H(0) = 1.

U——+00

Therefore
H( ]2) — ob()

and

b(o0) = —/ <Q,eTA3eTtA]3> dr = —(p,8p).
0

Finally we get from the spectral properties of A
AS + 8 = / (AedBer+emdBer i) ar
0

= /OO % (eTABeTtA) dr = —B.
0

This finishes the proof of the lemma. ]

5 Controlling time averages

For T > 0, we define the time average of a function f : Z‘i — R by

T
SHTK) = 5 [ ) s (5.1)

The goal of this section is to obtain a control of |S¢(7T, K) — vk (f)| for a
suitable class of functions.
We recall the following result from [3, Theorem 3.1].
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Theorem 5.1 ([3]). There exist a > 0, Ko > 1 such that, for allt > 0 and
for all K > Ky, we have

sup [ Pa(N(t) € -, £ < Ty) = Bult < To) v ()|, < 26 55 . (5.2)
nezZ$ \{0}

It is also proved in [3] that, for a time much larger than log K and much
smaller than the extinction time (which is of order exp(O(1)K)), the law of
the process is close to the gsd with a positive probability. The accuracy of
the approximation depends on the initial condition. This suggests to study
the distance between the law of the process at time s and the gsd as a
function of the initial condition, K and s. This will result from (5.2) if we

can estimate P, (TQ < t). In fact we prove a more general result.

Lemma 5.2. For v > 0, define 7, = inf {t >0: [|[NE@)], < ’yK}. There
ezist(5>0,oz>0andC>0suchthatforall@EZ‘i,K21,0§’y§
1A% andt > 0, we have

TTz*Te
P, (7',Y < t) <C (e—é(C(MK”lAa)—»ny*h)K +te? (O‘_Wllx*‘)K> (5.3)

where
(= 1I§nj1;1d z; > 0. (5.4)

Taking v = 0 in (5.3), we get

P, (TQ < t) <C <e—5(< ol po) i +te"‘5K> : (5.5)

Proof. Tt follows from H.1 and H.3 (using Taylor’s expansion of X (z) near
0) that there exists ap € (0,R) (where R was introduced in Assumption
H.3) such that for all z € RY satisfying [|z|, < oo we have

(X(2),2") = Bllz"[l; lzll. — 28 [lz]lo(z, ) + Bllzll; + (X (2), z)

Bz
2

> Bllz*[l; zll: + O)lzll; = ] (5.6)

For a € (0, ] and 0 > 0 to be chosen later on, we define
Y(n) = e~z )Nak)
It is easy to verify that if (n,2*) > a K + ||z*||, we have
Ly =0.
If aK — ||z*]], < (n,z*) < aK + ||z*|, we have

| L] < O(1)K e
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K — [|lz*[|2, we have [lnf, < (n,2%)/¢ < aK/¢, where ( is

For (n,z*) < a
5.4), and

defined in (

Zxy(n) = Kg (5, %) e~ d{mz®)

where the function g is defined by

é d
a(s, ) =) Bj(a)(e™™ =1) + Y _ Dj(z) (™ ~1).
We have

d

9(s,z) = —s Y _ (Bj(z) — Dj(2))x}
j=1

d
+ Bj(gc)(efsx;‘ —1+ sx}) + ZDj(g)(esx;’ —1 — sx7).
j=1 j=1

From the differentiability of the vector fields B and D and using (5.6), it
follows that there exists a constant I' > 0 such that, for all 0 < s < 1 and
|lz||. < ap we have

), %) +O0(1) 8% |zl
|

/8 x 2
21 )+ T2 o

Therefore we can choose § > 0 and 0 < « < «g such that

sup g(d,z) < 0.
llzll-<c

Therefore, for all n

Zep(n) < O(1)K e K
For 4 > 0 (independent of K), we define

Ty =inf {t > 0: (N"(t),z") <K }.

We apply Ito’s formula to v to get



We have
Ep [w(ﬂK(t N ?ﬁ))] > Py (ﬁ <t) e O (N)K g=0C,
Therefore
P, (;& < t) e 0 (N)K =00 < o=d({nz")Na K) 4y O(l)Ke_a‘SK )
To conclude, observe that
Py (7 <t) < Py(5 < t)
for 4 = 7 ||z*||1 because for all n € Z‘i,

0<Clinlh < {n,2%) < ol sup 25 < Jlnf[l2"]l
]: RS

and [|N (7, < 7K. m
We have the following result.

Proposition 5.3. For all bounded functions h : Z‘i R, t>0,neZ,
and K > Ky, we have

llmlls

B (0] = )] < Ol (& F A g peme o7

where o, 6 and ¢ are defined in Lemma 5.2, and a and Ky are defined in
Theorem 5.1.

