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ON THE CONVERGENCE RATE OF SOME NONLOCAL ENERGIES

ANTONIN CHAMBOLLE, MATTEO NOVAGA, AND VALERIO PAGLIARI

ABsTrRACT. We study the rate of convergence of some nonlocal functionals recently considered by Bourgain,
Brezis and Mironescu. In particular, we establish the I'-convergence of the corresponding rate functionals,
suitably rescaled, to a limit functional of second order.
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1. INTRODUCTION

We are interested in the rate of converge, as b\, 0, of the nonlocal functionals

mity= [ [ s (M2 s

2|

to the limit functional
Folu) = / K(2)f(|Vu(z) - 5|)d=dz.
Rd JRd

Here f: R — [0,+00) is a convex function of class C? satisfying f(0) = f/(0) = 0, K : R — [0, +00) is a
kernel such that K(z) = K(—=z) for a.e. 2 € R%, and

K(z) (14 |2[?) dz < +oo0,
Rd
and we set Kp,(2) == h=9K(z/h).

It has been proved by Bourgain, Brezis and Mironescu in [3]| that F3,(u) tends to Fo(u) as h N\, 0 for
all u € HY(R?), and in (see also [2]) it is shown that such convergence also holds in the sense of
I'-convergence |§||, with respect to the L?(R%)-topology.

Let now

W) =T L [K(z>f<|w<x> 3) — Kn(2)f (“(“Z) - ““”")} dzd
1

k1
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be the functional which measures the rate of convergence of Fj to Fy. In this paper, under the assumption
that the function f is strongly convex (see condition below), we prove that the family { &, } I'-converges,
with respect to the Hl(Rd)—topology, to the second order limit functional

K " 2
0 u = 24 /]Rd/ ‘Z| f (‘VU |V

where 2 = z/|z|. The uniform convexity assumption on f, which is needed for the T'-liminf inequality,
excludes from our analysis some interesting cases such as f(z) = |z|P with p > 1, p # 2. In particular, when
f(x) = |z| and K is radially symmetric, the problem is related to a geometric problem considered in [9] in
the context of a physical model for liquid drops with dipolar repulsion. We also observe that the problem we
study is different from a higher order I'-limit of F}, (see [5]), which would rather correspond to considering
the I'-limit of the functionals

if u e H2(RY),

otherwise,

Fr — min Fy
ho
As a consequence of our result (see Remark [4]) we also get that, if the rate of convergence of Fj,(u) to
Fo(u) is fast enough, more precisely if |£;,(u)| < M for all h’s sufficiently small, then v € H2(R?).
We notice that our result is reminiscent to the one obtained by Peletier, Planqué and Rdéger in [10],
motivated by a model for bilayer membranes, where they consider the convolution functionals

for some o« > 0.

Gn(u) = f (K *u)dx,

Rd
which converge to the functional Gy(u) = ¢ f]Rd uw)dx as h N\ 0, where ¢ = ¢(K,d) is a positive constant,
and show that the corresponding rate functlonals

2) %(u)};g’l(u):;/w(cf(u)—f(lfh*u))dm

converge pointwise to the limit functional
1
7/ K(2)|2)2f" (w(z))|Vu(z) - 2|?dzdz for u € H'(R?).
Rd ]Rd

In particular, the rate functionals are uniformly bounded if and only if u € H!(R?).

In the proof of our convergence result, we follow a strategy similar to the one in |7,[8]: we first consider a
related 1-dimensional problem, and then reduce the general case to it by a slicing procedure. More precisely,
in Section [2] we study the functionals

z+h
B =5 | [ﬂu(x))—f(][ u(y)dyﬂdx,

which are a particular case of @ and we show their convergence (see Theorem [1]) to the limit energy

Eo(u) = 24/f” () dz  for ue H'(R).

Then, in Section |3| we consider the general functionals in and we prove the I'-convergence to & (see
Theorem, which is the main result of this paper. We first show the convergence for d = 1, using the result
of Section [2| and then we reduce to the 1-dimensional case by means of a delicate slicing technique.

Acknowledgements. MN and VP are members of INDAM-GNAMPA, and acknowledge partial support
by the Unione Matematica Italiana and by the University of Pisa via Project PRA 2017 Problemi di ottimiz-
zazione e di evoluzione in ambito variazionale. Part of this work was done during a visit of the third author
to the Ecole Polytechnique.
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2. FINITE DIFFERENCE FUNCTIONALS IN THE 1-DIMENSIONAL CASE
For u € L?(R) and h > 0, we define the energy
1

3) Bu(w) = 5 [ [f(ula)) = f (DU @) o
where
x T _ T x+h
(4) U(x) ::/0 u(y)dy and DRpU(x) = Ul +h}z Ulz) :][ u(y)dy.

Let us fix an open interval I := (a,b) C R. We shall compute the I-limit of { E}, } regarded as a family
of functionals on the closed subspace Y C L?(R) defined as

(5) Yi={ucL*R):u=0inR\ T}
endowed with the L?-topology. Let us set

1 " / 2 . 1
(6) Eo(u) = Q/Rf (u(z)) W/ (z)|"dz if ueY nHY(R),
+00

otherwise.

We shall prove the following:

Theorem 1. Let us assume that there exists v > 0 such that 2f(t) — vt? is convexr. Then, the restriction to
Y of the family { Ey, } T-converges, as h \, 0, to Ey w.r.t. the L?(R)-topology, that is, for every u € Y the
following properties hold:

(1) For any family {uy } CY that converges to u in L?(R) we have
Ep(u) < li}ln\'}gf Ep(up).

