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Donsker-Type Theorem for BSDEs:

Rate of Convergence

Philippe Briand *f Christel Geiss Stefan Geiss Céline Labart

This version: 2019-06-24

Abstract

In this paper, we study in the Markovian case the rate of convergence in the Wasserstein
distance of an approximation of the solution to a BSDE given by a BSDE which is driven by
a scaled random walk as introduced in Briand, Delyon and Mémin (Electron. Comm. Pro-
bab. 6 (2001), 1-14).

1. Introduction.

In this paper, we are concerned with the discretization of solutions to BSDEs of the form
T T
Y, = G(B) +/ f(BS,YS,ZS)ds—/ Z,dB,, 0<t<T,
t t

where B is a standard Brownian motion. These equations have been introduced by Jean-
Michel Bismut for linear generators in [2] and by Etienne Pardoux and Shige Peng for Lipschitz
generators in [14].

In one of the first studies on this topic, in the case where the generator f may depend on
z as well, Philippe Briand, Bernard Delyon and Jean Mémin [5] proposed an approximation
based on Donsker’s theorem. They showed that the solution (Y, Z) to the previous BSDE can
be approximated by the solution (Y™, Z") to the BSDE

Y =GB+ [ F(BLY™,ZY)d(B™), +/ ZrdBY, 0<t<T,
1t,T] 1t, 7]

where B" is the scaled random walk

[nt/T]
B =\/T/n ;;1 &, 0<t<T,

and (§)r>1 is an ii.d. sequence of symmetric Bernoulli random variables. They proved, in
full generality, meaning that G(B) is only required to be a square integrable random variable,
that (Y, Z™) converges to (Y, Z). However, the question of the rate of convergence was left
open. Right now it seems to be hopeless to get a result in this direction for such a general path-
dependent terminal condition G(B). But in the Markovian case, meaning that G(B) = g(Br),

*In memory of Jean Mémin from whom I learned lots of mathematics.
fMany thanks to Pierre Baras for very fruitful discussions about the heat equation.



this problem seems to be tractable, in particular due to the PDE structure behind. Indeed,
(Y, Z) is related to the semilinear heat equation

1
dyu(t,x) + iAu(t, x) + f(t,z,u(t,z), Vu(t,z)) =0, (t,z)€ [0,T[xR, w(T,)=g, (1)
where, under certain regularity conditions, we can choose
Y; = u(s,Bs) and Zs = Vu(s, Bs).

In the case where B" is the discretized Brownian motion, the link to PDEs was exploited in
[18, 3] to get the rate of convergence, in the Markovian case, of the classical scheme for BSDEs.
The convergence of this scheme was already proved in [6, Proposition 13] for a general terminal
condition and a generator that is Lipschitz in its spatial coordinates but without any rate of
convergence.

Even though the link with PDEs was pointed out in [5], the rate of convergence of the
approximation of BSDEs given by scaled random walks was completely open. In two recent
papers, Christel Geiss, Céline Labart and Antti Luoto [10, 9] give a first answer to this question.
They showed that the error between (Y™, Z") and (Y, Z) is of order n=¢/* when ¢ is assumed
to be e-Holder continuous and f(t,-) Lipschitz continuous. One of the main arguments in
these papers consists in constructing the random walk from the Brownian motion B using the
Skorohod embedding (see [17]) together with generalizations of the pioneering work of Jin Ma
and Jianfeng Zhang [13] on representation theorems for BSDEs. This approach allows to work
with convergence in the L?-sense even if the problem naturally arises in the weak sense. The
drawback is that the rate of convergence n~¢/* obtained in these papers is not optimal as one
can expect n~¢/2.

The objective of our study is to improve the previous rate of convergence by using a weak
limit approach, the error being measured in the Wasserstein distance. Our starting point is a
result of Emmanuel Rio [15] who proved that, when T' = 1, for all > 1, there exists a constant
C, such that, for alln > 1, W,.(B}, G) < C, n~1/2, where W, is the L"-Wasserstein distance and
G a standard normal random variable (see Section 3). Firstly, we generalize this result to cover
the case where f = 0 which corresponds to the heat equation. Then, using the associated PDE,
in particular representation formulas in the spirit of [13], we are able to prove that

Cr
VT —t
when g and f(t,-,y, z) are e-Ho6lder continuous, which gives the correct rate of convergence when

the error is measured in the Wasserstein-distance. We refer to Theorem 10 in Section 5 for the
precise statement.

W (YY) <Con™¥/2,  and  W,.(Z!, Z,) < n~¢/2 for all t € [0, T7,

2. Notation.

In all the sequel, T" > 0 is a fixed positive real number. We work on a complete probability
space (€2, F,P) carrying a standard real Brownian motion {B; }o<¢<7, and {F; }o<i<7 stands for
the augmented filtration of B which is right continuous and complete.

We consider the following BSDE
T T
Vi=g(Br)+ [ f(s.BuYeZ)ds— [ ZudBi 0<t<T. (2)
¢ ¢

Throughout this article, we will assume for the function g defining the terminal condition and
the generator f the following:



Assumption (A1l). There exist 0 < e <1 and 0 < o <1 such that it holds:

(i) The function g : R — R is e-Hélder continuous: for all (x,2’) € R? one has
’5

l9(2) =g ()] < llglle [z =2’

(ii) The function f : [0,7] x R x R x R — R is a-Hoélder continuous in time, e-Holder
continuous in space and Lipschitz continuous with respect to (y, z): for all (¢,z,y,z) and
(t',2',y',2") in [0,T] x R x R x R one has

’f(ta z,Y, Z) - f (tlax/7y/7 Z/)‘
<N fella [t =21+ N falle |2 =2+ [ fylluip [y —o'| + [ folluip [2 = 2 (3)

Most of the time, we do not need to distinguish between || fy|lLip and || f.||Lip and we let
[f1Lip := max (|| fyllLip, 1fz I Lip)-

Convention: Later the phrase that a constant C > 0 depends on (T, e, f,g) stands for the
fact that C' can be expressed in terms of (T',¢, || falle, | fylLips || f2|ILips K75 [|9]|e, 9(0)) where

Kf ‘= sup |f(t707070)‘
t€[0,T]

Similarly, a dependence on (T, «, ¢, f, g) means an additional dependence on (a, || fi|la)-

From [1, Theorem 4.2] it is known that under (A1), the BSDE (2) has a unique LP-solution
(Y, Z) for any p €]1,00[. So for (t,z) € [0, T[xR we let (Y-*, Zﬁ’x)se[tﬂ be the square integrable
solution to the BSDE

Yi" =g (Bp" Cp(rBe e 2 ar - [ ZbvaB,., t<s<T 4
S =g T + f T, r str 4y T r T =S ) ( )
S S

where BL* := z+ B, — By, and set, as usual, for z € R, u(T, z) := g(x), and, for (t,z) € [0, T[XR,
t t T
u(t,z) :=Y," =E |g(Bp") + / f (r, BL® Y fof) dr| .
t

It is well known that the function w is continuous on [0,7] x R (see also Lemma 6 below)
and under Lipschitz assumptions in (z,y,z) and for o > % it is the viscosity solution to (1),
see [20, Theorem 5.5.8]. Moreover, in this Markovian setting, for (¢,z) € [0,7] x R, we have
Yi% = u(s, B4®) a.s. for all s € [t,T]. In [19, Theorem 3.2], for a generator which is Lipschitz
continuous in all space variables and a measurable g with polynomial growth, J. Zhang proved
that u belongs to C%! ([0, T[xR) and that Z{* = Vu(s, Bb*) a.e. on [t,T[x€. Moreover, the
following representation holds

Br — By

) B, — B
T—1

T
Vu(t,x):E[g(B%x +/t f(r,Bf.’w,Yf"”,Zﬁ“'”) — dr], (t,z) € [0, T[xR.

