N

N

A Global multiplicity result for a very singular critical
nonlocal equation
Jacques Giacomoni, T Mukherjee, K. Sreenadh

» To cite this version:

Jacques Giacomoni, T Mukherjee, K. Sreenadh. A Global multiplicity result for a very singular critical
nonlocal equation. Topological Methods in Nonlinear Analysis, In press, 10.12775/TMNA.2019.049 .
hal-02161068

HAL Id: hal-02161068
https://hal.science/hal-02161068

Submitted on 20 Jun 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02161068
https://hal.archives-ouvertes.fr

A GLOBAL MULTIPLICITY RESULT FOR A VERY SINGULAR
CRITICAL NONLOCAL EQUATION

J. Giacomoni? T. Mukherjeel and K. Sreenadh?

Abstract

In this article, we show the global multiplicity result for the following nonlocal singular
problem

(P): (-APu=u"94+ =" u>0inQ, wu=0mnR"\Q,

where  is a bounded domain in R™ with smooth boundary 9, n > 2s, s € (0,1), A >

0, g > 0 satisfies ¢(2s — 1) < (2s+ 1) and 2} = —22_. Employing the variational method,

n—2s"

we show the existence of at least two distinct weak positive solutions for (Py) in Xy when
A € (0,A) and no solution when A > A, where A > 0 is appropriately chosen. We also
prove a result of independent interest that any weak solution to (Py) is in C*(R™) with
a = afs,q) € (0,1). The asymptotic behaviour of weak solutions reveals that this result
is sharp.

Key words: Fractional Laplacian, very singular nonlinearity, variational method, Holder
regularity.

2010 Mathematics Subject Classification: 35R11, 35R09, 35A15.

1 Introduction

In this article, we prove the existence, multiplicity and Hélder regularity of weak solutions to
the following fractional critical and singular elliptic equation

(P): (APu=uv 74+ > u>0inQ, w=0inR"\Q,

where 2 is a bounded domain in R™ with smooth boundary 9, n > 2s, s € (0,1), A >

0, ¢ > 0 satisfies ¢(2s —1) < (2s+1) and 2} = —22-. The fractional Laplace operator denoted

by (—A)? is defined as

u(z) — u(y)
—A)’u(zr) =2C¢P.V. ——=d
( ) ( ) R ‘.%' _y‘n+23 Yy
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n n+2s
where P.V. denotes the Cauchy principal value and C7 = 7r75225_151;((138)), I' being the

Gamma function. The fractional power of Laplacian is the infinitesimal generator of Lévy
stable diffusion process and arise in anomalous diffusion in plasma, population dynamics,
geophysical fluid dynamics, flames propagation, chemical reactions in liquids and Ameri-
can options in finance, see [3] for instance. The theory of fractional Laplacian and elliptic
equations involving it as the principal part has been evolved immensely in recent years.
There is a vast literature available on it, however without giving an exhaustive list we cite
[7, 10, 14, 16, 19, 21, 22] for motivation to readers.

Nowadays, researchers are inspecting on various forms of singular nonlocal equations. We
cite [11, 8, 9] as some contemporary woks related to it. The fractional elliptic equations with
singular and critical nonlinearities was first studied by Barrios et al. in [5]. The authors

considered the problem
(—A)Su:)\&f)—i-Mup, u>0inQ, uw=0inR"\Q,
u

where n >2s, M >0,0<s<1,vy>0,A>0,1<p<2i—1land f e L™Q),m>1is
a nonnegative function. Here, authors studied the existence of distributional solutions using
the uniform estimates of {u,} which are solutions of the regularized problems with singular
term v~ replaced by (u+ 1)™7. Motivated by their results, Sreenadh and Mukherjee in [15]

studied the singular problem
(=AYu=da(zx)u™ 9 +u>"1 4u>0iQ, u=0inR"\Q,

where A >0, 0 < ¢ <1 and 0 < a(x) € L*(R), for some § > 0. They showed that although
the energy functional corresponding to this problem fails to be Fréchet differentiable, making
use of its Gateaux differentiability the Nehari manifold technique can still be benefitted to
obtain existence of at least two solutions over a certain range of A. The significance of ¢ being
less than 1 is the Gateaux differentiability of the functional corresponding to the problem.

Consider now the case ¢ > 1. Let

x {u| u: R™ — R is measurable, u|g € L*(Q) and W € LQ(Q)} ,
x —y|2

where @ e R2n \ (CQ x CQ) and CQ :=R™\ Q2 endowed with the norm

def
lullx = ullz20) + [ulx

% < Q o) —u(y)? dy>5 |

|z — gyt

where

Let J : Xy — R be the functional defined by

C?’L 1 )\ *
S
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for any u in the Hilbert space X def {ue X :u=0a.e inR"\ Q} equipped with the inner

product

a1 [ (O =)
Q |z —y["+e

J may not be defined on the whole space nor it is even continuous on D(I) = {u € X :

I(u) < oo} and the approach used for ¢ < 1 can not be extended. Besides this, one has that

the interior of D(I) = ) because of the singular term. But we notice that if we enforce the

condition ¢ > 1 satisfies ¢(2s — 1) < (2s + 1) then we can prove that D(I) is non empty and

Gateaux differentiable on a suitable convex cone of Xj.

The existence of weak solutions to (Py) when A € (0,A) and no solution when A > A has

been already obtained by Giacomoni et al. in [12]. But here the multiplicity of solutions has

been achieved in L}

loc
existence of solutions in the energy space and of Holder regularity were still pending. This

(©2) only, by using non smooth critical point theory, so the questions of

article is bringing answers to these two issues. For that, we followed the approach of [13] but
we notify that the adversity and novelty of this article lies in extending Haitao’s technique in

a nonlocal framework. The regularity of weak solution of the purely singular problem
(—A)Yu=u"? u>0,inQ, u=0inR"\Q

plays a vital role in our study. This has been obtained by Adimurthi, Giacomoni and Santra
in [1] in recent times. In the present paper we extend the Holder regularity results proved
in [1, Theorem 1.4] in our framework of weak solutions (see definition 1.1 below) rather
than the more restricted classical solutions framework (defined in [1]). It requires additional
L-estimates and the use of the weak comparison principle.

