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Existence and multiplicity results for a new p(x)—Kirchhoff
problem with variable exponent

Mohamed Karim Hamdani®"

% Mathematics Department, University of Sfax, Faculty of Science of Sfax, Sfax, Tunisia.
bMilitary School of Aeronautical Specialities, Sfax, Tunisia.

Abstract

In this work, we study existence and multiplicity results for the following nonlocal p(x)—Kirchhoff
problem with variable exponent:

1
- (a -b f —|Vu|p(x)dx) div(VulP®72Vu) = AulP2u + g(x,u) in Q,
o P(x) (0.1)

u =0, on 0Q,

where a > b > 0 are constants, Q c R" is a bounded smooth domain, p € C (Q) with N > p(x) >
1, A is a real parameter and g is a continuous function. The analysis developed in this paper
corresponds to propose an approach based on the idea of considering a new nonlocal term which
is presents interesting difficulties.

Keywords: Variable exponents; New nonlocal Kirchhoff equations; p(x)-Laplacian operator
Palais-Smale condition; Mountain Pass theorem; Fountain Theorem.
PACS: Primary: 35J55, 35J65; Secondary: 35B65.

1. Introduction and statement of main result

In this paper we deal with the question of the existence of nontrivial weak solution for the
following problem

( —IVul”(X)dx) div(VulP®72Vu) = AulP2u + g(x,u)in - Q, (w1)

u=0, on 09,

where Q c RY is a bounded smooth domain, p € C(Q) with N > px) > 1,a,b > 0 are
constants, g is a continuous function satisfying conditions which will be stated later, 2 > O is a
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real parameter and div(|Vu|”(x)’2Vu) is the p(x)—Laplacian operator, that is,

N
Ay = div(Vul? V) = (|Vu|”<*>2§—”),

i=1 i

which is not homogeneous and related to variable exponent Lebesgue space LP*(Q) and variable
exponent Sobolev space W!'P™(Q). These facts imply some difficulties. For example, some
classical theories and methods, including the Lagrange multiplier theorem and the theory of
Sobolev space, cannot be applied. We call (I.T) a problem of Kirchhoff type because of the

appearance of the term b | ——|Vu["®dx which makes the study of (TT) interesting.
X

In the previous decade?, the Kirchhoff type problem (I.I)) with p(x) = 2 has been object of
intensive research as its strong relevance in applications (see [27, 26} 36]). Indeed, the study of
Kirchhoff type problems, which arise in various models of physical and biological systems, have
received more and more attention in recent years. More precisely, Kirchhoff established a model

ou 0*u
)

given by the equation
Pu po E [t
Do £ [l
or h 2L Jy 10x ox

where p, po, h, E, L are constants which represent some physical meanings respectively. Equa-
tion (I.2) extends the classical D’ Alembert wave equation by considering the effects of the
changes in the length of the strings during the vibrations.

Since the variable exponent spaces were thoroughly studied by Kovéacik and Rékosnik [235]],
they have been used in the previous decades to model various phenomena. In the studies of a class
of non-standard variational problems and PDEs, variable exponent spaces play an important role
such as in electrorheological fluids [34} 33| 32], thermorheological fluids [[6], image processing
[1,19, 28] and so on. In recent years, there has been a great deal work dealing with problem (IE])
specially on the existence, multiplicity, uniqueness and regularity of solutions. Some important
and interesting results can be found, for example, in [4} |5} 3} 2, [7, [10} |8, 114 [12} [13} 115} [18} 21}
19,122, 23] 124!, 125/ 129,130, 31} |39]] and references therein.

At first, the eigenvalues of p(x)-Laplacian Dirichlet problem were studied in [17], i.e., if
Q c RY is a smooth bounded domain, the Rayleigh quotient

1 (x)
Jo oo vul”Vdx

2
-0, (1.2)

/lp(A) = inf

E O (1.3)
ueWy " (@)\(0) fQ ﬁlulp(x)dx

is zero in general, and only under some special conditions 4,y > 0 holds. For example, when
Q C R(N = 1) is an interval, results show that A,y > 0 if and only if p(.) is monotone. We all
know that 4, > 0 plays a very important role in the study of p—Laplacian problems.
Motivated by the papers mentioned above, our main purpose is to consider the perturbed
1
problem (I.T)) with a new nonlocal term a — b f —)IVuV’ @dx which is presents interesting dif-

o plx
ficulties. The key argument in our main result is to prove that the energy functional J (which ap-

peared in (2.2)) of problem (T.I)) possesses a Mountain Pass energy c. To deal with the difficulty
caused by the noncompactness due to the Kirchhoff function term, we should estimate precisely
the value of ¢ and give a threshold value (see Lemma@] below) under which the Palais-Smale
condition at the level ¢ for J is satisfied. So the variational technique for problem (I.I) be-
comes more delicate. We will obtain a nontrivial weak solution by using the Mountain Pass
theorem. To our best knowledge, the present papers results are not covered in the literature.
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Next we assume that the nonlinearity g(x, ) € C (Q x R) satisfies the following assumptions:

(g1) : the subcritical growth condition:
lg(x, )] < C(1 + |s]9O7Y), for all (x, s) € Q xR,
where C > 0 and p(x) < g(x) < p*(x);

L)
(&2): Iy =

2 2
(g3) : there exist s, > 0 and 6 € (p*, p—+) such that
p

0 < 0G(x,s) < sg(x,s), Y|s| = sa, Vxe€Q,

where G(x, s) = f g(x, ndt.
0

(g4): g(x,—s) = —g(x,s) for all (x,s) € QX R.
Now, we state our main result as follows.

