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Instability-enhanced transport in low temperature magnetized plasma

R. Lucken,!*® A. Bourdon,! M. A. Lieberman,? and P. Chabert! )
Y Laboratoire de Physique des Plasmas, CNRS, Sorbonne Université, Université Paris Sud, Ecole Polytechnique,

F-91120 Palaiseau, France

2 Department of Electrical Engineering and Computer Sciences, University of California, Berkeley,

California 94720
(Dated: June 13, 2019)

It is shown that the transport in low temperature, collisional, bounded plasma is enhanced by instabilities
at high magnetic field. While the magnetic field confines the electrons in a stable plasma, the instability
completely destroys the confinement such that the transport becomes independent of the magnetic field
in the highly magnetized limit. An analytical expression of the instability-enhanced collision frequency is
proposed, based on a magnetic field independent edge-to-center density ratio.

In low temperature plasma discharges, the transport
from the ionization region to the walls determines the
electron temperature and hence the global discharge
properties. The classical drift-diffusion theory of low
density magnetized plasma transport! predicts that the
plasma should reach a steady-state equilibrium qualita-
tively analogous to that of a non-magnetized discharge* 6
and that the confinement increases with the magnetic
field. However, when the value of the magnetic field is
high enough, strong instabilities develop that deconfine
the electrons, which enhance the macroscopic transport”.
These so-called universal instabilities develop in bounded
plasma, without any external source of energy. The wave
energy comes from the natural drift-diffusion motion of
the particles.® They can be either Simon-Hoh instabilities
(similar to a Rayleigh-Taylor instability with an electro-
static potential),” or electron drift instabilities (compa-
rable to Kelvin-Helmholtz instabilities).!® Finally, colli-
sions can also destabilize some particular modes, such as
the lower hybrid instability.!!

In this Letter, a one-dimensional (1D) model of the
cross field equilibrium plasma transport is developed.
The model is linearized including time-dependence in or-
der to describe the linear growth of the instability. An
electrostatic particle-in-cell / Monte Carlo collision (PIC
/ MCC) code!? LPPic!®!7 is used to simulate a magne-
tized plasma column in two-dimensional (2D) Cartesian
coordinates. The spectral analysis of the PIC simulation
results is compared with the solution of the theoretical
dispersion relation, and the effective collision frequency
measured in the PIC simulation is compared with the
analytical model.

The results are of importance for the modeling of in-
dustrial plasma devices such as neutral beam injectors,'®
and electric space propulsion systems.'®

In this Letter, the frequencies are normalized to the
electron cyclotron frequency w.. = eB/m., where B is
a uniform magnetic field, the length dimensions are nor-
malized to the Larmor radius of thermal electrons py =
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é(kBTeme)l/Q, where T, is the electron temperature,
that is assumed uniform, the velocities are normalized to
the electron thermal velocity vy, = (kBTe/me)l/Q, and
the electrostatic potential ¢ is normalized to the elec-
tron temperature in volts. Under these conditions, the
electron momentum balance equation is:

C(%quS—vxb—%—uv (1)
where d/dt is the Lagrangian time derivative, v is the
electron fluid velocity, n is the electron density, v is the
electron collision frequency, and b is the unit vector in
the direction of the magnetic field. It is assumed that
the steady-state plasma properties depend only on the
variable z and that the magnetic field is along z (b = e,).
We investigate a symmetrical single-ion plasma where the
plasma density drops monotonically from the discharge
center at = 0 to a floating sheath region, near x = 1/2.
The ions have a mass m;, their temperature is much lower
than the electron temperature, such that ion diffusion is
neglected compared to the mobility driven flux, and the
plasma is quasineutral.

At steady-state, and making the common assumption
that electron inertia is negligible due to the small electron
mass?320°2 Eq. (1) is

vy =-—n'/n+¢ —vu, (2)
Uy = Vg [V 3)

In Eq. (2), the first term of the right-hand side represents

the diamagnetic drift, the second term is the F x B drift,

and the third term is the drift associated with collisions.
The normalized electron continuity equation is

on/ot+V - (nv) = nv,, (4)

where v;, is a normalized electron impact ionization fre-
quency. The continuity equation is the same for ions and
leads to equal electron and ion fluxes along x, under the
assumption that the fluid velocity is zero for both species
at the discharge center. This allows to use the same fluid
velocity v, for both species. We assume that the ion Lar-
mor radius is larger than the discharge dimensions so the
ions are not magnetized. In 1D, Eq. (4) becomes

/

n
v+ Tl = Vi (5)