If F is the function given by
F(s,x):= f(s,z,u(s,x),Vu(s,z)) for (s,z) € [0,T[xR, (5)

we thus have

T
u(t,z) =E [g(Bélx) +/t F(r, Bb") dr] . (t,z) € [0,T[xR, (6)



together with

BT—Bt B_Bt

T
Vu(t,z) =E g(BtTm)ﬁ +/t F(r,Bﬁ’I)ﬁ dr|, (t,z) e [0, T[xR. (7)

These formulas play an important role in the sequel.

In Section 4 and in the appendix, we extend these results to the case where f(¢,-,y,z2) is
e-Holder continuous and make the regularity of v and Vu precise.

As mentioned before, we are concerned with the approximation of the solution (Yt’x, Zt’z)
o (4) by a solution to the BSDE driven by a scaled random walk. To do this, let us consider,
on some probability space, not necessarily (2, F,P), an ii.d. sequence ({)r>1 of symmetric
Bernoulli random variables. For n € N* := {1,2,3,...} we set h := T'/n and we consider the
scaled random walk

[t/h]
Bl =vVh > &, 0<t<T,
k=1
where [z] := max{r € Z : r < x} for any real number x. As we did for the Brownian motion, for

re€Rand 0 <t <s<T we put

B .= ¢ + B" — B

Let us introduce some further notation. We denote the ceiling function by [z]| := min{r €
Z:r >z} for x € R. Moreover, we set

ny:=[t/h], t:=h[t/h]=hn, and t:=h[t/h], te€][0,T].
For n € N* let us consider the following BSDE driven by B™:

g(B2) / S5, B Y2 2B, — [ ZraBr te 0]
L,

It was shown in [5] that, as soon as h || f||Lip < 1, this BSDE has a unique square integrable
solution (Y™, Z™), Y™ being adapted and Z" being predictable with respect to the filtration
generated by B". By construction, Y" is a piecewise constant cadlag process with Y,” = Y;".
The process Z" is defined as an element of L2(2 x [0,T],dP ® d(B™)), where we start with a
Z™ defined only on the points {kh : k = 1,...,n} and extend it to ]0,7] as a caglad process
(Z1)1ejo,m by setting Zp' = Zz. The previous BSDE is actually a discrete BSDE that can be
solved by hand since, for k=0, --- ,n — 1, we have

Vi = Yiqon +hf ((k‘ + Dh, Biiy, Yih, Z&H)h) —Vh Zhynérirs Yo = 9(BR).

Thus, if Y(k+1)h is given,
Z&-;—l)h =h'’E (}/(713+1)h§k+1 ’Fl?clh) ) (8)
Yih =Yy +hf ((k + 1h, By, Yih, Z&H)h) ~Vh 2 ynéen
=E (Y&H)h | ]:gh) +hf ((k' + Dh, Bii, Yih, Z&+1)h> ; (9)

where the last equality follows by taking the conditional equation w.r.t. 77}, of the second line.



Since we are in a Markovian setting, there is also an analog of the Feynman-Kac formula. If
u is a given function we set

DYu(x) := % (u(;v +Vh) +uz — \/ﬁ)) , D" u(x) := (u(:v +Vh) —u(z — \/H)) ,

| =

and
V™u(z) := h™ /2 D" u(x). (10)

Remark 1. From the definition of D" and D", we get that if u is e-Holder, D u and D" u are
also e-Holder with constant ||u]|..

Let U™ be the solution to the finite difference equation, where forx € Rand k =0,...,n—1
we require

{ Un(kh,x) = D"U"((k + 1)h, ) + hf ((k + 1)h, 2, U™ (kh, z), h-Y2D"U((k + 1)h, z)),
U"(nh,z) = g(z).

(11)
Then, we obtain from (8) and (9) (cf [5, Proposition 5.1]) that
k
Y =U" (kh,\/EZg) ., k=0,...,n,
i=1

k—1
Ziy = V" (k?h,\/ﬁ Zfz), k=1,...,n.

i=1
These formulas rewrite in continuous time to
Y/ = an =U"(t,B'), tel0,T], and Z]'= Ztl1 =VvV"u" (f, Bf;) , t€]0,T].

If we set, for 0 <t <T and z € R, U™(t,z) := U"(¢, x), we have Y,” = U" (¢, Bf").
More generally, for 0 < ¢t < T, we define (Y4 Zm5%) as the solution Y™0% = (Kn’z’w)se[gﬂ
and Z™4% = (Z?’m)se]ﬂ] to the BSDE

YIS =g (B b [ S BRI ), — [ gy s e T (12)
S, Sy

We set ;2" = g(z). Then,
ypht = Ybt = UM(s, BPY), 0<t<s<T. (13)

Let us observe that Z™4% is first defined at the points t = kh, k = n; + 1,...,n. As before we
let Z&b" = Zg’m for s €t,T]. We have

Zhr = 70N = U (s, BYT)  for s €]t,T).

In particular,

ZMT = U (s + h, BMY*)  whenever s € |t, TI\{kh : k=n; +1,...,n}. (14)



Of course, we have
U™t x) =Y =Y fort € [0, 7).

Similarly, we define, for (¢,z) € [0, T[XR,
AMt,x) = VU™t + h,x) = 2,757 (15)
With this notation, (14) rewrites as
7T = A™(s, B™"*)  whenever s € |t, T)\{kh : k=n;+1,...,n}. (16)

It follows that

o) =B [o (B 135 i 2

k=n¢+1

=K [g (BF) + /t T (s, Byte, yte, zpte) ds] ,

which rewrites, taking into account (13) and (16), to

U™(t,z) = E [g (BE") + /t ' (5, Brte, U (s, BI), A" (s, Bt)) ds]

E [g (1) + [ (s 000) ds], (7)
where
OptT = (BT, U (s, BYT), A" (s, BY') ). (18)

We will prove in Section 5 that (U™, A™) converges to (u, Vu).

From now on we assume that n > no(7, || f||Lip) where ng(T, || f||rip) € N* is the integer given
in Lemma 12 in the appendix and which automatically implies also existence and uniqueness of
solutions because ng > T'|| f||Lip-

3. Scaled random walk and Wasserstein distance.

One starting point of our paper is the following result of Emmanuel Rio [15] (Theorem 2.1); see
also [16]. This result covers, up to a generalization, the case where the generator vanishes, i.e.
f=o.

Let ¢ be the convex function defined by v (z) = el”l — 1. The Orlicz norm associated to this
function v of any real random variable X is given by

| X ]|y :=inf{a > 0:E[¢(X/a)] <1}, inf () := 4+o0.
Let us recall that, for any r > 1,
1/r
su < +o00, Xl < <Su _xr ) Xl 19

Let X and Y be two random variables end let us denote by u the law of X and by v the law of
Y. With the usual abuse of notation, the Wasserstein distance associated to 1 is defined by

Wy, v) = Wy (X, Y) :=inf {||[X =Y ||y : law(X) = p, law(Y) = v}.