(2) There exists a sequence {uy } CY converging to u in L*(R) such that

limsup Ep, (up) < Eg(u).
AN

The T-upper limit is established in Proposition [I} while Proposition[2]takes care of the lower limit. In turn,
the latter is achieved by exploiting a suitable lower bound on the energy (see Lemma [l)) and a compactness
result (see Lemma [2)).

2.1. Pointwise limit and upper bound. We now compute the limit of Fjy(u), as h N\, 0, for a function
u €Y NC?(R).

Proposition 1. Let u € Y N C?(R). Then, there exists a continuous, bounded, and increasing function
m: [0, 400) —= [0, +00) such that m(0) =0 and

(7) |En(u) — Eo(u)| < cm(h),
where ¢ == c(b — a, ||ul|c2(w), Hf||cz([7HUHC2(]R)’H’U‘”CQ(]R)])) > 0 is a constant. In particular,
’lliir%) Ep(u) = Ey(u),
moreover for every u € Y there exists a sequence {uy } CY that converges to u in L?(R) and satisfies

lim sup Ep, (up) < Eo(u).
AN
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Proof. Since u € Y N C%(R) and f € C?(R), it is easy to see that Fj,(u) — Fo(u) and Ey(u) are uniformly
bounded in h. Thus, there exists a constant c,, > 0 such that

(8) |En(uw) — Eo(u)| < coo for h > 1.
Next, we focus on the case h € (0,1]. If ¢ (a — h,b), then DU (x) = 0, and hence
b
Fo(w) = Fi) = [ Uf(uta)) = f DU@)]do— [ fDU@)e

Being u regular, for any x € (a — h,b) we have the Taylor’s expansion

h h?
DU (z) = u(x) + §u’(m) + Eu”(mh), with zj, € (z,2 + h),
which we rewrite as
: wx)  ho,
9) DpU(x) = u(z) + hop(z), with wvp(x) == 5 T 5 (zn);

note that vy, converges uniformly to u'/2 as h \, 0.
Plugging @[) into the definition of F}, we get

R~ R = = [ 1)+ ) - s e [ (o)) o

a—

=—h/f oz x——/ 1w (@))on(2)?de

/ahf(’”;u( 1)) da,

where wy, fulfils wy,(z) € (u(z), u(x) + hop(zp)) for all z € (a,b).

It easy to see that
a h2
/ f (6u”(xh)> dx
a—h

for a constant c¢; > 0 that depends only on N = |u|c2(®) and on || f”| ze—n, n])- Moreover, recalling the

definition of vy, we have
b horb
| Fu@@de =g [ £ @

b

*/ f'(u ”(xh)dxf/ () (z)*de
b

3 reewere - [ e

Since u € Y N C?(R), v” admits a uniform modulus of continuity m,~: [0,+00) — [0,00). An integration
by parts gives that

_/ab f’(u(m))u"(mh)da:—/: (@) () dz

where cp = (b — a)||f'|| Lo (-~ n))-

S Clh57

and therefore

|En(u) — Eo(u)] <*

(10)
+ Clhs.

< [ 15wl - )

< comyr (h),
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In a similar manner, denoting by m~» the modulus of continuity of the restriction of f” to the interval
[~ N, N], we also find

b b
1] frae@rde - [ )@
b
< [ |jee? - ne

with c3 dependmg onb—a, N,and ||f"| e =n,n))-
By combining ([10)) with the inequalities above, we obtain

(11) |Eh u) — Eo(u)| < co(myr (h) + mgpr(h) + h+ h®) for h € (0,1],

for a suitable constant cg > 0.
The conclusion now follows by and . O

dm-+—/f " (u(@)) — £ (wn ()] v ()
< cs(h+ mgn(h)),

Notice that, by standard density arguments, the second statement of Theorem [I] follows directly by
Proposition

Remark 1. Notice that, as a consequence of Proposition |1} the I'-limit of the rate functionals

WEw(w) = - [ (@) = £ (DU ()] da

is equal to zero.

2.2. Lower bound in the strongly convex case. In view of Proposition [I} to complete the proof of the
Theorem [1} it only remains to establish statement [1} that is, for any v € Y and for any family {u, } C Y
converging to u in L?(R) it holds
E <liminf E .
o(u) < lim inf £, (un)
We prove the inequality under the hypothesis that the function f is strongly convex, i.e., we assume that

(12) there exists y > 0 such that 2f(t) — yt* is convex.

Thanks to this additional assumption on f, we are able to provide a lower bound on the energy Ej, and
we use it to prove that sequences with equibounded energy are relatively compact w.r.t. the L2-topology.

Lemma 1 (Lower bound on the energy). Assume that [ fulfils (L . Then, for any u € Y, it holds

" (1) = Dito) ol,y)’
(13 Bz s {/ % (= ¢@aw-@%@mw)dwm},

with

1
(14) An(z,y) = /0 (1- 19)f”((1 — DU (z) + ﬂu(y))dﬂ.
Moreover,
+7) —uly)\?
(15) // ( Y Y “uy ) drdy,
where

Jr) =1 — )t and Ju(r) = %J(%)
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Proof. For a given h > 0, let us consider u € Y such that Fj(u) is finite. We write

1

z+h
En(u) = ﬁ/Reh(x)da:, where ep, (z) ::][ [f(u(y)) — f(DrU(z))]dy.