Theorem 1.1. Suppose that the function q € C Q) satisfies
I<p <p)<p"<2p <q <qx)<p'W), (1.4)
then for any A € R, with (g1)-(g3) satisfied, (II) has a nontrivial weak solution.

Theorem 1.2. Suppose that the function q € C Q) satisfies
1<p™<px)<p"<2p” <q <qx) <p),

then for any A € R, with (gi1)-(g4) satisfied, (LI) has infinitely many solutions {u,} such that

I(u,) — oo asn — co.

Remark 1.1. The hypothesis is known as the Ambrosetti-Rabinowitz’s superlinear condition
(see [11)]). Moreover, the condition (g3)) ensures that the Euler Lagrange’s functional associated
to the problem (I.1) possesses the geometry of Mountain Pass Theorem and, also, it guarantees
the boundedness of the Palais Smale sequences corresponding to the Euler-Lagrange’s func-
tional.

This paper is organized as follows. In Section[2] we present some necessary preliminary knowl-
edge on variable exponent Sobolev spaces. In Sectiond] we prove Theorem[I.T] In the following,
| - | denotes the Lebesgue measure in Q and C (respectively C.) denotes always a generic posi-
tive constant independent of n and € (respectively independent of n), even their value could be
changed from one line to another one.



2. Preliminaries on variable exponent spaces

In order to discuss problem (I.I), we need some theories on spaces L” @(Q) and WHPM(Q)
which we call generalized Lebesgue Sobolev spaces. Let Q be a bounded domain of RY, denote
C+(Q) = {p(x); p(x) € CQ), p(x) > 1, ¥ x € Q) and p~ = inf p(x) < p(x) < p* = sup p(x) < N.

Q

For any p € C,(Q), we introduce the variable exponent Lebesgue space
LPOWQ) = {u : u is a measurable real-valued function such that f lu(x)[PPdx < oo} s
Q
endowed with the so-called Luxemburg norm

u(x)

p(x)
llullg o) = lulpey = inf {H > 0;f dx < 1},
Q

which is a separable and reflexive Banach space. For basic properties of the variable exponent
Lebesgue spaces we refer to [20} 125} 38]].

Proposition 2.1. [38] The space (L (Q),|.| b)) IS separable, uniformly convex, reflexive and
its conjugate space is (LY“(Q), |.l4x)) where q(x) is the conjugate function of p(x) i.e
1 1
_ — =
p(x)  gq(x)

For all u € LP™(Q) and v € L™(Q) the Holder’s type inequality

f uvdx
Q

The inclusion between Lebesgue spaces also generalizes the classical framework, namely
if 0 < |QQ] < oo and p;, p, are variable exponents such that p; < p, in Q then there exists a
continuous embedding LP*(Q) — LP'W(Q).

An important role in manipulating the generalized Lebesgue—Sobolev spaces is played by the
m(-)—modular of the L"(Q) space, which is the modular p . of the space LPOQ)

1, Vxe Q.

1 1
< e + e 1l poo Vg

holds true.

ppotw = [ 1 d
Q

Provide a reference to Lemma Use for example [14]

Lemma 2.1. Ifu,,u € L’ and p, < +oo, then the following properties hold:

~

p- P,
. |I/t|p(.) >1= Iulp(,) < pp(.)(u) < |M|p(.)’

N

p* P
Nulpey < 1= ul, ) < ppey(u) < ful

o

. ulpy < 1 (respectively = 1;> 1) & p,y(u) < 1 (respectively = 1;> 1);

N

- unlpey = O (respectively — +00) & ppy(u,) — 0 (respectively — +o0);



5. lim |u, — u|p = 0 & lim ppy (1, —u) = 0.
The Sobolev space with variable exponent W'”(Q) is defined as
WHOQ) = {u: QcRY 5 R :ue I'V(Q),Vul € LV(Q),

equipped with the norm
”“”l,p(x) = ”u”p(x) + ”Vu”p(x)-

Then WS"’ (x)(Q) is defined as the closure of Cj’(Q) with respect to the norm |ul|; p(x. In this

way, LF(Q), Wol’p (X)(Q) and W'PW(Q) separable and reflexive Banach spaces. For more details,
we refer to [[14} (16, [18]]. Moreover, define

N
. NP ity <
p(x)={N-px)
+00, if p(x) = N.
The following results are proved in [18].

