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CONNECTED PERIMETER OF PLANAR SETS

FRANCOIS DAYRENS, SIMON MASNOU, MATTEO NOVAGA, AND MARCO POZZETTA

ABSTRACT. We introduce a notion of connected perimeter for planar sets defined as the lower semi-
continuous envelope of perimeters of approximating sets which are measure-theoretically connected. A
companion notion of simply connected perimeter is also studied. We prove a representation formula
which links the connected perimeter, the classical perimeter, and the length of suitable Steiner trees.
We also discuss the application of this notion to the existence of solutions to a nonlocal minimization
problem with connectedness constraint.
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1. INTRODUCTION

Various problems in biology, physics, engineering, image processing, or computer graphics can be
modeled as shape optimization problems whose solutions are connected sets which minimize a specific
geometric energy. Typical examples are three-dimensional red blood cells whose boundaries minimize
the second-order Helfrich energy [15], two-dimensional soap films which are connected solutions to
the Plateau problem, conducting liquid drops which minimize a non-local perimeter [11], or one-
dimensional compact connected sets which have minimal length and contain a given compact set, i.e.,
solutions to the so-called Steiner problem [10, 14].

This paper is devoted to the case where the sets are planar and the geometric energy is a suitable
relaxation of the perimeter of a set. A convenient notion of perimeter in a variational context is
the well-known Caccioppoli’s perimeter (see for instance [1]), which can be defined for sets whose
characteristic function is only locally integrable, and it is finite on the so-called finite perimeter sets.
The classical topological notion of connectedness is not appropriate in this generality because adding
or removing Lebesgue-negligible sets may change the connectedness of a set without changing its
perimeter. To circumvent this problem, a notion of measure-theoretic connectedness (and simple
connectedness) for sets of finite perimeter has been introduced in [2]. The purpose of this paper is to
study a L'-relazed connected perimeter, i.e., a suitable notion of perimeter for planar sets which are
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L'-limits of measure-theoretically connected sets. As will be clear later, there is a strong connection
between this notion of connected perimeter and the Steiner problem.

To the best of our knowledge, this is the first contribution proposing a theoretical characterization
of connected perimeter. However, motivated by the numerical applications, there have been several
contributions on the approximation of such perimeter, or on the approximation of other (sometimes
higher-order) related energies, see for instance [5, 6, 7, 3, 4].

We will constantly use in this work the notion of set of finite perimeter and its main properties, for
which we refer to [1]. In Subsection 2.2 we recall the definitions and the results we will need about the
concepts of indecomposable and simple set; roughly speaking these are the analogues in the context of
sets of finite perimeter of the notions of connected and simply connected set. Once these definitions
are stated, we can introduce the following notion of perimeter. If E C R? is measurable, we set

P(E) if E is indecomposable,
400 otherwise,

P(E if F is simple,
) Py(E) = { (E) simp
+00 otherwise.

We deduce by relaxation the connected perimeter of a set E:

(3) Pc(E) = inf {lim inf Po(E,) : E, — E in Ll} ,

n—-+4o0o

and its simply connected perimeter:
(4) Ps(E) = inf {lim inf Ps(E,) : E, — E in Ll} :
n—-+00

where E, — F in L' means the convergence in L! of the associated characteristic functions.
By the lower semi-continuity of Caccioppoli’s perimeter, we obviously have that Po(E) = P(E) if
E is indecomposable, and Ps(E) = Pg(F) if E is simple.

The analog of Po and Pg for smooth sets in the classical framework of connectedness are defined
as follows: if E C R? is measurable, we set

(5) PL(E) = {

P(E) if E is smooth and connected,

400 otherwise,

P(E) if E is smooth and simply connected,

+00 otherwise.

(6) Ps(E) = {

The associated L'-relaxed functionals are denoted as P_g and P_g, respectively. The first result we will
prove is the following identification theorem:

Theorem 1.1. Let E C R? be an essentially bounded set with finite perimeter, i.e., there exists some
L2-negligible set A such that F \ A is bounded. Then

i) if E is simple, there exists a sequence E,, of smooth simply connected sets such that F,, — E and
P(E,) — P(E),

ii) if E is indecomposable, there exists a sequence E, of smooth connected sets such that E,, — FE
and P(E,) — P(E).

In particular it holds that

(7) FL(E) = Po(E), P3(E) = Ps(E).
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Our main result concerns a characterization of the connected and simply connected perimeters Pc,
Ps for any set E C R? such that H{(OEAJ*E) = 0, where 0*F is the reduced boundary of E [1].
For such a set E, St(F) is defined as the Steiner length of E1, ie., the length of a minimal 1-set
connecting all parts of BT (the closure of the set of points with unit £2-density with respect to E).
Similarly St.(F) denotes the Steiner length of E9. Our main result is the following:

Theorem 4.1. Let E C R? be an essentially bounded set with finite perimeter such that OE =
0*E U X with H}(X) = 0. We have

Po(E) = P(E) + 254(E),

Ps(E) = P(E) + 2St(E) + 2St.(E).

We leave for future work an extension of this result to higher dimension (which would require replacing
simply connected sets by contractible sets).

The organization of the paper is the following: in Section 2 we recall the basic notions and results
about indecomposable and simple sets; we also prove some technical lemmas that we will use in the
sequel. In Section 3 we prove Theorem 1.1. Section 4 is devoted to the proof of Theorem 4.1. Finally
in Section 5 we discuss an application of the functionals Pr, Py to existence issues for a nonlocal
minimization problem.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Notation. Let E, F be Borel sets of R?, we introduce the following notations:
o Ns(E)={z €R? | d(z,E) < 4} for any § > 0.
e |F| is the Lebesgue measure of E.
H¥(E) is the k-dimensional Hausdorff measure of E.
LF is the k-dimensional Lebesgue measure.
dy is the Hausdorfl distance.
E = F mod v if v is a positive measure and v(FAF) = 0, where EAF is the symmetric
difference between E and F), that is, EAF = (E\ F)U (F \ E).

e E'is the set of points of F with a density equal to t, i.e.,
ENB
E'={zcR?| lim EO B @)
r=0  |By(z)|

where B, (x) is the open ball with center x and radius 7.
e (7) is the image of a curve v : [a,b] — R2.
o OF, E and E are the classical topological boundary, interior and closure of E, respectively.
O0*E :=R?\ (E°U E') is the essential boundary of E.
|pe| is the total variation measure of a Radon measure u.
Dx g is the gradient measure of a characteristic function yg € BV.
FFE is the reduced boundary of a set of finite perimeter F, i.e.,

FE = {x € R? | Jup(a) = }%% E Sl}

§A is the cardinality of a set A.
Ind, () for 7 : [a,b] — R? a closed curve and z ¢ (7) is the index of = with respect to 7.
A ~ B means that A and B are homeomorphic.
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2.2. Connectedness for sets of finite perimeter. A theory of measure-theoretic connectedness for
sets of finite perimeter was developed thoroughly in [2]. We recall some useful facts for the particular
case of planar sets.

Definition 2.1. Let £ C R? be a set with finite perimeter. We say E is decomposable if there exist
two measurable non negligible sets A and B such that

E=AUB and  P(E)= P(A)+ P(B).
We say that a set is indecomposable if it is not decomposable.
Remark 2.2. An open connected set F with H!'(OF) < +o0 is indecomposable.
The following decomposition result holds:

Theorem 2.3 (Decomposition Theorem [2]). Let E C R? be a set of finite perimeter. There exists a
unique family of sets (E;)icr with I at most countable such that

i) |Ei| >0,

ii) P(E) = ¥,c; P(E),

iti) H' (E*\ U, EY) =0,

iv) E; is indecomposable and mazimal, i.e., for all indecomposable set F' C E, there exists i € I such
that F' C E;.

