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2D Observer-based Control of a Vascular Microrobot

Lounis Sadelli, Matthieu Fruchard, Antoine Ferreira

Abstract— The paper addresses the 2D observer-based control
of a magnetic microrobot navigating in a cylindrical blood vessel
along a reference trajectory. In particular, this robot faces the
nonlinear drag force induced by the pulsatile blood flow, which
can hardly be measured. Consequently, a mean value theorem
(MVT) based observer to estimate the blood velocity from the sole
measurement of the robot position is proposed. Also, the stability
of the observer-based backstepping controller is proved. The
resulting estimation and tracking are then illustrated through
simulations, as well as robustness to parametric uncertainty,
measurement noise, and dynamical errors when the pulsatile
blood flow is incorrectly modeled.

Index Terms—observer-based controller, MVT observer, back-
stepping controller, parametric uncertainty, modeling errors,
practical stability, medical robotics

I. INTRODUCTION

There has been a growing interest in the development of
therapeutic microrobots and nanorobots for some years [1]
since such systems can perform complex surgical procedures
or diagnosis, reach remote places with lessened medical
side effects, and shorten the patient convalescence. Different
propulsion strategies have been proposed, mainly based on
magnetic deported actuation: elastic flagellum [2], [3], [4],
helical flagellum [5], [6], and bead pulled robots or swarm of
robots [7], [8].

Whatever the propelling design, such systems face nonlinear
forces: electrostatic, contact, and hydrodynamic drag forces
[9], [10]. The latter both prevails at a small scale and is the
most affected by time-varying perturbations (the pulsatile
blood flow). In the synthesis of advanced control laws, the
blood velocity is usually assumed to be known or set to a
constant mean value, whilst sensitivity studies show that the
system is highly sensitive —nonlinearly— to this parameter
[9]. A priori knowledge of the blood velocity, either using
computational solutions of the Navier-Stokes equations or
their analytical approximations is tantalizing. However, the
former is unsuitable for real-time control purposes while
the latter is very sensitive to the knowledge of the vessel
geometry. Another solution is to measure the blood velocity,
e.g. using sensors that exploit the Doppler effect [11]. Yet
this solution may call for an end-effector servoing to track
the robot trajectory. Besides, the sensor spatial and temporal
resolution should be high enough to discriminate the blood
velocity the robot faces depending on time and on its distance
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Fig. 1. Pulsatile blood flow: an issue for controlling a magnetic microrobot
in a blood vessel along a reference trajectory. Spatial (ordinate) and temporal
(abscissa) profiles of the blood flow velocity in a vessel, from the diastolic
backflow (minimum negative blood flow velocity) at to to the systole
(maximum blood flow velocity) at t3. The figure depicts the drag force
acting on stationary microrobots. Spatial discrimination: the microrobots (a;)
and (b;) do not face the same drag force ﬁd because they do not have
the same positionﬂalong the vertical axis (d, < Jp), except for time ¢;
when Fy o, = Fgp, = 0 because the blood velocity is null. Temporal
discrimination: the microrobots (bg), (b1), (b2) and (b3) do not face the
same drag force ﬁd because the blood flow is pulsatile.

to the vessel walls (see Fig. 1). Conversely, using disturbance
rejection approaches is not appropriate since the blood
velocity is relevant for control purposes. Considering the
blood velocity as an uncertain parameter is an outstanding
issue since it is a nonlinearly varying parameter of the drag.
In the end, an observer synthesis is appealing to avoid the
drawbacks of the aforementioned approaches, if only a blood
velocity model is available.

We have previously defined in [12] a dynamic extension
of the system in order to model the periodic blood velocity.
This extended model has been proved to be observable; we
have consequently proposed a receding horizon and a high
gain observer to estimate the blood velocity from the sole



measurement of the robot position, and use it in the control
law [12]. Yet, the former lacks from formal convergence
proof for this nonlinear system, whilst the latter is known for
its output noise sensitivity, especially as the system dimension
increases [13]. We have recently proposed an alternative
MVT observer-based controller in [14], based on the works of
[15], which results in both the stability of the observer-based
controller and an improved robustness to output noise. [16]
has completed the previous work addressing the robustness
to parametric uncertainties.

The present paper generalizes our recent approaches to
the 2D system, where more forces are involved, to address
the issue of estimating the blood velocity the robot faces
depending on its position in the vessel (compare the drag
forces on microrobots ¢ and b on Fig. 1). Robustness to
uncertain parameters and modeling errors is also investigated.
The 2D model of the microrobot is briefly recalled to clarify
the problem statement in Section II. Section III is dedicated
to the design of an either practically or asymptotically stable
MVT observer-based backstepping controller depending on
whether the model exhibits or not modeling errors. Simulations
results, in Section IV, illustrate the robustness to parametric
uncertainty, output noise, disturbance, and modeling errors of
the proposed approach. These results are then discussed in
Section V.

II. MODELING AND PROBLEM STATEMENT

We consider a spherical microrobot of radius r and mass m,
made of ferromagnetic particles and a payload, navigating in
a cylindrical blood vessel. The microrobot is actuated using
the magnetic motive force F,, and is subjected to the drag
force ﬁd, the apparent weight ﬁw, the electrostatic force ﬁe
and the contact force ﬁc, depicted on Fig. 2. See e.g. [9] for
more details.

We consider a 2D model of the microrobot whose state
vector is denoted z € R* with [z1 2] the robot position
and 7 = [z3 4] the robot velocity in a frame F (0,7, k). The
robot translational motion is given by:

mﬁ:ﬁd+ﬁ7n+ﬁw+ﬁe+ﬁc- (1)

Indexes = and z denote forces projections on " and k axis,
respectively. Quantities normalized with respect to the robot

mass m are followed by a prime symbol, e.g. F); = I;:ff

A. Forces

1) Hydrodynamic force: In the blood, the robot faces the
drag force which opposes its motion:

Fy=—1Lp; (Hml ) = )

with p¢ (n) the fluid density (viscosity), S = 7r? the robot
frontal area, ¥, = U — U(x,t) the relative velocity of the
robot with respect to the fluid, and 7, is a dimensionless ratio
related to the partial vessel occlusion by the microrobot, see

g. [17]. The Reynold’s number Re and the drag coefficient
Cy are given by [18]:

Re =

2rpy || Tyl _ 24
Tom Ca = e T

+0.4

1+F

Let ¢ =

Fy =
Fy, =

with parameters a, b, ¢, and d given by:

(7, 7,) (see Fig. 2); then using (2), we have:
m(F} cos i+ F)sin k) =

m(Fy 7+ Fj k)
2
—(av, + bv? + cﬁs’\‘/ﬁ)

3)

9p s
4r72p

9n h— 3ps

a= 27, pr2 ~ 20rT2p

c= d=,/ 2psm
o
Wall effects result in a parabolic flow profile. The pulsatile
fluid velocity vs(x,t) is thus modeled as a product of a spatial
parabolic shape vs(z) and a time-varying periodic flow vq(t).
Arterial pulsatile flow is usually modeled using the Womer-
sley model [19] which results in a truncated Fourier series
approximation: any time-varying blood velocity v:(t) = &
expressed as an nth-order truncated Fourier series is solution
of the autonomous system:

éQ.k—l = &, k=1...n
(S0 gfk = —w?(k2n-1 — k(k + 1)&2r41) @
£2n+1 =0

where the mean value is v,,, = (n + 1)&2,,41. State £ remains
in a compact set K¢ C R27+1 See [12] for details.

