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SPECTRAL GAP OF THE DISCRETE LAPLACIAN
ON TRIANGULATIONS

YASSIN CHEBBI

ABSTRACT. Our goal in this paper is to find an estimate for the spectral gap of the Laplacian
on a 2-simplicial complex consisting on a triangulation of a complete graph. An upper estimate
is given by generalizing the Cheeger constant. The lower estimate is obtained from the first
non-zero eigenvalue of the discrete Laplacian acting on the functions of certain sub-graphs.
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1. INTRODUCTION

The concept of triangulation was investigated in [4] as a generalization of graphs.
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This

structure of a 2-simplicial complex allows to define our discrete Laplacian which acts on the
triplets of functions, 1-forms and 2-forms. This paper deals with questions on spectral theory of
triangulations for Laplacians. There are several recent works giving lower bounds of the spectrum
of the Laplacian on graphs via isoperimetric estimates, see ([2], [10] and [13]). Moreover, Cheeger
gave in [6] estimates of the first non zero eigenvalue of the Laplace-Beltrami operator on a
compact manifold in terms of a geometric constant. This inspired a similar theory on graphs

for the Laplacian acting on the functions, see ([7], [8], [9] and [14]).

Considering first only locally finite graphs, we use the Weyl criterion, known from [17], to
show that all the spectra of our different Laplacians are in connection except for the value 0.
Starting from Section 3, we restrict our work to finite triangulations. Our main interest is about

Date: Version of July 11, 2019.
2010 Mathematics Subject Classification. 39A12, 05C63, 47B25, 05C12, 05C50.

Key words and phrases. Graph, Simplicial complex, Discrete Laplacien, Spectrum, Cheeger constant.

1



2 YASSIN CHEBBI

the minimal eigenvalue of the upper Laplacian £ = 6'd"' on 1-forms, to be called the spectral
gap. Since Im(d®) C ker(L]) = ker(d'), there are dim(Im(d°)) = |V|—1 trivial 0-eigenvalues, if
|V| is the number of vertices and we define the spectral gap to coincide with the |V|-eigenvalue
of Ef. More precisely, we discuss lower and upper estimates for the spectral gap. It is an open
question on the Riemannian manifold case. An upper estimate is given by generalizing Cheeger’s
approach for triangulations of a complete graph 7,,. The Cheeger constant is defined as follows,
see [5] and [16]:
h(Tp) ==  min n‘F(AO’Al’AQH,
2 | Aol[Ax[] Az
V=|JA

=0

where Ay, A1, A2 are nonempty sets, making a partition of V, and F(Ay, A1, A2) denotes the
set of the triangle faces with one vertex in each A;.

Moreover, we obtain a lower bound in terms of the first non-zero eigenvalue of the discrete
Laplacian L defined on the space of functions on the vertices of certain sub-graphs.

2. PRELIMINARIES

2.1. Notion of graph. Let V be a countable set of vertices and £ a subset of V x V, the set
of oriented edges. The pair I =(V,€) is called a graph. We assume that £ is symmetric, ie.
(z,y) € € = (y,x) € E. When two vertices x and y are connected by an edge e, we say they
are neighbors. We denote = ~ y and e = (z,y) € €. The set of neighbors of z € V is denoted
by V(z) :={y € V, y ~ z}. The graph K is said locally finite if each vertex belongs to a finite
number of edges. The degree or valence of a vertex x € V is the cardinal of the set V(z), denoted
by deg(x). If the graph K has a finite set of vertices, it is called a finite graph. An oriented graph
IC is given by a partition of & :
E=E UET

(z,y) €E™ & (y,2) €€

In this case for e = (z,y) € £, we define the origin e~ = x, the ending e™ = y and the
opposite edge —e = (y,z) € E1. A path is a finite sequence of edges {e; }o<i<n such that if n > 2
then ej =e; 1, foralli € {0,...,n —1}. The graph K is said connected if any two vertices 2 and
y can be connected by a path with e; =z, e} =y. A cycle is a path whose origin and end are
identical, i.e g = e;. An n-cycle is a cycle with n vertices. If no cycles appear more than once
in a path, the path is called a simple path. All the graphs we shall consider on the sequel will
be:

connected, oriented, without loops and locally finite.