The sets E; in Theorem 2.3 are called the M-connected components of E.

Definition 2.4. Let E C R? be a set with finite perimeter.
i) If E is indecomposable then a hole of E is a M-connected component of R?\ E with finite measure.
ii) If F is indecomposable then the saturation of E, denoted sat(E), is the union of E and its holes.
iii) If E is decomposable then its saturation sat(E) is given by the union of the saturation of its
M-connected components F;, i.e.,

sat(E) = U sat(E;).

iel

iv) E is called saturated if E = sat(E).
v) E is called simple if it is saturated and indecomposable.
vi) if |E| < +o0, the unique M-connected component of R? \ E with infinite measure is the exterior
ext(E) of E.

Definition 2.5. A subset J of R? is a Jordan boundary if there exists a simple set E such that
J = 0*E mod H'. Such a set E is necessarily unique mod £2, E is called the interior of J, and it is
denoted by int(.J).

The following result describes the decomposition of the reduced boundary of a set of finite perimeter
in terms of a collection of nested external Jordan boundaries J;r and internal Jordan boundaries J;
(see Figure 1). In order to simplify the statement, the class of Jordan boundaries is enlarged by intro-
ducing a formal Jordan boundary J., whose interior is R? and another formal Jordan boundary Jy
whose interior is empty. We also set H!(J) = H1(Jy) = 0. We will denote by S this extended class
of Jordan boundaries. This allows to consider sets with finite and infinite measure and we can always
assume that the list of components (or holes of the components) given by the following theorem is
infinite, possibly adding to it infinitely many int(Jp).

With such definitions, Theorem 2.3 can be refined in the following way.

Theorem 2.6 (Boundary decomposition [2]). Let E C R? be a set of finite perimeter. Then there
exists a unique decomposition mod H' of 0*E into Jordan boundaries

(8) {J;t,J, |i,keN}CS
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with possibly HI(J]i) =0, i.e., int(in) =0 or R? mod H' such that:

i) int(J;") and int(JJT") are either disjoint or one subset of the other.

i) int(Jy, ) and int(J;) are either disjoint or one subset of the other.

iii) For all k there exists i such that int(J, ) C int(J;").

) If int(Jf) C int(J;") for some i # j then there exists k such that int(Jf) Cint(J) Cint(J).
v) If int(J;") Cint(J,) for some j # k then there exists i such that int(J;") C int(J;) Cint(Jy).
w) P(E) = X, 1 (TF) + 50, HA(TE).

vii) for all i, we denote L; = {k | int(J, ) C int(J})} and

Y; = int(J;)\ | int(J}).
keL;

The sets (Y;); are pairwise disjoint and indecomposable and E =, Y; mod L2,

FIGURE 1. Decomposition of the boundary of a finite perimeter set in R? using Jordan
boundaries (i.e., boundaries of simple sets) denoted as in Theorem 2.6.

Proposition 2.7 (Boundary of a simple planar set, [2]). Let E C R? be a simple set with 0 < |E| <
+00. Then there exists a Jordan curve I' such that 0*E =T mod H'. Moreover, T admits a Lipschitz
parametrization and P(E) = H(T).

Remark 2.8. From Proposition 2.7 we see that the Jordan boundaries given in Theorem 2.6 can be
parametrized by Lipschitz Jordan curves (i.e., Jordan curves which admit Lipschitz parameterizations).
Moreover, if F is simple then the family in (8) is reduced to only one nontrivial curve Ja‘ .

Remark 2.9. If F is a set of finite perimeter, it holds that
9) E indecomposable, |E| < +00 = E essentially bounded.

In fact, letting F' = sat(F), we have from [2] that F' is simple. Since |E| < 400, by definition of
saturation we have that the exterior ext(E) is disjoint mod £2 from F. Hence |F| < 400, thus F is
equivalent to int(I") for a Lipschitz Jordan curve I', then F' is essentially bounded. Since E C F', the
set F is essentially bounded as well.

Remark 2.10. We recall that if £ C R? is a set of finite perimeter such that 0F = FE mod H!,
then

(10) E'=FE mod H', E°=R?*\E mod H'.

We finish this part with some consequences we will need in the sequel.
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Lemma 2.11. Let E C R? be a set of finite perimeter with 0 < |E| < 4oo. Suppose that E is
indecomposable, then E is essentially bounded and in the notation of Theorem 2.6 it holds that

1) {(JFhen={JF}, Vi int(J7) Cint(Jy),  Vi#k: |int(J7)Nint(J;)| =0

up to relabeling and dropping curves J]i with \mt(JJi)\ = 0. In particular E = Yy = int(J;") \
Ugint(J;") mod L.

Proof. Let {JZjE : i € N} be the family of Jordan boundaries given by Theorem 2.6. Up to dropping
a subfamily of such curves, we can assume |int(J:")| > 0 that for any i. Then for any J:= there exist
finitely many indexes j such that int(Jl-i) - int(in), in fact by isoperimetric inequality for any such
7 we have ’Hl(in) > (C(i) > 0 and E has finite perimeter. Therefore, using also property iii) of
Theorem 2.6, there exists at least a curve J;g such that int(J;; ) is maximal with respect to inclusion.
For any k # iy the sets int(J;(;) and int(J,") are either disjoint or one subset of the other mod £2.
Being E indecomposable and since int(J;g ) is maximal with respect to inclusion, we conclude that
any set int(.J;') is contained in mt(JZ'g) From now on we relabel Ji'g into Jg".

Now if there exists a curve J,j #* JSL , by property iv) of Theorem 2.6 we would get some .J  such
that the set (int(Jy) \ int(J;)) U int(J;") is decomposable, which contradicts the fact that E is
indecomposable. Therefore {J;" };en is the singleton {J;}.

Finally by property v) of Theorem 2.6 we get that |int(J;”) Nint(J, )| = 0 for any i # k. O

Lemma 2.12. Suppose E C R? is indecomposable with 0 < |E| < 4+o00. Suppose also that the family of
Jordan curves {JOJF, J;} with non-trivial interior given by Lemma 2.11 is finite. Then E is essentially
bounded and

(12) E= {p eR*\ (JH) Ui (J;)) | IndJJp + Zlnd‘]fp =1 mod 2} mod H?.

In particular E is equivalent to an open set. Moreover, using the representative of E in (12), we have
that

(13) P(E) = H'(9E).
Proof. Denoting by JilL also a constant velocity Lipschitz parametrization of (Jli) for any ¢ > 0, one

has that the set {p € R?\ (J) |Ind ;+(p) = 1 mod 2} is a representative for int(JF). Hence writing

E =int(Jy) \ Uis1int(J; ) by Lemma 2.11, using also Remark 2.10, (12) immediately follows.

Now we observe that, using the notation of Lemma 2.11, we have that #!((J;) N (J;)) = 0 for
any i # k. In fact if by contradiction we assume that H!((J;) N (J,)) > 0 for some i # k, since
under our hypotheses the holes are simple sets, we would have from [2] that U = int(J; ) U int(J, )
is indecomposable (hence M-connected). Thus U would be a hole of E, but this contradicts the
uniqueness of the decomposition of Theorem 2.6. Similarly we conclude that H!((J;") N (Jg)) = 0.
Then we can use Lemma 2.8 in [16] to get that

HWFE=H'LJf +> H'LJT =H'L <JJUUJi>.

Since Jy U, J; is closed, it coincides with OF, and hence we have H!(FE) = P(E) = H'(9E). O
Lemma 2.13. Suppose E C R? is indecomposable with 0 < |E| < +oc. Then
(14) 2diam E' < P(E).