2) Magnetic force: Three main propulsion designs for mag-
netic microrobots have been developped: bead pulled, elastic
flagellated, and helical tailed robots, see [1] for a survey. In
2D, their magnetic motive force is given by [9]:

= B1U — Bavy, )

where (s is related to the drag exerting on the helical tail,
and is null for elastic flagellated and bead pulled robots. The
control input v € R? is the magnetic field gradients VB and
the frequency of the oscillating magnetic field B for bead
pulling and flagellated robots, respectively. 3y is proportional
to the robot magnetization, radius, and ferromagnetic ratio,
denoted M, r, and 7,,, respectively. (; are positive constants.

Fin

(5170 <0

Fig. 2.  Forces acting on a microrobot in a 2D cylindrical blood vessel.
Algebraic distances from the robot surface to the upper and lower walls are
denoted 01 and d2 respectively. (a) The relative velocity ¥, of the rob_gt with
respect to the fluid is located by the angle % in the frame (0,7, k). The
forces acting on the microrobot: hydrodynamic force Fd magnetic force Fon,
apparent weight Fw, electrostatic and contact forces Fe and FL, are depicted
on (b)-(c).



3) Apparent weight: The apparent weight of the robot
results from the contribution of the weight and the buoyancy:

Fo="(p- PG = — (p pf) mgk =mF,k  (6)
P P
where the robot density is p = Ty pm + (1 — Tin) pp With pp,
and p, the magnetic and payload densities, respectively.
4) Electrostatic Force: The electrostatic force between the
microrobot and the vessel wall considered as an uncharged
surface attracts the robot to the wall:

ﬁe _ q° [H(6)2+H(—6) =

dmeeg | (r+9) r2 n

with H the Heaviside step function, § the algebraic distance
from the robot surface to the wall, ¢ the robot charge, g
and e are the vacuum and the relative blood’s permittivities,
respectively. 7,711, 7 denote the vector normal to a wall,
to the upper and lower wall, respectively (see Fig. 2). The
resultant electrostatic interaction with both upper and lower
walls, at algebraic distances ¢; and &5 respectively, is:

F. = me ((ﬂ§32

_ (ﬂgz))z H(*51);2H(*52)) X (7

3q2

with parameter e = 167213225 -

5) Contact force: The contact force is defined by:

{

with Fs5 and J,, the maximum contact force norm and
deformation, respectively, and the stiffness K. We then have:

—K|6|*/2H(=6)7 :loading
— By, | PRH(-b)7

T
\

: unloading

Fo=mf (1822 H (=) ~ |62 [2H(-81))E (®)

3K

with parameter f = et

B. State representation

1) Reduced system: The forthcoming reduced system (S,.)
is derived from (1) using forces expressions (3), (5), (6), (7)
and (8):

(ST):{ = A+ B (Butg@)+bod o

Y Crx
{02 Iy |02 ~ {031 7 _ |12
a=lor ) me= [ vo= ] o= )

where u = [u; up]T is the control input. The output y =
[1 w2]7 is the 2D-robot position measured by an imager. The
uncertain parameter is here © = F, . The function g(z, &) =

[91 g2]" is given by:
gi(z,&) = Fy, — By(xs — &vs(z2))
92(x,8) = Fi.+Fl+F—Bhra

The reduced system (S,-) models the robot dynamics, and has
to be controlled along a reference trajectory.

2) Extended system: Let T denote an extended state vector:
T = [[Z1...Z4) [Tag1-. Tagons1]] = [l‘T fT}T € R2 5,
The extended system (S.) is inherited from (S,) — (S¢), i.e.
9)-(4):

<se>:{f_
y =

with BT = [B? O2><(2n+1):|, Bg = [bg 01,>1<1(2n+1)]’ , and
C = [Cr 02><2n+1]. Function g = [gl 92}
that A(0) contains the linear part of (S,):

A(0)Z + B(g(z) + Biu) + By?

Cz (10

is chosen so

91(2) = g1(z) + (a + B3) (%3 — T5) an
92(%) = g2() + (a + B5)74
i 0o I 0o 0o e 0o 021_
A Ay A 0 ... 02 :
02 02 Ay Ay :
Ap)=1: 0
: : An1 A1 0o
O 02 ... ... 0o A, A
_012 012 0 i
0 101_ P2 D3 _ ps+a O
! [0 ps) 2 {Ps Pe} 4hs [ p7 0]

0 0 1 0 0
As= [n(n + 1)w2} A= {—kgwg O} A= [k(k +1)w? O}

witha =a+ (5 and p € R7 some parameter whose role will
be explained in the next section.

C. Problem Statement

To implement a stabilizing control law for the reduced
system (S,.) given by (9) along a given reference trajectory,
the state variables Z1, X2, T3, Z4, T5 are required to be known,
that is the robot 2D position and velocity as well as the blood
velocity Zs = & = v4(t). Yet, the former is measured by the
imaging device, whereas the latter are not, which justifies
the necessity of an observer' of the extended system (S.)
given by (10). Hence, once a stabilizing controller has been
synthesized for system (S,.), the output feedback problem has
to be investigated.

Besides, such a biophysical dependent model is likely to
present parametric uncertainties, as illustrated in (9)-(10).
Imaging measurement is also affected by output noise. The
proposed observer-based controller should address robustness
to both of these disturbances.

Finally, the blood velocity is modeled by an nth-order
truncated Fourier series as the solution of (S¢) given by (4),
yet there is no doubt that the actual periodic blood velocity
includes higher harmonic terms. What happens when the blood
velocity dynamics are incorrectly modeled?

ISince the drag force depends nonlinearly on blood velocity, classical
assumptions of the adaptive control are broken, and parametric approaches
are thus not well-suited for estimating the blood velocity.



III. MAIN RESULTS

We first state on a technical lemma, which mainly estab-
lishes the local controllability of the reduced system (9) and
observability of the extended system (10). We then address
the main results of the paper: the synthesis of an MVT
observer for the extended system (S.) with concerns about
uncertain parameter, and then the observer-based controller
—either asymptotical or practical- semiglobal stability for the
reduced system (S,.), depending on whether the blood velocity
dynamics are correctly modeled or affected by modeling
errors.