2.2. Notion of triangulation. A triangulation generalize the notion of a graph. This structure
gives a general framework for Laplacians defined in terms of the combinatorial structure of a
simplicial complex. We refer to ([5],[12]) for more detail.

The set of direct permutations of (x,y,z) € V3 is denoted by

o(z,y,2) = {(2,9,2), (y,2,2), (2,2,y)} .
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Let Tr be the set of all simple 3-cycles. We denote F the set of triangular faces which is a
subset of T'r quotiented by direct permutations as follows:
F:=Tr/~

where w; ~ ws if w; is a direct permutation of ws.

Definition 2.1. A triangulation T is the triplet (V,E,F), where V is the set of vertices, £ is
the set of edges and F is the set of triangular faces. This structure is denoted also by the pair
(K, F), where K = (V, ) is a connected locally finite graph. Indeed, one can have simple 3-cycles
that are not oriented faces. A triangulation is said complete, if all the triangles are faces.

Remark 2.2. In this paper, the triangulations are considered as two-dimensional simplicial
complezxes where all faces are triangles.

Ficure 1. Triangulation

Choosing an orientation of a triangulation consists of defining a partition of F :
F=F UFT,
(z,y,2) € F~ <= (y,z,2) € F .
For each face w = (z,y, z) € F, we denote —w the opposite face (y,z, z) :
w=(x,y,2) = (y,2,2) = (z,2,y) € F <= —w = (y,2,2) = (z,2,y) = (2,y,2) € F.

Let T = (V,&,F) be a triangulation. We say that T is a triangulation of bounded degree, if
the exist a non-negative C' such that for all z € V we have deg(z) < C. For an edge e € £, we
also denote the oriented face (¢~,e™,x) by (e, z) and denote F. the set of neighbors of the edge
e:

Fe={z eV, (e,x) € F} C V(e )NV(e).

To define weighted triangulations we need weights, let us give

e c:V — R% the weight on the vertices.
e r: & — RY the even weight on the oriented edges, i.e Ve € £, r(—e) = r(e).
e 5: F — R the even weight on oriented faces, ie. Vo € F, s(—w) = s(w).
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The weighted triangulation (7, ¢, r, s) is given by the triangulation 7 = (K, F). A triangula-
tion 7 is called homogeneous, if the weights of the vertices, the edges and faces equal 1. As our
graph K is locally finite, we can define a weight on V by

c(z) = Zr(w,y), reV.
Y~
This weight ¢ on any vertex is well defined. A graph K is called a normalized graph if
c(x) =¢(x), for all z € V.

2.3. Functional spaces. We denote the set of 0-cochains or functions on V by:
CV)={f:V—C}

and the set of functions of finite support by C.(V). Similarly, we denote the set of 1-cochains or
1-forms on &£ by:

CE) ={p:€=C, p(—¢) = —ple)}

and the set of 1-forms of finite support by C.(€). Moreover, we denote the set of 2-cochains or
2-forms on F by:

C(F)={¢:F = C, ¢(-w) = —¢(w)}
and the set of 2-forms of finite support by C.(F).
We consider on the weighted triangulation (7, ¢,r, s) the following Hilbert spaces, let us give

e The Hilbert space of functions:

PYV) = {f eCV); D c@)|f (@)’ < oo}

ey
with the inner product

(fr 9w =Y cl@)f(@)g(@).

ey
e The Hilbert space of 1-forms:

P(E) = {90 €C(€); Y _r(e)ple))’ < OO}
eef
with the inner product
(o Vie) = 3 3 r(e)e()le)

2
ecé

e The Hilbert space of 2-forms:

BF):=q0€CF) Y, s(wy, 2oy, 2P <oo

(z,y,2)EF
with the inner product

<¢79>l2(]:) = % Z 8($,y,2)¢($,y,2)9($,y, Z)

(z,y,2)€F
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The direct sum of the spaces (?(V), [?(€) and I2(F) can be considered as a Hilbert space
denoted by H, that is

Ho=12(V) @ 2(E) @ 12(F),

endowed with the inner product

((f1,01, 01), (f2, 02, B2)) e = (f1, f)izvy + (@1, 02)i2(e) + (P15 D2)12()-

2.4. Operators. In this section, we recall the concept of difference and exterior derivative
operators introduced on weighted triangulations. We refer to [3] and [5] for more details. This
permits to define the discrete Laplacians acting on functions, 1-forms and 2-forms.