Proposition 2.2. (Sobolev embedding). For p,q € C.(Q) such that 1 < q(x) < p*(x) for all
x € Q, there is a continuous embedding

WPO(Q) s LI9(Q).
If we replace < with <, the embedding is compact.
Proposition 2.3. (Poincaré inequality). There is a constant C > 0, such that

lleell ooy < ClIVUllpo ) 2.1
forallu e Wé’p(x)(Q).

Remark 2.1. By Proposition we know that ||Vul| oy and |lullwi..0q) are equivalent norms
1,
on Wy ().
Lemma 2.2. [21l]] Denote
1

A =
e

IVulP@dx, forall u e Wy ().
Then, A(u) € CI(W(;’F(X)(Q), R) and the derivative operator A’ of A is

(A'(w),v) = f IVulP™=2VuVvdx for all u,v € Wy"(Q),
Q

and we have

1. A is a convex functional;

2. A WS”’ DQ) - (W HPOQ)) = (Wé”’ (x)(Q))* is a bounded homeomorphism and

. . ) 1 1
strictly monotone operator and the conjugate exponent satisfies — +

=1
p(x)  p')
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3. A’ is a mapping of type S 1, namely: u, — u and lim sup{A’(u,), u, —u) < 0, imply u, — u
(strongly) in Wé’p W Q).

Definition 2.1. We call that u € W(;’p Q) is a weak solution of (1), if

1
(a—b f —IVul”(x)dx) f IVl =2V uVepdx — A f P2 updx = f g(x, u)pdx,
o p(x) o o Q

where ¢ € Wé’p @(Q).

The energy functional J : WS”’ “(Q) — R associated with problem (T-T))

2
Jw) =a f quv’(-")dx—é( f quw@‘)dx) -1 f L|u|f’<*>dx— f G(x, u)dx, (2.2)
o p(x) 2 \Ja p(x) a p(x) Q

forall u € Wé‘p @(Q) is well defined and of C' class on Wé’p @ (0)). Moreover, we have

1
J'w),e) = (a—b f —IVuI”(")dx) f [VulPD=2VyVdx — A f P2 upd x
o p(x) o Q
- f 8(x, wpdx, (2.3)
Q

for all u,p € Wé’p (x)(Q). Hence, we can notice that the critical points of the functional J are the
weak solutions for problem (I.I)). In order to simplify the presentation we will denote the norm
of Wy"(Q) by |I.|l instead of || - lytroy-

3. The Palais-Smale Compactness Condition
Recall now the definition of the Palais-Smale compactness condition.

Definition 3.1. Let (Wé’p(x)(Q), II.I) be a Banach space and J € C' (Wé’p(x)(Q)), given c € R, we
say that J satisfies the Palais-Smale condition at the level ¢ € R (”(PS). condition” for short) if
any sequence {u,} € Wé‘p Q) satisfying

J(uy) = cand J' (u,) = 0in W7D Q) as n — oo, (3.1)
has a convergent subsequence.

First we investigate the compactness conditions for the functional J.

Lemma 3.1. Assume (g;))- hold. The functional J satisfies the (PS). condition where pre-
2

isely ¢ < a
cise Cc -_—.
YS9

Proof. We proceed by two steps.
Step 1. We prove that {u,} is bounded in W(;’p D). Let {u,} C W(;’p “(Q) be a (PS). sequence



)
such that c < —.

e For A < 0. From (3.1I) and (g3), for n large enough, we have

C + [Junl|
> 0J(u,) - <J,(”n)’ Up)

1 b 1 2 1
>0|a f —IVunI”(x)dx——( f —IVunI”(x)dx) -2 f ——upPPdx — f G(x, uy)dx
o p(x) 2\Ja p(x) o p(x) Q

1
—([a—b f —— |V, |PYdx f Vi, |PPdx — A f |t PP dx — f g(x,un)u,,dx)
o p(x) Q Q Q

9 -0 1 2 0
>a(— = 1) | [Vu,"Pdx + b( +—) Vi, PPdx|] —a(— = 1) | |u/"Pdx - CI€,
+ _2 + _
p Q 2p )4 Q )4 Q

where [Q = f dx. Since A < 0, then we deduce that
Q

-0
Zp‘2

0 - 1 -
C + el = a(; = Dllunll” + b( + I;)Ilunllz” - ClQ|.

It follows from (1.5) that {u,} is bounded in W, "™ (€).

e For 4 > 0. Arguing by contradiction we assume that, passing eventually to a subsequence,
still denote by {u,}, we have [lu,|| — +c0 as n — +co. From (3.I) and (g3), for n large enough,
we have

c + ”un” 2 9.](14,1) - <J,(un)’ un)

-6 1 @\ o )
> + —+) [Vu,|PPdx| —A(— -1) |, [P Vdx — C|Q,
2p~ p Q p Q

Thus, the last inequality together with (2.T)) imply

4
> a(—-1 f Vit |PPddx + b(
p Q

-6
2p~

0 + 0 - 1 -
C + |l + ﬂC(; = Dlluall”” 2 a(}; = Dllull” + b(— + I;)Ilunllz” - Q.

Dividing the above inequality by ||un||”+, taking into account (1.5) holds true and passing to the
limit as n — co, we obtain a contradiction. It follows that {u,,} is bounded in Wé’p @ Q).