Thanks to the identity
f@%—ﬂﬂ=fﬁﬂs—ﬂ+@—¢FA(l—mf%ﬂ—ﬁﬁ+ﬁ@M&
we find
x+h
(16) ewwaf () (uy) — DuU () dy,

where A, (z,y) is as in (I4). Observe that, by the strong convexity of f, An(z,y) > v/2 for all (z,y) € R?

and h > 0, so that holds.
By the same bound on A, we also deduce that

x+h
@z () - DU@)’.

=g [ £ () e
zZ/RfM ]im (“Z;“(y)fdzdydx,

where the last inequality follows from the identity
+5 [ [ 16 = elw)Pdutduto).

[ etw)lPduty ‘/ v)du(y

which holds whenever y is a probability measure and ¢ € L?(u). By Fubini’s Theorem and neglecting
contributions near the boundary, we find the lower bound on the energy:

U)Z%/][?’ ][”h <M>2dzdxdy
S e

The conclusion is now achieved by the change of variables r = z — y. g

Hence, we get

Lemma 2 (Compactness). Assume that f fulfils . Let {up } CY be a sequence of functions such that
En(up) < M for some M > 0. Then, there exist a subsequence {up, } and a function u € Y N HY(R) such
that up, — u in L*(R).

Proof. We adapt the strategy of [1, Theorem 3.1].
By Lemma [T} we infer that

(17) // (““”})l h(y)>2drdy§M.

Observe that Jp,(r)dr is a probability measure on [—h, h].
We now introduce the mollified functions vy, == pp, * up, where { pp, } is the family

pr(r) = %p (%) , with ¢ := /Rp(r)dr.
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Here, p € C°(R) is an even kernel, and it is chosen in such a way that its support is contained in [—1, 1],
0<p<J, and |[p|<J.

Note that, for all A > 0, v,: R — R is a smooth function whose support is a subset of (a—h, b+h). Moreover,
the family of derivatives { v, } he(o,1y 18 uniformly bounded in L*(R); indeed, since [, p/(r)dr = 0, it holds
2

dy

h
/Rlvé(y)ﬁdyZ/R‘/_hpﬁz(r)[u;z(yﬂw) — un(y)]dr

h 2
S/]R </h ‘p/h(7')| |Uh(y + 7') — uh(y)| dT’) dy
1 h 9
S‘? R </—h In(r) dr) dy

up(y +7) — un(y)
h

1 }L _ 2
S72/ () up(y +r) uh(y)‘ drdy.
CJrRJS=h
and thus
4M
18 PP dy <
(18) [P dy <

For all h € (0,1), let ¥y, be the restriction of vy, to the interval (a—1,b+1). By Poincaré inequality, (18] entails
boundedness in H}((a —1,b+ 1)) of the family { @, the(o,1): and, in view of Sobolev’s Embedding Theorem,

this grants in turn that there exists a subsequence { o, } uniformly converging to some @ € Hg ([a—1,b+1]).
Since each 7y, is supported in (a — he, b+ hy), we see that @ € Hg(I); therefore, if we set

w() = {a(a:) if z €1,

0 otherwise,

we deduce that { vy, } converges uniformly to u € Y N H'(R).
Lastly, to achieve the conclusion, we provide a bound on the L2-distance between wu;, and v;,. Similarly
to the previous computations, we have

/R|Uh(y) - Uh(y)|2 dy Z/]R

h
S/R/_hph(r)‘uh(y‘FT)—Uh(y)|2dey

h 2
/_} pn(r)[un(y + 1) —un(y)ldr| dy

1 h
S*// Jn(r) lup(y + 1) —Uh(y)\Zdrdy,
CJRJ—h
and, by (L7), we get

(19) / o (y) — un(v) Pdy < %h

Since there exists a subsequence { v, } uniformly converging to a function u € Y N H*(R), gives the
conclusion. 0

Now we can prove statement of Theorem
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Proposition 2. Let f satisfy . Then, for any uw € Y and for any family { un } CY that converges to u
in L*(R), it holds

(20) Eo(u) < li}ln\j{)lf Ep(up).

Proof. Fix u,u;, € Y in such a way that u;, — u in L?(R). We can suppose that the inferior limit in
is finite, otherwise the conclusion holds trivially. Consequently, up to extracting a subsequence, which we
do not relabel, there exists limp\ o Ep(up) and it is finite. In particular, there exists M > 0 such that
En(up) < M for all h > 0, and, by Lemma this yields that v € Y N HY(R).

We use formula for each uy, choosing, for (z,y) € R?,

o(a,y) =¥ <x Y- l’) L with v € C(R?).

h
2 O v
h
x+h y—z 2
_1/][ wdyd%
4 RJzx )‘h(xvy)

1 x+h
An(x,y) = /o (1—9)f" ((1 — 19)][ up(2)dz + ﬁuh(y)> dy >

3:+h

where, coherently with ,

B2

Let us focus on the first quantity on the right-hand side of . We have

;Ainrh (Jim-h uh(z)dx> s (x,
_hls/R/:Jrh /;Jrh up(2)y (J:, Y ; x) dydzdz
:hlS/R/;h /:+h up(2)9 (a;, Y ; x) dydxdz,

and, by similar computations, we obtain

/][m+h Uh7/1<xayhx) dydz
L b () o5

By a simple change of variable, we get

][ ][ ( )dzdz—A ; Yy — hr,r)dgdr,
][y h]fx—m ( )dzdx—]i h/ Y(x,r)drdz
=/0 /0 ¥(y — hq, r)dqdr,

— x) dydx

x+h

(22)
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;L][yy_h ]iz+h [w (x, y;x) 9 (x’z;x)] dzdx
:/1/1 w(y—hnr);w(y—hw)dqdr
0 0
_/Ol/ol/r O1b(y — hs,r)dsdgdr
q
__ /01 /Ol(r —9) ]ir Ay — hs, r)dsdgdr.