Lemma 1. Let z,.; = [2,(t), 2, (L), Z-(t)] denote any con-
tinuous and bounded reference trajectory, and IC, denote any
compact subset of a neighborhood of (x,,&,). Let U denote
the compact set of admissible inputs. Yz € K = K, x K,
Yu € U, systems (9) and (10) satisfy the following properties:
P1) The reduced system (9) is locally controllable along
LTrefs
P2) g = [g1 2|7 is differentiable with respect to T and
Vi <2n+5,1<2 3(a;;,bi;) € R? such that:

99;
oz

P3) The extended system (10) is such that (A(p),C) is
observable ¥p € P C R™\{ps +a = 0} with P a
bounded convex set, and matrices defined as:

A(p) By
O1x(2n+5) 0

aij < 5==(Z) <bij, aijbi; <0, VE €K

A(p):{ } C=[C Omal.

The proof is given in the Appendix.

Remark 1. Property P2 implies that g in (10) is differentiable
and locally Lipschitz with respect to the state variable; in turn,
the same goes for the function g in (9) (see (11)): g; is locally
~i-Lipschitz on K, i € {1,2}. The interest of the reformulation
of the Lipschitz property in P2 is to provide less conservative
conditions in synthesizing the observer gains, as underlined
in [15].

Remark 2. Property P3 is related to the local observability,
on a bounded convex, of the extended system (10) increased
by the parameter dynamical extension.

A. Observer

In our previous works [20]-[12], we have synthesized high
gain observers coupled with adaptive backstepping control
laws. Yet, high Lipschitz constants induced by the interaction
forces and the high gain matrix formed in ascending powers
of the gain for an extended system of higher dimension
raise some issues about the resulting sensitivity to noise of
these previously proposed observers. Lemma 1 relaxes the
conditions for synthesizing the observer (see Remark 1), and
we consequently propose the following observer based on
[15]. Contrary to our previous approaches, the robustness to
parametric uncertainty is not addressed using adaptive control
but using state estimation.

Proposition 1 [Observer of the extended system (S.)]. Un-
der assumptions of Lemma 1, VZ(0) € Ko : Z(t) € K D Ko,
V3(0) € K, ¥0(0) € Ky, Yu € U,

g=A(0)g + B(G(%) + Biu) + Bob + K,(y — C9) (12a)

O=Ko(y — Cp) (12b)
T=satx(9), 0 = satx, (0) (12¢)

with satx a saturation function on the compact K, is an
exponential asymptotic observer of (Se) on K x Ky if 3P,, Q,
symmetric positive definite and a gain K = [K r K} ]T that
satisfy the Linear Matrix Inequalities (LMIs):

(A; = KC)T'P, + P,(A; — KC) < —Q,, Vi <128 (13)

with A; = A(V;) and V; the vertices of the convex P.

Proof:

Let {eq(1),...eq(q)} denote the canonical basis of R?, and
€1 = Z — ) denote the estimation error. Let Co(Z, %) = {\& +
(1—-X)z,0 <\ <1} and Co(z,7) denote a convex and its
convex hull. Applying the mean value theorem to g;, Jo;(t) €
Co(z,2):

2n+5 892 A
9i(@) Z €3nt5(J or; (@0 |@=3) (14
As (z,7) € K2, 3T (t) = diag(T;(t)) with T;(¢) € (0,1]:
T=72-2=T(t)e (15)

Since §(z) = E?Zl e2(1)g;(T), using (10), (12a)-(12b), (14)
and (15), the estimation error satisfies the LPV system:

(o = w0

—K9 061
where e = ¥ —

7KOC)€1 +B1962 (16)

6 denotes the parameter estimation error,

Di;(t) = (t) g% (0i(t)), and the matrix A is:
2n+5
A(p(t)) = A0) + B Zz L Z (1)e2n+5(7)Di 5 ()
System (16) can be rewritten as:
é = (A(p(t)) - KC)e, e=(elex)”
15 _ | AG®) Bﬁ} (17)
APE) = |:01><(2n+5) 0

Property P2 of Lemma 1 associated with the definition of the
I';(t) implies that j(t) evolves in a bounded convex set whose
vertices are )V = {(1}171,”' ;U2,2n+5) 10 € {CL@j,b@j}}.
Because of the symmetries detailed in the Appendix, this set
can be reduced to a convex P C R” whose 27 vertices V; are:

Vp= { V=(v1,2,v13,V14,01,5,V22,V24,0V25)
vij € {ai;,bi;}t}
For all P, symmetric positive definite, a candidate Lyapunov

function (CLF) is given by:

Vo(e) = el Pe < 5\H6||2 (18)



with X the highest eigenvalue of F,. Differentiating (18) using
(17) leads to: V,(e) = €'Q(p(t))e with the time-varying
matrix Q(p(t)) affine in p(¢) defined by:

Q(p(t) = (A(p(t)) = KC)' P, + Po(A(p(t)) — KC)

where Ji; € [0,1] : A(p(t)) = Y 1;A; and > ¢; = 1. From
Property P3 of Lemma 1, (A(p), C) is observable for p € P C
R7\{ps +a = 0}: it is a necessary yet not sufficient condition
for having the existence of K, P, and Q, that satisfy (13).
If they exist, we have Q(V) < —Q, YV € Vp. Using the
principle of convexity, we then have Q(p(t)) < —Q,, ¥Vp € P.
Hence, we have Vo(e) < —€eTQ,e. Let A denote the smallest
eigenvalue of @),, we then get:

Vo(e) < =Allel* < =(A/N)Vo(e) = —koVo(e) (19)
It follows that (12) is an exponential observer for system (10).
|

Remark 3. Property P3, i.e. observability, is only an iff
condition for having the existence of matrices P, ; and Q. ;
satisfying the i-th LMI of (13). Consequently, it is only a
necessary yet not sufficient condition for having the existence
of unique matrices P, and Q, satisfying all the LMIs.

B. Global stabilizing state feedback

Had all the (S.) states been accessible, we would have
synthesized a global asymptotic stabilizing state feedback. We
propose a backstepping synthesis [21].

Proposition 2 [State feedback for the reduced system (S,.)].
Under assumptions of Lemma 1, the backstepping control law
U; = I{i(i',ﬁ), 1= 1,2
(kiyotki)zitot(1—k2)zi4g: (&) +(i—1)9—;
B1

with the controller gains k; kiyo > 0 and z; = x; — x4,
Ziy2 = Tiy2 + kizi — &y, ensures that the error z ex-
ponentially decays to zero for any CO reference trajectory
Tref = [2r(t), T, (1), £-(t)] and from any bounded initial state
Z(0).

ki (T,0) = — (20)

Proof: Let z; = x; — Tjr, Zig2 = Tiyo — Tijpr — oy for

some stabilizing function «;. A first CLF is:

Vip=1i2—= Vii = zi(Tira — ip) = 2i(2zive + )

Setting o; = kizi leads to Vi, = —kiz? + 2z;4o. Since
Zi = Tijyo — = Ziy2 + o; = z;4+2 — k;z;, we obtain:
Zito Zgi(i‘)+(i — )94+ Brui+ki(zige—kizi) —Zir (21
Then, the second CLF is:
Voo =Vii+ %Z?+2 (22)
Differentiating (22) using (21), we obtain:
Vo = —kiz? + zigalgi(2) + (0 — 1) + Blug
C thizga (1 KDz — i) o
Using u; = k;(Z,7) given by (20) leads to:
Vai = —kiz? — kiyozlio < —keiVou (24)

with ]{icﬂ' =2 min(ki, ki+2). Let:

Ve=Va1+Vapo (25)

Using (24), we get:

V. < 2m1n(k)V— —k.Ve

Hence the asymptotic exponential stability of z = 0 and thus
of the reduced system state = along the reference trajectory.
|

C. Semiglobal stabilizing output feedback

Since some (S, ) states are not accessible, the state feedback
proposed in Proposition 2 is not usable as it is. Thence we
address the output feedback semiglobal stability whether or
not the blood velocity model (S¢) is affected by modeling
errors, see e.g. [21], [22].