Proof. By Lemma 2.11 we can write E = int(J;") \ Usint(J; ). We know from [2] that the set
F = sat(E) is simple, so we can identify it with int(I") for a Jordan Lipschitz curve I' with P(F) =
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HYT). Also int(T) = {p € R2\T'| Indrp = 1}. By construction I' = J;, thus we have that
diam E' = diam F'! = diam F and for any = # y with x,y € F it holds that

P(E) > P(F) =H\T) > 2|z — y|.
Passing to the supremum on x # y with x,y € F' we get the estimate. O

For the convenience of the reader, we finally recall here a useful result.

Theorem 2.14 ([17]). Let Y be an open bounded set in R such that P(Y) = HY=Y(AY). Then for
every 6 > 0 there exists a smooth set Yy satisfying:

i) Y5 CY,

) Y\ Y5 C N3(0Y) N A3(8Y5),

iii) P(Ys) < P(Y) + 4,

with N5(A) = {x € R? | d(x, A) < 6} for any set A.

Remark 2.15. As long as a finite perimeter set E is equivalent to an open set Y satisfying P(Y') =
Hdil(aY), then Theorem 2.14 is applicable. In particular one can apply Theorem 2.14 in any of the
following cases:

i) E simple with |E| < 400 (by Proposition 2.7),

ii) E indecomposable with |E| < 400 with a finite number of holes (by Lemma 2.12).

2.3. The Steiner problem. We provide some basic definitions and results that we will use in the
sequel.

Definition 2.16. Let K be a compact subset of R2. The Steiner problem associated with K is the
optimization problem

(15) o(K) = min{H'(S), KUS is connected}.
o(K) is called the Steiner length of K.

It must be emphasized that the infimum in (15) is a minimum. We collect below some definitions and
qualitative properties of the solutions to the Steiner problem, see [14] .

Definition 2.17. We say that S C R? is a tree if S is an unoriented planar graph without loops
composed of a set V of vertices and a set A of disjoint segments with endpoints in V. The degree of
a vertex v € V is the number of edges incident to v (possibly equal to +00).

A vertex with degree 1 is called endpoint. A vertex with degree > 1 is called branching point. A vertex
with degree 3 is called triple joint.

The set S is a finite tree if V is finite (i.e., S has a finite number of connected components and
branching points).

We recall the following results which have been proved in [14, Theorems 5.1, 7.6, 7.4, 7.3].

Theorem 2.18. Let K C R? be a compact set and let S be a minimizer of (15) such that H'(S) < +oo.
Then

i) KUS is compact,

i) S\ K has at most countably many connected components and each of them has positive H' measure,
iii) S contains no loops,

iv) the (topological) closure of every connected component of S is a tree with endpoints on K, with at
most one endpoint on each connected component of K,

v) S\ N:(K) is a finite tree for almost every e > 0,

vi) if K is finite, then S is a finite tree and every vertex is either a point of K or a triple joint.

Definition 2.19. Let E be an essentially bounded set of finite perimeter in R? such that OF =
0*E mod H!. Let S be a Steiner tree for E1 and S¢ a Steiner tree for E0. We denote St(E) = H(S)
and St.(E) = H(5°).
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Remark 2.20. Since in the above definition the set EO is not compact, the Steiner problem on EO is
defined on the compact set Br(0) N EY for R sufficiently large so that |E'\ Br(0)| = 0. The quantity
2

Ste(F) is clearly independent of the choice of any such R.

3. EQUIVALENCE OF THE RELAXATIONS

Recalling the definitions seen in the introduction of Po, Pp, Ps, Pg, and their associated L-
relaxations, we now prove the following result:

Theorem 3.1. Let E C R? be an essentially bounded set with finite perimeter. It holds that
(16) PL(E) = Po(E), P§(E) = Ps(E).

Proof. Let us start by proving that P_g(E) = Ps(E). By a diagonal argument it is enough to prove
that given a simple set E, we can approximate F in the L' sense with a sequence of simply connected
smooth sets with perimeter converging to P(E).

So let E be a simple set. We can identify E with the open set int(J") where J* denotes the Jordan
boundary of E, which is a Lipschitz curve with #!(J*) = P(E). By Theorem 2.14 and Remark 2.15
there exists a sequence E. of smooth set such that P(E.) < P(E)+e. Also E\ E. C N.(0E)NN(OE.)
and FE is simple, then the boundary of any connected component of E. is contained in N(OF). Then
there exists a connected component E’E of E. such that

E\N.(OF) C E..

The set F. = sat(E.) is a smooth and simply connected set contained in E with dF. C N.(dE). We
have
P(F.) < P(E.) < P(E)+e¢
and
EAF, C N.(OF).

Since by Lemma 2.12 we have that OF = 9*E mod H! is rectifiable, using Theorem 3.2.39 in [8] we
get

L INB)

e—0 2e
and then F. — F in L'. By the lower semicontinuity of the perimeter we obtain P(F.) — P(E).

We follow a similar strategy in the case of Po. The goal is still to approximate an indecomposable set
E with smooth connected sets having perimeter converging to P(E). In the notation of Lemma 2.11
we can identify E with

%\Un.

Jje€J

The sets Yp, T are simple, bounded, and open for any j. Let € > 0, we define:
i) Je={j€eJ| |Tj|>5}'
ii) Yy is an approximation from outside of Yy constructed as follows. As Y} is bounded and simple,
we can approximate its complement set in some large ball and then perform the approximation from
within of such complement as given by Theorem 2.14 with § = ¢ (see also Remark 2.15). Adding the
complement of the ball, we obtain a smooth set 37075. Taking Yp . = R? \Yo,g, it holds that

a) Yo C Yo,

b) Y075 \ Yy C N(S(aYO) N N5(3Y075),

c) P(Yoe) < P(Yp) +e.
ili) T}, the approximation from within given by Theorem 2.14 together with Remark 2.15 of T with
§=¢e?for j € J..
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iv) E. =Y \ UjeJE Tje.
Since T; C Yy for any j and the T}’s are essentially disjoint, we have that

et(Je) < D Vil < DYl < [Yal.
Jj€Je JjeJ
Since |Yp| = |sat(E)| < 400, we get that ef(J:) < |sat(E)| < 4o0.
By the same argument used for Pg, we may assume that Yy ., T} . are smooth simple sets. Hence F.
is smooth and connected. We have that

P(Ee) P(YO,e) + ZjeJE P(Tjﬁ)
P(Yo) +e+ X ey (P(Ty) +¢€%)
(17) (Yo) + e+ Ziejg P(Y]) + 5211(!]5)
(Yo) +e+2 e, P(Y)) + e%4(Jc)
(E) + e +%(J.).

INIAIN TN IA
aeBacle

Therefore limsup,_,o P(E;) < P(E). Also
(18) |EAE.| = [Yor \ Yol + > [T+ D ITj\ Tyl
JEI\Je A

where the first term comes from the approximation from outside of sat(E) = Yy, the second from the
filled small holes, and the third from the approximation of remaining holes from inside. As )’ A |75

is a rest of the absolutely converging series } ¢ ; |Tj| < [Yo[, we have that > . 5\ ; [Tj] — 0 ase — 0.
Also Yy, \Yo| < |N:(0Y))| < 4eP(E) for € small enough by Theorem 3.2.39 in [8]. Then |Yp . \Yp| — 0
when € — 0.
Analogously for all j € J. we have

ITj\ Tjel < INZ(OT))| < € P(E)

for € small enough depending on j. Moreover 3 ;. ; [Tj\T}| < |sat(E)| < +oo then limsup, o ;c; |75\
Tj | < 4+00. We denote ¢, a subsequence such that

lmsup 3 [T\ Tjel = lim > T3\ T |
J€Je JEJeh
Since |Tj \ Tj.| — 0 for any j, we have that for all 7 > 0 there exists H > 0 such that for all h > H,
ZjeJEh\JEH |T; \ Tje,| <n/2. The set J.,, is finite and J.,, C Jg,, then for h large enough

ho
Y T\ Tjey| < 4782, ) P(E) < 4t (e, ) P(E).
j€dey
Choosing h large enough so that 4§(.J;, )e2 P(E) < 1/2 we obtain
YT\ Tel < D0 T\ Tiel+ D T\ Tje,l <.
jede, jedey j€dep\Jepy
Then
limsup 3 [T\ Tyl = tim D [T\ Tje,| <11
Jj€Je Jerh
Thus, taking n — 0, we have
; T\ Tjel —5 0.
] €
Recalling (18) we conclude that
|E.AE| — 0.
e—0
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By (17) and by lower semicontinuity of the perimeter we have that
P(E.) — P(E).
(E:) — P(E)
By a diagonal argument this completes the proof. ([l
From the previous proof we remark that the following approximation results hold.