Proof. From the bound (5.2) we get
[y (B (D)1 iy | — Palt < T) vc(B)| < O) ] o757
This implies
[En [2(N*())] = e (B)]
< |Bn [V 0) Lz || + Palt = T) ve(h) + O) ] c o2 R

< OW)||hle (Ba(t = Ty) + ¢ 7% )

lln

Hl at
a Aa)K+sea6K+elogK>

sanquﬁ@

using (5.5). O

We now extend Proposition 5.3 to more general functions. For q € Z,
we define the Banach space % , by

Ficqg = {fﬁZi—”Ri I/
We have the following result for time-averages of function in .%.
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Theorem 5.4. For all K > Ky, [ € Fq, T >0, andn € Zi, we have

1 - I log K 1
v <T+e 5<C K Aa)K—i—Tea‘SK—kc;gT—l—(l—eAO(K))z)

where a,§ and ¢ are defined in Lemma 5.2, and A\o(K) is defined in (4.1).

Remark 5.1. One can check that if one modifies slightly the definition of
the time average (5.1) by integrating from 1 to T + 1, then one can remove
the term ||n||d from the previous estimate.

Proof. For f € F,, Corollary 4.2 gives

v ()] < O K| fllq-

By Proposition 3.3 we have

‘;En [/Omf(NK<s)) ds}

Hence for T' < 1 we get

K+ |n)l3
T

<O fllxq

1
[Ba [S7(T. K)] = vie( )] < OW) I Fllxa (K + [ml2) <T + 1) .
For T' > 1, we have by the Markov property that

%En [ATf(NK(s))ds} - % /1TEn (oo [F()]] ds

T-1
7 [ Bl )] as

where
g(m) =B [f(N"(1))] (5.8)
By Corollary 3.2, the function g is bounded and
19lloo < OM)[ f]5cq K7 (5.9)
Applying Proposition 5.3 to g thus gives
[En [9(N* ()] = ve(9)]

_s(clzhn .
S O(l)”f”}{g K(] (e 6(C K Aa)K+Sea§K+elogK> .
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Integrating over s € [0,T — 1] yields

[ )] e T
<

K (¢l log K
Oy 5 (1 1y R 7y B,
Using Lemma 5.5 (stated and proved right after this proof), we finally obtain

Nl

a

‘EE [Sf(Ta K)} - VK(f)|

K94 |In q
< 001l =12
E llnls
O£l K((T _ 1)6—5<CT/\OC>K+ (T — 1)2 e—3K +10iK)

1 1
O fllig KI(1 — e oK) )2 4 TVK(Q) + v (f)L{r<1y

Izl
< Oy (K7 + 1)) (7 (24 1B ) 4o () g

H 1= 0)E g ).

This finishes the proof of the theorem. O
We use the following lemma in the previous proof.

Lemma 5.5. For f € F 4 and g defined in (5.8) we have
1e(9) = vie(£)] € OK [ fllq (1 — U )3,

Proof. We write

Vic(9) = By [f(N" (D) gys1y] + Bue [F(N* () ig<y]-
Since v is a gsd, using Cauchy-Schwarz inequality, it follows that

vk (g) — vic(f)]
(1= e e ()] + (Bue [ (1))])
3

< O()K | fllxq(1 — e 20

N
N

IN

(EVK []l{ngl}]>

where we used Corollaries 3.2 and 4.2 and the fact that under v the law of
Ty is exponential with parameter A\o(K'). The lemma is proved. ]
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6 Fluctuation and correlation relations

6.1 Proof of Relation (1.5)
Let
S5 = [ ni = nf)(ny = n) dueo).
On the one hand we have by (4.3)
(Lhvie, (ni = n7)(nj = n5)) = =Mo(K) (v, (ni = nf)(ny —n})).  (6.1)

By Theorem 4.3 and (4.1) the right-hand side of this equation is exponen-
tially small in K. On the other hand we have using formula (3.1)

<$;£I/K, (ny —ni)(n; — n;‘)> = (v, L ((ni — ni)(nj — n;))>

d
= KZ <1/K, By (%) ((nj — n;) dig+ (ng —n;) 00+ 0ig 5j,£)>
=1
d
+KY <I/K,Dg (% (= (5 —nj)die — (i = nj)dje + 5i,€5j,€)>
=1

n
= (e (B () = De () s =)
n *
8 ue (B () = 05 () ) (=)
+ K (e B () + i () ) B
We split each integral by separating integration over D (defined in (4.4))
and integration over D¢. Inside D¢, we apply Corollary 4.2 and use the
assumption that B and D are polynomially bounded. Inside D, we use
Taylor’s formula around z* for the functions B;(n/K) — D;(n/K), and

