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Polynomiality of Plancherel averages of hook-content summations for
strict, doubled distinct and self-conjugate partitions

Guo-Niu Han and Huan Xiong*

ABSTRACT. The polynomiality of shifted Plancherel averages for summations
of contents of strict partitions were established by the authors and Matsumoto
independently in 2015, which is the key to determining the limit shape of
random shifted Young diagram, as explained by Matsumoto. In this paper, we
prove the polynomiality of shifted Plancherel averages for summations of hook
lengths of strict partitions, which is an analog of the authors and Matsumoto’s
results on contents of strict partitions.

In 2009, the first author proved the Nekrasov-Okounkov formula on hook
lengths for integer partitions by using an identity of Macdonald in the frame-
work of type A affine root systems, and conjectured that the Plancherel av-
erages of some summations over the set of all partitions of size n are always
polynomials in n. This conjecture was generalized and proved by Stanley.
Recently, Pétréolle derived two Nekrasov-Okounkov type formulas for C and
C~ which involve doubled distinct and self-conjugate partitions. Inspired by
all those previous works, we establish the polynomiality of ¢-Plancherel aver-
ages of some hook-content summations for doubled distinct and self-conjugate
partitions.

1. INTRODUCTION

A strict partition is a finite strict decreasing sequence of positive integers A\ =
(M, A2, ..o, Ag) (see [17, 31]). The integer |A| = Y, .,-, A is called the size and
¢(\) = £ is called the length of \. For convenience, let \; = 0 for i > £()). A strict
partition A is identified with its shifted Young diagram, which means that the i-th
row of the usual Young diagram is shifted to the right by ¢ boxes. A standard shifted
Young tableau of the shape X is obtained by filling in the boxes of the shifted Young
diagram of A with numbers from 1 to |A| such that the numbers strictly increase
along every row and every column. The shifted Plancherel measure P, for strict
partitions with size n is defined by (see [3, 13, 18, 19, 20])

2n—€(;\) (fx)Q 2n—€(§\)f5\
n! - HO)

P,(\) :=

where f5 is the number of standard shifted Young tableaux of shape A, and H (\)
is the product of all hook lengths of boxes in the shifted Young diagram of A. For
a function ¢ on the set of strict partitions, its shifted Plancherel average is defined
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by (see [18])

21N (f3)?

Enlp] == Z P.(A)p(N) = Z ol P(A).

[A]=n [Al=n
The polynomiality of shifted Plancherel averages for functions related to contents
of strict partitions (the definition for contents and hook lengths of strict partitions
are given in the beginning of Section 2) were established by the authors [12] and
Matsumoto [18] recently.

Theorem 1.1 ([12, 18]). Suppose that Q is a given symmetric function. Then
co 5 27— tW £y o 5
E, Oe))]= — :OeX
[Q((2) ) |>\Z— HOV ([ €4)

is a polynomial in n, where co is the content of the box [ in the shifted Young
diagram of .

Theorem 1.1 is important in the study of the limit shape problems of random
shifted Young diagram, as explained by Matsumoto [19]. In Section 2 we derive the
following hook length analog for Theorem 1.1.

Theorem 1.2. Suppose that k is a given nonnegative integer and [i is a given strict
partition. Then,

2‘;\I_é(;\)f?\/ﬂ 2k k A 32k

1.1 —— |2 h 4" —1 A

(1.1) 2 70 > R )Zj ;
[N/ Rl=n heH(X) i=1

is a polynomial in n of degree at most k + 1, where f5,; is the number of standard

skew shifted Young tableauz of shape /_\/ﬁ’, and H(N) is the multiset of hook lengths
of boxes in the shifted Young diagram of \.

We mention that the term (4% — 1) ng‘l) A2k is necessary in the formula (1.1),
since Ep [}y eqx) h?*] is not a polynomial of n when k > 1.

The following so-called Nekrasov-Okounkov formula

|| (1—%) = JTa-d)"

AeP  heH(N) E>1

where P is the set of all integer partitions A with |A| denoting the size of A and
H(A) the multiset of hook lengths associated with A (see [7]), was discovered in-
dependently several times: first, by Nekrasov and Okounkov in their study of the
theory of Seiberg-Witten on supersymmetric gauges in particle physics [21]; then,
proved by Westbury using D’Arcais polynomials [33]; finally, by the first author us-
ing an identity of Macdonald [17] in the framework of type A affine root systems [7].
Moreover, he asked to find Nekrasov-Okounkov type formulas associated with other
root systems [8, Problem 6.4], and conjectured that the Plancherel average

1
n! Z H()\)? Z W

[A|=n hEH(N)
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[ [ ]

FI1GURE 1. From strict partitions to doubled distinct partitions.

is always a polynomial in n for any k € N, where H()\) = HheH(A) h. This con-
jecture was proved by Stanley in a more general form. In particular, he showed
that )
2, .
n! Mzn 7O Qi(h? - h e HN) Qalc:ceC(N)
is a polynomial in n for any symmetric functions @1 and Q2, where C()) is the
multiset of contents associated with A (see [29]). For some special functions @y

and @2 the latter polynomial has explicit expression, as shown by Fujii-Kanno-
Moriyama-Okada [5] and Panova [24].

The doubled distinct partition of a strict partition A, denoted by A\, is defined
to be the usual partition whose Young diagram is obtained by adding \; boxes to
the i-th column of the shifted Young diagram of A for 1 <1 < ¢()\) (see [6, 25, 26]).
For example, (6,4,4,1,1) is the doubled distinct partition of (5,2,1) (see Figure 1).

For each usual partition A, let X denote the conjugate partition of A\ (see [6,
17, 25, 26]). A usual partition A is called self-conjugate if A = X'. The set of all
doubled distinct partitions and the set of all self-conjugate partitions are denoted
by DD and SC respectively. For each positive integer ¢, let

Hi(AN) ={heH(): h=0 (modt)}
be the multiset of hook lengths of multiples of t. Write H¢(A) = [],c4, (1) -

_ Recently, Pétréolle derived two Nekrasov-Okounkov type formulas for C and
C” which involve doubled distinct and self-conjugate partitions. In particular, he
obtained the following two formulas in [25, 26].

Theorem 1.3 (Pétréolle [25, 26]). For positive integers n. and t we have

1 1
1.2 = . iftis odd;
(12) D Ty~ @y Ut odd:
AEDD, | \|=2nt

#Hi(N)=2n
(1.3) Z LI if t is even
' Hi(\) - (2t)rn!’ '
AESC,|A|=2nt
H#Hi(N)=2n
We call 20
2t)"n!
PPP()) := t odd
t,n( ) Ht()\) ( )
and
2t)"n!
]P’f,cl()\) = (20)"n (t even)
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the t-Plancherel measure for doubled distinct and self-conjugate partitions with
size n, respectively. For a function ¢ on the sets of doubled distinct or self-conjugate
partitions, its ¢-Plancherel average is defined by

2t)"n!
CHIC D DI O R DR A
AEDD,|A|=2nt AEDD,|A|=2nt °
H#He(AN)=2n H#He(AN)=2n
and
2t)"n!
CrCEND S TTC D DI CEIVRa
AESC,|A|=2nt AeSC |A|=2nt ¢
H#Hi(N)=2n H#Hi(N)=2n
respectively.