Our paper has been organized as follows. Section 2 contains some preliminary results used
in the subsequent sections. Section 3 and 4 contain the proof of existence of first and second
weak solution to (Py) respectively (Theorem 1.2). The proof of the Holder regularity result
(Theorem 1.3) is done in Section 4 based on a priori estimates proved in Proposition 4.1. Now

we state the main results proved in the paper. First we define the notion of weak solutions.

Definition 1.1 A function u € Xq is said to be a weak solution of (Py) if there exists a
my > 0 such that u > mg in every compact subset K of ), and it satisfies

C'n/ (u(z) —u(y))(o(z) — d(y)) dady = /(u—q + u2§—1)¢ dzx, for all ¢ € Xy.
Q Q

S o — gl

Given any ¢ € Cy(£2) such that ¢ > 0 in 2 we define

Cy() def {u € Cy(Q)| 3 ¢ > 0 such that |u(z)| < cop(x), Vo € Q}

and the associated positive cone. We define the following
L>(Q)
open convex subset of Cy(Q2) as

with the usual norm HZ

cr)® {u € Cy(0))| ;2328 > 0} .
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In particular, C; contains all those functions u € Cy(Q2) with k19 < u < ko in 2 for some
k1,ke > 0. Let ¢1¢ be the first positive normalized eigenfunction (||¢1 s/l ) = 1) of (=A)?
in Xo. We recall that ¢1, € C*(RY) and ¢15 € C5: () where 6(z) = dist(x, 0) (see for
instance Proposition 1.1 and Theorem 1.2 in [17]). We then define the barrier function ¢, as

follows:
P, if0<g<l,
B
02 o (m(G2))7 ifg=1,
5 yS

I ifg> 1

We prove the following as the main results:

Theorem 1.2 There exists A > 0 such that
(i) (Py) admits at least two solutions in Xo N C;’q (Q) for every A € (0,A);
(i) (Py) admits no solution for A > A;

(iii) (Pp) admits at least one positive solution up € Xo N C;;(Q)

Theorem 1.3 Let A € (0,A], ¢ > 0 satisfies g(2s — 1) < (2s + 1) and u € Xy is any positive
weak solution of (Py) then

(i) uwe C*(R™) when 0 < ¢ < 1;
(ii) w e C°*~¢(R") for any small enough € > 0 when ¢ = 1;
(ii3) u € C%(R") when ¢ > 1.

Remark 1.4 Here, the Holder regularity for the weak solutions of (Py) obtained is optimal

because of the behavior of the solution near 02 since we showed that any weak solution of
(Py) lies in C;q (Q).

Remark 1.5 [t follows from Theorem 1.3 that the extremal solution (when \ = A), in case
of critical growth nonlinearities is a classical solution which extends the results in [1] where

in this regard only subcritical nonlinearities are considered.

2 Preliminaries

We start by some preliminary results. The energy functional corresponding to (Py) is given
by Iy : Xg — R defined as

cn 2 .
Iy () 4 - ”Z"XO — 2 o lul' T de = g fo [uf* daif g # 1,
AW = crlull3 S
52— Jolnlul dm—%f9|u|2s dr if ¢ =1.
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Let g > 0 satisfies ¢(2s — 1) < (2s + 1). Then for any ¢ € Xy and u € Cd'): (©), by Hardy’s
inequality (see [23, Lemma 3.2.6.1, p. 259]) we obtain

/Qu_qSO < /Q@;(g;)c)lffii’m” <(5(ij)28); < K||¢|| < +o0 (2.1)

where K > 0 is a constant. If we define D(I) = {u € Xo : I\(u) < oo} then by virtue of
(2.1) we get that D(I) # (). This gives an importance of the inequality ¢(2s — 1) < (2s + 1).
From the proof of [1, Theorem 1.2], we know that if 0 < ¢ < 1 and u € X satisfies u > ¢6*

then I is Gateaux differentiable at w. In the proposition below, we show the same property
of Iy when ¢ > 1 satisfies ¢(2s — 1) < (2s + 1).

Proposition 2.1 If M = {u € X : u; < u < ug} where u; € C’;;(Q) and uy € Xq then I

is Gateauz differentiable at u in the direction (v —u) where v,u € M.
Proof. We need to show that

bt =) = 50 _ gy [ (06) =00 =) = 0 = @) g,
*Ja o — g

lim
t—0 t

_/Qu_q(y—u) dac—)\/uzz_l(v—u) da.

Q

It is enough to show this for the singular term; for the rest two terms, the proof is standard.
1

For any ¢t € (0,1), u+ t(v —u) € M since M is convex. Consider F(u) = 1/ w1 da
—4qJq

then using Mean Value Theorem we get

Fluttw—u)—Fu) 1 ) ) (1) da
t _t(l—q)/g((UH(v ) e

= /(u +t0(v —u)) " (x)(v — u)(x) dv
Q

for some 6 € (0,1). Since (u+ t0(v —u)) € M and (2.1), we have

/(u +t0(v —u)) (v —u) dz < / uy Y(v —u) dr < +oo.
Q Q

So using Lebesgue Dominated convergence theorem we pass through the limit ¢ — 0 and get

F t(v — —F
g D=0 )
t—0 t QO
This completes the proof. O
Let L(u) := (—A)*u —u~%. Then L forms a monotone operator. So we have the following

comparison principle:
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Lemma 2.2 Let ui,us € XgN C;q (Q) are weak solutions to
L(u1) = g1 in Q, L(uz) = g2 in Q

with g1,92 € L*() such that g1 < g2 a.e. in Q. Then u; < uy a.e. in Q. Moreover if
g € L*°(Q) then the problem

Liu)=gmQ, u=0mR"\Q

has a unique solution in Xj.

3 Existence result

Let us define
A :=sup{A > 0: (Py) has a weak solution}.

Also let w € Cy(9) solves the purely singular problem
(~AYw=w"" w>0inQ, w=0nR"\Q.

Then [1, Theorems 1.2 and 1.4] give us that w is unique, w € Xp N C(;:(Q) and w € C*(R"™)

sifg <1,
def

where s, = s—eforany e >0if g =1,

%if1<qandq(23—1)<23+l.
For sake of clarity we basically focus on the case 1 < g and ¢(2s — 1) < (2s + 1). Indeed,
when g € (0,1), the case follows easily along the same line. In this context, the next result is

an important lemma for A.
Lemma 3.1 It holds 0 < A < +0.

