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Abstract. We are interested in the classical ill-posed Cauchy problem for the Laplace equation.
One method to approximate the solution associated with compatible data consists in considering a
family of regularized well-posed problems depending on a small parameter € > 0. In this context, in
order to prove convergence of finite elements methods, it is necessary to get regularity results of the
solutions to these regularized problems which hold uniformly in €. In the present work, we obtain
these results in smooth domains and in 2D polygonal geometries. In presence of corners, due the
particular structure of the regularized problems, classical techniques d la Grisvard do not work and
instead, we apply the Kondratiev approach. We describe the procedure in detail to keep track of
the dependence in ¢ in all the estimates. The main originality of this study lies in the fact that the
limit problem is ill-posed in any framework.
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1 Introduction and setting of the problem

Figure 1: Examples of domains 2. The thick blue lines represent the support of measurements.

Let us consider a bounded Lipschitz domain Q@ C R? d > 1, the boundary 9 of which is
partitioned into two sets I and I". More precisely, T and I are non empty open sets for the topology
induced on 9Q from the topology on R%, 9Q = TUT and TNT =0 (see Figure 1). The Cauchy
problem we are interested in consists, for some data (go,g1) € HY?(I') x H-Y3(T), in finding
u € H*(Q) such that

Au = 0 in
u = go onTl (1)
du = g1 onl,

where v is the outward unit normal to dQ. This kind of problem arises when some part I' of
the boundary of a structure is not accessible, while the complementary part I' is the support of



measurements which provide the Cauchy data (gg, g1). It is important to note that in practice those
measurements are contaminated by some noise. Due to Holmgren’s theorem, the Cauchy problem
(1) has at most one solution. However it is ill-posed in the sense of Hadamard: existence may not
hold for some data (go, g1), as for example shown in [3]. A possibility to regularize problem (1) is to
use the quasi-reversibility method, which goes back to [31] and was revisited in [26]. The original
idea was to replace an ill-posed Boundary Value Problem such as (1) by a family, depending on a
small parameter e, of well-posed fourth-order BVPs. Much later, the first author introduced the
notion of mixed formulation of quasi-reversibility for the Cauchy problem of the Laplace equation [4].
This notion was extended to general abstract linear ill-posed problems in [7]. The idea is to replace
the ill-posed second-order BVP by a family, again depending on a small parameter €, of second-order
systems of two coupled BVPs: the advantage is that the order of the regularized problem is the
same as the original one, which is interesting when it comes to the numerical resolution. The price
to pay is the introduction of a second unknown function A, in addition to the principal unknown
ue. Such mixed formulation of quasi-reversibility is the following: for € > 0, find (ue, Ac) € Vg, X Vo
such that for all (v, u) € Vo x Vo,

a/ VuE-Vvd:c+/Vv-V/\adx ~ 0
[ Ve Vude— [ VaVide = (g mgo mm,

where Vy, = {u € HY(Q), ulr = go}, Vo = {u € H'(Q), ulr =0} and Vp = {\ € HY(Q), Az = 0}.
In (2), the brackets stand for duality pairing between H~Y/2(T") and H'/?(T'). Here H'/?(I') is the
subspace formed by the functions in H'/2(I") which, once extended by 0 on 99, remain in H'/2(d9).
We observe that in view of Poincaré inequality, the standard norm of H'() in the spaces Vy and
Vo is equivalent to the semi-norm || - || defined by || - || = [ |V - |*dz. Let us denote (-,-) the
corresponding scalar product. We remark that the weak formulation (2) is equivalent to the strong
problem

Aus = 0 inQ

A, = 0 inQ

U = g¢go onlT (3)
Oypue — Oy e = g1 onl
A = 0 onT

edus+d A = 0 onTl,
where we observe that the two unknowns u. and A. are harmonic functions which are coupled by

the boundary 9. We have the following theorem.

Theorem 1.1. For all (go,q1) € HY2(I') x H-Y2(I'), the problem (2) has a unique solution
(ue, Ae) € Vo x Vo There exists a constant C' which depends only on the geometry such that

Ve € (0,1],  Velluellm ) + 1Ml < CUlgoll gy + 191l -1r2(ry)-

If in addition we assume that (go, g1) is such that problem (1) has a (unique) solution u (the data
are said to be compatible), then there exists a constant C which depends only on the geometry such

that
N [ Aell 21

Q
Ve >0, lucllmo NG L < Cllull oy

and
lim [Jue —ull 1) = 0.

To prove such theorem, we need the following Lemma, which establishes an equivalent weak formu-
lation to problem (1) and which is proved in [7].

Lemma 1.1. For (go,g1) € HY*(T') x H-Y*(T'), the function u € H(Q) is a solution to problem
(1) if and only if ulr = go and for all p € H'(Y) with pu|z = 0, we have

/QVu-Vu dr = <917M>H—1/2(F),I?1/2(F)' )



Proof of Theorem 1.1. Let us begin with the first part of the theorem. There exists a continuous
lifting operator go — U from HY2(T") to H'(Q) such that U|p = go. Let us define @t = u. —U € V.
By replacing in (2), we obtain that (4., \;) € Vy x Vp satisfies, for all (v, u) € Vp x Vp, the system

5/ Vﬁe-Vvdx—l—/ Vo -Va.dxr = —e/ VU - Vudx
Q Q Q

/Qvaa -Vypdr — /QV)\E -Vypdr = <917M>H—1/2(F)’f{1/2(r) - /Q VU -Vyudzx.
Well-posedness then relies on the Lax-Milgram Lemma applied to the coercive bilinear form

A ((u, A); (v, ) = 5/ Vu-Vudz +/ Vou-VAde — / Vu - Vuda:—f—/ V- Vudz
Q Q Q Q
on Vj x Vb. Choosing v = 4. and pu = A, and subtracting the two above equations, we obtain
5/ Vi |? dx +/ V| dz = —g/ VU - Viie dz — (g1, \e) +/ VU - V. dx.

Q Q Q Q

The Cauchy-Schwarz inequality implies
ellac]l + INl® < ellUllacl + Ngall-rrzrylIXe | zraregry + U]

The equivalence of norm || - | and the standard H'(2) norm in spaces Vj and Vj, the continuity of
the trace operator and the continuity of the lifting operator gy — U yield

ellaellzp o) + 1Al () < Cellgoll gy lelm) + (cllgll -1y + Cligol @)Xl ).

Using the Young’s inequality to deal with the right hand side of the above inequality, the result
follows. Let us prove the second part of the theorem. In the case when the Cauchy data (go, g1) is
associated with the solution w, then u satisfies the weak formulation (4). By subtracting (4) to the
second equation of (2), we obtain that for all p € Vj,

/V(ua—u)'v,udx—/V)\a'V,ud:U:O. (5)
Q )

Now setting v = ue — u € Vp in the first equation of (2), setting u = A; € Vp in equation (5) and
subtracting the two obtained equations, we get

6/VuE~V(u5—u)dx—|—/ IVA|? dz = 0.
Q Q

We deduce that the term (u.,u. — w) in the above sum is nonpositive, which from the Cauchy-
Schwarz inequality implies that [Juc|| < ||u]| and then [[As||] < v/2||u||. Hence there exists a constant
C such that

el ) < Cllullg) and el bt ) < CVellull g (qy-

It remains to prove that u. — u in H'(2) when ¢ — 0. The sequence (u.) is bounded in H' ().
Therefore, there exists a subsequence, still denoted (u.), such that u. — w in H*(Q) when ¢ — 0,
with w € H(Q). Since the affine space Vj, is convex and closed, it is weakly closed. This guarantees
that w € V. Besides, by passing to the limit in the second equation of (2) we obtain that w satisfies
the weak formulation (4). Uniqueness in problem (1) then implies that w = u, so that (u.) weakly
converges to u in H'(Q). But

e — ul|? = (ue, ue —u) — (u,ue —u) < —(u, ue —u),

so that weak convergence implies strong convergence. Lastly, a standard contradiction argument
enables us to conclude that all the sequence (u.) strongly converges to u in H*(2). O



Remark 1.1. Let us mention that another type of mixed formulation of quasi-reversibility was
introduced in [20], in which the additional unknown lies in Ha;, () instead of H'(Y). In addition,
a notion of iterative formulation of quasi-reversibility was introduced and analyzed in [19]. We
believe that the quasi-reversibility formulation (2) is the easiest one to handle to establish reqularity
results of the weak solutions.

The estimates of Theorem 1.1 involve H'(Q) norms of the regularized solution (u.,\.) in the
case of a Lipschitz domain €2 and for the natural regularity of the Cauchy data (go,g1), that is
HY2(I') x H-Y%(T"). These estimates were derived in two different cases: the data (go,g1) are
compatible or not. The main concern of this paper is to analyze, when the domain  and the
Cauchy data (go,g1) are more regular than Lipschitz and H'/2(I") x H~1/2(T), respectively, the
additional regularity of the solution (ue, A:), whether the data (go,g1) are compatible or not. We
also want to obtain estimates in the corresponding norms. In order to simplify the analysis, the
additional regularity of the data (go, g1) is formulated in the following way: we assume that (go, g1)
is such that there exists a function U in H%(Q) with (Ulr,d,U|r) = (g0,91) and that we can
define a continuous lifting operator (go,g1) + U. Denoting f = AU € L?*(Q) and considering the
new translated unknown v — U — wu, the initial Cauchy problem (1) can be transformed into a
homogeneous one (however still ill-posed): for f € L?(Q2), find v € H'(Q) such that

—Au = f inQ
u = 0 onl (6)
du = 0 onl.

We emphasize that this regularity assumption made on the data is not an assumption of regularity of
the solution u. It is simple to construct smooth data in the sense above such that the corresponding
u is only in H*(Q) and not in H?(£2). The mixed formulation of quasi-reversibility for problem (6)
takes the following form: for € > 0, find (u., \.) € Vp x Vg such that for all (v, u) € Vo x V,

6/VU5'V1}dCL‘+/VU-V)\5dl' =0
/Vua-v,uda:—/V)\g-Vuda; = /f,ud:c.
Q Q Q
e

Note that the strong equations corresponding to problem (7) ar

—(1+¢)Au., = f in Q
—(14+e)AX. = —ef inQ
u. = 0 on I

Oyue — N\ = 0 on lj (8)
A =0 on Ij
edus +9,\. = 0 on I'.

The analog of Theorem 1.1, the proof of which is skipped, is the following.