Proposition 3 [Asymptotically stabilizing output feedback].
Under assumptions of Proposition 1, the observer-based con-
trol law ; = ki (2,9), i = 1,2:

(kit2tki)2ivat+(1—kD)2i+g:(@)+(i—1)D—Fi
B1

Ki(iag) =

(26)

ensures the semiglobal exponential asymptotic stability of sys-
tem (9) along any C° reference trajectory for any initial state
(2(0),5(0)) € Ko x K, 6(0) € Ky with the controller gains
ki7 ki+2 > O, and ,7:’2 = i’z - l’i s 21‘4_2 = Ii’i+2 + klﬁl — i’i,%

Proof: Replacmg u; with 4; in (23) and denoting g; =

9i(%) — g;(&), U = 9 — 0, we obtain:

V = —ki2? — ki+zzl+2 + zitohiya(z,€) o7
hito=gi+(i— )79+(k + kiyo)Zipo+(1—k2)Z

First, let us show that Vz(0) € Ky = {z : Vo(2) < leo}s
z(t) € Ky = {z : Ve(2) < peo + pe}- Since & € K¢ by

construction (see (4)), it follows that Z(t) € K = K x K¢.

Let also denote V,,(€(0)) < 100, Ke = {€: Vo(€) < pioo+ tho}

x = [2T €T]T and define the CLF W based on (18) and (25):
CeVe(2) n CoVole)

peo + pre = Ve(2)  proo + o — Vo(€)

Assume that Wy < @ = (epieo/phe + Cotboo/ o + 1. Then

W1(2(0),¢(0)) < @ and we obtain the induced bounds:

WI(X) <w= ‘/c(z) < e F My Vo(e) < o0 + Ho

Wi(x) = (28)

Differentiating (28) leads to:
CC(NCO + NC) Co (/~L00 + NO)
(I’LCO + He — ‘/0)2 (,uoO + Mo — Vo)

with the following bounds on the V* factors, where * stands
for indexes ¢ or o:

W, = Vo (29)

C* (,uf*() + ,u*) (C* + 'lD)Q
(IJ/*O + M* - ‘/*)2 - C*(,U/*O + M*)

T using (19), (24) and (27), (29) becomes:

C*
(o + 0)

Leth = [0 0 hs h4]

Wl S \IJ(X)_(I)CO(X)
PeolX) = srgayheVe(?) + aamyhoVol©)
V() = D | ST (2 ) (2, 0)) |



Then Vw € [0,w), we have K, = {x : w < Wi(x) < @} C
K. x K. Since V, and V,, are positive definite, ¥ € C° and
its second term is null along € = 0 and z = 0, by continuity
we have x € K, = ¥ < 0 for k,, k. high enough. Hence we
have:

Wl S *(I)co(X)a VX € ICX

Yet, since @, is positive definite on K, the compact set { :
W1 < w} is a basin of attraction so Z(0) € Ko = z(t) € K
and extended state x is captured by K5, = {x : Wi(x) < w}.
Now that we guarantee that T € K, we can specify the practical
stability in K¢; since VZ € K, T = satx (), T = satx(§) and
g; is a C! function, using (14) and (15) leads to:

[Riva (2, €)l| = <i(llell),

with ¢; continuous, bounded, and such that ¢;(0) = 0.
Moreover Jv; : © € K; = ||zi+2]| < v, so we have from
(24) and (27):

Vo € Ky, Ve € R0 4 € {1,2}

‘/21 < —ke,iVa,i(2) + visi(||€l]) (30)

Consider the CLF W(z, €) with ¢ > 0 and V. given by (25):

Wa(z,€) = (Ve(z) + Vo(e) €29

Using (30) and (19), the time derivative of Wa(z, €) satisfies:

[=Cs(llell) + Allell?]

with ¢(|le]]) = vis1(Jle]]) + vas2(]l€]|). Due to the properties
of ¢, there exists ¢y such that the bracketed term in (32)
is positive definite Ve > €. Besides, this ¢y can be made
arbitrary small through the choice of an arbitrary small ratio
%. Hence we have the semiglobal practical stability of the
output feedback.

Walz,€) < —CkVo(z) — (32)

Lastly, we have to prove the local asymptotic stability. For

¢ small enough to have Z = § € K and ¢ = 0, using Property
P2 and the Lipschitz constants 7; in Remark 1 lead to:

Vo < —killzll? — kigalzige|?
+yillzit2 lIZ]] 4+ (ks + kio)llzivallllZiall  (33)
+(1 = k) | zir2llllZll + G = Dlzig2 9]
Yet we have the following bound:
Zito=Tit2 + kizi — Ti,r = Zig2 = Tiyo + kiZs (34)

= [[Zirell < |Zitall + ksl Zi]l
So using (34) in (33), bounds (15) and ||| < ||es]| yields:

Voi < —killzll® = kigollzisa|?
Hillzir2 2] + (ki + Kiv2) || ziol| | Zs2 |
F(1+ kikiro) || zip2 |12 + (& = Dl[zis2][[|9]]

< =izl izl el

(33)

with Ni,1 = min(ki, ki+2) and Ni2 = (Z + v + ]{72 + k7;+2 +
k;k;t2). Consider the CLF W5 given by (31), using (35) and
(19), its time derivative satisfies:

W2(27 6)

—Cmllzl1? + ¢zl =l ell = Alel®

Choosing ¢ = mA/n5 with 7, = M1t S 12 = 112122
thus results in Wa(z,€) < —Cm||2]|?/2 — Alle €[|?/2. Set py =

max(¢/2,\) and pz = min(¢ny, A)/2 = EL% we get:

1(ll2% + llell?)

—pa(]Iz]|* + [lel|*)
We consequently have Wa(z, €) < 7%W2(Z, €). Therefore z
and € exponentially converge to zero, and the same goes for
Z and ¥ while x converges to (2, x'T)T; hence (26) ensures
the semiglobal asymptotic stability of system (9) along x,..;.

Wg(z, €)

<
Wa(z,e) <

Remark 4. It is likely that the actual blood velocity £ will
satisfy (4) with n* harmonics, whereas the observer is modeled
using (4) with n < n*, either to avoid technical issues implied
by a high dimensional dynamic extension (Sg), or simply
because the unmodeled harmonics amplitudes are some order
of magnitude under the first n harmonics amplitudes.