Eliminating v, from Egs. (2) and (3), we obtain
! 1
¢ =T, <+u) (6)
n v

A very simple collisionless momentum conservation
equation is used here for the ions:'!

v2 Vv

2L == ==L =—¢. 7)

2p 1 (
where 1 = me/m;. The electric field and the pressure
gradient terms are eliminated using Eqs. (7) and (5) re-
spectively, and inserted in Eq. (6), which yields

02
(1 - z) vl = v, + av?. (8)
w

where oo = 1/v + v. This first order differential equation
is integrated to obtain
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The quasineutral assumption, that is valid in the plasma
bulk, breaks at the sheath edge. The boundary condition
for the quasineutral plasma is chosen to be the Bohm
criterion?3

Uy = /1'1/2 (1())

that needs to be satisfied at the sheath edge z = /2,
even for magnetized plasmas???4. Equation 9 yields the
equation for the electron temperature

2

[(35)5 . (;3)1 [(g:)
(11)

that can easily be solved numerically for v;,(T,). From
Eq. (7), the electric field is derived:
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and so is the plasma density profile from Eq. (5)
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No Viz

We now consider the high magnetic field limit in which
a,x,l > 1, for z/l # 0. Eq. (11) yields

Vig = —5 (14)
I Jon collisions could be included here, with a discussion on how

to compute the ion momentum transfer collision frequency,616
but with no influence on the strongly magnetized regime.

such that Eq. (9) is also

1
Uy = (ﬁ> * tan (Via%x) ~ = tan (H> (15)
o al l

At a given relative position 2/l < 1/2, v, — 0.
a— 00

The ratio between the electric field and the velocity
term in Eq. (6) is hence

72 /(al)? + v2

=02 — 0 (16)
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everywhere in the plasma bulk (v, < p'/?). This means
that at high magnetic, the electron drift is dominated by
the diamagnetic drift, except at the sheath edge, as will
be shown below.

In the bulk, Eq. (15) yields

1 1
r_ 2( 3,4 o022 (2
vy, = V;,/ cOS (szoﬂx) = w3/ sin (sza?x) (17)

Using Eq. (7), the electric field has a finite value at the
sheath edge

—¢ = apl? (18)

This is used in Eq. (6) to estimate the diamagnetic drift
term at the sheath edge

—n//n = 2ap!/? (19)

Hence, for a > 1/(2u!/?), the diamagnetic drift is larger
than the electron thermal velocity. The diamagnetic drift
is a purely fluid drift term and should typically not be
higher than the thermal velocity. This intuition was con-
firmed by the PIC simulation and gives a hint that «
cannot be arbitrarily large due to the magnetic field. If
this is the case, then there should be an effective electron
momentum transfer collision frequency vg, that depends
on the magnetic field, and that should satisfy roughly
(in normalized dimensions) vp > 2u!/2, such that with
a = 1/vp, the right hand side of Eq. (19) is less than
unity. In general, this effective collision frequency may
depend on z. However, it will be shown by the PIC simu-
lation that the uniform effective collision model provides
relevant corrections to the classical description.

In a 1D system, the h factor that characterizes the ion
losses to the walls is h = ns/ng, where n; is the plasma
density at the sheath edge. Integrating Eq. (5) leads to

Vi = thy'/? /1 (20)
where
i
h = Y (21)

because of Eq. (13). At high magnetic field,

vp = hut/?1/x. (22)



In dimensional units,

hmew? L
= ‘e’ 23
where L = ppl is the denormalized system size. At

this point, both the h factor and the effective collision
frequency may depend on the magnetic field, which
is consistent with instability enhanced transport regimes.

We now examine the plasma unstable behavior. It is
assumed that a steady-state solution is perturbed by a
harmonic wave propagating in the y direction such that
the first order densities n.; and n;; for electrons and ions
respectively, and the first order potential ¢; are propor-
tional to exp(—iwt + iky), where w is the complex wave
frequency (normalized to w..), and k is the wavenum-
ber (normalized to p;'). Collisions were added to the
classical inhomogeneous fluid plasma theory?® (see Ap-
pendix), and the perturbed electron density response to
the potential is given by the susceptibility