Actually, the t-Plancherel measure in this paper can be generalized to be defined
on the set of general partitions (see [4]). As we know, the linear and projec-
tive representations of symmetric groups can be labelled bijectively by partitions
and strict partitions, respectively (see [17]). Therefore, the ordinary and shifted
Plancherel measure gives natural probability measure on such representations. Sim-
ilarly, when ¢ is a prime number, the ¢-blocks in the modular representations of sym-
metric groups can be labelled bijectively by t-core partitions. In fact, the famous
Nakayama conjecture [14, Theorem 6.2.21] states that two irreducible characters
of the symmetric groups are in the same ¢-block if and only if their corresponding
partitions have the same ¢-core. The t-Plancherel measure thus gives natural prob-
ability measure on t-blocks in the modular representations of symmetric groups.
Also, as the ordinary and shifted Plancherel measure are closely related to certain
numbers of paths in Young’s lattice, our ¢-Plancherel measure can be seen as a gen-
eralized probability measure arising from counting the paths (see (4.3) and (5.2))
in Stanley’s t-differential poset theory [30].

Inspired by previous works, we establish the polynomiality of ¢-Plancherel av-
erages of some hook-content summations for doubled distinct and self-conjugate
partitions. Our main result is stated next.

Theorem 1.4. For any given symmetric functions Q1 and Q2, the following two
t-Plancherel averages

(1.4) EPPIQu(h* : h € H(N) Q2(c:c €C(N)] (t odd)
and
(1.5) Efﬁ[@l(hQ ch € H(N)Qa(c:ceC(N)] (¢ even)

are polynomials in n and t.

In fact, the degrees of the two polynomials in n and ¢ can be estimated explicitly
in terms of @ and Q2 (see Corollary 4.8 and Theorem 5.4). When @ and Q2 are
two constant symmetric functions, we derive Theorem 1.3. Other specializations
are listed as follows.

Corollary 1.5. We have

n 1 2 a2o2 Lo
(1.6) (2t)"n! g Aoy g h* = 6t°n” + §(t —6t+2)tn  (t odd),
XeDD,|\|=2nt heH(N)
H#Hi(N)=2n
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n 2 _ 122 1 Lo
(1.7)  (2t)"n! Z Z h* =6t*n §(t —6t—1)tn (¢ even),

AGSC,|A\:2nt heH(A
#Hi(N)=2n
1 1
1.8) (2t)"n! =220 + —(t> =6t +2)tn  (t odd),
3
AEDD,|A|=2nt t(A) cec(N)
#Hi(N)=2n
1 1
(1.9)  (2t)"n! Z 2R Z A =2t%n% + g(t2 —6t—1)tn  (t even).
AESC,|A|=2nt c€C(N)
#Hi(N)=2n

The rest of the paper is essentially devoted to completing the proof of Theo-
rems 1.2 and 1.4. In Section 2 we study the difference operator for strict partitions
and prove Theorem 1.2. The polynomiality of summations in (1.4) for ¢t = 1 with
@1 =1 or Q2 =1 has an equivalent statement in terms of strict partitions, whose
proof is also given in Section 2. After recalling some basic definitions and properties
of Littlewood decomposition in Section 3, the doubled distinct and self-conjugate
cases of Theorem 1.4 are proved in Sections 4 and 5 respectively. Finally, Corollary
1.5 is proved in Section 6. The basic idea in the proofs of Theorems 1.2 and 1.4 is
to translate the problem on Plancherel averages to the calculation of some higher-
order difference operators on partitions and strict partitions (see Theorems 2.5, 4.3
and 5.3). Then the polynomiality of Plancherel averages corresponds to the vanish-
ing of such higher-order difference operators on specific functions of hook lengths
and contents. Therefore, we establish the relation between higher-order and lower
order difference operators by studying the combinatorial properties of hook lengths,
contents, inner and outer corners under the Littlewoord decomposition, which then
be used to inductively prove the vanishing properties of difference operators (see
Theorems 2.6, 4.7 and 5.4).

2. POLYNOMIALITY FOR STRICT AND DOUBLED DISTINCT PARTITIONS

In this section we prove Theorem 1.2 and an equivalent statement of the poly-
nomiality of (1.4) for t = 1 with Q; = 1 or Q2 = 1. Let A = (A1, Ag,..., \¢) be
a strict partition. The leftmost box in the i-th row of the shifted Young diagram
of X\ has coordinate (i,4 + 1). The hook length of the (i,j)-box, denoted by hii g
is the number of boxes exactly to the right, or exactly above, or the box itself,
plus A;. For example, consider the box [ = (i,j) = (1,3) in the shifted Young
diagram of the strict partition (7,5,4,1). There are 1 and 5 boxes below and to
the right of the box [ respectively. Since A3 = 4, the hook length of I is equal to
1454 1+4=11, as illustrated in Figure 2. The content of O = (i, j) is defined to
be ¢ = j — i, so that the leftmost box in each row has content 1. Also, let H(\)
be the multiset of hook lengths of boxes. The hook length and content multisets
of the doubled distinct partition A\ can be obtained from H()\) and C()\) by the
following relations:

(2.1) HON) = HA) UHA) U{2A1, 202, .., 203\ {1, A2, -+, Ae ),
(2.2) CON) =CAU{l—clceC(\N)}.
The proofs of (2.1) and (2.2) can be derived by splitting the Young diagram of the

partition A\ into two sets S1(AX) := {(i,5) € AX : i < j} and Sa(A) := {(i,]) €
A\ @i > j}. By definition, the hook length and content multisets for Sy (A)) are
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1] 1]

5[4]2]1 1[2]3]4
9]6/5[3]2 1]2[3[4]5
12011]8]7]5]4]1] [1[2]3]4]5]6]7

FIGURE 2. The shifted Young diagram, the hook lengths and the
contents of the strict partition (7,5,4,1).

FIGURE 3. The skew shifted Young diagram of the skew strict
partition (7,5,4,1)/(4,2,1).

H(A) and C(A) respectively, while the hook length and content multisets for S2(AX)
are H(A) U{2A1,2Xa, ..., 20} \ { A1, A2, ..., A¢} and {1 —c¢ | c € C(N)}, respectively
(for a detailed explanation, see [25, p. 9]).

For two strict partitions A and I, we write AD i if \i > p; for any ¢ > 1. In
this case, the skew strict partition \/f is identical with the skew shifted Young
diagram. For example, the skew strict partition (7,5,4,1)/(4,2,1) is represented
by the white boxes in Figure 3. Recall that fy (resp. fy,;) denotes the number of
standard shifted Young tableaux of shape A (resp. A/fi). The following formulas
for strict partitions are well-known (see [2, 28, 32]):

S |X|' 1 n—f(;\) 2

Identity (1.2) with ¢t = 1, obtained by Pétréolle, becomes

1 1
> H) =z

AEDD,|A|=2n
which is equivalent to the second identity of (2.3) in view of (2.1).