Let (Xg)g>1 be an i.i.d. sequence of random variables with E [X] = 0, E [X?] = 1, and such
that, for some o > 0, E {e"'X q < +o00. Let G be a standard normal random variable. In [15,
Theorem 2.1], Emmanuel Rio proved that there exists a constant C' > 0 such that, for n > 1,

Wy (n_l/QS’n,G) < Cn_l/Q, where S, =X;+...+X,.
As a byproduct, for any r > 1, there exists a constant ¢, > 0 such that
w.,. (n_l/QSn, G) <ec, n_1/2,
where W, stands for the L"-Wasserstein distance
Wi(pv) = Wo(X,Y) = inf {B[|X = Y]V law(X) = p, law(Y) = v} . (20)
We have also the result of Kantorovich-Rubinstein, i.e.
Wi, v) = Wi(X,Y) = sup{E [f(X)] =E[f(Y)] : [|fllLip < 1} (21)

Remark 2. We could also consider the case where 0 < r < 1 by using the fact that, in this
case, E(|X — Y|") is a distance (see the arguments in [I, Section 7.1]). In general, we have
Wp(p,v) = Wy(p,v) for 0 < p < ¢ < oo.

Let us start with a straightforward generalization of Rio’s result.

Proposition 3. There exists a C > 0 such that, for allz € R and all0 <t <s<T,

W, (B?,t,ijz,m) <C <T>1/2'

n

As a byproduct, taking into account (19), for any r > 1, there exists a ¢, > 0 such that, for
allreRandall 0 <t <s< T,

W, (B?,tﬂc’ B§$> < ¢ (Z) 1/2. (22)

Proof of Proposition 3. We have, for any x € Rand all 0 <t <s<T,
Wy (x+ By — Bi',x + B; — B;) = Wy, (B — B{', B — By) ..
If s =t, then Bj* — B! =0, and we have
Wy (B} = B, Bs — Bi) = | Bs = Billy = Vs = £ |Glly < VR |G|y-
Let us assume that ¢t < s and let us write
Wy (BY - By, By — By) = Wy (Bf — By, B, - By)
< Wy (B} = By, By — Bi) + Wy (By — B, B, — Bi) . (23)

Let us treat each term separately. For the first one, Rio’s result gives

1 - ~1/2
Wy [ ———— G| <C(ns—n ,
v (m k:%f’“ ) (e =)



and multiplying by v/ns — nsVh, we get, since \/h(ns — n;)G is equal to B, — B; in distribution,
Wy (B — B, By — B;) < CVh.
Let us deal with the second term of (23). Let 5(s,t) := min(s —¢,s —¢). Then

Wy (Bs — By, Bs — By) = Wy, (N(0,s8 — 1), N(0,5 — 1))
= Wy (N0, B(5,1)), N'(0, B(5,1)) ¥ N (0, |s — ¢ — (5 — 1)]))
< Wy (0,N(0, s — t — (s — 1)]))
= Jls—t— (s =) |Glly.

But |s —t — (s — t)| < h, and this concludes the proof. O

Let us finish with a simple consequence of this result that we will use in the sequel.

Corollary 4. Let 0 < € < 1 and let g : R — R be an e-Hoélder continuous function. Then
there exists a C' > 0 depending on T such that, for all z € R and all 0 <t <s< T,

E[o (B2*)] ~E[o (B2%)]| < O llgll-m

and, setting 6(t,s) := max (s —t,s — t),

(o) (502 2)] -=ls (5) (5 )] | <ot

Proof. Let z € Rand 0 <t < s <T. For any coupling (X,Y) of B*»* and B%*, using Hélder’s
inequality when 0 < e < 1,

Wi (g (B2t") g (BL")) <Ellg(X) =g (N < lgl- E[IX = Y] < gl E[X - Y.

Thus, we have, by (22) for r =1,

Wi (9 (B2<) g (7)) < llglle W1 (B2, BE)' < gl (£)7

Choosing f(z) = x in (21), this implies the first result.

Let us prove the second assertion. We start by observing that, since By — B and B — B}
are centered random variables, we have, setting h(y) := (g(x + y) — g(z))y,

E[g(B*) (BY — )| =El(g (x+ B — Br) — g(x)) (Bs — By)] = E[h(Bs — By)].
E|g (Br) (Bi* —x)| =E[(g (v + BY — B) - g(x)) (BY — By')] = E[h(BY - BY)].

Let us remark that, for any real numbers y and z, |h(y)| < ||gll= |y|' T, and using the fact that
ly — 217 <yl + ]2l

[h(y) = h(2)| < lg(@ +y) — g(@)| [y — 2|+ |(g(x + y) — 9()) = (g(z + 2) — g(x))]|2]
<|lglle (jy — =l lyl* + [y — = |2])
< llglle (s = 2Fly — 2I"= 1yl + Iy — 2I7 |2

< llgllely = = (lyl + [yl* === + |2]) -



Young’s inequality, |y|°|z|'™¢ < ely| + (1 — &) |z| < |y| + |2, leads to
h(y) = h(2)] < 2llgllely = 21" (lyl + [2]) - (24)
In the case where s = ¢ we have
Wi (W(BY = BY), h(B — By) < E[|h(B, — B < llg-E ||B, — B "]
< llglle (s =) +92E [|G|+9)],
where law(G) = N(0,1). Since s = t implies (s —t)'/2 = §(t,5)1/? and (s —t)/? < h*/2, we have
Wi (h(BY = B}'), h(Bs — By)) < |lgl 8(¢, )"/ (£)°/*

using the fact that E UG|(1+5)} <1.

Let us turn to the case t < s. For any coupling (X,Y") of Bl — B}* and B; — By, using (20)
and (24),

Wi (W(B§ — B'), h(Bs — By)) < E[[h(X) — h(Y)]]
<2l E[IX =Y (IX[ + [Y]],

and, by Hoélder’s inequality with p = 2/e and ¢ =2/(2 — ¢),

n n 2 €/2
Wi (h(BY = BY),h(Bs — By)) < 2|g.- E ||X — Y?]

(E[|X|2/(2*5)]1*5/2 +E[|y|2/(275)]176/2)
<2gl. B[1X = v2)7* (s = /2 + (s — 1)!/2).
From (20) it follows that
Wi (h(BY = BY), h(Bs — By)) < 2 glle Wa (BY = B, By = Be) ((s—)"/? + (s — )'/?)
<agstole (5)" s

where we have used (22) for r = 2.
Thus, for 0 <t < s < T,

Wi (M(BY — B}'),h(Bs — By)) < C |lgll-n~/?5(t, s)'/,

and the result follows as before by choosing f(x) = z in (21). O

4. Regularity results on u, U", Vu and A".

Let us start by known regularity properties of the function u that follow from classical a priori
estimates for BSDEs.

Lemma 5. Under Assumption (A1) there exists a constant C > 0 depending on (T, ¢, f,g) such
that, for all (t,z) € [0,T] x R,

u(t, z)] < C(1+ |x])7, [u(t, )l < C, [u(-, 2)l[e2 < C (1 + |z])*



Proof. The first two results follow directly from classical a priori estimates for BSDEs, see e.g.
[8, Proposition 2.1]. The last one ensues from the following upper bound: for any real x and for
0<r<t<T,

u(r,z) — u(t, )| = |E[Y;""] — E[Y;""]]
< [E[Y;™ — Y] + |[E[Y{"" — Y]]

t
< / E[|f(57B§’-'E’YST,$,Z§,$)H ds _’_E[D/tr,x . }/tt’xH
r
t
< C/ E[l + \Bg,w\e + |Ysr,w| + |Z§’$|] ds —|—E[|Y;T"T . Y;t’mH.
r

Since the norm in S? x H? of (Y, Z"*) is of order (1+ |z|)¢, we use Cauchy-Schwarz inequality
to bound the first term and a priori estimates enable (similarly as in the proof of [%, Proposition
4.1]) to bound the second term. O

Next we extend [19, Theorem 3.2] to the case where f(¢,-,y,z) is Holder continuous.