Proposition 3.2. Let E C R? be an essentially bounded set with finite perimeter. Then

i) if E is simple, there exists a sequence E, of smooth simply connected sets such that E, — E and
P(E,) — P(E),

i1) if E is indecomposable, there exists a sequence E,, of smooth connected sets such that E,, — E and

P(E,) — P(E).
Putting together Proposition 3.2 with Theorem 3.1, the proof of Theorem 1.1 is completed.

4. REPRESENTATION FORMULAS

Recalling the definitions of St and St. given in Definition 2.19, we now prove the main result of this
paper.

Theorem 4.1. Let E C R? be an essentially bounded set with finite perimeter satisfying OE =
O*E mod H'. We have

(19) Po(E) = P(E) +2SH(E),
(20) Ps(E) = P(E) + 2St(E) + 2St.(E).

Proof. The proof follows immediately from Propositions 4.2, 4.9, 4.10, and 4.11, which will be proved
in the following subsections. O

4.1. Lim inf inequality.

Proposition 4.2. Let E be an essentially bounded set of finite perimeter satisfying OF = 0*E mod H'.
Suppose that E,, is a sequence of sets of finite perimeter converging to E in L'. Then

(21) P(E) + 281(E) < liminf Po(E,),

(22) P(E) + 2St(F) + 25t.(E) < liminf Pg(E),).
n
The proof of Proposition 4.2 contains some technical lemmas which are proved in the sequel.

Proof. We start by proving (22). Without loss of generality assume that sup,, Ps(E,) < 400 and
liminf,, Ps(E,) = lim, Ps(E,) < +oco. Let v, : [0,1] — R? be Lipschitz Jordan curves such that
H ((v,)AO*E,) = 0. Since Ps(E,) is uniformly bounded, all E, are simple sets, thus essentially
bounded by Remark 2.9. Since they converge in L' to E which is essentially bounded, they are
essentially uniformly bounded. Hence the curves <, are uniformly bounded. The uniform bound
on H!'(vy,) implies the equicontinuity of the family of curves. Thus, by Ascoli-Arzela Theorem, the
sequence vy, converges uniformly up to subsequence to some Lipschitz curve ~.

We define the multiplicity function

0:R?* - NU{+oc} 0(z) = (v 1 (x)).
By the area formula it follows that 6 is finite H'-ae on R?.

Lemma 4.3. Let E, E,,~, v, be as in the proof of (22). Suppose v(t) = x € R, v is differentiable at
t, and |B,(z) N E| =0 for some r > 0. Then 0(x) > 2.
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Lemma 4.3 implies that 6(z) > 2 at H!'-almost every = € (v) \ 9*E.

In fact let y(t) = z € (y) \ O*E. Up to a H!l-negligible set, the curve « is differentiable at such ¢ and
z€(y)\OE. Soz € EU(R2\ E). If 2 € R?\ E the hypotheses of Lemma 4.3 are satisfies and then
O(x)>2. Ifzx e E one just applies an analogous argument to the set R2 \ E in place of E.

Also we notice that if z € 9*E, then 6(x) > 1.

In fact we can prove that R?\ (y) € E' U E?. Indeed if x € R?\ (v), by uniform convergence
r € R%\ (7,) for n large, and then there exists r > 0 such that either

| Br(z) N Ey| —1
| By ()]
for all large n, or
|Br(z) N Ey| 0
| By ()]

for all large n. Passing to the limit first in n and then in » \, 0 we see that € E' U E°.

By the uniform Lipschitz bound on 7, we get that the sequence of derivatives +/, is uniformly bounded
in L' N L> and equi-integrable, then, by Dunford-Pettis Theorem, up to subsequence we have that

limninf Ps(E,) = 1imninfL(7n) > L(vy) = /[R2 0(z)dH  (x) =

= [ O@)dH'(x)+ | O(z)dH ' (z)+ O(x) dH (z) >
EO© El O*E

2/ 2d%1(m)+/ 2d%1(x)+/ 1dH Y (z) =
(MNE° (mnE! IE

=21 () NE°) + 21" ((v) N E') + P(E) =

=2H!((7) N (R*\ E)) + 2H' () N E) + P(E),

where in the last equality we used Remark 2.10.

Lemma 4.4. Let E, E,,~, v, be as in the proof of (22). Both the sets ((y) N (R? \ E)) UE! and
()N E) U EC are equivalent mod H' to connected sets.

By Lemma 4.4, up to H'-negligible sets, the set ((7) N(R? \E)) is a competitor for the Steiner problem

with datum ET. Hence H'((7) N (R?\ E)) > St(E). Analogously H!((v) N E) > St.(F). Hence (23)
implies (22).

Now we prove (21). Without loss of generality assume that liminf,, Po(E,,) = lim,, Po(E),) < +oo.
Each FE, is indecomposable and by Theorem 2.6 there exist at most countably many Lipschitz Jordan
curves v : [0,1] — R? such that Y, L(y,:) = P(E,) and Lip(y,;) = L(yn:) < C, where L(v,,) is
the length of 7, ;. By Lemma 2.13 one gets that the sets E,, are uniformly essentially bounded. By
Lemma 2.12, up to relabeling we can assume that 7, o is such that sat(E,) = int(y,0) mod £2, and
L(Vn,i) > L(Vn,it1) for any i > 1.

Up to subsequence and a diagonal argument we can assume that v,; — ~; as n — oo uniformly.
Then we denote (I',)) = U;i(yn,:) and (I') = U;(7;). Arguing as in the case of Pg we have that
liminf, L(yy:) > L(v;) for any i. By Fatou’s Lemma we have that

liminf Po(E),) = liminf P(E,) = lim infz L(vni) > Zlim inf L(yy,,:) > Z L(v).

As before, we define a multiplicity function 6 : R? - NU {+oc} as 0 =, 6; with
0; : R* = NU {+o0} 0:(z) = 4(v; ' (2)).
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Observe that L(y;) = [go i dH', >0, L(7i) = [ge 0 dH', and the multiplicity functions 6;,6 are finite
H'-ae. Arguing as before we want to use the following result.

Lemma 4.5. Let E, E,,v;,Vn,i be as in the proof of (21). Suppose that for some i we have that
7i(t) = = € R2, v; is differentiable at t, |B.(x) N E| = 0 for some r > 0, and L(y;) > 0. Then
O(x) > 2.

As in the case of Pg, Lemma 4.5 implies that §(x) > 2 at H'-ae x € (I') \ 0*F

In fact, since we have only countably many curves, then H*(U;{(7y;) | L(v;) = 0}) = 0. Hence H!-ae
xz € (I') \ 9*F belongs to a curve (y;) with L(;) > 0. Therefore one applies Lemma 4.5 with such ~;
exactly as in the above case of Pg.

Also, it holds the following result.