When unmodeled dynamics are considered, the (S¢) odd
lines are affected by an unknown bounded harmonic distur-
bance proportional to dy,«(t) = ﬂ‘n with high frequency
terms only since {7 ,, denote the actual blood velocity without
the first » harmonics and mean value. Note that if D is an
upper bound for & ,,, then ||dpn- (8)]| < day = w2EELD.
The extended system consequently rewrites as:

S : {:'c:A(O):c—&—B(g(x)+ﬁ{u)+31919+3ddnn*(t)

y=CZ
(36)
where By nonzero entries are only By o155 = ﬁ
In such a case, asymptotical stability results obtained in
previous propositions are relaxed into practical stability.

Proposition 4 [Practically stabilizing output feedback].
Let dys denote an upper bound for dy, n-(t) in (36). Under
assumptions of Proposition 1, (12) is an exponential practi-
cal observer of system (Sepn+) given by (36). Besides, the
observer-based control law 1; = k;(Z, 19) 1 = 1,2, given
by (26) semiglobally practically stabilizes the system (9) in a

2 *
ball of radius Ry = %n—%mj(nziwrlw
n3 0

O reference trajectory Tpep = [x,(t), i (1), & (t)).

centered along any

Proof: Similarly to the proof of Proposition 1, the ex-
tended state estimation dynamics satisfy the LPV system:

¢ = (A(p(t)) — KC)e + Badpp- (t)
with Bq = [BY 0]7. Hence the CLF V,(¢) given by (18) is
such that: _
Vo(e) < =Allel[(flell = ra) (37
with ry = QZM = r wniintDD —ZZH)D since || Bal| < \/ It

NG
follows from (037) that e exponentially converges into the ball
B(0,r4). Therefore, (12) is an exponential practical observer
for the extended system (36).

Let W, given by (28) denote a CLF for the observer-based
controlled system (9) with the control law (26). Whatever
€, we obtain boundedness as in the previous proof with an



additional e-dependent term in ¥, and then using <(||¢||) =
—Cs(Jlell) = Aralle|| instead of ¢(]|€]|). Now, let W5 given by
(31), using (37) and (35) together with the appropriate choice
of the constants ( and po , we obtain:

Wazo) < —CmllP/2= Alel(l5 = ra) 5
< —pa(llz]] + [l€ll®) + Arale]
Using x = [2T €717 and py = %Tnz’ (38) gives:
2
Wa(z,€) < —pallx]|? + Arallx|l
<

~pallxll (Il = 2ra(22)?)

Hence x exponentially converges into the ball B(0, R;) with
_ /2713 mw(n*+n+1)D
tially converge into B(0, R;), and z into B((:L’T i )T, Rd>.

. Accordingly, = and J exponen-

TABLE I
NOMINAL PARAMETERS VALUES

Blood viscosity n 16 x 10~3 [Pa.s]
Blood density of 1060 [kg.m ™3>
Ferromagnetic density Pm 7500 [kg.m~°>
Robot radius r 2.510~% [m]
Vessel diameter D 31073 [m]
Payload density Pp 1500 [kg.m—3]
Ferromagnetic ratio Tm 0.75
Magnetization M 1.23 x 105 [Am™1]
Occlusion ratio To 0.65
Stiffness K 2.19 x 103 [Pa.m?]
Charge q 7.13 x 10~ 1T [C]
Blood permittivity € 70 [C2Z.N-1T.m™7?]
Controller gains (k1, k2, k3, ka) (7,40, 14, 20)
Actuator saturation Usat 0.2 [T.m™1]
TABLE 11

INITIAL CONDITIONS FOR THE SYSTEM AND THE OBSERVER IN
SIMULATION 1 (S1), SIMULATION 2 (S2) AND SIMULATION 3 (S3).

Zo ||(05.1074000.050.17 0.04 — 0.15 0.0167)

SLS2\ 1105107400 01073 103 10~2 10~2)
59 9o || —8.159
do || =7
3 Zo |/(05.1074000.05 —0.06 0.070.90 —1.500.6 1072)

Zo |[(05.10740001072 1073 1073 1072)

TABLE III
OUTPUT AND ESTIMATION ERRORS STANDARD DEVIATIONS
, Simulation s1 59 53
y1(pm) 100 100 100
y2(ppm) 100 50 100
Z1(pum) 44 45.44 || 46.26
Zo(um) 58.50 || 22.49 || 58.48
Zg(mm.s~T) 1.79 6.11 4.82
Za(mm.s~T) 3.96 1.36 3.37
Z5(mm.s—T) 1.67 3.10 9
3Zg(mm.s~ 1) 0.62 3.79 3.37
9(m.s~2) - 0.063 -

IV. SIMULATION RESULTS

Without loss of generality, we consider here that the robot
is bead pulled, so that we have g = T’”—/)M and g5 = 0.
Nominal parameters values and initial conditions for every
simulation are given in Tables I and II, respectively.

In each simulation, a disturbance modeled by an additive
acceleration P, = 7g on the k-axis affects the system in the
range t € [7,7.001]s. For ¢ > 8s, the output measurements are
affected by an additive Gaussian white noise with standard
deviations given in Table IIl so as to model the medical
imagers resolution. Simulations are performed by taking into
account the actuators limitations. In order to not exceed the
magnetic device capacity, the control inputs are time-scaled as
tia(t) = ws(t)/k(t) with k(t) = max (1, ui(t)|/usar ). The
reference trajectory is defined by: 7

$17T(t) = 0.04¢
D/4 Ift<5
(EZ,T(t) — { / =

D/3 Ift>5

Remark 5. This trajectory rey = |2 (t), 2, (1), £-(t)] does
not belong to class C°. The interest of a reference trajectory
which is close to the upper vessel wall is twofold: first, it
minimizes the control efforts (excluding the noise, the control
input ug tends to zero on Fig. 3(d) to 3(f) for t > 5);
second, output noise is high enough to induce microrobot
collisions with the wall to illustrate robustness to strong
induced accelerations.

In every single simulation, the blood velocity is modeled by
the system (S¢) given by (4) with n = 2. The first simulation
is free of any parametric uncertainty or modeling error and
illustrates the robustness to output noise and disturbances.
The second one is affected by an additionnal parametric
uncertainty, while the last simulation illustrates the effects of
modeling errors on the output feedback stability.

A. Simulation 1: robustness to noise output and disturbances

The MVT observer gain K, given by Proposition 1 is
in Table IV. The simulation shown in the first column of
Figures 3 and 4 illustrates the results obtained by the MVT-
observer when the blood velocity is correctly modeled by a
2nd order truncated Fourier series when there is no parametric
uncertainty.