For a strict partition ), the outer corners (see [12]) are the boxes which can be
removed in such a way that after removal the resulting diagram is still a shifted
Young diagram of a strict partition. The coordinates of outer corners are denoted
by (a1,61),...,(0m,Bm) such that oy > as > -+ > . Let y; == B — ¢
(1 < j < m) be the contents of outer corners. We set a1 =0, 3o = £(A) +1 and
call (ay, Bo), (a2, B1), -+ s (Qms1, Bm) the inner corners of A. Let z; = B; — i1 be
the contents of inner corners for 0 < i < m (see Figure 4). The following relation
of x; and y; are obvious:

(2.4) To=1<yy1 <x1 <Y <9<+ < Ym < Top-
Notice that zg = y1 = 1 iff Ay5) = 1. Let A" = A{J{0;} such that cg, =

x; for 0 < i < m. Therefore, \'* is the partition obtained by adding the box
0; = (g1 + 1,8; +1) to A. Here A\’ does not exist if y; = 1. The set of
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; (a1, B1)
(042752)

| Trrme i)

FIGURE 4. A strict partition and its corners. The outer corners
are labelled with (ay, ;) (i = 1,2,...,m). The inner corners are
indicated by the dot symbol “”.

contents of inner corners and the set of contents of outer corners of A are denoted by

X(A) = {zo,21,...,2m} and Y(X) = {y1,¥2, ..., Ym} respectively. The following
relations between the hook lengths of A and A" are established in [12].

Theorem 2.1 (Theorem 3.1 of [12]). Let A be a strict partition with X ()\) =

{zo,21,.. ., xm} and Y (A) ={y1,y2, -, Ym}. For 1 <i < m, we have
HA) UL, 24,20 — 2} U{|zi — x| : 1 < <m,j#i}
U{zi+x;—1:1<j<m,j#i}
=H\ ) U{lzi —yil 1< j <mpUfmi+y;—1:1 <5 <m}
and
((3) = (%))
HOE) 20 1 () - (3)

0<j<m
i#i

If y1 > 1, we have
HN)U{l,z1,21 — 1,290,290 — 1, -+, Zyn, Ty — 1}
:IH(B‘(H_) U{y17y1 =Ly, g2 — L Yy Y — 1}

and

Example 2.1. Let A = (5,4,2). Then X(\) ={1,3,6} and Y(\) = {2,4}. Also,
we have H(A) = {1,1,2,2,3,4,4,5,6,7,9}, H(\'*) = {1,2,2,3,3,3,4,4,5,7,8,9}
and H(A°T) = {1,1,2,2,3,4,5,5,6,6,7,9}. Therefore it is easy to check that the
following two equalities in Theorem 2.1 hold:
HA) U {121,221 —2}U{|z1 — 25| : 1 < j<m,j#1}
U{z1+2;—1:1<j<m,j#1}
=HMN DUz —yj|:1<j<m}u{z;+y; —1:1<j<m}
:{1’171’27 2’ 37 37 3747 47 47 57 67 77 87 9}7
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and
HAN)U{L 2,20 — Log, 20 — 1, -+ T, 2 — 1}
:H(S\O+) U {ylvyl - 17y27y2 - 15 s Ymy Ym — 1}
={1,1,1,2,2,2,3,3,4,4,5,5,6,6,7,9}.
Let k be a nonnegative integer, and v = (v1,va,...,V(,)) be a usual partition.

For arbitrary two finite alphabets A and B, the power difference of the alphabet
A — B is defined by [16, p.5]

(2.5) VKA, B) = dF = > bk,

acA beB
()

(2.6) UY(A,B) = [ ¥ (A, B).
j=1

Let X be a strict partition. We define

(27) o= (5 )1 ((5)1):

Theorem 2.2 (Theorem 3.5 of [12]). Let k be a given nonnegative integer. Then,
there exist some & € Q such that

k—1 j
. _ T
PFAT) —F(N) =D ()
O -8 M) = Y &(
Jj=0
for every strict partition X and 0 < i < m, where xg,x1,...,ZTm are the contents of
inner corners of .

We also need the following lemmas.

Lemma 2.3. Let k be a given nonnegative integer. Then, there exist some con-
stants ay;; such that

4 J
2% 2% _ (T (Y
(:E - y) + (ZU +y— 1) = Z Qg (2> (2)
i+j<k
for every x,y € C.

Proof. First, it is easy to check that

(x—y)2+(:c+y—1)2:4(§)+4(g) +1

@-iPery-17= () -2(3)"

which imply that the claim holds for k = 1. Let Ag(z,y) = (z—y)?* + (z+y—1)2~.
For k > 2, we have

Ak(xu y) = Al (LL', y)Ak—l(xv y) - (‘T - y)Q(‘T +y- 1)2Ak—2(x7 y)
Then by induction the lemma holds for k£ > 1. O

and
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Lemma 2.4 (Theorem 3.2 of [12]). Let k be a nonnegative integer. Then, there
exist some &, € Q indexed by usual partitions v such that

[ (ai—bj)
Z 1<j<m
0<izm O<1J_£m(

J#i

a = > &V ({ai}, {bi})

a; — a4
i) lv|<k

for arbitrary complex numbers ap < a1 < -+ < @ and by < by < -+ < byy,.

We define the difference operator D for strict partitions by
(2.8) D(g(\) =2 g(N'") +g(A\"") = g(N),
i=1

where ) is a strict partition and g is a function of strict partitions. In the above
definition, the symbol g(A\"F) takes the value 0 if \°F does not exist, or equivalently
if Ay;xy = 1. By Theorem 2.1, we have

(2.9) D(ﬁ/\)) ~0

Theorem 2.5 (Theorem 2.3 of [12]). Let g be a function of strict partitions and [i
be a given strict partition. Then we have

NI 5 _ _ n n _
(2.10) I ARG o (k)Dk
IX/al=n =0
and
(211) Dng(ﬂ) _ Z( n+k( ) Z 2\>\| || —e(N)+£( )f /ﬂ (/_\)
k=0 |2/ Bl=k

In particular, if there exists some positive integer r such that D"g(\) = 0 for
every strict partition X, then the left-hand side of (2.10) is a polynomial of n with
degree at most r — 1.

For each usual partition § let
P’ (\) == WO ({h?: h e H(AN)},0).
By (2.1), we have

20N)
A= 3 I n 3oy
hEH(AN) heH (N i=1

for a nonnegative integer k.
We will prove the following result, which implies Theorem 1.2.

Theorem 2.6. Suppose that v and 0 are two given usual partitions. Then,

S () V(Y
(2.12) DT(%) ~0
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for every strict partition X, where r = |§| + £(8) + |v| + 1. Consequently, for a given
strict partition [i,
Q\XI*E(X)JCM[L

(2.13) 70

p’(A)
X/ al=n

is a polynomial in n of degree at most |0 + £(5).

Proof. Let X(A) = {xo,%1,...,%m} and Y(X) = {y1,¥2, ..., Ym}. First, we show

that the difference p*(\'t) — k()\) can be written as the following form

k 2\ 7
(N v
> ;)
for 0 <7 < m and a nonnegative integer k, where each coefficient nj(;\) is a linear

combination of some ®7()\) for some usual partition 7 of size |7| < k. Indeed, by
Lemma 2.3 and Theorem 2.1,

PFOOH) — = 22 (@ — 1)) - 2%(%2-’“ +(y — 1))+ 2% 1
k J "
=no(\) = ;m(;\) (9620) (if i = 0 and Ayx) > 2)
and
pFAT) —p* ()
:2§:((Ii_xj)2k+($z+xj —1)2 Qi ($i+yj—1)2k)
Jj=1 Jj=
+ 2228 4 2(20; — 2)*F + 2 — 2205 — 1) + (22F — 1) (a2F — (2 — 1))
k N\ J
_an(x)@) (f 1 <i<m).
j=0

Next, let A = ®()\) and B = p‘;(j\). We have
AiA =" = () =Y [ o) [] (@ (3 ) — @ (N),

() s€U s'eV
A B =p ()\’L“r Z H p H 55/ (5\14’) _p65/ (5\))7
(#%) €U s'eV
where the sum (%) (resp. (xx)) ranges over all pairs (U V) of positive integer sets
such that UUV ={1,2,...,0(v)} (resp. UUV ={1,2,...,£(6)}), UNV = and
V # 0.
Finally, it follows from (2.9) and Theorem 2.1 that
S(Y\PBY ()
(P2
H\D|—==——
MO (=55)
H()\)

- H<x(o+) (") 2" (A7) = P (V) (V)
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#23 g1 (PP (00) (e () (By (29))
DGR
- = AR (NT) = p°(N)P¥ (A By Theorem 2.1
2z, I (G- O ey )

-y e T (A-AiB+B-AA+NA-AB).

