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Introduction

Gear dynamics has been studied extensively and a
large number of models can be found in the litera-
ture,1–6 which generally rely on the hypothesis of
rigid body gears connected by an elastic mesh
interface, often reduced to a time-varying, possibly
non-linear, scalar stiffness function. In the case of
helicopter transmissions, however, thin-rimmed
high-speed gears are employed, which can hardly be
simulated using lumped parameter elements and
require more advanced modelling strategies. In this
context, Parker et al.7 developed a bi-dimensional
spur gear model combining finite elements and an
analytical contact model, while Kahraman et al.8

introduced a full three-dimensional (3D) finite elem-
ent (FE) model to represent the actual gear geometry.
In order to limit the computational times due to large
FE models, Abousleiman et al.9,10 and Bettaieb
et al.11 proposed a model reduction technique based
on a Ritz method using truncated sets of mode
shapes12 making it possible to simultaneously account
for the system dynamic behaviour and the instant
contact conditions on tooth flanks. In the same vein,
Eritenel and Parker13 introduced a full contact model
as well as bulk stiffness for rim deflections and simu-
lated partial and total contact losses at high speeds.
Shweiki et al.14 simulated various lightweight designs
and showed that thin and hollow webs were influen-
tial on jump and contact loss phenomena. The effect

of rotational speed has been studied on the modal and
dynamic behaviour of discs,15–17 disk-spindle sys-
tems18,19 and thick cylindrical shells.20 However, the
studies on the specific role of speed on gear dynamics
including centrifugal effects remain sparse.
Gyroscopic effects have been considered in planetary
gears models either based on lumped parameters21–23

or with deformable ring gears24 to analyse the influ-
ence of speed on dynamic tooth loads and ring-gear
modal response. Finally, Li25–28 used 3D static FE
models incorporating centrifugal effects as additional
forcing terms to analyse rim deflections, root stresses
and tooth load distributions in thin-webbed gears.

The main objective of this paper is therefore to
extend the analysis of centrifugal effects to the
dynamic behaviour of thin-rimmed/-webbed gears.
To this end, a 3D FE model of lightweight gears is
condensed and introduced in a hybrid dynamic model
combining lumped parameters and deformable sub-
structures in which the contributions of centrifugal
effects are embedded.
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2INSA Lyon, Université Lyon, LaMCoS, France

Corresponding author:
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Dynamic hybrid models – basic principles

For the sake of conciseness, only the main modelling
principles are presented in this section while the com-
plete technical details can be found in Guilbert et al.29

The hybrid model in Figure 1 combines lumped par-
ameters and 3D finite elements. The pinion and mesh
interface are simulated using the method of Velex and
Maatar,3 whereas the deformable gear body is
accounted for by a substructure30 derived from a
full 3D finite element model with brick elements con-
densed at its rim and bearing nodes. In this paper,
the housing and bearings are simulated as additional
stiffness elements. A time-varying, non-linear
Winkler foundation model is used to simulate mesh
elasticity and tooth flank deviations, which connects
the six degrees of freedom (DOFs) at the pinion
centre (three translations and three rotations) to the
DOFs (three translations per node only) at the rim
contour nodes of the sub-structured gear body.
The normal deflection at any potential point of con-
tact Mij reads

� Mij

� �
¼ V Mij

� �T
X� �0 Mij

� �
ð1Þ

where V Mij

� �T
¼ n1 n1 �MijO1 n2
� �

, structural
vector; Mij is the contact point of the jth segment of
the ith line of contact; n2 ¼ �n1 with n1 being the unit
outward normal vector with respect to the pinion
tooth flanks; and X ¼ u1 O1ð Þ !1 u2 Mij

� �� �T
,

DOF vector expressed at the pinion centre O1 and
the tooth root Mpij of the gear.

The direct collocation of the discrete foundation
stiffness elements with the gear continuous FE
models would induce numerical spikes on tooth load
distributions since the two models are not compat-
ible.31 In order to avoid such numerical flaws, a
mortar-based interface has been added to smoothen
the transition between the discretised contact lines
and the sub-structure degrees of freedom. Details
about the theory and implementation can be found
in literature.29,31 The corresponding modified equa-
tions are
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new DOF vector, X2 is

the DOF vector associated with the sub-structure,

lp Mij

� �
, �p and Iint are the specific additional terms

brought by the mortar interface.29,31

The mesh stiffness matrix and load vector are
finally derived as
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j
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The global model is obtained by assembling all the
component models (shaft, rigid pinion, bearing/casing
stiffness elements) along with the gear substructure
and the mesh Winkler foundations. Following
Guilbert et al.,29 the centrifugal load vector is
extracted from the FE model leading to the following
equations of motion

M½ � €Xþ C½ � _Xþ K tð Þ½ �X ¼ F tð Þ þ Fc½ � ð4Þ

with Fc being the centrifugal load vector for the con-
densed part of the system.