Theorem 1.2. For all f € L*(Q) and e > 0, the problem (7) has a unique solution (u., \.) € VoxVj.
There exists a constant C which depends only on the geometry such that

Ve € (0,1],  Velluellm) + IXellme) < Cllfllr2e)- (9)

If in addition we assume that f is such that problem (6) has a (unique) solution u, then there exists
a constant C' which depends only on the geometry such that

[ Aell ()
NG

Ve >0, [luellmiq) + < Cllull 1o (10)

and
lim [Jue —ull 1) = 0.



The objective is now to study the regularity of the solution (us, A¢) to problem (7) and to complete
the statements (9) and (10) of Theorem 1.2 by giving estimates in stronger norms. One objective,
as will be seen in section 6, is the following. In practice, one has to solve problem (7) in the pres-
ence of two approximations. Firstly, the data f is altered by some noise of amplitude §. Secondly,
the problem (7) is discretized, for instance with the help of a Finite Element Method based on a
mesh of size h. It is then desirable to estimate the error between the approximated solution and
the exact solution as a function of ¢, § and h. Such error estimate for the H'(2) norm needs the
solution to be in a Sobolev space H*(2), with s > 1. It could be noted that in a recent contribution
[13] (see also [9, 10, 11, 12]), a discretized method was proposed in order to regularize the Cauchy
problem (1) in the presence of noisy data without introducing a regularized problem such as (7) at
the continuous level. In some sense, the method of [13] relies on a single asymptotic parameter, that
is h, instead of two in our method, that is € and h. However, we believe that from the theoretical
point of view, the regularity of quasi-reversibility solutions is an interesting problem in itself. To
our best knowledge, it has never been investigated up to now. The difficulty stems from the fact
that we analyze the regularity of a problem involving a small parameter € which degenerates when
e tends to 0. There are other contributions (see e.g. [25, 18, 15, 16, 35, 36]) where regularity results
or asymptotic expansions are obtained in situations where the limit problem has a different nature
from the regularized one. For example in [18], the authors study a mixed Neumann-Robin problem
where the small parameter ¢ is the inverse of the Robin coefficient. But while both the perturbed
problem and the limit one are well-posed in [18], only the perturbed problem is well-posed in our
case, the limit problem being ill-posed (in any framework). Our contribution is original in this sense.
In the present work, we study the regularity of the solution of the regularized problem as ¢ tends
to zero. We emphasize that computing an asymptotic expansion of the solution with respect to e
and proving error estimates (for example as in [24, 32]) remains an open problem, the reason be-
ing that, due to the ill-posedness of the limit problem, no result of stability can be easily established.

Our paper is organized as follows. First we consider the simple case of a smooth domain in Section
2, where classical regularity results (see for example [8]) can be used. The case of the polygonal
domain is introduced in Section 3, where we also analyze the regularity of the quasi-reversibility
solution in corners delimited by two edges of T' or two edges of I'. In this case, the regularity of
functions u. and \; can be analyzed separately with the help of the classical regularity results of [22]
in a polygon for the Laplace equation with Dirichlet or Neumann boundary conditions. In Section
5 we consider the more difficult case of a corner of mixed type, that is delimited by one edge of I'
and one edge of [. This analysis relies on the Kondratiev approach [27], which is based on some
properties of weighted Sobolev spaces which are recalled in Section 4. Section 6 is dedicated to the
application of our regularity results to derive some error estimate between the exact solution and
the quasi-reversibility solution in the presence of two perturbations: noisy data and discretization
with the help of a Finite Element Method. Two appendices containing technical results, which are
used in Section 5, complete the paper. The main results of this article are Theorem 2.1 (uniform
regularity estimates in smooth domains), Theorem 3.1 (uniform regularity estimates in 2D polygonal
domains) and the final approximation analysis of Section 6.

2 The case of a smooth domain

Let us first assume that Q is a domain of class CVL. If (go, g1) € H3/?(T) x H'Y/?(T), then there
exists a function U € H?(2) such that (U|r, 8,U|r) = (g0, g1) and even a continuous lifting operator
(go,91) — U from H32(I') x HY/*(T) to H*(Q) (see Theorem 1.5.1.2 in [21]). We are therefore
in the situation described in the Section 1, where the problem to solve is (6). We begin with an
interior regularity result.

Proposition 2.1. For f € L*(Q), the solution (u,\:) € Vo x Vg to the problem (7) is such that
for all ¢ € €5°(0), Cue and ¢\ belong to H*(Q) and there exists a constant C > 0 which depends



only on the geometry such that

Ve € (0,1],  VellCuellp2(a) + 1€ a2y < CllfllL2(e)-
If in addition f is such that problem (6) has a solution u, then

¢ AN 20
Ve e (0,1, [[Cuellm2(o) + ET() < Cllull (a0,

where the norm || - | g1(a ) is defined by

lullFr a0y = el + 1Au]172 ).
Proof. From the first equation of (8), we have that

—A(Cus) + Cue = (AL + Que — 2V - Vu, + ClJ{g = I,

Clearly F. € L?(R?), which by using the Fourier transform implies that

[Cuell g2(r2) = |1 Fell 2 (r2),
and hence
[Cuellr2(0) = 1Fell2 ) < C ([Jucll ) + 1122 0))-

From (9) we obtain that
VEllCuell 2y < Cllifll 2 @)

If in addition f is such that problem (6) has a (unique) solution w, from (10) we obtain
[Cuellr2(0) < C llullgran)-
The estimates of (). are obtained following the same lines. O

Let us now establish a global regularity estimate (up to the boundary) in the restricted case when
T'NT = ( (see Figure 1 right).

Theorem 2.1. For f € L*(2), the solution (uc,\.) € Vo x Vj to the problem (7) is such that u.
and \e belong to H?(Y) and there exists a constant C' > 0 which depends only on the geometry such
that

Ve € (0,1],  ellucllmza) + Velrellme) < Cllfllz2 )
If in addition f is such that problem (6) has a solution u, then

Ve € (0,1],  Velluellm ) + IAellm2(0) < Cllullman)-

Proof. Given Nl = 0, we may find two infinitely smooth functions ¢ and ¢ such that (¢, ¢ )=
in a vicinity of I and (¢, ) = (0, 1) in a vicinity of I". We have from the first equation of (8),

o
14¢

(1,0)

—A(Cue) = —~Alug — 2V - Vg + ¢ F..

Since u. = 0 on I', from a standard regularity result for the Poisson equation with Dirichlet boundary
condition we obtain

[Cucll 20y < CllFellr2) < CUIfll2@) + luell ) (11)

and from (9) we have

VellCucllgz) < Cll fll2q)-



From a standard continuity result for the normal derivative and using d,u. — 9, A = 0 on I', we
obtain

VElO Al ey = VellOvuel gy < CllfllL2)-

From the second equation of (8) we have
[AX 2y < Cellfllz2)-
Combining the two previous estimates with the fact that A\ = 0 on I implies the regularity estimate
Velellmz) < Cllifllz)-
Reusing the second equation of (8), the estimate (9) and that A. = 0 on T leads to
1CA N r2(0) < Cllf 2@,
and using e0,ue: + 0-A: = 0 on I, we obtain

ellOvuell grraiy = N0 Aell ey < Cllfllz2()-
We conclude that
elluellmz) < Cllflizz)-

Now let us assume that f is such that problem (6) has a solution w. From (10) and (11) we now
have the better estimate

[Cucll g2y < Cllulla@,a)-
Using dyu. — A = 0 on I', we obtain
10 A 12y < Cllullaia o),
and then
[Aellz2() < Cllullgian)-

Reusing the second equation of (8), the estimate (10) and that A. = 0 on I leads to
1N 20y < CVENUll (a0
Since €0, u: + 0:A. = 0 on f, we obtain
VellOvue| gz iy < Cllullman)-
We conclude that \/e|uc|| g2(0) < Cllullg1a,0)- O

Remark 2.1. From Theorem 1.1 and Proposition 2.1, we notice that in the interior of the domain,
the H? estimates are the same as the H' estimates, whether the data are compatible or not. However,
from Theorem 1.1 and Theorem 2.1, when it comes to the H? estimates in the whole domain, up to
the boundary, one loses a /¢ factor with respect to the H' estimates, whether the data are compatible
or not.

3 The case of a polygonal domain

3.1 Main result

From now on, €2 is a polygonal domain in dimension 2. Our motivation is indeed to obtain error
estimates in the context of the discretization with the help of a classical Finite Element Method:
due to the meshing procedure in two dimensions, in practice the computational domain is often a
polygon. We use the same notations as in [22] to describe the geometry of such a polygon. Let us
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Figure 2: An example of polygonal domain. S7, So, S5 represent the three types of vertices that we
will study in §3.2, §5, §3.3 respectively.

assume that 0 is the union of segments F?-, j=1,...,N, where N is an integer. Let us denote
S; the vertex such that S; = I'; N T 41, w; the angle between I'; and T'j41 from the interior of
€1, 7; the unit tangent oriented in the counter-clockwise sense and v; the outward normal to 0f).
We assume that I' and T' are formed by a finite number of edges, namely n and 7, respectively,
with n +7 = N. Let us denote 3(I") the subset of functions (g, g1) € L*(T") x L?(T) such that
(f5,95) = (golr;, q1lr;) € H32(T;) x HY2(T}), j = 1,...,n, with the following compatibility
conditions at S;:

£i(S5) = fi41(8;)
O, fi = —cos(wj)0r,,, fjr1 +sin(wj)gir1 at S (12)
9j = - Sin(wj)87j+1fj+1 - Cos(wj)gj—i-l at  5j,

and the equivalence ¢; = ¢;41 at S; means that for small § > 0

do < 400,

/5 |9j(2j(—0)) = dpji1(x(+0))
0

g

where xj(0) denotes the point of 02 which, for small enough |o| (say |o| < §), is at distance o
(counted algebraically) of S; along 9Q. More precisely, z;(o) € I'; if 0 < 0 and z;(0) € T'j4; if
o > 0. It is proved in [22], that for (go,g1) € I, there exists a function U € H?(Q2) such that for
each j = 1,...,n, (Ulr,;,0,,U|r;) = (fj,g9) and even a continuous lifting (go, g1) + U from I to
H?2(€). We are hence again in the framework of section 1, where the problem to solve is (6).

Clearly, the interior estimates given by Proposition 2.1 are true in the polygonal domain since
they are independent of the regularity of the boundary. Let us now analyze the regularity up to the
boundary. As done in [22], the estimates are obtained by using a partition of unity, which enables
us to localize our analysis in three different types of corners (see Figure 2):

e regularity at a corner delimited by two edges which belong to I', called a corner of type I,
e regularity at a corner delimited by two edges which belong to I, called a corner of type T,

e regularity at a corner delimited by one edge which belongs to I' and one edge which belongs
to I', called a corner of mixed type.