2.4.1. The difference operator. It is the operator d” : C.(V) — C.(€), given by

2.4.2. The co-boundary operator. It is the formal adjoint of d°, denoted by §°.
69 C(E) — C(V),

acts as

and satisfies

(df, )26y = (f, 8%y, V(@) € Ce(V) X Ce(€).

2.4.3. The exterior derivative. It is the operator d' : C.(€) — C.(F), given by

d'(¢)(z,y,2) = @(x,y) + ¢y, 2) + (2, ).

2.4.4. The co-exterior derivative. It is the formal adjoint of d', denoted by §'.
61 Co(F) — Ce(E),

acts as

S D)) = —— 3 s(e,2)d(e, ),

T(e) xE]'—e

and satisfies

<d190a ¢>l2(]-') = <90>51¢>12(5)a V(QD, ¢) € Cc(g) X Cc(}—)
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2.4.5. The discrete Laplacian. In this section, we will always consider a weighted triangulation
(T,c,r,s). The discrete Laplacian acting on functions is given by

Lo(f)(x) = 6°d°(f)(x) = @ Y r(ed(f)(e).

for all f € C.(V) and = € V. The discrete Laplacian acting on 1-forms is given by
Li(p)(w,y) = (d°6° + 6'd") (o) (2, y)

e,et=x

1 1
= @ ej;yr(e)np(e) ) eﬁZ;xT(C)S@(@)
+ T(xl Z s(z, Y, Z)dl(W)(x’y7z)'
Y 2€F (z,4)

for all ¢ € C.(€) and (z,y) € £. The discrete Laplacian acting on 2-forms is given by
La(d)(x,y,2) = d'5(¢)(x,y, 2)
= > sy w)d(x,y, )

UEF (2,y)

Z s(y, z,u)p(y, z,u)

z
UEF (y,2)

Z s(z,z,u)p(z, z,u).

“e}—(z,z)

for all ¢ € C.(F) and (x,y, z) € F. To define the Gaufi-Bonnet operator, let us begin by defining
the operator

d:Ce(V) @ Ce(&) C(F) O
by
d(f,¢,9) = (0,d°f.d'p)
and § the formal adjoint of d is given by
(f,0:0) = (0%,8°9,0), Y(f, 0, 6) € Ce(V) ® Ce(E) ® Ce(F).
The Gauj$-Bonnet operator is defined on C.(V) @ C.(E) @ C.(F) into itself by:
(0 §° 0)
T:=d+é6= [d® 0 o
0 d* 0
This operator is of Dirac type and is motived by the Hodge Laplacian:
L:=T?>=(d+6>=Lo® L1 Ls,

Remark 2.3. The operator L is called the full Laplacian and defined as £1 = L] + L], where
Ly =d%° (resp. LT = §'d') is called the lower Laplacian (resp. the upper Laplacian).



In this section, we will prove the relation between the spectrum of Ef and that of L£9. The
following results due to the Weyl’s criterion known from [17] to characterize the spectrum of
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3. THE SPECTRUM OF THE LAPLACIANS

our operators.

Weyl’s criterion: Let H be a separable Hilbert space, and let £ be a bounded self-adjoint

operator on H. Then A is in the spectrum of £, if and only if, there exists a sequence (f,)

so that ||fn|| =1 and lim || (£ —X) fu|| = 0.
n—-aoo

We denote (L) the spectrum of £. We refer here to [1], which proves that o(Ly)\{0} =

o(£7)\{0} in a normalized graph.

Proposition 3.1. Let T be a homogeneous triangulation of bounded degree. Then, we have

Proof:

a(L\{0} = o(L2)\{0}.