Bi(n/K) + Di(n/K). We also use that B;(z*) = D;(z*), 1 < i < d, and
n*/K —z* = O(1)/K. The error terms are bounded by

1 .
T [ - ket ana 0Q) [ n— Kel dvila)
respectively. Using Theorem 4.3, both bounds are of order v/K. We obtain

d
> oM e25]+z 12 +2KB; (27) 61y = O(VK)
=1

which can be written in the more compact form
M*SX 4 S5 4 2DF = O(VEK) (6.2)

where D¥ is the diagonal matrix of averages birth (or death) rates. To finish
the proof, use (4.13).
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Remark 6.1. Note that each term on the left hand side is of order K, see
Corollary 4.5.

Remark 6.2. Dividing out (6.2) by 2K and taking the limit K — oo, we
recover (4.14), as expected.

6.2 Proof of Relation (1.6)

Let

255(t) = By [(N (1) = nf ) (NS (0) = nj)], i,5 = 1,....d.
For 1 <i < d, let fi(n) = (n—n*,e®). We have, since B;(z*) = D;(z*), 1 <
i<d,and n*/K —2*=0(1)/K,

Rl

= By [ L fi( N5 ())(N n;)]

— KE, [ < K(t> n)] K]EVK[ <N;;()>(N]-K(O)—n§)}
NX(t)

wen(57) - (v
_ KE, KD <N;( )) D, (Z{)) (Nf(O)—nj-)} + o).

As in the previous proof, we split the integrals according to whether N*¥(¢) €
D or N¥(t) € D. Using Cauchy-Schwarz inequality, Corollary 4.2, and the
fact that vk is a gsd, the second contribution is exponentially small in K. In
the first contribution, we use Taylor expansion around x*. The error terms
are bounded by

0(1)

= By [IN*(8) = K2 [ZN(0) — Ka*[J.] + O(1).

Now we use Cauchy-Schwarz inequality, Theorem 4.3 and that vy is a gqsd
to obtain
d <

ZK
dt 2]( )

—Z 0Bi(z*) = 0uD; (2)) Buy [(N{ (1) — i) (N} (0) = )|+ O(VK)

_Z Ezéj +O(f)

Since M* has a spectrum contained in the open left half-plane by H.3, we

integrate the equation
d <«

EEK( ) = M*S5(t) + O(VK)
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from 0 to 7 to get
K () =™ B5(0) + O(VE).

We arrive at the desired relation by using (4.12).

7 Variance estimates of the statistics

The matrices ¥%(7) and ¥* can be estimated using Theorem 5.4 with S(7)
to infer X% (7) and S, respectively.

Here we prove two variance estimates to complement this result. In
the first one, one starts from anywhere in Zi, while in the second one the
starting distribution is the gsd.

Proposition 7.1. There exist positive constants &',(’', o/, 0',C" and Ko > 2
such that, for all K > Ky, f € %4 (see Definition 5.7), T > 0, and n # 0,
we have

By [(SH(T, K) = vie(1)*] < CI 11 g (eqllnll{ + )

q nll ’ /
. <|n|1 J;fv(qllogf( + Ko (B )KL ppea o0 K>

where cq s defined in Proposition 3.3.

One can use Chebyshev inequality to bound Py, (| Sy (T, K) — vk (f)| > 6),
for any § > 0.

The proof of Proposition 7.1 is postponed to Appendix A. The previous
estimate and all the estimates below have the same behaviour in their de-
pendence in K, n and T. They display the qualitative behaviour that we
met several times, namely

1. The bounds are not useful for X too small.

2. If K is large, the bounds are not useful if n is small (order one) because
the process can be absorbed at 0 in a time of order one with a sizeable
probability.

3. Finally for K large and n of order K, the time T must be large enough
(polynomial in K in our bounds) but not too large (less than an ex-
ponential in K because again the process can reach the origin in such
large times).

Under these assumptions the statistics of the process are well approximated
by the gsd.
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Corollary 7.2. There exist two positive constants C"” > 0 and 0" such that
for all K > Ky, for all f € 4 and for all T > 0, we have

o [(S5(T, K) = By (1))°] < 1y K

log K 1
< (@) P+ 14O+ ) )

where Ko is as in the previous proposition, cq is defined in Proposition 3.3,

and Cy 1s defined in Corollary 4.2.