Lemma 4.6. Let E, E,,, i, yn: be as in the proof of (21). Then for H!-ae point x € O*E it holds that
O(x) > 1.

Therefore, arguing like in (23), one gets

liminf Po(E,) > | 6(x)dH(z) > P(E) + 2H! ((r) N (R2\ E)).
n R2
By an argument analogous to the one in Lemma 4.4, we get that ((F N (R?\ E)) U E1 is equiva-
lent mod H! to a connected set. Hence H!'((T') N (R?\ E)) > St(E), and thus P(E) + 2St(E) <
liminf, o Po(Ey).
O

We conclude this part by proving the lemmas used in the proof of Proposition 4.2.

Proof of Lemma 4.3. Let us reparametrize v so that v : [-1/2,1/2] — R2, ¢ = 0, and without loss of
generality = = 0. Let 6 > 0 be small enough such that v|_55 C B(z) is the graph of a L-Lipschitz
function over its tangent. For ¢ > 0 we define (see also Figure 2):

i) A= {(.%'1,.%’2) S R? : ’1‘1’ < 5, ’1‘2‘ < L\xll},

ii) A. = N-(4).

For all s € [—0,0], we have y(s) € A. Let us choose 0 < ¢ < r small enough such that B.(v(-9)),
B.(v(9)) and B(x) are pairwise disjoint. As =y, converges uniformly to -, there exists ng such that
for all n > nyg, for all s € [—0, ], we have ,(s) € A..

We claim that for all N > ng there exist n. > N and s. € [—1/2,1/2] \ (=0, ) such that

(24) |7ng (56) - x| < 2e.

By virtue of this claim, for ¢ — 0 we can see that s. converges to some s € [—1/2,1/2] \ (—6,6) and
ne — +00. By uniform convergence we have v,,_(s:) = v(s) and v(s) = = by (24). So v(0) = y(s) =z
and s # 0, thus 0(x) > 2

Thus we are left to prove the above claim. Suppose by contradiction that for all n > ng for all

€ [-1/2,1/2] \ (—0,6) we have that
Tn(s) & Bac ().

Let C. = Bg.(z)\ A: and denote CF and C< its two connected components. Since 7, is a closed curve
and for n > ng it holds that v,|[_ss C Ae, then either C or C is contained in int(y,) = E, mod L.
Therefore

1
|En N By (z)| > §|C€|

for n > ng, but this contradicts the hypotheses.
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FIGURE 2. Sketch of the construction in the proof of Lemma 4.3.

Proof of Lemma 4.4. Without loss of generality we can identify E,, = int(y,) = {z € R*\(y) | Ind,,z =
1} and we let int(y) = {x € R?\ () | Ind,z =1 mod 2}. Since E, U (y,) — int(y)U(vy) in Hausdorff
distance and E,, U () is connected then, by a simple application of Golab theorem, int(y) U (v) is
connected as well.

Step 1: int(y) U (v) and E U (y) are equivalent mod H'.
We first prove int(y) U (y) C EU () up to a H!l-negligible set. If x € int(v) then, for 7 small and n
large enough we have that
|En N Br(z)] -1
| B ()] ’

then z € E! = E mod H'. So int(y) U (y) C EU () up to a H'-negligible set. Second, we prove
that (EU (7)) \ (int(y) U (7)) is H'-negligible. Indeed if z € (EU (7)) \ (int(y) U (7)) then z ¢ E,
otherwise if B,(z) C E, then B,(z) C E, mod £? for n large and eventually = € int(y). So we got
that x € OE. Since 0*F C () as a consequence of Lemma 4.3, we have x ¢ 0*E. Soz € OE \ 0*FE,
which is H!-negligible.

Step 2: EU (v) and ((y) N (R?\ E)) U ET are equivalent mod H'.

We first notice that 9*E = §*E' c dE' C E1, then E' UO*E C EL.

a)Let € EU (7).
i) If z € E then z ¢ R\ E = E° mod H'. Therefore z € E' Ud*E C EL.
ii) If 2 € (), then either z € E'U*E C El or z € E° = R\ E mod H'.
Soz e ((v)N(R*\E)) U ET up to a H'-negligible set.

b) Let = € ((v) N (R?\ E)) U EL.
i) Ifx € (y)N(R?\ E) then = € (7).
ii) If z € EL, then either z € E' = Emod H' C Eorz € °E C (v) or z € EY. In this last case
as B C E and ENE° = (), we have 2 € 0E = §*E mod H! C (7).
Sox € EU () up to a H!'-negligible set.

Putting together Step 1 and Step 2, we conclude that ((7) N (R? \E)) U ET is equivalent mod H! to
int(y) U (vy), which is connected.

The thesis for ((v) N E) U EO follows using the same arguments. Such set is equivalent mod H' to
(R*\ E) U (), which is equivalent mod #! to (R?\ int(v)) U (y). This last set is connected as limit
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in Hausdorff distance of R? \ E,,, which is connected since E,, = int(v,) is simply connected.

O

Proof of Lemma 4.5. Up to reparametrize 7;, let § > 0 be small enough such that v;|[_s5 C B(7)
is the graph of a L-Lipschitz function over its tangent. Arguing like in the proof of Lemma 4.3 the
following claim holds.
Fix € > 0. Then for all N sufficiently big there exist n. > N and i. € N such that:
i) if 4. = i then there exists s. € [-1/2,1/2] \ (=4, ) such that

[Vne,i(se) — x| < 2,
ii) otherwise, there exists s. € [—1/2,1/2] such that

’7”57i5 (85) - 1" < 2e.

If for a sequence € — 0 the first alternative holds, the proof follows as in the case of Lemma 4.3. So
let us assume that for € — 0 the second alternative occurs. Let

I. ={j e N\ {i} : ds € [-1/2,1/2] satisfying |yn. j(s) — 2| < 2¢}

Assume without loss of generality that 6;(x) = 1, otherwise already 6(z) > 2. Then, since ~; is also
differentiable at ¢, for any r > 0 it holds that |int(v;) N B(x,r)| > 0. Since |E N B(x,r)| = 0, then

| [int(v;) N B(z,7)] \ [Yjer. int(vn.;)] ‘ —0

as ne — +oo. Then, for N large enough, we have

1
[int(Yn.5)| = slint(yi) O B(z,7)].

Z »J 9

jel.

By the isoperimetric inequality we have that

Z . 1
”L?’Lt(’)’n&j) S A E L(’)’ns7j)2 S Cl <Sllp L(V”a])) P(Ens) S 02 Sup L(Vﬂsd)
jel. jel. Jel: Jele

Then there exists j. € I. such that

lint(y:) N B(, )|
L(lyns,js) Z 4C

Since the curves (7y,;); are ordered so that their length is non-increasing in 4, then j. is bounded when

e — 0. Hence there is a sequence ¢ — 0 and some j # i such that Vn. j(5e) € Bac(x) for some s — s.
Thus ~;(s) = z and 6(z) > 2.

> 0.