At first, we notice that the hypothesis assures that all operators are bounded.
Through the Weyl’s criterion, set A € R* in the spectrum of Lf, then there is a
sequence (¢,,), in 12(€) such that:

[nllize) = 1 and lim 1(£T = N nllize) = 0.

So, we should find a sequence (¢y,),, in I?(F) such that

for each n, [|¢nll;2(r) = 1 and nh_{rolo (L2 = N)@nllizr) = 0.

Set

d'yn,

——— néeN.
ld e lli2 ()

On =

First, let us show that [|d" ¢y ||;2(r) 7 0. We have that

14 nllfory = (L3 tns Yndire)
(L = Nhn, Yndiz(e) + (AN, Un )iz (e
<(£1+ - )‘)@Z}na ¢n>12(€) + A

Thus the term Hd11/1n||122(f) tends to A as n — oo. Therefore, there exist € > 0
and ng € N such that for all n > ng we have ||d"¢y||;2(r) > €. It remains to show
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that li_>m (L2 = A)@nlliz(r) = 0. In fact, we have:

£ _)\ n = ﬁ _)\ NALoly [,
(22 = Nonllery = 10L2 = N pgrg e —

(L = Nd Yl
B [ nli2( )
 1Lad" = Ad |2
B [d*n |27
CdNET = Nalle
B ld e lli2( )

Since the operator d! is bounded. Hence, there exists a constant ¢ > 0 such
that ||d!| < ¢ and we have that:

C
(L2 = N)nllizr) < g”(ﬁf — N Ynlliz e

Using the same method as the first step, set the non-zero constant A € o(Ls).
Then there exists a sequence (¢,) in I*(F) such that [[¢p[|;2r) = 1. We consider
a sequence (1) in [2(€), define as follows:

' on

VY 1= .
161 bnlli2 ()

Proposition 3.2. Let T be a finite weighted triangulation. Then, we have

min o(£1) < min K LI C(el+>> r(e) + degg(e)] .

ece |\ c(e7)

Proof:

Let e € £, we consider x“ = 1(,y — 1;_.}. Thus, we have

e

X
r(e)

<¢X* (F >>< +< i:ef“( f:e>>>m5)

(@

12(€)

Moreover, we have

(Foe ()
o) )/ e,

) + degg(e).
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By Rayleigh principle, we obtain that

(e (7))
mino (L) < min = = £E)

ecf H Xe
_ NGO

12(€)

~mp| (o + o) 0+ degg;e)] '

Proposition 3.3. Let T be a homogeneous finite triangulation. Then, we have

mino(L2) < 84 2min |Fe|.
ec&
Proof:

Let eg € £, we consider x® = 17,y — 1{_.;}. Then, we have

:52

ecf
Using (a + b)? < 2(a® + b?), for all a,b € R. We have

2 2
(d'X*, L2d' X)) S D <Z ><€0<6>> + (Z (x(e",2) + X (x e>>)
e€eE \x€F.

1
<d1X607£2d1X80>l2(}-) = H£1+X60Hl22(8) (

2
> dlxeo(ew))

zEFe

e€eE \x€F.

ecé

2
<Y IR (x(e)? +4) (Z X (e, 90))
eef

reFe
2
oF Y (z Xeo<e+,x>>
ecf \xEFe
2
=2|F P +4 > (Z;@f@(ﬁ,@)
mE]—'eO ec&

= 2|]:€0|2 + 8|]:€0|'
On other hand, we have

. 1 . 1
||d1X O||122(]-‘) =5 Z |d1X O(l‘ayaz)|2 =

= 5 ([Feol +1F=col) = [T -
(z,y,2)EF
From Rayleigh principle, we obtain:

L0,
mino(Lg) = inf M < 8 4 2min | F|.
P€C(F)\{0} ||¢||12(]:) ecf
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4. SPECTRAL GAP OF FINITE TRIANGULATION

4.1. The spectral gap. We describe the discrete Hodge theory due to Eckmann [11]. This is
a discrete analogue of Hodge theory in Riemannian geometry. Furthermore, it applies to any
finite simplicial complex, and not only to manifolds. Let us begin with