Observe that the previous inequality is only useful in the range 0 <
T < K. The proofs of the two previous estimates are postponed to the
Appendix.

We now apply the previous results to our statistics (see Definition (1.1)).

Proposition 7.3. We have for all1 <p<d
2
En [|S5(T, K) — py |'] < O1)(et|n]l: + K)

" (IlnlllJTréfllogK +Ke6’(<’”2“A6/)K+TKeeK>

and
1+ logK

14+T)e K.
TV 1 +(1+T)e )

B |57 ) - 5] < o2

Proof. The proof follows by applying Proposition 7.1 and Corollary 7.2 to
the functions f(n) = n;, 1 < j < d, which belong to 1. -

Proposition 7.4. For 1 < p,p’ <d and for all n # 0, we have
2
Ea[(S3,(T. K) = 35,)°] < 0()(ea|ln]}? + K2’
% <1 + IOgK T e_dl(c/%/\/j/)l{ +Te_9K>

TvV1
and
2 4 (1+1og K 0K
E,, [(Sip,(T, K)— Egp/) ] <OO)K (T\/l +(1+T)e .
Proof. The proof follows by applying Proposition 7.1 and Corollary 7.2 to
the functions f(n) = nyn,y, 1 < p,p’ < d, which belong to Z ». O

Proposition 7.5. There exist positive constants 5, 9~, 5, 5 and B such that
forall K>2,T>0and1<{<d,
E, | (S7(T.K) - K Bi(a"))’] <

Ag(l + qu)K
T
+ K72 AY(K + )2 (8 + %))

Ay

C(K + + K10 (K + )R
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where L los K
Re = (1+cy,) (4—2(3g + Te 0K 4 0(¢ AB)K)

s

and Ay > 0, ¢y € IN, are such that, for all z € R,
| Be(z)] < Ae(1 + [|zI)-

The existence of Ay and qp follows from the assumptions on B. The constants
Cq, and cq, are defined in Corollary 4.2 and Lemma 3.3, respectively.
We also have

B [(SF(T.K) — K Bu(")’] <

5 <K—|— Ag(l —i—qu)K " Ay

- ?KS‘{@ + K2A2(R2 + zm))

where
Re = (1+Cy,) ((1 + Coq,) (1 + cqz)log% +(1+7T) e_éK> .
Proof. First observe that
SP(T.K) = 2 NE(O,T)
where N/(0,T) is defined in Appendix B. By assumption, the function
fe(n) = K% By (%) € Jiq,- Let m be any probability measure on Zi

having all its moments finite. We apply Theorem 5.4 to the function f,;, and
then using integration against m we get

B[Sy, (T, K)] — vic(fo)] < O)| fellscqe

_ Iz lx 1 log K
<[ <<K+ )% < ("% Aﬁ>K+Te—6ﬁK++;g)) dm(n).

We now apply the identity in Proposition B.1 and divide by K%~1. We
obtain

En[S?(T.K)] — vic (KBe(7=) )| < Ol fellcg, K (7.1)
K
« | (<K+ lnll)e <e“$<¢"’?<'1“>K+Te—5ﬂK +1“TgK>) dm(n).

We now estimate

[ () dmetw = [ Be(fr) et + [ Bi( ) o)

The second integral is bounded from above by O(1)/K using the polynomial
bound on By and the first estimate in Corollary 4.2. For the first integral
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we use Taylor expansion around z* to first order, then Cauchy-Schwarz
inequality, and finally Theorem 4.3 for ¢ = 1. Therefore we obtain

B [S2(T, K)] — KBy(z*)| < OWVE + O(1) || foll g K

_ llm 2 1=+loc K
X /(K+ l|n|2) % <e 5<C K A’B)K—i-Te_wK ++;g> dm(n). (7.2)

Now we apply the estimate in Proposition B.1 to obtain
En (57 (T, K) ~ Ea[5P (T, K)])’]
[ (VF(0,) — B [A7°(0,7)])]

(7 [ v enas - e [MEQD]) ]

+ 2 B [; /0 " g fANK(s))ds]

+ 2Ey [(Kl_%‘((f‘) B [S?(T’ K)DQ]
+ 2B, [ /K1 “ fo(N* (s ))d]

1
T
< En

< 2En

For the first term we use either Corollary 7.2 or Proposition 7.1. For the
second term we use (7.1). For the third and last term we apply Theorem 5.4,
integrate with respect to m and use (7.2). To finish the proof, we replace m
by either 4, or vg. O

Recall that By, (z*) = Dp(z*), 1 <p < d.