Proof. First we prove that A < +o00. Using ¢ s as the test function in (Py) we get

/(u_qcbl,s + gy ) do = 1,s(—A)u dx = / uw(—A)’¢1 s do = )\175/ gy 5 dx.

Q R” n Q (3.1)
If we choose a A > 0 which satisfies t=7 4+ M2~ > 2A15t for all ¢ > 0 then we get a
contradiction to (3.1). Therefore it must be A < +00. Now to prove A > 0 we need sub
and supersolution for (Py). It is easy to see that uy = w forms a subsolution of (P) and
Uy = uy + Mz for A > 0 small enough and for a M = M(X) > 0 forms a supersolution of
(Py), where 0 < z € X solves (—A)*z =1 in Q. Now we define the closed convex subset My
of Xy as

My ={ue Xo: uy <u<uy}.

Consider the iterative scheme (k > 1):

(Pro) (—=A)’uy, — u;q = )\ui;:ll, up, > 01in €
’ ur = 0in R™\ Q
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with ug = uy. The existence of {ux} in Xo N My N C’Jq (©) can be proved by considering
the approximated problem corresponding to (P j), for instance we refer [6, Proposition 2.3].

From Lemma 2.2, it follows that {uy} is increasing and uy € M) for all k. Let ’%m Up = U.
o0

Then testing (Py ) by u, we get

HukHQ < 2/W2d$+)\/u)\2:dfﬂ+/u)\u>\_q < K,
Q Q Q

where K, > 0 is a constant depending on A. So, up to a subsequence, ui — u) in Xy. Finally
using Lebesgue dominated convergence Theorem we pass through the limit in (Pj %) to obtain

uy solves (Py) weakly and obviously, uy € M). This proves that A > 0. O

In the next result, we prove the existence of a weak solution for (Py) whenever A € (0,A).
In the proof, we use a minimization on a conical shell argument similar as in [2, Lemma 4.1]
and in [6, Proposition 3.5]. But here we take advantage of the existence of a strict positive

subsolution to control the singular nonlinearity.
Proposition 3.2 For each X € (0,A), (Py) admits a weak solution w € C;;(Q)

Proof. The proof goes along the line of Perron’s method adapted over a nonlocal framework
(see [13, Lemma 2.2]). Let A € (0,A) and X € (A, A) then it is easy to see that uy/, a weak
solution of (Py), forms a supersolution for (Py). Such a A’ exists because of the definition of
A and Lemma 3.1. Let uy be the same function as defined in Lemma 3.1 and consider the

closed convex subset Wy of X as
W)\Z{UGX(): %SUSUA/}

Then for each u € W), because of fractional Sobolev embedding I satisfies

cHul®* _ ¢
2 27

ul|% if ¢ > 1,
L) = { cru?

ul — C(X) if g < 1

_C
23

where C'()') is a positive constant depending solely on X. Then I, is bounded from below
and coercive over Wy. If {ur} C Wy be such that uy — up in Xy as k — oo then since for
each k, up > uy for ¢ > 1 and uy, < uy for ¢ € (0,1], [, u,l;q dz < [, ux'"7 dz, we can use

Lebesgue Dominated convergence theorem to get that

/u,lf_q da:—>/ué_q dz as k — oo.
Q Q

Hence from weak lower semicontinuity of norms, it follows that I is weakly lower semicon-
tinuous over Wy. Moreover, W) is weakly sequentially closed subset of X(y. Therefore there
exists a w € W) such that

Jnf D(u) = I(w). (3.2)
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Claim- w is a weak solution of (Py).
Let ¢ € Xp and € > 0 then we define

Ve = min{u)\/,max{%,w +ep}} = w+ e — 0 + e

where ¢¢ = max{0,w + ep — uy} and . = max{0,uy —w — ep}. By construction v. € W)
and ¢, p. € Xo N L>®(Q). Since w + t(ve — w) € W) for each t € (0,1), using (3.2) and
Proposition 2.1 we get that

0< lim I(w + t(ve — w)) — Iy(w)
t—0t+ t

_ /Q(ve — w)(—A)w dz — /Qw_q(ve _ w)da — /Qw2§_1(ve ~ w)da.

This on simplification gives

—

/n o(—A)Y’w dr— /Q(w_q + 2w Y de > ~(E€ - E,) (3.3)

(e

&
I
T
AS)

‘(=AY wdr — / (w9 + Mw? )¢ da
Q

I
T
©

(A (w - ux)ds +

E. = / Ye(—A) wdx — / (w9 + Mw? Y, dx
R" Q

— / Ye(—A)*(w — uy)dx +/ Ye(—A) updr — /(w_q + )\wgz_l)cpe dx.
R~ n Q

O (—A) uydr — / (w9 + Mw? )¢ da
Q

n

We define Q€ = {x € Q: (w + ep)(x) > uy > w(x)} so that L(Q) — 0 as e — 07 and
also CQe=Q\ Q. C {x € Q: (w+ep)(x) < uy(z)} which implies that £(2° x CQ°) — 0 as
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e — 01. Now we consider the term

[yt unds
- [ o)~ (0 N )

)
w—uy)(r) — (w—uy 2
:/6/6\( /\)|Ec)—y|i+25 A)()] drdy
(w —uy)(z) — (W —ux) () (p(x) — vy))
—l—e/Qe o o= [ dxdy

(w — U)\/) —uy)(z)p(z)
+ 2/ / dacdy + 2¢ dxdy
ac Jege | —y[nT2s e Jeae ’l’ - |"+25
(w —uy)(z)(w —uy)( d dy+2€/ / w —uy)(y)e(x )dacdy
€ CQE

|
S~
T
?