By Theorems 2.4 and 2.2, each of the above three terms could be written as a linear

combination of some p2(A)®Z(\) satisfying || + £(8) + |v| < |6] + £(5) + |v] — 1.

Then the claim follows by induction on [d] + £(0) + |v/|. O
When fi = ), the summation (2.13) in Theorem 2.6 becomes

n 1 . Ay
(2.15) 2! mz_:% HO) TO({h% : h € H(AN)},0)

by (2.1). The above summation is a polynomial in n. Consequently, Theorem 1.4
is true when ¢t = 1 and Q)2 = 1. Other specializations are listed as follows.

Theorem 2.7. Let i1 be a given strict partition. Then,

2NN =Ial+e(m) fy - H (i) - .
(2.16) A (V) — pH () = 12( ) ) + (12]] + 5)n.
e H()) 2
X/ f|=n
Let i = (). We obtain
1 n
nol ol 2 _
(2.17) 2"n! Z o) Z h 12(2> + 5n.
[AX=2n REH(AN)
Proof. We have
PO =P A) =23 + (= 1) =205 + (1) + 2+ 1
Jj=1 j=1
=n0(A) = 8[A[+5 (if i = 0 and A,G5, > 2)
and
prAT) =t (V)
= 22(($Z - Ij)2 + (x; + T — 1)2) — 22(($z _ yj)2 + (2 + yj — 1)2)
J=1 j=1

+ 202 + 2225 — 2)° +2 - 2(22; — 1)° + (22 = 1)(a? — (z; — 1)?)

_4<3;i>+8|Z\|+5 (if1<i<m).
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So that

AP 1<j<m ; .
() = 2, Sty a) e
TE
=49 (\) + 8| +5
= 12|} + 5.

Therefore we have

=
— PN

H()\)DQ(HES\;) —12

e

. =2/D A

H\)D ( EA;) 0.

Identity (2.16) follows from Theorem 2.5. By (2.1), we derive (2.17). O

Recall the following results obtained in [12] involving the contents of strict par-
titions.

Theorem 2.8. Suppose that Q is a given symmetric function, and [ is a given
strict partition. Then

9l X —|al—e(X)+£( u)f/\
/B
~Q

3 Iy (< ) ccecn)

IA/fil=n

s a polynomial in n.

Theorem 2.9. Suppose that k is a given nonnegative integer. Then
Z 2|)\| E()\ f)\ Z c+ k -1 _ 2k n
E H()) (E+1N\k+1)"
A= ceC(N)
Theorem 2.10. Let i be a strict partition. Then,
QIX\—Z(;\)—IﬂIH(ﬁ)f;\ CH(f) c c n
(2.18) > AN -y )= (. ) +nll
e H()) - \2 - \2 2
N/ fil=n ceC(N) ceC(j1)

The above results can be interpreted in terms of doubled distinct partitions. In
particular, we obtain Theorem 1.4 when ¢t =1 and @1 = 1.

Theorem 2.11. For each usual partition §, the summation

(2.19) 2"nl Yy (C(AN), 0)

[AX|=2n

HOW)
is a polynomial in n.

Proof. Since ¢+ (1 —¢) = 1 and ¢(1 —¢) = —2(5), there exists some a; such that
F+l-of =37 ail ) By (2.2), we obtain

> de ¥ Er-09-Ya ¥ (5)

c€C(AN) ceC(N) = ceC(N)
The claim follows from Theorem 2.8. O
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1
1
1
0
1
0 0
1
1
0 0 0O
1
0.0 0

FIGURE 5. From usual partitions to bi-infinite 01-sequences.

The following results are corollaries of Theorems 2.9 and 2.10.

Theorem 2.12. Suppose that k is a given nonnegative integer. Then,

1 c+k—1 2k+1 n
n ' _— = —
(220) 2l 3, HOW) 2 ( 2% ) (k+1)!(k+1>’
[AX|=2n ceC(AN)
" 1 9 n n
(2.21) 2"n!l > o0 doe _4<2)+<1>.
|AX|=2n c€C(AN)

3. THE LITTLEWOOD DECOMPOSITION AND CORNERS OF USUAL PARTITIONS

In this section we recall some basic definitions and properties for usual partitions
(see [10], [17, p.12], [30, p.468], [14, p.75], [6]). Let W be the set of bi-infinite binary
sequences beginning with infinitely many 0’s and ending with infinitely many 1’s.
Each element w of W can be represented by (a}); = ---a’_qa’ 5a’ japalabal - -.
However, the representation is not unique, since for any fixed integer k the sequence
(af )i also represents w. The canonical representation of w is the unique sequence
(a;); = --+a_za_sa_japaiasas - - - such that

It will be further denoted by - --a_3a_sa_1.apaiaz2as - -+ with a dot symbol inserted
between the letters a_; and ag. There is a one to one correspondence described
as follow between W and the set of partitions P (see, e.g. [30, p.468], [1] for more
details). Let A be a partition. We encode each horizontal edge of A by 1 and
each vertical edge by 0. Reading these (0,1)-encodings from top to bottom and
from left to right yields a binary word u. By adding infinitely many 0’s to the left
and infinitely many 1’s to the right of u we get an element w = ---000u111--- €
W. Clearly, the map A\ — w is a one-to-one correspondence between P and W.
For example, take A = (6,3,3,1). Then v = 0100110001, so that w = (a;); =
--+-1110100.110001000 - - - (see Figure 5).

Let ¢ be a positive integer. Recall that a partition A is a t-core if it has no
hook equal to t. The set of all t-core partitions (resp. t¢-core doubled distinct
partitions) are denoted by Py core (r€Sp. DDy core). The Littlewood decomposition
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(o, fr)

(a2, B2)

(ms Bim)

-]

FIGURE 6. A partition and its corners. The outer corners are
labelled with (a, 3;) (i =1,2,...,m). The inner corners are indi-
cated by the dot symbol “”.

maps bijectively a usual partition A to (Ai-core; A0NL )\t_l) € Picore X Pt such
that
(P1) Atcore is a t-core and A%, AL, ... A!=1 are usual partitions;

(P2) [A] = [Atecore| + E(IA] + AT+ + [ATH));

(P3) {h/t | h € Hi(\)} =HAOYUHAH)U---UHA).

The vector (A%, A1, ... A1) is called the t-quotient of the partition \.

It is well know that (see [6]) under the Littlewood decomposition, a doubled
distinet partition A has image (Acore; A% AL, ..., AT71) € DDy core X DD x P11
where A’ is the conjugate partition of A\*~% for 1 <i <t — 1.