Proposition 7.6. Under the assumptions of Proposition 7.1 and Corollary
7.2, we have, for all1 <p,p’ <d, and 7 >0,

By (85, (1,7, K) = 55,,(1)*] < 01)(callmll? + K2)*x

1 ] K 1 4o Imlla !
< e e R g ) eJK) |

and
C K 2
By (S5 (1,7, K) = 2 (7))
]. 1 K 11
< O1)K* <+T;Og FA+T+7)e? K)
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Proof. The proof requires some simple modifications of the proofs of Pro-
postions 7.1 and 7.2. This is left to the reader. ]

Remark 7.1. One can check that if one modifies slightly the definition of
the statistics in Definition 1.1 by integrating from time 1, then, in the four

previous propositions, one can replace the factor (||n|, + K) by K, and the
factor (||n||? + K?) by K>.

We now define an empirical matrix Mg (T, 7, K) by

emp
eTMé‘mp(T,T,K) — SC(T, T, K) SE(T, K)fl
and an empirical resilience by

Pomp(Ts 7, K) = —sup{Re(z) : z € Sp(M:mp(T, T, K))}

From the above results one can derive various statistical estimates for the
difference between p,, (T, 7, K) and p*.

Proposition 7.7. For v of order one, ||n|, of order K, logT < K and K
large enough, we have, with a probability higher than 1 — 1/K,

2
(T ) = | <00) (E2 L),

In particular, if T > K°, |pko (T, 7, K) — p*| < o1)/VK.

Proof. 1t follows from Propositions 7.4 and 7.6 and the standing assumptions
that, with a probability higher that 1 — 1/K, we have

KS
”SC(Tv 7, K) — EK(T)H <0(1) ﬁ

and
K3

VT
We now use Theorem 1.6 and Proposition 4.6 to obtain

The result follows since 7 is of order one. O

I5¥(T, K) = 55| < 0(1)

eTMc*mp (T, K) eTM*
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A Proof of the two variance estimates

A.1 Starting from anywhere: proof of Proposition 7.1

It is enough to prove the result for || f||x, = 1. We have

1 /T
(7 [ rwma )
Step 1 is to estimate the contribution of the range 0 < ¢; < t5 < 1. Using
Cauchy-Schwarz inequality and Proposition 3.3 we get

E, T2/ dty /t2 f(N" tl))f(yK(tg))}dtl.

t2

dtz FNS (1) (NS (12))] dta| < O) ([ + K7)

Step 2 is to estimate the contribution in the range 0 < to — 1 < t1 < 9.
This implied that T" > 1. We have using again Proposition 3.3

dtg f(NE tl))f(ﬂK(tg))] dty

< /1 dt, /m By £ (0))°] + B [£ (8% (2))7]) dt

<o) (Jall? + K°)

Step 3
(1) Using the Markov property and the definition of g (see (5.8)) we have

/ a [T e [P ) £ (v 12)]
T-1
/ @ / o[ (1) g (V% (5)) |
/T 1 / n (t) )ENK(tl)[g(UK(s—tl))H dt; .

Let us first write
By [ £ (N (00) By [0 (N (s — 12))] |
as the sum of Ji(n) and Jo(n) where
Ji() = By | f (N (1)) B 1) [1 a1y 9 (N (5 = 1)
and

Ja(n) = By [ £ (N (1)) Byse) [Lzyzsnyg (N (s = 1) ]
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We further decompose Ji(n) as Ji 1(n) + Ji2(n) where

Jii(n) =By [f(NK(ﬁ)) Ly <ot By o) [L{my>s— 9 (N (s — tl))ﬂ
and
Ji2(n) = E, [f(UK(tl)) Limys ey By ) [Lizys>s—13 9 (N (s — tl))ﬂ-
Since 0 is an absorbing state, we have for all n # 0 that
Jia(n) =0,

(2) We start by estimating J2(n). Since 0 is an absorbing state, we have

J2(E) = Q(Q) En [f(NK(tl))IPNK(tI)(TQ <s-— tl)}.

Note that g(0) = Eo[f(N*(1))] = f(0). Since we are going to use Lemma
5.2, we write Ja(n) = Jo1(n) + J22(n) where

Jo1(1) = F(0) By | (V" (1)) L e /) P o) (T < 5 = 1) .
and
Joa(n) = F(0) By | (V" (1)) L s <rcanscy B oy (T < 5 1) .

We first estimate Jo1(n). Using (5.9), Lemma 5.2 with v = 0, and since f
belongs to % 4 (see (5.7)), we have

[ 2,1 ()] < O()Eq [|f(N*(t1))[] e **F (1 +C(s — 1))

<O
<O@)(lnflf + K e K (1 +C(s — 1))

where we used Proposition 3.3 for the second inequality.