2

_ Wpner w2 we + B (w +wo +iv)
2

= TR era) t Re ey Y
where

wo=—k¢' |, w.=—kn'/n (25)

and w? = nge?/(egmew?,) is the normalized electron

plasma frequency. Equation (24) is also introduced by
the gyroviscosity formalism in Smolyakov et al..'' The
cold, collisionless, non-magnetized ions do not drift in
the y direction. Their susceptibility is26

w? o
— p Tl P
P = T 5 = ——F. 26
X 2 o 2 (26)
The first order Poisson’s equation®
1+X6+Xi20 (27)

provides the wave dispersion relation. Introducing the
polynomials

Py(w) = (w+wo) [(1+ &> + wi)wz — ,uw;(l + k%))
+ w2w12,w*/k:2 (28)
Q) = (w2 + K2 — pk?, (29)
the dispersion relation is
P(w) = Py(w) + iwvQ(w) = 0. (30)

Equation (30) is valid as long as the frequency of the in-
stability is smaller than the electron cyclotron harmon-
ics, where a kinetic description of the Bernstein modes
is required.?62° Inspecting the following table, P, has
always two negative roots and one positive root:

w —00 | —Wo
Py(w)|<0|>0

0 |4o0
<0|>0

Let w, be the positive root. Since v < 1, collisions can be
treated as a perturbation term. The perturbed solution
being w, + ivw;, to the first order in v,

P(w, +ivw;) = 0 & w; = —Q(w,)/P)(wy) (31)

Since Pj(w,) > 0, the mode stability is determined by
the sign of Q(w,.). If w, = wp = 0, the positive root is

1 1 —1/2
w=um<+- ) L@

wZ 1+ k2
a mode transiting from the lower hybrid frequency at low
k’s to the ion plasma frequency at high k’s, and damped
by collisions. If wg = 0, but w, # 0, the solution is

4 2 2 2 i
w*wg { [1 + Auk” (+k7) A4k J““p)} - 1}
(33)

2,2
wiw?

Yre 262 (1+ k2 + w2)

The general instability criterion is found by solving
jointly Pp(w) = 0 (the mode exists) with Q(w) = 0 (the
mode is at stability limit):

/J,l/Qk‘

T (34)

Wy — W =

This means that the plasma is unstable when the fluid
electron drift is higher than the ion sound speed. The
numerical resolution of the two other roots of P shows
that they are all stable in the regime of interest here.
Using Eqgs. (25) and (6) for low wavenumbers, the plasma
is unstable if:

ve (/v +v) > pt/? (35)

At the sheath edge, v, = p'/2, and 1/v + v is greater
than 1 for all v > 0. Therefore, the plasma is always un-
stable, at least at the sheath edge, as long as the electrons
are magnetized (I > 1). The destabilization of similar
modes by collisions was first found experimentally3%:3!
and explained theoretically by Chen3? as a particular
type of resistive drift mode.?3> More recently, several ex-
periments highlighted drift wave instabilities in magne-
tized plasma columns.?*3% As shown by Lakhin et al.
taking into account finite Larmor radius effects,35:37 the
condition —n'¢’/n < u/4 is sufficient to ensure electro-
static modes stability in a collisionless plasma, and only
collisions can destabilize it in this case.

In order to validate the 1D model, the PIC/MCC sim-
ulation needs to be 2D to capture both the direction of
the instability and the gradients of the equilibrium solu-
tion. Simulations of a square argon discharge were per-
formed at gas pressures of 3, 6, and 12 mTorr and uniform
magnetic fields between 0 and 40 mT oriented along z,
perpendicularly to the simulation plane. The discharge
is sustained by a uniform radio-frequency (RF) electric
field at 13.56 MHz along z. The amplitude of the heating
electric field is adjusted at each RF cycle to control the



power absorbed by the plasma, fixed to 9.6 kW /m3. The
x and y components of the electric field come from the
solution of the Poisson’s equation, with the potential set
to zero at the conducting walls.

Super-particles lost at the walls are discarded and new
particles are generated through self-consistent ionization
with a uniform background gas at 300 K. The newly cre-
ated ions and electrons are initialized with Maxwellian
distribution functions at 0.026 eV and 4 eV respectively.
The ion temperature remains lower than 0.2eV in all
simulation conditions. The steady-state electron tem-
perature is nearly uniform in the bulk plasma and varies
between 3.6 and 5.3eV depending on the cases. A real-
istic kinetic scheme for argon is used!'” using cross sec-
tions from the LXCat database.?® 40 The simulation time
step and the cell size satisfy the classical stability crite-
ria (Birdsall and Langdon'?). The number of particles
per cell was always greater than 100 in the center (150 in
most cases). A simulation at 20 mT and 3 mTorr was per-
formed with 4 times more particles per cell (600 part./cell
in the discharge center) with a change of less than 3% for
the discharge global properties.