Recall that we define in Section 2 the notion of inner corners z; (0 < i < m) and
outer corners y; (1 < j < m) for strict partitions. We use here the same notation
for usual partitions (see Figure 6) as in this section. For usual partitions, it is easy
to verify that x; and y; satisfy the following relation (see [11, 2]):

(3.1) To <Y < T <Yz < T < < Yy < Ty

Define (see [11])
(3-2) Ur(A) i= W ({zi}, {y;})

for each usual partition v.

Lemma 3.1. Suppose that A is a partition whose set of contents of inner corners
and set of contents of outer corners are X(\) = {xo,x1,...,Tm} and Y(A) =
{y1,92, ..., ym} respectively. Let X'v = XU {0;} where co, = z;. Then we have

XA U {2} UY () = XA U{wi + L = 1 UY (A,

Proof. Four cases are to be considered. (i) If 5;+1 < f;+1 and a;;41+1 < «;. Then,
the contents of inner corners and outer corners of A+ are X U{z;—1, z;+1}\{z;} and
Yu {Il} respectively. (11) If ﬂl +1= BiJrl and Q41 +1< a4, SO that Yi+1 = Ty + 1.
Hence the contents of inner corners and outer corners of A" are X U {x; — 1}\ {z;}
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and Y U {x;} \ {z; + 1} respectively. (iii) If 5; + 1 < 841 and a;41 + 1 = «a, so
that 7; = 2; — 1. Then the contents of inner corners and outer corners of A\t are
XU{x; +1}\{z;} and Y U{z;} \ {@; — 1} respectively. (iv) If 8; + 1 = 8,41 and
a;11+1 = ;. Then y; +1 = x; = y;+1 — 1. The contents of inner corners and
outer corners of A" are X \ {z;} and Y U {x;} \ {z; — 1, 2; + 1} respectively. The
claim is proved. 1

The corners of the strict partition A and the doubled distinct partition A\ are
closely related.

Lemma 3.2. Suppose that \ is a strict partition whose set of contents of inner

corners and set of contents of outer corners are X(\) = {xo,71,...,2m} and
Y(N) ={y1,y2, -, Ym} respectively. Then,

XN ULy, 1=y, Ums L=y} = YN U0, 21,1 — 21, .o 2y L — 2 )

Proof. Two cases are to be considered. (i) If y; = 1, the contents of inner corners
and outer corners of A\ are X(A\) = {x1,1 —21,...,2m, 1 — 2, } and Y(A\) =
{1,y2,1=y2 ..., Ym, 1 —Ym } respectively. (ii) If y; > 2, the contents of inner corners
and outer corners of A\ are X (A\) = {0, 21,1 —21,..., 2y, 1 —2,,} and Y (M) =
{y1,1 =1, ,Ym, 1 — ym | respectively. This achieves the proof of Lemma 3.2. [

4. THE t-DIFFERENCE OPERATORS FOR DOUBLED DISTINCT PARTITIONS

Let ¢t = 2t/ + 1 be an odd positive integer. For each strict partition A, the
doubled distinct partition associated with A is denoted by A = AA. The Littlewood
decomposition maps A\ to (see [6])

(Mecore; A%, AL, . LA%)€ DDy_core x DD x P

where A\’ is the conjugate partition of A\*=% for 1 <4 < ¢'. For convenience we say
that the Littlewood decomposition maps the strict partition A to

(41) A (;\t—Corc;j\Oa/\lv---a/\t,)v
where Aj_core and A2 are determined by Aj-core = Ar-coreMi-core and A2 = AOX0.

Example 4.1. Let A = (6,5,4,1) and t = 3. Then A = A\ = (7,7,7,5,3,3).
The bi-infinite binary sequence of A is ---111000110.0100111000---. By Little-
wood decomposition (see [30, p.468|, [1]), the bi-infinite binary sequence of Ai_cores
A% AL A2 are ---1110.01000---, ---11101.001000- -, ---11101.110000--- and
-+-11100.01000 - - -, respectively, which means that Ai_core = (2), \0 = (3,1), A! =
(1,1,1), A2 = (3), M-core = (1) and \° = (2). Therefore, X = (6,5,4,1) is mapped
to ((1);(2),(1,1,1)) in (4.1).

Since the map (4.1) is bijective, we always write
A= Arcore; A AL LAY,

Let A = XS\ = (S\t—corc; X()’ )‘15 cr )\t/) and IUJ = /_jﬁa _: (ﬂt_corC; laoa ,ula s 7:UJtl)
be two doubled distinct partitions. If A-core = fht-cores A’ D i’ and A* D pu’ for
1 <i<t, we write A >; o and define
42)  FpP=1  and  FOP:= Y FU5, (for A#p).

A>T >
[A/A~ |=2¢
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In fact, F/@S is the number of vectors (Py, P, ..., Py) such that

(1) Py is a skew shifted Young tableau of shape \°/f°,
(2) P (1 <i<t)isaskew Young tableau of shape \/u’,

(3) the union of entries in Py, Py,..., Py are 1, 2,..., |\°/m°| + Zf/:l [N/t
Hence,
AO/EO|+ S IV | -
(4.3) Fy i = (‘0 0| INL/ud] 2wy ) oo Hf”/%“'
30/, [ /gl N /| 11
We set
O]+ Z [\E] n!
44) FPP.=FpD = ( | L )f Fr
) = e = g a2 e H T HOO) I, HOY
and
30 0
?D . on— L(AY) 2n 146N )FDD
rHOO [, Hxi) — tral

where n = [\°| + Ef;l [\
When t = 1, we have ¢/ = 0, thus F¥P = f50 and GYP = 2"~ (%) JH(X0). Also,
when A is a t-core doubled distinct partition, we have F PP =GPP =1.

4.1. t-difference operators. Let ¢ : DD — R be a function of doubled distinct
partitions and A be a doubled distinct partition. The t-difference operator DPP
for doubled distinct partitions is defined by

(4.5) DPPgN) = Y g\t =g,
AT >
At /N =2t
The higher-order t-difference operators DF are defined by induction:
(DPP)’g:=g and (DPP)fg:=DPP((DYP) 1) (k= 1).
Lemma 4.1. Let A be a doubled distinct partition. Then,
DPP(GRXP) =0.
In other words,

DD _ DD
GXP= > G¥P
At>
(AT /A |=2t

Proof. Write A = (A-core; A%, AL, ..., A¥). By Theorem 3.3 in [12] we obtain

Gg\?.core; (GO) AL ) 21+E(>\0) ) (/‘\0) 1
3 axP -2 HO)F)
[(X0)+/X0]=1 A [(X0)+/X0|=1
For 1 <i <t we derive
DD .
Z G(j\t_core;;\())\l7.“)>\'L—17()\i)+7)\i+17“.)>\t’) o Z ZH()‘l) _ 2
coP - AT 7

[(AD)F /AT |=1 (A F /AT =1
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by Lemma 2.2 in [11]. Summing the above equalities, we get

GPP 1 2
Z GDPD ~ ¢ + T L O
)\+Zt)\ A =1
AT /A|=2t

Lemma 4.2. Suppose that i is a given doubled distinct partition and g : DD — R
is a function of doubled distinct partitions. For every n € N, let

P(u,gin):= > Folg(y).
AEDD, A>ip
A/l =2nt

Then
P(u,g;n+1) — P(u,g;n) = P(u, DPPg;n).