We now estimate J 2(n) by splitting it as Ja21(n) + J2.2.2(n) where

Jo21(n) = f(0) Ep [f(NK(tl))]l{nyK(tl)nlsm/c} Ly ([t (15 na) | ar) &}

2[|z* [y

IPHK(IH)(TQ S S — tl)} .

and
Taaa) = SO B 0000 St o s ) ) )
IPHK(tl)(TQ S S — tl)} .
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Proceeding as before we get
(@)l < OUKTE, []l{uNK(tl)uo([mé(C”";J“Aa)}M)K}]PNK(“)(1{T°<8_“})]

< O(l)Kq(e_éK(azlxl*l (C ”%h/\o‘)}M)AO‘) (s — t1)67a6K>_

We used Lemma 5.2 with v = 0.
We now handle J3 2 2(n).
Note that v < 1A —%—. We proceed as before with f and g, and we use

[ESH

1 [E[h >>
= N o A 1.
E <2\|x*|11 (C K
to get

azao)] < 00) KBy (165 @)l < ( (5 (12 na) ) a1) )

<O(1)K1 (e_‘s(é(C7;(1/\04)/\||w*||1)1<+0t1 e_stK> ‘

Lemma 5.2 with

(3) Let us now estimate for all n # 0
|J1,2(ﬂ) - VK(f)Q{ :

We have
[ 12(0) — v ()] < 11 2(0) — viel) B [V (1)) L0y ooy (T > s — 1)
+ ‘VK(Q)EH (f(NK(tl))]l{T9>t1}IPEK(t1)(TQ > 5= tl)) — vk (9) En (f(NK(tl))ﬂ{TPtl})‘
+ |1ie(9) B (£ (N (00)) Loy ) = el (D)| + e ()wic () = v (1)?]
= Wi(n) + Wa(n) + W3(n) + Wj.

(3)-(i) By Theorem 5.1 and since N*(t1) # 0, we have

_ (s—t1)

(B o) (Lo 9 (N (5=10)] =Py (o > s—t1) vlg)| < O(1) KTe* e

Hence, using Proposition 3.3, we get for all n # 0

)
1

(s—t
Wi(n) < O(1) K9(cg||n)|? + K9) e ek

(3)-(ii) We have
‘VK(Q)E@ [f(NK(tl))]1{T9>t1}IPyK(t1) (To > s — t1)] — v (9)Ey [f(NK(tl>)]l{T9>t1}i| ‘
< [ (@) B (| £ (V" (1) Lgrpoin Povseey (T < s = 1))

36



Define 0 < 7/ < 8 by

’YI — ,_)//(B) — % <<||IT;H1 /\a> .

We split the right hand side in two terms:

EE[‘f(NK(tl))‘]l{T9>t1}IPA]K(t1)(TQ <s-— tl)}
= B [y ey <50y | (N (00)) [y P o) (To < 5= 1)
B []I{MK(“)”DV'K}‘f(NK(tl)) |]1{T9>t1}]PHK(t1)(TQ <s-— tl)}

The first term is estimated using the growth property of f, Lemma 5.2, and
Cauchy-Schwarz inequality, namely

By [ L oy <oy |F (1)) | Lo ]PNK(tl)(TQ <s—1)]

1

< By [ Ly oy (V% (1)) } W(INS ()] <K
1
2

< O(KIP, (N (1), < 7'K)

Izl

< O(1)K1? (e Q(C )K+(’)(1)t1ea52K>é.

To deal with the second term, we observe using Lemma 5.2 and Proposition

3.3 that, if ||[N*(t1)], > 7' K, then

Py (i) (To < s = tl) <e (CHN e Q)K+0(1)(S —ty)e
< e ONIR L O(1)(s — tr) e
_ G ER ) )KL o1y — 1) eo9K

Now

Ex [H{HEK(M)HDW’K}‘f(NK(tl)) Lm0y Pvice) (To < 5 — tl)}
< O(E, []l{“NK(tl)HDV’K}‘f(UK(tl))‘1{T9>t1}]
% (e—a(c(Q(cunulAa))/\a)K+O(1)(8 _ tl)efozéK)

< O(l)(!\g”q + Kq) (e—6(<<%(%m))m)K LO(1)(s — tl)e*“‘m)

y <e6<1gc> <c izl Aa)K Lo — 1) e—aéK)'
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(3)-(iii) Let us now prove that for all n # 0,