Being ¢ smooth, we have that 019 (y — hs,r) = ¢(y,r) + O(h) as h \, 0, uniformly for s € [0,1].
Consequently,

S R s S A LR

Plugging this equality in (22]) yields

/][erh o hu% (my_hx) dydz = —/Ruh(y)/ol (T_ 1) Oy, r)dr + O(h).

It is possible to take the limit h \, 0 in the previous formula, since u; — u in L?(R). We then get

(23) }1%/][“}1 — Hh“hu}( . )dydx— // LYoy (y, r)drdy.

Now, we turn to the second addendum on the right-hand side of . By Fubini’s Theorem and a change

of variables, we have
x+h
/][ Yo / "oy hror)” Mol oy AT
Ah (z y An(y = hr,y)

The function ¢ has compact support and X\, > ~/2 for all h > 0, therefore we can apply Lebesgue’s
Convergence Theorem to let A \ 0 in the previous expression, and we get

hence

. Y (y — hr,7)
1 drd
hl\n})// f//( fy+(1 T)h )dz+19uh( )) dv rey
2
drdy,
/ / T f” s
thus
. (a2 el 2
(24) I?/][ M (z.9) dydz*?/R/o Pty "

Summing up, by and @, we deduce

(25) hm\mf En(up) / / [ <r - ;) Y (y,r)drdy + % /R /01 }%] drdy,

for all ¢ € C°(R?).
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We can reach the conclusion from the last inequality by a suitable choice of the test function . To see
this, we let n € C°(R) and we choose a standard sequence of mollifiers { py, }. We then set

V(z,y) = Yr(z,y) = n(z) (Ck(y) - ;) , with G(y) = /Rpk(z —y)zdz,
so that reads

1igl\ingh(uh) > /01 (r —~ ;) (Ck(r) - ;) d?“/RU(y)n’(y)dy
“3 ], (60-3) o [y

Because of the identity fol (r —1/2)%dr = 1/12, letting k — +oo yields

. 1 , 1 n(y)?
liminf By (un) > = 75 V ol s+ 5 | f/,(u(y))dy}

1 / : 1 [ n@)?
== u(y)n(y)dy—*/ Znrwady|
12 { R 2 Jr f"(u(y))
where v/ € L?(R) is the distributional derivative of u, which exists since u € H*(R). Recall that, in the
previous formula, the test function 7 is arbitrary, thus, to recover , it suffices to take the supremum
wr.t. n e CP(R). O
3. T-LIMIT IN ARBITRARY DIMENSION

Let us fix an open, bounded set 2 C R? with Lipschitz boundary and a function K : R? — [0, +00) such
that

(26) /]Rd K(2) (1 + |z|2) dz < 4o0.

We require that K(z) = K(—z) for a.e. z € R? and that the support of K contains a sufficiently large
annulus centered at the origin. More precisely, let us set

1 when d = 2,
27 og =<8 d—2
( ) d ﬁ When d > 2,
we suppose that there exist rg > 0 and ry > 0 such that rog < o4ry and
(28) essinf { K(z) : z € B(0,r1) \ B(0,79) } > 0.

The simplest case for which holds is when there exists k£ > 0 such that K(z) > k for all z € B(0,r1).
Let f:[0,4+00) — [0,+00) be a C? function such that f(0) = f’(0) = 0, and is satisfied. For
u € HY(RY), we define the functionals

Fow) = [ [ KE@f(Vala)-2)dzda.

Fr(u) = / Kply—x)f (|u(y)—u(m)|) dydz,
Re JRd ly —
where Kj,(2) == h~ %K (z/h).
By results in [11], we know that F,(u) tends to Fo as h N\, 0 when v € H'(R?), and also that JF is the
I-limit of the family { 7, }. As before, we are interested in the asymptotics of
Fo—Fn and Fo—Fn
h h?
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Analogously to the 1-dimensional case, we define
Fo(u) — Fn(u)

En(u) = =
Let us set
(29) X ={uec H'RY) :u=0aec inRI\Q}
and

®dedr if u € X N H2(RY),

(30) Eo(u) = i /Rd /]Rd K() |21 £ (IVu(z) - 2)) ‘V2u(aj)é -3
400

Remark 2 (Radial case). When K is radial, that is K(z) = K(|z|) for some K: [0,+00) — [0, +00), we
have

otherwise.

Folw) = 1Kl [ f, F(Vula) - ehar=! eyt
Eo(u) = i ( o K(2) |2 dz) /Rd ]éd_l ' (IVu(z) - e]) [VZu(z)e - e‘Zd’del(e)dfc

This Section is devoted to the proof of the following I'-convergence result:

Theorem 2. Under the previous assumptions on ), K, and f, there holds:

(1) For any family {up, } C X such that E,(up) < M for some M > 0, there exists a subsequence { up, }
and a function v € X N H*(R?) such that Vuy, — Vu in L*(R9).
(2) For any family {uy, } C X that converges to u € X in H'(R)

Eol(u) < lign\iélf En(up).

(3) For any u € X, there exists a family {u, } C X that converges to u in H'(R?) with the property
that

limsup & (up) < Eo(u).
AN\

3.1. Slicing and upper bound. When the dimension is 1, in virtue of the analysis in Section [2] it is not
difficult to derive the I'-convergence of the functionals &,.