Proof. The proof is straightforward:

P(p,gin+1) = P(u.gin)= Y, FoRgw)— Y Fyng

V>t A>ip
lv/pl=2(n+1)t [N/ p|=2nt
_ DD
= X X EMub - Y Fjl(
v2ip V2V 2 A2¢p
lv/ul=2(n+1)t |, /,— =2t [N/ pl=2nt
= > (X 9 —g)
AZ>p At>
[N/ ul=2nt AT /A|=2t
= P(u, DfPg;n). O

Example 4.2. Let g(\) = GYP. Then DPPg(\) = 0 by Lemma 4.1, which means
that P(u, DPPg;n) = 0. Consequently, P(u, GRP;n+1) = P(u,GXP;n) = - =
P(u, GYP;0) = GIP, or

DD DD
(4.6) > FORGRP =GPP.
AEDD, A>:p
[\ p|=2nt
When p is a t-core doubled distinct partition, the above identity becomes
271—@(5\0)

Z n! o _ oD

— 7 " — 7 _ 9
S HOOILZ HON)  enHOO [T, HOY) "
[A/ul=2nt

or

AEDD, [N/ p|=2nt Hi(A)
A

which implies (1.2).

Theorem 4.3. Let g: DD — R be a function of doubled distinct partitions and u
be a given doubled distinct partition. Then,

(4.7) P(ugin)= >,  Fhg\) = Z(Z)(D?D)kg(u)

AEDD, A>ip k=0
[N/ p|=2nt
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and

(43) (DPPy o) = 5 (- 0 (1) Pl g

k=0

In particular, if there exists some positive integer r such that (DPP)"g(\) = 0 for
every doubled distinct partition X\ > u, then P(u,g;n) is a polynomial in n with
degree at most r — 1.

Proof. Identity (4.7) is proved by induction. The case n = 0 is obvious. Assume
that (4.7) is true for some nonnegative integer n. By Lemma 4.2 we obtain

P(p,g;n+1) = P(u, g;n) + P(u, DPP gin)

:zn: (Z)(DDD +Z( ) (DPP)R+1 (1)

+
n+1
=3 ("7 )@,
k=0
Identity (4.8) follows from the famous Mobius inversion formula [27]. O

4.2. p-admissible functions of doubled distinct partitions. Let pu = fiji be
a t-core doubled distinct partition. A function g : DD — R of doubled distinct
partitions is called p-admissible, if for each given 1 < i <t (resp. i = 0), g(A") —
g(X) is a polynomial in cg, (resp. (CSO)) for every pair of partitions
A= (A% A
and
A= (AN NN U {0 AT N
(resp. AT = (; A° U {To}, A1, ..., A1),

whose coefficients are of form

t/

> K(uir® 7t en ) [T ),

j=1
where the summation is taken over the set of (¢ 4+ 1)-tuple of usual partitions
(0,74 ..., Tt/) and K is some function from the set P x N x P+ to the set R.

Lemma 4.4. Let p be a t-core doubled distinct partition. Then, the two functions
of doubled distinct partitions EheH(A) h2" and Zcec(/\) " are p-admissible for any
nonnegative integer r.

To prove Lemma 4.4, we recall some results on the multisets of hook lengths and
contents, obtained in [4]. Suppose that a given t-core partition p has 0l-sequence
w(p) = (ay,j)jez. For 0 <i<t—1 we define [4]

b :=b;(p) =min{j € Z: j = i(modt), a,; =1}.
Lemma 4.5 (Lemma 5.3 of [4]). Let A be a partition and (M_core; A%, AL, ..., A1)
be the image of the Littlewood decomposition of X. Then,

t—1

C()‘) \C()\t—core) = U{tc+ bi()‘t—core) - j :0 S j S t— 17 ce C()\l)}
=0
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Lemma 4.6 (Lemma 5.4 of [4]). Let 0 < i <t—1, X and AT be two usual partitions
whose images of the Littlewood decomposition are (Ai_core; AN /\tfl) and

(Mtecore; A AL o XNTL N U O, AL L AT

respectively. Write b = bj(Ai-core) (0 < 7 < t—1). Assume that r is a given integer
and k is an integer satisfying 1 <k <t —1. Let z;, (0 < s <mj) be the contents
of inner corners of N and y; s (1 < s <m;) be the contents of outer corners of N’
for0<j<t—1. We have

Z h2r Z h2r —

Oext Oex
h=0(mod t) h=0(mod t)
BT (tem, — ) = D (e, —yis) ™
0<s<m; 1<s<m;
and
S ome X ow- X om- Yo

Oex* Oext e Oex

ho=k(mod t) ho=t—k(modt) hp=k(mod t) hp=t—k(modt)

= Z (ten, + bi — i s — bir)* — Z (tem, +bi — tyirs — by )"
0<s<m,/ 1<s<my

+ Z (tCDi =+ bz — twi”,s — bi,,)QT _ Z (tCDi -+ bi — tyi”,s — bi,,)QT
0<s<myn 1<s<m,n

where 0 < i',i" < t—1 satisfy i’ = i+k(modt) andi” = i—k(modt). Furthermore,

t—1
SorE =Y =Y (D (e, bty — b))

Oext Oex j=0 0<s<mj

— Z (tCDi + b —tyjs — bj)2T>.

1<s<m;

For the doubled distinct partition A whose image under Littlewood decompo-
sition is (Ar-core; A%, AL, ..., A1) where A0 = AOA) let 29, (0 < s < myg) be the
contents of inner corners of A and yo,s (1 < s < myp) be the contents of outer
corners of \°. Let x; (0 < s < m;) be the contents of inner corners of A’ and
¥is (1 < s < m;) be the contents of outer corners of Nofor 1 <i<t—1. Then
Tis = —Lp—im;—s ANA Yj s = —Yi—j m,;+1—s SINCE A* and A% are conjugate to each
other for 1 <7<t —1.

Proof of Lemma 4.4. Let A = (Acore; A%, AL, ., M) be a doubled distinct parti-
tion and b; = bj(AM-coreAt-core) for 0 < j < ¢ — 1. The following statements are
consequences of Lemma 4.5.

(C1) Let 1 < i <t and AT = (Arcore; A% AL, ., XL (XD T XL A be a
doubled distinct partition such that (A*)™ = AU {{J;}. We have

CAT\NC\) = {tem, +b; —j:0<j<t—1}U{~tem, +b—; —j:0<j<t—1}

(C2) Let AT = (A-core; (A2) T, AL, .. ., At") be a doubled distinct partition such
that (A°)T = X2 U {0Op}. We have

CATI\C(\) = {teg, +bo—7:0<j<t—1}U{t(l—co,)+bo—7:0<j<t—1}.
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Hence, ECEC( N c" is p-admissible for any nonnegative integer 7.
On the other hand, we obtain the following results by Lemma 4.6.