Step 2. Here, we will prove that {u,} has a convergent subsequence in W(;’p (X)(Q). It follows from
Proposition [2.2] that the embedding

W, POQ) — L'YQ)

is compact, where 1 < s(x) < p(x)". Going if necessary to a subsequence, there exists u €
Wy " () such that

Uy = win WyPOQ), u, = win LO(Q), u,(x) = u(x), ae. in Q. (3.2)



By Holder’s inequality and (3:2)), we have

‘ f it PO~ 10, (ut, — )l x
Q

< f Py — uldx
Q

-1
||un|p(X) | () |un - u|p(x)
-1

— 0Oasn—> o

IA

and thus,

lim f |t [P, (14, — u)dx = 0. (3.3)

n—oo Q

By virtue of conditions (g;)) and (g2), one has for every € € (0, 1) there exists C, > 0 such that
|g(x, )] < €l + Celuay |71 (34

By (3-4) and Proposition[2.2] it follows

-1 -1
f 8(x, up)(u, —wydx| < f lutn P ity = ul + Celuay "™y — uldx
Q Q

IA

-1 -1
€ ||un|p(X) | P(x) |un - ulp(x) + Cee ||un|qu) | q(x) |un - u|q(x)
pOo-1 g1

— 0Oasn— o

which shows that

lim fg(x, uy)(u, — u)dx = 0. 3.5)
Q

n—o0o

From (3.1I), we have
' (un), tn = 1) — 0.

Thus,

1
J (), uy — uy = (a -b f —IVunII’(X)dx) f Vit [P 2V, (Vu,, — Vu)dx
a p(x) Q

-2 f |t |72 0, (1t — w)dx — f g(x, u)(uy, — u)dx — 0.
Q Q

So, we deduce from (3.3) and (3.3) that
1
(a -b f —IVu,,I”(")dx) f Vi, |P® 2V, (Vu,, — Vu)dx — 0. (3.6)
o p(x) Q
Since {u,} is bounded in W(i P (x)(Q), passing to a subsequence, if necessary, we may assume that

1
f TIVunIP(X)dx —fy=>0asn — oo.
Q pWX

Case 1. If t) = O then {u,} converges strongly to u = 0 in W(;"" “(Q) and the proof is finished.
Case 2. If ) > 0 we obtain two subcases:
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|
Subcase 1. If 7y # % then a — b f ——|Vu,[P™®dx — 0 is not true and any subsequence of

. a p(x)
{a—b f (—)IVu,,V’(X)dx — 0} does not converge to zero. Therefore, there exists ¢ > 0 such that
Q plx
1
a-— bf ﬂIVunlf’(x)dx > ¢ > 0 when n is large enough. So, it is clear that
Q px

1
{a-b f —— |Vu, [P dx — 0} is bounded. (3.7)
o p(x)

1
Subcase 2. ['|If z, = 2 thena - bf ——|Vu,|"Ydx — 0.
b a p(x)
We define |
o(u) = 1 f —— ulPDdx + f G(x,u)dx, Yu € Wy (Q).
a p(x) Q

Then,
(¢’ (), v) = /lf PO~ uvd x + f g(x, uyvdx, Yu,v € Wé’p(x)(Q).
Q Q

It follows that
(@ (up) — ¢’ (W), v) = A f (et }? 2w, = P 2uyvdx + f (g(x, up) — g(x, w)vdx.
Q Q

To complete this proof we need the following lemma.

Lemma 3.2. Let u,,u € WS”’ (X)(Q) such that (3.2)) holds. Passing to a subsequence if necessary,
we have:

0 f Q™22 — P2y = 0,
Q

(@) lim f lg(x, up) — g(x, wlvldx = 0.
n—0oo Q
(i) (@' () = @' (), v) > 0, v e Wy (Q).
Proof. From (3.2) we have u, — u in LP*(Q) which implies that
4?20, = P2 in LT (). (3.8)

Due to Holder’s inequality, we have

‘ f Qa2 — POy < f a2 — POl x
Q Q

-2 -2
S R T e I
px)-1
<l — 12, I
px)-1
- 0. 3.9)

1
I'This case doesn’t exist if the Kirchhoff function is givenby a + b f ﬁ Vit [P dx.
Q PX
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By a exactly slight modification of the proof above, we can prove part (if) so we omit proof
details.

ijnm»—gnmwuxsjﬁammm4%—nwm4m+c4mmw”—hwm”nwwxﬁo.
Q Q

Therefore, part (iii) follows by combining parts (i) and (ii). Consequently, ||¢’(4,)—¢" (W)|ly-1rw —
0 and ¢’ (u,) — ¢ (u).