Lemma 6. Recall the notation (5) and let Assumption (A1) hold.
(a) The function u belongs to C%L([0, T[xR) and, for all (t,x) € [0, T[xR, we have,
Z% = Vu(s, BY")  for a.e. (s,w) € [t, T[x, (25)

as well as (7) i.e.

_ T _
Vu(t,z) = E (g(Béf”)B;_Bt> VE ( | e Bﬁ’”)Bsftds> .

t t S —

(b) Moreover, there exists a constant C > 0 depending on (T,¢, f,g) such that,

(1) Vu(t,)lle < \/% for allt € 0,7,

(ii) |Vu(t,z)| < (T—t)(%g)ﬁ for all (t,z) € [0, T[xR.
Consequently, for E, := E[- |F,],

Br — B, T Bs — B,
Vu(r, Bb*) = E, (g(Bélm)T) +E, (/ F(s,B?ﬂds) a.s. for r e [t,T].

T—r s—r
(26)
Proof of Lemma 6. The proof is divided into two steps.
Step 1. We assume in addition that f is Lipschitz continuous w.r.t. z. Then according to [19],
we have only the second point to prove and we know that, for some constant C,
C(1+ =)
Vu(t,z)| < ———% on [0, T[xR. 27
Vu(t.a) < =2 on 071 1)
(bi) The representation (26) yields to
Br—B
”VU(’I”, Bﬁ,m) _ VU(T, Bi:y)HLQ < ‘ E, <(g(B;;m) _ g(BégyD TT)
T — T L2
T B;— B
+/ E, ((F(S,ng) — F(s, BLY)) ) ds.  (28)
r S—7Tr L2

10



Since g is e-Holder continuous we get

E, (@(Béf”) — g(B5))

BT—BT)‘<” lle|z — ’E;
Ty )| =WV

Similarly, we obtain by the conditional Cauchy-Schwarz inequality the estimate
‘ B, — Br>

s—r
Using (3) for f, we have

1
L2 \/s—r

E, ((F(s, BY*) — F(s, BLY))

< [Pt penn

|F(s, Bg") — F(s, BgY)]
< fallele = yl* + I fyllupluls, Be™) — uls, Be¥)| + || falluipl Vuls, Be®) — Vu(s, BgY),
and the Holder continuity of u stated in Lemma 5 yields
|F(Sa B?w) - F(Sa B§7y)|
< (Ifelle + CllfyllLip)le =yl + [l fallLip| Vuls, BE™) = Vu(s, BeY)[. (29)

By combining the above estimates we conclude from (28) that

€T — £
Y (1 flle + C Ly l) I — yVT =7

”VU(T’, B7t"7$) - VU(T, B7t",y)”L2 < HgH€m
£ lLip

T
+/ HVU(S,B?“) - Vu(s,Bﬁ’y)‘ L2 \/ﬁds
<y [z — i + /T HVU(S, BY*) — Vs, Bt’y)‘ 7||fz||mpds
- \/T —-Tr r s s L? \/ﬁ
for Cy := |lgllc + 2T(|| f2|le + C || fyllLip)- Because of (27) we have
L+ [a] + [yl

txy t,y

HVU(S,BS ) — Vu(s, B; )‘ Lo < Cy T — )1/

with Cy = Co(C,T) > 0. Hence we may apply Gronwall’s lemma (Lemma 14) and get
[z —yl®

JT 1

for some ¢o = co(T, || f2||Lip) > 0. Especially, for r = ¢ this implies

|Vu(r, BY) = Vu(r, B)|| 2 < Cico

|z — y|°
T —1¢

’VU(t,Jf) - vu(tvy)‘ <C

for some C' = C(T,¢, f,g) > 0.
(bii) We first notice that for any e-Hélder continuous function k and for all 0 <t < s < T

we have
1%l
~ (s — t)(lfs)/Q'

(30)

s—t

B, — B
‘ £ [k(Bzx)t]
s—t

Bs _Bt}

— |E | (K(BE) k()

Therefore, we obtain from (7) that

Br — B T B, — B
Vutt.o)| < [B (9B 751" )|+ B ( / F(s,BzvﬂS;ds)|
- t -

llglle T (sl
N EDEIE +/t (5 —pa-22%

11



Using (29) for s =t and taking into account that Vu satisfies (bi) we get
C
F s ) lle <
175, <
for some C' = C(T\,¢, f,g) > 0. This finishes the proof of the first step.

Step 2. General case. The proof relies on a regularization procedure and is postponed to
appendix A.3. ]

(31)

Remark 7. From now on we will always use the continuous version of Zb* given by Vu(s, BLX®).

Lemma 8. For all (t,z) € [0,T[xR and for n > ng € N*, with ng defined as in Lemma 12, we
have

(i) [U"(t,2)] < C(A 4+ [x])7,

(i) A"t 2)| < e Gimres

where C' > 0 depends on (T,e, f,g) and C, > 0 depends on (T,¢, f,g,n).

Proof. The result on U™ ensues from Lemma 12, by choosing f = 0 and g = 0. Let us prove the
result on A™. By (15) and (10) we have that

A"(t,z) = [V"U"|(t + h,x)

= sl (Ut + how + V) = UMt + b,z — V)

—E lU”(t + h, BT z] .

We want to use (17), where we realize that

t+h,BIET\ BET - BMbT_ grte _
E lg (B; o ) *Z] -E lg (BF) 2’1] —E [g(Bg,t,m)H .

A similar argument can be used for the integral expression so that we get

T -t t+h s—1

Bn,t,m . T Bmtr _
A™Mt,z) = [g(Bg’t’x)T ‘7"] +E l / f (s 0pt0) = ——= ds] . (32)
Then

a"(t,2) =E ((9(B") - 9(o) 5= )

+E </T (f(5,0057) — f(s,:c,U”(s,a:),A"(s,x)))Md8>

t+h s—1

=G+ F.

llgll=

Since g is e-Holder, |G| is bounded by [(EDIEDTEE

f satisfies (3),

Concerning the second term, we get, since

f(5,0057) = f(5,2,U" (s, 2), A" (s, 2))
< falle|BE = BY I+ I fylluiplU™ (s, BEHT) = U™, 8)] + [ fe|Lipl A" (s, BEHT) — A (s, ).

12



We will use that U"(¢,z) and A"™(t,z) are e-Holder continuous in z, i.e.

U™ (t,2) = Ut )| + |A"(E, 2) = At y)| < e(h)]e =y,

where ¢(h) tends to infinity when A tends to 0. For U™, Lemma 12 with (z, g, f) = (y, 9, f) gives
U™ (t,x) = U (t,y)| < colw —yl° (33)

while for A™ this is an immediate consequence of Remark 1 and (33) with ¢(h) = ¢o + = f Then

T (1B By
FL< (Ifelle + ey + e fo i) | B (=2t ) ds

1

T
< (I felle+ Wyl + e o) [ ——mayade

Since for s €]t + h,T] we get that |F| < C,,.