Let us denote by N¢ the set of j such that Sj is either a vertex of type I' or a vertex of type I and
Ny the set of j such that S; is a corner of mixed type. We wish to prove the following theorem,
which is obtained by gathering Propositions 2.1, 3.1, 3.2 and 5.1 hereafter.

Theorem 3.1. Let us take s¢ < minjen, (1 + m/wj) if there exists j € N¢ such that w; > 7
and sc = 2 otherwise. Let us take sy < minjen,, (1 + 7/(2w;)) if there exists j € Ny such that
wj > /2 and sy = 2 otherwise. Let us denote s = min(sc, spr).



For f € L*(Q) and € > 0, the solution (us,\:) € Vo x Vo to the problem (7) is such that ue
and \¢ belong to H*(Q2) and there exists a constant C' > 0 which depends only on the geometry such
that

Ve € (0,1, ellucllmso) + Velrellas ) < Cllfll2 -

If in addition we assume that f is such that problem (6) has a (unique) solution u, then

Ve € (0,1],  Velluellms ) + el ms ) < Cllullgran)-

Remark 3.1. The global estimates of Theorem 3.1 are obtained by gathering all the local estimates
obtained in Propositions 2.1, 3.1, 3.2 and 5.1. Each of these estimates are locally better than the
global estimate of Theorem 3.1.

3.2 Regularity at a corner of type I

The regularity of solutions u. and A; near a corner delimited by two edges which belong to I' can be
analyzed separately. They will be obtained by directly applying the results of [22] for Dirichlet and
Neumann Laplacian problems. Let us consider S; the vertex of a corner delimited by two edges I';
and I'j 11 which belong to I'. Let us denote (7, 6;) the local polar coordinates with respect to the
point S and ¢; € €>(Q2) a radial function (depending only on r;) such that ¢; = 1 for r; < a; and
¢ = 0 for r; > b;. We assume that b; is chosen such that ¢; = 0 in a vicinity of all edges I';, except
for k =j or k = j+ 1. In order to simplify notations, we skip the reference to index j, denoting in
particular S; =S, I'j =T'g and I'j;1 = T'y,. Let us introduce the finite cone K, = QN B(S,b). The
two following lemmata are proved in [22].

Lemma 3.1. For F € L*(Ky), the problem: find U € H'(K}) such that

{—AU = F inkK, (13)

U = 0 ondk,

has a unique solution and there erists a unique constant ¢ € R and a unique function V € H?(Ky)
such that

U =cr™“sin <7T9> + V.
w
Moreover, there exists a constant C' > 0 such that
el + IVl r2(r,) < ClIF L2 (x,)
In addition, if w < 7 then ¢ = 0.
Lemma 3.2. For F € L?(Ky), the problem: find U € H'(K}) such that
—AU = F inK,
U = 0 ondB(S,bNIK, (14)
oU = 0 on (Fo U Fw) N oK,

has a unique solution and there erists a unique constant ¢ € R and a unique function V € H?(Ky)
such that

0
U = cr™¥ cos (ﬂ) + V.
w
Moreover, there exists a constant C' > 0 such that
el + IVl 2(r,) < ClIF L2 (x,)

In addition, if w < 7 then ¢ = 0.



Proposition 3.1. Assume that S is the vertex of a corner of type I'. Let us consider s < 1+ 7/w
if w > and s = 2 otherwise. For f € L*(Q), the solution (u.,\.) € Vo x Vp to the problem (7)
is such that Cus and (. belong to H*(S)) and there exists a constant C > 0 which depends only on
the geometry such that

Ve € (0,1], Ve(lCucllms) + ICA N m0) < Cllfllp2-

If in addition f is such that problem (6) has a solution u, then

Ve € (0,1],  |[Cuellms(a) + €A s () < Cllullgiia,o)-
Proof. From (8) we have that (u. satisfies problem (13) with

o
1+e¢
By using Lemma 3.1, we have that there exists a unique constant ¢. € R and a unique function
V. € H?(K}) such that

F.=—ACu. — 2V( - Ve + ¢ (15)

C(r)ue = ce /% sin (T) + V.

and there exists a constant C' > 0 such that
lcel + Vel p2ek,) < Ol Fellox,)-
From (15), we deduce that we have
lce| + [Vellmrz) < Cllluellgrry) + [1fllz2()-

From [21, Theorem 1.4.5.3], the function (r,6) — ((r)r™“ sin(m/w) belongs to H*(Q) for any
s <1+ m/w. We conclude from (9) that there exists a constant C' > 0 which depends only on the
geometry such that, for s < 1+ 7 /w,

{ VelCuelme) < Cllfllizy fw<m
\ﬁHCUEHHS(Q) <C Hf”p(g) if w> .

We remark from (8) that the function d. = u. — A satisfies —Ad. = f in Q and 9,d. = 0 on T,
which implies that (d. satisfies problem (14) with

F. = —ACd. — 2V(¢ - Vd. + Cf.

By using Lemma 3.2, we have that there exists a unique constant ¢. € R and a unique function
V. € H?(K}) such that

0
(d. = er™Y cos (7;) + Vz

and there exists a constant C' > 0 such that
lcel + Vel i,y < ClIFellp2(x,)-
We infer that
lcel + Vel i,y < Cldellm ) + 11 11E2x,) < Clluell ) + 1Xellm k) + 11 1122x,))-

And we conclude from (9) that there exists a constant C' > 0 which depends only on the geometry
such that '

{ VEllCdellmz) < Cllflle Hw<m

VellCdellms ) < Cllflle2 fw>m,

so that \. = d. — u, satisfies the same estimate. The case when f is such that there is a solution u
to (6) follows the same lines: it suffices to use estimate (10) instead of (9). O
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3.3 Regularity at a corner of type I
We reuse the notations introduced in the last section.

Proposition 3.2. Assume that S is the vertex of a corner of type I'. Let us consider s <1+ T /w
if w> 7 and s = 2 otherwise. For f € L*(), the solution (us,\:) € Vo x Vo to the problem (7)
is such that Cue and CAe belong to H*(Y) and there exists a constant C' > 0 which depends only on
the geometry such that
Ve € (0,1],  ellCucll sy + [ICAN s () < Cllfll 22
If in addition we assume that f is such that problem (6) has a (unique) solution u, then
¢l s ()
\ﬁ

Proof. From (8) we have that (. satisfies problem (13) with

Ve € (0,1],  VellCuellgs) + < Cllullgr(a,n)-

f
1+¢

By using Lemma 3.1, we have that there exists a unique constant ¢ € R and a unique function
V. € H?(K}) such that

F.=—-AC(\ —2V(- VA —¢C

0
Che = ¢ r™/% sin <W> + Vs

w
and there exists a constant C > 0 such that

el + Vel p2ek,) < Ol Fell2 (k)
We deduce the estimate
el + Vel 2y < CUANE1 @) + el fllz2(0)-

And we conclude from (9) that there exists a constant C' > 0 which depends only on the geometry
such that, for s < 14 7/w

{ HC)‘EHH?(Q) < C ||f||L2(Q) fw<m
||<>‘s||HS(Q) < C ||f||L2(Q) ifw>m.

We remark from (8) that the function s, = eu. + A satisfies —As. = 0 in Q and 9,s. = 0 on T,
which implies that (s. satisfies problem (14) with

F.=—-A(s. —2V(-Vs..

By using Lemma 3.2, we have that there exists a unique constant ¢. € R and a unique function
V. € H?(K}) such that

0
(se = ce P/ cos (W) + V;

w

and there exists a constant C' > 0 such that
lce| + [[Vellm2(xy) < C N1 Fellr2(x,)-
We infer that
lcel + IVellmzek,) < Cllsellax,) < Clelluellark,) + 1Al (k)

And we conclude from (9) that there is a constant C' > 0 which depends only on 2 such that

{ ||C56”H2(Q) <C ||f||L2(Q) fw<m
ICsellas) < Clfll2)  ifw>m,

so that eu. = s, — A satisfies the same estimate. The case when f is such that there is a solution
u to (6) is similar. N
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Remark 3.2. We emphasize that the small parameter € plays a different role in Proposition 3.1
and in Proposition 3.2. In Proposition 5.1, the exponent in € is the same before u. and before \.
because the corner is of type I' and I' is the support of the Cauchy data. In proposition 3.2, the
exponent in e before u. is one more than the one before A. because the corner is of type I and data
on T are unknown.

It remains to analyze the regularity of functions u. and \. at corners of mixed type and to derive
corresponding estimates. As we will see, this is a much more difficult task. The main reason is that
we do not know whether or not the eigenvectors of a certain symbol £ defined on (0,w) (see (25))
form a Hilbert basis of L?(0,w) x L?(0,w). To bypass this difficulty, we will apply the Kondratiev
approach of the seminal article [27] (see also [33, 34, 29, 30] for more recent presentations). We will
follow strictly the methodology proposed in these works. However, we emphasize that in our study
we have to keep track of the dependence in ¢ in all the estimates. This is the reason why we present
the procedure in details. Let us mention that a somehow similar analysis has been conducted in a
simpler situation in [14, Annex|. We start by presenting some preliminaries on weighted Sobolev
spaces borrowed from [29].

4 Some preliminaries on weighted Sobolev spaces

Let us consider the strip B = {(¢,0) € Rx (0,w)} for w > 0. For § € R and m € N, let us introduce
the weighted Sobolev space

WE(B) = {v € Li,o(B), ¢"'v € H™(B)},

equipped with the norm

HUHWgL(B) = ||’ 0| rm - (16)
We also denote Wé”(B) the closure of 65°(B) in Wi'(B), Wé’}O(B) the closure in WZ*(B) of the set
of functions in ¢3°(B) which vanish in a vicinity of 9By = 0B N {6 = 0}, W} (B) the closure in
Wg'(B) of the set of functions in 65°(B) which vanish in a vicinity of 0B, = 0B N { = w}. Let
us introduce the Laplace transform

“+oo
3\ = (Lo)(N) = / e Mu(t) dt. (17)
We recall the following properties of the Laplace transform.

1. The Laplace transform is a linear and continuous map from %5 (R) to the space of holomorphic
functions in the complex plane. In addition, we have £(d;v) = AL(v) for all v € E§°(R).

2. Pour all u,v € 65°(R), we have the Parseval identity

+00 - 1 _
/ 2Ptu(tyo(t) dt = — ANV dA.
—0 27t JRe A=-—0

Hence, the Laplace transform (17) can be extended as an isomorphism from L%(R) to L2({_g),
where L3(R) = {v € L{,.(R), ePtv e L2(R)} and £_g = {\ = —B +ir, T € R}.

loc

3. The inverse Laplace transform is given by the formula

=ty L At~
w(t) = (£719)(¢) /Me 5(\) dA.