We now return to the proof of Subcase 2:
1
According to Lemmaand while (J (u), u) = (a -b f ﬁ|Vu|"<x>dx) f IVulPD2VuVpdx—
Q px Q

1
(" (), v), {(J'(u),u) - 0and a — bf ?IVMIP(X)dx — 0, hence ¢’ (u,) > 0 (n — ), i.e.,
Q pX

(@' (w),v) = A f P2 uvdx + f g(x, uyvdx, Vv e WP (),
Q Q
and then we have

Au()PD72u(x) + g(x, u(x)) = 0 for a.e.x € Q

by the fundamental lemma of the variational method (see [37]]). It follows that u = 0. So

1 1
o(u,) = /lf — |, PPdx + f G(x,u,)dx — /lf — |ufPWdx + f G(x,u)dx = 0.
q p(x) Q o p(x) Q

. a
Hence, we see if 1y = 3 that

1 b 1 2 1 e
Juy) = a f —— |V, PP dx—= ( f —|Vu Ip(x)dx) -1 f —— PP dx— f G(x, uy)dx — —.
" ap® " 2\Jap) " o px) " a " 2b

2
a 1
This is a contradiction since J(u,) — ¢ < —, thena — bf —IVu,,Ip(")dx — 0 is not true and
o 2b o p(x)
similarly to subcase 1 we have

1
{a-b f —— |Vu,|"®dx — 0} is bounded. (3.10)
a p(x)

So, it follows from the two cases above that

f Vit P2V, (Vu,, — Vuydx — 0.
Q

Invoking now the S . condition (see lemma@ we deduce that ||u,|| — ||u|| as n — oo which
means that J satisfies the (PS), condition. O

2
Remark 3.1. The (PS). condition is not satisfied for ¢ > ;—b.

Indeed,
2

Jw) < a f o - é( L|Vu|f'<x>dx)2 <L
a p(x) 2b

2 \Ja p(x)
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a?

and so if {u,} is a (PS). sequence of J, then we have ¢ < B which is a contradiction.

4. Mountain Pass Solution

Proof of Theorem [1.1} To prove the conditions of the Mountain Pass theorem (see e.g.,
[37]), we need to verify the following lemmas.

Lemma 4.1. Assume that g satisfies (g1) and (g3). Then there exist p > 0 and a > 0 such that
J(w) > a > 0, for any u € Wy(Q) with |lull = p.

Proof.
e For A < 0. By assumptions (g]) and (g2)), we have

C.
G, )] € —— [uP® + — |9, 4.1)
p(x) q(x)

1
Lete = gaﬂp(x) and u € Wé’p “(Q) be such that ||u]| = p € (0, 1). By considering Lemma ,
Proposition[2.2]and (1.5), we deduce that

2
J(u) a f quw(”dx—l—’( f quw%x) -1 f L|M|P<X>dx— f G(x, u)dx
o p(x) 2 \Ja p(x) o p(x) Q

1 b 1 2 p() q(x)
> a f —IVuI"’(x)dx——( f —IVul”(")dx) —€ f ™ e c. f ™ g
o p(x) 2 \Ja p(x) o p(x) o q(x)
1 b 1 2 cc.
> (a- - f —IVul”(X)dx——( f —IVul”(")dx) -— f [VulfOdx
Apx)” Ja P(x) 2 \Ja p(x) g9 Jo
1 € b CC,
> —(a— —)Ppw (Vi) = — (Ppn(Vu))* = Pq0(Vut)
Pt /lp(x) p(x) 2p‘2 p(x) — Pq»)
€ + b - CCE _
>z —(a- Mull”™ = — Ml = =—=={ull
)4 /lp(x) 2
7a b -t CCE - +
(8 - = — P = —=lull” P )Ilull”-
pt 2p
. : b v CCe ..
We can choose p sufficiently small (i.e. p such that 8 2 -p P TP — ——p? 7P > 0), 50
P P~
that 7 b cc
+ a -+ S
I(u) > p? - TPy =g > 0.
() = p (8p+ zp_zp e )
A €

e For 1> 0. Let € > 0 be small enough such that ——(a — ) = —.
2p Ap) Apo) P

Letp e (0,1)and u € Wé’p *) (Q) be such that |lu|| = p. By considering Lemma Proposition
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2.2] (1.5) and @), we deduce that

1 b : 1
Jw = a f —IVulp(x)dx——( f —IVMIP(X)dx) -2 f —[ulPdx — f G(x, u)dx
p(x) 2 p(x) o P(x)
b S|
> a f —|Vu|p(x) ( f |Vu|”(x)dx) - ( f —|Vu|p(x)dx)
o p(x) p(x) Apx) p(x)
[P [

) T g a0

A W 1 @\
> (a- ) | = vup®a —|Vu|P dx
/lp(x) P(X) p(x)
cc.
- = f —— VUl Wdx - — f |vu|'f<x>dx
/ll’(x) p(x)
SO ML SRS VL 2 S
= —a- - Pp(o VU (x)
r* Ap) ﬂp(x) ? 7
1 P c..
> (=(@- ) — Mull”” — —|Ju]|?
P Apx) ﬁp(x)P
! 1 b - ccf N
> ( —(a— ) —— ulPr P — ——=S|jul| P )||u||p-
2p Ap(x) 2p

Set

2 - _pt 2 -+
“Apa—bptq p* P —2CC.p~ p9 P .
/l*qu P() pqp ; p p anda:/l*pp. (42)
qp

Then, we conclude that for any A € (0, 1), there exists @ > 0 such that for any u € Wé’p (x)(Q)
with ||u|| = p we have J(u) > a > 0. O

Lemma 4.2. Assume that g satisfies (g3). Then there exists e € W(;”’ (x)(Q) with |le|| > p (where p
is given in Lemma[.1)) such that J(e) < 0.