1 < 1
GO = (o (trh) (272
0

Proposition 9. Under (Al), there exists a constant C' > 0 depending on (T,¢, f,g) such that,
for all x € R,

_ 2\e/2
|Vu(t,z) — Vu(r,z)| < C'(t\/% forall 0<r<t<T. (34)
Proof. From Lemma 6, we know that, for (¢,z) € [0, T[xR,
Vu(t,z) =E [ (Bm (t,T) —I—/ s, th H(t,s) ds] : (35)
where we have set B _B
H(t,s) = ;:t L for0<t<s<T.
It holds E[H (t,s)] = 0 and || H (t,s)]|12 = \/% We also have, for 0 <r <t < s,
E|H(r,s) — H(t,s)? = —— — 2 E[(Bs— B,)(Bs — B)] + ——
’ ’ Cs—r  (s—t)(s—7) B T ! s—t
1 1 t—r

s—t s—r (s—r)(s—t)
Let us observe that, for 0 <r <t < s <T and any e-Holder continuous function A, it holds

€/2

’E [h(B?m)H(ty 8):| —E[h(By*)H(r, )]‘ <2 Hth-:Etril/z

Indeed, we have
‘}E [h(B?z)H(t, s)} —E[n(By*)H(r, 8)]‘

<E|[A(BL") = H(By™)| H(t,5)| + E|[W(BL") = h(w)] [H(t,5) = H(r,s)]|
< |[hll- (B (1B = B,*|H(t, 5)| + E[|Bs — B, ["|H(t,s) — H(r,5)]]),

13



and, from Cauchy-Schwarz inequality, we deduce that

/2 )12
B [1(BL")H(t, )] - E (B H(r, )] < 1] [H R e et W]

= [|h Hg( e [1—|—(t—r)%_%(s_r)§—%}

( )1/2
r e/2
<2l {7z

Coming back to (35), we write, for 0 <r <t < T,
T
Vu(r,z) =E [g (BF*)H(r,T) + / F(s,B")H(r,s) ds]
t

+E [/t (F (s, B™) — F(s,2)) H(r, s) ds] ,

to have, taking into account the fact that ||F(s,-)|. < C(T — s)~%/2 by (31),

e lglle TE (s, )lle bOECs ) e
(- )/2<(T—gt)1/2 + (s—t)1/2d8> +f (s—r)(l—s)/QdS]’

_2\e/2 |g||€ /
Scl(t r) ( _151/2+ —31/2s—t)1/2

t ds
+/r (T = 8)1/2(s — r)1—9)/2

<C

|Vu(t,z) — Vu(r,z)| < C

. t—r (e+1)/2
(t —r)/? <(T|_g|t!>1/2 + B(%’ %)) + ¢ (T —)t)1/2 ]

5. Main results.

In this section, we state the main result of this paper which gives the rate of convergence in the
Wasserstein distance between the solution to the BSDE (4) and the solution to the BSDE driven
by the scaled random walk (12). For the following we want to remind the reader of Remark 7.

Theorem 10. Under (A1), for any r € [1, 0], there exists a constant C,. > 0 depending at most
on (T,a,e, f,g,7) such that for all x € R,

(i) W, (Y702 YE2) < Cp (14 |2)*n~ @72 forall 0<t<s<T,

(i) W, (Znte, Zt7) < C, “j‘i'}j n~@8)  foralls € [t,T].

This result is a consequence of the following proposition which gives the rate of the point-wise
convergence of U™, solution to (11), towards the solution u of the semilinear heat equation (1).

Proposition 11. Under (Al) there exists a constant C' > 0 depending at most on (T, a, e, f,g)
such that

14



<CQA+|z))Fn @) forall (t,z) € R x [0,T),

(i) fult,z) = U"(t,2)|

(i) |Vu(t,z) — A"t 2)] < ¢ EHIE (@09 for all (t,2) € R x [0, TT.

Proof. We split the proof into three parts. We begin by studying |u — U™|, we proceed by
obtaining an estimate for Vu — A", and then we conclude with a Gronwall argument.

Estimate for |u — U"|. From (6) and (17) we conclude that

ju(t,2) — U™t 2)| < [E [0 (BS)] ~E [o (B3],

T T (36)
+ |E / F(s,BY")ds| —E / 3,0m57) ds||.
(e ] | [ (o)
Let F}, be the function given by
Fu(s,x) := f(s,2,U"(s,z), A" (s,x)) for (s,z) € [0,T[xR. (37)

Using the notation (18) we also have that F, (s, B2\%) = f(s,0%4%). With this notation in
hand, we have, taking into account (13) and (16),

B[ (ere)a] <x | [ (r(nere) -5 (o)

t
/ f (S, Bg,t,x’ Y;n,t,x7 ZgL,t,a:) dS] )
t

In view of the regularity of f in time, we have

‘E [ [ (s (s0rt) - 7 (s 000)) ds]

Moreover, the Cauchy-Schwarz inequality leads to

+E

/t "5 (s.B24) ds]

+E

<Cn™ ™

. , 12
o / £ (s, Bt ybe, 200 ds ds|
t

t
< (t _ t)l/QE |:/t ‘f (S, B;’L,t,l” Y;n,t,a:’ Z;z,t,a;)

and, taking into account the growth of f, we have

t
‘E [/t f (S’Bg,t,ar’y;n,t,x7zg,t,x) dS]

T 1/2
< Chl/QE [/t (1 + |B;L,t,ac|25 + ‘Y;n,t,ac|2 + |Z;z,t,:v|2> d.;|

< Cn V2 (14 Ja]),

where we have used Lemma 12 to get

T
E( sup |Y-8n,t,x|2+/ |Z?,t,m|2ds> S < ntx |2+/ n,t,x70’0)|2d8>
t<s<T t

1+ |a)*



Coming back to (36), we derive the following inequality

it -6 < B o (557)] 2 fo (53]
T

/tTE 7 (5.807)] s [ B [ (s, 80) ]

+C 1+ |z))Fn @), (38)

+

From Corollary 4 we get
o (7)) -2l (55| < Ol
We split the second term on the RHS of (38) into two parts

/tTE |F (s, BL")] ds - /tTE (£, (5, B2 ds

< /tT ]E [F (s, Bﬁ’w)} ) [F (s, Bgvt@)} ’ ds + /tTE [|F —F,| (s, Bgvtvl’)} ds.

Since F' has the regularity (31), Corollary 4 gives

TIEFS,B?”” —E|F (s,B»")||ds < C b ds dsn~3 <Cn 3.
¢ ¢t VT —s

By the above estimates we derive from (38) the inequality
6 T
lu(t,z) — UMt z)| < C (1 + |2])en= (@ 3) +/ E|[|F — B (s, B1"")| ds. (39)
t
Coming back to the definition of F' and F,, (see (5) and (37)) and using the Lipschitz continuity
of f with respect to (y, z), we have

[F = Fal (5, B2) < || flluip [[u = U"[(s, BI) + [Vu — A"|(s, BT

Setting for simplicity, for s € [0, 77,

Bn(s) := SUP{MW} and  yu(s) := Sup{]Vu—A”‘(s’x)}

zer L (L+]z) zek U (14]a])°
for s € [0, T, Lemma 5, Lemma 6 and Lemma 8 imply that, for some C' > 0 and C,, > 0,
Cn

Bn(s) <C  forse€[0,7] and u(s) <

~ m for s S [O,T[,

respectively. We deduce the following estimate
[ = Ful (5, B2"") < | flluip(1 + B2 (Ba(s) + n(s)) (40)
and get, coming back to (39), for 0 < ¢ < T and for any = € R,

ju(t, ) — U™ (t,2)] < C (1 + Jo])? (mmé) 4 [ Buls) (s ds) .
We end up with the inequality
Bu(t) < C <n<‘“3> + /t ' (Bn(s) +n(s)) ds) , telo,T],
and since 7, belongs to L[0, T], Gronwall’s inequality (Lemma 13) gives

T
Ba(t) < C <n<aA3>+ /t 'yn(s)d3>, t e [0,7]. (41)
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Estimate for |Vu — A™|.