Despite a reference trajectory which is not C°, the observer-
based controller is stable since the real and estimated trajec-
tories converge to the reference one after a 2s long transient
phase as depicted on Figure 3(a). Despite the 100um standard
deviation output noise on the measured position (z1,x2) and
the acceleration disturbance, the real and estimated trajectories
are not too much affected and the tracking is efficient. The
Figures 4(a) and 4(d) illustrate the reduced system state
estimation and tracking errors along the i and k axes, which
converge within 1s and 2s, respectively. For time greater
than 8s, the positions (resp. velocities) estimation errors are
respectively less than 165um and 220um (resp. 7mm.s~1 and
12.5mm.s~1) along the 7’and k axes; their standard deviations



TABLE IV
OBSERVER GAIN K, IN SIMULATION 1 (S1), SIMULATION 2 (52) AND SIMULATION 3 (S3); GAIN Ky IN S2.

5153l KT 3.57e 42 0 2.12e + 4 0 1.3le+4 1.1le+5 2.74e+3 —9.63e+4 1.68e+3
’ ° 0 6.32¢ + 2 0 1.02e 4+ 4 0 0 0 0 0
59 KT KT 2.81le +2 0 7.02e 44 0 2.50e+4 3.39e+5 2.75e+4 —1.08e+5 1.02e+4 0
02700 0 3.2le 42 0 l4le+4 0 0 0 0 0 449 + 5
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Trajectories and control inputs. From left to right: Simulation 1, 2 and 3. From top to bottom: (a)-(c) 2D-trajectory of the microrobot center of

gravity, and (d)-(f) the magnetic control inputs (u1,u2). On subfigures (a) to (c), arterial walls are depicted by thick solid black lines, the red dotted lines
depict the limit beyond which the microrobot collides with the walls. The real, estimated and reference trajectories are plotted in thick solid red, thin solid

cyan, and blue dash-dotted curves, respectively.

are given in the Table III and show a noticeable improvement
with respect to the output noise standard deviation.

The Figure 4(g) illustrates the real and estimated blood
velocity Z5 and its mean value 379 and their estimation errors.
The estimated blood velocity and its mean value converge to
the real ones after 1s. When affected by noise, the estimation
errors of the blood velocity and its mean value are respectively
less than 6mm.s~! and 2.5mm.s~ 1, see Table III for the
associated standard deviations. In particular, the SNR? on the
blood velocity (resp. its mean value) is around 30 (resp. 80).

The acceleration disturbance at ¢ € [7;7.001]s causes the
microrobot to collide the upper wall. Even if the observer does
not converge fast enough to estimate correctly this collision,
the robot promptly gets back to the reference trajectory. At
time ¢ = 12.85s, the observer estimates that a collision
occurs with the upper wall, yet there is none. This dummy
collision induces an overestimation of the contact force, and
the controller consequently increases the control input wuo
to counterbalance this force. The control input thus reaches
the saturation (see Figure 3(d)), which results in a degraded
tracking: the microrobot goes away from the reference trajec-

2The SNR is here computed as the inverse of the coefficient of variation,
ie. SNR = £ where p and o denote the signal mean and its standard
deviation, respectively.

tory before getting back when the saturation stops. In these
two cases, actual or dummy collisions induce peaks in the
estimation and tracking errors of the microrobot position and
velocity along the k-axis (see Figures 4(a)-4(d)).

The control inputs u; and wo are affected by the noise
measurement, yet the latter far more than the former as can
be noticed in Figure 3(d). The reason for such a difference is
that small deviations on the k-axis position induced by the
output noise result in high variations on the estimation of
the electrostatic force the robot is very sensitive to, especially
when the robot navigates close to the wall (for ¢ > 5s).

B. Simulation 2: Robustness to uncertain parameter

The MVT observer gains K, Ky given by Proposition 1 are
in Table IV. This simulation illustrates the results obtained by
the MVT-observer when affected by a parametric uncertainty
on the apparent weight. Simulation results are depicted on the
2nd column of the Figures 3, 4 and on Figure 5.

The estimated and real trajectories converge to the reference
within 2s as shown in Figure 3(b). The p0s1t10n (resp. velocity)
estimation and tracking errors along the ¢ and k axes, depicted
on Figure 4(b) (resp.4(e)), are less than 165um and 80um
(resp. less than 22mm.s~! and Smm.s~!); the associated
standard deviations are given in Table III.



o
~

[ e s S _ B o
T r k-axis 4 § 2’“‘_5 T r J-axis q
£ o3f T imaxis T | -aocis Eoz3t i-axis g
5t 1 £ 7 5 | 1
g 02 g ool |
ozt 1 2% S 02
T

O 0T 23 256 78 9101112 13 14 15 1 0123 456 7 8 9 101112131415 9 012345678 91011121314 15
T OO0 1 = T-axis 1 = f k-axis ]
£ 1,5+ 4 s 150 /\P k-axis 1 £ 15} i-axis ]
5T ] 5 | 1 5 1
5 g 1 5 1 ‘ 1§ 1t
2 | 1 2t 1 ER || I I li‘
= = =2
5 05F 4 é 0,5¢ 8 £ 05r |
= L 4 L 8 = L

o ‘ ‘ ‘ i ‘M 0 | ‘(\f\,\%kr‘ b PRI [T T o

-1 012 3456 7 8 9101112131415 “1 0123456 7 8 9101112131415 -1 0123456 7 8 9101112131415

Time (s) Time (s) Time (s)
(a) Positions Estimation and tracking errors (b) Positions Estimation and tracking errors (c) Positions Estimation and tracking errors
?50 T T T T T T T T T T T T T T ?50 ?SG T T T T T T T T T T T T T T T
[ r F-axis 7 P [ ! [ k-axi
@ @ @ -axis
i 40+ - 4 < 40r = 40F -
g L 1-ax1s i § L E L —— j-axis
= 30r ] & 30r = 30
z 20 4 = 200 = 20
£ 100 g 101 g 10
m o— 3} o) =] 0 L i i L, i
1 0123 456 7 8 9 101112131415 -1 1 012 3 456 7 8 9101112131415

50— 50— 50—

Tl F-axis 10 T aal F-axis

z 40: Faxis ] z 40: : 40: 7 i

E 5l i <30 = a0

= = =

S 7 1 N

S 20¢ 1 g 20 S 201

E 4 ER ES

< 10 3 10 | < 10

& 07 3] Gi | Rl =

“1 0123456 7 8 9101112131415 “1 0123 456 7 8 9101112131415 1 0123456 7 8 9101112131415
Time (s) Time (s) Time (s)

(d) Velocities Estimation and tracking errors (e) Velocities Estimation and tracking errors (f) Velocities Estimation and tracking errors
120 - R =120 I R R 2120 - —————
s Estimated —Real P Estimated —Real ' Estimated —Real
< 60f ] = eor 1 < eor
T 29 0 1 2 3 45 6 7 8 9101112131415 wz2—310123456789101112131415 L 29 0 1 2 3 45 6 7 8 9101112131415
E 100 g = 10 E
- PR I B i W s
= 0 A a L L L L N LE 0 " L L L L b L;j
4 -101 23456 7 8 9101112131415 2 -1 0 1 2 3 4 5 6 7 8 9101112131415 =
T, eof {1 . eof 1 .

o £ £
£ 40 4 £ 40p ] H
£ 20 Estimated —Real 4 £ 20r Estimated — Real g £
i, 1—210123456789101112131415 ‘cql—glo123456789101112131415 b
g r T T T T T T T T T T T T T — £ 15¢ T T T T T T T T T T T T T T g
£ 10p W ] £ 101 =
sf 9 [ 5
=/ -1 012 3 45 6_7 8 9101112131415 H 1 012 3 456 7 8 9 1011 12 13 14 15 H -1 0123 456,.7 8 9101112131415
Time (s) Time (s) Time (s)
(g) Blood velocity and its mean value (h) Blood velocity and its mean value (i) Blood velocity and its mean value

Fig. 4. Errors along i-axis (thick solid red line) and errors along E—gxis (thin s
(a)-(c) robot position estimation and tracking errors along the 7' and k axes, (d)-

olid cyan line). From left to right: Simulation 1, 2, and 3. From top to bottom:
(f) robot velocity estimation and tracking errors along the 7" and k axes, (g)-(i)

blood velocity and associated estimation error, mean value of the blood velocity and associated estimation error.