W3(n) =

By (V5 (1)) Lmyony ) = (£
< O(1)(egllnll? + K) (& HER" om0 oma(c Tt ha)
YOt —1)e K 11 e_’\O(K)). (A1)
For 0 < t; <1, using Proposition 3.3 we obtain

Ey | f(N* (1)) L{zysey || < OW)(cqllnllf + K7).
] J

We now deal with ¢t; > 1. By the Markov property one has

Eﬂ |:f (NK(tl))]l{TQ>t1}j| = Eﬂ |:]l{T9>t171}ENK(t1—1) [f (NK(]-))]I{TQ>1}I|
=T, [11{T9>t1—1}§(NK(751 - 1))}

where
§(n) = By [N* (D) 1ig,513]) < 9(n)

is a function bounded by O(1)K9. For n # 0, we use Theorem 5.1 and
Corollary 3.2 to get

Eg [1{T9>t1_1} Enx (-1 [f(NK(l))]l{Tgx}]]
—Py (Ty > t1 — 1) By [f(UK(l))]l{T9>1}H

(t1—1)

<O(1)K?e “osK |

Since vk is the gsd, we have

Iy [f(UK(l))]l{Tpl}} = e ) e (f).

Using Corollary 4.2, Lemma 5.2 and the properties of f we obtain

Pu (T > t1 — 1) By [F (N (1) T3] — (S|

lin

< O(l)Kq<e—/\o(K) e—&(( 21 pa) K Ot —1)ePK 41— ef)\o(K)>

and (A.1) is proved.
(3)-(iv) Let us note that

Wy < v (H)l|vic (f) — vic(9)]-

Proposition 3.3 and Lemma 5.5 give
1
Wy < O(1)K2(1 — e 20K) )2,
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(3)-(v) Collecting the informations given in the four previous estimates,
we obtain a precise estimation of ‘JLQ(IL) — VK(f)2} for all n # 0.
(3)-(vi) We have

[, [ £ (N (42)) By o) [9 (N (5 = 1)]] = e (1)?]
< |Ja()] + |J12(n) — v (£)?]-

Collecting the above relevant estimates we obtain that there exist &', (', 3, ¢’
(all being positive and independent of K') such that

o (2 0 B [0 (0 = )] = om0 *] < OOl + K

P TNy, , _a(s—t1) _aty
X <]1{t1§1} +e (¢ ns )K+(s +t+1)e K pe ek fe 1ogK> .

Now we have

/OT1 ds /O B [ £ (N (1)) B [o (N (s — 12))] | dt = wac(1)?

2
T2
1 1 41 e / ’ ]. K
< ORI el + K (470 () oo B,
The final result for T' > 1 follows by collecting all estimates. For T" < 1 the
bound follows directly from Proposition 3.3.

A.2 Starting from the gsd: proof of Corollary 7.2

The result follows from Proposition 7.1 by integrating over n with respect
to the gqsd. More precisely, we have

(cqllnllf + K9 |In|[f + K?log K
Tv1

2
E@[lsf(T,K) — vie(f)] ] < C’||f|§(7q<
/ s lInlly / ,
T (eqllnlf + KK RN (el + KOTR e K)

The integrals of the first and third terms with respect to the q.s.d are esti-
mated using Corollary 4.2. We deal with second term:

1 Azl o o
/(cqllnll? + K9 Ko (CREAI)E 4y () =
g (e lml g
/11{{n1<5'K/<f}}m>}(cq!n!?+Kq)qu o (CEEA)K Qe ()
_s' (¢ 2l o
+/]1{{n1<5'K/<f}}m>c}(chn!?+K")K‘1e 7 (B AS)E Qe (m)

(o lnls g
+/]l{lln||1>6/K/<'}(CanH?+K")qu & (¢BEA)K Qe (m).
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The third integral is estimated using the fact that the integrand is exponen-
tially small in K. The second integral is estimated using the first estimate
in Corollary 4.2. We finally deal with the first integral. If n € D then
Il = llnfls = [n*)le/2. If {[|lnll < 8'K/¢"} 0D # 0, on this set we have
e (CI%A/B/)K < e 9¢l2"l2/2 (exponentially small in K). The estimate
follows.

B Counting the number of births

Denote by Nj(t1,t2) the number of births of species of type £ between the
times tl and tg (1 < 14 < d, 0 < tl < tg).

Proposition B.1. For any probability measure m on Z% , we have

En [N (4, t2)] = K ” En |:Bg (N;(S)ﬂ ds

t1

and
En [(Nf(tl,tg) — En [/\ff(tl,tZ)})z] < 2KE, [/: By <NKK(S)> ds]
+ B K/: KB, <N;(S)> ds — En [/\/@K(tl,tQ)])Q] .