Proof. In view of (g3) we have for all A > 0, there is C4 > 0 such that
G(x,u) > Alul’ — Ca, Y(x,u) € QX R. 4.3)

Lety € Cy(Q),¢ >0and ¢ # 0 and ¢ > 1. By (&3) we have

2
Jp) =a f —|tVz//|”(x)d b ( f —|tV¢|P<x>dx) -2 f —Itz,blp(“‘)dx f G(x, ty)dx
o p(x) p(x) o p(x)

<a f —ItVl//IP(X)d —b( f |tVz,0|p(x)dx) - f —|n//|p(")dx Af? |t¢/|9dx+cA|Q|
p(x) p(x) p(x)

24 bt*? -
< f Vyldx - —— ( f |Vw|"<”dx) -2 f P Odx - A’ f ’ddx + CalQ.
o 2p* \Ja P Q Q

Since 6 > 2p~ > p* > p~ we obtain J(ty) — —co (r — +00). then for ¢ > 1 large enough, we
can take e = nf such that |le|| > p and J(e) < 0. O
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Proof of Theorem|l.1

From Lemmas [3.1H4.2| and the fact that J(0) = 0, J satisfies the Mountain Pass theorem (see
e.g., [37]). Therefore, problem (I.I)) has a nontrivial weak solution. O

5. Infinitely Many Solutions

The proof of Theorem [I.2]rests mainly on the application of the Fountain theorem. As X :=
W(l’p (x)(Q) is a separable and reflexive real Banach space, there exist {¢;} C X and and {ej-} cXx*
such that

X =spanfe;: j=1,2,..}, X' = span{ej. 1j=1,2,..}

and

. L, i=
e, ei) =
e {0, i#j.

. . _ Lk _Te
For convenience, we write X; = span{e;}, Yy = EBj:IXj, Zy = EBj:ka.

Theorem A. (Fountain Theorem, see [37|]) Assume that the even functional ® € C I(X, R) satis-
fies the (PS). condition, if there exists ko > 0 such that for k > kg there exists pr > ri > 0 such
that

(i) ap = max D(u)<0.
u€Yy|lull=px

(ii) by = inf O(u) » +coask — oo.
ueZy,|lull=ry

Then ® has a sequence of critical points {uy} such that ®(uy) — +oo.
Lemma 5.1. Ifa € C.(Q), a(x) < p*(x) for any x € Q, denote

Br = sup Iula(x)-
UeZy,|lull=1

Then klim Br = 0.
Proof. Obviously, 0 < Bi+1 < B, s0 Bx — B > 0. Let uy € Z; satisfy

1
lugll = 1, 0 < B — lurla) < T

Then there exists a subsequence of {u;} (which we still denote by u;) such that iy — u, and

(e}, u) = ,}Lrgo@_’;, ue) =0, Ve,

which implies that u = 0, and so u; — 0. Since the embedding from WS”’ @Q) to L*(Q) is
compact, then u; — 0 in LY™(Q). Hence, we get B — 0as k — oo. Proof of Lemma is
complete. O
Proof of Theorem [1.2] con;pleted. From Lemma [3.T| the functional J satisfies the (PS), condi-

tion where precisely ¢ < %. Now, we shall verify that J satisfies the conditions of Theorem |A
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item by item.
(i) From (g3), there exist C; > 0, M > 0 such that
G(x,5) > Cylsl’, Vis|>M, xeQ. (5.1)

Note from (g;) that

1
G ) < f 12, 29)sldz
0
1

IA

f C(1 + 251797 Y sldz < Cls| + C|s|"Y, V(x,1) € QxR. (5.2)
0

Therefore, if |s| < M, there exists C, > 0 such that
IG(x, $)| < [sI(C + Cls|"™") < Cysl.
Combining this with (5.1), we find
G(x, s) = Cilsl” = Calsl, Y(x,1) € QxR.

For u € Y;, when ||u|| > 1,

1 b 1 2 1
a f —IVulp(x)dx——( f —IVMI”(")dx) -2 f — |ufPPdx - f G(x, u)dx
a p(x) 2 \Ja p(x) a p(x) Q

1 b 1 2 1
a f —|Vu|p(x)dx——( f —|Vu|”(")dx) -2 f ——|uPYdx - C, f lulldx + C» f |uldx.
o p(x) 2 \Ja p(x) o p(x) Q Q

Consequently, because all norms on the finite dimensional space Yj, when ||u|| > 1 are equivalent,
there is Cy > 0 such that

J(w)

IA

f WPOdx > Collull”, f l'dx > Cylull’ and f uldx > Cylul.
Q Q Q
Hence, we get
a + b - AC -
Juy < —lull” = =l = =l = CiCwllul” + CoCyllull
p 2p p

Since 8 > 2p~ > p* > p~ then for some p; = |lul| > 0 large enough we deduce that

ar= max J(u) <0.
u€Yy,llull=px

Hence, condition (i) of Theorem[A]holds true.