The pulsatile blood velocity and its mean value are de-
picted on Figure 4(h). The estimation errors converge to
zero after the transient phase; when affected by output noise,
these errors (resp. their SNR) are less than 12mm.s~! and
14mm.s~1 (resp. 16 and 13) —which is degraded compared to

the uncertainty-free previous simulation— yet still efficient.
The observer based-controller quickly rejects the acceler-
ation disturbance for ¢ € [7,7.001]s: the resulting collision
with the upper wall is so quick that it is not estimated by the
observer. After this collision, the microrobot separates from
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the wall and gets back to the reference trajectory.

Figure 5 shows the estimation error e; = ¥ — 0 of the uncer-
tain parameter 1J. The initial estimation é(O) is underestimated
by one-twelfth with respect to the nominal value, yet converges
within 2s. This estimation is affected by the disturbance at
time ¢ = 7s, and is very sensitive to the output noise,
especially on the k-axis, because of the high gain Kys (see
Table IV) in the update law (12b). The parametric estimation
error is less than 0.3m.s~2 with a standard deviation given in
the Table III and an associated SNR higher than 130.

Both of the control inputs are affected by noise measure-
ment (see Figure 3(e)), and particularly u; because the related
gain is higher than in the first simulation. For the second
control input, the reason is twofold: the parametric update law
(12b) is quite sensitive to noise on the E—axis, and the reference
trajectory is close to the wall for ¢ > 5s, so that small errors
on x9 induce big errors on interaction forces estimation. For
instance, an underestimation of x5 induces an underestimation
of the electrostatic force: to counterbalance it, the controller
underestimates the control input us, so that the microrobot is
even more attracted by the upper wall.

This simulation shows that, despite measurement noise
and parametric uncertainty, the MVT-observer provides good
estimates and the controller ensures the stability along the
reference trajectory.

C. Simulation 3: Robustness to unmodeled dynamics

The third simulation is carried out under the same conditions
than the first one, except that the actual blood velocity satisfies
(4) with n* = 4, while the observer is still synthesized
using (4) with n = 2. Consequently, the state vectors x
and % are of dimension 2n* +5 = 13 and 2n +5 = 9,
respectively (see Table II). The MVT observer gain is the
same as in Simulation 1 (see K, in Table IV). The blood
flow velocity is thus incorrectly modeled since the two highest
harmonics of the actual signal are not considered in the model:
da4(t) # 0. According to the Remark 4 and Proposition 4, we
consequently expect a practical stabilization.

The tracking performances are quite similar to the first
simulation ones (compare the first and third columns of
Figures 3 and 4), aside from the robot position and velocity

along the 7-axis which are only practically stabilized because
of the modeling errors (see Figures 4(c) and 4(f)). The position
(resp. velocity) estimation errors along z-axis and k-axis are
less than 170 — 225um (resp. 12.5 — 14mm.s~1). The SNR
are similar than for Simulation 1 (see Table III).

The blood velocity and its mean value, illustrated by the
Figure 4(i), converge in less than 1s in a neighborhood of
the origin. The associated estimation errors are less than
19mm.s~! and Tmm.s~!, with SNR reduced by a factor 6,
yet remaining above 5 and 10 respectively.

The control input u; is not too much affected by noise (see
Figure 3(f)) because the robot position and velocity along the
7~axis are much more affected by unmodeled dynamics effects
than by noise.

V. DISCUSSION

All simulations exhibit almost identical trajectory trackings
(see Figures 3(a), 3(b) and 3(c)), even if only practical stability
is guaranteed for Simulation 3. When disturbances occur,
the microrobot collides with the upper wall in every single
simulation, yet it is correctly estimated by the observer only
in Simulation 1. Despite the modeling errors in Simulation
3, the tracking is not too much affected as epitomizes Figure
3(c). Even if most of the state estimates are only practically
stabilized (i.e. stabilized in a small ball centered at the origin),
since the robot position and velocity along the k-axis are
not dependent on the incorrectly modeled blood velocity,
the associated estimation errors converge asymptotically as
depicted by Figures 4(c) and 4(f).

Let us discuss the choice of the gain matrices K, and
Ky. These gains must satisfy the LMIs (13) while trying
to have quite low gains —especially on the second column
to avoid to inflate noise along the electrostatic force axis—
while keeping reasonable transient phases. In Simulation 2,
the same concerns arise additionally for the parametric gain
Kp; yet decoupling K, from Ky is hardly possible. That is
why finding the right balance between these antagonist goals
induces a transient phase which is twice longer for Simulation
2, despite a parametric update law highly sensitive to noise
because of the high gain Kjyo.

Every single simulation is affected by both output noise
and an important disturbance, and illustrates the robustness
of the proposed approach with respect to noise and one-shot
disturbance. Simulation 2 illustrates the robustness to uncer-
tain parameter, whilst Simulation 3 exemplifies robustness to
unmodeled dynamics.

VI. CONCLUSION

A microrobot immersed in a blood vessel is subjected to
various nonlinear forces and above all to the hydrodynamic
drag force. Besides the latter nonlinearly depends on the pul-
satile blood velocity, which is hardly accessible with accurate
enough temporal and spatial resolutions. The navigation of a
microrobot in a blood vessel, under the reasonable assumption
that its sole position is measured by a medical imager, has
been addressed as a trajectory tracking issue for the so-called
reduced system, where the control law requires to access some



unknown states such as the robot velocities and a nonlinearly
varying parameter: the pulsatile blood flow velocity.