Plasma sheaths form in about one microsecond, and
at high magnetic field, instabilities rotating in the elec-
tron drift direction develop rapidly. After a transient
of about 20 ps (depending on the pressure and the mag-
netic field), the volume-averaged plasma properties reach
a steady-state and the instability saturates with a contin-
uous spectrum featuring a maximum around 3 MHz. The
instability wavevector is directed mainly in the azimuthal
direction.

Figure 1 shows the electron density and the electron
current at 3mTorr and 20mT. When the plasma prop-
erties are averaged over several tens of microseconds, the
discharge aspect is the same as in the non-magnetized
case,'% the only qualitative difference being that the elec-
trons are rotating in the direction of the diamagnetic
drift. On a shorter time-scale, the instabilities are visible
and the waves seem to break against the sheath.

In Figure 2, the electron azimuthal drifts measured in
the PIC simulations are compared with simple asymp-
totic formulae coming from the model equations. Ne-
glecting curvature effects, the azimuthal direction is
treated as y, and the radial direction as xz. The col-
ored dashed lines in Figure 2 correspond to the weakly-
magnetized limit of Eq. (15),

hyut/? mr
- tan (71) 36
vy o tan (5 (36)
for each value of the pressure. The following for-
mula coming from 2D theories of non-magnetized plasma
transport was used for the h factor®

—1/2

2
3+0.5§+0.22 (L) 1 . (37)

h=0.55
Te \ i

where J; is the (dimensional) ion mean free path and T;
is the ion temperature. The solid black line in Figure 2
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Figure 1. Electron density and norm of the electron flux at
91 ps (b, d), and averaged over the last 27 s of the simulation
(a, ¢). In (c), the spiral streamlines represent the electron flux.
The data come from a 3 mTorr, 20 mT LPPic simulation.
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Figure 2. Azimuthal drift velocities measured for various val-
ues of the pressure and magnetic field, measured at » = 9 mm
from the discharge center. The various dashed lines corre-
spond to the classical regime (Eq. (36)), and the solid black
line corresponds to the instability dominated regime described
by Eq. (38).

corresponds to the diamagnetic drift

vg = T tan (W—r> (38)
l l
For simplicity, a reference temperature of 3.6 eV was con-
sidered in all cases.
Figure 3(a) shows the azimuthal electric field as a func-
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Figure 3. (a) Azimuthal electric field obtained at 3 mTorr,
and 20mT, at a distance of 9 mm from the center of the sim-
ulation domain. (b) The corresponding spatio-temporal FT
(colorplot) with a numerical solution of Eq. (30) in cyan, ap-
proximate solutions in dashed and solid black lines, with the
parameters of Table I.

Magnetic field 20 mT
Pressure 3 mTorr
Plasma density 1.8 x 106 m~3
Electron temperature 3.84 eV
Diamagnetic drift 17.3 km/s
E x B drift -4.3 km/s

Table I. Numerical quantities of the simulation used to solve
the dispersion relation.

tion of time and # in a typical case where the instability
drives the transport. The 2D Fourier transform (FT) of
this signal is shown in Figure 3(b). The dashed and solid
black lines are the approximate solutions of Eqs. (32)
and (33) respectively, while the full numerical solution
of Eq. (30) using the parameters of Table I is displayed
in cyan. The electron density, temperature, and drifts
are extracted from the time-averaged solution of the PIC
simulation in saturated state.

An effective collision frequency is extracted from the
simulation data using Eq. (3)

Veff = <F67‘>/<F69> (39)

where (T.,) and (I'cp) are the electron fluxes in the
radial and azimuthal directions respectively, averaged
along 6. The effective collision frequency of Eq. (39) is
normalized to the classical collision frequency known

e 3 mTorr
v 12 mTorr b/
— Veff=VB
a 101 4
E $
v ®
100 +Y ' . . ,
1072 107t 10° 10!

vg/v

Figure 4. Effective electron collision frequency (Eq. (39)) plot-
ted against the instability-enhanced collision frequency pre-
dicted by Eq. (22) using Eq. (37).

from the literature?! and plotted in Figure 4. The error
bars correspond to all the data collected at various radial
positions, from 1 to 14mm from the discharge center.
At low magnetic field, the effective collision frequency is
equal to the classical collision frequency. In the strongly
magnetized regime, the effective collision frequency
is correctly described by Eq. (23), assuming an h fac-
tor that does not depend on the magnetic field (Eq. (37)).