‘ |z — y!"“S |z — y[rtes
(w — uy)*(z) / / —uy)(z)p(z)
2 =~ Zdxd 2 dxdy
* /Q /CQ |z — y|nt2s vy s e CQ |z — y’”+28
(w —ux)(x) = (w—ux)(y))(e(x) — p(y))
= /Q Qe |z — y’”HS dedy

(w — uy)(@)p(x) / / z)e(y)
+ 2¢ / dxdy — 26 7dmdy
acJege T — y’"”s e Jeqe |T — y’”HS

—U)\/ —U)\/ (p(:(})
—1—26/6/696 7= ’n+28 dxdy%—Qe/E/CQ . ‘n+2$ dxdy

where to obtain the last inequality, we use the fact that if (z,y) € Q¢ x CQ¢ then (w —
ux)(z)(w —un)(y) < ¢(x)p(y). Therefore we get

1
/ O (—A)*(w —uy)dz > o(1) ase — 07,

Moreover using the fact that uy is a supersolution of (P)), the other terms of %EE can be

estimated as

1 1 x
/ O (—=A)’uy dr — - / (w1 4+ Mw? 5N da
€ n € (9]

1 _ 1 . .
6/ (uyd —w )" dx + 6/Q (ui? - w? N da

—/ luy! — w™|p|ldz = o(1) ase — 0.
Qe

Y

Y

Altogether we get

and similarly we obtain
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Hence (3.3) gives that for all p € X

/ o(—A)’w dx — /(w_q + M Ny de > o(1) as e — 0
n Q

but since ¢ was arbitrary, this implies that w is a weak solution of (Py). This establishes the

proof. O

We now prove a special property of w, the weak solution of (Py) obtained in Proposition 3.2
following the proof in [6, Proposition 3.5]. We also refer [2, Proposition 5.2] where similar

ideas were already used.

Lemma 3.3 Let A € (0,A) and w denotes the weak solution of (Py) obtained in Proposition

3.2. Then w forms a local minimum of the functional Iy.

Proof. 'We argue by contradiction, so suppose w is not a local minimum of Iy. Then there

exists a sequence {uy} C Xy satisfying
|lug —w|| — 0 as k — oo and I(ux) < Ix(w). (3.4)

We define u = uy and @ = uy as sub and supersolution of (P)) as defined in the proof of
Proposition 3.2. Also we define

u, if up < U,
v = max{u, min{ug, u}} = ¢ up, ifu < ug <7,
w, if ug > w,

and wy = (ux —u)”, Wy = (ux, —u)*. Correspondingly, we define the sets Sy = Supp(wy)
and Sy = Supp(wg). Then uy = vy — wy, + wy, and v, € W) where W) has been defined in
Proposition 3.2. The main idea of the proof is to establish that the measures of Sj and Sk
tend to 0 as k — oo which together with vy, € W) force I (uy) to be beyond I\(w). First, we
have that

/(ug)l_qu:/ (ug)l_qu+/ (u;)l_qu+/ (vp)! " dx
Q Sk § u<vg<u

= [ty —w e+ [ (e [ !0

and /(ug)%dx:/ (u;)Z:daz—i—/ (uz)%dm—i—/ (vg)% da
Q Sk Sk u<vp<u

= Lk((uZ)Qz _E2§)dm + /&‘((u;{‘r)ﬁ —ﬂﬁ)da} + /Q(Uk)zzdx.

Then we can express I)(ug) as

Sk

-5 ( [ (% e [ iy —u2?>dx>

D) = @) + 5 - ( [ =+ [ iy ul-qm)

(3.5)
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where Jy = C7(||ug|* — ||vk]|?). While denoting Sy, = {z € Q: u < vy < u} and hg(z,y) =
(uk(z) — ur(y))? — (vi(@) — vi(y))?, we get

Jo = / / dmdy—i—/ / ————dzdy + 2 / / ————dxdy
S IS, 17— Z/|"+25 el y\"“s 5, 5 o — |t
hi(z,y) / / hi(z,y)
— P dedy + 2 ———o—dxdy.
/sk /sk T —y[nrEs Sy Js, |z —y[nts

Since uk:@+Handvk:HinSikanduk:g—%andvk:gin&we get that

w(y))?
————dzxdy = / / dxdy
/sk /sk |z — \"’LQS 5. Jsi |9C— \”+25

w (@ (y))( (z) —u(y))
/sk /sk — y|ntas ey

—wk( ))
———dxdy = / / dxdy
/s,g/& |z —y |”+28 S J3, |1‘— |”+28

wi(z) — wi(y)) (u(z) —u(y))
+ Z/Sk /Sk dxdy.

’.CI? _ ’n+2s

Also similarly we obtain

_I_ 2
[ R Y IR e
Sy J Sy |‘T— ‘ S J Sk |:I"_ |

(wi(x) + Tr(y)) (u(z) — 0(y))
_Z/Sk /S dady,

|z — y[rt2e

w(2)(u(r) — up(y))
————dzxdy —/ / ———dzdy — / / dxdy,
/sk/sk \90— \”“S 5 s \fc— \"”S Si 51 \90— |t2s
wi(z) (u(z) — uk(y))
d$dy—/ / dmdy+2/ / dxdy.
/Sk /sk |$—y|”+2s Sy J sy, \fﬁ—y\"”s Sk J Sk |9C—y|"+2s
Since CSj, = S, U Sk, CS), = S U Sy and
2
W d dy +2/ / ——————dxdy
o] /Sk /Sk |=T—y|"+28 S, Jes, !l“—y|"+2S
2
W || / / ddy+2/ / —————duxdy,
= [ L
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using all above estimates, we can express Jy as

Jo = C2 (gl + IRI?) +2</Sk/Sk |x_+|1ﬁzs /S/S 2 Ws
| ’nﬁsdxdy) o [ e ),
w2 k /S k (@ <y;’>£+§j>—u /S [5 (wy(x +\Zk£ ;‘>£+§f>—u<y>> Loy

_4/9k[qkwk L |n—+;csk( ))dxdy+4/5k/3kwk |x(—(y)|"+;s( D ddy.

Now we notice that if (z,y) € Sy x S then (u(z) —uk(y)) < (u(z) —u(y)), if (z,y) € Sk x Sk
then (u(z) — ux(y)) > (u(z) —u(y)) and

/ / *) + Ty dd / / By — / / Ry
S /5% |$ —y\”“s 5, /55 1@ —y|"+28 5. /s, |1‘—y\”+28
_2/5*k/§k |33— |n+2s dxdy.