O
Proof of Lemma 4.6. For any § > 0 let
Ens=E,U |J intlyma)
L(vn,i)<6

By Lemma 2.11 the boundary decomposition of E,, 5 consists of a finite number of curves, indepen-
dently of n. In particular there exists the limit Es = lim, £, s O E in the L' sense. Observe that

|Eng\En| < > lint(y)| <C > L(yma)® < CSP(E,) < C,
L(¥n,i)<0 L(vn,:)<d

with C independent of n. Hence

N Es\E‘ < |\ Bl = 1|\ Byl < C6,
6>0



CONNECTED PERIMETER OF PLANAR SETS 15

for any § > 0. Then F = Ns~oFs.
Now let 6; \, 0 and Ej,, = ML, Es,. Then |E| = lim,y, | B, |, that is ||xg;,, |21 — [[xellL1- Also, since
L2(OF) = 0, it is easily verified that x Es,, — XE Ppointwise almost everywhere. In particular

(25) XE;, — XE in L1.
m m—00

From now on let Ind,(x) denote the index of  with respect to a curve . Up to reparametrization we
can assume that each -, ; is positively oriented with respect to int(yn,i) = {# € R?\ (v5,:) | Ind,, ,(z) =
1}. Also call int(v;) := {z € R?\ (v;) |Ind., () = 1}. Then by Lemma 2.11 we can write

k(5)
XEns = Xint('yn 0) Z X”lt(’Yn i)

(26) XEs = Xint(yo) Z Xint(v;)-

Observe that for any j # [ it holds that
(27) lint(y;) Nint(y)| = lirrln lint(yn,;) Nint(y,,0)| = 0.

Hence f(z) := D272 Xint(y) (%) € {0,1} is well defined L2-ae. Letting fi := Zle Xint(y;)> it 18 easily
verified that f, — f pointwise £2-ae. Also fi, f < x Bgr(0) for R sufficiently large, then by Lebesgue
Theorem we get that fi, — f in L', and thus

(28) Xint(vo) Z Xint(v;) k—> Xint(vo) Z Xint(v;) in L.
i=1
Putting together (25), (26), and (28) we conclude that
o
(29) XE = Xint(vo) — D Xint(v)-
i=1

Finally, for any field X € C}(R?;R?), parametrizing each ~; by arclength on [0, L(7;)] and using (27)

we have that
— X dDxg :/ divX = / <th — Xint(v; )divX = divX — / divX =
FE E (0) zzl () int(yo) zzl nt(yi)

L(70) > rLv)
= / (X o0, TTo) dt — Z/ (X 059, TTp) dt =
0 —Jo

:/Xdﬂo—i/Xduu
i—1

where T'7; denotes the clockwise rotation of an angle 7/2 of the tangent vector 7; of ~;, and p; is the
vector valued measure

(e e]

pi) = Y. Try) | (H'L (%))
e, (p)
It follows that p = p1o — Y72 p1; is a measure and
p=—-Dxg.

Since p is concentrated on (I') = |J;2 O(fy,) and Dxg is concentrated on FE, it follows that for H!-ae
point p € 9*E one has that 0(p) := > 2 6;(p) > 1. O
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4.2. Lim sup inequality on regular sets. In this subsection we deal with the limsup inequality
evaluated on smooth bounded sets. It is useful to remember that such sets have a finite number of
connected components and holes.

Lemma 4.7. Let E be a bounded smooth set. Let S and S¢ be Steiner trees of E' and E°, respectively.
Then:

i) the Steiner trees S and S° are finite,

i) if v is a vertex of S or S and v € OF, then v is an endpoint and the edge having v as endpoint is
orthogonal to OF.

Proof. i) Let S be a connected component of S. By regularity properties of Steiner trees ([14]),
Si has at most one endpoint on each connected component of E. Then S; has a finite number of
endpoints {p1,--- ,pn}, therefore Sy is a Steiner tree for K = {p1,--- ,pn}. Hence Si is then a finite
tree. Moreover Si connects at least two distinct connected components of E. Then, by minimality,
there exists only a finite number of connected components of S. Thus S is a finite tree. The same
argument can be applied to S°¢.

ii) Let v € OE N S be a vertex of S, which is a finite tree. Then v clearly has degree 1, otherwise
another edge with endpoint at v would intersect E. The orthogonality follows immediately from the
first variation of the length of the edge having endpoints v and w, keeping w fixed and v € 0E. U

Remark 4.8. Let E be a bounded smooth set. Let S be the Steiner tree of E! and let S. := N.(S).
Then
(30) lin% |S:] =0, limsup H! ({z | d(z,S) = e}) < 2H(S).

E—

e—0

In order to obtain (30) recall that S is a finite tree (Lemma 4.7), and thus we can assume that S = S
is closed. Hence S has finitely many connected components S;, and each S; is a connected compact
finite tree given by the union of finitely many essentially disjoint segments with positive length, i.e.
S; = U 155 and H! (sjNsg) =0for j # k. If s; is a segment, it is easy to check that

i Wa(s)| =0, lim W' ({a | d(z,57) = }) = 2H1(s;),

for any j = 1,..., J;. For € small enough we have that

"{o | d(x,s5) =¢€}),

HM%

Ji
(SO <D Vs, H' ({z | d(z,8) =¢}) <
j=1

and thus (30) follows passing to the limit ¢ — 0 using the fact that there are only finitely many
connected components S;. _ B

We observe that since H!(S) = H!(S) and S is l-rectifiable, (30) also follows by applying Theorem
3.2.39 in [§].

Proposition 4.9. Let FE be a bounded smooth set. Then there exists a sequence E. of bounded
connected smooth sets such that

(31) E.— E in L,
e—0
(32) limsup Po(E.) < P(E) + 2St(E).
e—0

Proof. Let S be the Steiner tree of E' and let S. = N:(S). Define E. = FUS.. The set S is a finite
tree with endpoints on JF and such that every other vertex is a triple point where edges meet forming
three angles equal to %71 ([14]). Hence for e small enough the set E. is connected, indecomposable,
and there exist finitely many points pi,...,px € OFE. such that 0E. \ {p1,..,px} is smooth. Hence
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one can clearly approx1mate E. by bounded connected smooth sets E. ,,, with |E. ,,AE,| < E and
|P(Ezm) — P(E:)| < ;.. By a diagonal argument and using (30) we get the desired sequence E.. O

Proposition 4.10. Let E be a bounded smooth set. Then there exists a sequence F. of bounded simply
connected smooth sets such that

(33) F.— E in L',
e—0
(34) limsup Ps(F.) < P(E) + 25t(F) + 25t.(E).
e—0

Proof. Let S, 5S¢ be the finite Steiner trees of E, £, We can assume that S, S¢ are closed. Let us
define

U. = No(S)\ E, US = No(S9) N B

Let also o

E.= (E\US UL,
which is closed. Suppose ¢ is sufficiently small so that if A, B are two connected components of S (or
of S¢), then N:(A)NN-(B) = 0. We can also assume that if Nz(Ag) NN (Bge) # 0 for two connected
components Ag C S and Bge C S¢ then AgN Bge = {v} # () where v is an endpoint of both S and S°.
Observe that 0(3E) HY(S) +H' (S¢), where ¢(OE) is the infimum of the Steiner problem of OE. By
(30) we have that E. — F in L' sense and limsup, P(E.) < P(E)+20(0E) = P(E)+2S5t(E)+25t.(E)
as € — 0.
Now we modify E, in order to obtain F. preserving L' convergence to E and lim sup estimate on the
perimeters. More precisely, we want to regularize OE. around its finitely many corners, i.e. the points
of OE. at which AE. is not smooth. This will lead us to a simple smooth curve which will be dF..
Observe that the vertices of S,.5¢ are only endpoints or triple points, and if a point v is a vertex of
both S and S¢ then v € OE., v is an endpoint of both S and S¢, and both the edge of S and S¢ with
endpoint at v are orthogonal to OF at v.
Any corner p of dE. corresponds to a vertex v of S or S¢, in the sense that, for € small, p € Bo. (v) for a

unique vertex v. We call edges of dE. the smooth curves having as endpoints two corners of dE.. We
want to change E. modifying such edges around the singular points corresponding to a given vertex
v. More precisely, given a vertex v we modify the edges oy inside Ba.(v) according to the following
instructions.

1) Let v € S be a triple point of S. Then modify inside B, (v) the six edges of dE. corresponding to
the three singular points pi, ps, p3 associated to v by smoothing the corners around pi, p2, p3. Leave
those edges unchanged out of B (v). Also modify E. correspondingly.