Lemma 4.1. We have that
ker(L]) = ker(6°), ker(L]) = ker(d"), ker(Ls) = ker(6') and ker(L;) = ker(6°) Nker(d").
Proof:

It is clear that ker(6°) C ker(£] ). On the other hand, if £] ¢ = d°§%p = 0, for
all ¢ € I?(£), we have that

0= (0, L7 0)pe) = \\5080”?2(\2)-

Then, % = 0, Vp € 12(£). As the previous reasoning, we prove that ker(L£]) =
ker(d') and ker(Ls) = ker(61). After, if ¢ € ker(L1) then

0= (p, L10)2(g) = (%0, 8°0) 2 vy + (d 0, d" @) 12 (),
which shows that ker(£1) = ker(6%) N ker(d').

Since ker(£1) = ker(6°) Nker(d'), we have the discrete Hodge decomposition
(&) = ker(Ly) ® Im(d°) @ Im(8").

In particular, it follows that the space of harmonic forms can be identified with the homology

of T:
ker(d")/Im(d°) = Im(6")*/Im(d") = (Im(d°) @ ker(L1)) /Tm(d") =2 ker(L1).
The same holds for the homology of 7T, giving
ker(d')/Im(d°) = ker(Ly) = ker(6%)/Im(5").

For a triangulation, the space I'm(d®) is always in the kernel of the upper Laplacian, and
considered to be its trivial zeros. There can be more zeros in the spectrum, since Im(d°) C
ker(£]) = ker(d'). As I2(€) = ker(8°) @ Im(d®), this leads to the following definition:

Definition 4.2. (The spectral gap) The spectral gap of a finite triangulation T, denoted \r, is
the minimal eigenvalue of the upper Laplacian on 1-forms:
A7 :=mino (E;ker(é()) =mino (£),u0) »

+
1| ker(59)"

the equality follows from Ly .0y = L

Remark 4.3. Generally, the spectral gap is the difference between 0 and the first non-zero
eigenvalue, see ([7], [8] and [9]). This definition coincides with the definition 4.2 in the case
where the eigenvalue A\ is not zero ( i.e there is no harmonic 1-form).

The following proposition gives a characterization of the spectral gap.
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Proposition 4.4. The spectrum of the Laplacian Ef is composed of |E| reals eigenvalues
{Aito<i<|g|—1 ranked in ascending order:

Ao <A< < Ag-re
Moerever, we have that
AT = Ay|-1-
Proof:

Since the dimension of the space Im(d®) is the number of the trivial zeros of the
upper Laplacian. Using the rank theorem for the operator d° : [?(V) — 12(£), we

get that
AT 2= Ndim(Im(d0)) = Ap|-1-
O
Proposition 4.5. Let T be a finite triangulation. Then, we have
|F| <|&] = |V|+1= A =0.
Proof:
Applying the Rank theorem for d° : I2(V) — 12(£), we obtain
dim(ker(8°)) = |&| — dim/(Im(d°))
=== =[]l =V +1
And since dim(Im(8')) < |F|, then
|F| <[] = V| + 1= Im(6') ¢ ker(6°) & A = 0.
O

Remark 4.6. In the case where Im(6') = ker(6%), we have |F| > |E| — [V| + 1 and Ay # 0.
Example 4.7. Consider the triangulation T such that oll the triangles are faces as in Figure
2. Using the Rank theorem, we have:

{ dim(Im(d®)) =5 et dim(C(£)) =12 = dim(ker(6°)) =7
dim(C(F)) = 8 et dim(ker(6')) =1 = dim(Im(s')) = 7.

Then, Ay # 0.

4.2. Triangulation of a complete graph. The aim of this part is to provide effective estimates
for the spectral gap of a triangulation of a complete graph. Let us begin by

Definition 4.8. A triangulation of a complete graph T, is the pair (K,,F), where K, is the
complete graph of n vertices and F 1is the set of triangular faces.