The resulting differential system is solved by com-
bining a Newmark time-step integration scheme with
the normal contact algorithm in Velex and Maatar3

making it possible to simulate the total and partial
contact losses between the teeth.

Finally, the proposed hybrid model can easily be
extended to account for a deformable pinion whose
substructure contour nodes are connected to the con-
tact line discrete model by using the same two-point
connection and mortar-based interface,29,31 thus lead-
ing to a fully flexible pinion and gear model. Such
hybrid models have been validated by comparing
the simulation results with experimental evidence
and numerical findings from full quasi-static FE
model,29 which comprises quasi-static contact pres-
sure distributions, gear body modal behaviour and
dynamic rim displacements.

Solid pinion and thin-webbed gear

Influence of centrifugal effects

The gear geometry under consideration is defined in
Table 1 and corresponds to a helicopter power

Figure 1. Hybrid model and base plane parameters (only a

fraction of the gear is represented).
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transmission with helical gears of relatively large rim
(b¼ 40mm).

The pinion shaft geometry in Figure 2(a) is rela-
tively compact so that a rigid disc and beam elements
can be used. On the other hand, the thin-webbed
gear (Figure 2(b)) is modelled by three-dimensional
finite elements condensed at the contour nodes
distributed on the rim outer face and at the bearing
centres where casing/bearing stiffness elements are
attached.

Considering first quasi-static conditions i.e. the
dynamic model at very low speed (�S ¼ 0:1r=min
(0.01 rad/s)), the results in Figure 3 show that the
pressure distribution on tooth flanks is centred and
symmetric, thus illustrating the capacity for flexible
thin webs to compensate for the misalignments pos-
sibly induced by the axial component of the mesh
force caused by helical gears.

Simulations are extended over the full speed range
(0–28,650 r/min (3000 rad/s)) and the resulting
dynamic tooth load factor (maximum dynamic-
to-static mesh force ratio) versus speed is plotted in
Figure 4. The configurations with and without centri-
fugal effects have been tested and it can be observed
that, as expected, tooth loading is modified mainly in
the high-speed range.

This influence is investigated further by considering
the dynamic pressure patterns on tooth flanks at three
different speeds which correspond to: (i) the quasi-
static conditions and, (ii) two non-resonant speeds
of 14,325 r/min (1500 rad/s) (slight influence of centri-
fugal effects) and 28,650 r/min (3000 rad/s) (larger
influence) on the pinion shaft based on the results in
Figure 4.

Figure 5 shows the local pressure distributions on
one tooth flank obtained by using the hybrid
model when centrifugal effects are discarded (left
column) and included (right column). It is found
that the pressure distributions in the absence of cen-
trifugal effects (left graphs) are independent of speed
with the highest pressure located above the rim-web
connection, which corresponds to the most rigid part
of the tooth contact. However, speed becomes influ-
ential when considering centrifugal forces and leads to
increasingly asymmetric patterns across the face-
width as speed increases. For the highest speed
�2 ¼ 28, 650 r=min (3000 rad/s), pressure peaks near
the tooth edge are observed which can cause severe
contact failures.

The root cause of this phenomenon is the deformed
shape of the thin-web/rimmed gear as illustrated in
Figure 6. The deflection of the cantilever part of the

Figure 2. (a) Pinion geometry with beam model; (b) thin-webbed gear definition, modelled with condensed FE – springs represent

casing/bearings, torsional springs represent splines (resisting torque).

Table 1. Helical gear geometry.

Pinion Gear

Module m (mm) 2.5 2.5

Number of teeth 35 68

Pressure angle (�) 25 25

Helix angle (�) 12 12

Addendum coefficient 0.976 0.970

Dedendum coefficient 1.262 1.268

Profile shift coefficient 0.275 0.317

Fillet radius/module 0.25 0.25

Rim width b (mm) 40 40
Figure 3. Quasi-static pressure distribution.
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gear rim at the maximum speed is non-uniform in the
face-width direction with a maximum amplitude of
85 mm, significantly larger than the mesh deflection
at one extremity. In these conditions, the tooth
flanks are skewed and the tooth edges with maximum
deflection are overloaded. Despite significant modifi-
cations in gear shape, it was observed that the influ-
ence on the actual mesh geometrical characteristics
remains negligible since, for the largest centrifugal
deflections, the base radius is increased by 0.1%, lead-
ing to a 0.5% variation in pressure angle.