Corollary 1. Let K: R — [0,400) be an even function such that holds. For h >0 and u € H*(R), let
us define the family
)} dzdx.

entu) =z [ [ Kata) [ - 1

Let also Q = (a,b) be an open interval, and let X C€ H'(R) be defined as in . Then, the restrictions of
the functionals &, to X T-converge w.r.t. the H(R)-topology to

Eo(u) = 24 (/K 2dz)/f” ( (@)’ dz ifue XN H(R),

otherwise.
Proof. A change of variables gives
u(z + hz) — u(x)

et = [ K2 s [ - 7 (| U220 o) e

Recalling , we notice that the quantity between square brackets is equal to Fj,(u'), therefore the con-
clusion follows by a straightforward adaptation of the proof of Theorem [1] (see also the proof of Proposition
3). O

u(z + z) —u(x)
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Corollary [I] concludes the analysis when d = 1, so we may henceforth assume that d > 2. Our aim
is proving that the restrictions to X of the functionals &, I'-converge w.r.t. the H'(R%)-topology to &.
The gist of our proof is a slicing procedure, which amounts to express the d-dimensional energies &, as
superpositions of the 1-dimensional energies Ej,, regarded as functionals on each line of R?.

Lemma 3 (Slicing). Foru € X, z € R1\ {0}, and £ € 2+, we define ws ¢: R — R as ws ¢(t) = u(& + t2).
Then, w} (t) = Vu(§ +t2) - 2 and

(31) e = [ [ K@ P By gant @)
Re J 2z
where By, is as in (note that the function f in must be replaced here by f(|t])).

Proof. The formula is an easy consequence of Fubini’s Theorem. Indeed, once the direction 2 € S41
is fixed, we can write z € R% as = £ + t2 for some ¢ € R? such that £ -z = 0 and t € R. Using this

decomposition, we have
:/ K (z)f (e the) Zu@l g,
Rd h|z|

L (e

whence
|ws,¢(t + hlz]) — ws¢(1)] d-1
K(z - : : dtd dz.
Enlw) h?/Rd/ZL/ [ (fwzc®)) f( h2| HT(0)dz
To obtain (31I), it now suffices to multiply and divide the integrands by |22, O

The connection with the 1-dimensional case provided by Lemma [3| suggests that the I'-convergence of the
functionals Ej, might be exploited to prove Theorem 2] Though, to be able to apply the results of Section 2]
we need the functions w; ¢ in to admit a second order weak derivative for a.e. z and £. This poses no
real problem for the proof of the upper limit inequality, because we may reason on regular functions; as for
the lower limit one, we shall tackle the difficulty in the next subsection by means of a compactness criterion,
see Lemma [6] below.

We now establish the following:

Proposition 3. Let u € X N H?(R?). Then:

(1) For any family {uy } C X that converges to u in H'(R?), there holds
< limi .
Eo(u) < hgn\jglf En(u)

(2) Ifu € X NC3(RY), then

Proof. We prove both the assertions by using the slicing formula .

(1) Forall h >0, z € R¥\ {0}, and £ € 2+, we let wp.z¢: R — R be defined as wp, 2 ¢(t) = up (€ + t2).
Then,

) = [ [ RGP B whs )b (s

and, by Fatou’s Lemma,

(32) hmlnfé'h (up) / / K(2)|2)? [hmlnfEh‘ ((Wh.s ¢)]d dH(€)dz.
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Let us set wz ¢(t) := u(£+t2) and note that if p: R — [0, +-00) is any kernel such that [|p|| 11 (ga) =
1, we may write

Lowum=val = [ o) [ [ fuhe ) = wt ) ttant= €)a:

Since the left-hand side vanishes as h N\, 0, it follows that there exists a subsequence of {w}L e 1,
which we do not relabel, that converges in L?(R) to w} . for Ll-ae. z€R?and Hi l-ae. &€ 2t
In particular, by assumption, w’é’5 € H'(R) for a.e. (z,£) and it equals 0 on the complement of some
open interval I ¢.

From the previous considerations, we see that Proposition [2] can be applied on the right-hand side

of , yielding
hmmfé'h (up) / / K(2)|2)* Eo(w) )d’Hd L&) dz = E(u).

(2) As above, for any fixed z € R?\ {0} and ¢ € 2+, we define the function w; ¢ € C3(R) setting
w(t) = u(§ +t2). Since (2 is bounded, there exists r > 0 such that, for any choice of z, w} ((t) =

Vu(€ 4+ t2) - 2 = 0 whenever ¢ € 21 satisfies [¢] > 7, while w}, ¢(t) is supported in an open interval
Ig,g if |§| <T.
By virtue of the slicing formula , we obtain

(0 = Eola) < [ | [ K()Ial B ) = Botut )| dr~" )z

< /Rd /ZL K(z) |2 |Eh|z|(wlz,g) - EO(w/27§)| dHY(€)dz

Proposition [] gets the existence of a constant ¢ > 0 and of a continuous, bounded, and increasing
function m: [0, +00) — [0, 400) such that m(0) = 0 and

1E(u) — Eo(u \<c//K ) 2P m(h 2]} A (€)dz

Note here that m can be chosen depending only on Vu, and not on 2 and £.
Recalling , to achieve the conclusion it now suffices to appeal to Lebesgue’s Convergence
Theorem.