First, we give a result assuring that our spectral gap is zero in a triangulation of a complete
graph. This result is a consequence of Proposition 4.5.

Corollary 4.9. Let T, be a homogeneous triangulation of a complete graph. Then, we have

—1)(n—-2)

A< > = Ay =0.
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d

FicURE 2. Example of a triangulation with
non-zero spectral gap

4.2.1. Upper estimates of the spectral gap. We would like to find a concrete upper estimate of
the spectral gap in relation with the number of oriented faces in a simple triangulation of a
complete graph.

Proposition 4.10. Let 7, be a homogeneous triangulation of a complete graph. Then, we have
i) n e U(ﬁl).
i) If Tp is a simple complete triangulation then o(L1) = {n}.

Lemma 4.11. Let T be a finite triangulation. Then

o(Ly) = a(ﬁl_um(d())) U U(E;—l ke!_(éo)).
Proof of Lemma 4.11:
It is clear that 0-(£1_|Im(d0)) U 0—<£—1i_\ker(60)) C o(Ly). Let A € 0(Ly), there is 1y €

I2(€) such that L1y = Ay Since (2(€) = ker(6°) & Im(d"), then 1\ = ¥} + 3
where (1},1%) € ker(6°) x Im(d®). Hence

A€ O-(‘Cl\lm(do)) U J(cl\ker(éo)) = U(Eizmu‘))) U O-(E;]ker(go))'

Proof of Proposition 4.10:
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i) Let ¢ € Im(d®), then it exists f € [?(V) such that ¢ = d°f. We calculate
Lid(z,y)= > dle)— > (e

e,et=y e,et=x
= > ()= fE) = D (fla) = fe))
= (n=1)d"fz,9) +>_ f(z) =D f(2)
zZ~x z~y

Hence £1_um(d0) = nl. By Lemma 4.11, we have that n € o(Ly).

ii) Let 1 € ker(8°), if T,, is complete, then we have
Livy) = D, W@y)+0(:2) + (7))

2€F (a,y)

= -2,y + > v+ Y ¥z

2€F (z,y) 2€F (z,y)
= nyp(z,y) + 0% (x) — 8°P(y) = nip(x,y).
By Lemma 4.11, we get that o(£1) = {n}.
[l

Remark 4.12. The value 0 is not always in the spectrum of the full Laplacian L. It depends on
the value of A1, , due to the fact that mino(L1) = min{\7,,n}. In particular, if Tp, is a complete
triangulation we have that Ay, = n.

Corollary 4.13. Let T, be a homogeneous triangulation of a complete graph. Then, we have

A7, <2+ min |[Fel.
ec&

Moreover, T, is the complete triangulation if and only if A, = n.

Proof:

From Proposition 4.10 and Lemma 4.11, we deduce that min o(£1) = min{\r, ,n}.

Moreover, The Proposition 3.2 give an upper estimate of the lower spectrum of
L1
mino (L) < 2+mi§1\}“e|. (4.1)
ec

If mino(L£1) < nthen A7, = mino(L;). Then, the inegality (4.1) give an upper
estimate of the lower spectrum A7, acting as:

A7, <2+ min |[Fel.
ect

If mino(£1) =n alors Ay, >nand n <2+ mig |Fe|. Then the triangulation
ec
Ty is complete. By Proposition 4.10, A\, = n.
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Remark 4.14. In a homogeneous triangulation of a complete graph, we have always:

A7, =mino (£+ ) = mino(Ly).

1| ker(59)

FiGure 3. Tripartite of a triangulation.