Optimisation – influence of crowning

In view of the deformed shape in Figure 6, lead para-
bolic crown (Figure 7) of amplitude A ranging from 5
to 20 mm are introduced. The results in Figure 8(a)

show the corresponding maximum pressure over one
mesh period at �1 ¼ 14, 325 r=min (1500 rad/s)
for various amplitudes A. In this case, a light crown
(5–10mm) seems sufficient to eliminate the overloads
at both rim ends and larger modifications would only
increase the maximum pressure and, consequently, be
detrimental. Figure 8(b) shows the complete pressure
distribution obtained with a 5 mm crowning, which
confirms that the load pattern is well-centred and
that the maximum pressure is only marginally
higher than that obtained for quasi-static conditions
without any modification.

The same study is conducted at the maximum
speed of 28,650 r/min (3000 rad/s) (Figure 9(a)). In
this case, a 5 mm crowning is not sufficient to re-estab-
lish a uniform load and amplitudes in the range
10–15mm are preferable, whereas a 20 mm crown is

Figure 5. Centrifugal effect influence on pressure distribution: (a) �1, without centrifugal effects; (b) �1, with centrifugal effects;

(c) �2, without centrifugal effects; (d) �2, with centrifugal effects.

Figure 4. Dynamic tooth load factor with and without centrifugal effects (thin-rimmed gear).
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not appropriate as it unloads one tooth edge. These
finding are confirmed by the tooth load pressure dis-
tribution in Figure 9(b).

The improvement brought by crowning on load
distributions is confirmed when analysing the
dynamic mesh forces at 14,325 r/min (1500 rad/s)
and 28,650 r/min (3000 rad/s) represented by the

maximum dynamic-to-static mesh force ratios in
Figure 10. Figure 10(a) (�1 ¼ 14, 325 r=min) shows
that dynamic mesh forces are moderate and almost
insensitive to crowning. The situation is different at
the maximum speed �2 for which centrifugal effects
are significant and a clear optimum is observed for a
10-mm crown. Smaller or larger amplitudes induce
more dynamic force amplifications suggesting that a
10-mm amplitude is the best compromise over the
whole speed range.

Profile modification – optimisation with regard to
transmission error

In addition to lead modifications, profile modifica-
tions are frequently employed to reduce gear noise
and vibrations. In what follows, symmetric linear tip
relief is considered (same on the pinion and gear tooth
tips) and optimisation is conducted based on the time-
variations of quasi-static transmission error under
load. Systematic sweeps have been performed over
the modification depth at tooth tips E (in mm) and
dimensionless extents of modification � in the profile
direction leading to the level curves in Figures 11
and 12 for the example treated. When centrifugal
effects are ignored, it can noticed in Figure 11(a)
that the optimum set of relief agrees well with the
analytical so-called Master Curves where transmis-
sion error is found to be optimum in the case of
solid gears with symmetric linear relief of depth
E and normalised extents of modification �.32

The introduction of the maximum centrifugal
effects at �2 ¼ 28, 650 r=min (3000 rad/s) (Figure
11(b)) dramatically modifies the best profile modifica-
tion area, which no longer matches with the analytical
Master Curve. Larger tip relief amplitudes are
required because of the additional gear deflections
and the uneven tooth load distributions in the face-
width direction caused by centrifugal forces (see
Figure 5(d)).

If lead crown is superimposed (Figure 12), trans-
mission error is not improved in spite of a better load

Figure 8. Crowning effect on pressure distribution at middle-range speed (14,325 r/min (1500 rad/s)): (b) A¼ 5 mm.

Figure 6. Gear deflection under centrifugal effects

(at 28,650 r/min (3000 rad/s)) for the whole gear.

Figure 7. Crown definition (A is the crown amplitude).
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distribution. The overall root mean square of trans-
mission error is higher and the optimum reliefs with
respect to transmission error are still far from what
was found in the absence of centrifugal effects. It can
be observed that long profile reliefs appear as more
sensitive to variations in profile amplitude, whereas
short reliefs are more tolerant and would therefore

be an interesting choice for systems with several dif-
ferent operating conditions.

Thin-webbed pinion and gear

The thin-webbed pinion in Figure 13 with the same
tooth geometry as above is now considered and

Figure 10. Associate dynamic ratio for each crowning at both speed: (a) �1; (b) �2.