T 2mi

4. Tfv € L%l (R)N L%Q (R) for 81 < B2, then the function A +— ©(\) is holomorphic in the strip
defined by —f82 < Re A < —f3;.

12



By using the above properties, one can prove that for € R and m € N, the norm (16) is equivalent

to the norm given by
1 1/2
[ ~12
ﬁ,m - (27‘(2 /Z_B H’UHHm(O,w,)\) d)\> ? (18)

2™ 01132 0.0 (19)

lv

where
1511 Frm (0.00) = 1011 7m (00 + A

Next, we introduce the infinite cone
K ={(rcosf,rsinf), r>0,0<6 < w},

with w € (0,27). For 3 € R and m € N, let us introduce the weighted Sobolev space V3" (K) as the
closure of €5°(K \ {0}) for the norm

1/2
Iollvp = ( > Hr'a—mwagvn%z(m) . (20)

la|<m

We also denote by Vﬂm(K) the closure of ¢3°(K) in V5" (K), V[%(K) the closure in V{"(K) of the
set of functions in €5°(K’) which vanish in a vicinity of 0Ko = 0K N {6 = 0}, V3 (K) the closure
in V"(K) of the set of functions in ¢3°(K) which vanish in a vicinity of 0K, = 0K N {0 = w}.
One can show that the norm of Vé”(K ) is equivalent to the norm

1/2
+o0 m )
Hv\|=</0 7’2(mw)ZI!(T@r)jv(Tw)\I?{mj(o,w)rd?”) : (21)
j=0

The key point consists in the change of variable ¢ = Inr, which transforms the cone K = R x (0,w)
into the strip B = R x (0,w). In particular, if we introduce, for a function v defined in K, the
function €v defined in B by

(Ev)(0,t) = v(0, "),

since r0,v = 0¢(Ev), the norm (21) is equivalent to

1/2
400 m .
o]l = (/0 T EPEIEN D] (E0) (8, ) Frm 3 (0. dt) ;

J=0

hence

HUH — He(*m+ﬁ+1)t€vHHm(3) = HEUHW[?L—m-H(B)'

This shows that there exists an isomorphism between the spaces Vi"(K) and Wi, ., (B), or in
other words, between Wj'(B) and Vi, (K).

5 The case of a corner of mixed type

The regularity of solutions u. and A. at a corner of mixed type can no longer be analyzed separately.
We use the weighted Sobolev spaces introduced in the previous section. We first consider the quasi-
reversibility problem in the strip B. The strong equations corresponding to (7) in the strip are

—Au. =ANJe=f/(1+¢e) inB
u. =0 and dyue — A =0 on 0By (22)
A =0and ed,us + 9, \. =0 on 0B,.

13



For f € R, define the operator Bg : D(Bg) — R(Bg) such that Bg(ue, A:) = (fi1, f2), with

(f1, f2) = (—Aus, AN Je)
D(Bg) = {(ue, Ae) € Wi o(B) NW3(B) x W} ,(B) N W3(B),

23
Oyus — Oy e =0 on 0By, €0 u: + I, \: =0 on 0B} (23)
and  R(Bg) = Wg(B) x Wi(B).
This operator is associated with the following problem in the strip B:
—Au. = fi inB
—AX. = €fy inB
u. = 0 on dBy
Optte — A = 0 on dBg (24)
A = 0 on 0B,
edyus +0,\. = 0 on 0B,,.

If we apply the Laplace transform to problem (24), the following symbol .Z;(\) : D(Z;) — R(Z%)
such that Z-(\) (e, ¥:) = (91, 92) naturally appears, with

(91,92 = (~(2+ B)pe, — (0 + dB)ur)

Q(XS) = {(%ﬂbe) € H2(va) X H2(va)a 906(0) =0, 1/16(00) =0, (25)
dGSOs(O) - dewe(o) =0, EdGQP‘s(w) + déﬂ/}a(w) = 0}7
and R(Z) = L*0,w)x L*(0,w).

We will say that A € C is an eigenvalue of .7, if Ker Z,(\) # {0}. We have the following lemma.

° ° ° ' s

Invy./w

Je A

N
T

Tan)(0w) —n/ ) | m/2w)  Bn)(2w)

° ° ° o)\

Figure 3: Position of the A\F in the complex plane.

Lemma 5.1. The eigenvalues of the symbol Z. are

1
)\,jf:w<g+n7r:|:iln%>, n €z,

1 1
Ye=4/14+ -+ \/7 (see Figure 3).
€ €

The corresponding (non normalized) eigenfunctions are given by

with

0 (0) = cos(AEw) sin(A24), YE() = sin(AE(6 — w)).

n

Proof. Let us find all non vanishing pairs (p, ) such that —(A2 + d3)p = 0 and —(A\2 + d3)y = 0
in (0,w) with ¢(0) = 0, ¥(w) = 0, dgp(0) — dprp(0) = 0 and edypp(w) + dptp(w) = 0. It is readily
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seen that A = 0 is not an eigenvalue, so that we assume that A # 0 in the sequel. From the two
equations in (0,w) and the two first boundary conditions, we obtain that

p(f) = Asin(A\G), ¥(0) = Bsin(A(f — w)).
Then we use the two last boundary conditions, and we obtain (since A\ # 0)
A — Bcos(Aw) =0, eAcos(Aw) + B = 0.
The complex number A is an eigenvalue if and only if
1 4 e cos’(\w) = 0,
that is if and only if cos(Aw) = +i//e. Hence we deduce that we must have

=+ ;
24271 1=0 for z := e,
€

NG

The solutions to these two equations are z = imgc, with

[ 1 1
’yf: l—l—:l:\/».
€ €

It remains to find A such that ¢ = +iyr. Writing A = a+4ib with (a,b) € R2, since +i = "(1F1/2),
we find

1
e =T, aw:ﬂ(1:F§)+2n7r, n € 7.
This implies
bw:—ln%i, aw:g—}—nw, n €z,
which gives the result, in view of Iny. = —In~v7 (note that 7777 = 1). O

Remark 5.1. We notice that the symbol £. has complex eigenvalues and is not self-adjoint. This is
a difference with the symbols which are involved when considering the Laplace equation with Dirichlet
or Neumann boundary conditions.

Let us first consider the case f = 0. Then we simply denote WOI’O(B) = Hgo(B) and Wol,w(B) =
Hy ,(B). We have the following theorem.

Theorem 5.1. The operator By defined in (23) is an isomorphism. Furthermore, there exists a
constant C > 0 such that for all (f1, f2) € R(By), the solution (ue, \:) € D(By) to the problem (22)
satisfies

Velluell g2y + el m2es) < CUlfill2sy + Vel fall2s))-

Proof. We simply have
D(Bo) = {(ue, \e) € Hoo(B) N H*(B) x H;,,(B) N H*(B),
Oyue — O e =0 on 9By, edyus + O\ =0 on 0B, }
and R(Bg) = L*(B) x L*(B).

By applying the Laplace transform to the problem (24) with respect to ¢ and by setting A = i7 with
7 € R, we obtain

(7% — d3)i. fi in(0,w)

(T2 =d)X. = efs in(0,w)
u.(0) = 0
dpiic(0) — dpA-(0) = 0
Ae(w) = 0
e dgitiz(w) + dgAe(w) 0.




For fixed 7, this problem is equivalent to the weak formulation: find (i, Ae) € Hj o(0,w)x Hj ,,(0,w),
where Hj ((0,w) = {v € H'(0,w), v(0) = 0} and Hj ,(0,w) = {p € H'(0,w), p(w) = 0}, such that
for all (v, 1) € Hiy(0,w) x HY,(0,),

e / (dgi. dgv + 720.) df + / (dgvdgde + 7200) dO — / e(fi + fo)udo
% 0 R 0w (26)
| ot o 7y do — [ dodedo+ i ds = [T (F - choyas,

By the Lax-Milgram Lemma, the weak formulation (26) is well-posed and there exists some constant
C > 0 (independent of A\ and of ¢) such that

Veltellm20w) + M1l 2 (0w) + IAellm20,0) + MIAEN 22 (00)

~ - (27)
< Ol fill 20wy + Vel f2llL2(0,w))-
Indeed, by setting v = 4. and pu = A in (26), we obtain
e(ldoticl|T20 ) + AT T2 (0,)) + ||d9XsH%2(o,w) + |)‘|2”}:€H%2(0,w)
= [(eth+ Rmdo— [ (R -efhas
< (Elh+ Pallizw + 11 = efollFa.m) * EllalF20.0) + A F2(0.0)
< VTFE (W Alliew + VAR 200 1Tl 2o 0 + 13l Za0 )
By using the Poincaré inequality and assuming that ¢ < 1 we obtain that
Vellcllmow + el mow) < CUAL20w) + Vel allz20w)
and R N R
AP (VEllTiell r20w) + 1Al 2(00) < CU N z2(0.0) + VEIF2ll 22(0.0))5
where C' is independent of A\ and €. Now, given that
d2u. = |\*a. — fi, d2X. = | M\PAe — efo,
we deduce
VEld el 20y + 15N 220,09 A A
< |)\\2(A\/5||ae||L2(o,w) H el z20w) + CU Al L20w) + Vel fallzzow))
< Clfillzzow) + Vel Ff2llz20.w))
which implies (27). Finally, we have for all A =it
Vel )l 2wy < C(HleL?(o,w) + \ﬁ”ﬁ”ﬁ(o,w))
and R R R
A\ 20w < CULA N L200) + VEIF L2(00)):
which by integration on ¢y and by definition of the norms || - ||z, (see (18)) implies
Velluelloz + [[Acllo2 < C(ll f1lloo + Vel f2llo0)-
This gives the estimate
Velluellgz gy + IAellm2y < CUlfill 2y + Vel foll2s))
which proves that Bg is an isomorphism. O
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Now we wish to extend the result of Theorem 5.1 to any 8 ¢ {(7/2 + nn)/w, n € Z}.

Theorem 5.2. For any § ¢ {(7/2 4+ nn)/w, n € Z}, the operator Bg is an isomorphism. Further-
more, there exists a constant C > 0 independent of € such that for all (f1, f2) € R(Bg), the solution
(us, Ae) € D(Bg) to the problem (24) (which depends on [3) satisfies

(11 18.0)- (28)

Proof. For (f1, f2) € L*(0,w) x L?(0,w), we consider the problem of finding the functions (i, \.) €
Hj (0,w) x Hg ,(0,w) such that

—e(d54+ )i, = efi in(0,w)
~(d+ XA = cf i (0w) (29)
dgti-(0) — d 0) =0
edyii-(w) + dghe(w) = 0.