Our goal now is to find the best estimate of the eigenvalue A7, when mi? | Fel| is large enough.
ec

Given T, a homogeneous triangulation of a complete graph, the Cheeger constant h(Ty,) is defined
as follows, see ([5], [16]):

o . n|F (Ao, A1, A2)|
M= min - = AT A
V= U A;

=0

where Ay, Ay, Ay are nonempty sets, considered as a partition of V, and F (A, A1,.A2) denotes
the set of the oriented faces with one vertex in each A;. It is clear that:

dx € V, such that Ve € €, z € F. = h(T,) # 0. (4.2)
Let Ap, A1 € V are two finite sets such that Ay N .A; = (), we define the set:
E(Ao, A1) :={ec&, {e,et}nAg#0and {e", e} NA £0}.
Theorem 4.15. If h(7,) # 0 holds, then the spectral gap satisfies the following upper estimate
AT, < (Th).
Proof:
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Set ‘Aoi Ay and Aj be a partition of V which realizes the minimum in h(7,). We
define ¥ = (A, A1, A2) € I?(€) by

Al if e € Ary X Arig
Ple) = —Ail if e€ Az X Az
0 else i.e. if e € A;, for all i € {0,1,2}

where 7 : Z — {0,1,2} is a map such that 7(i) =i+ 1 modulo 3. It is clear that
1 € ker(6°). Therefore, we have

(LFP, Degey = 1"l m
_ ~ - 2

1
=5 > ‘w(x,y) +(y, 2) + ¥(z,2)
(z,y,2)EF
= n?|F(Ag, A1, A2)|
and

- 1 -
182 = 5 D o)

eck
1
=3 (1€(Ao, A1) || A2|* + |E( A1, A2)||Ao|? + [E(Az, Ag)|A1]?)
= | Ao||Ar]|A2|* + | A1]| Az][Ao|* + | Az]| Aol A1
= |Ao||A1|| Az (| Ao| + |A1| + | A2])
= n|Ao|[A1]|Az|.
By the Rayleigh’s principle, we have:

L,
A, = mino (£} Lrd Yl

= inf < M(Tn)-
hker(cso)) PeCc(£)\{0} ||¢||122(5) =

A <2

5
A < 2
5 =3

Eri={e€& v e Fe}.
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Example 4.16. We consider the triangulation Ty = (K4, F) with V = {1,2,3,4} and F =
{(1,2,3),(1,2,4),(1,3,4)}. Then, we have h(Ty) = 2. Applying Theorem 4.15, we obtain that

Example 4.17. We consider the triangulation Ts = (K5, F) with V = {1,2,3,4,5} and F =

5
{(1,2,3),(1,2,4),(1,3,4),(1,2,5),(1,3,5),(1,4,5)}. Then, we have h(T5) = 3 Applying Theo-
rem 4.15, we obtain that

4.2.2. Lower estimates of spectral gap. First, we recall some lower estimates of the spectral gap
of Ly on connected graphs, see ([9],[14]). Our objective is to find a lower estimate of the spectral
gap At, from the second eigenvalue of Lg.

Let T = (V,&,F) be a finite triangulation and x € V. We define the set of edges &,:
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The graph X(x)

FIGURE 4. The associated graph K(x) of ver-
tex Xx.

Denote by K(z) := (Vy, &) the associated graph of the vertex x, where:
V. = {y € V; 3z € V such that (y,z2) € E}.

Remark 4.18. In a triangulation of a complete graph, the hypothesis (4.2) assures that, for all
ee€ &, Fo#0. And then, we have that for all x € V, V, = V\{xz}.

Theorem 4.19. Let T, be a homogeneous triangulation of a complete graph. Assume that, for
alle € &, Fe # 0, then
A7, > min (2)\1 (lC(ef)) — |.7-"e|) .

ec&
Proof:
Given ¢ € ker(6°) an eigenfunction associated of A7, such that lellize = 1.
Then, we have

AT, = (Lo, 00
= 5 3 0() X (ple) + ple, ) + ol 7))

eel rzeFe

= LRI+ 5 A0 X () ol

ec& ec& rEFe

- %Z\]—HapQ(e) +) ole) (Z 90(€+73?)> :

ec& ec& zEFe
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For each vertex = € V, we can define on V, the function f;(y) := ¢(z,y).
Then, we have f,(y) = —fy(z), for all (z,y) € £. Next, we have

I=Y > wle)ple

eV eeé'x

=X > > elepta)

€V YV ecyet =y

= Z Z Z fe—(6+)fe+(x)

€V YV e€€p,et=y

=3 > fv) ( > fy(2)>

zeV yeV, 2€F (2,y)
zeV yeV, 2€F (2,y)