2) Let v € S\ S¢ be an endpoint of S. Then modify inside Bs.(v) the four edges of dE. corresponding
to the two singular points py, ps € OE. associated to v by smoothing the corners around pi, ps. Leave
those edges unchanged out of Ba.(v). Also modify E. correspondingly. See also Figure 3 on the left.
3) Let v € SN S° be endpoint of both S and S¢. Since both the edges of S and S¢ having v as
endpoint are orthogonal to OF, around v the boundary E, is determined by two parallel segments
s1, 2 together with a third curve o C OF meeting once each segment (see Figure 3 on the right) at the
two corners py,po corresponding to v. Independently of the choice of s; or so, desingularize dE. by
modifying the edges as depicted in Figure 3 on the right. More precisely, parametrizing o N Bo.(v) with
constant velocity on [0,1], we can say that o splits s; (and sg) into two parts sq, 51, (and sz, s2,)
respectively on the left or on the right of the parametrization of o. So delete the part of o between
the two intersections p1, p2, connect smoothly s1; with s ., and then desingularize the remaining two
corners joining one piece of o with s, and the other piece of o with sy; without crossing (see Figure
3 on the right).

4) Let v € S\ S be a vertex. Modify the edges corresponding to v by the same rules of points 1) and 2).
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< S1

FIGURE 3. The two cases of v endpoint of S in the proof of Proposition 4.10: on the
left v € S\ S¢ on the right v € S NS¢ The gray area denotes E.. The continuous
lines denote OF., the dashed lines denote the modifications smoothing the corners.

Now call F. the resulting set. By construction OF. is smooth, hence
8F€ = Uz‘[il(ai)7

for a finite number of smooth closed simple curves o;. We want to prove that K = 1, so that F. is
the interior of a smooth closed simple curve, and thus F. is simply connected and then the proof is
completed.

Let in be the finitely many curves given by Theorem 2.3 applied to E. Call

Ej = int(J), H_j=int(J7),

for any possible j. If A is a connected component of E, then we can write A = E; \U;_, H_;, for some
j’ ]Z

We claim that A\ S€ is simply connected.

In fact A is homeomorphic to B\ {pi, ..., p,}, where B denotes the open ball in R? and py, ..., p, € B.
Also A\ S¢ is homeomorphic to B\ T, where T is a closed planar graph without cycles with vertices
at points Vpr = {q1, ..., q1, P1, ---s Prs L1, .-, ts }, where ¢; € OB are endpoints and t; € B are triple points.
Therefore A\ S¢ is homeomorphic to B\ Ui_, L; where L; ~ [0, 1] is an embedded curve contained in
B with L; N0B = {¢;}. Hence A\ S¢ is simply connected.

By the above claim, for ¢ small, also A\ US = A\ (Nz(5°) N A) and the latter is homeomorphic to
A\ S¢ and such sets are simply connected.

Consider now Sf‘, ey SéA the finitely many connected components of S which are connected to A\ U¢

(observe that these are not all the connected components of S touching A, but these are the connected
components of S having endpoints on A which are not endpoints of S¢). For any i = 1, ..., R4 the set
N.(S#)\ E is homeomorphic to B. Also each N.(SA)\ E is simply connected. Hence by construction
the open set

Ry

(35) Vai=int {A\Ugu || (Na(SzA)\Ei)],

i=1
where int(-) denotes the interior of a set (-), is homeomorphic to B. By construction, for ¢ sufficiently

small the finitely many connected components of E. are either a finite union of sets the form Vi, Vs
having in common some SZA = SJA , or they are of the form

(36) Ne(Sm) \ E,
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where S,, is a connected component of S such that each endpoint of S, is also an endpoint of S¢. In
any case each connected component of E. is homeomorphic to B. Also the closed set E. is connected,

and the closures of two connected components of E. are either disjoint or they intersect exactly in
two points which are corners of dE. corresponding to a vertex v € S NS¢ as represented in Figure 3
on the right.

Hence the finitely many modifications on the boundary dE. by construction lead to a simply connected
smooth set F., and the proof is completed. ]

4.3. Approximation. Here we want to prove that a set of finite perimeter E with H'(OEAJ*E) =0
can be approximated by a sequence of smooth sets verifying the suitable lim sup inequalities.

Proposition 4.11. Let E be an essentially bounded set of finite perimeter satisfying OF = 0*E mod H'.
Then there exist a sequence E. of bounded smooth sets of finite perimeter such that

(37) E. — E,
(38) limsup P(E.) + 2St(E.) < P(E) + 2St(E),
6—0
(39) limsup P(E.) + 2St(E.) + 25t.(E.) < P(E) + 2St(E) + 2St.(E).
6—0

Proof. By Remark 2.10 we can assume that £ = E. Fixe € (0,1). Adopt the following notation.
e Y; for i € I, are the components of F given by Theorem 2.6.
o T, ;, for j € J;, are the holes of ;.
e J;. C J; is a subset such that
- J; \ Ji,e is finite,
= Yjesn. P(Ti ) <€,
i.e. J;. contains the indexes of the small holes of ;.
eV, =Y;U (UjeJi,s Tm> is the filling of the small holes of Y;.
e I.={i eI : |Yj| > 2} are the indexes of the not too small sets Y;.
e For i € I. the set Y;. is the smooth open set approximating Y; from within as given by
Theorem 2.14 with respect to the parameter § = €3 (this is possible by Remark 2.15 since Y;
is indecomposable with a finite number of holes by construction).

1 ]Ye = ﬁ(Ie)-
o L. = Uielg Yie.
We need to show that such Eg satisfies the thesis.

Since for any jo € J;, it holds that P(T; ;) < > iedi. P(T;;) < €* < 1, by isoperimetric inequality we
have that ’

(40) Z ’7—17/]‘ < CZSO Z Z _] < CZSO Z Z _] < 02808

]EJ'LE _]GJZE ]ers
where Cjsp = ﬁ is the isoperimetric constant in dimension 2. Observe that e <1 < 1/Cjs,. If i € I,

then (40) implies that 2¢ < |Y;| = |V;| + > et Tl < 1Yil + Cisoe?, and thus |Y;| > e. Hence

(41) eN. <) Vi <) Wi < |E].

i€l el
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Since P(Y;) < P(Y;) it holds that

E€)§ZP(1@€)§Z( f/+s) S P+ N <Y P(Y) €8N, <

(42) i€l i€l i€l i€l
< P(E) +&N..

We claim that

(43) E.— F in L.
e—0
In fact let us estimate
(44) IEAE] < 37 Vil + Y [VidYiel + Y (Tl
iel\I. icl. icl.
jeJi,E

Since ) ;7 |Yi| = |E|, then
(45) lim Y || =0.

e—0
i€I\I.

By Lemma 2.12 we can assume that any Y; is open and P(Y;) = H#'(dY;). Hence, since by Theorem
2.14 we have that Y;AY; . C N 3(9Y;), it follows either by a direct argument or using Theorem 3.2.39
n [8] that

(46) TAYi.| < IN(0V7)] < 2(1 + )3 DY) = 2(1 + )3 P(T:) < 45 P(E),

for € < (i) depending on i.