We wish to prove that there is a constant C' > 0 such that the solution of Problem (29) satisfies

Vel 20wy + APl n20.0) + 1Al m2000) + AR 22(0.0)
< C(1fillz20w) + VElfoll L2 (0.0)

for all e > 0, A € £g = {y € C, Rey = B}. Note that C' depends on 3 but not on ¢, A € /g.
According to the analytic Fredholm theorem, we know that problem (29) admits a unique solution
if and only if the only solution for (f1, f2) = (0,0) is (e, Az) = (0,0), that is if and only if X is not
an eigenvalue of .Z;. Lemma 5.1 guarantees that for 5 ¢ {(w/2 + nn)/w, n € Z}, this is indeed the
case for all e > 0, A € /3.

(30)

Estimate (30) has already been established for § = 0. Now we assume that 8 # 0. In order
to show (30), we work with the decomposition (dic, Ac) = (uo, Ao) + (ug, Ay), where ug € Hj (0, w)
and A € Hj ,(0,w) are the functions which solve

doup(w) =0 dgAo(0) =

For these classical problems, by using Proposition 6.1 in Appendix A, there is a constant C > 0
such that

{ —(dF + X)ug = fi in (0,w) and { ~(dF+ X)X =€ fo in (0,w)

5ol £2(0.0) + AP Iuoll 20,0y < CllFLll20.) (31)
and
ldgXoll 20wy T AP0l L20.w) < Cell f2llz2(0.0) (32)

for all X € £g when 8 ¢ {(7/2+ nm)/w, n € Z}. Here and in what follows, the constant C' > 0 may
change from a line to another but is independent of ¢ > 0, A € {3 := {y € C, Rey = §}.

Now, we see that (ug, Ay) € Hg ¢(0,w) x Hg ,(0,w) satisfies
(d2 + X?)uy = 0 in (0,w)
(d2 + X)X\ =0 in (0,w)
dguy(0) — dgAz(0) = —dguo(0)
6d9Uﬁ(w) + dg)\ﬁ(w) = —dgMo(w).

Looking for uy, Ay of the form uy(0) = A sin(\0), \y(6) = B sin(A(f — w)), we find that A and B
must solve the problem

A -\ cos(Aw) A\ [ —douo(0)
e\ cos(Aw) A B |\ —doho(w) |~
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We deduce that
_ dpup(0) + cos(Aw)dpAo(w)

uy(0) = A1 + € cos?(A\w))

sin(\0)

and

M(6) = e cos(Aw)dpup(0) — dpAo(w)
A A1+ € cos?(M\w))

From identity (68) of Appendix B, we have |sin(A\)|? = (cosh(276) — cos(2/30))/2, for A = 3 + iT.

We can write

sin(A(0 — w)).

dguo(0) 4 cos(Aw)dgro(w) |

gl Z2y = AT T2 c00w) (7~ Lsinh(27w) — 7 sin(26w)). (34)

Since f # 0, one can verify that there is C' > 0 such that, for all 7 € R, we have
B sin(26w) = |87 sin(2|Blw) < 2w < |7 sinh(2|7|w) = 77 sinh(27w) < CeAT/N. (35)

Using (35) in (34), we obtain

|d9’LL0(O)|2 | COS()‘w)dGAO(w)P) €2|T\w

A4 2 < CIA
AP lluglizaqry < CIA (]1+£cos2()\w)\2 |1+ & cos?(Aw)|?

Now we explain how to obtain estimates for |dgpug(0)| and | cos(Aw)dgAo(w)|.

* First we multiply the equation —(d2 + A\?)ug = f1in (0,w) by cos(A(f — w)) and integrate by
parts. This gives us

—dgup(0) cos(A\w) = /Ow d2ug cos(A(B — w)) — upds(cos(\(0 — w))) df = — /Ow f1 cos(A(0 — w)) db

and leads to
| cos(Aw)dguo(0)* < (1 /111720,y Il coS(AB = w)) 1720, - (37)
An analogous computation to what precedes (34), based on Identity (69) of Appendix B, yields
|| cos(A(0 — W))H%Q(O’w) = (7~ 'sinh(27w) + B~ sin(28w)) /4.
Using the latter result as well as (35), we get
dguo(0)* < C [17122r) €27 /(AT | cos (D)), (38)

From Identity (69) and by using the fact that g ¢ {(7/2+ nn)/w, n € Z}, one can check that there
is a constant C' > 0 such that €27 /| cos(Aw)|> < C for all 7 € R. We deduce from (38) that

[dpuo(0) < C [l fill72(0.)/ 1 (39)

* Now, we provide an estimate for | cos(Aw)dgAo(w)|. Multiplying the equation —(d3 + A?)\g = € fo
in (0,w) by cos(Ad) and integrating by parts, we find

doo(w) cos(Mw) = / 2N cos(A0) — Aod2(cos(A9)) df = —e / Fo cos(A6) df.
0 0

Working as above, this allows us to write
[dgho(w) cos(Aw)[* < C & | fal[72(g )™ ™ /1A (40)

In Lemmas 6.7 and 6.8 proved in Appendix B, we get the following estimates

e2lrlw 4|7 |w

e <
|1+ e cos?(A\w)|? —

< Cle,

41
|1+ e cos?(A\w)|? — ¢ (41)
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where again C' > 0 is independent of € > 0, A = 8 + i7 € {g. Therefore, inserting (38) as well as

(40) in (36) and using (41), we obtain VEIMuzll 20 < C (1filli20w) + VEIf2ll2(0w)). Since
2l 20,0 = IM2llugll 20,0, we infer

Ve(lugll a2 owy + I lugl 2200)) < C (11l 20.0) + VEIF2llz2(0w)- (42)
Now, let us derive a similar estimate for A\4. From the equation before (34), we have

e cos(Aw)dguo(0) — doro(w)|?

2 _ -1 _: -1
HAﬁHL2(O,w) - 4)\(1 +e COSQ()\W)) (T Slnh(27w) -3 SIH(QIBLU)). (43)
e ner 2 cos(Aw)dguo(O)2 . |dgho(w)]?
e*| cos(Aw)dgug(0 doXo(w
NEEHE: <CIA 2rlw,
AFIAZ2 0.y = €A ( 11+ & cos2(Mw))? |1+5cos2()\w)|2> ¢

Working as in (38) and (40), we find
| cos(Aw)dyuo(0)|* < C'1| fil132(0.) €™ /I

and
ldoXo(@)[* = C (| F2ll 7210y €™/ (1Al | cosQw)[?) < C & |l fall72 (0. /IA]

By using again Lemmas 6.7 and 6.8 of Appendix B, we deduce that |[A]*[[Ag]l 12(0) < C (/1 |22 (0,w) T+
Vel f2llr2ow))- Since [ldgAsll 20wy = INPIAell £2(0,0), we infer

[ Asll r20,0) + \)\\QH/\ﬁHLZ’(O,w) < C(Hfl”m(o,w) + \/ngQHLQ(O,w))- (44)

~

From the decomposition (i, Ac) = (uo, Ao) + (ug, Ag), using estimates (31), (32), (42) and (44), we
finally obtain

Ve(lltell r2o.w) + NPl 22(0w) + Al m2(00) + I 1Al 200) < C (1 fillz2(0.0) + VENf2ll L2 (0.0))-

It remains to integrate the above estimate on ¢_g following the definition of the norm || - ||5,0 given
by (18). O

We now consider a problem in the infinite cone K of vertex S and angle w which is associated with
the problem (24) in the strip via the change of variable ¢ = Inr. For § € R, we define the operator
Cgs: D((‘zg) — :R(Gg) such that (f1, f2) = Gg(ug,)\e) with

(flaf?) = (_Auaa_AAa/E) (45)

and  D(Cs) = {(us,Ae) € Vi o(K)NVE(K) x V}_, ,(K)NVE(K),
Optte — OyAe =0 on 0Ky, edyue + A =0 on 0K, }
R(€p) = VH(K)x VI(K).

We have the following corollary to Theorem 5.2.

Corollary 5.1. If § — 1 ¢ {(n/2 + nn)/w, n € Z}, then the operator Cg is an isomorphism.
Moreover, there exists a constant C > 0 such that for all (fi, f2) € R(Cg), the solution (ue,Ae) €
D(Cp) to problem (45) satisfies

\@HUaHv;(K) FlAellvzry < C Ul Allvou + ﬁ”fQva(K))- (46)
Proof. The equation —Au = f in K writes in polar coordinates

_(<7'ar)2 + 83)“ = 7"2f7
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which by using the operator € implies that
r’Cs = € By €.

Indeed the operator & maps Vg(K) to the space W§_2+1(B) = Wg_l(B), the space f/ﬂl_l,o(K)
to the space W[LLO(B) and the space f’/ﬁlflw(K) to the space Wﬁlfl’w(B), which implies that &
is an isomorphism from D(Cg) to D(Bpg_1). In addition, the operator Bg_; is an isomorphism
if 3—1¢ {(7/2 +nm)/w,n € Z}. Lastly, the operator £~! maps the space ngl(B) to the
space VﬁO_Q(K ), which implies that €' is an isomorphism from R(Bs_1) to R(Cs_2). It remains to
remark that the operator f — r—2f maps the space VBO_Q(K ) to the space VBO(K ), and is hence an
isomorphism from R(Cg_3) to R(Cs). This completes the proof of the first part.

The estimate relies again on the identity 7“2(‘,’5 =& 1B s—1€, on the fact that € is an isomorphism
from Vﬁz (K) to Wg_l(B), on the estimate (28) with 3 replaced by 3 — 1 and of the fact that r=2&~!
is an isomorphism from Wg_l(B) to V/g (K). O

In order to link the solutions of problem (45) obtained for different 3, we need to compute the
adjoint of the symbol £ defined in (25) and to specify its eigenvalues and eigenfunctions.

Lemma 5.2. The adjoint of the symbol Z:(\) is the symbol L (\) : D(ZLZF) — R(ZLZ) with

&€

22N he) = (<8 + dB)ge, — (3 + )

D(Zr) = {(gehe) € H2(0aw> X HZ(O,W>, dpge(w) = 0, dph(0) = 0,
ge(w) — he(w) =0, £g:(0) + he(0) = 0},
and R(ZLF) = L*0,w) x L?(0,w).