+ZZfz ( Z fy +fy )+fx(2))
eV yeV, 2€F (z,y)

Thus,

= (Lov, for fa)p(v,) — 20dege, ey + D > foly ( > £y(2) + fal )) :

z€YV zeV YyeV, 2€F (2,y)

J

Since £ is the set oriented edges, we have

S swyea= Y e@y)ey2)

TEV YEVy 2€F (4 4 (z,y,2)EF
> el y)e(,2)
(zy,2)EF

Then J = 0. On other hand, we have

peker(®) =>vVreV, f, L1
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Applying the Min-Max principle, we obtain that

A'Tn > Z )\1 ’fz”p(yx <d€g<9907 90>l2(5)
eV

=Y k@) [ X 20| -5 D IEE

oy yEV, eef
= SN KE) ~ IEDEE)
ecé
> miy (20 (K (7)) ~ |7])

g

Remark 4.20. This theorem is interesting in the case of triangulations of a complete graph
where its sub-graphs (K(x))zcy are connected in such a way that we have mi\r)l A (K(z)) #0. To
xe

ensure this assumption, we should take triangulations with a large number of triangular faces.

The next result is obtained from the lower estimate of the spectral gap of the discrete Laplacian
Ly, see [8] and [9].

Corollary 4.21. Let T, be a homogeneous triangulation of a complete graph. Assume that for

alle € &, Fo # 0, then
h?(K(e7))
> — 2 | F .
AT, 2 i ( d | e‘)

with for all x € V, d; = maxdeg(y).
YEVs
Proof:

Let ¢ € ker(6?) an eigenfunction of A7, such that [|¢[|;2(¢ = 1. Using Theorem
4.19, we obtain that

M, 2 mig (20 (K(e7)) — | o)

> min <h2(’§(_6_)) - ym) .

e

g

Example 4.22. We consider the triangulation Ty = (K5, F) with V = {1,2,3,4,5} and F =
{(1,2,3),(1,2,5),(1,3,4),(1,4,5),(2,3,4),(2,4,5)}. Using Theorem 4.19, we obtain that:

A > 2A1(Cy) —2=2x2—-2=2.

Example 4.23. We consider the triangulation Tg = (K¢, F) wzt =
‘F = {(17273)’ (17276)’(17374)7(1’475)7(175’6)7(2’3’5)7(274’5)’( ) (
ing Theorem 4.19, we obtain that:

ATe > 2A1(C5) — 2 ~ 2 x 1.3819 — 2 = 0.7639.

{1,2,3,4 56} and
4,6),(3,5,6)}. Us-
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- oo

1 3 1 3
i | l

[
o~ e

(=

e~

~

[

~

e~

~

FI1GURE 5. The sub-graphs of the triangula-

tion 75
2 1 1 1 ! 1
O 6 3 O O O O
’ ! ’ 4 > 4 5 3 i 3 q 3
ﬂ((l)=C5 17((2)=C5 A7<(3)=C5 LK(4)=C5 K(5)=C5 K(6)=C5

FIGURE 6. The sub-graphs of the triangula-
tion Tg

The spectral gap of a discrete graph is a monotonously increasing function of the set of edges.
In other words, adding an edge always increases of the second eigenvalue or keeps it unchanged,
provided that we have the same set of vertices, see [15].

Proposition 4.24. Let K be a connected graph and let K be a graph obtained from K by adding
one edge between two vertices. Then the following hold:

AL(K) < M (K.
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Example 4.25. We consider the triangulation 7}: = (K5, F) with V = {1,2,3,4,5} and F =
{(1,2,3), (1,2,5), (1,3,4), (1,3,5), (1,4,5), (2,3,4), (2,4,5). (3,4,5)}. Using Proposition 4.24, we
obtain that ._nllin5)\1(lC(i)) = A\ (C4) = 2. By Theorem 4.19, we have:

=1,...,

)\7—5/ 22)\1(C4)—3:2X2—3:1.

! 3 33 1 )3

FiGure 7. The sub-graphs of the triangula-

tion 7;
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