Figure 11. Optimisation with regard to the TEs for: (a) centrifugal effects at zero speed and (b) centrifugal load for

�2 ¼ 28, 650 r=min (3000 rad/s).

Figure 9. Crowning effect on pressure distribution at high speed (28,650 r/min (3000 rad/s)): (b) A¼ 10mm.
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a second sub-structure is introduced in the place of the
rigid discþ shaft element model used in the previous
section.

Figure 13(b) shows the quasi-static pressure
distribution with both condensed pinion and
gear. Compared with the previous findings for
a rigid pinion (Figure 3), it can be noticed that
the maximum pressure zone has moved to a location
corresponding to the rim-web connections on
the pinion and gear (Figure 13(a) and Figure 2(b)).

The dynamic tooth load factor over the whole
speed is very similar to what is found in Figure 4,
thus showing no obvious contribution of the
thin-webbed pinion at such. Focusing on tooth load
distributions at high speeds for which centrifugal
effects are prominent, Figure 14(b) shows that that
thin-webbed pinion and gear lead to overloads at
both edges of the tooth flanks in contrast with
the one-sided loading found with a thin-webbed
gear only.

Figure 12. Effect of crowning on profile modification optimum (with centrifugal effects at �2): (a) A¼ 10mm; (b) A¼ 20 mm.

RMS TEs: root mean square transmission errors.

Figure 13. (a) New pinion geometry and (b) associated quasi-static pressure distribution.

Figure 14. Centrifugal effect influence on pressure distribution for fully webbed gear: (a) �2, without centrifugal effects; (b) �2, with

centrifugal effects.

Guilbert et al. 7



Here too, the physical reason is the asymmetric
deformed shapes of both the pinion and gear across
the face width generated by centrifugal forces
(Figures 6 and 15).

In view of the tooth load distribution on tooth
flanks, lead crown appears as an interesting solution
and the results in Figure 16 prove that a 10 mm crown
amplitude can effectively improve the contact condi-
tions on tooth flanks by centring the pressure pattern.

Turning to transmission error time-variations, sys-
tematic sweeps over the profile relief parameters
(depth and extent) are performed leading to the fol-
lowing conclusions:

(a) With or without centrifugal effects, the reliefs mini-
mizing transmission error time-variations for both
a pinion and gear with thin webs are closer to the
analytical Master Curve for solid gears (Figure 17)
than in the case of a thin-webbed gear only,

(b) The superposition of a 10 mm lead crown
(Figure 18) does not alter the previous results sig-
nificantly, suggesting that, as long as the tooth
load distribution across the face width remains
symmetrical, the profile reliefs minimizing trans-
mission error variations are close to those found
for solid gears.

Figure 17. Optimisation with regard to the TEs for: (a) centrifugal effects at zero speed and (b) centrifugal load for

�2 ¼ 28, 650 r=min (3000 rad/s).

RMS TEs: root mean square transmission errors.

Figure 16. 10 mm crowning for both studied speed with both flexible pinion and wheel. (a) �1 and (b) �2.

Figure 15. Pinion deflection under centrifugal effects.
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Conclusions

Hybrid modular models have been presented which
are able to capture the dynamic contact conditions
in thin-rimmed/-webbed gears and particularly the
influence of centrifugal effects at high speeds. It has
been shown that centrifugal effects in thin-webbed
pinions and/or gears at high speeds can alter tooth
contact conditions significantly and that specific
models are therefore needed in order to define the
most interesting profile and lead modifications. Lead
crown can improve the contact conditions at very
high speed to a large extent, whereas contrasted
trends are reported concerning the combination of
profile relief and lead crown minimizing transmission
error. It is noticed that although tooth load distribu-
tions are improved, the introduction of lead crowning
usually deteriorates transmission error. The symmetry
of the tooth load distribution across the face width
appears as an influential parameter on the definition
of optimum profile modifications. As long as load
symmetry is conserved, the profile reliefs minimizing
transmission error are close to those defined in the
case of solid gears, whereas when it is no longer
the case e.g. one tooth edge is overloaded for instance,
the optimum relief parameters strongly deviate from
those obtained for solid gears.

From a practical viewpoint, it can be concluded
that advanced models incorporating pinion/gear
body deflections are certainly needed to calculate
tooth load distributions on thin-webbed high-speed
gears since the combined influence of web geometry
and centrifugal forces can be crucial on tooth con-
tacts. However, dynamic tooth load factors seem far
less sensitive to pinion/gear body elasticity and centri-
fugal effects, suggesting that less refined dynamic
models can be sufficient to calculate tooth critical
speeds.
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