Proof. For (p,9) € D(Z) and (g,h) € D(Z), we have by an integration by parts formula
w w1 -
/ (N2 d2)pgdh+ / — (2 @) Tds
0 0

_ /:SD (N d2)gdo + /szp —E(XZ + d2)hdf
—dgp(w)g(w) + dop(0)g(0) + p(w)deg(w) — ¥(0)deg(0)

g ()() + A O)R(0) + ZY()dahl) — ~(0)dsh(0).

It is readily seen that all the boundary terms vanish due to the boundary conditions satisfied by
(p,9) and (g,h) at # = 0 and = w. This completes the proof. O

Lemma 5.3. The eigenvalues of the symbol £ are the same as that of £ and are given by

1
)\Tf:(g—l—mriiln%), n €z,

w
1 1
Ye = 1+-+ -
3 €

The corresponding (non normalized) eigenfunctions are given by

with

g5 (0) = cos(Aw) cos(Af (6 — w)), hE(0) = cos(Ar0).

The proof of Lemma 5.3 is the same as the proof of Lemma 5.1 and is therefore not given. Lastly,
we will need a biorthogonality relationship between the eigenfunctions of %, and that of .Z.
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Lemma 5.4. Assume that j,k € Z and v, = + satisfy either j +k # —1 or p+v # 0. The
eigenfunctions (@2, E) of Z. and the eigenfunctions (g, hiF) of £ satisfy

w _ 1 w I
|k o+ < [ uiiian = 6,81

with
1
dp = (1)1 14 2 A7
k= (—1) E +€ (47)

Proof. On the one hand, the assumption j + k # —1 or p + v # 0 is equivalent to )\? # =X, Let
us first assume that k # j and v = u = +, which implies on the other hand that )\;‘ # A7. Skipping
the sign +, we have

w 1 — w 1 _
_)\i/o <90k9j+ 51/1khj> do :/0 (Agokgj+ eAwkhj) de

w . 1 o w 1 I
:/0 (‘Pk:Agj - 5?l)k;Ahj> do = —A?/O ((’pkgj+ Edjkhj) do.

Since )\? # A2, this implies that for j # k and v = pu = +, we have

w — 1 N
/0 (w%gj‘ + gw,’;h;f> do = 0.

We clearly obtain the same result each time that (k,v) # (4, 1). Let us now assume that k = j and
v = 1. We have

w w
/ ©igr df = cos*( Zw)/ sin(A70) cos(A[(0 — w)) db
0 0

and
/ WY 46 = / Sin(AY (6 — w)) cos(\/8) df = — / Sin(AY8) cos(\Y (6 — w)) db.
0 0 0

Given that 1 + € cos?(A{w) = 0, we obtain

/ P 0+ - / YRR = —= / Sin(A8) cos(\Y (8 — w)) db. (48)
0 0 0

But a direct calculus gives

/ Sin(\0) cosN{(0 — w))do = / Sin( (20 - w)) o + / sin(\w) d
0 0 0

1 1
= gw sin(Ajw) = Qv sin (W +km +ivin ’75) (49)

2
(—1)* (—1)*

= 5 weos(ivinyg) = 5 wcosh(In ;).

Since 7. = /14 1/e + /1/e, we find

cosh(Inv,) =

(% + Wl) _ \/E (50)

Using (50) and (49) in (48), we get the desired result. O

N

In the next theorem, we compare two solutions of problem (24) associated with two different values

of 3.
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Theorem 5.3. Assume that 51 < 2 are two real numbers such that B; ¢ {(7/2 + nw)/w, n €
Z}, j = 1,2. Let us denote by N{, Ny, ..., \§;, with v = %, the eigenvalues of £ in the strip
—f2 < ReX < —p1. For (fi1,f2) € R(Bp,) N R(Bg,), the solutions (ug,,Ng,) € D(Bg,) and

(ugy, Agy) € D(Bpg,) to the problems By, (ug,, Ag,) = (f1, f2) and Bg,(ug,, A\g,) = (f1, f2) satisfy the
relationship

(uﬁz’)‘ﬁz) uﬂu)‘ﬁl + Z ZCV M t (k> Vi) (51)
ve{t} k=1

where (¢, ¢y) is the eigenvector of £ associated with the eigenvalue N}, (see Lemma 5.1) and

v 1 _\- v
%= onvdy ((fl, ') 2y + (fore A’“thk)m(B))- (52)

Here (g7, hy) stand for the eigenvector of £ associated with the eigenvalue A (see Lemma 5.3)
and dy, is given by (47).

Proof. The first part of the theorem is obtained by using the residue theorem as in the proof of
[28, Theorem 5.1.1]. Now we establish (52). Let us introduce a cut-off function ¢ € R such that
€(t) =0 for t <ty and £(t) = 1 for t > to, with t; < to. From (51) and using the short notation
B =(—-A,—A/e), we have

N
~B(E(ug, —up, ) €0s — Ag)) = 2 D k(AN ) + A<f<e*%w;;>>).
ve{£} k=1
We observe that A(£(e AZthZ)) and A(&(e*!¢Y)) are non vanishing only on [t1,%2] x [0,w], which
implies that for j =1,...,N and p = =+,

- ('B(f(qu - uﬁl)v 5()‘,32 - )‘ﬁl))v (eir?tgjv eiAjthj))

L2(B)xL2(B)
- A M
c e kt oV At
I/E{:t}k;l ( (pk)) gj)L2((t1,t2)><(Ow))
1 - A M
+- (A& (YY), e Nith; '
eue{i}; v(AEE ) ) a0y

By an integration by parts formula in the domain (¢1,¢2) x (0,w) and by using that A(e_vtgj) =0
and A(e_)‘;thj) =0, we get that

Y -y
—(BE(s = 1s). 60 = As ), (W gy e ) L
N 5 1 N N
v (v t v v A\ —Ast
- > k()\ Akt2 ot e 295‘)L2(0,w) +- > ch<(/\ke)‘kt2¢,’:,e j Zh?)

3

ve{t) k=1 L2(0w)

N N _
- ¥ St e ), <L S S (e o),

3

ve{t} k=1 (0)’

In view of the biorthogonality relationships of Lemma 5.4 and due to the fact that in case \i = —)\;‘
(that is j + k = —1 and v + pu = 0) the first and third terms within the brackets above compensate
one another as well as the second and fourth terms, we end up with

-y -y
— (BE(ua — s, €0 = ), (W g™ Ry)) =2 (53)
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On the other end, since 31 < B2, the function ug, is more decreasing than ug, at +oco. And the
situation is inverted at —oo. The same property holds for A\g, and Ag,. Since £ vanishes at —oo, we
have that (ug,,&Ag,) € D(Bs,) N D(Bg,). Using an integration by parts in B and the fact that
—B2 < Re Aj, we obtain that

Y Y
(B(eug,,€Xs,), (e g, ]thﬂ'))Lz(Ban(B):O’ (54

With the same argument, we obtain

(B = s (1= ONs)o (75 957N hy) =0, (55)

By combining (53), (54) and (55), we get
QA?c?dj B B
= (B(&(ug, —ug), €0 = M), (e Vg7 hy))
= (Bleup, Ers0), (6_A7t9j76_A5th‘
. f)\"t
= ('B(U,BN)‘/JH):(@ I g]> ) ><L2(B B
~(B((1 = Qug,, (1 - ))(a%

- (B(uﬁlﬂ/\ﬁl)v(ei J 95, € > th )

L2(B)x L2(B)

))LZ(B)XL2(B)

Nith,
" ))LQ(B) ( )

= ((f1, f2), (e N g5e7"hy)

)x L2(B) L2(B)xL2(B)’

which completes the proof. O

From the previous theorem in the strip, we obtain the following corollary in the infinite cone by
using the identity 72C5 = E71Bg_ 1€

Corollary 5.2. Assume that 1 < (2 are two real numbers such that B; —1 ¢ {(7/2 +nm)/w, n €
Z}, j = 1,2. Let us denote by N{, Ny, ..., Ny, with v = %, the eigenvalues of £ in the strip
—f2+1 < ReX < —p1+1. For (fi, f2) € R(Cs,) NR(Cp,), the solutions (ug,,A\g,) € D(Cg,) and

(ugy, Ag,) € D(Cg,) to the problems Cg, (ug,, Ag,) = (f1, f2) and Cg,(ug,, Ag,) = (f1, f2) satisfy the
relationship

(ugys Agy) = (ug, Ag) + Y ZC (e ¥p),
ve{£} k=1

where

= 2/\”d ((fh Mgt 2y + (four™ ZhZ)L2(K))-

Remark 5.2. For real valued functions fi and fa, we have ¢ = ¢;” for all k € {1,...,N}.
We end up with the main proposition of this section.

Proposition 5.1. Assume that S is the vertex of a corner of mixed type. Let us consider s <
147/(2w) ifw > 7/2 and s = 2 otherwise. For f € L*(Q) and e > 0, the solution (us, \:) € Vo x Vo
to the problem (7) is such that Cu. and (A: belong to H*(2) and there exists a constant C' > 0 which
depends only on the geometry such that

Ve € (0,1],  ellCucllms(o) + Vel rs ) < Cllfll2

If in addition we assume that f is such that problem (6) has a (unique) solution u, then

Ve € (0,1],  VelQuellms(o) + 1€ () < Cllullmi(ag)-
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Proof. The pair (vs, j1c), = (Cue, CA:), where (ug, \2) € Vi x Vj solves (7), satisfies the problem

—Ave = g inK
—Ap. = eh, in K
ve = 0 on 0K
Opve — Oppte = 0 on 0K (56)
e = 0 on 0K,
€0yve +0ypte = 0 on 0K,

Ae e

Let us study the regularity of v, p. by using the properties of the operator Cg defined in (45).
To proceed, in particular, we will exploit the results of Corollaries 5.1 and 5.2.