Also using change of variables, we have

[ [ ) mOE 1) ,,,
Sk / Sk

Ifﬁ - y\””S

wi(z Wi (x u(y))
d dy — / / dxdy.
/sk /Sk \37 - \”+25 5 /s, ’35 - ’"“S

Therefore altogether we obtain

w
Jo > C™(|lwgl? + [@%]1?) +4/ / y’:f%)d dy +2/ (= A)Sudx—2/ w(— Ay do
Sk Sk - n

—4/Sk/3kw’“ ‘xi !”*25 ) gy +4/Sk/5k C |m“ |n+28( D iy
[ [ e,

| — y[rt2s

> O (g |2 + [w5]) + 2 / WH(— AT dr — 2 / wy(—A)°u da
R n

where we used the fact that if (z,y) € Sk x Sy then Wi (z)w(y) > 0. Now recalling that u

and @ forms sub and supersolution of (Py) respectively, inserting the above inequality in (3.5)
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we obtain

Ix(ug) = Ix(vi) + ol | O] +/ < ( &)

2 2 o 1-gq

ul =7 — (u— wy) 9 s — (u 4+ wr)?s .
S, 1-gq - Sk 23

2% 2%
u’s — (u — wg)*s .
—i—)\/ — (f* k) —yzs_lwk dz.
Sk 25

Now from Mean Value Theorem it follows that there exists 6 € (0,1) (where # may change

+ u_qwk> dx

its value for different function below) such that

Glwl’ , G _ [

I >1
Alug) > In(vg) + 5 5 -

((u+ bwy)™ 1 —u 1) wide

- / (u™ = (u+ wp) " "wpdr — A /((u + 0wg)* T — T wgda
Sk Sk

- A/ (™" = (u A+ Owp)* Hwpda (3.6)
Sk

C¥|lwg | e N
> In(vg) + — t A ((@+ 0wg)™"" —u" " )wgdx
Sk

- )\/ (W = (u+ Owg)* ~wpda.
Sk

Now since 2¥ > 2, there exists constant C' > 0 such that (3.6) reduces to

Iy(ug) > In(vg) + — o] + =2 g ll” C | (%72 —wp"Hwlde
2 2 Sk - -
—-C (ﬂ2§—2 _ w—k2§—2)w—k2d$
Sk

22 (3.7)

Cf llwel® | Cowg]|? At
> o)+ e EEE o (] )
Sk

22

AN

—c(/uwzs) w2
Sk

Claim- lim |Sg| =0 and lim |Sg| = 0.
k—o0 k—oo —
Let o > 0 and define

A ={z € Q: uk.ZﬂandE>w+oz},flk:{l‘€Q: up <wand u < w— a}
By ={ze: ukZEandHSw—i—a},Bk:{meQ: up <wand u > w — a}.

Since :
0=L{reQ: u<w})=L(N7Z{reQ: ﬂ<w—|—;})
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so there exists jo > 1 large enough and o < 1/jp such that L({z € Q: T < w+ a}) < ¢/2.
This implies that £(B;) < €/2 and similarly, we obtain £(B},) < €/2. From (3.4) we already
have |uy —w|a — 0 as k — oco. So for k > k¢ large enough we get that

a’e 2 2 2
- > | Jug —w|® do > lug — w|* de > a”L(Ag)
Q

Ay
which implies that £(Ay) < § for k > kg. Similarly we obtain L(A) < 5 for k > ko. Now
since Sy, C A N By and Sy, C A, N By, we get that L(Sk) < e and L(Sy) < € for k > ko. This
proves the claim. Thus

2%—2

* T
26> < o(1)

2% 2

(/Sk\u 2:>52§ < o(1) and (/Sk lu

which imposing in (3.7) gives that for large enough k

In(ug)>I\(vg) > In(w)

which is a contradiction to (3.4). Therefore w must be a local minimum of I over Xy. O

Theorem 3.4 There exists a positive weak solution to (Py).

Proof. Let A\, T A as m — oo and {uy,, } be a sequence of positive weak solutions to (Py,,),
such that uy,, forms the local minimum of I, as seen in Lemma 3.3. Since we consider the
minimal solutions, we get u,, < u;,41 for each m. Then, it is easy to see that I, < 0 in the
case 0 < ¢ < 1 whereas there exists a constant K independent of m such that I, < K for
all m when ¢ > 1 but ¢(2s — 1) < (2s + 1). This implies that {u),, } is uniformly bounded
in Xy. Therefore, up to a subsequence there exists upy € Xo such that uy,, — up weakly and
pointwise a.e. in Xy as m — oo. Also by construction uy,, > wu), as defined in Lemma 3.1.

Therefore, up is a positive weak solution of (Py). O

4 Multiplicity result

We have already obtained the first solution for (Py) in the previous section when A € (0, A)
in Xo-topology. We fix A € (0,A) and let w denotes the first weak solution of (Py) obtained
in Proposition 3.2. In this section, we prove the existence of second solution of (Py) using
the machinery of mountain pass Lemma and with the help of Ekeland variational principle.
Precisely, we extend the approach used in [13] to the non local setting and for ¢ > 1. This
can be done by using the asymptotic boundary behavior of w € C'(Z] (©) and the Hardy’s
inequality to control the singular nonlinearity in the cone T defined below:
Tdéf{xeXo: u > wa.e. inQ}
and since w forms a local minimizer of Iy we get that I\(u) > Iy(w) whenever ||u — w]|| < oy,

for some constant og > 0. Then one of the following cases holds
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(ZA) (Zero Altitude) inf{I(u)| u € T, ||lu — w| = o} = I\(w) for all o € (0, 09).
(MP) (Mountain Pass) There exists a o1 € (0,0¢) such that inf{I\(u)| v € T, |[u —w| =
01} > I,\(w).

Before investigating the two distinguished cases (ZA) and (MP), we prove the following

regularity result for weak solutions to (Py):
Proposition 4.1 Any weak solution to (Py) for A € (0,A] belongs to L>(2) N C’;rq (Q).

Proof. Let u € X denotes a weak solution to (Py). We know that uy € XoﬂCJq(Q) (defined
in Lemma 3.1) forms a subsolution to (Py) satisfying (—A)*uy = uy~? in Q. We first have
Claim : uy <u a.e. in Q.

Let us prove the above claim. Suppose it is not true. First it is easy to see that for any
v € Xy it holds

(v(2) —v() (W (@) = v~ (y) > [v"(2) —vF (Y, for any z,y € R™.
Therefore using (uy —u)* as the test function in

(~A)(uy —u) uy ™ —uin ©

we get
— )T _ 2\t 2
oy [l E w0,
Q |z —y|r 2
cop [ 0O (- O~ ) 00D
Q |z — gyt
< [ u ) - )t dr <o
)
Hence it must be that meas{z € Q : wy(x) > u(x)} = 0 which gives a contradiction.