Proof. Recall that the generator of the process is given in (3.1). Let us now
give a pathwise representation of the process. We introduce d independent
point Poisson measures My(ds,df) on Ryx Ry with intensity dsdf. We
define the d-dimensionnal cad-lag process (Vg t € Ry)

N, :No+ezd;/0t/Mg(ds,d9)
x (1{9<KBe(Aﬂ:<<S))} B H{KBe(W)<0<K<Be(]\ﬂ;<(s))+De(Ni(S))>}) '

Then the number of births of species between the times ¢; and to is given

by
MK(t1;t2) :/t1t2/]1{0<KBZ(NI;<S))}M£(dS’d9)'

Using the Markov property we get at once the first identity.
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We now establish the estimate. Indeed
K K 2
En [(/\Q (t1,t2) = B (N (1, 12)) }
to K 2
< 2, [(Ngf(tl,tz)—/ KB, (N (S)) ds) }

t1 K

+ 2By [(/t KB <N2(3)> ds — By [N@K(tl,tQ)])z} .

t1

By the L2-isometry for jump processes (see [7] Formula (3.9) p.62), we have

Fn [<NEK(“¢2) - /: KB <N;(S)> ds)z}
- /: /Em<<]l{9SKBZ(N1;<S))})2> dsdf
- /: B [KBE <N;{(S)ﬂ ds.

This finishes the proof. O

C A numerical example

We consider the two-dimensional vector fields

ari+bzx
B(xq,x0) = <e:v11+fx22>
and
_ a:l(cac1+dx2)
D(z1,2) = (xg(gxl + h@))

where all the coefficients are positive. This is a model of competition between
two species of Lotka-Volterra type. We have taken

a = 0.4569, b = 0.2959, e = 0.5920, f = 0.6449
c=0.9263, d = 0.9157, g = 0.9971, h = 0.2905.

Assumptions H.1 and H.4 are easily verified numerically. Assumptions H.5
and H.6 are true because B(y) < a +b+e + f and ﬁ(y) > (¢ A h)y?/4.
Concerning H.2, we checked numerically that there is a unique fixed point
inside the positive quadrant, namely x* = (0.3567,1.4855). It remains to
check H.3, namely that

—B = sup R(z) <0

2
§€R+
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where
(X(z),(z — "))

lzllz — z*[3

We first checked that the numerator N(z) = (X (x),(z — z*)) is negative
and vanishes only in 0 and z*. It is easy to check that N(z) < 0 for
||lz||2 large enough. We have verified numerically that the only solutions
of the equations 0,, N = 05, N = 0 in the closed positive quadrant are z*
and z = (0.1739,0.4361), with N(z) = —0.2852, thus this is negative local
minimum. This implies that N(z) < 0 in the closed positive quadrant,
except at 0 and z* where it vanishes. This implies that R < 0 in the closed
positive quadrant. It is easy to check that

R(z) =

limsup R(z) < —(cAh)/V2.

llzlla—=+o0

This implies that R < 0 except perhaps in 0 and z*. Near 0 we have by
Taylor expansion

(DX(0) z,

£ (14 0(lal)) = - & DEOE)

EINEEE (14 0(ll2))

and, since the vector *DB(0) z* has positive components, there exists o > 0
such that for all z € Ri

R(z) =—

ENERE

(z,'DB(0) z*) > ol|z]|..
If y =z — 2" is small, we have by Taylor expansion (since X (z*) = 0)

(g3 ("M + M) y))
[E: PYITF

R(z) = 8 yi (11 0(lyll)) = (1+0(lyl)-

{12 [l 13

One can check numerically that the two real eigenvalues of the symmetric
matrix
tM* + M*

are strictly negative, the largest being numerically equal to —0.786. This
completes the verification of hypothesis H.3.

We have chosen K = 10° and simulated a realization of the process
with 7" = 100 which contains about 5.107 jumps. The resilience computed
from the vector field is numerically equal to 0.547. We have computed
Pinp(100,1,10°). The relative error, that is |p,,,(100,1,10%) — p*|/p*, is
equal to 0.022.

We have also checked the size of the error in (1.5). We have computed

e = |M*S™(T, K) 4+ S*(T, K) 'M* + 2D*||

—|
VK
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where || - || stands for Hilbert-Schmidt norm. For the above values of T' and
K, ¢ = 68, which corresponds to a rather large error term. However, we
have also checked that this quantity depends strongly on 7. Namely, for
K =2000 and 7" = 2000 (which has roughly the same computational cost),
we have found ¢ = 3.19.
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