Moreover > ;. |Y;AY; | < [sat(E)| < +oo, then limsup,_, ) ;s [YiAY; | < +00. We denote ¢, a
subsequence such that

hmsupZ]YAY;E\— hm Z ]YAY;Eh]

e—0 i€l zelgh
Since |Y;AY; .| — 0 for any j, then for all 5 > 0 there exists H > 0 such that for all h > H it holds
that Zielgh\IgH lY;AY; ., | <n/2. Since I.,, C I, and I, is finite, by (46) we can write that
Z |?iA}/i75h| < 4€?LN€HP(E) < 46?1N5hP(E)’
i€l
for any ¢ < min{e(i) | i € I, }.
Taking into account (41) we can choose h large enough so that 4N;, e3 P(E) < n/2 and then

D MAYic [ < Y VidYig |+ D [VidYig,|<n.

iel., i€l i€le,\Iz
Then
hran—ftl)lpz [Y;AY; | = hhrf Z [YiAYie,| <.
i€l Zelsh
Thus, taking n — 0, we have
(47) ; YidYie| —= 0.
1Cle
Finally by (40) we have
(48) > Tl € Cisof®Ne —0.
i€l

jeJi,E
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Putting together (45), (47), (48), and (44) we obtain the claim (43).

Let S be a Steiner tree of ET. We denote Spforkel S a connected component of

Su U aY;
iel\I.

such that there exist at least two distinct indexes 4, j € I. such that S} connects Y; and Yj;. Also let
I ={ielI\I |dY;CS;},

and denote by S} ; a connected component of S contained in a given Sy .
We now prove that

(49) ﬁ(IS) < ﬁ(Ie) = Ne.

In fact, by minimality, for any couple (i,j) € I. x I. with j > i there exists at most one k € I°
such that S} connects Y; and Y;. We define a function x : {(i,j) € I. x I.|,7 > i} — {0,1} such
that x(i,j) = 1 if and only if there exists (a unique) k € I such that S} connects ¥; and Y;. Up to
relabeling we can suppose that x(1,2) = 1. By construction #7° < #x~!(1). Since x(1,2) = 1, then
by minimality at most one of the values x(1,3) and x(2,3) is equal to 1; that is 3.7, x(4,3) < 1.
Iterating this argument one has that

j—1

> oxti,j) <1

i=1
for any j = 2,..., N.. And this implies that y~1(1) < z o, 77\ (i, 5) < N., and we have (49).

Now for any S} let I}, . = {a € I. | S} is connected to Y, }. For a € I, since ffaAYa,a C ./\/53(357@) C
N.3(0Y,), there exists a segment s, j with length less than €3 connecting Sp and Y, .. Given S7,
denote by Sj . the union

L.Jé;kﬂ U L_J 69}/ U L_J Sak-

ZEIS aelk 5

Then

(50) "(Sh,e) <ZH (Skg)+ > P(Yi) + #(Ixc)e”

ZEIS

Define also 12 = {(i,j) € I. x I. | i # j, Y;NY; # 0}. Similarly as before, if (i,j) € I2 there exists a
segment S;; . connecting Y; . and Y; . such that H!(S;; ) < 2¢3.

Finally define

(51) S, = U Sk,g U U Sz‘j@

kel (i,5)el2
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By construction the set Se UlJ;.; Yie = S: U E. is connected. Then

i€l
St(EE)S,H(Sg SZH(S]CE Z 7'[ 1]5 >
keIS (4,5)€12
<D OY H S+ DD PY)+ Y i) +25%(12) <
(52) kelS j kelS ier? kels
<SHUS) + > PY) +(IOH(IL) + 2e%4(T2) <
ISIAVE
<HU(S)+ > P(Y;) +*NZ +2e°NZ.

Analogously let S¢ be a Steiner tree of E9. Now let

se=s5v| | omy
i€l
jEJ'L,E

Observe that if 7} ; is a hole of Y; then either it is filled in Y;, or it merges with ext(E.), or it is
included in a hole of Y; .. Thus if H;. are the holes of E., then SEU U, Hie is connected with the
exterior ext(E.). Therefore

(53) Sto(Ee) <HN(SE) <HNS)+ > > P(Tiy) < HY(S®) +&°Ne.
1€le jeJ; ¢
Putting together (42), (52), and (53) we obtain

limsup P(E.) + 2St(E.) < limsup P(E) + &N, + 2<7—[1(S) + Z P(Y;) + 3N? + 263N€2> =
e—0 e—0 i€\,

= P(E) + 2St(E),
and
limsupP(E.) 4 25t(E.) + 2St.(E.) <

e—0

< limsup P(E) + >N, + 2(%1(5) + ) P(Y;) + N2+ 253N3> + 2(%1(50) + 52N5> =
e—0 .
ZEI\IE
= P(E) + 2St(E) + 25t.(E).

Taking into account (43), we see that E. satisfies the thesis. O

5. APPLICATION: A LIQUID DROP MODEL WITH CONNECTEDNESS CONSTRAINT

In the end, we want to discuss an explicit application of the energies Po, Pg. More precisely we
point out how such energies used in place of the usual perimeter can give existence of a solution to a
minimization problem.

Fix a € (0,2) and m > 0. We consider the following minimization problem

1
(54) min {P(E) —|—/ ——dxdy { E C R? measurable, |E|= m}
Bxe |z —yl®

which is sometimes called Gamow’s liquid drop model. This problem, introduced in [9] in three
dimensions and for a = 1, has been studied for instance in [12] (see also [11, 13]), where it is proven
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that there exist two threshold values mj(«), ma(«) such that:

i) for all m < mj(«), (54) has a solution,

ii) for all m > ma(«), (54) has no solution.

We will prove now that, substituting P with Pc or Pg in (54), there exists a solution to the new
minimization problem for any o € (0,2),m > 0. This is clearly a mathematical tool in order to
avoid the non-existence phenomenon happening for m > ma(«), which is essentially due to the lack
of compactness of R?2. However the use of P or Pg in place of P can be also seen as a model for
charged liquid drops which cannot split. We are not aware of any physical situation of this kind, but
material science is always in progress!

dxdy

Lemma 5.1. The map E — //

is continuous with respect to the convergence in L} (R?).
Bxp [T =yl foe

Proof. The proof immediately follows from the following observations.
i) The function f(x,y) = = belongs to L} (R?).

ii) For any A, B C R? it holds that
(Ax AA(B x B) = <(A < B) x A) U ((AmB) X (AAB)) U ((B < A) x B).

iii) By ii), if E,, E C R? then L*((E, x E,)A(E x E)) < |E,AE|(|E,| + |E| + |E, N E|).
iv) We can estimate

// Cdxdy // dxdy
BuxBn 17— Y| Bxp [T — Y

for any E,,E C¢ K C R? with K compact. ([l

< ||f||L1(K><K)£4((En x En)A(E x E)),

Theorem 5.2. For all a € (0,2) and all m > 0, the minimization problems

- 1
(55) min {PC(E) +/ drdy | E CR? measurable, |E|= m},
BxE |2 —y|*

- 1
(56) min {PS(E) —i—/ dedy | EC R? measurable, |E|= m}
ExE ’w - y’a
admit solutions.

Proof. Fix a, m and define

dxd
Fo(E) = // e
Exp |t —y[*

Let (Ey,) be a minimizing sequence for the problem (55), so that in particular |E,|[ = m < +o0.
Then Pc(E,) < 400 and there is a sequence of indecomposable sets F,, j ? E, in L' such that

limy P(E, ;) = Pc(E,). Thus, by lower semicontinuity of the perimeter, one has P(E,) < Po(E,) <
sup,, Fo(E,) < +oo. Also by Lemma 2.13 we have that

2diam(E}) < Po(E,) < sup Fo(E,) < +oo.

Up to a translation, we may assume that 0 € E! and then E,, is uniformly essentially bounded. Then,
by compactness of BV functions, there exists a limit set £ (up to a subsequence) with respect to L!
convergence. In particular |E| = m is a competitor for problem (55). As Pc is lower semicontinuous
and f is continuous by Lemma 5.1, we have that F¢ is lower semicontinuous and then inf Fo = Feo(E),
and there exists a minimizer of problem (55).

A completely analogous proof also works in the case of Problem (56). O
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