(il) By (g1) and (g»), there exist C3, C4 > 0 such that

C Ci | e
GO W] < —|uf?™ + — 1,

p(x) q(x)
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By computation, for any u € Z; with |ju|| < 1, we obtain

b : 1
— |V P(X) e f_v P(X)d) _/lf - p(x)d _fG u)d
fg oo ( o oo dx = | Gl
f T - b( f ——I[Vu |P<x>dx)2— f ——|ul"dx f E3 g
p(x) p(x) p(x) p(x)

- |u|q(x)dx
fg q(x)
o

_ B Ca
Sl —<A+c3>p—k_||u||f’ - q—j‘ﬁz .

J(u)

a +
> —lul” -

2p~
Lety € Zi, |lgll = 1 and O < ¢ < 1, then it follows

Jig) = = - A+ Cy )ﬂLzP - —[)’q 1
p
- Cy - -
> (L Ty (/l+C)'Bk Y, B
pt  2p? q-
b 2pa-bp*
Conditions a > b and p* < 2p~* implies that 4 5 = P a2 P <o,
Pt 2p 2p-
Hence we get
bp* e
J(t¢) ><# Bq o eyl p
2p~pt p
2p-2a-bpt Cy o e
L Aacbr G epfn
2p~“p* q P~
Cs o 2p*a-bp*
since p~ < p(x) < p* < 2p~ < g~ for sufficiently large k, by choosing —fﬁz < p4a—2+p
q /2
we get
2 b
J(tg) > # A+ C3)’8Ltp
4p~p*
Obviously, there exists a large enough k such that
2 bp* _
Jtg) > # s+ C3)ﬁk .
4p=-p*
~2p~%a - bp*
= ¢ (# -+ C3)’8L)
4p=p*
4 -2 4+ q‘—ﬁ
Put p; = L( A+C )ﬁi , then, for sufficiently large k, o, < 1. When ¢ = py,

2

a—bp*
Pk € Z; with |l¢]| = 1, we have J(tt,o) > 0. Therefore, condition (ii) of Theorem@holds true.
This ends the proof of Theorem[I.2} m]



16

Acknowledgments

We wish to express our gratitude to the referee for reading this paper carefully and making
constructive comments and remarks.

Disclosure statement

No potential conflict of interest was reported by the authors.

References

[1] R. Aboulaich, D. Meskine, and A. Souissi. New diffusion models in image processing. Comput. Math. Appl.,
56(4):874-882, 2008.
[2] E. Acerbi and G. Mingione. Gradient estimates for the p(x)-Laplacean system. J. Reine Angew. Math., 584:117—
148, 2005.
[3] T. Adamowicz and P. Histo. Harnack’s inequality and the strong p(-)-Laplacian. J. Differential Equations,
250(3):1631-1649, 2011.
[4] C.O.Alvesand]J. L. P. Barreiro. Multiple solutions for a class of quasilinear problems involving variable exponents.
Asymptot. Anal., 96(2):161-184, 2016.
S. Antontsev, M. Chipot, and Y. Xie. Uniqueness results for equations of the p(x)-Laplacian type. Adv. Math. Sci.
Appl., 17(1):287-304, 2007.
[6] S.N. Antontsev and J. F. Rodrigues. On stationary thermo-rheological viscous flows. Ann. Univ. Ferrara Sez. VII
Sci. Mat., 52(1):19-36, 2006.
[7] S.-S. Byun and J. Ok. On W0 _estimates for elliptic equations of p(x)-Laplacian type. J. Math. Pures Appl. (9),
106(3):512-545, 2016.
J. Chabrowski and Y. Fu. Existence of solutions for p(x)-Laplacian problems on a bounded domain. J. Math. Anal.
Appl., 306(2):604-618, 2005.
Y. Chen, S. Levine, and M. Rao. Variable exponent, linear growth functionals in image restoration. SIAM J. Appl.
Math., 66(4):1383-1406, 2006.
[10] N. T. Chung. Multiple solutions for a class of p(x)-Laplacian problems involving concave-convex nonlinearities.
Electron. J. Qual. Theory Differ. Equ., pages No. 26, 17, 2013.
[11] F. Colasuonno and P. Pucci. Multiplicity of solutions for p(x)-polyharmonic elliptic Kirchhoff equations. Nonlinear
Anal., 74(17):5962-5974, 2011.
[12] G. Dai and R. Hao. Existence of solutions for a p(x)-Kirchhoff-type equation. J. Math. Anal. Appl., 359(1):275—
284, 2009.
[13] G. Dai and R. Ma. Solutions for a p(x)-Kirchhoff type equation with Neumann boundary data. Nonlinear Anal.
Real World Appl., 12(5):2666-2680, 2011.
[14] L. Diening, P. Harjulehto, P. Histo, and M. Ruzicka. Lebesgue and Sobolev spaces with variable exponents, volume
2017 of Lecture Notes in Mathematics. Springer, Heidelberg, 2011.
[15] X. Fan. Existence and uniqueness for the p(x)-Laplacian-Dirichlet problems. Math. Nachr., 284(11-12):1435—
1445, 2011.
[16] X. Fan, J. Shen, and D. Zhao. Sobolev embedding theorems for spaces WEPOY(Q). J. Math. Anal. Appl.,
262(2):749-760, 2001.
[17] X.Fan, Q.Zhang, and D. Zhao. Eigenvalues of p(x)-Laplacian Dirichlet problem. J. Math. Anal. Appl., 302(2):306—
317, 2005.
[18] X. Fan and D. Zhao. On the spaces L”™(Q) and W"P™)(Q). J. Math. Anal. Appl., 263(2):424-446, 2001.
[19] X. Fan and Y. Zhao. Nodal solutions of p(x)-Laplacian equations. Nonlinear Anal., 67(10):2859-2868, 2007.
[20] X.-L. Fan and X. Fan. A Knobloch-type result for p(t)-Laplacian systems. J. Math. Anal. Appl., 282(2):453-464,
2003.
[21] X.-L. Fan and Q.-H. Zhang. Existence of solutions for p(x)-Laplacian Dirichlet problem. Nonlinear Anal.,
52(8):1843-1852, 2003.
[22] M. K. Hamdani. On a nonlocal asymmetric Kirchhoff problems. Asian-European Journal of Mathematics, DOIL:
10.1142/S1793557120300018
[23] M. K. Hamdani and A. Harrabi. Existence results of the $m-$polyharmonic Kirchhoff problems. arXiv:1807.11040
[math], July 2018. 00000 arXiv: 1807.11040.
[24] K. Kefi and V. D. Ridulescu. On a p(x)-biharmonic problem with singular weights. Z. Angew. Math. Phys.,
68(4):Art. 80, 13, 2017.
[25] O. Kovagik and J. Rakosnik. On spaces L"™ and WP, Czechoslovak Math. J., 41(116)(4):592-618, 1991.