(H1) Let 1 <i <t and AT = (Apcore; A%, AL, . AL (AT XL A be a
doubled distinct partition such that (A¥)* = A U {J;}. We have

Z h2r Z hQDT

Oex+ Oex
= t2T —|— (tCDi —|— bl — b0)2T

t—1
+ Z( Z (tCDi + bz — t$j75 — bj)2T — Z (tCDi + bz — tyj75 — bj)Qr)

7j=1 0<s<m; 1<s<m;

=+ Z (tCDi +b; — t$075 — b0)2r — Z (tCIZIi +b; — tyo)s — b0)2r
1<s<m; 1<s<mj;

+ > (tem, +bi —t(1—xos) —bo)* = Y (tem, +bi — t(1 = yo,s) — bo)*"
1<s<m; 1<s<m;

+ ¥ + (—teq, + bi—i — bo)*"

t—1
+ Z( D (e, + b =ty = b)) = Y (—ten, + bii — tys s — bj)zr)

j=1 0<s<m; 1<s<m;

+ Z (—tem, + bi—i — two,s — bo)*" — Z (—tem, + bi—i — tyo,s — bo)*"

1<s<m; 1<s<m;
+ ) (—teg, +bii —t(1—30.) — bo)™"

1<s<m;
— > (—teg, 4 bemi — t(1 = yo.e) — bo)*" + (—tem, + bi—i — t(eq, + 1) — bo)*"
1<s<m;

+ (_tCI:Ii + b — t(CI:Ii —-1) - bQ)QT — 2(—tC|:|i +bi—i — ten, — bo)Qr.

(H2) Let AT = (Arcore; (A°) T, AL L., M) be a doubled distinct partition such
that (A%)* = X2 U {0Op}. We have

> -
Oext Oex
— t2r 4 (tCDU)Qr

t—1
+ Z( Z (tCDo +bo —txjs — bj)?r — Z (tCDo +bo —ty;,s — bj)2r>

j=1 0<s<m; 1<s<m;

+ Y (tem, —two ) = D (tem, — tyo,s)”

1<s<mj 1<s<m;
+ 3 (tem, —t0—a0 ) = Y (tem, — 1 — y0.))*
1<s<m; 1<s<m;

4 t2r 4 (t _ tCDO)Qr
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+ Z( D (t—tem, +bo—tws —by)* = Y (t—teg, +bo — tyss — bj)r”)
i=1 0<s<m; 1<s<m;

+ > (t—tem, —tro) = > (t—teg, —tyos)?
1<s<mj; 1<s<m;

+ N (t—teg, —t(1—wmoa)? = > (t—tem, — H1 - o)
1<S<7TLJ 1S8§m]'

+ (t - tho - t(CDO + 1))2T + (t - tc‘:’u - t(CDO - 1)>2T
—2(t —tep, — tCDO)2T.
Hence, Zheﬂ( A h?" is p-admissible for any nonnegative integer r. O

4.3. Main results for doubled distinct partitions. To prove the doubled dis-
tinct case of Theorem 1.4, we establish the following more general result.

Theorem 4.7. Let (V°, v, .. .,th) be a (t' + 1)-tuple of usual partitions, and o
be a t-core doubled distinct partition. Suppose that g1,g2,...,g, are a-admissible
functions of doubled distinct partitions. Then, there exists some r € N such that

’

(DPP)r (GDD ng (I)uo(/\o)ﬁq,ui(/\i)) —0

for every doubled distinct partition A with A\t-core = a. Furthermore, let u be a given
doubled distinct partition. By Theorem 4.3,

(4.9) > ORGP H gu(X

XEDD, A>p
A/ ul=2nt

is a polynomial in n. Moreover, if

gu(N) = Z hQDk“ or Z cé“
Oex Oex
ho==£ju(modt) cO=ju(modt)
for each 1 < u < v where j,, k, €N, then (4.9) is also a polynomial of t.

Proof. We will prove this claim by induction. Let

A= ﬁgu(/\), B=[[v" (), ="\,
u=1 )
=] 9u(p) - H 9uN) =TT oM I (9 (p) = 95 V),
u=1 u=1 ( /

H‘P” H
—ZHW’ HTT (@ o) — v (),
) seU s'eV

AOz@V@) " (),
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where the sum (*) (resp. (**)) ranges over all pairs (U, V) of positive integer sets
such that UUV = {1,2,...,v} (resp. UUV ={1,2,...,t'}),UNV =0 and V # 0.
We have

(G0 PVRY [1% o)

_ar Y GDD(ﬁg o () [T ()
DD ’u.
ot =

- [T oo ) TT o+ )
u=1 =1

DD
=GY" Y —55(AA-B-C+A-AB-C+A-B-AC
p>ix A
e/ Nl=2¢
(4.10) +A-AB-AC+AA-B-AC+AA-AB-C+AA-AB-AC).

For the first term in the above summation, we obtain

DD
GYP Y. —E5(AA-B-C)
P> A A

/N =2t
, e () = (%)
=X O T ) > e

i=1 ("57) = (")

0TSm0 45 m,

Fi
<3 T s TT (g (s A0), AL, A) = g ()
(%) seU s'eV
‘ a 1<1_<[ (@i = Ys)
G'D'D(I)u ( Al <j<mu
11;[1 Z 0<i<m OSjl;[mk (Ik,i - xk,j)
i
% Z TT 90 TT (o5 (s A0 0 (B A)) = g0 (V)
(x) s€U s'eVvV

where C((A%)")\ C(A°) = z0,; and C((A\F)I*)\ C(\F) = 2;. Since g1, g2, ..., g, are
a-admissible functions and thanks to Lemma 2.4,

axr oy '?D(AA-B-C)
A }\D
P

[p/X|=2t

could be written as a linear combination of some

¢

G2P I sun@” (30 T (v

i=1
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for some a-admissible functions g/,, where either v < v, or v = v and simultaneously

t t'
20+ I <20+ ) -2
i=1 i=1

On the other hand, we have similar results for other six terms by Lemmas 3.1, 2.4
and Theorem 2.2. Thus, the polynomiality of (4.9) in n is proved by induction on
(v,2]0°] + 3'_, [¥7]). Also, notice that b; = i (modt), then by (C1), (C2), (H1),
(H2) in the proof of Lemma 4.4 we have, for each j, k € N,

Z hEk — Z hik and Z ok — Z e
Oext Oex Oeat Oex
ho=+j(mod t) hp=+j(modt) co=z(mod t) cg=j(modt)
can be written as some polynomials of ¢ with degrees at most 2k + 1 and k + 1
respectively, whose constant terms are 0, and other coefficients are some admissible
functions of A (independent of t). Moreover, if

W= D hEr o 3y
Oex Oex
hO==£j.(modt) c=ju(modt)
for each 1 < u < v where j,, k, € N, by previous analysis on each term of (4.10)
and induction,

0Py (627 ] 9.00)

is a polynomial of ¢, when A is fixed. Therefore, again by Theorem 4.3, we know
(4.9) is also a polynomial in t. O

As an application of Theorem 4.7, we derive the doubled distinct partition case
of Theorem 1.4 from Lemma 4.4 by letting i = (). Actually, by a similar but more
precise argument as in the proof of Lemma 4.4, we can show that

Z h2DT and Z G
Oex Oex
ho==+j(modt) co=j(modt)
are p-admissible for any ¢-core doubled distinct partition u, any nonnegative inte-
ger r, and 0 < j <t — 1. By the proof of Theorem 4.7 we derive the following
result.