First, observing that VY (K) = L?(K) and that  is compactly supported, we deduce that (g, he) €
Vi'(K) x VP(K). And more generally, we have (g., h.) € R(Cg) = VJ(K) x VJ(K) for all 8 > 0.
For 8 =1, there holds 5 — 1 ¢ {(7/2 + nr)/w, n € Z}. From Corollary 5.1, we infer that C; is an
isomorphism from

D(€1) = {(ve, pe) € Vo(K) NVR(EK) x Vi (K) N VE(K),
Oyve — Oppie = 0 on 0Ky, €0yv: + Oppe = 0 on 0K}

to R(C1) 2 (ge, he). Let us denote by (vl,ul) € D(€1) the unique element of D(C;) such that
C1(vl, pul) = (ge, he). Corollary 5.1 ensures that there is a constant C' such that

Vel vz + et lvace < C (lgellvoge + VElhellvoge)-

Let us prove that (v}, pul) coincides with (ve, u1c). We have (ve, u1c) € ‘70170 X %{w. Indeed, v. vanishes
for r > b and from Poincaré’s inequality, there holds

1
—vidr < C |Vv.|? d.
Ky r© Ky

The same inequality is valid for pu.. Next, let us introduce v € €§°(K) such that v vanishes in a

vicinity of 0Ky and ¢ € €5°(K) such that ¢ vanishes in a vicinity of 9K,,. It is easy to check that
(ve, 1e) solves

6/ VUE'VUdl'+/ Vu-Vyude = /6(gg+h5)vdx
K K K

(57)
/vug.w}dx—/ Vi - Vi da /(ga—eha)z/zdx.
K K K

One can also verify that (v}, ul) satisfies (57). Since (v:—v}, pe —pl) € ‘0/0170 X ‘Ofol’w, using the density
of the set of functions v (resp. ¥) in 10/01,0 (resp. in %{w), we conclude that (ve, pie) = (vi, k). Now
we must separate the rest of the analysis according to the configuration.

* Let us first assume that w < 7/2. In this case, for 5 = 0, we have 5 —1 ¢ {(7/2+nn)/w, n € Z}.
Then Corollary 5.1 guarantees that Cg is an isomorphism from

D(Co) = {(veype) € V21 o(K) NVF(K) x V2, (K) N VR(K),
Oyve — Oppie = 0 on 0Ky, €0yv: + Oppe = 0 on 0K}

to R(Co) > (ge, he). Let us denote by (vl,ul) € D(Cp) the unique element of D(Cy) such that
Co(v?, 1) = (ge, he). Corollary 5.1 ensures that there is a constant C' such that

Vellvgllvew + li2llve iy < € (gellzaxy + Vellhell 2 (i) (58)
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But from Lemma 5.1, the eigenvalues A\ of % satisfy Re\f = (7/2 + n7)/w, n € Z. As a
consequence when w < 7/2, none of them lies in the strip 0 < Re A < 1. This implies that

(Ve, pe) = (Uévﬂi) = (Ughug)‘
Besides, we observe that VZ(K) C H?(Kj). Hence (v, ue) € H*(Kp) x H*(K}). Using the estimates

{ ||98||L2(K)
el 2 r)

C(lluell g (ry) + 1l 22(x,))

(59)
CINell (/) /€ + 1 22 (xy))s

<
<

then from (58), we can write

VElCuell a2 ) + [ICAN r2(0) = VeEllvell a2k, + el r2(x,)
C(Vellv?llveiry + I112llvaky) < Clllgell 2,y + VEllRell L2 x,)

IN

IN

1
Clluellgr (k) + %H)‘E”Hl(l{b) + 1 flp2(x))-

By using (9), finally we get

ellCucll 2y + VellSAellmz) < Clifllrz@)-

* Now let us assume that w > /2. Choose [ such that 0 < 1—7/(2w) < < 1. In this case, since
B—1¢ {(r/2+nm)/w, n € Z}, the operator Cg is an isomorphism from

D(Cs) = {(ve, pe) € Vi o(K) NVE(EK) x Vi, ,(K) NVF(K),
Oyue — O \: =0 on 0Ky, e0yus + Oy A =0 on 0K, }

to R(Cs) > (ge, he). Let us denote by (v2,u?) € D(Cs) the unique element of D(Cs) such that
Cp(v?, uf) = (g=, he). Using Corollary 5.1 and the fact that g., h. are compactly supported with
£ > 0, we can write

JE||U§||V§(K) + HM?va(K) C (lgllve) + vellhellvo))

<
< C(lgellrex) + VEllhellLzix))-
Again, none of the A lies in the strip 0 < Re A < 1 — 3, which implies that

(Uea,ue) = (Ualvﬂg) = (UéB?M?)'

(60)

Besides, note that v, and p. are supported in K. The Theorem 5.2 of [37] ensures that the space
Vg(Kb) is continuously embedded in the interpolate space [ViZ(Kp), Vi2(Kp)]g for all 6 € (3,1). Since
the spaces VZ(K}) and Vil (Kj) are continuously embedded in H?(K}) and H'(Kj3), respectively,
we infer that [ViZ(K3), V2(Kp)]g is continuously embedded in [H?(K3), H(Ky)]g = H?>79(K,) for
all 0 € (B,1). Since (3 is arbitrarily close to 1 — 7/(2w), we conclude that the space Vﬂz(Kb) is
continuously embedded in H*(K}) for all s < 14 7/(2w). Gathering the estimates (59) and (60),
we infer that for all s <1+ 7/(2w),

VElCuells o) + ISl s () = VEllvell s (ry) + el s (k)

< CWVelvlllvau + 1K81lva) < CUlgellrairy) + VEllRell L2(ey)
1
< C(luellgr(xy) + \ﬁu)‘aHHl(Kb) + 1 flz2(x,))-
By using the estimate (9), finally we get e[|Cuc|| () + Vell[{ell s (@) < Cllfll20)- O

Remark 5.3. By using Corollary 5.2 for 51 = 0 and B2 = 1, we obtain all the singular functions
at a corner of mived type, which are the functions r’\z(gol’;,wZ) which belong to H'(K}) but not to
H%(Ky). The singular functions are readily determined by the value of Re(\y) = (7/2 + kr)/w for
keZ:
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e there is no singularity for w < /2,
e singularities are obtained for k =0 and v = + for 7/2 < w < 37/2,
e singularities are obtained for k =0, k =1 and v = £+ for w > 37/2.

Note that this conclusion is very similar to the case of the Laplace equation with mixed Dirichlet-
Neumann boundary conditions (see [22]).

6 Application to error estimates

In this last section, we use the regularity estimates for solutions of quasi-reversibility problem (7),
in particular Theorem 3.1, to derive error estimates between the exact solution and the quasi-
reversibility solution obtained in the presence of noisy data and with the help of a Finite Element
Method. Let us assume that € is a polygonal domain in two dimensions and that u € H*(Q) is the
exact solution of problem (6) associated with the exact data f € L?(Q2). In the context of inverse
problems, usually f is not available. Only an approximate data f° € L?(Q) is available, with

1£° = fllr2g) < 6, (61)

where § can be viewed as the amplitude of noise. A natural idea is to solve problem (7) with f?
instead of f, and a practical way of proceeding is to discretize problem (7) with the help of a Finite
Element Method. More precisely, we assume that ) supports a triangular mesh which is regular
in the sense of [17], the maximal diameter of each triangle being h. Let us denote by V;, and
‘707h the finite dimensional subspaces of Vj and Vj, respectively, formed by the continuous functions

on € which are affine on each triangle and which vanish on the sides which belong to I' and f,
respectively. The discretized version of the mixed formulation of quasi-reversibility (7) is: for e > 0,
find (uepn, Acp) € Vo X Vo, such that for all (vs, us) € Vo x Vo n,

5/ Ve - Vo daz—}—/ Vop -V pdr =
Q Q

(62)
/Vug,h-Vuhdx—/V)\s,h-V,u,hdx = /fuhdx.

We denote (u® ug )\6 ,) the solution to problem (62) which is associated with the noisy data f? instead

)

of the exact data f. In practice, the solution u_, is the only approximate function of the exact

solution u which is accessible, this is why we are interested in the norm of the discrepancy ug U
in the domain Q. In this view, we write

= ull iy < Ml — uepllm@) + luen = uell o) + llus = ulliia). (63)

and estimate each term of this decomposition. The first term to estimate corresponds to the error
due to the noisy data. Let us prove the following lemma.

Lemma 6.1. There exists a constant C > 0 which depends only on the geometry such that

5
||Ug,h —Uenll o) < C—F. (64)

Ve
Proof. By reusing the bilinear form A, introduced in the proof of Theorem 1.1, (u! U )\5 ) and
(Ue,hy Ae,n) are solutions in Vpp, x VO », to the weak problems: for all (vp, 1r) € Vo X VO s

Ac((ud A2 1); (vhy i) / £ da, Ac((uepy Aen); (Vn, pin)) / fun d.
Taking the difference, setting (vp, up) = (ug’h — Ug h, )\g,h — Acp), We get

ellul = uenll? + A2 4 = Acnll® S IF° = Fllza@lIAln = Aenllz2(0),

which completes the proof by using the Poincaré inequality and (61). O
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The second term of (63) corresponds to the error due to discretization. Let us prove the following
lemma, which is a consequence of Theorem 3.1.

Lemma 6.2. There is a constant C' > 0 which depends only on the geometry and on u such that

hs—l
[t — el ) < C P (65)

where s is given in the statement of Theorem 3.1.

Proof. The proof relies in particular on Céa’s Lemma. Since we need a uniform estimate with
respect to €, we detail the proof. For all (vp, up) € Vo, X Vo p, we have

Aa((us — Ug,h, Ae — )\z-:,h)§ (Uh7ﬂh)> =0.
This implies that for all (vp, up) € Von % Vo,h,
As((ue — Ug,h, Ae — )\a7h); (Us — Ug h, Ae — )\s,h)) = Az—:((us — Ug h, Ae — )\a,h)S (UE — Upy Ae — ,Uh))7

hence
As((us — Ug h, Ae — )\a7h)§ (us — Ug h; Ae — )\a,h))

< inf |A5((’LL5 — Ug,h, Ae — Aa,h); (Us — Vpy Ae — ,uh))| .
(Vnspn)EVo,n X Vo,n

But on the one hand, we have
Ae((us — Ug h, Ae — )\s,h)§ (ua — Ug,h, Ae — )\e,h)) = 5”“& - Us,h”2 + ”)\s - )‘a,hHZ
while on the other hand, there holds

inf ’AE((ua — Ug,h, Ae — As,h)? (ua — Up, Ae — ,Uh))|
(vhtn) €V, X Vo,
< (ellue —uepll + 1A = Acpll) it Jjue —opll + (lue = uepll + A = Acpll) inf [Ae = pnl|-
0,h

v Lrn€Vo,n

By using the classical interpolation error estimates in H*(Q2) for s > 1 (see [22]), we know that
there exists a constant C' > 0 which depends only on the geometry such that

inf |lue — vnll < CR*Hlue| g (o), inf A = pnll < CR A (-
v €Vo,h 1rEVOR

Theorem 3.1 in the case of exact data f implies that there is a constant C' > 0 which depends on
the geometry and on u such that

1
el s ) < C% and Al s ) < C.
From the three above estimates, we get
inf |A€((ua — Ug,h, Ae — As,h% (ue — Uhy Ae — Nh))‘
(vn,11)EVO,n X V0,0

hs—l 3
< C W(fi\lua — el + 1A = Acpll) + O ([Jue — uep]| + A = Acnl])

hs—l
< C—=(Vellue — uenl + |Ae = Acll)-

NG
Eventually we end up with

hs1 2 201/2
B (ellue — ue,hH + [[Ae — )‘s,hH ) / )

ellue — uep||* + | Ae = Acpl? £ C

which completes the proof. O
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Estimating the third term in (63) is strongly related to the stability of the Cauchy problem for
the Laplace equation, a topic which has a long history since the pioneering paper [23] (see e.g.
[38, 39, 2, 3, 1, 40, 5, 6]). It is well-known that since such problem is exponentially ill-posed, the
corresponding stability estimate is at best of logarithmic type (see for example [5]). To our best
knowledge, an estimate of n(e) := |lus — ul|g1(q), which tends to 0 when ¢ tends to 0 in view of
Theorem 1.2, is unknown. However, a logarithmic stability estimate for |[us —ul|z2(q) can be derived
from Theorem 1.9 in [1].