In order to take advantage of the previous inequality, we need to
estimate 7,(s). To do this, we use the representations (7) and (32). We will divide the study
into two parts

|Vu(t,x) — A"(t,z)| <| g difference | + | f difference |.
Study of the g difference.

We have
t,x n,t,x
E[g(f%f)lﬁl_tx]—-E[g(3$@”)£?}__tx1
1 1
=E[g(x + Br — B;)(Br — By)] <T—t - T—t)
) t
+ T7—2

(Elg(z + By — By)(Br — By)] — Elg(z + By — B{")(Bf — BY)]) -
For the first term, since

(42)

Elg(z + Br — By)(Br — By)] = E[(9(x + Br — By) — g(x)) (Br — Bt)],
we have, using the fact that g is e-Holder continuous,

Blaa + Br = B)(Br = Bl (7 = 7 )| < ol B [1Br = Bl"*] it —
t—1
<lolk =

But, exploiting that (¢ — )72 < (T

- < 1 , we obtain
(T-1)3 = (T-1)3
t—t t t (t—1t)% h3
l—¢ = 1—¢ £ £ S S ’
(T—-t)=2 (T—t) (T—-t)z(T-)"3(T-t): VI—-t VT—t

from which we deduce that

BloGe + Br = B)(Br - B)) (7 - 7 )]

T—-t T-1t

Since §(t,T) = T —t, from Corollary 4, the absolute value of the second term on the RHS of
(42) is bounded by

12
C llgllon—3 LD

_£ _£ 1
7—¢ = Cllglen™ 7= < Cliglen™ —m—;
Then we get
Bt,x —r Bn,t,:]c —z n_%
|E lg (Bgrx) %_ n ] —E [9 (B:TFL’M) 7% ¢ Cllglle \/?—t (43)
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Study of the f difference. Here we have to estimate for t € [0, 77,

T Bt,a: _ T Bn,t,a: _
E|F(s,B:") =—"lds— [ E|f(s,0007) =—=1ds
t s s—1 t+h y s—1

H(t) =

When T — h < t < s < T, we observe that B™"* — x = 0, and combining the regularity (31)
of F with the estimate (30) we obtain

BY —x

ds < C /T ds ds =
T (s—t) a2 yT —s

T £
H(t) < / E |F (s, BL") C(T —1)> B(4=,}).
t

Thus, for T —h <t <T, H(t) < Cns.
Let us now consider the case where 0 <t < T — hie. t+h <T — h. We first write
¢

e

t+h Bt,a: —x
t,x s
—i—/t E[F(s,BS)S_t ]ds.

For the second term of the RHS of this equality, we proceed as above and get
t,x

t+h 2\ BbT —
/t E[F(S,Bﬁ’)s_tx

ds

o t+h ds J
< .
= /t (s D092 yT 5"

1 1
But, sincet+ h <T —h,fort <s<t-+h, < —and, since 0 <t+h—t <h,
VT — s Vh
th ds P L ds 2 (t+h-p)HI”2  2n3
/t (s— )= /T 5" =V /t (s—t) =92 " 1+e¢ NG S 14e

Secondly, we split the term

T - B;l,t,l’i
[zl e B2

into two parts:

T Bn,t,x — T Bn,t,x —
E Lembr) 25 T s = / E |F, (s, BM*) = — "4
/t+h [f (S # ) s—t ] ° t+h [ n(s s ) s—t §

and, the remaining term

Bmbe —

T
R= HhE[(f (E,@Q’t"”)—f<s7@§’t’m))87_t ds.

But, due to the uniform regularity of f in time, we have, since s—t = (s+h)—(t+h) > s—(t+h),

ds

T E UBn,t,QZ _ x‘] T dS
R| < a/ Fos)i—— 7 ds< “ha/
RISl [ G912 Vil o Va1

ds < C h“.

TN -
= e t+h /s — (t+ h)

18



Thus, for 0 <t < T — h,

HO [,

E

F (s, Bgl’) Bi"’f_; a:] —E an (s, Bg,t,m) B?Stit— x

ds + O n~(@"3),

We split the integrand of the first term on the RHS of the inequality into three parts,

‘E lF (5:857) B;x_?} ~E [Fn (s, Brt) B”t—ﬂ?]

s—1t
<fofr ) 2] e [ o) 2]

vl [r (5. 8%) B:”_—t@‘] _E lF (s, By) B";;—x]
+ |E

Bn,t,m — Bn,t,x —
n,t,x s - n,t,x S -
F (s, B} >7s—z ] E[Fn (s, Brt") ]
=: H1(8> + HQ(S) + H3(S),

so that .
H(t) < / (Hy(s) + Ha(s) + Hs(s)) ds + Cn— (@5,
t+h
The term H;. Since BY* — z has mean zero,
Hi(s) < [|[F(5, BB — 2l 79)| L - 1
— ) 3 S s — t s — z

and the regularity (31) of F' gives

(s—t)I+2 (t—t)+(s—s)  C (t—1)+ (s —5)
M) <O =060 VT (-0 921

Since (t—t) = (t—1)2(t—1)' "2 < h3(s—1)' "2 and the same upper bound holds for s — s (since
s—s<h<s—t), we get

Finally, we remark that s —t = (s+h) — (t+h) >s— (t+h) and s —t > s — (t + h), to obtain

Hl(S) < < h% P
VI —s (s — (t+h)1=972(s — (£ + )3

and, as a consequence,

Ch3
VT —s+\/s—({t+h)

T
Hi(s)ds < Chz B(3,

).

[l

t+h
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The term Hy. We use once again the regularity (31) of F' together with Corollary 4 to obtain,
fort+h<s<T,

< 1 1
Hy(s <Cn*§5t,31/27 .
2()— ( ) \/ﬁﬁ_ﬁ
We first use the fact that 0(s,t) =max(s —t,s —t) <s—t<s—s+s—t<2(s—1) to get
Ho(s) < C 2"
VI —sy/s—1
and, since s —t > s — (t + h), we have
n_%

HZ(S)SC\/T—S\/S—(L—Fh)’

from which we deduce the estimate

T 154
Hy(s)ds < Cn™2 B(3,
t+h

).

N[

The term Hs. For this last term, we come back to the definitions (5) and (37) of F' and F,,
respectively. By (40) we have, fort + h < s < T,
Bn,t,:v —x

(1+ yBg’tﬂ)E‘ :

Brte _ g

H <E
3(s) < s—1

|[F = Fyl(s, B3) ’

< llip (Bn(s) + n(s)) E

|

s—t

and, by the Cauchy-Schwarz inequality, we derive the estimate

Hs(s) < C (Buls) +vnls)) (1 + [x])®

]H

§_

Summary for H. Let us summarize the estimates we got for H. For T'— h <t < T, we have
H(t) < Cn~2. For 0 <t < T — h we obtained the upper bound

- T
H(t) < Cn~@%) 4 C (1 + |a))° /Hh (Bu(s) + 1n(5))

Hence we have, for t € [0,7],

. T ds
T 15 n_(a/\E) S S .
H(t)<C((1+|x|) < + ARAT (Bn(s) +Tn(s)) m)

Coming back to (43), we have, for any x € R and ¢t € [0, 77,

n—(@Ag) T ds
Vu(t,z) = A™(t,2)] < C (1 + |z])® ( +/( (Bn(s) +m(s)) > 7

T—t t+h)AT s—1

and, as a byproduct,

T ds
w020 (" [ e e ). elrl
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Plugging (41) into (44), we get, for t € [0, 7],
—(ang) T . T d
Mm(t) <C L__— +/ n=(@"3) +/ Y (1) dr + v (8) 5 )
T—t (t+h)AT s s—t
—(t+h)>s—(t+h), we have

Global estimate.