A 1D model of the cross field plasma transport was
derived and validated using 2D PIC simulations. It
was shown that if the diamagnetic drift at the sheath
edge remains below the electron thermal velocity, then
the effective electron collision frequency should depend
on the magnetic field. This result is consistent with
the plasma unstable behavior predicted by the linear
theory of wave perturbations, and by PIC simulations.
The effective collision frequency scales as w?, at high
magnetic field. The transport across a magnetic field
in a weakly ionized plasma is much better described
by assuming that the A factor does not depend on the
magnetic field than by assuming a classical collision
frequency.’>3 The plasma transport becomes completely
insensitive to the magnetic field due to the electron drift
resistive instability.
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i The dependence of the h factor on the magnetic field, from the
classical regime to the instability-enhanced regime, will be the
focus of another paper.



Appendiz: Electron response to a perturbed electro-
static potential
The normalized electron momentum conservation equa-
tion is

dv Vn
E—qufvxbfouv. (40)
Assuming
v,d/dt = O(e) (41)
¢, n, |V[=0(1) (42)

where € is a small parameter, we can expand v with re-
spect to e. To the 0-th order,

Vo—vxb—-Vn/n=0 (43)

which yields the F x B and diamagnetic drifts, respec-
tively

Vn

vg =bxV¢ and vd:TXb. (44)

Eq. (40) is then to the first order

%(VE +vy) = —v xb— v(veg 4+ vq) (45)

where v(1) = v — v — vy is the first order term of the
electron velocity. Hence,

vl = v, + v, (46)

where

vp<jt+1/>vE><b(:;t+1/)V¢ (47)

and

d d \Y
vdp—(clthz/)deb—(dtJrz/)nn (48)

are the polarization drift terms due to the F x B and
the diamagnetic drifts, respectively (including the fric-
tion force). It is useful to derive the fluxes corresponding
to each of the drift terms.
V- (nvg)=(bxV¢) - Vn+nV-(bx Vo) (49)
The second term is zero due to the formula
V- (uxv)=—-u-(Vxv)+v-(Vxu). (50)
Thus,
V- (nvg)=(bx V¢)-Vn (51)
Using again Eq. (50),

V- (nvg) =0. (52)

The relationship is known as the gyroviscous
cancellation.!! By neglecting all particle source and loss
terms (v;, < w), the electron continuity equation is

on
e +V-(nv)=0. (53)

So to the first order in ¢,

9
SV Ve Vet v, V) =0, (54)

or

2 050y 09 [ () (- 2] <
(55)

The only term contributing to the motion of the elec-
tron guiding centers is the £ x B drift*!

d/dt =0/0t+vE-V (56)
Using the property
V- ((ve V)Ve] = (vg - V)V?0, (57)
9 2
V- (nvy) =n E—I—VE-V-FV Vo

+Vn'(8at+vE~V+1/>V¢. (58)

For the density gradient polarization drift,

V- (nvay) =V - [Vn" <8at +vi- v) n] (59)

— (gt + u) Vin -V -[(ve-V)Vn).
We assume
n=mno(z) +ni(y,t) ; &=¢o(x)+¢i(y,t) (60)

with nqy < ng and ¢1 <K ¢g, and ny and ¢; proportional
to exp(—iwt + iky). To the first order in ¢ and nq:

V- (nvy,) =ng g—k(beqi)o-V)—H/ V3,

ot
+vn1 V¢ + no(b x Vo1 - V)V
+ Vng - (b x Vo1 - V)V (61)
=inok*(w + wo + iv)d1 + vnidy
— iknody 1 + iwsnody 1 (62)



where w, = —kn(/ng and wg = —k¢j,. Similarly,

V- (nvap) :v-{vno [aat—&-(beqbo-V)} nl}

no
+V- {V"O(b X Vb - V)no]
no
— (gt + l/) V2n1 -V [(b X V(,b() . V)an]
=V -[(bx V¢ -V)Vng] (63)

" 2
+ iwsnop1 (2% - w*>
no
— ik (w + wo + iw)ny +ikging . (64)
Finally, Eq. (51) yields
V- (nvEg) = —iwgni + iwsnod1 (65)

To the first order in w,, and neglecting second and third
order derivatives of ng and ¢ (no shear),

V- (nvy) = ingk?(w + wo + iv) ¢y (66)
V- (nvap) = —ik*(w + wo + iv)ny (67)

Eq. (53) is therefore:

—dwny — iwony + iwengdr + inok®(w 4 wo + iv)ér

—ik*(wHwo +iv)n; =0 (68)
Hence,

ny wi + k(w4 wo + i)
nog  w+wo+ k2(w+ wo +iv)

1. (69)

This result is valid within the assumptions of the model
derived here (Egs. (41) and (42)), but can be generalized
by the Padé approximation??43 to all wavenumbers.
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