Therefore uy < w a.e. in Q. Let us now prove that u € L*°(£2). We follow the approach
in [4, Proposition 2.2]. By virtue of the above claim and Hardy’s inequality, we know that
Jou™% dx < oo for any ¢ € Xo. We aim to show that (u — 1)* belongs to L>(2) which
will imply that u € L>®(Q). If f(t) = (t — 1) for t € R and 9(t) € C*°(R) be a convex and
increasing function such that ¢’(¢) <1 when ¢ € [0,1] and ¢'(¢t) = 1 when ¢ > 1 then we can
define
bielt) = ew(t/e)

so that ¢ — f uniformly as ¢ — 0. Also since v, is smooth, by regularity results and the

uniform convergence of . to f we get that
(=AY 9e(u) = (=A)*(u—1)" ase — 0.
Moreover because 1, is convex and differentiable, we know that

(=A)*e(u) < Pe(u)(=A)"u < xpus1)(—A)u
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where xy,~1} denotes the characteristic function over the set {z € Q : wu(x) > 1}. Then

passing on the limits ¢ — 0 in above equation, we obtain
(—A)(u = 1)* < Xqus1) (—A)°u < Xpusry (07 + M) S O(L+ ((w = 1H)%H

for some constant C' > 0. Therefore using [4, Proposition 2.2], we conclude that (u — 1) €
L*°(Q). Finally we show that u € C(;:(Q) Let zy be the unique solution (refer to [1, Theorem
1.1] with 6 = ¢ and 5 =0) to

(A)zy =274+ A, u>0inQ, uw=0inR"\Q,

with ¢ = Hqug_l then similarly we can prove that u < z). Therefore using local regularity
results in [17, Propositions 2.2 and 2.3] derived from [20, Propositions 2.8 and 2.9], u € C;q ().
This completes the proof. [l

Lemma 4.2 Let (ZA) holds then for any o € (0,00) there exists a solution v € C’;’(Q) to
(Py) such that 0 < w < v in Q and ||[v —w|| = 0.

Proof. 'We follow the proof of Lemma 2.6 of [13] in a nonlocal framework. We fix o € (0, 09)
and r > 0 such that o —r > 0 and o + r < 0g. Let us define the set

W={ueT|0<o—r<|lu—w|<o+r}

which is closed in X and by (ZA), in‘fV I\(u) = Ix(w). So using Ekeland variational principle,
ue

for any minimizing sequence {uy} C Xy satisfying |lug|| = o and Iy(ug) < In(w) + £, we get
another sequence {v;} C W such that

1
I(v) < I(ug) < In(w) + z
1
g = oxll < o (4.1)

1
Iy(vg) < In(2) + EHZ — vg||, for all z € W.

We can choose € > 0 small enough so that vy + €(z —vg) € W for z € T. So from (4.1) we

obtain
I/\(vk—l—e(z—vk)) —I,\(Uk) 1

€

Letting € — 0" and using the fact that v, > w for each k, for = € T' we get

/n(—A)svk(z — k) — /Qv;q(z —vg) dx — )\/ fuiz_l(z — ) dx > —%Hz — vl (4.2)

Q

Now since {v} forms a bounded sequence in Xy, we get that there exists a v € Xy such
that, up to a subsequence, vy — v weakly in Xy and pointwise a.e. in {2 as K — oo. Since

v > w for each k, we get v > w a.e. in ). In what follows, we will prove that v is a weak
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solution of (Py). For ¢ € Xy and € > 0, we set ¢ = (v + € —w)~ € Xo which implies that
(vp + €+ @) € T. Putting z = vy + €p + ¢y in (4.2) we get

n [ k(@) —vk(Y)((€d + k) (7) — (€6 + 1) (y)) Y )
c /Q dzxdy /ﬂ o (€0 + Pre) d

’ |z — y[t2s

-1 (4.3)
- A/Qvisl(em On) do = = (o + o).

We define the sets Q. = Supp ¢r.c, Qe = Supp ¢e and Qo = {z € Q: v(zr) = w(x)}. Then
we get that £(Q \ Qo) — 0 as € = 0 and L(Qge \ Q) + L(Qe \ Q) = 0 as k — oco. Also
since |¢r.e| < w + €|, using Lebesgue Dominated convergence theorem we get ¢p ¢ — ¢ =
(v+€p—w)™ in L™(Q) for all m € [1,2}]. Moreover ¢ — ¢ weakly in X and pointwise
a.e. in 2 as k — co. Now we estimate the following integral

/ (06(2) = ) Gre(@) = Scw))
Q

|z — y[rt2e

_ / (v () — vr(¥))(Pe () — () dzdy (4.4)
Q

|z —y["+e

n / (ve(2) — vk (Y) (Pre — Pe) () — (Pre — D) (y))
Q

|z —y["+2e

dxdy := I + Is.

We show that I < oi(1) for which we split the integrals and estimate them separately. Let
Hp = Qk,e N and Gy, = Qk,e \ QU Q. \ Qk,e- Then

/ / (vi(z) = v () (D, — @) (@) — (e — D) ()
cQ

|$ _ |n+23

/ / ) (v —v)( / / vg(x ¢ke be)(z)
Hy Jea |$— |"+25 G Jea |"+25
/ / (v —vg)( / / ¢ke

m Jea T — ’"HS anJea 12—y |"+2S

/I'Ik /CQ yxfm:fzg )+0k(1)

using the fact that £(Qx¢ \ Q) + L(Q2 \ Q) — 0 as & — oo and Lebesgue Dominated
convergence theorem. Similarly

/ / (v (%) = Ve (¥)) ((Ph,e — D) (@) — (Pre — D) (Y))

|z — g2

(v(2) — oY) (v —vp) (@) — (v — k) (y))
= /Hk /Hk |z — y[nt2s
(v () = v (V) ((Pr,c — ) (@) — (Prc — D) (W)
=IA

|z — y[rt2e

(4.6)

(e () = v () (D, — @) (@) — (e — Pe) ()
ook

|z — y|"+s

| (v(x) = v() (v —vp) (@) = (v — ) (y))
S/Hk /Hk o g2 + ox(1)
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using again the Lebesgue Dominated convergence theorem with the fact that vy —v — 0 and
®k,e — e — 0 pointwise as k — co. Combining (4.5) and (4.6) we obtain that

(0() — v@)) (0 — v) (&) — (v — o) (®)) .
L< /H k /H > + ox(1) = ox(1).

|z — y[rt2e

Therefore using this in (4.4), we obtain

[ ) = D) = 900, ¢ [ ) = ) = D) 41,
Q Q

|:E 7y|n+25 |l‘ 7y|n+2s

Moreover, we have that v, ?(e¢+ ¢ )| < w9 (w+2ep) € L'(2) using the Hardy’s inequality.