Corollary 4.8. Let u', v, ju, jl, ku, kl, be nonnegative integers and o be a given
t-core doubled distinct partition. Then, there exists some v € N such that

, H“ 3 AT T ) =
u=1 Oex v=1 Oex
h=+j,(modt) co=j., (mod t)

for every doubled distinct partition X with \i_core = . Moreover, let u be a given
doubled distinct partition. Then

u’ v’
DD ~DD 2k, k,
> FG (H >, hD ><H > Cm)
AEDD, A\>ip u=1 Oex v=1 Oex

I/ p|=2nt ho==%ju.(modt) co=j., (mod t)
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ki +2

is a polynomial in n of degree at most ZZ;I(kzu + 1)—1—25/:1 , and a polynomial

in t of degree at most 25;1(21% +1)+ 25;1(% +1).

5. POLYNOMIALITY FOR SELF-CONJUGATE PARTITIONS

In this section we always set that ¢ = 2t is an even positive integer. The set of
all t-core self-conjugate partitions is denoted by SCi core- Let A be a self-conjugate
partition. By [6], the Littlewood decomposition maps A\ to

()\t—core; )\07 )\17 ey )\t_l) S SCt—Core X P2t/

where A is the conjugate partition of \!=1=% for 0 < i < #' — 1. For convenience
and similarly to the case of doubled distinct partitions, we always write

A= (Acore; A%, .., A1),

Let A = (Mecore; A, .., A1) and o = (ftp-core; 12, - ., ' ~1) be two self-conjugate
partitions. If Aicore = ft-core and A* D p? for 0 < i < ¢/ — 1, we write A >; p and
define

(5.1) F#/# : and FSC N = Z F)‘\S,C/# (for X # p).
AZAT Zep
VA~ |=2¢
Then Ff/cu is the number of vectors (Py, P, ..., Py—1) such that
(1) P, (0 <i <t —1)is a skew Young tableau of shape \*/u’, ,
(2) the union of entries in Py, Py,..., Py are {1, 2,..., n= 22;01 [N/ |}
Hence,

SN T
5.2 F i
(52) M (|A0/u0|,...,w'/uf'| gf“”

We set
t'—1 t'—1
A n!
[ _( Ti ) P
A A/ At-core |)\0| |)\t -1 H Hf O1 H()\l)
and
Sc 2" _ QanC

CeIIL HGY

Let g : SC — R be a function of self-conjugate partitions and A be a self-

conjugate partition. The t-difference operator DyC for self-conjugate partitions is
defined by

(5.3) DN = > g(\) =gV,
|,\/l/§\t:/\2t

The higher-order ¢-difference operators DF are defined by induction:
(D7)°g:=g and (D7)*g:= DFC((D7)*g) (k=1).
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Lemma 5.1. Suppose that X is a self-conjugate partition. Then D¢ (GSC) = 0.
In other words,

(5.4) G- Y G
AT>0A
IAT/A|=2t

Proof. Write A = (A-core; A", . - -, )\t/_l). For 0 < i <t — 1, we obtain

sc .
§ Smtisporartnsy | g 2HOO 2
GS¢ B tH((X)*) ¢
/A =1 > ooy 7aogn L)
by Lemma 2.2 in [11]. Summing the above equalities we prove (5.4). O

By analogy with the results on doubled distinct partitions, we have the following
theorems for self-conjugate partitions. Their proofs are omitted.

Lemma 5.2. Suppose that u is a given self-conjugate partition and g : SC — R is
a function of self-conjugate partitions. For every nonnegative integer n, let

P(u,gin):= Y. Fifg().
AESC, A>u
I/l =2nt

Then
P(u,gin+ 1) — P(u, gin) = P(u, D€ g;n).

Example 5.1. Let g(\) = GS¢. Then Dy¢g(\) = 0 by Lemma 5.1, which means
that

(5.5) > FLGSC =G5C

AESC, A>ip
A/ ul=2nt

When =0, the above identity becomes

(2t)™n!
(5.6) oo,
AESC, |A|=2nt Hhth(A) h
>\t-com:®

Theorem 5.3. Let g: SC — R be a function of self-conjugate partitions and 1 be
a given self-conjugate partition. Then,

(5.7) P(p,gin)= Y Fifg(n Z( ) (D7) g(u)

AESC, A\>ip k=0
[N/ p|=2nt
and
n - n n
(5.9 (5900 = 3o(-17+* () Pl )
k=0

In particular, if there exists some positive integer v such that (DS€)"g(\) = 0 for
every self-conjugate partition A >; p, then P(u, g;n) is a polynomial in n of degree
at most r — 1.
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Theorem 5.4. Let t = 2t' be a given integer, « be a given t-core self-conjugate
partition, and u', V' ju, 7', ku, kv be nonnegative integers. Then there exists some
r € N such that

v k/
(DSC)" (GA(H > héku> <H > CD>> =0
u=1 Oex v=1 Oex

hp==+j, (modt) co=j, (modt)

for every self-conjugate partition A\ with Ai_core = . Furthermore, let u be a given
self-conjugate partition. Then by Theorem 5.3, we have

u’ ’Ul
SC ~SC 2k, k!
> FNLGR (H > %)(H > u>
AESC, A\>ip u=1 Oex v=1 Oex

N/ =2t hp=j, (mod t) cn=j,, (mod t)

s a polynomial in n and t. The degrees of this polynomzal forn and t are at most

ZZ J(ky +1) + Zv ! LA +2 o 2k, + 1)+ ZU (kL + 1), respectively.

By letting 1 = () in Theorem 5.4 we derive the self-conjugate partition case of
Theorem 1.4.

6. SQUARE CASES FOR DOUBLED DISTINCT AND SELF-CONJUGATE PARTITIONS

As described in Corollary 1.5, the polynomials mentioned in Corollary 4.8 and
Theorem 5.4 have explicit expressions for square cases.

Proof of Corollary 1.5. (1) When X is a doubled distinct partition with |A| = 2nt
(t odd) and A¢core = 0. By the proof of Lemma 4.4 we obtain

A | (S B C)
GDD (GX (ZCQ)):; Z TG

<i 2 2
Oex 0<i<myg 0<j<mo

J#i

t—1

X Z((movi — 3+ (t — two,; — §)7)

j=0
I[I @k —yrj)
n 2 Z 1<j<my
3 1<k<t’ 0<i<my O<Emk (Ik,’i - xk])
TjFi

t—1

x> ((twi + k=) + (—tag +t — k= §)°)
=0

_ 1 Z 1<j<mo 2
t 0<i<mo Og}gmo((ww) - (mgj))

J#i

Zo,i
X (4t3< 5 > 32t —1) +

V)
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1<l_<[ (i — Yn.j)
J m
+— > > =

1<k<t’ 0<i<my, O<]<mk

kyi = Th,j)

J#i
t—1 t—1
x (26322 ; + Z(k P> =k —j5)?)
=0 §=0
(t2 + 2)
= 2t|\| +
3
therefore .
@(D?DF (GRP (D ) = 4,
A Oex
and
1 DD\3 [ ~DD 2
W(Dt ) (G,\ (Z CD)) =0.
A Oe

(2) When A is a self-conjugate partition with [A| = 2nt (¢ even) and Ap_core = 0.
Similarly as in (1) we have

1 t(t? -1
DG (3 ) =2+ Y,

SC 3
GX Oe

Gsc (DSC) (ch (Z C2D)) = 4t27
Oex
and
ch (DSC) (GSC (Z CD)) 0.
Oex
Then identities (1.8) and (1.9) follows from Theorems 4.3 and 5.3. Notice that
Y oeahd — X pex i = |A]? (see [17]). Identities (1.6) and (1.7) are consequences
of identities (1.8) and (1.9). O
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