[5

—

[8

[

[9

—



[26]
[27]
[28]
[29]
[30]
(31]
(32]
[33]
[34]
[35]
[36]
[37]
[38]

(391

17

C.-Y. Lei, C.-M. Chu, and H.-M. Suo. Positive solutions for a nonlocal problem with singularity. Electron. J.
Differential Equations, pages Paper No. 85,9, 2017.

C.-Y. Lei, J.-F. Liao, and H.-M. Suo. Multiple positive solutions for nonlocal problems involving a sign-changing
potential. Electron. J. Differential Equations, pages Paper No. 9, 8, 2017.

F. Li, Z. Li, and L. Pi. Variable exponent functionals in image restoration. Appl. Math. Comput., 216(3):870-882,
2010.

M. Mihdilescu and V. Radulescu. A multiplicity result for a nonlinear degenerate problem arising in the theory of
electrorheological fluids. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 462(2073):2625-2641, 2006.

M. Mihailescu and V. Rddulescu. On a nonhomogeneous quasilinear eigenvalue problem in Sobolev spaces with
variable exponent. Proc. Amer. Math. Soc., 135(9):2929-2937, 2007.

N. Pan, B. Zhang, and J. Cao. Weak solutions for parabolic equations with p(x)-growth. Electron. J. Differential
Equations, pages Paper No. 209, 15, 2016.

K. Rajagopal and M. Ruzicka. Mathematical modeling of electrorheological materials. Cont. Mech. and Thermo-
dynamics, 13(1):59-78, 2001. 00328.

K. R. Rajagopal, M. Ruzicka; On the modeling of electrorheological materials, Mech. Research Comm. 23: 401—
407, 1996.

M. Ruzicka. Electrorheological fluids: modeling and mathematical theory, volume 1748 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 2000.

J. Sun, L. Li, M. Cencelj, and B. Gabrovsek. Infinitely many sign-changing solutions for Kirchhoff type problems
in R®. Nonlinear Analysis, 2018.

Y. Wang, H.-M. Suo, and C.-Y. Lei. Multiple positive solutions for a nonlocal problem involving critical exponent.
Electron. J. Differential Equations, pages paper No. 275, 11, 2017.

M. Willem. Minimax theorems, volume 24 of Progress in Nonlinear Differential Equations and their Applications.
Birkhduser Boston, Inc., Boston, MA, 1996.

J. Yao. Solutions for Neumann boundary value problems involving p(x)-Laplace operators. Nonlinear Anal.,
68(5):1271-1283, 2008.

C. Zhang, X. Zhang, and S. Zhou. Gradient estimates for the strong p(x)-Laplace equation. Discrete Contin. Dyn.
Syst., 37(7):4109-4129, 2017.



	Introduction and statement of main result
	Preliminaries on variable exponent spaces
	The Palais-Smale Compactness Condition
	Mountain Pass Solution
	Infinitely Many Solutions 