Thus using Lebesgue Dominated convergence theorem and passing on the limits & — oo in

(4.3) we get

o<y [ L) OIS £00D) = (000 gy [ vor 4 a0 o
Q Q

| — y[rt2s

Using the fact that w is a weak solution of (Py) and v > w, the above inequality implies that

o [ (@) o) (6() — o)) N S
C’/Q d:ztdy—/Qv o d /\/Q ¢ d

S o =y

- (Cg /Q (”(x)_”;y)_)iﬁiﬁl 0 g /Q o, oA /Q i, dm)

L [ (w=2)(x) = (w—2)(y))(P(x) — ¢(y)) 0 Db, di
> - <Cs /Q PRTE dxdy + /Q(v Ve d. )
sop [ [ Lm0 b0 o) ,,,

n (v —w)(@) — (v —w)(y))¢(x)

20 / /w<v+e¢>} |z — y[t2s ey

(v —w)(z)g(x) / -
20m —q q
+2C" / /CQ ’x_y’n-l-?S dzdy + Qe( —w ¢ dx

=o(l)ase— 0"

using the fact that |Q¢ \ Qo] — 0 as ¢ — 0. From this, we get that

n [ (@) —v()(@(x) — y))
C /Q dwdy—/

’ |z — y[rt2e Q

v ¢ dx — )\/ v% 7 g de = 0 for all ¢ € Xo.
Q

Claim- The sequence v — v strongly in Xy as k — oo.

From Brezis Lieb lemma we have

lorll? = llog = vl* = [lol® + o(1)

/ ]kaQ: dx —/ |vg —v|2§ dx :/ ‘U‘Q; dz + o(1).
Q Q Q
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Since vg,v > w a.e. in §2, we get

/ log |9 da —/ lo|*~? dx = / (vg + 6v) "9 (v — v) dzx, for 6 € [0, 1].
Q Q Q

We know that (vg + 6v)~9(vy —v) — 0 pointwise a.e. in Q and vg, v > w € C;(Q) Therefore
for any E C (2, we have

(1—q)s
/(fuk + 60v) (v —v) dx < C||6 T ()| L2(g)llvr — vl[, using Hardy’s inequality. — (4.7)
Q

(1—q)s
Since ¢(2s — 1) < (2s + 1), for any € > 0, there exists a p > 0 such that ||J T (@) 2(p) <€

whenever L(E) < p. Hence from (4.7) and Vitali’s convergence theorem we obtain
/(vk +60v) (v, —v) dr — 0as k — o0
Q

that is
/ o |19 dz — / |v|'*™7 dx as k — oo.
Q Q

Taking v as the testing function in (4.2), we deduce

C™Jvg — v||* < MJvp — UHLZ* @ + ox(1). (4.8)

In the other hand, taking z = 2vj, in (4.2) we infer
g2 — /Q 0 dr = Aol % ) > ox(1). (4.9)

Since v is a weak solution, we have that

]2 —/ﬂ o dw = A%, ) =0 (4.10)
From (4.9) and (4.10),

C™|Jvy, — v|]* > )\Hvk_UHLz* )+0k(1). (4.11)
From (4.8) and (4.11), we have that

C oy —[* = AllkavHLQ* g T ok(1)- (4.12)

Without loss of generality, we can assume that Iy(w) < I)(v). Then, we easily get
Ix(ve) = I (v) < Ia(w) — In(v) 4 ok (1) < 0k(1)

from which it follows that

n

(&4 A
o =l = ol — vl ) < 0k(1). (4.13)



A global multiplicity result for singular and critical nonlocal elliptic equation 20

From (4.12) and (4.13), we infer that vy — v strongly in Xy. This proves the claim. Since
v € W we conclude that v € W and v # w. Next we prove that w < v in . For that,
we first observe that from Proposition 4.1 w,v € L>(2) N C(;:(Q) Now suppose that there
exists zo € Q such that v(zg) = w(xg). Then, since v > w, v,w € C(R™) and v # w, we get

0> cp [ Lm0 B S I)  oa(ag) 0% o) — (07 a) + ) =0

from which we get a contradiction. Therefore v > w in €.

We define )
I, u(@) — u(y)|

|z — y[ 2 dody

Ss = inf -
u€Xo\{0} (fg |28 dx)2/25

as the best constant for the embedding X, < L2 (Q). Consider the family of minimizers
{Ue} of S5 (refer [18]) defined as

x

Ue(z) = s <Z> , € R"

where u*(z) = @ ( L ) , u(x) = ﬁf@ and () = a(B? + \x!2)_%% with « € R\ {0} and

S2s

B > 0 are fixed constants. Then for each ¢ > 0, U, satisfies
(=A)u = |u|®* 2y in R™

Let v > 0 be such that By, C Q and let ¢ € C2°(R™) be such that 0 < ¢ < 1in R", ( =0in
R™\ By, and ¢ = 1 in B,,. For each ¢ > 0 and = € R", we define ®.(z) := ((z)U(x). From
[12, Lemma 4.13], we have the following.

Lemma 4.3 sup{[\(u+tP.) : t > 0} < I\(u) + %, for any sufficiently small e > 0.
T 2s

n

Now we prove the existence of second solution if (M P) holds.

Lemma 4.4 Let (MP) holds then there exists a v € X N CJ(Q), verifying w < v in €,
which solves (Py) weakly.

Proof. From Lemma 4.3, it follows that there exists ¢ > 0 and Ry > 1 such that
(i) In(w + RU,) < I\(w) for € € (0,€¢p) and R > Ry.

+ w for e € (0,€p) and t € [0, 1].