O

Remark 3. As observed in Remark [I} from Proposition [3]it follows that the I-limit of the rate functionals

Fo(u) — Fn(u)
h
is equal to zero (even with respect to the L?(R%)-topology on X).

hgh (u) =

3.2. Lower bound and compactness. Similarly to the 1-dimensional case, we shall prove the compactness
of functions with equibounded energy by first establishing a lower bound on the functionals &,. More
precisely, Lemma [4] below shows that, when f is strongly convex, &,(u) is greater than a double integral
which takes into account, for each z € R4\ {0}, the squared projection of the difference quotients of Vu in
the direction of z. Thanks to the slicing formula, the inequality follows with no effort by applying Lemma
[ on each line of R

We point out that our approach results in the appearance of an effective kernel K in front of the difference
quotients. This function stands as a multidimensional counterpart of the kernel J in Lemma [I} actually,
K depends both on K and on J (see for the precise definition). In Lemma |5, we shall collect some
properties of the effective kernel that will be useful in the proof of Lemma [6}
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Lemma 4 (Lower bound on the energy). Let Q, K, and f be as above, and suppose that

~ 1
(33) K(z) ::/ J(r) K (2)dr for a.e. z € RY,

-1

with J as in Lemma[ll Then, it holds

(34) > 4 /R’i /Rd l Vu x—l—hz)h Vu(x)) 2] dnds.

Proof. Thanks to Lemma [3] we can reduce to the 1-dimensional case, and we take advantage of the lower
bound provided by Lemma [l Keeping the notation of Lemma [3] we find

/Rd /L//: el K(2) |2 (w;’g(t +}:|)Z|_ w;’é(t)>2drdtd7{d‘1(§)dz
/Rd /ZL / /}:I | T2 (r) K (2) (w;’é(prr});w;’f(t)fdrdt?{d‘l(g)dz.

To cast this bound in the form of (34)), we change variables and use Fubini’s Theorem:

2

:/Rd /ZL[R[lj(T)K(Z) <w;’§(t+hZ}Lr)_w;’g(t))zdrdtd’}{d1(§)dz
/01 /R /ZL/RJ(T)K_T(Z) (w;’é(t_hlj)_w;’g(t)>2dtd’}{dl(f)dzdr
] [ (B ’f(t))zdtdﬂ“@dzdr

/_01 /Rd /ZL /RJ(T)KJ(Z) <w§,£(t+ h;” - w;’g(t)>2dtd7-ld_1(§)dzdr
_ / / / / K <w'_£,f<—<t+h|;|>)—w/_é,g—t))? I
/ /R / / I (w;’g(HMj) _wé’é(t)fdtdﬁ“(é)dzdr,

because w’ ; (—s) = —w’ ((s) for all s € R. Thus, we conclude that

I_/R//</ K )d>(w;,g(t—&—hZ|)_w;,§(t)>2dtd,}{d1(£)dz

/R/]R (Vulz + hz) — vu(x)).gr

h
which concludes the proof. O

Note that

dxdz,
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Let us remind that, by assumption, the kernel K is bounded away from 0 in a suitable annulus. The next
lemma shows that the effective kernel appearing K in inherits a similar property.

Lemma 5. Let K: R% — [0,400) be as in [33). Then,

(35) / () (14 12 d < +oo.
Rd

Moreover, if o4 and r1 are the constants in and , then,

(36) essinf {K'(z) 1z € B(O,adrl)} > 0.

Proof. The convergence of the integral in follows easily from . Indeed, by the definition of K, we
see that )
K(2)dz = / J(r)Kp(2)dzdr = K(z)dz;
Rd —1 JRa Rd
analogously, one finds that

K(2)|2]*dz = c/ K(z)|2|* dz,
R4 Rd

for some ¢ > 0.
For what concerns (36), let us set k := essinf { K(2) : 2 € B(0,71) \ B(0,70) }. In view of (28), k > 0.
We distinguish between the case z € B(0,79) and the case z € B(0,r1) \ B(0,79). In the first situation,
for a.e. z € R?,

|=]

K(2) 22/:) J(r)K,(2)dr > 2k /z‘ ridj(r)dr

=]
0

S

71 1

2k "
:ﬁ/ Sd_2 (1 — |Z|> ds.
|| o s

When z € B(0,71) \ B(0,ro), instead, similar computations get

~ 1 2 T1
K(z)> 2[ J(r) K, (z)dr = %/ 542 (1 — Z|) ds for a.e. z € RY,
|

& 21" Jlal s

1
so that we obtain

. 2 1
(37) K(z)> 7]{/ 5172 (1 - |Z|> ds for a.e. z € RY.
(ro,lz)

- |Z|d71 max S

When d = 2, the estimate above becomes
K(z) > 2k [7‘1—max(ro,|z|) —log (m)} for a.e. z € RY.
E max(ro, |2|)
Exploiting the concavity of the logarithm, we see that the lower bound that we have obtained is strictly
positive if |z| < r1 = o9r1.
On the other hand, putting M = max(ro, |z|) for shortness, if d > 3, the right-hand side in equals
2k

(d—=1)(d-2)

et [@=2) (7 = M) = (@ = 1)l (0 - M)

and therefore
- 2k M2
K(z) = a—1
(d—1)(d—2) 2|

. {(E)H [(d—2)r1 — (d—1)|2]] = [(d— DM — (d— 1) |z]}
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for a.e. z € RY. When |z| < %rl = o411, the quantity between braces is strictly positive if

(M — |2)d — (2M — |z) (7"1 >H |

(r1 = |zD)d = (2r1 — [2]) M

Observe that both the left-hand side and the right-hand one are strictly increasing in d; also, the left-hand
side is bounded above by (M — |z])/(r1 — |z]), so the last inequality holds if

M-z nr
< =
r1— |z] M

which, in turn, is true for all z € B(0,r;). O

We are now in the position to prove that families with equibounded energy are compact in H'(R%), and
that their accumulation points admit second order weak derivatives.