Lemma 6.3. There exists a constant C > 0 which depends only on the geometry and on u and a
constant pu € (0,1) which depends only on the geometry such that

I
(log(1/e))""

Proof. From (6) and (8), the functions u. — u and A, satisfy

[ue — ullL2q) <

—Aus —u) = —ef/(1+¢) inQ
us—u = 0 onT
Op(us —u) = Oy on .

By using the estimate (10) of Theorem 1.2, we get
lue —ulli) <€, A —u)llp2@) < Ce, [10u(ue — W)l -172ry < C' Ve
By plugging these estimates in Theorem 1.9 of [1], we obtain the result. O

In conclusion, by gathering (63), (64) and (65), we end up with the final estimate

5 ) hs—l
g p, — ull () < C% +C 5
where s is given in the statement of Theorem 3.1 and 1 converges to 0 when € tends to 0 at best with
a logarithmic convergence rate in view of Lemma 6.3. An important application of the estimate
(66) is that when 6 — 0, we have to choose € = ¢(d) and h = h(e) such that

+n(e), (66)

) hs=1(e)
lim —= =0, li
550 \/2(9) e50 €
in order to obtain a good approximation of the exact solution from noisy data and by using our
Finite Element Method.

=0

Appendix A: A basic uniform estimate

For A € C, we introduce the symbol _# ()\) : D(_#) — L?*(0,w) where
D(J) = {u € Hyo(0,w) N H(0,w), dgu(w) = 0}

and
JNp=—(N+dj)e.
The goal of the appendix is to establish the following result.

Proposition 6.1. If Re A ¢ {(7/2+ nm)/w, n € Z}, then Z is an isomorphism and if ¢ € D(_7)
satisfies 7 (p) = g € L?*(0,w), we have the estimate

gl 22(0.0) + M@l 2(00) < C llgllz2(00)5 (67)

where C' > 0 is independent of g and Im \.

28



To prove proposition 6.1, we need three lemmas. We first consider a simple situation when A is
purely imaginary.

Lemma 6.4. If A = ir, 7 € R, the mapping 7 is an isomorphism and if ¢ € D(_F) satisfies
J(p) =g € L*(0,w), we have
Idoell 20wy + A2l 22000y < 31191l 22(0.0)-

Proof. For A = it with 7 € R, due to the Lax-Milgram lemma and Poincaré inequality, for all
g € L?(0,w) there exists a unique ¢ € Hy,(0,w) such that (7% — dj)p = g and dgp(w) = 0. Then
d3p = 720 — g € L?(0,w). Hence _# () is invertible and continuous. From the Banach theorem,
_Z(A) is an isomorphism. More precisely, the Lax-Milgram lemma implies that

Ido el 220y + AP IeNT2(0.) = (95 P)r2000)5
in particular
’/\|2”90HL2(0,W) < 19l 2(0.w)-
Since in addition d3¢ = 7%¢ — g, we have
51l 20.w) < MPNll20w) + 191 22000) < 219l £2(00)5
which completes the proof. O

We will say that A € C is an eigenvalue of ¢ if Ker ¢ (\) # {0}. We have the following lemma.

Lemma 6.5. For allA € C, #(\): D(#) — L*(0,w) is an isomorphism if and only if X is not
one of the A, = (/2 +nr)/w, n € Z.

Proof. Lemma 6.4 indicates that the result is true for any A € iR. It follows from the analytic
Fredholm theorem that #(\) : D(_#) — L?(0,w) is an isomorphism if and only if A is not an
eigenvalue of ¢. It is straightforward that the eigenvalues of ¢ are \,, = (7/2+nm)/w, n € Z, the
corresponding eigenfunctions being given by ¢, (0) = sin((7/2 + nmw)f/w). The result follows. [

We now consider a situation where A is no longer purely imaginary.

Lemma 6.6. There exists a real positive constant § such that for all A € C satisfying
Re A < d [Im A[,
the operator ¢ is an isomorphism and if ¢ € D(_¥) satisfies #(N)p = g € L*(0,w), then

1l 20,y + M llell L2(0.0) < 4119112200 0)-
Proof. We already know from Lemma 6.4 that the result holds for A € iR. Now let us consider the
case when A ¢ iR. We write A as A = 4i|\|e™ for ¢ € (—7/2,7/2). Set A = 4i|\|. Since |A| = |},
we have 3
51| 2 (0.w) + AP lell 200y = 450 L2(00) + Ml L2 (0.0)

Let us define § = ¢ (\)p. According to Lemma 6.4, we have

gl z2(0.w) + [APlel r200) < 31131 22(00)-
We have that
19022000y < N9llL2(0w) + 119 — 9l L2(0,.0)
and
17 = 9ll20) = 17 Ve = Z (N¢llr20w) < IV = N[l L20.)-
We obtain that
19— 9ll2(0w) < | — 1’2\)\\2H<PHL2(0,UJ)-
For all € > 0, there exist § small enough such that [|§ — gll72(0.) < €[A[l¢llL2(0)- By choosing
3e = 1/4 we eventually obtain the result. O
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Proof of Proposition 6.1. Lemma 6.6 implies that for all A € C such that Re A = § and [Im(X)| > v3,
we have the estimate

”dg(PHLQ(O,w) + ’/\|2”80HL2(0,W) <C H9HL2(0,W)7

where C' > 0 is independent of X, g and v3 depends only on 5. For A € [B — ivg, 3 + ivg], the
symbol _#(\) is invertible according to Lemma 6.5. The analytic Fredholm theorem guarantees
that the inverse operator A — ¢ (A)~! is continuous outside of its poles. Since the segment
[—B —ivg, —B +ivg] is compact, we deduce that the above estimate remains true for all A such that
Re A = g with a constant C' which depends neither on g nor Im . O

Appendix B: Proofs of Lemmas 6.7 and 6.8

In order to prove Lemmas 6.7 and 6.8, we will need the following formulas, which hold for any A € C
and 0 € R,
cos(A0) = cos(Re(A)0) cosh(Im(A)f) — isin(Re(N)0) sinh(Im(A)8)

and
sin(A0) = sin(Re(A)@) cosh(Im(\)@) + i cos(Re(N)) sinh(Im(A)6).
They imply
| sin(A0)|> = (cosh(2Im(\)6) — cos(2Re(N)8))/2 (68)
and
| cos(A0)|? = (cosh(2Im(\)6) + cos(2Re(N)0))/2. (69)

In the following lemmas, we give the proof of two technical results needed in the previous analysis.

Lemma 6.7. Assume that 8 ¢ {(7/2 + nn)/w, n € Z}. There is a constant C > 0 independent of

€>0, A= p+ir € lg such that
e2lTlw

< .
|1+ e cos?(A\w)|? — C/e (70)

Proof. Observing that e2I71% < 4 cosh(rw)?, we see that to establish (70), it is sufficient to show
that there is some 1 > 0 such that

ny/€ cosh(Tw) 1€ cosh(Tw)
|1+ iy/E cos(Aw)|? |1 — iy/e cos(Aw)|? =1 (71)

We will study the two factors on the left hand side of (71) proving that for 7 > 0 small enough they
are both smaller than one. Let us consider the first one. A direct computation gives

11+ ivE cos(Aw)|? = e cos(fw)? cosh(tw)? + (1 + /& sin(Bw) sinh(rw))?. (72)
Define the polynomial function P such that
P(X) = X?cos(Bw)? cosh(tw)? + (1 + X sin(Bw) sinh(7w))? — nX cosh(rw).

We see that the first factor on the left hand side of (71) is smaller than one as soon as P is positive
on R. Since P(0) =1 > 0, it is sufficient to show that its discriminant is negative. We find

Ap = (2sin(Bw)sinh(rw) + 1 cosh(rw))? — 4(cos(Bw)? cosh(Tw)? + sin(Bw)? sin(Tw)?)
= ((772 — 4 cos(Bw)?) cosh(Tw) + 4nsin(Bw) sinh(m;)) cosh(Tw).

Observing that |sinh(7w)| < cosh(7w), we can write

(n? — 4 cos(Bw)?) cosh(Tw) + 4n sin(Bw) sinh(Tw)
< (9% + 4n|sin(Bw)| — 4 cos(fw)?) cosh(Tw).
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Therefore, since cos(fw) # 0 when 5 ¢ {(7/2 + n7w)/w, n € Z}, we see that we can find n > 0
small enough (but independent of 7) such that Ap < 0. This shows that the first factor on the left
hand side of (71) is smaller than one. A completely similar approach allows one to prove that the
second factor is also smaller than one. As a consequence, (71) is satisfied for  small enough and so
is (70). O

Lemma 6.8. Assume that 8 ¢ {(7/2 + nn)/w, n € Z}. There is a constant C > 0 independent of

e>0, A= B +ir € g such that
62€4|'r|w

<C. 73
|1+ e cos?(A\w)|? — (73)
Proof. As in the proof of Lemma 6.7, one can check that it is sufficient to show that there is some
1 > 0 such that

h 2 h 2
ne cosh(Tw) ne cosh(Tw) -1 (74)

|1+ iy/E cos(Aw)|? |1 —iy/E cos(Aw)|? —

In (72), we obtained
|1 £ iv/e cos(Mw)|? = € cos(Bw)? cosh(tw)? + (1 F Ve sin(fw) sinh(rw))?. (75)
Therefore, we can write

|1 £ iy/2 cos(Aw)|? — ne cosh(Tw)?
= ¢g(cos(Bw)? — n) cosh(Tw)? + (1 F /e sin(Bw) sinh(7w))? > 0

for 17 small enough. This is enough to conclude. O
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