(ii) IA(ZU + tRoUe) < I,\(w)
n\ 2

We define the complete metric space

[':={n e C((0,1,T) : 7(0) =w, [[n(1) —w| > o1, Ix(n(1)) < Ix(w)}
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with metric defined as d(n',n) = m[ax]{Hn’(t) —n(t)||} for all n,n" € T. From (i) above,
te[0,1
we get that n(t) = w + tRyU. € T for large enough Ry > 0. This gives that ' # (). Let

Yo = inlf; m[ax} I (n(t)) then by virtue of (ii) above and condition (M P), we get
nerl te[0,1

s(CnSy)2s
I\(w) <0 < I(w) + s(G5)x sn_z)s :
N\ 2s

Now let ¥(n) = m[ax} I\(n(t)) for n € I'. Then using Ekeland’s variational principle, we get a
te[0,1
sequence {n;} C I" such that

W) <0+ 1 and V() <U(n) + L 00) —n(mlle, Vi €T, (4.14)

We define

Ap={t€[0,1]: L\(m(t)) = Jnax In(m(z))}

. Claim: There exists a t € Ay such that if vy = ni(tx) and z € T then

*_ 1
/ (—A)’v(z —vg) — / (v, 1+ /\vis 1)(,z —vg) dx > % max{1, ||z — vg||}.
n Q

We prove it by contradiction, so assume that for every ¢ € Ay there exists a z; € T such that

s 2t — nk(t)
[ carm (rnax{l,uzt —nk(t)H}) -

- B 2r_1 ze — i (t) T fl
/Q((ﬁk(t)) T+ AU (1)) )(max{l,Hzt—??k:(t)H}) e < ke

Since Iy is locally Lipschitz in T, z; can be chosen to be locally constant on A;. Therefore
for each t € Ay there exists a neighborhood N; of ¢ in (0, 1) such that for each r € N; N Ty,
(4.15) holds that is

L arm <max{ff ||ztni(:71<r>||}) d““’

_ ) P)EL 2= k{r) v <
S M) (et ) e <

(4.15)

(4.16)

It is possible to choose a finite set {r1,ro,...,rm} C A such that Ay C U, J,,. For notational
convenience, we set z; = 2z, and denote {k1, k2, ..., kn} as the partition of unity associated
with covering {Jr,, Jry, ..., Jr, } of Ag. Now if we define z(r) = >I" | k;i(r)z for r € [0,1]
then z(r) € T for each r € [0,1]. Therefore from (4.16) we deduce that for all r € [0, 1]

e 2(r) — () ’
[ )<max{1,||z(r> —nk<r>|}> I

_ r)) 4 r 251 Z(T’)—le(r) X —1
/Q((Uk( )"+ A (7)) )<max{1,HZ(7’)—77k(T)H}> e < ke
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Let h : [0,1] — [0,1] be a continuous function such that h(¢) = 1 in a neighborhood of Ay
and h(0) = h(1) = 0. Also we set u(t) = max{l,|z(t) — nx(t)||} and

h(t)e
1k (t)

For e € (0,1), n(t) € T for all t € [0,1]. Hence (4.14) gives us that

n(t) = ne(t) + (2(t) — me(t))-

€ Q) —nk(t)||>
max [ t)) < max [ t))+ — max [ h(t) ——F—F— ). 4.17
o 1) < s 15n(0) + § v (i) == (417
If t; . € [0, 1] denotes the value such that I (n(tg,.)) = max,cp,1) Ix(n(t)) then we can assume
that ke, — Tk for some t; € [0,1], where €; is a sequence such that e¢; — 0. Using the

continuity of 17, we deduce that

N(tke;) = me(te) as ¢ — 0.

Hence from (4.17) we obtain that max;c(o 1) In(nk(t)) < maxe(o1) Ix(nk(tx)) which implies
In(ne(tx)) = m[%)f] In(n(t)). So ty € Ty and h(tgc;) = 1 for j > 0 large enough, by definition.
te

)

If we set vg = Mi(tk), vk,j = Nk (tr,e;) and pg,; = max{1, ||z(tg;) — vk ||} then for large enough
J we obtain

€4 €4
I)\(Uk,j) S I)\(Uk) S I)\ <Uk7j + /J,Tj'(z(tk’ﬁj) — ’Uk;,j)> + EJ (4.18)
7]

It is easy to see that py; — 6 := max{1, [|z(tx) — vi||} and ||vg — vy ;]| = 0 as j — oco. Let

Pj = Uk,j — vg and

Ztk,' — Vk,j 2(tk) — vg
7]

Then from (4.18), we obtain

1 i) — 1
— <I,\ <’Uk;+6j (W) —I—kj> + Iy (vg, —|—pj)> > % as j — oo.
k

€

But since vy, + €; (%) > w using the fact that z(¢;) € T, from Proposition 2.1 and the

above inequality we get

/n(—A)Svk <Z(t’f;k_”’“> dx—/ﬂ(vk_q—l—)\viz_l) (W) dz > —%.

This is a contradiction to (4.15). Thus, the claim holds. So there exists a sequence {uvy}

satisfying

/ (—=A)vp(z —vg) — / (v, T+ )\vi:_l)(z — i) dx > —E(l +||z||) for all z € T’
n Q0 k (4.19)

I(vg) = v as k — oo
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where ¢ > 0 is some constant. Setting z = 2vy, in (4.14) and using (4.19) we get

sC? 2*—1—|—q/ 1— c
1) > — = = T dx — 142 .
10 +o(1) > s ! e = S (L 2l

ol —

Now this implies that {vy} must be bounded in X, thus up to a subsequence, vy — v weakly
in Xog as k — oo. Using similar ideas as in (ZA) case, it can be shown that v is a weak
solution of (Py). Then the remaining part of the proof is similar as in [12, Proposition 4.12]
(see also [13, Lemma 2.7] in the local setting) and consists of proving the strong convergence

of the sequence {vg} to v. To this aim we use that the energy I(vy) is strictly below the first

n n
eritical level Iy(w) + 29595 pich implies
nA 2
n A o s(C1S,)2s
e =l = ok = vl s o <~ (4.20)
2 2 L2 (Q) n\ "2
Now (4.12) and (4.20) and the fact that Ss||vy — v|@2§(m < |lvog — v]||? force ||vg — v|| = 0

as k — oo. Thus, we infer that I\(v) = 79 and v #Z w and the proof of w < v in  can be
performed as in the proof of lemma 4.2. O

Proof of Theorem 1.2: The proof follows from Lemma 4.2, Lemma 4.4, Proposition 4.1

and Proposition 3.4 along with Proposition 3.2. ([

Proof of Theorem 1.3: The proof follows directly from Proposition 4.1 and [1, Theorem
1.2] with 6 = g and 8 = 0. To see that the regularity result falls into the scope of [1, Theorem
1.2], note that u is a classical solution as defined in [1, Definition 1]. O
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