Lemma 6 (Compactuness). Assume that Q, K, and f are as above. Then, if {up } C X satisfies Ep(up) < M
for some M > 0, there exist a subsequence {up, } and a function u € X N H*(RY) such that up, — u in
H'(RY).

Proof. Let k = essinf { K(2) : z € B(0,04r1) }; Lemma |5| ensures that k& > 0. We consider a function
p € C(]0,+00)) such that

p(r)=0 ifre {J\dfgﬁroo),

and we further require that
0<p(r)<k and |p(r)] <k
For h > 0 and y € R?, we set

_ L [l : ._/
)= o (W) e [ pan

and we introduce the functions vy, = pp * up, as abovg.
Each function vy, is a smooth function and, for all A € (0,1), its support is contained in

Q; = {x:dist(z,Q) < 27 2hogr }

if h € (0, ﬁ) In particular, we can choose h so small that 09); is still Lipschitz. For such an iL, we assert
that the family {vp } he(o,h) 18 relatively compact in Hé(Q;l). In order to prove this, we first remark that

(38) /|V2vh|2:/ Au?,
Q; Q5

h h

and next we show that the right-hand side is uniformly bounded.
We observe that fRd Vor(y)dy = 0 for all h > 0, because p is compactly supported. Hence,

2

||Avh||2L2(QiL) Z/Rd \Avh|2
Vor(y) - (vuh (x+y) — Vu, (x))dy dx

“LlL
< Jo o )
- Rd Chd+1 Rd

0 (|yh|) ‘ |(Vun(z + y) — Vur(z)) - 9 dy} i de.
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By our choice of p and , we find

||A'Uh||%2(ﬂﬁ) S/Rd Llh/ Kn(y) |(Vun(z +y) — Vun(z)) -g’dy] dz

y
S/Rd Llh [ E)|(Funle+ h2) = Tun (@) -2|dzrdx

Further, since K € L'(R?), Jensen’s inequality and Fubini’s Theorem yield

2 K| 2 ety -
[Avh|Z2(q,) < @ o Jea K(z)

The lower bound entails

(Vup(z + hz)hf Vuy(z)) - 21 2 .

4 -
A7 20, < %HKHLl(Rd)Sh(uh)v
so that, in view of the assumption &, (uy) < M and of , we get

4M

(39) V20220, < 2

1K 1 ey

We argue as in the proof of Lemma [2 We recall that, for h € (0, ft), each vy, vanishes on the complement
of Q;, and thus, by Poincaré inequality, implies a uniform bound on the norms ||vg|| m2(0;)- Asa
consequence, by Rellich-Kondrachov Theorem, the family {7y}, (0.7) of the restrictions of the functions

vj, to Q; admits a subsequence { Uy, } that converges in Hj(;) to a function @ € HZ (). Actually, the
support of @ is contained in €2, and, if we put,

u(z) =

{ﬂ(x) if z €Q,

0 otherwise,

we infer that {v;, } converges in H!(R?) to u € X N H?(RY).
To accomplish the proof, it suffices to show that the L? distance between Vu; and Vv, vanishes when
h ™\, 0. Since pj, has unit L!(R%)-norm and it is radial, we have

|V (2) = Vup(2)|?de =
R R

i),
<z
4 Jpa

1
§1/ / on(W) [Vun(z + y) + Vun(z — y) — 2Vuy (2)|? dyda.
Rd JRd

2
dx

[ o) (Ve +9) = Tuno))dy

2
dx

/Rd pn () (Vup(z + y) + Vup(z — y) — 2Vu,(z))dy

We remark that for any fixed y € R?\ {0} and for all p € R?, the identity [p|* = [p-y|* + |(Id — y ® y)p|”
can be reformulated as

b =lpo+ [ wllul ool 4 )

4 Yy

(10) o o

=lp-yl+ 5 | ) [p-al” dHT (),
Yy

where 7: [0,400) — [0, +00) is a continuous function such that

[, wal) af® a1y = 1,

€
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and 7, (n) = h=%1x(|n| /h). We further prescribe that

. 0471
r)=20 ifre ,+oo
) {ﬂ >

and that lim,~ o n(r)/r € R.
We apply the formula to pp(z,y) = Vup(z +y) + Vuh(ac —y) — 2Vuy(z) and we find that

(41) g [Von(z) — Vup(z)* de < = (11 + 1),
where
I = /Rd /Rd pn(@) I [pn (. y) - 917 dydz,
=g L] o @m e - @ e

We first consider I;. Keeping in mind that p is compactly supported and p(|y|) < k < K(y) for a.e.
y € B(0,27204r,), we get

1 < ) K
1< b ()| (Vun(@ + ) = Vun(2)) - 9| dyda
C Rd JRd
—|—/ Ki(y) |(Vun(z —y) — Vup(x)) - y‘ dydzx| ,
Rd JRd
and, by ,
8 M

(42) I < Mh?