Fort <T — h, since s —t = (s+ h)

€ T ds € T
(@A) / < p(@rg) 4
s—t t+h /s — (t+ h)

t+h

Again, we have,
ds

/t+Th /ST%(T) Vs—1 /+h/ Vs—(t+h)

from which we deduce

T T ds
[ [ [ / oy
t+hJs \/s— t+h +h t+h s—(t+h)

—2/ Yn(r 'r—(t—i-h)dr

ds

<oT .
< Hh%() =1

It follows that, for ¢ € [0, T,

Thus,

w(t) < C
(t) < NG
L2 /T n~(@"3) +/T - dr ds
+r)AT \ VI — s (§+h)AT% Vr—s)s—t)"

But we have

T n=(@"\3) g T n~(@N3) ds c
/ < / :n_(a/\E)B(%’%)’
AT VT —s /8=t 7 Juthar VT —s /s — (t+h)

and, for t <T — h, since s + h < r if and only if s < r,
ds

dr ds /T ) /T
( Tn (t+h s<7" /7,’" s /78 —

/t+h AT /s+h \/ —SVSs t+2h)AT
T T ds
= Yn(T) /
(t+2R)AT (t+h)AT VL — S/ S8 —

Butr—s>r—sands—t>s— (t+h), so we get
ds

95 9n~@r9) [T (¢4 h) < 2v/Tn@"5),

t-+2R)AT

N

/T /T (r) dr ds - /T . /z 0
(t+R)AT J (s+h)AT n r—= ( n (t+R)AT /T — Sy/S — t + h

T
= B(:, / (1) dr.
(2 2) (§+2h)/\T7 ()
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Finally, we have

T
w(t) <C ( +/t Tn($) ds) for t€0,T1],

and from Gronwall’s inequality (Lemma 13)

for ¢t € [0,T7.

Coming back to (41), we have also,
Bn(t) < Cn~ @2 for tel0,T).
The proof of Proposition 11 is complete. ]

Proof of Theorem 10. Theorem 10 is mainly a corollary of Proposition 11.

Let us begin with the convergence of the (Y™), processes. Let us fix r > 1, z € R and
0<t<s<T. We have

W, (Y” Y””) =W, (u(s, BLT), U™ (s, B;}’t’x))
< W (s, BE), (s, BI)) W (u(s, BIA), U (s, B))

Since, by Lemma 5, u is e-Holder continuous in space, uniformly in time, we have, by Holder’s
inequality,
€ £ €
W, (u(s, BbT), (s, Bgm)) <CW, (ng, B?,t,x) < CETEns,

where we have used Proposition 3 (see (22)) for the last inequality. Moreover, by Proposition
11,

Wr (U(S,Bg,t,ar)’ U”(s,B?ﬂhm)) < HU(S’ B?,tw) o Un(s, B?’t’x)

<O tlal D,

This gives the first part of the result.

Let us continue with the convergence of the (Z"),, processes. The proof is almost the same
except for the grid points. Let 0 <t < s < T with s # sie. s & {kh,k=n,+1,...,n}. We
have as before

W, (Vuls, B%), A™(s, B:4))
< W, (Vuls, BI), Tu(s, BI)) + W, (Tuls, BEtw), A(s, Br4o))

Since, by Lemma 6, Vu(s, -) is e-Holder continuous, we have, by Holder’s inequality,

W, (VU(S,B;’J:),VU(S,BZ’t’x)> < \/7% W, (BE,$’Bg,t,x>E <

where the last inequality follows from (22). Moreover, by Proposition 11,

CcET2
T—s

£
n 2,

(L4 12D° (ane)
Lr < Cﬁn 27,

and the result follows, in this case, from equalities (25) and (16) together with Remark 7.

W, (Vu(s, Blt=), A" (s, By ) < HV“(Sv Brtey _ An(s, Breta)
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Let us now consider the case where s € {kh,k =n;+ 1,...,n — 1}. In this case we have

Znbe = yngn (5’ ng,m) =A" (s —h/2, B:f}f/z)

which is not equal to A™ (s, B™%*) in general. We first write

Wi (237, 230) = W (27 202%500) S W (235, 2070 0) + W (225020 22500

The second term on the RHS can be bounded by using our previous result, namely

—(ang) € —(ang) €
t,x n,t,x n 2 (1 + |$’) n 2 (1 + ’JZD
W (2w 2500) <€ ey <Cvr =y
For the first term, one can write

W, (257,257, 1) = We (Vuls, BE®), Vu(s — h/2, BL", )
S Wr (VU(S — h/27 Bth/Q)’ VU(S - h/2, B};,:C)> + W’r‘ (V’U,(S _ h/2’ B?ﬂ?), vu(s7 B?I)) )

From Lemma 6, Vu(s — h/2,-) is e-Holder continuous and we have

C
T—(s—h/2)

1>

< Cleli: (1)

~ VT —s5 \2)’
where G is a standard normal random variable. Finally, for the last term, we use Proposition 9
for the time regularity of Vu. We have

W, (Vu(s —h/2, Bz’fh/Q), Vu(s —h/2, Bg’x)> < W, (Bth/w Bg,z>5

Ch?
W, (Vu(s — h/2, Bb"), Vu(s, Bﬁm)) < HVu(s — h/2, B¥*) — Vu(s, Bb") L < T : ,
" — S
and the estimate for W, (Z2%*, Zb*) follows.
This ends the proof. O

A. Appendix.

A.1. A priori estimate for discrete BSDEs. For the convenience of the reader, we prove a
generalization of an a priori estimate for BSDEs driven by random walks given in [, Proposition
7] (see also the appendix in [5]). This generalization allows to consider two different generators.

Lemma 12. There exists an integer ng € N* and a constant C > 0 both depending only on T

and | f||Lip such that for any couple of functions (g, f) satisfying (A1) and for all n > ng with
n>T| fllLip and all (t,z,z) € [0,T] x R?,

2
v
16,71

< ol (53) o (2

E [ sup }/Sn,t,x _ }/sn,t,m Z;‘L,t,l‘ _ Z;z,t,a:

t<s<T

2
d(B”>,,]

— ntT T
‘6f (r,x,x,Yr,” ,Zf’t’m)

2
+ d<Bn>T] 9
1t,T]

where 6 f(r,x,z,y,2z) = f (r, Bfit’z,y,z) — f(r, B:Lf’f,y,z> and, for all (t,z), (f/nvt»x,Z"vm)

denotes the solution to (12) where (g, f) is replaced by (g, f).
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Proof. Let n be such that T|| f||Lip/n < 1 and T|| f||Lip/n < 1. Since, (B"); — (B")s < (t — s) +
T'/n, doing exactly the same computation as in the proof of Proposition 7 in [(], we get, for a
universal constant ¢ > 1,

E [ sup OV + \6Zde<Bn>r]
o<s<T o7

<cE [|5YT"\2] +C(r—o,n)E [/]

0—77—]