We have modeled the dynamics of the blood velocity as
an nth-order truncated Fourier series with an a priori known
pulsation. We have then synthesized an MVT observer for
the resulting extended system, thus estimating in particular
the required microrobot and blood velocities. The observer-
based backstepping control law has been proved to semiglob-
ally stabilize the reduced system along any smooth enough
reference trajectory. Since the system depends on biophysical
parameters, parametric uncertainties are likely to occur so
the proposed observer has been synthesized in order to also
estimate a probable unknown parameter. Unless using a high
dimensional extended system, the blood velocity model is no
doubt truncated with respect to the actual one: we have conse-
quently investigated the effects of such unmodeled dynamics
and have obtained a degraded practical stabilization result. The
simulation results have illustrated the stability of the proposed
observer-based controller and its robustness to output noise,
disturbances, parametric uncertainty and modeling errors. The
proposed approach can be useful for two purposes: first to
perform a surgical task, e.g. the plaques abrasion in clogged
arteries, and then for post-operative diagnosis, e.g. to check
if the blood velocity is back to normal after the atheroma
removal.

Ongoing works include the truncation of the actual blood
velocity as well as the additional estimation of the blood pul-
sation, since it may change over time due to the patient stress.
In the latter case, the proposed approach is not well-suited
since the resulting model of blood velocity is nonlinear and the
associated extended system is no more uniformly observable.
Preliminary results [23] using the immersion proposed in [24]
are promising, even if its Jacobian invertibility is still to be
guaranteed.

APPENDIX
PROOF OF LEMMA 1

o Property (P1) has been demonstrated in [20]: the local
controllability of system (9) is inherited from the
controllability of its linearized time-variant system along
the reference trajectory x,.s(t) [25], [26].

o Property (P2): In a cylindrical blood vessel, ¥ is given

. r3—7v
_Uf], ie cos(yp) = =~ and

by ¢ = arctan

sin(vy) = %, where v, = {/[z3 — vf]2 + 22 is the norm
of the relative velocity ¥,.. The blood velocity profile is
parabolic along a section of blood vessel of diameter D:

v(wa) =1 —4 (%) (39)

Using (3), we define:

Fg = bl C1+d\ﬁ
OF/, 3/2
s = 2bor+ 2ot — ey

We assume that V¢ € R, the compact K, is such that
2y € [-2 +w , L — @], for some w €]0,7[. We then

have (61,02) € [w—r, D—r—w]?, with §;+d2 = D—2r.
To simplify the notation, we will denote:
Utmax = mtaX(|Ut|) Urmazr = mtax(vT)
To2mazx = Il’ltaX(‘Z‘QD 5i7naw = mta‘x(|51|) (40)
Cy = cos(t)) Sy = sin())
Using (39)-(40) we get 0 < vs(Zamaz) < vs(z2) < 1.

Using (11), we have the following partial derivatives
denoted g, ; = ggi (Z):

z

g11 =921 =0 Ji2 = 812”’5 la+ T4
g1,3 =11 1,4 = Gg2,3 = —CySyT3
Gi5=vs(x2)[T14+al —a goa=—1T>

Gop = 22200 CuSyTs + Ty Go5 = vs(22)Cy Sy T
J1,2k+6 = g2,2k+6 = 0 G1,2k+7 = G2,2k+7 = 0
Vke{0,...,n—1}.

(41)
where the quantities 7; are defined by:
T, = aF(IIIC 2+i52
_ b C b 20vr+cdvi‘5
= o e+ O [bor 4 e
T, = %ug24fac,?

vy

1.5
= bu,+ Cl+d\/ﬁ + S¢ [bvr + 2cvptcdu,. ]

2y,

_ OF}, Fi 2cv7<+cdv11,‘5
T3 = it — 0t =bu+ 2(1+dy/or)2
_ H(é1) _ _H(d2)
Ty = 2 [(T+51)3 (T+52)3]

[Vl H (=62) + /I H (-00)]

We consequently have the following bounds on the 7;:

Ty € [0, T4], T4 < 2b0pmas + 2¢0rmas + Sok2

TTI’LQ(E

T2 € [O,T;], T+ < varmaa: + 2¢Vrmax + Cd 1 >

rmaa:

T3 S [O,T;], T‘:;L < bvrmaw + 2cvrmaz + cd a}n5ma:
(42)

To bound T}, three cases have to be distinguished:
- if (61,02) € [0; D — r — w]?, we have:

T4 = 2e [ — ;}
("'+6 ) ("“HS2)‘5 (43)
< T =2 [%s —
- if 61 € [w — r;0[, we have:
T4 = 26— 3 (r+62)3 — 2f\/ 751
Z T4_71 - (D — 51"“”)3 - %f\/ _51ma;v

(44)
- if 02 € [ — r;0[, we have:

T4 = QBW — %f\/ —52
> Ty, =2e

%f \% _§2maw

(D—r—02max)? -
’ (45)

Using (43), (44) and (45), we get bounds on 7T}:
T, € [T, ; Tj ], with T, = min(T;l, Ty 5)  (46)

Let T5+ = (8%2mazVimaz )/ D?. Using the partial deriva-
tives expressions (41) and the bounds (42)-(46), we get



the bounds a; ; and b; ; on gg;, Vk e€{0,...,n—1}:

a1 =az; =0 bii=0b1=0
ao=-Tf [a+ T  bi2=T [a+T)]
a3 =Ty biz=0

ay 4 =agy = —T4 bia =boz =T,
ar5 = a(vs(T2maz) — 1) b1y =T,

az = —|T5Ts + T, | boo =Ty T + T,

_ ot _
ag 4 = =T, baa =0
_ + _ ot
a2,5 = —Vs(T2maz) Ty bo s = T3
01,2k+6 = a2,2k+6 = 0 b1,2k+6 = b2,25+6 = 0

b1 2k+7 = b2 oky7 = 0.
47)

Besides, using the symmetries and null partial derivatives
in (41), it is possible to restrain the study to a lower
dimensional vector of parameter p € R” defined as:

a1,2k+7 = a2,2k+7 = 0

p = [P1,2:P1,3, 1,4, P1,5, D2,2, P2,4: P2,5) - (48)

o Property (P3): The observability matrix associated with
(A(p), C) is given by:

Iy | Osx(ant2)
*

0=

where © € M 4n18)x(2n42), and * stands for some
bounded matrice. We then have:

rank(O0) = 4 4 rank(©) (49)
with ) _
Ny 042 042 M,
* NQ M*
0= 042
* N, M,
* 0 Q
- * -
and submatrices given by:
pa+a 0 0 0
_ . 2k | P7 0 01
Nit1 = exw * ps+a My = 0 =
* y%rd 0 =*
(ps + @)™ 0 =
2n
. prw * |0 %
Q=e¢n * * M, = 0 =
* * 0 =x

with £, = (k+1)k!%. Let D denote the matrix composed
of the rows L1, Lo, L3, .. .y Lgpy1 of ©. We
then have:

'7L2k+17"

n—1
D] = | (pa +a)*"* [] Fw | enw®.
k=1

(1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

(16]

(17]

(18]
[19]

Hence the sufficient condition on the rank on O:

w(ps + a) # 0 = rank(©) = 2n + 2 (50)

Yet, using the expression of a1 5 in (47) and (48), we get:

G1,5(t) + @ > vs(T2maz) > 0= (ps+a) >0 (51

From (49), (50), and (51), (A(p), C) is observable for any
p € P C R"\{ps +a = 0} with P denoting a convex
bounded set.
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