&y

As for I, we assert that there exist a constant L > 0, depending on d, oy, r1, l;:, and ¢, such that

LM
(43) I < =—hn2

v

To prove the claim, we write the integrand appearing in I as follows:
pr(z,y) - =(Vup(z +y) + Vup(z — y) — 2Vuy(z)) - 0
=(Vun(z +y) + Vup(z —y) — 2Vup(z —n)) - n
+2(Vup(z —n) = Vug(z)) - n
=(Vup(z +y) — Vup(z —1n)) - (n+y)
+ (Vun(z —y) = Vup(z —n)) - (n - y)
— (Vuh(x +vy) — Vup(z — y)) cy + Q(Vuh(x —n) — Vuh(x)) .
We plug this identity in the definition of I, and we find that

<o Jo L ot (Funte+-hy) B — ) - -4 = oy
L / oyl | (Vs (@ — hy) = V(@ — b)) - (n — )| dH () dyda
el [ [ o) 0| (Funta + ) = Vun(a) - dy

/Rd/ / (gl (nl) | (Vun (@ + hn) — Vup (@) - n|* dHI () dyda.
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We estimate separately each of the contributions on the right-hand side.

Let usset ST :={eeS¥ 1 e-e;>0}and S :i={eec S e e4 <0} Hereafter, we denote by L
any strictly positive constant depending only on d, o4, 1, and on the norms of p and 7.

Taking advantage of the Coarea Formula, we rewrite the first addendum as follows:

/Rd /]Rd /L p(lyD)m(nl) |(Vuh(x + hy) — Vup(z — hy)) - (n + y)IQ AH () dydzx
-1 [ / o9 | (T -+ A + ) — Fun(e)) -+ ) 449" ()
/Sd 1 /Rd / /L 7(Inl) | (Vun(z + h(n + re)) — Vuy(z)) - (77+7“6)‘2d?—[d_l(n)drdxd%d—l(e)

[ Lt el a0 = e ) (Voo + ) = Fun)) -3 dydaaii? ).

Similarly, we have

/]Rd /]Rd /u pllyDr(nl) | (Vun (@ — hy) = Vun(e — b)) - (n = )| dH* " (n)dyde

= L L L e ol e (100 = e epl) (Vo + ) = Voo (2) -5 ddzait?= ),
and thus

/]Rd / / ‘y| |77D |(vuh(x + hy) — Vuh(q: — hn)) . (77 + y)|2d7'[d71(7])dyd$
+ /Rd /Rd /gL p(lyDm(Inl) ’(VUh(:E — hy) — Vug(z — hn)) - (n — y)‘erHd—l(n)dydx

:/Sdi1 /Rd /]Rd |y-e|d_1 |y‘2P(|y'6|)7"(|(Id—€®€)y\) |(Vuh(x—|—hy) YVup(x ) y| dydzdH® ().

Let us recall that p(r) = n(r) = 0ifr ¢ [0,27/204r;), whence, for any e € S¥1, the product p(|y - ¢|)7( |(Id — e ® €)y] )
vanishes outside the cylinder

Co={yeR:|y-e|,|(Id—e®e)y| €[0,27204r1)} € B(0,04m1).

We therefore see that the last multiple integral equals

/Sd?1 /Rd/c ly- ey oy - e (1(1d — e @ e)y] ) |(Vun(e + hy) — Vun(z)) - 9|7 dydedH? (e)

<L/ / / K(y Vuh (z + hy) — Vuy(z)) - y’ dydzdH 1 (e)
sd—1 JRd
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We then obtain

L ol [(Funte+ )~ Ve~ ) - 1+ ) a5
Rd JRa J gL

+ %/Rd /Rd /@i p(ly)m(Inl) ‘(Vuh(x — hy) — Vup(x — hn)) - (n — y)lzdﬂd_l(n)dydx
LM

< —h%
Y
Next, we have
8 R
(45) guwumej) [ [ o) o | (Fune + ) — Fun(@) -5
Rd JRd
d—1 LM 2
(46) p(yDm(nl) | (Vun(x + hn) — Vug(x)) - n|* dH ()dydeTh.

The bound in ) may be deduced as the one in ., so, to establish , we are only left to prove (46).
To this aim, let 1/) € C(R% x R?) be a test function. By a standard argument and Fubini’s Theorem we
have that

/R d / oIyl ) )y
= lim /Rd /Rd L—Zﬂx{m}(ln-yl)p(lyl)ﬁ(lnlw(%n)dndy

e\

“ i [ ”fﬁ”') ( /. Ul tocey(in - Do) I w<y,n>dy) an

// Jﬁ' (Io1) ] (o m)d 2= ().

It follows that

L L A | (Snte ) = V) - f e
[ T ] () = S0 ol i
g Jra Jor Il

SL/ K(n) |(Vun(z + hn) — Vuy(z n| dndz
Rd JRd

(recall that we assume lim,~ o 7(7)/r to be finite). In view of the bound on the energy, we retrieve (46).

In conclusion, from , , and , we obtain
LM
[Von(z) — Vg (2)]? de < =—h?,
R Y
as desired. This concludes the proof. |

Remark 4. By choosing up, = u in Lemma@ we obtain a criterion for an H'-function to belong to H?(R%),
namely a function v € X is in H2(R?) if and only if &, (u) < M for some M > 0 and for all h small enough.

We can now conclude the proof of Theorem

Proof of Theorem[3 The compactness result in statement (1)) of Theorem [2]is contained in Lemma@
The upper limit inequality follows by Proposition 3| and a standard density argument, as in the
1-dimensional case.
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As for the lower limit inequality , for any v € X and for any family {u, } C X that converges to u in
H!(R%), we may focus on the situation when there exists M > 0 such that |E,(up)| < M for all h > 0. By
Lemma @, we have that u € H?(R?). Then, follows by Proposition O

Remark 5. We conclude by noticing that the I'-convergence result in Theorem [2| statements and ,
still holds if we replace X with H'(R?), with essentially the same proof. On the other hand, being R?
non-compact, the compactness result in statement of Theorem [2| does not hold in this case.
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