—_ X7 t.x — T
of (r,x, x,YTnj - Zf’t"”>

? d<B”>r1

—i—C(T—U,n)Elsup |5ys"|2+/] ]|5Zﬁ2d<B")T]

o<s<t
for all deterministic 0 < o < 7 < T, where
Cla,n) = e max (|| f[1}p, 1) max (@ +T/n)*, (@ +T/n))  for a>0.
We choose an integer m € N* such that, with o = T'//m, C(a, +00) < 1/3. Then, there exists an

no € N* such that, for n > ng it holds C(a,n) < 1/2 and T'|| f||Lip/n < 1. As soon as 7 — o < «
and n > ng, we have

E [ sup [0V + |5Z,’f]2d<B”>r1
o<s<rt o,T
< 2cE ly(SYT”F +/
Jo,7]

We set, for 0 < k <m—1, I = t+]k(T —t)/m, (k+1)(T —t)/m] and we introduce the following
norm on 8% x M?2:

of (7“ T, T, Yn’t’x Zﬁ’tﬁ:)

2
d(B”)T] . (45)

m—1
" 272 = 3 (2% 20" B [supyey, [¥7 P+ [ |27 Pa(B"),
k=0 k

Considering I =]o, 7| and summing up (45) over k yields

[GY™, 5272 < 3 6Y™,62) |2 + (4™ (20) E Ug( w7) g (BT

]

of r:chnm Z"’m
67 ( )

+ (4¢)™ 1 (20)E Vt ? d(B”>T] ,

1,7}

from which we get

16Y™, 6213 < (4c)™ Ug( w) g (B 2d<B">r1.

/ ‘5f (r T, T, Yn’t’x Zf’t’f)
16,7
This finishes the proof since ||(dY™", 6Z")H§ upper bounds the LHS of the inequality stated in

the Lemma. 0
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A.2. Gronwall lemmas. We recall the Gronwall lemmas used in this article.

Lemma 13. Suppose that g(t),a(t) : [0, T[— [0,00] are integrable functions, and 5 > 0. For
0<t<T,if

glt) < alt)+6 [ gl)ds,
then -
g(t) < alt) + 8 /t o(5)ePD s,

The second lemma is of Volterra type. It can be either proved directly by a convolution
argument or one can use [12, Exercise 4, page 190].

Lemma 14. Assume a measurable g : [0,T]— [0,00[€ L1([0,T[) and o, 8 > 0 such that

g(t) < a +ﬁ/tT 9(s) ds

vT —t VvVs—t
for allt € [0,T[. Then g(t) < C\/% fort € [0,T] for a constant C = C(T, ) > 0.

A.3. Proof of Lemma 6: Step 2. We assume that 0 < € < 1; the case ¢ = 1 was treated in
Step 1. For n > 0, let us consider the function

f1(t .y, z) = mf{ f(t,p,y, 2) + 0l —pl : p € R} = nf{f(t,z —q,y,2) +nlq| : ¢ € R}

When f satisfies (3), then f7 does as well and it is n-Lipschitz continuous w.r.t. . Moreover

(2, 2) = (2., 2)] < el felle) n™ /09, (46)

with ¢(t) = (et)/1=9)¢t(1 — ¢). Indeed,

[tz y,2) > f1(t,z,y,2) = f(t,z,y,2) +inf{f(t,z — q,y,2) — f(t,2,y,2) +nlq| : ¢ € R}
> f(t,z,y, z) +inf{—| fzlc|q|® +nlq| : ¢ € R}
= f(t,2,y,2) — c(|| fulle) n /72

In particular, |K;—K | < (|| felle) n75/079). Let (Y5®7, Zt%7) be the solution to the BSDE (4)
with data (g, f7) and u” be the function u”(t,z) := Y;*™". By the usual classical estimate for
BSDEs (see, for instance, [$, Proposition 2.1 and remarks] or [11, Lemma 5.26]), there exists a
C > 0 such that, for all (¢,z) € [0,T] x R,

T
B | sup VI vl [ Z0m -z s
t

T
< CE [ 157~ 1), BLe Yie, 280 s
s€t,T) t

< OT (|| fulle)?n /079 (47)

In particular, (u"), converges to u, as n — +o00, uniformly on [0, 7] x R.

Proof of (a), (bi), and (bii). Since f7 is Lipschitz continuous w.r.t. (z,y,z) and satisfies
(3) (uniformly in ), by Step 1, we know that u” € C%1([0, T[xR) and ZL%" = Vu"(s, BL®) for
a.e. (s,w) € [t,T[xQ with

C

[Vu'l(s,z)| < m

for (s,x) € [0, T[xR. (48)
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Taking into account the convergence of (Z4%1), to Zb® in L2([t, T[x), we have

C

t,x
|Z5%] < T =57 for a.e. (s,w) € [t, T[xQ. (49)
We define the function
Br—B T B, — B
u(t,z) =E (g(Béf”);tt+ / f(s,Bﬁ’m,}gt’x,Z?”)Stds> for (t,z) € [0, T[xR.
_ ] _

First we show that
Vu'(t,z) = v(t,x) for (t,x) € [0,T[xR
which also implies that v : [0, T[xR — R is measurable. For this we denote

B; — B,

S—7T

ot,x t,x Br — B, T tx ytx tx
ZT.7 = ]ET g(BT )ﬁ —+ f(S, BS, ’YS’ ,Zs’ ) dS fOI' r e [t,T[
T

We also use (26) for (g, f7) so that

Br—-B T B, - B
% +/T f(s, Bb® yben, ng,n)srds) )

sS—7T

Va(r, BE) — E, <g<B¥’”>

Then we apply the conditional Cauchy-Schwarz inequality to (gfj ;)5/)4 (5?}9«)—1?2 7z and use (46) to

get

E|\Vu(r, BE") = Z}*
2

T B, - B
<EE, ( | (s B Y, gy (s, Bl Vi 20 2 Tds>
T
2, ¢ T —e/(1— 2 1
< CTRE [ (ellall) /07 My uip V7 = Y| | 2577 = 2271) o s
i

Taking into account the bound for Y given in (47), we have
~ T 1
vt B) - 2 < ¢ (o200 v [z a0
r s—r

where C' depends on T, ¢, || fz|le and || f||Lip-

Now we find a sequence 1 T +o0o such that the RHS tends to 0. Indeed, this follows by
dominated convergence as (47) guarantees a sequence 7 T +00 such that

Z?IJWC N Zﬁvm a.e. on [t,T[xQ,

and because of the equations (48) and (49). For r > t, Vu/(r, Bb*) converges to ZL* in L2
and, in particular, for » = ¢t we obtain the desired convergence Vu"(t,z) — v(t,x). Because of
Zb®n = Yl (s, BL®) for a.e. (s,w) € [t, T[x€ this also gives that

Zb" = y(s, Bb®) = Z" ae.  on [t, T[xQ. (51)
Coming back to (50), Gronwall’s lemma (Lemma 14) gives,
E|Z£,m,n . Zﬁ,m|2 < 077—26/(1—6).

Especially, |Vu(t, 2) — v(t,z)| < Cn~¢/179) 50 that lim, e Vu'(t,7) = v(t,z).
Moreover, we conclude from this estimate and from the continuity of Vu” on [0, T[xR that
also v is continuous. Finally, v(t,x) = Vu(t,x) follows from taking the limit 7 1 400 in

u(t, z) = u"(t,0) —I-/ Vau'(t,y)dy,
0

where we use dominated convergence based on the inequality (48).
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